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>

currentdir (" /Users/grad/Desktop/GT") ;
/Applications/Maple 9.5/Maple 9.5.app/Contents/MacOS/bin.APPLE _PPC_OSX

read “stripdemo.maple”;

stripdemo.maple
Copyright (C) 2007 by Glenn Tesler, gptesler@math.ucsd.edu

Last updated: November 9, 2007
This software computes many of the formulas in the paper
"Distribution of Segment Lengths in Genome Rearrangements"
by Glenn Tesler
(submitted)
Tested with Maple 9.5
To run the demo, start maple and type

read “stripdemo.maple”;

read ~stripcounts.maple”;

Warning, the protected name Chi has been redefined and unprotected

Warning, the assigned name Group now has a global binding

>

interface(echo=2);

i

#

Sample values to use to demonstrate the software

i

# Permutation size (# genes or blocks)

> nl := 6;

nl =6
# Number of strips
> k1l := 3;

kl =3

# Number of permutations (genomes)
> gl := 2;




# Unordered type (integer Partition)
> lambdal := [3,3,1];
Al =13,3,1]

# Ordered type (integer composition)
> alphal := [3,1,3];
ol =1[3,1, 3]

i
# Partition and composition functions
i

# P_n = list of partitions of n, with parts in decreasing order
> partitions(nl);
(L L L L L2, 1L, L 1,12, 2, 1,10, (2, 2, 2], [3, 1, 1, 1], [3, 2, 10, [3, 3], [4, 1, 1], [4, 2], [5, 1], [6]]

# C_{n,k} = list of compositions of n with k parts

# This is from the combinat package

> composition(nl,kl);
{[2,2,2],]1,2,3],[1,1,4],[3,2,1],[4, 1, 1], [2,3, 1], [1,4,1],[3,1,2],[1,3,2],[2, 1, 3]}

# \ell(mu) = number of parts of composition or partition mu
> nops(lambdal);
3
> nops(alphal);
3
#n = |mu| = sum of parts of a composition or partition
> csize(lambdal);
7
> csize(alphal);
7

# M(\mu), mu a partition, gives # distinct linear perms. of parts of mu

> linmult(lambdal);
3
# \mathring{M}(\mu), Sec. 8
# mu a partition, gives # subsets of {1,...,n} (where n=|\mu|)
# whose unordered circular type is mu. That is,
# S = {j(1)<j(2)<...<j(k)}



# and the differences j(2)-j(1), Jj(3)-3(2), ... J(k)=-j(k-1), J(l)-j(k)+n
# are a permutation of the parts of mu
> circmult(lambdal);

i

# Count number of (n,g)-arrangements with k linear strips,

# for unsigned/signed, linear/circular

#

# The symbols in the paper with circle accents (\mathring in LaTeX) are
# represented in this software by appending a lowercase "c" to the name:
# paper's \mathring{a} = ac paper's \mathring{A} = Ac

#  paper's \mathring{b} = bc paper's \mathring{B} = Bc

HAHHAHHHHHHHHTH A HHHHHHHHAHAHAHAHHAHHTATH A A HHHHHHAHAHAHAH A AT AT A A S A A
# Number of (n,g)-arrangements with k linear strips

# Unsigned linear arrangements, a {n,k}"{(g)}
> cof_a nk(nl,kl,gl);
120

# Signed linear arrangements, b {n,k}"{(9)}
> cof b nk(nl,kl,gl);
340

# Unsigned circular arrangements, ac_{n,k}"{(g)}
> cof ac nk(nl,kl,gl);

20
# Signed circular arrangements bc {n,k}"{(g9)}
> cof bc nk(nl,kl,qgl);
80
# Special cases for incompressible signed permutations:
# cof b kk(k,g) = cof b nk(n,k,q) (linear arrangements)
# cof bc kk(k,g) = cof bc nk(n,k,g) (circular arrangements)
# The b {n,k}"{(g)} formula is derived from the b {k,k}"{(g)} formula,
# so computing directly b {k,k}"{(g)} is faster if that's what's needed.
# Same for bc
# These pairs should be equal:
> cof b kk(kl,gl), cof b nk(kl,kl,gl);

34, 34



> cof bc kk(kl,gl), cof bc nk(kl,kl,gl);
4,4

Special case for n=k with g=2 genomes: can use simple formula with
multiplication and integer floor instead of summation.
cof b kk2(k) should be faster than cof b nk(k,k,2)
These should be equal:
cof b kk2(kl), cof b nk2(kl,kl), cof b nk(kl,kl1l,2);

34, 34,34

V o3k 3k 3k 3%

i
# Count number of arrangements with specified type

# a \lambda"{(g)}, etc.

# unordered type (partition lambda) or ordered type (composition alpha)

# must be specific values

# g=integer or indeterminate

o

# unordered type, unsigned linear, a_ {lambda}”{(g)}
> cof a utype(lambdal,gl);
38

# ordered type, unsigned linear, A {alpha}”"{(g)}
> cof A otype(alphal,gl);
10

# unordered type, signed linear, b {lambda}”{(g)}
> cof b utype(lambdal,gl);
102

# ordered type, signed linear, B {alpha}”"{(g9)}
> cof B otype(alphal,gl);
34

# unordered type, unsigned circular, ac_ {lambda}”"{(g)}
> cof ac utype(lambdal,gl);
7

# ordered type, unsigned circular, Ac_{alpha}”{(g)}
> cof Ac otype(alphal,qgl);
0



# unordered type, signed circular, bc {lambda}”"{(g)}
> cof bc utype(lambdal,gl);
28

# ordered type, signed circular, Bc_{alpha}”{(g)}
> cof Bc otype(alphal,gl);
28

# Demo with g=indeterminate
# unordered type, unsigned linear, a_ {lambda}”{(g)}
> cof_a utype(lambdal,qg);

Ly 306D 1oge g
2 8 2

i
# Distribution of (un)ordered types for all (n,g)-arrangements

# unsigned or signed, linear or circular, at specified n & g

# n must be an integer

# g = integer or indeterminate

i

# unsigned linear, unordered types:

# set of {a \lambda"{(g)} = ...} over *all* partitions |lambda|=n

> cofs _a all(nl,gl);

