
Selected solutions to the midterm

1. For part(b), you only need to observe that

ẋ(5π/2) = e−5π/2 − cos(5π/2) = e−5π/2 > 0,

as the exponential function is always positive. Hence x(t) is increasing at x(0) = 5π/2. By impossibility
of oscillations (Section 2.8), the solution must converge to a fixed point which is bigger than x(0); it
can not go to infinity as there is a fixed point bigger than 5π/2, by (a).

2. We have ẋ = x(r − 1
1+x2 ). Hence x∗ = 0 is always a fixed point. Moreover, we have 0 < 1

1+x2 ≤ 1 for
all x. Hence we have no additional fixed points if r ≤ 0 or if r > 1. If 0 < r ≤ 1, we can solve for the
fixed points x∗ from

r =
1

1 + x2
⇔ x2 + 1 =

1

r
⇔ x = ±

√
1

r
− 1.

Hence we have three fixed points for 0 < r < 1 and only one otherwise. It follows that we get a
bifurcation at rC = 1 and x∗ = 0. It is clear from the picture that there is no bifurcation for r = 0.
For r ≥ 1, the factor r − 1

1+x2 is always positive, and hence ẋ has the same sign as x. Hence x is
decreasing for x < 0, and it is increasing for x > 0. It follows that 0 is an unstable fixed point. Drawing
a picture for the function r − 1

1+x2 together with the function x, one can see that ẋ is positive for

x < −
√

1
r − 1 and for 0 < x <

√
1
r − 1 and negative for the remaining x which are not fixed points.

Hence ±
√

1
r − 1 are unstable fixed points and 0 is a stable fixed point. It follows that we get a subcritical

pitchfork bifurcation at r = 1.

3. For part (1) we need that both functions have the same derivative at the point of intersection. Hence
we have

r + x = ex and
d

dx
(r + x) = 1 =

d

dx
(ex) = ex.

We get x = 0 from the second equation and then r = 1 from the first equation. To get the normal form,
we do Taylor expansion for ex to obtain

ẋ = r + x− (1 + x+
x2

2
+O(3)).

Ignoring the O(3)-part, we obtain for the normal form

(r − 1)− 1

2
x2.

4. We obtain eigenvalues 5 and 1, with eigenvector (1, 1) and (1,−1). Hence the general solution is given
by [

x(t)
y(t)

]
= c1e

5t

[
1
1

]
+ c2e

t

[
1
−1

]
.

As both eigenvalues are positive, this is an unstable node. The trajectories become parallel (or rather
tangential) to (1,−1) near 0, and parallel to (1, 1) if they go to infinity.


