" celine_gb. mas

Math 262a, Fall 1999, Glenn Tedler, 12/2/99
Sums via noncommutative Grobner bases

- Load Chyzak’s software. See hisweb site for numerous papers with more examples

along these lines:

http://pauillac.inria.fr/algo/chyzak/ ngfun. htm

> restart; with(Mgfun): w th(Holonony): wth(G oebner):
w th(Ore_al gebra):

7 Example 1. Similar to Sister Celine salgorithm

" Define a noncommutative algebrawith n,k,x, and shiftsfor n and k
> A =
skew al gebra(shift=[Sn, n], shift=[Sk, k], comme[ x], pol ynone
[n,Kk]);
| A :=Ore _algebra
- Describe the summand binomial (n,k)*x"k by arectangular system
> F := (n,k) -> binom al (n,k)*x"k;
rect F := hypergeomto dfinite(F(n,k),A;
F:=(n, k) - binomia(n, k) x*
| rect F:=[Sh(n+1-k)-n-1, K(k+1)—-xn+xK]
- Term order to eliminate k: to see if k"al * Sk™a2 Sn*a3 n"ad > k”bl* Sk”b2 Sn"b3
b4, first compare k”al and kbl in grlex order; and if they’re equal, break the tie by
comparing Sk*a2 Sn*a3 n*a4 and Sk”b2 Sn*b3 b4 in grlex (Sk>Sn>n) order. This
turns out to be more efficient that using lex order (k>Sk>Sn>n) since we only careto
eliminate k, rather than successivly eliminate k; Sk; Sn.
> T .= ternorder (A | exdeg([k],[Sk, Sn,n]));
| T :=term _order
" Grobner basis with lower elements free of k (if any elements free of k exist at all)
> (B : = gbasis(rect _F, T);
GB: =]
NK+XKXKINN-Kn-K-xn-x, - Nn-n+k+n+1, Kk+X-xn+xk

]

 Select the elements free of k
> kfree BB := select(p -> not has(p, k), GB);

| kfree GB =[S K+ KN n—-Kn-K-xn-x]
" Thissaysthat F(n,k) satisfies the recursion
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[
[

> recop := kfree_GB[1]:
appl yopr(recop,’” F (n,k),A = 0;

(-n=-1)F(nk+1)+(n+1)FK(n+ 1L, k+1)+(—xn—-x)F(n,k)=0

-~ Aswith Celine' s algorithm, we would now sum this recursion over al k to get

f(n)=sum(F(n,k),k=-infinity..infinity). But we are working at the level of recursion

| operators; substituting Sk -> 1 gives the recursion operator applicable to f(n).
> frecop : = subs(Sk=1, recop);

frecop:=S+S n-n-1-xn-x

> factor(");

(n+1)(Sh—-x-1)

> f recop2: =sel ect (has, ", Sn);

frecop2 =S —-x-1

" Thus, f(n) satisfies

> appl yopr (frecop2,f(n), A) =0;
f(n+1)+(—x-21)f(n)=0

" which is solved by

> rsolve(",f(n));

f(0) (x+1)"

and then using initial conditions gives the complete answer to the original summation.
>

Example 2. Double sum
> h := (2¥k+2*) +n+m) ! * (x/4)A(k+) 1 ((k+n)! * (j+m)! *

kbt > jt);
K+j)
(2k+2)+n+m)! %x%

(k+n)! (j +m)! K j!

" We want to compute

> H(n,mx) = Sum(Sunm(h,j=0..infinity),k=0..infinity);

k+j)
e (2k+2j+n+m)! %x%

H(n, m, x)=z =
k=04=0

(k+n)! (j +m)! K j!

" and aswith Celine’ s agorithm, we will do so by finding a recurrence/diffeq satisfied by

the summand, with the coefficients of the recurrence/diffeq free of j and k.

