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Recognizing and exploiting structural relationships between situations differing in surface features
is an inherent part of mathematical cognition. Laboratory-based experimental studies have shown
that subjects generally show little awareness of such relationships when presented with isomorphic
problems. However, these findings should be interpreted in the context of unmotivated participants
performing abstract tasks over a short period with minimal opportunity for development of struc-
tural awareness. Another collection of studies has demonstrated that people often fail to apply
mathematics principles to situations outside the classroom, to which they are at least potentially
applicable; these findings reflect a major shortcoming in mathematics education. We recommend
that awareness of structure, including specifically the recognition of isomorphisms, should be nur-
tured in children as part of the general development of expertise in constructing representational
acts. A balanced view of the goals of mathematics education encompasses both the need to teach
mathematics so that its applicability to many contexts is recognized, and a recognition of the
importance and power of mathematics as desituated cognition.

... the idea came to me, apparently with nothing whatever in my previous thoughts having pre-
pared me for it, that the transformations which I had used to define Fuchsian functions were
identical with those of non-Euclidean geometry.

—Poincaré, 1913.

At this point Brandon’s insight moved him to exhilaration. He pointed out that the group of
four towers with exactly one red cube was like the four pizzas with one topping in his chart. He
carefully moved each tower and placed it on top of the corresponding pizza code on the chart
thereby validating the relationship he had organized. He then explained how the red cubes in
each tower corresponded to the “0”s in his pizza chart and how the yellow cubes in each
tower corresponded to the “1”s on his chart.

—Maher, Martino, & Alston, 1993.
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ern Ireland <swapna@u.washington.edu>; or to: Guershon Harel, School of Education, Purdue University, West
Lafayette, IN 47907 <harel @math.purdue.edu>.
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These are two examples of mathematicians—the first a great French genius, the second
a fourth grade New Jersey student—experiencing insights about structural identity under-
lying what, on the surface, appear to be different situations.

The quotation from Poincaré is part of his account of his own mathematical discoveries,
and the incident described is one of several where sudden insight into a mathematical prob-
lem, on which he had spent considerable time, came while he was otherwise occupied. Bell
(1937, p. 529) commented that Poincaré’s “comprehensive grasp of all the machinery of
the theory of functions of a complex variable” was turned to magnificent use “in disclosing
hitherto unsuspected connections between distant branches of mathematics, for example
between ... groups and linear algebra.”

The second quotation is from a case study which was part of an investigation of students
working—at different times—on two tasks between which an isomorphism could be con-
structed. The “Towers” task required them to build as many different towers of four plastic
cubes as possible, when the cubes were of two colours, and then to convince other students
that the set was complete and without any duplicates. The “Pizza” task, on which the stu-
dents worked some weeks later, involved finding the possible combinations of pizzas with
some subset of four different toppings; again the students were expected to give convincing
explanations that all the combinations had been found, without repetition. By a mapping
such as the following (there is a degree of arbitrariness in the choice) an isomorphism can
be established between the two situations:

Top cube: red <--> no peppers yellow <--> peppers
2nd cube: red <--> no sausage yellow <--> sausage
3rd cube: red <--> no mushrooms yellow <--> mushrooms
Bottom cube: red <--> no pepperoni yellow <--> pepperoni

This mapping establishes a 1-1 correspondence between the 16 possible towers and the 16
possible pizzas.

Brandon’s insight into the isomorphism between the two problem situations was not the
result of a sudden recognition, but rather the culmination of a lengthy process of construc-
tion, mediated by the notational system he had devised, by discussion with a partner, and
by explanations of his thinking. All of this took place over an extended period, and within
an instructional environment promoting thoughtfulness about mathematical situations, and
challenging children to reorganize and extend their knowledge.

In striking contrast, there are many reports in the literature of students failing to appre-
ciate links between structuraily related mathematical problems. For example, Af Ekenstam
and Greger (1983), interviewing 12-13-year-old students, presented some of them with
these two problems in succession:

P1: A cheese weighs 5 kg. 1 kg costs 28 kr. Find out the price of the cheese. Which operation
would you have to perform?

28/5 5x28 5+28 28+28+28+28

P2: A piece of cheese weighs 0.923 kg. 1 kg costs 27.50 kr. Find out the price of the cheese.
Which operation would you have to do?

27.50+0.923 27.50+0.923 0.923 x27.50 27.50 -0.923



ISOMORPHISMS 7

Many gave the correct answer for the first but chose division for the second. There is strong
indication from a number of studies that a plausible explanation is that these children real-
ized that the answer would be numerically smaller than 27.50, and this realization inter-
acted with the misconception that multiplication always makes bigger and division always
makes smaller to produce the results noted. Even with probing, these children showed no
awareness that the operation required to solve a problem of this type is invariant under
changes in the numbers involved. Such a response has been termed “non-conservation of
operations” (Greer, 1987; see also Greer, 1988, 1994; Harel, 1995).

Examples of inability to recognize the applicability of more advanced formal knowl-
edge to specific situations are to be found in the experiments of Tversky and Kahnemann
(1974). Take this question:

P3: A certain town is served by two hospitals. In the larger hospital about 45 babies are born
each day, and in the smaller hospital about 15 babies are born each day. As you know, about
50% of all babies are boys. The exact percentage of baby boys, however, varies from day to
day. Sometimes it may be higher than 50%, sometimes lower. For a period of one year, each
hospital recorded the days on which more than 60% of the babies born were boys. Which hos-
pital do you think recorded more such days—the larger hospital, the smaller hospital, or about
the same?

