"/ home/ n262f 99/ KOEPF/ wor ksheet sV. 4/ hwbansm mas

Math 262a, Fall 1999, Glenn Teder
Homework 6

"> read ‘ hsum mpl *;
Copyright 1998 Wolfram Koepf, Konrad-Zuse-Zentrum Berlin

Koepf #9.1
> recpol y(n*s(n+1) - (n+20)*s(n), s(n));
On(n+19) (n+18) (n+17)(n+16) (n+15) (n+14) (n+13) (n+12)
(n+11)(n+10) (n+9) (n+8)(n+7)(n+6)(n+5)(n+4)(n+3)(n+2)

. (n+1)
> recpol y(n*s(n+1) - (n+40)*s(n), s(n));

O, n(n+39)(n+38)(n+37)(n+36)(n+35)(n+34) (n+33)(n+32)
(N+31)(n+30) (N+29) (n+28) (n+27) (n+26) (n+25) (n+24) (n+23)
(n+22) (n+21) (n+20) (n+19) (n+18) (n+17) (n+16) (n+15) (n+14)
(n+13)(n+12) (n+11) (n+10) (n+9) (n+8)(n+7)(n+6)(n+5)(n+4)
(n+3)(n+2)(n+1)

K oepf # 9.3(a)

> rec: =
sunr ecur si on( hypertern([-n, a,a+l/2,b],[2*a, (b-n+1)/2, (b-
n)/2+1],1,k), k,s(n));

rec=(n+2+b)(1+n-b)(-b+n)(n+2a+1)s(n+2)
-2(n+1+b)(-b+n)(n+a+1)(1l+2a+n-b)s(n+1)

. +(n+1)(n+b)(1+2a+n-b)(2a-b+n)s(n)=0
"> rec2hyper(rec,s(n));

(n+1)(n+b)(2a-b+n) (n+b)(2a-b+n)
(n+1+b)(-b+n)(n+2a)’ (n+1+b)(-b+n)

K oepf #9.12

> rec: =sunrecursion(
(-1)~k*bi nom al (r-s-k, k)*binom al (r-2*k, n-k)/(r-n-k+1), k
,s(n));

rec=(n+2)(2n-r+3)(n+1-r+s)s(n+2)
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+(2n+1-r)(2n*+2n-2rn+sr--2r)s(n+1)
| +(2n-r=-1)(-r+n-1)(n-s)s(n)=0
"> rechyper(rec,s(n));
(2n-r-1)(n-s) (2n-r=-1)(-r+n-1)
_(n+1)(2n+1—r)'_ (2n+1-r)(n-r+s)

' Koepf #9.13

> rec:=sunTecursi on( bi nom al ( n, k) *pochhamer (¢, k) *pochhamm
er(mn-Kk)*
hyperterm([-k,a,b],[c,d],21,]),],s(Kk));
rec.=—(k+2)(m+n-k-1)(n-2+m-k) (k+d+1)s(k+2)
+(n=-K)(n=-1-Kk)(c+k)(a+b-k-c-d)gk)-(n-1-k)(m+n-k-1)
(-3k+bk-2K+a+ba-1-2kd-2d-cd-2c+ak+b-2kc)s(k+1)=

| 0
"> rec2hyper(rec, s(k));

I {}
Koepf #9.16

> read ‘“gsum npl *;
Copyright 1998, Harald Boeing & Wolfram Koepf

| Konrad-Zuse-Zentrum Berlin
| Rogers
> Fo=(-1)"k*gM(k*(3*k-1)/2)/ qpochhamer ( q, g, n+tk) / gpochhamm
er(q, q,n-k):
RE: =qsunr ecursi on(F, g, k, S(n));
RE:=—~(-q*"+q) (q"-1)q(1+d") (n)
+(q(2n+2) _qz_q4_q3+q(3n) +q(3n+1)) S(n-1)

(g’ +d*)gS(n-2) - " (n-3) =0
> qrecsol ve(RE, q, S(n), return=ghypergeonetric);

1
% ,OSn%
qpochhammer(q, g, n)

' Thereisone g-hypergeometric solution (up to multiplicative constant). Call it S1. The
recursion has 2 other linearly independent solutions, S2 and S3, that we have not
discovered. The general solution is A1*S1+A2* S2+A3* S3 for constants (w.r.t. n)

A1 A2A3.

