
Math 130A HW 6 Solutions

5.1.1)

ẋ = v and v̇ = -ω2x

a)
ẋ

v̇
=

v

ω2x
⇒ −dxω2x = dvv ⇒ After Integration:

1

2
ω2x2 +

1

2
v2 = c1 where C is the constant of integration

⇒ ω2x2 +v2 = C , the equation of an ellipse [1 Point for Equation]

b) Multiplying the above equation by
1

2
m where m is mass we get:

1

2
mω2x2 +

1

2
mv2 =

1

2
mC ⇒ using the relation ω2 =

k

m
and de�ning a new constant E =

1

2
mC

we get
1

2
kx2 +

1

2
mv2 = E

Notice that
1

2
kx2 is the potential energy of the spring and

1

2
mv2 is the kinetic energy of the mass

⇒ E = the total energy of the system and, since E is a contant, E is a conserved quantity

[1 Point each for Potential Energy and Kinetic Energy]

[1 Point for Correct Conclusion about Total Energy]

Total 4 Points

5.1.2) ẋ = ax and ẏ = -y

⇒ x(t) = c1e
at and y(t) = c2e

−t

⇒
dy

dx
=
c2e
−t

c1eat
=
c2

c1
e−t(1+a) [1 Point for Slope]

As t →∞
dy

dx
→ e∞ = ∞ since a < -1 ⇒ the trajectories eventually become parallel to the y-axis (slope ∞

in x-y plane) as we move forward in time

As t → −∞
dy

dx
→ e−∞ = 0 since a < -1 ⇒ the trajectories eventually become parallel to the x-axis (slope

0 in x-y plane) as we move backwards in time

[1 Point for each correct conclusion]

Total 3 Points

1



5.2.1)

a) Ẋ =

 ˙x(t)

˙y(t)

 =

4 −1

2 1


x(t)

y(t)

 = A

x(t)

y(t)

 ⇒ To �nd sols we �nd the characteristic equation

⇒ det(A - λ) = det(

4− λ −1

2 1− λ

) = λ2 - 5λ + 6 = 0 [1 Point Characteristic Equation]

here τ = 5 and ∆ = 6

⇒ (λ - 3)(λ - 2) = 0 ⇒ Finding the eigenvalues: λ1 = 2, λ2 = 3 [1 Point for each Eigenvalue]

Finding the eigenvectors N(A-λ1) =

4− λ1 −1

2 1− λ1


x
y

 =

2 −1

2 −1


x
y

 =

0

0



⇒ Eigenvector for λ1 =

1

2

 Similarly eigenvector for λ2 =

1

1

 [1 Point for each Eigenvector]

b) The general solution is X(t) = c1e
2t

1

2

 + c2e
3t

1

1

 [1 Point]

c) Its an unstable node. Can be found by looking at the trajectories or considering the τ and ∆ values. [1

Point]

d) 3 = c1 + c2 and 4 = c1 + 2c2 ⇒ c1 = 2 and c2 = 1

⇒ X(t) = e2t

1

2

 + 2e3t

1

1

 [1 Point]

Total 8 points
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