MATH 103 MIDTERM I WINTER 2010

Please justify all your steps!

. (a) Give an example of a ring R which has a zero divisor, as well as an example of a
zero divisor in it.

(b) Give an example of polynomials f(xz), g(x) in a polynomial ring R[z] for a suitable
ring R for which the degree of f(x)g(x) is less than degree f(z)+ degree g(z).

(¢) Give an example of an integral domain which is not a field, or prove that such an
example does not exist

(d) Give an example of a field which is not an integral domain, or show that such an
example does not exist.

. Show that 0 is the only nilpotent element in an integral domain.

. Let f(x)=a>+ 2> +2+ 1.

(a) Calculate f(z)(z — 1) and (2% + 1)(z + 1).

(b) Is (f(z)) a prime ideal? Why or why not?

(¢) Find the remainder 7(z) in the long division z#* = q(z)(2® + 22 + £ + 1) + r(z).
(d) Find the remainder 7(z) in 22° + 1 = q(z) (23 + 2% + 2 + 1) + 7(2) of degree < 3.
(Hint : Try to do calculations in the factor ring Z[z]/(z® + 2% + z + 1)).

. Consider the ideal (2 + 4) in the ring Z[i].

(a) How many elements does the quotient ring Z[i]/(2 + i) have? (You may assume
that it has more than one element).

(b) Is the ideal (2 4 i) a maximal ideal? Why, or why not?

(c) Is the quotient ring Z[i]/(2 + i) a field? Why, or why not?