In one study, of 37 university psychology students who had been taught about the effects
of sample size on variability as applied to the binomial distribution, only 14 gave the cor-
rect response, namely the smaller hospital (Greer & Semrau, 1984). Such a finding is typ-
ical for this and similar problems.

In this paper, we briefly review related research from cognitive psychology on the gen-
erally very limited ability of people to make links between structurally related situations
differing in surface features. Then we present an alternative perspective on the construction
of isomorphisms as representational acts, consider the role that appreciation of structural
relatedness plays in mathematical problem solving, and examine implications for the
teaching of mathematics.

1. RESEARCH ON SOLVING ISOMORPHIC PROBLEMS

A considerable amount of laboratory-based research was carried out in the 1970s and
1980s which took the general form of asking participants to solve two or more isomorphic
problems and probing for evidence of transfer of solutions (see various chapters in Goldin
& McClintock, 1984).

Lave (1988) presented an ethnographic analysis of four typical studies of this genre,
namely those of Reed, Ernst, and Banerji (1974), Hayes and Simon (1977), Gick and
Holyoak (1980), and Gentner and Gentner (1983). From a perspective of what is now
called situated cognition, Lave presented a strong critique of the “culture” of such experi-
ments and of the epistemological assumptions underlying them. One of Lave’s points was
that these experiments show very little evidence of transfer or awareness of structural relat-
edness. Likewise, Detterman, concluded that:
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the amazing thing about all these studies is not that they don’t produce transfer. The sur-
prise is the extent of similarity it is possible to have between two problems without sub-
jects realizing that the two situations are identical and require the same solution. Evidently
the only way to get subjects to see the similarity is to tell them or to point it out in some
not-so-subtle way. (DeHerman, 1993, p. 13).

Arguably, this is overstated. Cases of successful transfer have been reported in various
studies using tasks based on mathematical groups (e.g. Halford, 1975; Somerville & Well-
man, 1978). Dienes and Jeeves (1965) reported that children related the structure of the
2-group (in which there are two elements, which combine thus: (x, x) --> x, (x, y) --> y,
(¥, x) -->y, (¥, y) --> x) to various familiar situations, such as magnetic attractions between
poles and the rules for multiplying positive and negative numbers. Some of their examples
show how isomorphism is related to metaphor (Presmeg, this volume), as in one child’s
explanation that the element which acts as identity operator (x in the above characterisa-
tion, which combined with x or y yields the same) is the Conservative, who wants every-
thing to stay the same, whereas the other element (y, which in combination with x or y
yields the other) is the Communist, who wants everything to change.

An experiment reported in Jeeves and Greer (1983, Chapter 5) showed a developmental
trend whereby structurally mediated transfer between successive tasks based on the
2-group differing only in the symbols used appears to emerge at about age 11.

Lave (1988, p. 23) commented that “learning transfer is assumed to be the central mech-
anism for bringing school-taught knowledge to bear in life after school.” She suggested the
metaphor of school knowledge as a set of general-purpose tools. Quite early, the limita-
tions of this view began to be exposed, in particular through a number of studies showing
that, when abstract and “realistic” problems sharing the same structure are presented to
subjects: (a) the realistic variant is generally much easier, and (b) subjects show little trans-
fer between the variants and little awareness of the structural relationship.

A typical example is to be found within the extensive research on Wason’s “selection
task.” It has frequently been reported that there is very little transfer between abstract and
contextualized versions of the task and that very few participants show any awareness of
the relationship between the tasks. This was the case for the study reported by
Johnson-Laird, Legrenzi and Legrenzi (1972) using the versions shown in Figure 1.

Such findings, along with other evidence, were interpreted by Wason (1983) in terms of
schema theory as the “realism effect.” This theoretical explanation suggests that specific
experience is stored in terms of organized structures, that elicitation of these structures
allows the information in them to be manipulated, and that people are usually only capable
of logical inference within such content-specific schemas. Evidence in support of this, in
relation to the letter-sorting task, is that experience of a rule about differential postage rates
for sealed and unsealed letters appears to be important; subjects in the USA, where such a
rule does not apply, and younger British subjects, who hadn’t experienced it, performed
much worse on this variant of the selection task than older British subjects who had
(Wason, 1983). Elshout (1992) suggested that even more crucial is that the task such as the
letter-sorting variant make good sense, whereas the formal variants are “senseless.”

Similar views were expressed by Johnson-Laird (1983) in rejecting what he called “the
doctrine of mental logic.” In relation to the selection task, he stated:
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Each card has a letter on one side and a digit on the other

Which cards do you need to turn over to check if this statement is
true or not:
If a card has an A on one side then it has a 3 on the other side.

Imagine you are working in the Post Office

O O

— —
— s e et
—— —

40 lire stamp 50 lire stamp sealed unsealed

The rule is: If a letter is sealed it must have a 50 lire stamp on it.
Which letters do you need to turn over to check?

FIGURE 1. Abstract and contextualized versions of the “selection task” (after Johnson-Laird,
Legrenzi, & Legrenzi, 1972).

The subjects in the card-turning task do, indeed, search for counterexamples, but their search
is only comprehensive with realistic materials that relate to an existing mental model. Their
conspicuous failure with abstract materials is difficult to reconcile with syntactic principles of
inference that are independent of content. (p. 34)

In a paper noting parallels between aspects of performance on mathematical problems
and on Wason’s selection task and its variants, Bell (1984) pointed out that:

Mathematics teaching is generally based on the assumption that a principle or method may be
learned in the abstract, or in one context, and then applied without essential change to other
contexts.