> A =
skew_al gebra(di ff=[Dx, x],shift=[Sk,Kk],shift=[S},j],conm=
[n, M, pol ynon®{k, |});
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L A :=Ore algebra
- Term order to eliminate j and k:
> T := ternorder (A lexdeg([k,j],[S,Sk,Dx]));

| T :=term order

> rect_h := hypergeomto_dfinite(h, A;

rect h:=[(4kK*+4kn+4n+8k+4)k-8xkj—-4xkm-4xj?—4xjn
—4xjm-2x-3nx-6kx-6xj-4xkn-xn*-3xm-4xk-2xnm
—xmf, Dxx—k-j, (4j°+8j+4+4jm+4m)§ -8xkj—-4xkm=-4xj
—4xjn-4xjm-2x-3nx-6kx-6xj-4xkn-xn"-3xm-4xK

. —2xnm-xnr]

> @B := gbasis(rect_h,T):

" | suppressed printing the output because it is so large! There are
> nops(GB) ;

10

' different polynomialsinit. The number of terms, and the particular variables,
occurring in each are
> map(p->[nops(p),indets(p)], GB);

[[308,{x,n, K Dx,m3S}],[512, {x,n &K Dx,mSS}],[3{xKk,j, Dx}],
[73,%1],[28, %1], [193, %1], [ 104, %1], [ 468, %1], [ 15, { X, n, k, Sk, Dx, m} ],
[16,{x,n, k Dx,m §}]]

o %l={x,nk S Dx,mS}

We see the first two expressions are free of k and j. The other expressions are
irrelevant. But to give an ideawhat a Grobner basisis like (output is MUCH larger

. than the input), we show its small elements:
> prettypol :=p -> collect(p,[Dx, Sk, Sj],factor);

| prettypol :=p - collect(p, [ Dx, K, §], factor)
> for r in [3,4,5,9,10] do print(’
GB' [r]=prettypol (GB[r])) od;

GB; =-Dxx+k+]j
GB,=((-8x'+89x’) k-24x"g) DX’ +(
(12x*(n+m+2)§-4x3(5n+3m+15+4k)) X
—4x3(29-4k+7n+9m) §) DX’ + ((4x(m+1)(m+2+3n) g
—2X(10nm+20k+24m+3m*+7n°+34n+8km+42+8kn)) Sk
—2X°(30n+40m-20k+5n°-8kn+9m* -8km+14nm+46) §) Dx +
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(A(n-m(n+m)(k+1)F-x(ntm+2)(n+m+1)(3n+m+4k+6)) X
-X(n+m+2)(n+m+1)(n+3m-4k+2)3

GB.=((-49 X +4x’) *k-49x’) DX
+((4x(1-m+2k)§+2X°(5+2n+2m)) k-2x*(5+2n+2m) g) Dx
+(4(k+1)(n+m)§+x(n+m+2)(n+m+1)) K
-X(n+m+2)(n+m+1)§

GBy=-4DX’ X’ -2X*(5+2n+2m)Dx+4 (k+1) (k+n+1) X
-X(n+m+2)(n+m+1)

GB,=(-4xX+49X) DX +(-4x(2k-1-m)§-2x (5+2n+2m)) Dx

| +4k(k-m)§-x(n+m+2)(n+m+1)

- Select the operators that are free of k andj (i.e., GB[1] and GBJ[2], not printed above):

> @B no kj := select(p -> not has(p,{k,j}), GB):
"> nops(@B_no_kj);

2
> indets(GB no kj[1l]), indets(GB no kj[2]);
| {x;n, &K Dx,m, §},{x n & Dx,m S}
- Let H=sum _{k,j} h. If hsatisfies
C(x,n,m,Dx,Sk,§)) * h(x,n,m,k,)) =0
then summing thisover al k,j gives
C(x,n,m,Dx,1,1) * H(x,nm) =0
_i.e., adifferential equation w.r.t. x that H satisfies. We have two such operators C.
> CT := subs(Sk=1, § =1, no _kj): map(prettypol, CT);

[-32x' (-1+4Xx) DX’ =16 x> (-5m-5n+20nx— 18 + 104 x + 20 x m) Dx* —
22X (-2n°+10xn°+20xnm+185x-19-5nm-13n+10xm* +84xm
-13m+84nx-2nm’) DX’ -16x(323xm+10xn*—n*+96xn° - 16 - 23 m
-23n+96 XM - 10n* +378x+10Xxm - m* = 24nm+30xnm* + 192 xnm
-6nm"-6n°m+30mxn®-10m +323nx) DX+ (32m’ n°+ 32 n’ — 1152 x
+16 n+64nm-1904 nx + 32 n° - 1056 x n m’ — 1056 mx n° — 352 x m°
—352xn*-160nx m® - 40 n* x — 240 x ¥ n” = 160 x mn® — 40 x m" - 1208 x n°
+16 m+ 16 n® + 16 m® + 64 n m* + 64 n> m — 1904 x m — 2416 x n m — 1208 x m?
+16m n+16n°m)Dx -4 (n+m)(n+m+2)°(n+m+1)?

