Math 142A Homework Assignment 7
Due Thursday, March 11, 2021

1. Consider the function f: R — R given by

B xQSin(%) ifx#0
f(x)_{o if £ =0

Assuming knowledge of the sine and cosine functions from your calculus class, f is differentiable
for all z € R\ {0}.

(a) Show that f is differentiable at x = 0. (Thus, f is differentiable for all x.)

(b) Show that f': R — R is not continuous at x = 0.

2. Let h : R — R be a strictly increasing differentiable function with A’(xz) > 0 for all = and
h(R) =R. Given f: R — R differentiable, define g : R — R by g(z) := f (h~!(x)) for all z.
Find ¢'(x).

even if f(z) = f(—xz) for all x,

odd if f(z) = —f(—z) for all .

(a) Show that if f: R — R is differentiable and odd, then f’: R — R is even.
(b) Show that if f : R — R is differentiable and even, then f’:R — R is odd.

3. A function f: R — R is called {

4. Let n € N and suppose f : R — R is differentiable and that the equation f'(z) = 0 has at
most n — 1 solutions z; € R, 1 < j < n — 1. Prove that the equation f(z) = 0 has at most n
solutions z, € R, 1 < k < n.

5. Suppose f : (—1,1) — R has n derivatives and that its n'" derivative f® : (=1,1) — R is
bounded. Suppose further that f(0) = f/(0) = --- = f(»=1(0) = 0. Show that there is an
M > 0 such that |f(z)] < M |z|" for all z € (—1,1).

6. Suppose f : (—1,1) — R has n derivatives and that there is an M > 0 such that |f(z)] < M |z|"
for all 2 € (—1,1). Show that f(0) = f/(0) = --- = f®=1(0) = 0.