... There is now an emerging realisation that differences between contexts (and also
between the types of numbers involved) affect the way in which the problem is
approached to such an extent that structural similarities visible to the mathematician’s eye
in the initial problems do not exist in the problem as seen and solved by the pupil.
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The emerging awareness of context-dependency has been consolidated by more recent
studies showing lack of awareness in people in general of relationships between formal
school-based mathematical knowledge and situations outside of school to which that
knowledge could be applied (Lave, 1988; Nunes, Schliemann, & Carraher, 1993).

In a provocative chapter, Elshout (1992, p. 5) suggested that:

Educational philosophy seems to be locked into a pendular motion, in some periods favoring
rational formal schooling as its ideal, then swinging to the position that the best of learning is
to be found in everyday life.

Is it possible to take a balanced position? Margaret Donaldson, who was one of the first to
write about situated cognition (she called it “embedded”), commented:

In order to handle the world with maximum competence it is necessary to consider the
structure of things. It is necessary to become skilled in manipulating systems and in
abstracting forms and patterns. This is a truth which, as a species, we have slowly come to
know. If we were ever to renounce the activity, there would be a hefty price to pay
(Donaldson, 1988, p. 82).

Likewise, Hatano (1992) argued that “mathematics is so powerful as an intellectual tool
mainly because it enables us, through formalization, to detect structural commonalities in
apparently different domains, and thus to apply general problem solving algorithms to
them more or less consciously.” He further suggested that:

... mathematical knowledge that experts (experienced users with mathematical understanding
as well as mathematicians) possess is no [longer] associated tightly with the situation in which
it was originally acquired.

... Their knowledge may be “desituated” in the sense of being useful even outside of the sit-
uations experienced, because experts can adapt known procedures or even invent new ones
based on their understanding of a set of conceptual entities. Thus how a new mathematicat
concept is introduced in instruction is critical, but even more important is to try to develop stu-
dents’ conceptual understanding, unless the goal of instruction is to teach routine procedures
that are useful only for limited problems.

Another of the main criticisms made by Lave (1988, p. 34) related to what she called the
“culture of transfer experiments.” In these experiments, subjects work individually on pre-
fabricated puzzles or problems, within “a tight time-frame of an hour or less of unfamiliar
activity” (p. 43), and where it is questionable “what motivates people to recognize and
undertake to solve problems when not required to do so” (p. 42). The contrast with the study
in which the case study of Brandon was set (see quotation at start of paper) is striking. This
study was spread over several weeks, and took place within an instructional environment
emphasizing social interaction and the formulation and discussion of representations; within
this environment, the making of connections is a recognized activity.

In summary, it is clear from the experimental research reviewed that:

1. Insight into structural relationships, and transfer between isomorphic problems, rarely
occur spontaneously in laboratory-based studies.
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2. There is often little understanding of the relationship between formal school knowl-
edge and everyday situations to which it is, at least potentially, applicable.

In response to the first point, we may argue that the conditions of laboratory experimen-
tation (as discussed earlier) are not conducive to the construction of high-level representa-
tional acts, on account of such factors as the questionable motivation of the subjects, the
use of semantically lean puzzle-like tasks, and, typically, a short time span.

With respect to the second conclusion, we would argue that mathematics can and should
be taught with emphasis on its applicability within a wide variety of contexts. Goldin and
Kaput (1996, p. 425) point out that “one meaning of powerful is that a system of represen-
tation has a wide and varied domain of applicability.” Freudenthal (1991, p. 123) identified
as one of the “big strategies” in the development of a mathematical disposition “identifying
the mathematical structure within a context, if any is allowed, and barring mathematics
where it does not apply” (the latter part is also very important).

It must also be recognized that people operating effectively, and more or less routinely,
within very specific domains generally do not need to consider the relationship to
domain-independent formulations or tasks within other domains. We have argued that one
goal of mathematics education (at least for some students) is an appreciation of the power
of general unifying representations (Goldin & Kaput, 1996). It is characteristic of mathe-
maticians, as illustrated by the quotation from Poincaré to search out structural relation-
ships underlying situations with very different surface characteristics. Various suggestions
have been made as to how such skills could be taught (Luger, 1984). From a formal math-
ematical perspective, Dienes (1971) tackled this educational objective head-on with a
six-stage model leading all the way from “play” with structured manipulatives, through
comparison of isomorphic situations, to the development of a unifying representation (usu-
ally graphical), and culminating in an axiom system. Goldin has proposed a somewhat sim-
ilar theory involving: (a) an inventive-semiotic stage, (b) a period of structural
development, and (c) an autonomous stage (Goldin & Kaput, 1996, p. 424).

More recently, the ongoing classroom-based work of the Rutgers team (Maher et al.,
1993) has shown how an instructional environment can be created within which children
develop a disposition to look for, represent, and exploit structure. The example of Brandon
with which this paper begins being a case in point.

2. ISOMORPHISM WITHIN REPRESENTATIONAL ACTS

The dominant view on isomorphism, in the body of research and theoretical tradition
within cognitive psychology critiqued by Lave (1988), is ontological. That is, subjects’
conceptions of similarities between situations are analyzed relative to normative criteria
with respect to a predetermined mapping between the situations, built into the experimental
set-up by the researcher.

By contrast, we view isomorphisms as components of mental representations con-
structed by individuals in the course of assimilating and dealing with given situations. In
this regard, we propose three basic models of isomorphism and its construction (see Figure
2).
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FIGURE 2. Three models for the construction of an isomorphism as a representational act.

