
REMARK ABOUT HOMEWORK 5.2.2

Assume that A is a 2 by 2 matrix with real coefficients, with no real eigenvalues. Then it has complex
eigenvalues λ = a+ ib and λ̄ = a− ib, where a and b are real numbers. If v is an eigenvector for λ, we can
write it as v = u + iw with u and w real vectors. Now let

ẋ = Ax

be a linear system. Then we have the complex solutions

eλtv and eλ̄tv̄.

In order to obtain real solutions we use

eλt = e(a+ib)t = eat(cos bt+ i sin at).

We then obtain
eatv = eat(cos bt+ i sin at)(u + iw) =

= eat(cos(bt)u− sin(bt)w) + ieat(cos(bt)w + sin(bt)u).

Then one obtains two real solutions, consisting of the real part and the imaginary part of the expression
above. We obtain the general real solution

x(t) = d1e
at(cos(bt)u− sin(bt)w) + d2e

at(cos(bt)w + sin(bt)u),

for real coefficients d1 and d2. These coefficients can be calculated from initial conditions.
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