-16 x> (n-=m) (n+m) (-1 + 4 x) Dx*

-32xX(n-m)(n+m)(-n+4nx+18x-3-m+4xm) DX’ - 16 x (n—m)
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(n+m)(

BXN° - —-6n+12xnm-3nm+42nx+77Xx-7-6m+42xm+6xnm —nv
)DX*-16(n-m) (n+m) (2xn*+15xn*+6mxn°-n"“m-n>-3nm-2n
+6XNMF+30xNm+39nx-nmf-1+39xm+35x+2xm —2m+ 15x

. -m)Dx-4(n-m)(n+m) (n+m+2)*(n+m+1)°]
- Since we have two differential equationsw.r.t. x that H satisfies, we take their GCD:
> D : = skew_gcdex(op(CT),Dx,A): GCD:= GCO1]:
prettypol (GCD);

-4x3(n-m) (n+m) (-1 +4x) Dx*
-8x*(n-m)(n+m)(-n+4nx+18x-3-m+4xm)Dx’-4x(n-m)
(n+m)(

Bxn° - —6n+12xnm-3nm+42nx+77x-7-6m+42xm+6xm —n7
)DX*-=4(n-m)(n+m)(2xn®+15xn*+6mxn°-n>m-n°-3nm-2n
+6xnmM +30xnm+39nx-nm -1+39xm+35x+2xm —2m+15xn?

 -m)Dx-(n-m)(n+m) (n+m+2)*(n+m+1)°
- For n <> +/- m, we can factor out (n-m)(n+m):
> CD2 :=simplify(&D/ ((n-m*(n+m)): prettypol (GCD2),;

43 (-1+4x)DX*'-8x*(-n+4nx+18x-3-m+4xm) Dx’ -4 x(
6xn°-n"-6n+12xnm-3nm+42nx+77x-7-6m+42xm+6xm’ —n’
)DxX+(-156nx+8n-140x+4nnf-60xm’ +4n°m-8xm’+4n°+12nm
—156xm+8m-24mxn°-24xnm’ —120xnm+4-60xn°-8xn’+4nr)

. Dx—(n+m+2)*(n+m+1)>
| In normal notation, here is the differential equation to solve:
"> appl yopr (GCD2, H(x),A) = 0;

(-6m"n*-26nm-4-13m*-12n-12m-n"-6m>-13n°*-18n°m-6n°
-m'-4n*m-18nnf-4m’n) H(x) + (-156 nx +8n - 140 x + 4 n nY

—EOXMP +4N°mM-8Xxm+4n+12nm-156 Xxm+8m-24mxn®—24xnny
2 3 2 a 2
—120xnm+4-60xn°-8xn’+4m’) B— H(x) B+ (28 x - 24x* m’ + 24 xm
X

+24Nnx-308X°-48x°Nm-168nX° — 168X M+ 4 xn’ + 4 xn? - 24 2 n?

+12xnm)%f72H(x)E
X
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63
+(8XmM-144x-32Xm-32xn+8nx + 24 X°) %’;»H(X)E
X

+(4ﬁ—16ﬁ)E§ZHooE:o
X

ﬁ > Heq := ":
" It'sfourth order, so there are 4 linearly independent solutions.. We can solveit by
Laurent series, and then it is expressed as a single summation instead of a double

| summation; our solution will be alinear combination of 4 Laurent series.
> H aurent := sum(b[k]*x"*(k+al pha),k=0..infinity);

Hlaurent := Z b, X+ )

L k=0

 Applying the operator termwise gives

> termM se ;=
col | ect (expand(appl yopr (GCD2, b[ k] *x~(k+al pha), A)), x, fact
or);

termwise = b XX* (n+2+2k+2a+m)*(n+1+2k+2a +m)°

bkxkx“(k+a)(k+cx+m)(k+0(+n)(n+k+a+m)

X
| Shift the index in the second term to collect the coeff. of x*(k+apha) in the sum:
"> xkcoeff :=
factor(sinplify(op(1,termm se)/x~(k+al pha))) +factor(sinp
| i fy(subs(k=k+1, op(2,termm se))/x*(k+al pha)));

xkcoeff :=—b (n+2+2k+2a+m)*(n+1+2k+2a+m)

