‘resultant | cm mas

Math 262a, Fall 1999, Glenn Teder
LCM, GCD of commutative and

noncommutative polynomials using resultants
11/11/99

> restart;
with(linalg): # maple |inear al gebra package
W th(Oe_algebra): # Chyzak’s Ore al gebra package

Warni ng, new definition for norm
| Vrning, new definition for trace

(Misc. routines -- hidden)

| Compute the LCM of two polynomials by using the Sylvester matrix
> p = expand(((x-1)*(x-2))"2); degp := degree(p,X);
g := expand(((x"2-1)*(x-3))"2); degq := degree(q,X);

p=x'-6xX+13x°-12x+4
degp:=4
q=xX-6xX+7x'+12x°- 17X -6x+9
degg:=6

" Ordi nary computation first:

> lcm(p, q), factor(lcm(p,q)); gcd(p,q),factor(gcd(p,q));

X -10x"+35x° - 40 x° - 37 X" + 110 X° - 35 x* — 60 X + 36,
(x=1)%(x=2)*(x=3)* (x+1)°

I X —2x+1,(x-1)>

| Form a Sylvester matrix.

'>s :=-1; pcols :=1..(degg+s+1l); qcols : =
(degg+s+2).. (degp+degq+2*s+2);
maxr ow : = degp+degqg+s+1l; pgrows := 1..nmaxrow,
S :=sylv(p,q,x,s8): 'S =illsylv(p,qg,x,s); # show
row colum titles
s:=-1

pcols:=1..6

gcols:=7..10

maxrow := 10
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[

pgrows:=1.. 10

P xP X¥P XP X*P ¥P Q xQ ¥Q xQf
ofof X 4 0 O O O O 9 0 0 O0H
ogf.of x* 12 4 0 0 0O 0 -6 9 0 O0f
oef.of X 13 -12 4 0O O O -17 -6 9 0
oef.of X -6 13 -12 4 0 0 12 -17 -6 9 [J

S=[goef.of X 1 6 13 -12 4 0 7 12 -17 -6[
of.of X 0 1 -6 13 -12 4 -6 7 12 -17H
oefof ¥ 0 0 1 -6 13 12 1 -6 7 12H
of.of X 0 0 O 1 -6 13 0 1 -6 7 n
of.of * 0 0 O O 1 -6 0 0 1 -6(
ofof X 0 O O O O 1 O O O 1 O

The definition of the resultant is Res(p,q,x) = det(Syl(p,q,x))

Certainly the columns of SO below are linearly dependent because there are more
columns than rows!
Any dependence SO * [ab]*t (where length(a)=# columns of S with multiples of p,
length(b)=same for q)

yields a*(first cols of S0) =-b*(rest of cols) = common multiple of p and g.

SO = sylv(p,q, X, 0);

14 o0 O O O O O 9 0 O o0 of
412 4 0 O O O O -6 9 O 0 oOf
13 -2 4 O O O o0 -1y -6 9 0 O4
/-6 13 -12 4 O O O0 12 -17 -6 9 0O
11 -6 13 -12 4 O O 7 12 -17 -6 9
D=0 1 6 13 -12 4 0 -6 7 12 -17 -6
10 O 1 6 13 -12 4 1 -6 7 12 -17[]
10 0 O 1 6 13 -12 O 1 -6 7 120
10 O O O 1 6 13 0 O 1 -6 70
10 O O O O 1 6 0 O O 1 -6
4o O0 O O o0 O 1 0 O O O 101

" Butwe'll usethe square matrix Sthat’sjust alittle smaller. If (p,q) are relatively prime

then Sisinvertible and we fail to find the common multiple p*q, but in all other cases,

. we do find the least common multiple.
> Nul _S := nullspace(S);

Nul_S:={[-9,-12, 2, 4,-1,0, 4, -4, 1, 0], [-36, -57, -4, 18, 0, -1, 16, -12, 0, 1]}

: Any vector in the nullspace has two parts,

v =[ a b]Mranspose,

Page 2



where thefirst deg(p) columnsof S &* a
=- lastdeg(gq) columnsof S &* b
= coefficient vector of acommon multiple of p and g.
Because we have arranged the columns of Sin the order we did, the vector v with the
. most trailing 0’ sis the one producing the least degree common multiple.

