MATH 103 MIDTERM I WINTER 2010

Please justify all your steps!

. Consider the polynomials p;(z) = 2% + 4z + 2 and py(z) = 22 + 3 in Z7[z].
(a) Determine whether the quotient ring Z7[z]/(p;(z)) is a field for i = 1, 2.
(b) Construct a field of order 49.

. Are the following polynomials reducible? Why, or why not?
(a) 23 + 2z + 4,

(b) (x+ 1D)*+1 =2+ 423 + 622 + 47 + 2,

(c) y* + 1.

. Let a = 14 2'/3. Calculate the degree [Q(a) : Q] of the field extension Q(a) D Q.
. Consider the ring Z[v/—d] where d € N is a positive integer. Define the norm N by

N(a+bv—d) =a?+db* = (a + by —d)(a — b/ —d).

Remark: You can assume the results of earlier parts of the problem in later parts
regardless whether you did them or not (e.g. you can assume the result of (b) for (c)
and (d)).

(a) Let d > 4 and let y € Z[/—d]. Show that either N(y) =1 or N(y) > 4.

(b) (Extra Credit) Show that 2 is an irreducible element for d > 4.

(c) Show that the unique factorization property does not hold for the element 6 €
Z[\/-5].

(d) Show that 2 is not a prime element in Z[\/—5].