I +4b.,,(k+1+a)(k+1+a+m)(k+1+a+n)(n+k+1+a+m)
" So b[k+1]/b[K] =

> bratio := factor(sol ve(xkcoeff, b[ k+1])/Db[K]);

ot 1 (n+2+2k+2a+m)*(n+1+2k+2a+m)’
ratio :=—
4(k+1+a)(k+1l+a+m)(k+1l+a+n)(n+k+1+a+m)

- Wefind alphausing b[k]=0 for k<0 but b[0]<>0. Thisgivestheindicia equation
> subs(k=-1, xkcoeff) =0;
~b, (n+2a+m)’(n-1+2a+m)°+4b,a(a+m)(a+n)(n+a+m)=0
> subs(b[-1]=0,");
4b,a(a+m)(a+n)(n+a+m)=0
> sol ve(", al pha);

-m,0,-Nn—m, —n
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- Thusthere are 4 different Laurent series solutions to the equation, beginning with terms
XM(-m), x*(-n), x*(-n-m), x"0. It's a4th order equation, so these span all solutions.
The original double sum given clearly begins with x*0, so we may dispose of the other
solutions (provided n,m<>0 and n<>-m). Then the term ratio for the Taylor serieswe
Cwantis
"> bxratio := subs(al pha=0, brati o) *x;
1 (n+2+2k+m)*(n+1+2k+m)°x

bxratio :=—
4 (k+1)(k+1+m)(k+1+n)(n+k+1+m)

" Notethat if nor m=0, or n=-m, the usual method of solving this differential equation
would give additional solutions with logarithms, which would still be linearly
independent of this solution we are developing, so this solution is actually valid evenin
these other cases.

ﬁ Also in the original double sum, the coefficient of x*0is
"> x0coeff := subs(k=0,j =0, h);

(n+m)!

xOcoeff . =———

| n! ml

- So we have found the Taylor series using hypergeometric functions.

> Hhyper := x0coeff * hypergeon([’ (n+m+2)/2" $2,
"(n+mtl) /2 $2], [mtl, n+1, n+m+l], 272 * 272 * x/4);

Hhyper := (n+ m)! hypergeom%

% 1 1 1 1 1 11 1 1%
n+—_m+1l_n+-_m+1,_n+_m+_,-n+_m+_
2 2 2 2 2 22 2 2

[n+1,n+m+1,m+1],4x@(n! m!)

| Normal notation:
> read gmsc: # routine to put it in usual notation
> ' “(x0coeff) *
fmat _pFa([' (n+m/* 2" +1" $2,’ (n+m+l) /" 2" $2], [ m+1l, n+1, n+mt

4*X) ;
n+mN
n' m
n+m n+rm+1 n+m+1
+1 1 +1 1 1
2 2 2 2
o 4X
m+1 , n+1 , h+m+1
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Example 3. g-sums

> restart; read(gm sc);

| Chyzak’s software

> wth(Myfun): w th(Hol onony): w th(G oebner):

. wth(Ore_al gebra):

' Chyzak’s g-functions are different than Koepf’s; Koepf’s are more powerful, let’s use

. them instead.

> with(gqsum;

Copyright 1998, Harald Boeing & Wolfram Koepf
Konrad-Zuse-Zentrum Berlin

| [ gsumVinit]

" Thisisthe summand of the g-analogue of the Chu-Vandermonde identity (Koepf p. 60

#4.18; p. 158)
> h := gphi hyperterm([g™(-n),Db],[c],q,c*q™n/Db, k);

C n
gpochhammer(q'™, g, k) gpochhammer(b, g, k) ETq%

gpochhammer(c, g, k) gpochhammer(q, q, K)

' The annihilators are generated by these ones. Let gn denote *n and gk denote gk, and
. clear denominators.

>rect_h :=[Sn - qgsinplify(subs(n=n+1,h)/h), Sk -

gsi mpli fy(subs(k=k+1,h)/h) ];

rect _h := subs(g”k=qgk, g*n=gn, rect _h);

rect _h := map(nuner,rect_h);

n_lk —n+k—1+bkC
reCt_h::%q_(qnq )kq’Sk_(q q)k( q)kE
g49q-d b(-1+cq)(-1+qQq)
_ (gng-1) gk (-an+gk) (-1+bgk)c
rect_h:= - , K-
anq - gk b(-1+cak) (-1+qak)
rect h:=[Shgnq-Shgk-gkgnq+ gk,
. Sb-Skbggk-Sbcgk+SKbcgkg-cagn+cgnbagk+cak-cbagk’]
| Set up an Ore algebrafor these operators: Sn H(g*n, k) = H(g*q"n, oK), etc.
> A=
skew_al gebra(qdil at =[ Sn, gn=g”n], qdi | at =[ Sk, gk=g~k] , comre
[a, b, c], pol ynon=[ qn, gk]) ;
A :=Ore algebra