{ar 1,1,1,1=230,a6=2,a5 1=4,a33=6,a4 ,=12,ay1,1,1,1,1=90,a4,1,1=10,a5 5 ,=34,a3 » 1 =76,
a3 1,1,1 =40, a3 5 1,1 = 216§

# unsigned linear, ordered types:
# set of {A \alpha”“{(g)} = ...} over *all* compositions |alphal|=n
> cofs A all(nl,gl);
{4220=34,4141=6,442=6,41122=30,41 31, 1= 144y 11,1,1=3%432,1= 14,41 1,1,1,2= 34,
A1 32=14,4y 3 1= 14,45 4=6,45 1 3=10,43 11,1=6,41,1,1,3=6,46=2,4411=2,
Ay 11,0=22,45 1=2,A41 22, 1=50,4) 5 3=14, 41 5=2,41 5 1,=42,411,4=2, 411,31 =14,
Ay 12,1 =42}

# signed linear, unordered types:
# set of {b \lambda"{(g)} = ...} over *all* partitions |lambdal|=n
> cofs b all(nl,gl);

55555



b3’2,1 = 204, b4’2 = 12, b4,1’1 = 102, b5,1 = 12, b6 = 2}

# signed linear, ordered types:

# set of {B \alpha™{(g)} = ...} over *all* compositions |alphal|=n

> cofs B all(nl,gl);

{B6=2,B33=6,By 4=6,B| 5=6,B4,=6,B5 1=6,By5,=34,B) 1 4=34,B3 5 1=34,B4 1,1 =34,

32’3,1 = 34, B1,2,3 = 34, B3’ 1,2 = 34, 31,3’2 = 34, 32,1’3 = 34, B1,4,1 = 34, Bz’ 1,2,1 = 262,
81’2’2’1 = 262, Bl,3, 1,1 = 262, Bl, 1,3,1 = 262, Bl’z, 1,2 = 262, BZ,], 1,2 = 262, B3’ 1,1,1 = 262,
By 1,2,1,1=2562,B 1,1,3=262,By 5 1,1 =202,B1 1 2 2=262,B) 5 1,1,1 =2562, By | 12,1 = 2562,
By,1,1,1,0=2562, By 1,1,1,1 = 2562, B 1 1,1,1,1 = 30278}

# unsigned circular, unordered types:
# set of {ac_\lambda"{(g)} = ...} over *all* partitions |lambda|=n
> cofs _ac_all(nl,qgl);
{acs 1,1,1=0,acq1,1=0,acs5 1 =0,ace=0,acy 5 11 =15,acy 1 1,1,1=12,acy 1,1,1,1,1 =3, ac4 2 =6,
CZC3,3 = 3, aCZ,Z,Z = 8, CZC3,2’1 = 12, CZCC6 = 1}

# unsigned circular, ordered types:
# set of {Ac \alpha”{(g)} = ...} over *all* circular compositions
|alpha|=n
> cofs Ac_all(nl,qgl);
ey 1,1 =0, dcg =0, des 1 =0, des 11,1 = 0,4ep 1,01 =9, 4¢ 01,1 = 6, e, = 1, ey 11,1 = 12,

Acy 1,11

s bs Lo dy

1,1 = 3,AC4’2 = 6,AC3’3 = 3,AC3’1’2 = 6,AC2’2’2 = 8,AC3’2’1 = 6}

# signed circular, unordered types:

# set of {bc \lambda“{(g)} = ...} over *all* partitions |lambda|=n

> cofs bc all(nl,gl);
{bclz,2==8,bcll,hl==150,b01271==48,bcl3==3,bccé==1,bcL1,L1,L1==2121,bcl1’h1’1==1248,

bCz’z’ 1,1 = 225, bC4’ 1,1 = 24, bC452 = 6, bCS,I = 6, bC‘6 = O}

# signed circular, ordered types:
# set of {Bc \alpha”{(g)} = ...} over *all* circular compositions
|alpha|=n
> cofs Bc_all(nl,gl);
{Bc3 3 =3,Bcy 2 =6,Bcs 1 =6,Bcy 5 2=8,Bcz 51 =24, By 11 =24, Bcsy 1 2 =24, BcC6 =1, Bcg =0,

302’2’1’1 = 150, BC3’1’1’1 = 150, Bcz,l,l,l,l = 1248, Bcl,l,l,l,l,l = 2121,302’1’2’1 = 75}

# Demo leaving g as an indeterminate

# unsigned linear, unordered types:

# set of {a \lambda"{(g)} = ...} over *all* partitions |lambda|=n
> cofs_a all(nl,qg);



4y 1 =-5488 D 248,526 D 3048 392 loge 3158, 1 o408

s by 1y Ly 4 2 8 4 48

4y =48+ 1248328 88 4 —agi32@ D 1 Tpe o s Dy gD
o 4 T 4 4 :