(function to find the vector with most leading 0's)

> bestv := getbestv(Nul _S):
bestvO := bestv[2]: bestv := bestv[1l]:
print(‘null space vector giving LCMis', bestv,
with', bestv0O-1,‘trailing 0°s");

nullspace vector giving LCM is, [-9, -12, 2, 4, -1, 0, 4, -4, 1, 0], with, 1, trailing O's
(function to take selected columnsof S* same selected
components of vector, and then expresstheresulting vector as
the polynomial it encodes)

- Compute the LCM using the first part of the vector:
> infol evel [ hal fconbo] := 1;
| cm pg : = hal fconbo(S, bestv, pcol s, x);

infolevel | ,tcombo := 1

hal f conbo:
14 0 O O 0 OO [1-36[]
412 4 0 0 0 oL ] 60
13 -12 4 0 0 oLl [H-94 M 350
-6 13 -12 4 0 Ol [H12[] [4110[]
11 -6 13 -12 4 oL, M 2L [ 370
] &> =g >
10 1 -6 13 -12 41 [ 4 [ 40
10 0 1 -6 13 -12[] []-1[] []-35[
10 0 0 1 -6 13} 0O ol [ 10
10 0 0 0 1 -6 -1
10 0 0 0 0 10 ] od
6

lem pg:=-36+60x+35x —110x° +37x* +40x° - 35x° + 10 X" - x°

" and the second part:

> hal f conbo( S, bestv, gcol s, x);
hal f conbo:
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19 0 0 of 1136[]
16 9 0 0 160
417 -6 9 0 135
112 -17 -6 90 [ 40 [100
07 12 17 -6, AT ST
16 7 12 -7 [ 1 [340C
11 -6 7 120 DOo0 {350
10 1 6 70 H100]
10 0 1 -6 10
do o0 o0 10 1 ol

I X -10x +35x°-40x° - 37x*+110x° - 35x° - 60 x + 36

> factor(");

I (x=1)°(x-2)*(x-3)*(x+1)°

' To compute a GCD, we want alinear combination a(X)* p(x) + b(x)*q(x) = g(x) <> 0
with as many high powers of x having O coefficient as possible.

Specifically, deg(p) + deg(q) = deg(lcm) + deg(gcd)

. givesthe required degree of the gcd, and all higher powers should be annihilated.

> S top := submatrix(S, bestvO+1-s..naxrow,
1..(degp+degq+2*s+2));

6 13 -12 4 0 O 12 -17 -6 9
1 -6 13 -12 4 0 7 12 -17 -6Q
0o 1 -6 13 -12 4 -6 7 12 -17_
Stop:=10 O 1 -6 13 -12 1 -6 7 12[]
0 0 O 1 -6 13 O 1 -6 70
0o 0 0 O 1 6 0 O 1 -6
o o0 o0 0 O 1 0 0 O 10

 These vectorswill kill the coefficients of the top powers of x: (Thisisthe right
nullspace, vectorsv with M v = 0.. These are properly column vectors, but Maple turns

them into row vectors.)
> Nul _Stop := null space( S top);

-15 5
Nul_S top _{E; -1,= o 0,1,— o%[-zz -27,-18,-6,1,1,0,0, -1, -1],

- [-9,-12,-7,0,1,0,1,0, -1, O] }

" Note Nul_S top contains Nul_S as a subspace, and is one dimension higher.

All vectorsv in Nul_S top giverise to linear combinations a(x)* p(x) + b(x)* q(x)

that annihilate the necessary high degree coefficientsof x. If visin Nul_Saswell, this
linear combination is O; otherwise it is anonzero scalar multiple of the gcd. So we just
. need onevector in Nul_S top\ Nul_S.
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"> infol evel [ hal fconbo] : =0:
for vec in Nul _S top do

g .=
hal f conbo( S, vec, pcol s, x) +hal f conbo( S, vec, qcol s, x):
print(eval m(vec), --->,expand(g)=factor(qg))

od:
[-9,-12,-7,0,1,0,1,0,-1,0], >, 27 + 54 x — 27 xX* = =27 (x - 1)?
[-27,-27,-18,-6,1, 1, 0,0, -1, -1], --->, =108 + 216 X — 108 X* = =108 (x — 1)?

27 -15 5 -5 ) )
,-9,—/—,-1,-,0,0,1, —,05-->,-27+54x - 27X =-27(x— 1)
4 2’ 74 4

Now do the samethingto find theleft LCM or right GCD of

noncommutative polynomials.

> A = shift_algebra([Sn,n]); # Chyzak’s Sn = our En: Sn
f(n) = f(n+l)

| A :=Ore algebra

> p := skew product( n*Sn*2,n*Sn-1,A); degp :=

degree(p, Sn);

g : = skew product (n*Sn*3+1,n*Sn-1, A); degq : =

degree(q, Sn);

p:=(n"F+2n) N*-n>’

degp:=3
q=-1-n’+(N*+3n)N*+nd
| degq =4
| Form a Sylvester matrix
'>s :=-1: pcols := 1..(degg+s+1l); gcols : =
(degg+s+2) .. (degp+degq+2*s+2);
maxr ow : = degp+degqg+s+1l; pgrows := 1..nmaxrow,
S :=sylv(p,q,Sn,s,A: 'S =illsylv(p,q,Sn,s,A; # show
row colum titles
pcols:=1..4
gcols:=5..7
maxrow := 7
pgrows:=1..7
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oef. of ', 0,
oef.of *, -n, 0, 0, 0, n+1, -1
oef.of °, n’+2n, -1-n, 0, O, -n, 0, n+2
oef.of *, 0, 4n+3+n®>, 2-n, 0, n°+3n, -1-n, 0
oef.of $°,0,0,6n+8+n*,-n-3,0,5n+4+n*,-2-n