MODEL 1: Surface-Level Isomorphism

A subject may read a problem such as:
P1. The weight of 3.62 liters of a liquid is 0.27 Ib. How many liters of the liquid weigh 1 1b?

and, in the process of assimilating the problem situation, he or she may map it onto an eas-
ier problem such as:

P2. The weight of 6 liters of a liquid is 2 1b. How many liters of the liquid weigh 1 Ib?
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The mapping between Problems 1 and 2 is a conceptual act of forming a representation for
Problem 1. The quality of this mapping is determined by the kind of reasoning employed
by the subject in forming the representation. If the subject is an operation conserver, then
she realizes that the appropriate operation is independent of the numbers (Greer, 1987). On
the other hand, she may be unmindfully following the “conservation formula” (Harel,
1995), which may be formulated as follows:

S1: When you encounter a word problem with “nasty” numbers:

a. replace the “nasty” numbers with “friendly” numbers;
b. solve the problem with the “friendly” numbers;
c. transform back your solution to the problem with the “nasty” numbers.

Using this formula, the subject would construct a problem with a whole number divisor,
such as Problem 2. Some children do not accept the validity of this method since they argue
that the appropriate solution changes when the numbers change (Greer, 1987).

Schematically, Figure 2(a) depicts the formation of a mapping between two problem sit-
uations S; and S,, that is based on surface considerations—such as those employed by an
operation nonconserver in forming the mapping between Problems 1 and 2. The use of sur-
face-level mappings of this sort is, unfortunately, quite pervasive among students in all lev-
els. Consider, for example the following linear algebra problem:

P3. Determine whether the three polynomials:
P =22 +3x+4, pyx)=-202+4x+1, py(x)=5c+8x—11

are linearly independent.

It is quite common to see students represent each polynomial by its coefficients as a triple
and replace the given problem by:

P4. Determine whether the three vectors:
VI(X) = (27 39 4)7 Vz(x) = (_29 4, 1)’ V3(x) = (51 8’ -1 l)

are linearly independent.

From a mathematical point of view, this method is correct, for P;[x] (the set of all polyno-
mials of degree less than 3) is indeed isomorphic to R3, which guarantees that a set of vec-
tors in P5[x] is linearly independent if and only if the correspondmg set of vectors in R% is
linearly independent. However, students may, or may be taught to, employ this method
before they have established the isomorphism, or even learned what isomorphism means.

It must be pointed out that the source of students’ behavior in forming a surface-level
mapping between problem situations is faulty instruction. Both cases described here—the
use of the “conservation formula,” and the translation of polynomials to n-tuples—are
taught to students explicitly. We return to the instructional aspects of isomorphism forma-
tion in mathematics in the next section.
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FIGURE 3. Subject’s drawing to show the relationship between the number of partitions and the
number of ways of placing 2 sticks in 7 positions.

MODEL 2: Deep Isomorphism

Under a different kind of reasoning, the two cases just discussed can exemplify a
high quality of mapping formation. If the subject is an operation conserver, or the stu-
dent understands the application of the isomorphism between P;3[x] and R3 to linear
independency, then the formations of the mappings between Problem 1 and 2 and Prob-
lems 3 and 4, respectively, are cases of deep isomorphism (schematically illustrated in
Figure 2b).

A deep isomorphism is not necessarily formed through advanced (formal) content,
i.e. theorems, as in the case of Problems 3 and 4, for example. As an example, consider
the solution to the following problem formed by a high-school student in an algebra
class:

PS. In how many ways can you distribute 8 candies among 3 children?

The student first drew eight candies. Then after long thought, he said that the given prob-
lem is “the same” as asking:

P6. In how many combinations can you position two sticks in the spaces between them?
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and answered: C% = 71/(5!2!). He drew a figure to illustrate his solution (Figure 3). This
student did not appeal to a formal theorem to map the given problem onto another problem,
which he was able to solve.

MODEL 3: Mediated Isomorphism

In contrast to Models 1 and 2, Model 3 involves a third situation, S, as a mediator in con-
structing an isomorphism between two situations, S; and S,. The subject sees two specific
situations, S| and S,, as special cases of S, whereby she establishes an isomorphism
between S; and S, (Figure 2c).

Consider the following example, inspired by Vinner (1991). Students A and B both
know that:

S;. Two perpendicular lines, x and y, represent a coordinate system of the plane.
Student A’s understanding of this idea is:

S. Since (a) any point A in the plane can be determined uniquely by two points, X onx and Y
on y , and (b) the points on a line are in one-to-one correspondence with the real num-
bers, the points in the plane are in a one-to-one correspondence with the ordered pairs
of the real numbers.

Student B’s understanding of S is:

§’.  The ordered pair of a point Z on the plane represents the distances of that point from the lines
x and y. To find these distances, one should draw from the point Z two lines perpendic-
ular to the lines x and y at points X and Y, respectively. This results in the rectangle
OYZX, where O is the intersecting point of x and y. Then the desired distances of ZX
and ZY can be obtained by measuring XO and YO, respectively.

The mathematics teacher of these two students said one day that:

S,. Any intersecting lines, not necessarily perpendicular, can be a coordinate system for the
plane.

This example illustrates how a subject can succeed, or fail, depending on her or his
existing scheme, to construct an isomorphism. For Student A, the teacher’s statement is
just a generalization—the range of application of her/his coordinate system scheme was
merely extended, and includes no other instances of coordinate system (see Harel &
Tall, 1991). That is, Student A was able to form a mapping between S; and S, via S
because S subsumes both S; and S, (Figure 4). Arrows 1, 2 and 3 represent a possible
sequence of the chronological events in constructing the isomorphism between S; and
S, by Student A—first abstracting S into S, then projecting S onto S,, whereby he or
she realizes that S; and S, are isomorphic instances of S.