4y =-a881348 Loae 398, 3g8, 1 962 1p8
T 2 2 2 16 4

4y 1= 4881348 26D loge  3ge 1pe 142 58
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a252’2=2(g'1)+48(g'1)-%8g,

a1 =488 LagigpE D oD 39D 1oge, 1 gge e 1 o408
s 4y dy 1y dy 16 2 4 16 4 48

a6=2(g-1),a472=-2g+%8g}

i
Generating functions for number of strips in (n,g)-arrangements

at fixed (n,g).

n=integer

g=integer or indeterminate

ogf a n z(n,q9)

= a n"{(g)}(z) = sum_{k=0..n} a {n,k}"{(9)} z"k

and similar for b, ac, bc

B L B L G B A B B B B B G B i
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# First method: using the direct formulas in the paper for these

# gen fn for # strips in unsigned linear arrangements, a n"{(g)}(z).

# This is the best way to compute it.

i

# strips in unsigned linear arrangements, a n"{(g)}(z)
> ogf a n z(nl,gl);
902842302 +25624 +1202°+2222 422

# strips in signed linear arrangements, b n"{(g)}(z)
> ogf b n z(nl,gl);

22+3022+3402°+26202% +128102° + 30278 2 ©

# strips in unsigned circular arrangements, ac n"{(g)}(z)
> ogf ac n z(nl,gl);
3 4 6 5 2
1+20z " +15z" +3z " +12z"+9¢



# strips in signed circular arrangements, bc n"{(g)}(z)
> ogf bc n z(nl,gl);
21212041248 2° +3752% +80z7 + 1527 +1

HHHHHTHATHAHHHHHATHATHAHHHHATHATHHHHAH AT AR AHH AT AHH AR AR A A
# Second method: directly compute coefficient of t"n from the formula
# given in the paper for a(t,z), b(t,z), ac(t,z), bc(t,z)

# This is provided just to confirm the formulas give the same result.
HHHHHTHATHAHHHHHATHATHAHHHHATHATHAHHHH AT AR AHH AT AHH AR AR A A A

> ogf a n z2(nl,gl);
902%+2302°+256z% +12023 + 2222+ 22

> ogf b n z2(nl,gl);
22+3022+3402°+2620z% +128102° + 30278 2 ©

> ogf ac n z2(nl,qgl);
3 4 6 5 2
1420z +15z +3z +12z"+9z

> ogf bc n z2(nl,gl);
212120+ 12482437524 +802° + 1522 +11

HHHHHTHATHAHHHHHTH AT AT HHH AT AT AHH AT AT AHH AT AT AHH AT A A H A
# Third method: sum {k=0..n} a {n,k}"{(g)}*z"k

# using the formula given in the paper for a {n,k} (or b,ac,bc)

# This is provided just to confirm the formulas give the same result.
HHHHHTHATHAHHHHHTHATH AT HHHHTH AT AHH AT AR AHH AT AT AHH AT A A

> ogf a n z3(nl,gl);
902z%+2302°+256z*+1202°+2222+22
> ogf b n z3(nl,gl);
224302243402 +26202% +128102° + 30278 z°
> ogf ac n z3(nl,gl);
142023 +152%+32%+122°+9272

> ogf bc n z3(nl,gl);
212120412482 +375 2% +802° + 1522 +1

i
# Weight generating functions -- all (n,g) arrangements, specified (n,g)
# n=integer



g=integer or indeterminate

wgf_a(n,q)

a_n"{(g)}(\vec v) = a n"{(g)}(v[1],v[2],Vv[3],...)

sum over all unsigned linear (n,g)-arrangements of their
unordered weight as a polynomial in v's

Also b, ac, bc, A, B, Ac, Bc versions:

unsigned unordered weight (a): u \lambda = u[lambdal]*u[lambda2]*...
unsigned ordered weight (A): U \lambda = U[lambdal,lambda2,...]
signed (b,B) is same but with v or V

Circular versions (ac,Ac,bc,Bc) use the same weight variables (u,U,v,V)
and also additional variables for the weight of the circular identity.

The circular identity of length n has weight uc[n],Uc[n],vc[n], or Vc[n],#
respectively.

B B A A 2 A A & e e
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# unsigned linear, unordered weights u[i]'s
> wgf _a(nl,qgl);
6 4 3 2 2 2 3 2
0u;” +230u; up +40u;” uz +216 " uy” + 10 uy” uy + 76 uy uy uz + 34 uy”™ + 4 uq us + 12 uy uy + 6 ug
+2u6

# unsigned linear, ordered weights U[alpha]'s
> wgf A(nl,qgl);
10 U2,1’3 +10 U3,1’2+ 34 U2,1,1,1,1 +6 U3,1’1,1 +2 U4’1,1 +22 U2’1,1’2+ 14 U1,2’3 + 50 U1,2,2,1
t02U) 121,120 s+2U; 1,416U; 1,1,376U1 41 T50U; 5 1,1,1 134U 11,12
134Uy 0, 14U 131 t50U) 11,201 142U 12,1 706Us0+t90U 1 1,1,1,1 T14U; 3,2
+2 U5’1 + 14 U372’1 + 14 U273’1 + 30 U272’171 + 42 U1’271’2+ 14 U173’171 +6 U2’4+2 Ug+ 6 U373
+ 30 U1,1,2,2

