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Math 262a, Fall 1999, Glenn Tedler
Sum/product/... of D-finite functionsis D-finite

11/17/99
[ We have two functions defined by differential equations:
F> bxdiff(f(x),x$2)+f(x)=0; f_sol := dsolve(",f(x));
3*di ff(g(x),x)+g(x)=0; g _sol := dsolve(",g(x));

5 %f(x) E+ f(x)=0

f sol :=f(x)=_C1 cos%\/g XE+ _C2 sin%\/g x%
3 %%(Q(X) E+ 9(x)=0

I g sol :=g(x)=€"13% c1

" the constants for f, g need to be different, so renameit:

> g _sol := subs( Cl= C3,qg sol);

I g sol :=g(x)=€e"13% 3

| Wewant to find a differential equation satisfied by

> h(x) 1= -f(x) + g(x) + f(x)*g(x);

I h(x) := —f(x) + g(x) +(x) 9(x)

- That is, for all settings of the constants C1, C2, C3, the following will be a solution

of whatever diffeq we find:
> h_sol := subs(f_sol,g sol,h(x));

h sol :=— C1 cos%\/g x%— C2 sin%\/g x%+ e~1/3% 3
+ Epl cos%\/g XE+ C2 sin%\/g x%e(‘mx) C3

" Wewill find an equation solved by this without using this explicit solution. Just keep
h(x) in terms of f(x), g(x), and derivatives, symollically, without ever plugging in the
solutions obtained above.

All derivatives of h(x) involve derivatives of f(x), g(x) of various orders:
> di ff(h(x), x);
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% f(X)E % 9(x) %+ %.?Xf(x) EQ(X) +f(x) %.?X g(X)E

> diff(h(x), x$2)
d d
g(x) +2 %&f(x) ™ g(X)E

—%f(x)% % x)%%f(x)
0
+f(x)3);g<x)E
X

 and using the diffegs satisfied by f and g, all 2nd order and higher derivatives of f can
be replaced by some expression in f(x), diff(f(x),x), and all derivatives of g(x) can be
replaced by multiples of g(x). Assuming we compute derivatives incrementally, this

suffices to reduce the derivatives:

CIIT1

> nyreduce : = proc(fn)
subs(di ff(f(x),x$2)=-f(x)/5, diff(g(x),x)=-g(x)/3,
fn)
. end:
" Build atable of derivatives of h(x), reduced by the differential equations that f(x),g(x)
satisfy.

The result will only involve f, df/dx, and g, and no other derivatives:
> dh[ 0] := h(x);
for k froml to 6 do
dh[ k] := myreduce(diff(dh[k-1],x));
od; k :="k': # reset k to uneval uated synbol

dh, :=—f(x) + g(x) + f(x) 9(x)

dh, := —%?Xf(x) E— é g9(x) + %zxf(x) EQ(X) - é f(x) g(x)

dh '—}f +} —if —g%?f %
1= 100+ 900 = 2100 900 = 5 Fo- 100 Fg(x)

1[0 1 2 [o 22
thy == B 1(x) B2 000 + 2= - 100 H00 + =100 00)

1 16 [0
dh41:—_f(x) —g( )—— f(x) g(x) + %f(X)EQ(X)

2025
1 1 44 4
dhg :=-—o ( )E a3 X )—ﬁ%f( )EQ(X) * o1 (0 9(X)

dh, ——f(X) b (x) + &f( x) 9(x) + > % f(x )%(X)
125 7290 " 91105 T T 5005
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(

- Symboallicaly, all of the above are in the span of the following 5 elements:

> B nodule 1= [ f(x), diff(f(x),x), g(x), f(x)*g(x),
diff(f(x),x)*g(x) 1;

0 0
B _module := E’(x), 0_xf(x)’ g(x), f(x) g(x), %;Xf(x) Eg(x)%

i (Note: it’ s possible that when we plug in the solutions for f(x), g(x), that the above would be

dependent, but that’sirrelevant. We treat these as formal, linearly independent symbols, and the true
values of these give a space that’s a "homomorphic image" of the symbollic space we work in.)

_ which implies that any 6 of these are linearly dependent (6>5), so we take dh[0]..dh[5].
- Form a dependency equation. The symbollic form uses capital |etters etc. to avoid

having the computations actually be carried out, while in the other form they are carried
out.
> dependency _synbollic := a[0]** h*(x) + sum(a[k]*Diff(*

h (x), x$k), k=1..5);

dependency : = sunm(a[ k] *dh[ k], k=0..5);

_ d 9 0°
dependency_symbollic := a, h(x) +a, %& h(x) E+ a, % h(x) E+ a, %’;) h(x)E
ot 0°
+a, EF h(x) E+ a %T h(x)%
X X

dependency := a, (—f(x) +g(x) +f(x) g(x))

ray FEE 100 52000+ - 100 F000 -5 100 800
a, FE 00 +2 000 =2 100 800 2 00 P00 |
g 100 000+ 100 F00) + 100 900