For Student B, on the other hand, a major reconstruction is needed in order to under-
stand the teacher’s latter statement, S,. S’, Student B’s existing scheme for coordinate sys-
tems, is insufficient to interpret S; and S, as instances of one structure, the structure



16 GREER AND HAREL
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FIGURE 4. Postulated sequence by which Subject A constructed an isomorphism between S and S,.

induced by S. As a result, Student B would be unable to form an isomorphism between S
and S, without considerable conceptual restructuring.

3. EDUCATIONAL IMPLICATIONS

3.1. Linkage to Existing Knowledge

It is common for mathematicians to recognize a problem they are working on as having
the same structure as some already formulated mathematical knowledge. This has already
been illustrated in the quotation from Poincaré with which we began this paper; indeed,
Poincaré once described mathematics as the art of giving the same name to different things.

Another example has been related by Martin Gardner (1966). Members of the Trinity
Mathematical Society at Cambridge in 1936-38 investigated whether a square with integral
sides could be dissected into squares, all of a different size, with integral sides. At one
point, when a number of rectangles which could be so dissected had been found, further
progress was made possible by the realization of an isomorphism between these dissections
and electrical networks satisfying a set of equations (Kirchoff’s Laws). They were thus
able to exploit the extensive theory already existing for those equations.

3.2. Using an Isomorphic Problem as Solution Aid

“Think of a simpler problem” was one of Polya’s heuristics for problem-solving. A
specific version of this heuristic is “think of a problem which you know to be isomor-
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FIGURE 5. Use of spatial configurations to demonstrate the formula for the sum of the first five
squares (for the general formula, which can similarly be shown schematically, the number of circles
is n (n + 1)/2 and the total in each circle on the right is 2n + 1).

FIGURE 6. Route round a hypercube as a representation for certain problems (see text for details). The
vertices of the hypercube may be labelled with coordinates (0, 0, 0, 0), (0, 0, 0, 1) etc.

phic and which is easier to solve.” An example discussed above is the *‘conservation
formula” for deciding on what operation to use for a word problem with “nasty num-
bers.” Geometric problems may be converted to algebraic problems for easier solution,
or vice versa, and numerical problems may be illuminated by spatial configurations
(Figure 5).

The isomorphic problem evoked in these circumstances could be viewed as a repre-
sentation of the original problem. In fact, a clear distinction cannot be drawn between
thinking of an isomorphic problem and simply thinking of a good representation, as
illustrated by the following example:
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E1: Given 16 logic blocks differing in size (large, small), thickness (thin, thick), shape
(square, triangle) and colour (red, blue), can you arrange them in a circle so that each neigh-
bouring pair differ by only one attribute?

This becomes easy to solve if the two values for each attribute are coded as 0 and 1
(note that this is similar to the coding used by Brandon for the tower and pizza prob-
lems), then the 16 blocks are interpreted as the vertices of a hypercube (Figure 6).
Since vertices joined by edges correspond to blocks differing in only one attribute, the
problem becomes one of finding a closed route around the hypercube as shown. (Inci-
dentally, the same representation can be used to solve the problem of the re-entrant
knight’s tour on a 4 x 4 torus (Stewart, 1992, p. 107).

Spatial representations are particularly powerful for solving problems of many
types, including problems in logic (Carroll, 1958) and probability (Ichikawa, 1989).
Goldin and Kaput (1996) suggest that reasons for the power of external spatial represen-
tation include the fact that it affords random access and supports imagery. We may
also suggest that it is evolutionarily developed (Rav, 1993) and grounded in bodily
experience (Johnson, 1987). Certainly, spatial representations allow many immediate
affordances—order, relative area, continuous path, and so on, and permit easy differen-
tiation of salience.

3.3. The Problem of Inert Knowledge

Whitehead (1929) referred to the educational problem of inert knowledge, namely
knowledge that is available and can be recalled on request, but is not spontaneously recog-
nized as applicable in situations where it is relevant.

Students very frequently fail to recognize applications of a mathematical structure
which is supposed to be within their repertoire.

Many examples have been reported relating to probability and statistics, such as the fol-
lowing, from Kahnemann and Tversky (1982, p. 495). They presented the following ques-
tion to many squash players:

E2: As you know, a game of squash can be played either to 9 or to 15 points. Holding all
other rules of the game constant, if A is a better player than B, which scoring system will give
A a better chance of winning?

All those asked had some knowledge of statistics, but most said the scoring system
should not make any difference. They were asked to consider the argument that an atyp-
ical outcome is less likely to occur in a large sample than in a small one; with very few
exceptions, the respondents accepted the force of this argument as applying to the
squash question. Kahnemann and Tversky commented that:

E3: Evidently, our informants had some appreciation of the effect on sample size on sam-
pling errors, but they failed to code the length of a squash game as an instance of sam-
pling size.
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3.4. Isomorphisms as Teaching Aids

The approach of replacing a perceived-as-difficult problem by a perceived-as-easy,
yet isomorphic, problem is quite pervasive in mathematical activities at all levels,
including mathematical research. However, teachers should remember that conceptual
isomorphism is not a universal phenomenon—two situations may be thought of as obvi-
ously isomorphic by one subject but conceived as unrelated by another. For example,
studies by Silver (1979) and others have shown that students strong in mathematics
tend to categorize problems on the basis of their underlying structure, whereas students
weak in mathematics do so on the basis of surface characteristics.

Here we present two cases to demonstrate the pedagogical and cognitive implica-
tions of the use of isomorphism in the teaching of mathematics. The first is from Harel
(1995). An interview was conducted by Harel (Guershon) simultaneously with two chil-
dren, a 13-year-old girl (Tami), and an 8 year-old boy, (Dan).