" Term order to diminate k (in the form gk=g"k):
> T := ternorder (A | exdeg([gk],[ Sk, Sn,qgn]));

h:=
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L T:=term order
> @B := gbasis(rect_h,T);

GB:=[-ShS&kb-g’gn&b+q' gn® kb+®gn S Xb-q'b Sk Shgn’
—gPchkngif+Scagng-gnSkb-g*gn Skb+cb Xgn’gq®
—chbX P agng-bXk*gngf-Ngicagn+gcb K Shagn+* Skb
+q'chgnl’Sn-becg g +2b &k Shagng°-q'cagn’+g’cgn®-qcagn
+qSb+qg’cgn’, -Shagng+ S agk+gkgnq-ak cb Skgn® g gk
-qgnSbcgk-qcgn’bgk+cgnbgk-cb Skagn*Shg+chb Sk Shan
+bkSgng-nkb-qanSkb+qgcagn’+Skb-can,

. Sb-Skbqggk-bcgk+SKbcgkg-con+cagnbagk+cak-cbgk’]
> prettypol :=p ->
sort(col lect(p, {Sn, Sk}, factor),[n, Kk, b, c, Sn, Sk], tdeg);

| prettypol :=p - sort(collect(p, { S, Sk}, factor), [n, k, b, ¢, S, ], tdeg)
> for r from1l to nops(GB) do print(* GB[r] =
prettypol (GB[r])) od;

GB,=(-1+q°qgn) (qgnc-1) b S’ X+q(-1+g°agn) (gng-1) b X

—qgn(-1+0g°gn)(gng-1)c+
(-(-1+g’gn) (qanc+q’an-g-1)bk+qgn(-1+q°agn) (qognb-1)c) S
GB,=(-gnqg+ak) Sh+agk(agng-1)
GB;=—(gnc-1)(gngq-1)bSr &+ (gng-1) (ggngkc—1) b K
—gn(gkb-1)(gng-1)c
GB,=(gkc-1)(qgk-1)bS&K-(-gn+0gk) (gkb-1)c

: Only thefirst oneisfree of gk (=9"k, the only way k entersinto this):
> B no gk := select(p -> not has(p, gk), GB);

GB no gk:=[-SnXb-g*gn &b+q*gn* Kb+’ gn S Skb-q' b Kk S gn®
—gPchkngni+Scagng-gnSkb-g*gnSkb+cb Xgn’g® °
—cb&kS*gng-bk*gng’-ngican®+qcb Kk Shagn+ S’ Kb
+q'chgnl’n-becd g +2bXSagnf-q'cagn*+g’cgn®-qanc

. +qSb+g’can’]

"> nops(GB_no_gk);

| 1

- So we have ak-free (rather gk - free) recursion for the summand F(n,k).
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Let f(n) = sum_k F(n,k). Clearly sum_k Sk”r F(n,k) = sum_k F(n,k) = f(n) too, so
summing this recursion over k gives arecursion for f(n).
In operator form, we just set Sk to 1.

> f _recops := subs(Sk=1, GB no_gk);

f recops:=[-Shb-g’gnb+q'gn’b+g®gnShb-qg'bShagn®*-cg’®b Shagn?
+Ncgng-qb-fgnb+cbagn®’gd® n*-cb’agng-b N’ gn g’
- ngicogn®+gqcbhSgn+ Pb+qgicbgn’ -becg g +2b Shagn of

. -d'cgr+g’can’-qanc+bg+qicon’]

> factor(f_recops);

[(-1+g’gn) (bc Shgn’ - “cagn’+g°gnb-bShagng°+ggnc-Shcanq

. —gcbSgn+ch*gng-bg+gSnb-S7b+Sb)]

> f recops :=sinplify(f_recops[1l] / (-1 + qn*q"2));

f recops:=bcq Sngn’-g’cgn’+fgnb-bSgng®+qgnc—Shcagnq

. —gcbSgn+ch*gng-bg+gSb-S’b+ b

> prettypol (");

(qanc-1)bSP*+(q°gn°bc-qggnbc+gb+b-g°gnb-qggnc)
+q(b-gnc)(gng-1)