# signed linear, unordered weights v[i]'s
> wgf_b(nl,gl);
6 4 3 2 2 2 3 2
30278 v~ + 12810 v; vy, + 1048 v3 vi” + 1572 vi" vy" + 204 v3 vy vp + 102 v{" v4 + 34 vy + 12 v5 v + 6 13
+ 12 1% V4+2V6

# signed linear, ordered weights V[alpha]'s

> wgf B(nl,qgl);

34 V4111262 V3 11112Vt 0V3 316V, 41262V, 121 16Vs 1 +2562V, 1 11,1176V 5t6V4,
T34V 0034V 2334V 1 4 T34 V35 1 T34V, 41 t34 V531734 V3 1,134V, 3,
T34V, 131202V 50172062V 1311262V 5121262V, 1 12F262V) 1221262V 113
T262V591,11262 V7 31,1 1t30278 V1 1, 1,1,1,1 72562 V1 1.2,1,1 72562 V1 11,21
+2562 V) 1.1,1,2+2562 V1 5111



# unsigned circular, unordered weights u[i]'s, uc[i]'s
> wgf _ac(nl,gl);
6 4 2 2 3 2
Bup +12u; up + 15uy" uy™ + 12 uy up uz + 8 uy™ + 6 uy uy + 3 uz™ + ucy

# unsigned circular, ordered weights U[alpha]'s, Uc[i]'s
> wgf Ac(nl,gl);

77777

+ UC6

# signed circular, unordered weights v[i]'s, vc[i]'s
> wgf bc(nl,gl);
6 4 3 2 2 2 3 2
2121\/’1 +1248V1 V2+150V3V1 +225V1 1%) +48V3V1V2+24V1 V4+8V2 +6V5V1+3V3 +6V2V4
+ veg

# signed circular, ordered weights V[alpha]'s, Vc[i]'s
> wgf Bc(nl,gl);
24V 410t 150 V3 1 1 173 V33175V 10176 Vs +1248 V5 1 1 1,116 V428V 0 0+24V3 5

77777

HAHHAHHHHHHHHTH A A HHHHHHAH AR AHAHAHHTATH A A AR HHHHAH AR AHAH A AT A A TA S A A
# Algebraic manipulation of weight generating functions
HAHHAHHHHHHHHTH A A HHHHHHAH AR AHAHAHHTATH A A AR HHHHAH AR AHAH A AT A A TA S A A

# u2v = paper's function phi(f)
# v2u = paper's function phi”{-1}(f)

> u2v(u[3]);
(G2+3G+1)Gv> +2Gv vy + 13

> u2v(U[3]);
GVi2+ GV +(GE+3G+1) GV 1+ Vs

> v2u(v[3]);
(G2+G-1)M13G 2M1GM2

(G+1f G+1
> v2u(V[3]);
GUy, (G*+G-1)GU;,, GU,
- - - -
G+ 1 G+ 1) G+ 1

Us

> v2u(u2v(U[31));



>

3k

\%
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>

>

Us

u2v(10*U[3,2]-8*U[1,4]);

B(GH+1) V) 121G +10(G+2) V5 111 G*+2(G>+5G*+7G-2)G* Vy | 11
F10(G+2) V3 1 GH+10Vs 12 G+10G Vy 2, +2(G>+2G-4)G V5 11-8(G+1)G V) 35,
T2(G TG+ 1) GV 1 1 ,-8(G+1)G V) | 3+10V5,+(8G-8) V] 4

non-commutative multiplication
mult nc(10*U[3,2]-8*U[1,4], 2*U[5]-U[2,2,1],U);
20U325-10U3 222 1-16U; 458U 4221

mult nc(10*V[3,2]-8*V[1,4], 2*V[5]-V[2,2,1],V);
20132 5-10V322021-16V] 4 5+8 V1 4221

In the non-commutative circular case,

*after* performing all multiplications we must "straighten" the products

straighten circ(mult nc(10*U[3,2]-8*U[1,4], 2*U[5]-U[2,2,1], U));
20Us;32-10U3.2,221-16Us 1 4+8Us 2211

Example of duality:
Let
G =2"(g-1)-1
G2 = paper's \widetilde{G} = 2" (1l-g)-1
Note that G2=-G/(1+G), G=-G2/(1+G2) and (G+1l)(G2+1)=1
If fv is an expression in v,V,vc,Vc's,
and fu is the same expression with v's replaced by u's,
then v2u(fv) and u2v(fu) will be very similar, but with
u's & G2's in the former swapped with v's & G's in the latter

v2u(V[3,2]1);
2 2 2 2
(G+2)(G " +G-1HU; 11,11 G +(G+2)U1,2,1,1G +(G+2)G Uyi111 Uxi12G

G+ 1) G +1) G+ 1) G+l
(G+2)Us 1 G+(G2+G- DU 112G GU1,2,2+

2 3 G+ 1 Us.2
(G+1) (G+1)

icollect(subs (G=-G2/(1+G2),v2u(V[3,21)));
(G2+2)(G2*+3G2+ 1)Uy 1 1.1.1 G2°+(G2+2) Uy 51,1 G2 +(G2+2)G2* Uy 1 1.1+ Uy | 2 G2

+(G2+2) Uz 1 | G2+ (G22+3 G2+ 1) Uy 1. 1.2 G2+ G2 Uy 52+ Us 5

u2v(U[3,2]);