Guershon: One pound of candy cost $7. How much would 3 pounds of candy cost?
Tami: Three times seven, 21.
Dan: 1 agree, three times seven.
Guershon: What if I changed the 3 into 0.31? What if the problem were: One pound of
candy cost $7. How much would 0.31 of a pound cost?
Tami: The same. It is the same problem, you have just changed the number. 0.31
times 7.
Dan: No way! It isn’t the same. Can’t be (angrily). It isn’t times. How did you
(speaking to the interviewer) agree with her?
Guershon: I didn’t agree with her, I'm just listening to both of you. How would you solve
the problem?
Dan: (After a short pause) You take 1 and you divide by 0.31. You take that number,
whatever that number is, and you divide 7 by that number.

It took the interviewer a long moment to realize, not before applying some algebraic
manipulations, that Dan’s solution was correct. Dan’s solution was to first perform the
operation 1 + 0.31, then take the result of this operation and divide 7 by it, namely: 7 +
(1 + 0.31). Indeed, 7 + (1/0.31) = 7 x (0.31/1) = 7 x 0.31. Dan saw the two problems
as different and therefore rejected the idea that the solution of the first problem can be
conserved as a solution to the second. Despite this he was able to offer a correct and,
more importantly, a meaningful solution. An instructional approach that imposes an iso-
morphism interpretation between the two problems asked by the interviewer would
harm children like Dan, who is still in the process of moving from an operation
non-conservation state to an operation conservation stage (see, Harel, 1995, for more
details).

The second case we use here to demonstrate the need for pedagogical sensitivity in
introducing isomorphic-to-us problems is from the domain of geometry. A student had dif-
ficulty solving the following problem:
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B 1 ¢2

FIGURE7. Ifp, =P, and @, =@, what is the value of B, + B,?

P7. Consider the figure (Figure 7). In this figure, it is given that
B, = B, and ¢; = ¢,. Find the measure of B, + 9,

In an attempt to help the student with this problem, the instructor (Harel) introduced the
following problem which, to him, was obviously isomorphic to the previous one.

P8. You and your sister had 180 dollars altogether. Your sister gave me half of what she had
and you gave me half of what you had. How much money do you have left between you?

While the student solved Problem 8 easily, he saw no connection between the two prob-
lems. It was only after he had constructed a solution for Problem 7 that he made the con-
nection to Problem 8§, realizing that the two problems possess essentially the same structure.

Traditionally, isomorphism has been used to describe similarities between new ideas to
be learned and familiar ones that are outside the content area of immediate interest (Reige-
luth & Faith, 1983). Teachers use isomorphism (or more general forms of structural rela-
tionship, such as analogy and metaphor) to motivate and introduce new ideas by pointing
out to the students the correspondence, as it is viewed by the teacher, between the idea
to-be-learned and a concept that is already possessed by the student. The use of water flow
as a conceptual model to teach electricity typifies this instructional approach (Gentner &
Gentner, 1984). Recently, some mathematics educators have raised doubts about the peda-
gogical benefit of this approach. These doubts are grounded in both experimental findings
and philosophical analyses of learning.

3.5. The Case of Manipulatives

Hart (1993) has summarized evidence that children fail to form bridges between manip-
ulatives and the formalizations they are intended to help develop; in the words of one child
“sums is sums and bricks is bricks” (p. 25).
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Cobb, Yackel, and Wood (1992) argued that the mapping between two domains
(for example, in the approach to teaching the standard subtraction algorithm that
emphasized the analogy between symbols used in standard written notation and Dienes
blocks designed to highlight the quantitative meaning of place value) can be spelled
out by the instructor because he or she has already contructed a relatively sophisti-
cated conception of place value numerations. In contrast to the discussion of learning
that characterizes students as actively trying to make sense of their worlds, the transi-
tion to instructional considerations brings with it an almost exclusive emphasis on the
instructor’s relatively sophisticated understanding of the domains (see also Grave-
meijer, 1991).

3.6. The Use of Analogies

An important implication from the argument of Cobb, Yackel, and Wood is that
analogy should be used to reinforce already existing conceptions rather than building
new conceptions. Thus, students who have constructed the ideas of place value and
the subtraction algorithm for multi-digit numbers, can strengthen their understanding
of these ideas by interpreting Dienes blocks in terms of their conceptions. This inter-
pretation is essentially a formation of a mapping between two representational sys-
tems (Goldin & Kaput, 1996)—the world of symbols used in standard written
notation, S;, and the Dienes blocks, Sy—via their conception, S (see Model 3, Figure
2¢).

In an analysis of linear algebra textbooks, Harel (1987) found that analogy is used as
one of four strategies to motivate students and to integrate new mathematical ideas with
material previously studied. Two kinds of analogies were found to be used by textbooks,
namely analogies to non-mathematical content (e.g., the analogy between economics prob-
lems and problems about matrices) and analogies to mathematical content (e.g., defining
self-adjoint operator by analogy to the characterization of real numbers in the field of com-
plex numbers).

Analogies relating a mathematical content situation to a non-mathematical content
situation have many nonanalogous aspects. For a student to distinguish between the
analogous aspects and the nonanalogous aspects, he or she must first abstract the two
situations and only then be able to distinguish between features that are relevant or
irrelevant to the analogy. This, obviously, raises doubts about the anticipated motiva-
tional effect on students.