" Thus, f(n) = f(n,q) satisfies the recursion:
> qrec := applyopr(f _recops,f(n),A: qrec = 0;

(-b+qgq'bc)f(n+2)
2
+(q°(q") bc-qq"bc+gb+b-g°q"b-qq"c)f(n+1)

 +@q e e(d) +@db-gb)f(n)=0

' The hypergeometric solutions of this are found by the g-analogue of Petkovsek’s
Hyper; thisisin Koepf’ s package:

> qsol grecsol ve(qgrec, q,f(n), return=qghypergeonetric);

gsol gsol [1][1]:
C
pochhammer%B, g, N E

gsol := ,0<n
gpochhammer(c, g, n)

" It only found one, and the recursion was 2nd order. We will find that a multiple of this
satisfies two initial conditions, but were that not so, we could use reduction of order to
find a second solution..
The summand h has finite support (k=0,1,...,n), so it's easy to compute some values:
> sumh := N ->

factor(gsinmplify(sum subs(n=N, k=K, h), K=0..N)));
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gsol _n := N-> factor(qgsinplify(subs(n=N, gsol)));

sumh:=N _ factor%qsmphfy%z subs(n =N, k=K, h)

gsol n:=N - factor(gsmplify(subs(n=N, gsol)))
"[sumh(N), qsol _n(N) 1" $N=0. . 3;

1.3} Eu EFFTRIETR:

(b-c)(-b+qc) (b-c)(-b+qc)

(-1+qc) (-1+c)b?  (=1+qc)(=1+c) bzg
(b-c)(-b+qc)(-b+cq’) (b-c)(-b+qc)(-b+cq’)

(-1+cc?) (-1+qc) (-1+c) b (~1+ce) (-L+qc) (-1+c) b3E

LI 1 IO

- Wedon't even have to rescale this solution: it satisfies the first two initial conditions
(and we have redundantly checked more) already! So we have proved the g-analogue
of the Chu-Vandermonde identity
> fmat _pphiq([g”(-n),b],[c],q,c*g®n/b) = "

Sum(h, k=0..infinity) = qgsol;

(-n) b

P 9,

C

C n
» gpochhammer(g‘™, g, k) gpochhammer(b, g, k) t? %

3 _

‘o gpochhammer(c, g, k) gpochhammer(q, g, k)

C
qpochhammer%E, d, n%

gpochhammer(c, g, n)

7 Example 4. Legendre polynomials (from Chyzak’s papers)

' Here are three operators that annihilate the Legendre Polynomials
(see Chyzak’ s paper Holonomic systems and automatic proofs of identities, pp. 24ff &
. 48ff; and the Introduction in Koepf’ s book).
P> DE = (1-x"2)*Dx"2 - 2*x*Dx+n*(n+l);
= (n+t2)*Sn*2 - (2*n+3) * x * Sn + (n+l);
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RDE : = (1-x72)*Dx*Sn + (n+1)*x*Sn - (n+1);
DE:=(1-x)Dx*-2xDx+n(n+1)
RE:=(n+2)*-(2n+3)x+n+1

I RDE:=(1-X¥)DxSn+(n+1)xS-n-1

We use Grobner bases (a) to derive RE from the other two, and then (b) to derive DE

. from the other two.

" (a) create elimination term order to remove Dx from two of these
> U := ternorder (A | exdeg([Dx],[n, x,Sn]));

| Error, (in ternorder) rational indeterninates not allowed to build a term order
' Redefine the algebra so that only polynomialsin x,n are allowed, rather than rational
. functions

"> A poly: =skew al gebra(diff=[Dx,x],shift=[Sn,n], pol ynom=[ x
,nl);

| A poly :=Ore algebra

- (Page 25) Get recurrence equation by taking the diff eq and the mixed diff

. eg/recurrence eg, and eliminating Dx from it.