(G+2)Vy 111G +(G+2) G V511 +(G+2) (G +3G+1) GV 111 +(G+2) V351, G
+Vy1,G+G V1’2,2+(G2+3 G+1)G Vi1 12+ V3,

# In the commutative case, we can demonstrate multiplicativity
# and icollect for cleaning up the expression.

# Note that in the noncommutative case,

# the paper's \phi, \phi”“{-1} are multiplicative, but

# the representation in Maple isn't suited to an easy demo.

> u2v_u32 := u2v(u[3])*u2v(ul[2]);

u2v 132 =(G>+3G+1)Gv> +2 G v vy +1v3) (G+2) Gv>+ )

> icollect(u2v_u32);
(G+2)(G*+3G+1)G* v +B G +TG+1) Gy vy +(G+2)v3 Gv> +2 G vy vy + vy 1y

> u2v(u[3]1*u[2]);
(G+2)(G*+3G+1)G v +(BG*+TG+1) G vy +(G+2)v3 Gv> +2 G v v + 131

> v2u v32 := v2u(v[3])*v2u(v[2]);

(G*+G-Du’G 2u; Gus (G+2)u;> G
v2u v32 = - + u3 S —
(G+1f G+1

+ MZ
(G+ 1)

> icollect(u2v_u32);
(G+2)(G*+3G+1)G* v +B G +TG+1) G vy +(G+2)v3 G +2G v 1> + 131

> icollect(subs(G=-G2/(1+G2),v2u_v32));
(G2+2)(G2*+3 G2+ 1) u” G22+ (3 G2% +7 G2+ D) uy® G2up + (G2 +2) uy> G2 uz +2 uy G2 us”
T up u3

> v2u(v[31*v[2]);

(G+2)(G*+G-Du G?

BG*+5G-Du’Guy (G+2)u;>Guy 2u; Guy’
+ - - +u2u3

(G+1) (G+1) (G + 1) G+1

stesstatd it s s e e s e e e
# Specializations
stesstatd it s s e e s e e e

# Commutative specialization: converts U,Uc,V,Vc to lowercase multiplicative
# versions
> nc2comm(10*U[3,2]-8*U[1,4]);

-8 u u4+ 10 Uy u3



# need functions to work with first
> A wt := wgf A(nl,gl);
A_WZ = 10 U2’1,3 + 10 U3’1,2+34 U2’1,1’1,1 +6 U3’1,1’1 +2 U4,1’1 +22 U2,1’1,2+ 14 U1’2,3
t50U1 20,1 +702U 121,120 5+t2U1 1 476U 1,1316U;141+750U; 51 1,1
T34 U1 11,1,2134 Uy 00t 14U 13,1 750U 1,1,2,1 742U 1,21 T6Us 290U 1,1,1,1,1

+14U) 3,+2Us |+ 14Us 5 +14 Uy 3 +30 Uy 1 +42U 512 +14U; 311 +6 Uy y
+2 U6+6 U3’3+30 U1’1’2’2

> a wt := wgf_a(nl,gl);
a_wﬁ=90ufi+2%)m4u2+40uf3u3+216uftQ2+]th2u4+76u1u2u3+34u£3+4u1u5+12u2u4

+6u32+2u6

# Commutative specialization on ordered weight gives unordered weight
# This should equal a wt
> ncZ2comm(A wt);

90 11 +230 1y 1ty + 40wy w3 + 216 g un” + 100y g + 76 1y uy 13 + 341y + 4y us+ 12wy 1y + 6 uz”
+2u6

l-specialization: u[i],U[i],uc[i],Uc[i], & Vv versions, all -> 1
so we get an integer = the total # arrangements
These should be equal
specl(A wt), specl(a wt), nl!”(gl-1);
720, 720, 720

V o3k 3%k 3%

z-specialization: u[i],U[i],Vv[i],V[i] all -> z
uc[i],Uc[i],vc[i],Vc[i] all -> 1
so we get z"k for k strips
specz(wgf _a(n,g)) and specz(wgf A(n,g)) should agree with ogf a n z(n,q)
similar for b/B,ac/Ac,bc/Bc cases
These should be equal
specz (A wt), specz(a wt);
90z°+2302°+2562% +1202° +2222 +22,902°+2302° +256 2% + 12027 +222% + 22

Vo o3k 3k 3 3% O H

Incompressible specialization: u[l],U[l],v[1],V[1l] -> 1
u[i],vuri],v[i],v[i] (for it=1) -> 0
uc[i],Uc[i],vc[i],Vc[i] (for all i) -> 0
so we get an integer = count of the incompressible arrangements
These should be equal:
speci(A wt), speci(a wt), cof a nk(nl,nl,gl);

90, 90, 90

V o3k 3k 3%k % H



o
# RECURSIONS & DIFFERENTIAL EQUATIONS

#

# rec_a(...): symbollic recursion & evaluation via recursion in n (or n,k)
of

# a n™{(g9)}(z)

# a_{n,k}"{(9)}

# recd a(...): similar but with mixed recursion in n / diffeq in ze

#

# Also b,ac,bc versions

#

# g=integer value
i

# rec_a("rec",qg)

# Compute the recursion equation in n, for

# paper's a_n"{(9)}(z) = maple's a[n,g](z)

# Must specify g=integer in all of these recursion functions
#

# The function a[n,g](z) is expressed in terms of a[n-i,g](2z)
# for various i's.

# Upon plugging in a specific value of n, the equation includes
# initial conditions:

# a[n-i,g]l(z)=0 for n-i <=0

# delta[0]=1], delta[x]=0 when x!=0

# recursion for g=gl

> rec _a("rec",gl);
ap2Z)=Mmz-1+t2)a, 1 22)-(z-1)(nz-2z+3)a, ,,02)-(z- 1)2 (nz-5z+1)a, 3 ()