In some cases, indeed, the use of analogy may produce conceptual confusion. For exam-
ple, in some textbooks in linear algebra the definition of inner product is motivated by the
idea of computing the total price of items in quantities x;, x,,..., x, whose unit prices are
D1, D2.--.» Pp, respectively, by the operation:

(x]7 X5eees xn)* (P]» P2s--os pn) = lepl

The student may erroneously think that this operation is an inner product. In fact, it is not
an inner product but a bilinear form on two spaces, the space of items and the space of
prices, which may be regarded as the dual space. Accordingly, the use of analogies needs
to be handled with circumspection.
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4. CONCLUSIONS

Much of the flavor of recent work in mathematics education may be summarized by the
statement that mathematics is a human activity embedded in social, cultural, and historical
contexts. As Elshout (1992) has commented, the pendulum of educational philosophy has
swung towards everyday learning. For balance, it must be remembered that intellectual
activity—including the activity of mathematical abstraction—is also part of being human
(Greer, 1996). We agree with Thompson (1993, p. 283) when he stated that:

I consider it imperative that the mathematics education community regain the sense that math-
ematics is a deep and abstract intellectual achievement.

Likewise, we agree with Goldin and Kaput (1996, p. 426) that a central goal of mathemat-
ics education is to increase the power of students’ representations. An aspect of such a goal
not addressed in this paper, but of increasing importance, is the extension of dynamic,
interactive and recording representational media (Goldin & Kaput, 1996, p. 411) made
possible by computers.

The detection and exploitation of structural relationships, and the very idea of isomor-
phism, is an essential component of mathematics as “a deep and abstract intellectual
achievement” which can be developed in children. We have outlined a reconceptualization
locating this form of thinking within a framework of representational acts. From this per-
spective, both laboratory-based research using artificial problems, and research demon-
strating the weak linkage between formal mathematics and cognition situated within highly
circumscribed contexts, are of limited relevance. A more appropriate form of investigation
is research situated within an instructional environment such as that within which Brandon
developed his insights.

Acknowledgment: The ideas in this paper owe much to discussions between the authors
and Jim Kaput and Lieven Verschaffel in meetings funded by NATO Collaborative
Research Grant 890977.

REFERENCES

Af Ekenstam, Adolf, & Greger, Karl. (1983). Some aspects of children’s ability to solve mathemati-
cal problems. Educational Studies in Mathematics, 14, 369384,

Bell, Alan W. (1984). Structures, contexts and learning: some points of contact between cognitive
psychology and mathematical education. Journal of Structural Learning, 8, 165-171.

Bell, E. T. (1937). Men of mathematics. New York: Simon & Schuster.

Carroll, Lewis. (1958). Symbolic logic and The game of logic. New York: Dover.

Cobb, Paul, Yackel, Emna, & Wood, Terry (1992). A constructivist alternative to the representational
view of mind in mathematics education. Journal of Research in Mathematics Education, 23,
2-33.

Detterman, Douglas K. (1993). The case for the prosecution: Transfer as an epiphenomenon. In Dou-
glas K. Detterman & Robert J. Sternberg (Eds.), Transfer on trial: Intelligence, cognition, and
instruction (pp. 1-24). Norwood, NJ: Ablex.

Dienes, Zoltan P. (1971). An example of the passage from the concrete to the manipulation of formal
systems. Educational Studies in Mathematics, 3, 337-352.



ISOMORPHISMS 23

Dienes, Zoltan P., & Jeeves, Malcolm A. (1965). Thinking in structures. London: Hutchinson.

Donaldson, Margaret. (1978). Children’s minds. London: Fontana.

Elshout, Jan J. (1992). Formal education versus everyday learning. In Erik De Corte, Marcia C. Linn,
Heinz Mandl, & Lieven Verschaffel (Eds.), Computer-based learning environments and prob-
lem solving (pp. 5-17). Berlin: Springer-Verlag.

Freudenthal, Hans. (1991). Revisiting mathematics education. Dordrecht, The Netherlands: Kluwer.

Gardner, Martin. (1966). More mathematical puzzles and diversions. London: Penguin.

Gentner, D., & Gentner, D. R. (1983). Flowing waters or teeming crowds: Mental models of electric-
ity. In D. Gentner & A. Stevens (Eds.), Mental models (pp. 99-129). Hillsdale, NJ: Erlbaum.

Gick, Mary L., & Holyoak, Keith, J. (1980). Analogic problem solving. Cognitive Psychology, 12,
306-355.

Goldin, Gerald. A., & Kaput, James, J. (1996). A joint perspective on the idea of representation in
learning and doing mathematics. In Les Steffe, Pearla Nesher, Paul Cobb, Gerald Goldin &
Brian Greer (Eds.), Theories of mathematical learning (pp. 397-430). Hillsdale, NJ: Erlbaum.

Goldin, Gerald A., & McClintock, C. Edwin (Eds.). (1984). Task variables in mathematical problem
solving. Philadelphia: Franklin Institute Press.

Gravemeijer, Koeno, P. E. (1991). An instruction-theoretical reflection on the use of manipulatives.
In Leen Streefland (Ed.), Realistic mathematics education in primary school (pp. 57-76).
Utrecht, The Netherlands: Research Group on Mathematics Education, Utrecht University.

Greer, Brian. (1987). Nonconservation of multiplication and division involving decimals. Journal for
Research on Mathematics Education, 18, 37-45.

Greer, Brian. (1988). Nonconservation of multiplication and division: Analysis of a symptom. Jour-
nal of Mathematical Behavior, 7, 281-298.

Greer, Brian. (1994). Extending the meaning of multiplication and division. In Guershon Harel &
Jere Confrey (Eds.), The development of multiplicative reasoning in the learning of mathemat-
ics (pp. 64-85). Albany, NY: SUNY Press.

Greer, Brian, & Semrau, Gabrielle. (1984). Investigating psychology students’conceptual problems
in mathematics in relation to learning statistics. Bulletin of the British Psychological Society,
37,123-125.

