Math 262a, Fall 1999, Glenn Teder
Homework 9
12/10/99

7Prob|em 2

| Here'show | generated the sequence:
> rec := proc(n)
option renenber;
(3*n"2+2*n-1)*rec(n-2)+(4*n-5)*rec(n-1);
end:
. rec(0):=1: rec(1):=2:
> terms := ['rec(k)’ $k=0..16];
terms:=[1, 2, 21, 211, 3476, 69864, 1741060, 51222620, 1743410160,
67363596160, 2913873706640, 139508695484400, 7324686442350400,
418478888788169600, 25847105490242145600, 1716199939670189406400,

. 121907633727244649312000]
- Normally you would find the start of the sequence from some empirical or brute force
_ means.

[ >
"> guessrec .= proc(terns,|,J)
| ocal i,j,k,tenplate, grec, eqgs, sols, N, frec;
k := nops(terns)-1;
tenplate : =
sum(sum(afi,j]*n*i*f(n+),i=0..1),j=0..3);
frec := unapply(terns[n+l],n); # nmake this a
function
grec := subs(f=frec,tenpl ate);

eqgs : = { seq(eval (subs(n=N,grec)), N=0..k-J) };
sols := solve(egs);
I f sol s=NULL then RETURN(FAIL) fi;

subs(sol s,tenplate) = O;
. end:
> guessrec(terns, 0,0);
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L 0=0
> guessrec(terns, 1, 1);

> guessrec(terns, 2, 2);

-15a, ,f(n) - 14a,,nf(n) - 3a,,n°f(n) - 3a,,f(n+1) -4, ,nf(n+1)
I +3,,f(n+2)=0
> sinplify("/a[0,2]);
| -15f(n) - 14nf(n) -3n’f(n) -3f(n+1)-4nf(n+1) +f(n+2) =0
> collect(",{f(n),f(n+tl),f(n+2)});
| f(n+2)+(-14n-3n°-15)f(n) +(-4n-3)f(n+1) =0

| Using too few terms gives spurious solutions:
> guessrec(terns[1..4],2,2);

(-2a,,-213,,)f(n)+a, nf(n)
17 169 21 21 211 211

+ Ea0,1_7a0,2_a1,0_;a1,1_5a2,1_7a1,2_73.2,2%n2f(n)

+a0,1f(n+1)+a1,1nf(n+1)+a2,1n2f(n+1)+a0’2f(n+2)+al,2nf(n+2)
. +a,,n’f(n+2)=0
> guessrec(terns[1l..9], 2, 2);

%15 4227789970168920 %'( )
- a n
%27 1935065306831 22

§ 5050106790518264
Y %2t T g3s065306831 22 %” f(n)
§ 24797627660448628 )
Y2t T oan0psa06831 22 %” f(n)
5 2113804985084460 [
B e M s A
5 488340789368264
Y E %2t 5an 065306831 a“%” f(n+1)
4197158147100063
* T lossoes30egar 22 ((NF D) *agLf(n+2)
930025877222492 2
- a,nf(n+2)+a,,nf(n+2)=0
1935065306831 ,

- Using too high order/degree gives multiples of the desired recurrence with lots of
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a[i,j] sstill free:
> bigrec := guessrec(terns, 3, 3);

bigrec:=(-15a, ,—- 1054, ;) f(n) + (1604, ;+64a, ,+142a, ;+54a, ,) nf(n)

14
%‘Laoz+203a03+—a13 allEn f(n)

+(32a, 3+4a,,+483;;+a, ;) n° f(n) +(-33;,-533,;)f(n+1)

8 16 4
+a,  nf(n+1)+ 3 a-13"'_5‘02"'6]-6103"'33-11 n’ f(n+1)

-3a,,n°f(n+1)+a,,f(n+2)

53 4 1 )
+ §a1,3—§a0'2—20ao‘3—§a1,1 nf(n+2)—4a1,3n f(n+2)

+3,;f(n+3)+a, ;nf(n+3)=0

" The distinction between the last two things is that in bigrec, the number of equations
k-J+1 greatly exceeds the number of unknowns, (1+1)(J31), yet is still solvable; but
with too few terms, the number of equationsis smaller than the number of unknowns,
. and of course there’'s a solution, but it's meaningless due to insufficient data.

" In bigrec, the coefficient of each 4[i,j] is arecurrence:
> as : = indets(bigrec,indexed);

| as:={ay 5 a3 3 1}
"> map(col | ect,[coeffs(expand(l hs(bigrec)),as)],{f(n),f(n+1
),f(n+2),f(n+3)},factor);

%—ﬂnéﬂn+2)+}(3n+5)(n+3)(4n—3)f(n)

3 3
+:—§(4n—3)(4n+3)f(n+1),—20nf(n+2)+(3n+5)(16n—7)(n+3)f(n)
+(—53+61n2)f(n+1)+f(n+3),—gn(12n+53)f(n+2)

32 1

+—n(n+3)(3n+5)f(n) —n (-68+9n)f(n+1)+nf(n+3),
—}f+2+} +3)(3n+5)f +}4+3f+1é
Snf(n+2)+-n(n+3)(3n+5)f(n) +_n(4n+3)f(n+1)

: Express them in operator notation and take their GCD to get the optimal recurrence.
>

>
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