> U := ternorder (A poly, |l exdeg([Dx],[n, x,Sn]));

| U :=term_order

"> bas : = map(expand, [ DE, RDE]);

. bas:=[DX*-DX*X-2xDx+n*+n Dxn-DxnxX*+xnn+xn-n-1]
> GBR : = gbasi s(bas, U);

GBR:=[-° N -43°n—-4 S+ 7xNn+6XxN+2xNn"-3n-2-n,
DXNN+n’+2n+xDXxn+xDx-Dx:+1,
DXNX-DXN-DX-6NN-5N-2Nn°+DXx°n+2Dx I’

. DX +DXNX -xNNn-xN+n+1,-DX+Dx* X +2xDx-n’—n]
> noDx := select(f->not has(f,Dx), GBR);

 neDX =[N -4 n-4 P+ TXxNN+6XxN+2xN P -3n-2-n’]
"> nops(noDx);

"> factor (noDx[1]);

I (N+2) (-S°n+2xNN-n-25°-1+3xN)

" Notes:

1. factor is Mapl€’ s built-in command for COMMUTATIVE factorization. In general it
Is not meaningful for a noncommutative polynomial because the multiplication rules
are different. HOWEVER, if we obtain aresult a(n) b(n,Sn) ¢(Sn) then the
commutative and noncommutative multiplication rules coincide, so it’svalid (where
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b(n,Sn) isinterpreted as usual with the n’s on the left and Sn’s on the right, no matter
how Maple chooses to display it).
2. We can force the n’s on the left, Sn’s on theright, as follows:
> sort(",[n,Xx, Sn, Dx], pl ex);
(N+2)(2nxN-n*-n+3xN-23°-1)
> op(2,");
2nNXN-NN°-n+3xN-2N°-1
> collect(", Sn);

(-2-n)S*+(2xn+3x)S-n-1

| Thisisthe pure recurrence equation RE above! (Rather, its negative.)

[
E

|

>
>

(b) Likewise, create an elimination order to remove Sn from 2 equations
>V := ternorder (A _poly, | exdeg([Sn],[x,n,Dx]));

V :=term order

> bas2 : = map( expand, [ RE, RDE] ) ;

bas2 :=
[N +23°-2nXxN-3xN+n+1, DxN-DxnxX+nxn+xS-n-1]

"> GBD : = gbasi s(bas2, V);

GBD :=[-2xDxn-xXn+n+Dx¥n+2n*-2x*Dx*n-2xDx+Dx* +n’
— 2D X +2DXX -2 +2DxXn+ DX n+ DX X - X nd,
NN +2NN-Dxnxt-DxxX*—xn*—=2xn+ S —x+Dxn+Dx,
DXN+DXNX -NXN-XxN+n+L,n°+2N°-2nxN-3xN+n+1]

"> Snfree : = sel ect (f->not has(f, Sn), GBD);

Sfree:=[-2xDxn-x*n+n+Dx¥*n+2n°-2x*Dx*n—-2xDx+ Dx* +n’

—2DX X +2Dx X -2Xn*+2Dx X’ n+Dx X' n+ DX x* - ¥ n’]

"> nops(Snfree);

"> factor(Snfree[1]);

(n+1) (x=1) (x+1)(-Dx* + DX¥*x* +2xDx—n’-n)

> sel ect (has, ", Dx);

DX+ DX X2 +2xDx-n?-n

' be careful doi ng the above command; it only works correctly if the expressionisa

product of >1 factors. If it had just ONE factor, the above expression would be a sum,
not a product, so the selection would choose monomials with Dx in the sum.
> collect(",Dx,factor);
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I (x-1)(x+1)Dx*+2xDx-n(n+1)
> sort(",[n,Xx,Sn, Dx], pl ex);
I ~(n+1)n+2xDx+(x—-1) (x+1)Dx
~ And thisis the negative of DE!
>
' Page 48: Legendre polynomials, continued. Find a generating function for the

L egendre polynomials P[n](x), using these annihilators:
> DE; RDE; RE;
(1-X°)DX*-2xDx+(n+1)n
(1-¥)Dxn+(n+1)xS-n-1
I (N+2) - (2n+3)xS+n+1
' The generating function is F(x,y) = sum_n P[n](x) * y”n.
Annihilators of P[n](x)*y”n are similar to ones for P[n](x)
each annihilator C(Sn,n,Dx,x) of P[n](x) gives an annihilator C(Sn/y,n,Dx,x) for
PInj(x) * y"n.
. Also, Dy * y*n = n*y*(n-1) so (y Dy - n) annihilates y*n without touching P[n](x).
> G := map(expand,
[ DE,
numer ( nor mal (subs(Sn=Sn/y, RE))),
numrer ( nor mal (subs(Sn=Sn/y, RDE)) ),

y*Dy-n]);
G:=[DX¥-D¥xX-2xDx+nm+nn3’+23°-2xNyn-3xny+ny* +Vy
. DXx-DxxX+nxn+xn-ny-y,yDy-n]
> A=
skew al gebra(shift=[ Sn, n],di ff=[Dx, x],diff=[Dy,y], polyno
[N, X, y]);
| A :=Ore algebra
- Thesumisover n, so find n-free recurrence/diffegs for the summand (just likeit's