Greer, Brian. (1996). Theories of mathematics education: The role of cognitive analyses. In Les
Steffe, Pearla Nesher, Paul Cobb, Gerald Goldin, & Brian Greer (Eds.), Theories of mathemat-
ical learning (pp. 179-196). Hillsdale, NJ: Erlbaum.

Halford, Graeme S. (1975). Effect of structure on learning and transfer: a possible link between learn-
ing and thinking. Australian Journal of Psychology, 27, 237-250.

Harel, Guershon. (1987). Variations in linear algebra content presentations. For the Learning of
Mathematics, 7(3), 29-32.

Harel, Guershon. (1995). From naive-interpretist to operation-conserver. In Judith Sowder & Bonnie
Schappelle (Eds.), Providing a foundation for teaching mathematics in the middle grades
(pp- 143-165). Albany, NY: SUNY Press.

Harel, Guershon, & Tall, David. (1991). The general, the abstract, and the generic in advanced math-
ematics. For the Learning of Mathematics, 11(1), 38—42.

Hart, Kathleen. (1993). Confidence in success. In Ichiei Hirabayashi, Nobuhiko Nohda, Keiichi
Shigematsu, & Fou-Lai Lin (Eds.), Proceedings of the 17th Annual Meeting of the Interna-
tional Group for the Psychology of Mathematics Education (pp. 17-31). Tsukuba, Japan: Uni-
versity of Tsukuba.

Hatano, Giyoo. (1992, August). A conception of knowledge acquisition and its implications for math-
ematics education. Paper presented at the 7th International Congress on Mathematics Educa-
tion, Quebec City, Canada.



24 GREER AND HAREL

Hayes, J. R. & Simon, Herbert A. (1977). Psychological differences among problem isomorphs. In
N. J. Castellan, D. B. Pisoni, & G. R. Potts (Eds.), Cognitive theory, Vol. 2 (pp. 21-41). Hillds-
dale, NJ: Erlbaum.

Ichikawa, Shin’ichi. (1989). The role of isomorphic schematic representation in the comprehension
of counterintuitive Bayesian problems. Journal of Mathemmtical Behavior, 8, 269-281.
Jeeves, Malcolm A., & Greer, Brian. (1983). Analysis of structural learning. London: Academic

Press.

Johnson, Mark. (1987). The body in the mind. Chicago: University of Chicago Press.

Johnson-Laird, Philip N. (1983). Mental models. Cambridge: Cambridge University Press.

Johnson-Laird, Philip N., Legrenzi, P., & Sonino Legrenzi, M. (1972). Reasoning and a sense of real-
ity. British Journal of Psychology, 63, 395-400.

Kahneman, Daniel, & Tversky, Amos. (1982). On the study of statistical intuitions. Cognition, 11,
123-141.

Lave, Jean. (1988). Cognition in practice: Mind, mathematics, and culture in everyday life. Cam-
bridge: Cambridge University Press.

Luger, George, F. (1984). Applications of problem structure. In Gerald A. Goldin & C. Edwin
McClintock (Eds.), Task variables in mathematical problem solving (pp. 415-430). Philadel-
phia: Franklin Institute Press.

Maher, Carolyn A., Martino, Amy M., & Alston, Alice S. (1993). Children’s construction of mathe-
matical ideas. Rutgers University.

Nunes, Terezinha, Schliemann, Ana Lucia D., Carraher, David W. (1993). Street mathematics and
school mathematics. Cambridge: Cambridge University Press.

Poincaré, Henri (1913). Mathematical creation. In James R. Newman (Ed.), The world of mathemat-
ics, Vol. 4 (pp. 2041-2050). London: George Allen & Unwin.

Rav, Yehuda. (1993). Philosophical problems of mathematics in the light of evolutionary epistemol-
ogy. In Sal Restivo, Jean Paul Van Bendegem, & Roland Fischer (Eds.), Math worlds (pp. 80—
109). Albany, NY: SUNY Press.

Reed, Stephen K., Ernst, George W., & Banerji, Ranan. (1974). The role of analogy in transfer
between similar problem states. Cognitive Psychology, 6, 436—-450.

Reigeluth, M., & Faith, T. (1983). The elaboration theory of instruction. In M. Reigeluth (Ed.),
Instructional-design theory and models: An overview of their current status. Hillsdale, NJ:
Erlbaum.

Silver, Edward A. (1979). Student perceptions of relatedness among mathematical verbal problems.
Journal for Research in Mathematics Education, 10, 195-210.

Somerville, S. C. & Wellman, H. M. (1979). The development of understanding as a deliberate mem-
ory strategy. Journal of Experimental Child Psychology, 7, 1-9.

Stewart, Ian (1992). Another fine math you’ve got me into . . . New York: Freeman.

Thompson, Pat W. (1993). Yes, Virginia, some children do grow up to be mathematicians—a review
of “Advanced Mathematical Thinking” edited by David Tall. Journal for Research on Mathe-
matics Education, 24, 279-284.

Tversky, Amos & Kahneman, Daniel. (1974). Judgment under uncertainty: Heuristics and biases.
Science, 185, 1124-1131.

Vinner, Shlomo. (1991). The role of definitions in the learning and teaching of mathematics. In David
Tall (Ed.), Advanced mathematical thinking (pp. 65-81). Dordrecht, The Netherlands: Klu-
wer.

Wason, Peter C. (1983). Realism and rationality in the selection task. In Jonathan St. B. T. Evans
(Ed.), Thinking and reasoning: Psychological approaches. London: Routledge and Kegan
Paul.

Whitehead, Alfred N. (1929). The aims of education. New York: Macmillan.