-1 (1-3)za, 42+ 0, +(2+1)8, 1-3GE-1)7 6, 2-(E-1) 3,3

# rec_a(n,qg) (n,g=integers)

# Compute a n”"{(g)}(z) as an explicit polynomial by iterating the recursion
# Should give the same results as the direct formula in ogf a n z(n,qg)

> rec_a(nl,qgl);

9OZ6+23025+25624+12023+2222+22

> ogf a n z(nl,gl);
90z%+2302°+2562z4 +1202°+222% +22

# rec_a(n,k,g) (n,k,g=integers)
# Compute a {n,k}"{(g)} by computing a n”"{(g)} from recursion and



# extracting coefficient of z"k

# a_{n,k}"{(g9)}

> rec_a(nl,kl,ql);

120
# For fixed g, compute the symbollic recursion equation in n, k
# for a_{n,k}"{(9)}
# Expressed in terms of a[n-i,k-3j,qg]
# where n,k are symbollic and i>=0, j>=0 are specific integers
> rec_a('"recnk",gl);

Apj2=p 12t tDa, g0t 3a, 0,20t (m-5a, 0,120t (n+2)a, 522,32
tntTa, 3612720 a, 3,026 -n)a, 3,327 (n+3)a, 4412
t(9+3n)a, 44227 O-3n)a,.44.32T(M-3)a,.4)-242F0,0,+(O)-0k.1)0,-1
t (30, 60,.1-30,.2)0,.20F(0f-30;.11305.2-0,.3)0,_3

o
# recd a("rec",q)

# Compute the mixed recursion in n / differential equation in z, for

# paper's a_ n"{(9)}(z) = maple's a[n,g](z)

HHAHHTHATHAHHHH AT AT AT HHH AT ATHAHHHH AT AT AT AR AHH AT A A

# Mixed recursion in n / diffeq in z, for g=gl
> recd a("rec",gl);

. 2(2) =z - l)zz( %an-z,z(z)] +22[ %an-l,z(z)] (e- 1)222( %an-g,z@]

+(z-1>3z2(%an-4,2(z> F(1+22)ay 1 @) +(1-32)day 222 + - 1) Q27 -2+ 1) a,.34()

-1 28, 4@ + 3, + (213, 1-Gz-1)(-1)8,.5-(2-1) 6,3

# iterate the g=gl recursion/diffeq to get a nl1”{(gl)}(z)
# should equal rec_a(nl,gl)
> recd _a(nl,gl);

90z%+2302°+2562z4 +1202°+222% +22

# Compute a {nl,kl1}"{(gl)} from that. Should equal rec_a(nl,kl,gl)
> recd _a(nl,kl,gl);
120

# Recursion in n,k corresponding to mixed rec/diffeq.
# Will be different than rec_a("recnk",gl)!
> recd a("recnk",gl);



apj2=An 12t (A TR a, 112t a2t k-Da, 0,127 2-0a, 2 4.22-a,342
+GB-ba, 35127 CT+H20ay, 3 k02t (k+t5)ay, 3 ,.32-kay 4,127 (3+30)ay 4422
t(6-3Kk)a,_ 4532t k-3)a,_45-4210,0,(-0,-04.1) 0,11 (-0 +40,_1-30,.2)0,.2
+(0k-30p.1t30.2-05.3) 0,3

HHAHHTHATHAHHHHHTHATHAHHHH AT AT AHHHH AT AT AT AT AAHAHH AT A A
# All four versions of rec_a and recd a shown above,

# also have versions for b, ac, bc.

# rec_*(n,k,g) should match cof * nk(n,k,qg),

# rec_*(n,g) should match ogf * n z(n,qg)
i

# Evaluation of coefficients a {n,k}"{(g)}, etc., via
# recursion on a n"{(g)}(z); mixed recursion/diffeq on that;
# and the direct formula from the paper:
> rec_a(nl,kl,qgl), recd a(nl,kl,gl), cof a nk(nl,kl,gl);
120, 120, 120

> rec_b(nl,kl,9l1l), recd b(nl,kl,gl), cof b nk(nl,kl,gl);
340, 340, 340

> rec_ac(nl,kl,gl), recd ac(nl,kl,gl), cof ac nk(nl,kl,qgl);
20, 20, 20

> rec_bc(nl,kl,gl), recd bc(nl,kl,gl), cof bc nk(nl,kl,gl);
80, 80, 80

Evaluation of polynomials a n"{(g)}(z), etc., via
recursion on a n"{(g)}(z); mixed recursion/diffeq on that;
and the direct formula from the paper:
rec _a(nl,gl), recd a(nl,gl), ogf a n z(nl,gl);
9026-%23025-%25624-+12OZ3-F2222-+2z,9026-k23025-%256z4-+12OZ3-F2222-%22,
902%+2302°+256z% +1202° +222% +22

V 3%k 3k 3%

> rec_b(nl,qgl), recd b(nl,gl), ogf b n z(nl,qgl);
3027820+ 1281027 +2620z* + 34027 +302% + 2,

30278 20+ 12810 2° + 2620 z* + 3402 + 3022 + 2 z,
30278 20+ 128102° + 2620 2% +3402° +30z2 +22

> rec_ac(nl,gl), recd ac(nl,gl), ogf ac n z(nl,gl);
3Z6+12ZS+1524+2OZ3+922+1,3Z6+1225+1524+2OZ3+922+1,
32041222 +152%+2023 4922 +1