I oef.of Sn°, 0, 0, 0, n*+8n+15, 0, 0, n*+7n+10
> Nul _S := nullspace(S);

Nul S:={ %1 0,0, n(n—-|-32) 0,0, —n%

n+

P,

oef.of °, 0, O, O, O, -1, 0, O
0, 0
0,

0]
1
N I I I I B B B I L

> bestv = get bestv(Nul _S):
bestv0O : = bestv[2]: bestv := bestv[1]:
print(‘nullspace vector giving LCMis', bestv,
wth', bestvO-1,‘trailing 0°s');
n(n+2)
| n+3
- Compute the LCM using the first part of the vector:
> i nfolevel [hal fconbo] := 1,
| cm pg : = hal fconbo(S, bestv, pcol s, Sn);

nullspace vector giving LCM is, El 0,0, , 0,0, —n% with, O, trailing 0's

infolevel | ,tcombo := 1

hal f conbo:

1 0 0 0 0 ]

10 0 0 0 1 O 1 QO
1 -n 0 0 0 0 O o [
m+2n  -1-n 0 0 Te* 0 [=
0 4n+3+n° -2-n 0 o h(n+2)[
H 0 0 6n+8+n® -n-3 H O n+3
1 0 0 0 n®+8n + 1501
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"> # The expressions get quite nessy,

0

0

-n

n“+2n
0
(-n=-3)n(n+2)
n+3
(N"°+8n+15)n(n+2)

n+3

—>

LM T T T T T I.TTTTTTTTIT]

L L T T T T T T TTTTTTTIT]

lcm _pg =

(—n—3)n(n+2)Sn5+(n2+8n+15)n(n+2)SnG

n+3 n+3
cl ean t hem up.
-> sort(coll ect (expand(f), Sn,factor), Sn):

N+ (N°+2n) N+

cl eanpol :=f

| cm pg : = cl eanpol (I cm pq);
lem pg:=(n+5) (n+2)nS°-n(n+2) A’ +n(n+2) N’ -nH°

" and the second part:

> cl eanpol (hal f conbo( S, best v, qcol s, Sn));

hal f conbo:
] -1 0 0 [ ] 0 [
1N -1 0 N N 0 N
1 0 n+1 -1 N 0 B n B
[ -n 0 n+2 e @o E: 1 -n(n+2) >
M +3n  -1-n 0 - nd [ 0 u
- 0 5n+4+n’ -2-n | ] -n(-2-n) [
0 0 0 n?+7n+ 100 H(n?+7n+10) n

[

~(n+5)(n+2)nS°+n(n+2) ’-n(n+2) N*+n 7’

: Chyzak’s LCM computation by Euclidean algorithm: annihilators(p,q,A) ---> [U,V]

st. Up=-V*q=LCM
> U := anni hilators(p, g, A:
cl eanpol (skew product (UV[ 1], p, A));

n(n+5)(n+3)(n+2)°-n(n+3)(n+2) > +n(n+3)(n+2) °
-n(n+3) S’
It returned (n+3) * our LCM. n+3isinthe ground field Q(n), so that’s O.K.

Compute GCD:
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> S top := submatrix(S, bestvO+1-s..naxrow,
1..(degp+degq+2*s+2));

n, 0, 0, 0, 0, n+1, -1

+2n, -1-n, 0, 0, -n, 0, n+2

Stop:=H0, 4n+3+n°’, 2-n, 0, n°+3n, -1-n, O

,0,6n+8+n°,-n-3,0,5n+4+n°,-2-n

, 0, 0, "+8n+15, 0, 0, n*+7n+10

" These vectorswill kill the coefficients of the top powers of Sn:
> Nul _S top := null space(S_top);

n+1 1 n+2
Nul_S top:={ %) 1,00, - . 0, O% %; 0,0, - .0, 0, 1%

LIOT T T T TTT]

| n n+3
"> infol evel [ hal fconbo] : =0:
g0 := O
for vec in Nul _S top do
g .=

hal f conbo( S, vec, pcol s, Sn) +hal f conbo( S, vec, qcol s, Sn) :
g := cleanpol (g):
If g<>0 then g0 := g fi:
print(eval m(vec), --->",cleanpol (g))

od:

n+1

n+1
%), 1,00, - o ,0,0%--->,(—1—n)$n+

1 n+2
%_’ 01 01 - 101 Ol 1%--->1 O
n n+3

' It's hard to tell from the above that it'sjust a"scalar" (independent of Sn, soit’s
rational in n) multiple of n*Sn-1. Butitis:
> factor(g0);

_(n+1)(nSn—1)
n

: Chyzaak’s GCD computation by Euclidean algorithm:
> skew gcdex(p,q, Sn,A[1];

—1-n+nN+ndM

> factor(");

| (n+1)(nSh-1)
[ >

>
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