. k-free when the sum is over k):
> T := ternorder (A | exdeg([n],[x,Dx,y, Dy, Sn]));

| T:=term _order
> OGN : = gbasis(G T);

GN:=[-x Sy Dy - Dx S+ Dx S x* +y + y* Dy,
—Dx* + DX* X* + 2 x Dx — y* DY’ - 2 y Dy,
XNy -y +2x Ny Dy -y Dy - W’y Dy,
- y* Dy’ - Sy Dy + Dx x Shy Dy — Dxy — Dx y* Dy,
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x Dxy* Dy +y° Dy?* + 3y* Dy + Dxxy - Dx Sy Dy +,
DXxxSny+Dxy* +Dxy’ Dy - Dx S’y Dy + Shy + 4 Shy* Dy + 2 Sny° Dy?,
-y Dy +n]

- Get al the n-free recurrence/diffegs this produced:
> SN : = select((p,Vv)-> not has(p,v), G\, n);

N :=[-xSyDy-Dx S+ Dx S x* +y+y Dy,
—Dx* + DX* X* + 2 x Dx — y* DY’ - 2 y Dy,
XNy-y +2x Ny Dy-y’ Dy- ’yDy,
-y’ Dy* - Sny Dy + Dxx Sny Dy - Dxy — Dx y* Dy,
x Dxy* Dy +y® Dy* + 3y* Dy + Dxxy - Dx Sy Dy +Y,

. DxxSny+Dxy*+Dxy’Dy-Dx S yDy+ Sy +4 Sy Dy +2 Sy’ Dy’]
" Recurrence/diffeqs for the sum are obtained from one for the summand as before by
setting Sn=1 instead of Sk=1:

> ON : = subs(Sn=1, SN);

ON :=[-xy Dy — Dx + Dxx* +y +y* Dy, —-Dx? + Dx* X* + 2 x Dx - y* Dy* —= 2y Dy,
Xy =y’ +2xy° Dy -y’ Dy -y Dy, -y° Dy’ -y Dy + x Dxy Dy - Dxy — Dx y* Dy,
x Dxy* Dy +y° Dy?* + 3y* Dy + Dxxy — Dxy Dy +Y,

.~ Dxxy+Dxy +Dxy’Dy-DxyDy+y+4y*Dy+ 2y’ Dy]
> Axy : = skew_ al gebra(diff=[Dx, x],diff=[Dy,y]);
Txy : = ternorder (Axy, tdeg(Dx, Dy));
Axy := Ore_algebra
| Txy :=term _order
- Since we know the generating function for the Legendre polynomials, we may test it on
_ them. Get simplified equations:
> GF : = gbasis(ON, Txy, Axy);
I GF :=[-y*Dy -y +2xyDy+x- Dy, 2DxXxy—-Dx - DxVy* +V]
> fn = (1-2*x*y+y*"2) N (-1/ 2);

1
fn:=
f Y +1-2xy
"> map(oper -> applyopr(oper, fn, Axy), GF);
X=y 1(2xy-y'-1)(2y-2x)
3/2 !

Y+1-2xy 2 (@2+1-2xy)
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y +(2xy—f—1)yg
Y rm2xy (Pereaxy)
> normal (");

i [0, 0]

- Or if wedidn't know the g.f. we could solve for it:

> eqgx = applyopr(G[ 2], f[y] (x), Axy);
eqy := applyopr(G[1],f[x](y).Axy);

0
e =y f(x) + (2xy-y*~ 1) %&fy(x)%

0
aWFWX—yHAW+%2xy—f—1)%@&OO%
> dsol ve(eqx, f[y] (x));

1
, J2xy-y -1
 Apriori, the constant _C1 is constant w.r.t. x only:
> subs(_Cl=c(y),");

£(x) =

c(y)

f(x) =
, T 2xy-y-1
"> subs(_Cl=d(x),dsolve(eqy,f[x](y)));

d(x)
, J2xy-y -1
" ¢(y), d(x) arereconciled by having them both be independent of x,y, i.e., just asingle
numeric constant. The recurrence & diffegs we began with do not contain any

information on initial conditions, so we cannot say what this constant is without
. additional information.

f(y) =
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