> rec_bc(nl,gl), recd bc(nl,gl), ogf bc n z(nl,gl);
212120+ 12482 +3752* +8023 + 1522 + 11,2121 20+ 1248 2° +375 2% + 8023 + 1522 + 1,
212120+ 12482°+375 2% +802° + 1522 +11



# Recursion in n for a n"{(g)}(z), etc.:
> rec _a("rec",gl);

ap2Z)=Mmz-1+t2)a, 1 22)-(z-1)(nz-2z+3)a, ,,02)-(z- 1)2 (nz-5z+1)a, 3,2

-1 (1-3)za, 42+ 0, (2+1)8, 1 -3G-1)7 8, 2-(E-1) 3,3

> rec b("rec",gl);
by2@)=Q@nz-z+1)b, 1 22)+2(n-2)(z-1)zb, 52(2)*+0,+(z-1)d,_4

> rec_ac("rec",qgl);

acy 2(z)=(2+nz+tz)ac, 1 22)-(z-1)(-11z+2nz+35)ac, ,,(2)-(z- l)2 (-5z+3nz-4)ac,_ 3 ,(2)
+(z-1) @nz-27z+11)ac, 42(2)+3 -1 (1z2-7z+2) ac, s »(2)
~z-1(9z+2nz-1)ac, () - (n-7) (- 1)° zac, 72(2) + 6, +(-22+3)8,_,
~(72-2)(z-1)0, 1 +(182-1722+42°-6)8, 3+ (-1)(112°-2622+212-5)5, 4
+(722-92246z-1)(z-1%6, s-C+ 1)’ @-11 26, ¢+(22-5)(-1)z%6,.-
+@z-1)(z-1Yz%6, g+(z-1°z%6,

> rec _bc("rec",qgl);

bey 2o(2)=(R2nz-4z+2)be, 1 @)+t (z-1)(@nz-Tz+1)bc, () +2(z- 1)2 (n-2)zbc, 3 9(2) + 9,
t2z-1)9,.

# Recursions in n,k for a {n,k}"{(g)}, etc., that follow from
# the recursions for a n"{(g)}(z), etc.:
> rec_a('"recnk",gl);

Ap 2=y 12t tDa, 10t 3a, 0,20t m-5a, 0, 120t (n+2)a, 502,312
t(ntTNay 3,02t 20)ay 35001 G-n)ay 3,32t n+3)ay 4412
t(9+3n)a, 44021 0O-3n)a, 4532+ M-3)a, 45427 0,0+ (0f-0k.1) 0,1
+ (30, +6051-30,.2)0,.2F(0k-305.1+30k.2-05.3)0,.3

> rec_b("recnk",gl);
bpk2=by 1 k2t CL+2m) by g j1 2T @-20)Dy 5 k12T R2n-8) b, 5 221 6,0;
T (-0t Ip-1) 9y -1

> rec_ac("recnk",gl);

acy gr=-2ac, y ot (mt1)ac, | g1 2t5ac, 50+t 2n-16)ac, 5 12t (2nt1l)ac, 5 .22
tdac, 3,2t (-3-3n)ac, 34127 (6+6n)ac, 3 .22+ (5-3n)ac, 3 ,.32-11ac, 442
+(60-4’06K%-¢k-L2*‘0114*‘12”)“¢n-¢k-12'*(92'lz’ofuh-kk-&z*'027*'4”)acn-kk-¢2
t6ac, 5ot (-45+t3n)ac, 512+ 12n+120)ac, 5 4.2 2+ (18 n-150)ac, 5 .32
+(00-12n)ac, s ka2t @B n-21)ac, s j.52-ac, k2t 2n-4)ac, ¢ .12
+(35-10n) acy ¢ k.22 T (-80+20n) ac, ¢ .32+ (85-20n)ac, ¢ .42+ (10n-44) ac, ¢ .52
F(2n+9)acy g pgot (nTTVaC 7 k12T (A2 6m)ac, 7 402+ (105-15n)acy 7 .32
+(20n-140)ac, 7 k.4 (105-15n) ac, 7 x.52t (42t 6n)ac, 7 ¢+ (nt7)ac, 7472
+0,0,t(30k-20,.1)0,.1 7 (-20,+90;.1-70,.2) 0,2
+(-60,t180;.1-170;.0+t40;.3)0,.3+(50,-260)_1+476;.2-370,.3+1105;_.4)9,_4



+(-0p+83p ~2205 0+ 310, 3-2304.4+T055) 0,5
+(0k-1-0k-2-20, 31 20k.4F 0p_5-0f.6) Op¢
+(-504.0%t2206;,.3-380,_.4+320;_.5-130;_6+20;.7)0,,_.7
+(04.2-904.31300,_.4-500;_5+450,_¢-210;.7+40,.4)0,_3
+(04.3-605.41t150,.5-200,_ ¢+ 150;,.7-60;.8+;.9)0,_9

> rec_bc("recnk",gl);
bey 2 =2bcy 1 j2t 2Qn-4)bc, | k.1,2-b¢y 22T @-4n)bcy 5 p 1,2t @ n-T)bcy 5 .22
t@n-4)bcy 3 12T @-4n)bey 3 22t 2n-4)bey 3 3010, 0t (0pT20;1)0,

# Mixed diffeq in z / recursion in n for a n"{(g)}(z), etc.,
> recd a("rec",gl);

. 2(2) =z - l)zz( %an-z,z(z)] +22[ %an-l,z(z)] (e- 1)222( %an-g,z@]