[ 16 [0
+a4§-—f(x) 000 =100 800 + - - 1(x) 5000

1 44
ray o 100 = 000 - f(x )%g(xwﬁ_)f(x)g( e

>

- The maple command collect isfor polynomials, not modules, so it doesn’t like the form

of our basis B:
> col | ect (dependency, B _nodul e) ;

| Error, (in collect) cannot collect, f(x)*g(x)
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- We could replace everything in B by symbols f(x)->b1, diff(f(x),x)->b2, etc.,
resulting in linear polynomialsin the b's, which are the same as a module spanned by
theb’s. But instead, since the basis is generated by polynomialsin f(x), diff(f(x),x),
g(x), we do:
> B2 :=[f(x),diff(f(x),x),g9(x)];

col | ect (dependency, B 2, di stri but ed);

B 2:= E(x), 2f(x), g(x)%

%0 4 22 1 164 E'( 0400
- +—a,——a, — X
452" 13587 3% T o5 ™ 12156"5 9

N 1 1 :f() % 2 16 2 244
- —a,+—a,  f(x)+ +—a,+—a,——a—___
%7 o5 % T 5% 17 158 T 135 M T 3% T 5005 %

1 1 f E 1 1 1 1 1 E
—f(x +%O——a t-a, - gt a8, X
x() 31922738142436'59()

0
b [(X) EQ(X)

+
[TT1

[

+

- cata
> B_cofs L= coeffs(", B 2);

4 22 1 164 4

BO0S = = s &t 135 % T 34 o5 Xt 1215 %

2 16 2 244 1 1 1 1

a; + 1_533 135 4_§az ﬁas _ao__a4 5a’_a1_2_5a5+§a3

1 1 1 1 1
BT TR BT g AT oS
> B sol := solve({B cofs},{  a[ k]’ $k=0..5});

55 205 75 75 7
B_sol :={a3=§a1,a2=5a1,a4=§a1,a5=— 1’ao— al’al_al}

" Sothefinal differential equation is
> hDE : = subs(B _sol, dependency synbollic):
hDE = O;

7 0 205 [19° 55 [o°
3—6a1 h(x) +al%( h(x) E+Ea1%;2 h(x) E+§a1%¥) h(x)E
75 [Ho* 75 [Ho°
+§a1%';1 h(x)%gal%.;5 h(x)Ezo
" where a[1] isanything at all. Set it to 72 to clear denominators:

> hDE : = subs(a[1] =72, hDE):
hDE = O;

Page 4



14 h +72%ah %+205%2h E+495%3h E+675%4h E
(x) y (x) 2 (x) e (x) v (x)
65
+ 675 %;5 h(x) E: 0
X

" Check it against the explicit solution found earlier:
> eval (subs(‘ h'(x)=h_sol,Di ff=diff, hDE));

1 1
-450 % Cl%2+— C2%1 Ee(' /3% 3
5 o5
1 1 (-1/3x)
+42 -~ _CLo61 5+g_02%2ﬁ e 3
1 1 (-1/3%)
+345 £ C19%1 5—2—5_02%2ﬁ e 3

1 1
+675F—— _C1%14/5 +—_C2%24/5 Ee('““) 3
125 125

1 1
-90 E— g_Cl %2 —g_cz %1%&‘1’3“ C3

%1 :=sin%\/gx%
%2 = cos%ﬁx%

> sinmplify(");

| 0

- Chyzak’ s routine to compute the same end result as the above, but using Grobner
bases.:

First reset all variable names.

>f :="f";, g:=’9; h:="h;
f.=f
g:-=9g
| h:=h
> with(Goebner); wth(Oe_algebra); wth(Hol onony);
wi t h( Mgf un):
[ fglm_algo, gbasis, gsolve, hilbertdim, hilbertpoly, hilbertseries, inter_reduce,
Is finite, is_solvable, leadcoeff, leadmon, |eadterm, normalf, pretend gbasis,
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reduce, spoly, termorder, testorder, univpoly]

[Ore to DESol, Ore to RESoIl, Ore to_diff, Ore to_shift, annihilators, applyopr,
diff_algebra, poly_algebra, gshift_algebra, rand_skew poly, shift_algebra,
skew_algebra, skew_elim, skew_gcdex, skew_pdiv, skew_power, skew_prem,
skew_product]

[algeq to dfinite, dfinite_add, dfinite_mul, holon_closure, holon_defint,
holon_defgsum, holon_defsum, holon_diagonal, hypergeom to_dfinite,

. takayama_algo]

> pol _to_sys(h(x)=-f(x)+g(x)+f(x)*g(x),
{[f(x), {5*diff(f(x),x$2) + f(x)}],
[9(x), {3*diff(g(x),x) + g(x)}1});

d d° ot
{14 h(x) +72 % h(x) E+ 205 %1 + 495 % h(x) E+ 675 %’:1 h(x)E
X X X
65
+ 675 %TS h(x)%
X

2

%1 :=——h
ol 3 (X)

>
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