
MATH 103B: SOLUTIONS MIDTERM 21. (a) Noti
e that p1(1) = 1 + 4 + 2 = 0 in Z7 and p2(2) = 4 + 3 = 0 in Z7, hen
eboth polynomials are redu
ible over Z7. Therefore both Z7[x℄=hp1(x)i andZ7[x℄=hp2(x)i are not �elds.(b) Consider the polynomial p(x) = x2 + 1. Observe that p(0) = 1, p(1) = 2,p(2) = 5, p(3) = 3, p(4) = 3, p(5) = 5 and p(6) = 2 in Z7, hen
e p(x) is anirredu
ible polynomial over Z7 of degree 2. Therefore Z7[x℄=hp(x)i is a �eldof order 72 = 49.2. (a) Redu
ing the polynomial p(x) = x3+2x+4 modulo 3 gives p(x) = x3�x+1in Z3[x℄. Observe that p(0) = 1, p(1) = 1 and p(2) = 1 in Z3, hen
e p(x) isirredu
ible over Z3. But this implies that p(x) is irredu
ible over Q .(b) We 
an apply Eisenstein 
riterion with the prime p = 2 to see that thepolynomial (x+ 1)4 + 1 = x4 + 4x3 + 5x2 + 4x+ 2 is irredu
ible over Q .(
) Observe that the polynomial p(y) = y4+1 is irredu
ible over Q if and only ifthe polynomial p(y + 1) is irredu
ible over Q . But we have just seen in part(b) of this problem that p(y+1) = (y+1)4+1 is irredu
ible over Q (repla
ey by x), hen
e p(y) is irredu
ible over Q .3. Noti
e that the polynomial p(x) = (x�1)3�2 = x3�3x2+3x�3 has the propertythat p(a) = 0. Applying Eisenstein 
riterion to p(x) with the prime p = 3, wesee that p(x) is irredu
ible over Q , hen
e it must be the minimal polynomial ofa over Q . Therefore Q(a) �= Q [x℄=(p(x)) is a ve
tor spa
e over Q of dimensiondeg(p(x)) = 3. We 
on
lude that [Q(a) : Q ℄ = 3.4. (a) We assume that y 6= 0, hen
e N(y) 6= 0. Let y = a + bp�d with a; b 2 Z.We have N(y) = a2 + b2d. If b 6= 0, thenN(y) = a2 + b2d � b2d � d � 4:If b = 0, then N(y) = a2. But the only nonzero integer less then 4 whi
h isa square is 1, hen
e N(y) = 1.(b) Suppose by 
ontradi
tion that 2 is redu
ible in Z[p�d℄. In this 
ase 2 = xy,where both x and y are elements of Z[p�d℄ whi
h are not units. In parti
ularN(x) � 2 and N(y) � 2. But we have just seen in part (a) of this problemthat in this 
ase N(x) � 4 and N(y) � 4. This 
ontradi
ts 4 = N(2) =N(xy) = N(x)N(y). Therefore 2 is irredu
ible.(
) Solution 1: Observe that 6 = 2 � 3 = (1 � p�5)(1 + p�5) in Z[p�5℄. Wehave already seen in part (b) of this problem that 2 is irredu
ible. We 
laimthat also 3, 1�p�5 and 1 +p�5 are irredu
ible.Suppose the 
ontrary, say 3 is redu
ible. Hen
e we have 3 = xy where bothx and y are elements of Z[p�d℄ whi
h are not units. In parti
ular N(x) � 2and N(y) � 2. Sin
e 9 = N(3) = N(xy) = N(x)N(y), we should haveN(x) = N(y) = 3. But this 
ontradi
ts part (a) of this problem. Hen
e 3 isirredu
ible in Z[p�5℄. 1



2 MATH 103B: SOLUTIONS MIDTERM 2Similarly, if 1 � p�5 is redu
ible, then 1 � p�5 = xy where both x andy are elements of Z[p�d℄ whi
h are not units. In parti
ular N(x) � 2 andN(y) � 2. Sin
e 6 = N(1 � p�5) = N(xy) = N(x)N(y), we must haveN(x) = 2 and N(y) = 3, or vi
eversa N(x) = 3 and N(y) = 2. In both 
asesthis 
ontradi
t part (a) of this problem. Hen
e 1 � p�5 and 1 + p�5 areirredu
ible in Z[p�5℄.To show that the unique fa
torization property does not hold for 6 2 Z[p�5℄,it remains to show that 2 is not an asso
iate of 1 � p�5 or 1 + p�5. Butthis follows immediately from the fa
t that 4 = N(2) 6= N(1 � p�5) =N(1 +p�5) = 6.Solution 2: Here is a slightly tri
kier solution whi
h avoids having to proveirredu
ibility also for 3 and 1�p�5:We have 2 � 3 = 6 = (1 + p�5)(1 � p�5). We already know that 2 isirredu
ible. If 1�p�5 were not irredu
ible, we 
ould write ea
h of them as aprodu
t of irredu
ible elements, say 1+p�5 = a1 ::: ar and 1�p�5 = b1 ::: bs.If the fa
torization property held in Z[p�5℄, 2 would have to be asso
iate toone of these fa
tors, say a1 for simpli
ity. Hen
e 2 = a1u for some unit, and4 = N(2) = N(a1)N(u) = N(a1). But as a1 divides 1 + p�5, this wouldimply 4 = N(a1) divides N(1 +p�5) = 6, a 
ontradi
tion.(d) We know that 2 divides (1�p�5)(1+p�5) = 6 = 2 � 3, but 2 
annot divide1 � p�5 or 1 + p�5 sin
e N(2) = 4 does not divide 6 = N(1 � p�5) =N(1 +p�5). Hen
e 2 is not prime in Z[p�5℄.