+(z-1>3z2(%an-4,2(z> F(1+22)ay @) +(1-32)ay 222+ E-1) Q227 -2+ 1) a,.34()

-1 za, 4 2@+, + (-1, 1 -Gz-1) (-1, 2--1)0, 3

> recd b("rec",gl);

oo =227 [ b, 120 +2(Z-1)Z2(%bn-2,2(2)] F QA2 by g 2@+ (2= D) by_y o)+,
t(z-2)0,.1t(z+t1)J,.,

> recd ac("rec",gl);

4 2 d 2 2f d 5 2f d
acn,Z(Z) =3(z-1)z — acn-S,Z(Z) -3(z-1)z —acn-3,2(Z) -2(z-1) z —acn-6,2(Z)
dz dz dz

6 2 d 2( d 2( d
-(z-1)z —acn-7,2(z) Tz —acn-l,Z(Z) -2(z-Dz —ClCn_z,z(Z)
dz dz dz
3 2 d 2
+4(z-1)z 700’1_4’2(2)) t2zac, 122+ (7z7+5-102) ac, _; »(2)
z

4+ 1) @1 ac, 32 -(112-3)(z-1) ac, 422)-2Gz-2) (- D)} ac, 5 ()
~(3z7-2z+ 1) (- 1) ac, 62(2) ¥ 6, +(22+1) 8, +(82-T27-4)5,_,
+@z2-11z2+4)26, 3+(-162-322°+11z4+3+332%) 5, ,

+ (7232322 44z2-1)(z-1%6, 5-(z-1)'z%6, ¢ +(22-3) - 1)*z%6,_,

+Qz-17(-1'z%6, g+ @-1D°238, 0
> recd bc("rec",gl);
A 2( d 2( d 2 2f d
be, 2(2)=2z7| —bc,_12(2) | t4E-1D)z"| —bc,02() | +2(z-1)"z7| —bc,_35(2)
’ dz ’ dz ’ dz ’

F (2243 ey @)+ 2+ 4z-3)bey 5 2@+ (- 1) (22-1) 2+ 1) bey_32(2) +0,
+(2Z'2)5n-1+('22+ 1)571-2



# and the recursions in n,k for a {n,k}"{(g)}, etc. that follow from those
> recd a("recnk",gl);
dpk2=dp 12t (LK) a, ot a, 0,2t k- ay 0 120t2-Ka, 25 02-a,.342
+GB-ba, 35127720 a3 k02t (k+T5)ay, 3 ,.32-kay 4127 (3+30)ay 4422
t(6-3k)a,. 4532t (k-3)a, 44421 0,0, (-0r-05.1) 0,1 T (-0 +40;_1-30;.2)0,.2
+ (0 -30k.1T30.2-05.3) 9,3

> recd b("recnk",qgl);
bn’k,2=2bn_1’k’2+(2 k- 1) bn-l,k-l,Z'bn-Z,k,2+(1 -2k) bn-2,k-l,2+('4+2k) bn-Z,k-2,2+5n 5k
+(-205+ 0g_1) 01 T (0= 0k-1) 0y 2

> recd ac('"recnk",gl);

acy 2=+ kyac, |y 12t5ac, 2t (12+2k) ac, 5 12T (AL-2k) acy, 5 22-4ac, 342
t(3ktTNacy 3 12T (8T 6k ac, 3 ,22T(G-3k)ac, 3,.32-3ac, 44>
t(Ak+24)acy 41,2 T (06 + 12k acy 4 .02t (12-12k) ac, 4 432+ @4 k-27)acy 4 k.42
tdac, s ot Bk-25ac, 55 1.2+ (2-12k) ac, 5 .22+ (-106 + 18 k) ac, 5 .32
+(716-12K) acy s j.a 2+ B k-21)ac, s x5 2-acy ¢ 2t (4+2k acy, ¢ .12
+(B-10k)ac, ¢ -2+t 20k-32)ac, ¢ 432+ (53-20k) ac, ¢ .42+ (10k-36)ac, ¢ .52
t -2k ac, ¢ .62t Gkt ac, 7,121 0k-12)ac, 74 22+ (@45-15k) ac, 7432
+(20k-80)ac, 7 k.42t (75-15k) acy 7 452+ (36 + 6 k) acy, 7 .62+ (7T-k) acy, 7 k7,2 0, Oy
+(0f-20k.1) 0p 1+ (40, + 80 1-T0f2) 0y 2+ (4041 - 110 2 +4 0, 3) 0,3
+(30,-160,_.1+330;,.9-320;,.3+116;_.4)0,_4
+ (-0 +60,.1-1205,_ 70+ 1764,.35-170;.4+7;_.5)0,_5
+(0k.2T405.3-60;.4+40;5-0;.6) 0y-¢
+ (—3 6k-2+ 14 51(-3 -26 5k-4+24 5/(-5 -11 5k-6+25k-7) 5,,,_7
+(0.2-804.31260;_.4-440;_.5T410,_.6-200;_7+40;_3)9, _3
T (0k-3-605.41150;.5-200; 6+ 1504_7-60;_g+ 0k_9) 0y 9

> recd bc("recnk",gl);
bep g o=3bcy 1 got (-4+2k) bcy 1 k1,2-3bcy o2t (Ak+t8)be, 5 k12t (T+4k)bc, 5 k.22
tbhey 3ot (A+2k) bey 3 k12t (Ak+T)bey 3 k20T (4+2k) bey 3 k3,210, 0
T (20, +20k.1) 0,11t (0k-20k.1) 0y.2

i

> interface(echo=1);

>