Check 3 initial conditionsto confirm that it isjust S1 (=1* S1+0* S2+0* S3).
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> Fn : = proc(n0)
| ocal KkO;
gsi mpconb(sum subs( k=k0, n=n0, F), kO=-n0. . n0))
end:
"Fn(n)’ $ n =0..5;
"gsinmplify(Fn(n)/(1/ gpochhammer(q,q,n)))’ $ n’ =0..5;
1 1 1
- Cl+g (-1+g)(q+1) (F1+q)’(a+1)(P+q+1)
1
(-1+a) (a+1)*(q"+ 1) (a"+q+1)
1
(-1+a)°(q+1)°(q' +q’+g’+q+1) (q°+q+1) (q° +1)
1,1,1,1,1,1

1

f "Creative Symmetrizing"

"> rat: =qsi npconb(subs(k=-k, F)/F);
7 rat ;=g
"> gsuntecursion((l+rat)/2*F, q, k, S(n));

(9"+1)S(n)-S(n-1)=0
reduceor der (rec,f,n,u,w) -- implement the reduction of order
formula given in the answer key

A=B p. 165 # 4
" First do the whole problem for f(n). Part (a):
>F :=(n,k) -> binom al (3*k, k) * binom al (3*n-3*k, n-k);
sunft : = proc(n)
| ocal Kk;
sum( F(n, k), k=0..n)
end;

F:=(n, k) - binomial(3k, k) binomial(3n-3k, n-Kk)
| sumF := proc(n) local k; sum(F(n, k), k=0..n) end
> recf := sumrecursion(F(n,k),k,f(n));
recf:=8(n+2)(2n+3)f(n+2)-6(36n°+99n+70)f(n+1)

| +81(3n+4)(3n+2)f(n)=0

(b)
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> hyper _f := rechyper(recf,f(n));
hyper f:=
er fi={—
yper_ {1}

" Sothe only hypergeometric solution is

> fl sol :=n -> (27/4)"n;
7
fl_sol::nagiﬁ
I 4
"> recw : = reduceorder(recf,f,n,f1 sol(n),w;

| reew:=9(n+2)(2n+3)w(n+1)-2(3n+4)(3n+2)w(n)=0
" Thisleadsto a solution for w(n):

> wl_sol := unapply(rsolve(recw,wn)),n);
2
fwor g ey S
wl sol:=n - 3
| - nlr(2n+3)
" Note the book has a ssimpler looking answer using binomial coefficients. Reconcileit:
> w2 sol :=n ->binomal (3*(n+l),n+l1l)/(3*n+2) *
(27/4)"(-n);
7™
binomial(3n+3,n+1) %%
w2 sol :=n -
i - 3n+2
> sinplify(wl_sol (n)/w2_sol (n));
: 0
~W
5 W(0)

- (We have n+1 for the book’ s n because they did reduction of order with the backwards
antidifference v(n)-v(n-1), while we used the forwards antidifference v(n+21)-v(n).)
Thus, v(n) = v(0) + w(0)+w(1)+...+w(n-1); there is no chance whatsoever that this will
be hypergeometric for any choice of the constant v(0), because otherwise, it would have

been discovered already by Hyper.
> vl sol := unapply(Sumw2_sol (k), k=0..n-1),n):
f2 sol := unapply(fl_sol(n)*vl sol(n),n);

] 70
,_1 binomial(3k+3,k+1) %%

7
f2 sol :=n - %%
- 4 3k+2

[ ]

L Lk=0
- Now determine the constants so that f(n) = A*f1(n) + B*f2(n).
> evalf2 :=n -> eval (subs(Sumrsum f2_sol (n)));

evalf2 :=n - eval(subs(Sum=sum, f2_sol(n)))
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> eqs := 'sunF(n)=A*f1_sol (n)+B*eval f2(n)’ $ n’ =0..1;

1=A06 27A 818
S .= =A =— + —
< 4 8

"> sol ve({egs}, {A B});
-2
7 {A=l,B=2—7}
> full _f := subs(",A*f1 sol(n)+B*f2 sol (n));

7%
L. binomial(3k +3, k+1) %%

fu”—f::%%_z_i%% 2 3k+2

k=0

[ >
| Now do thisall for g(n). Part (a):
> G := (n,k)->binomal (3*k, k) * binom al (3*n-3*k-2,n-k-1);
sunG : = proc(n)
| ocal Kk;

sum( G n, k), k=0..n)

end;
G:=(n, k) - binomia(3k, k) binomiad(3n-3k-2,n-k-1)

| sumG := proc(n) local k; sum(G(n, k), k=0..n) end
> recg := sunrecursion(@n, k), k,g(n));

recg:=-16(2n+5)(2n+3)(n+2)g(n+3)
+12(2n+3) (54 n*+ 153 n + 130) g(n + 2)
-324(27n*+72n*+76n+30)g(n+1)+2187(3n+2)(3n+1)ng(n)=0

(b)
> hyper_g := rechyper(recg,g(n));
h 20 27 n
er g:={—,—
| yper g {4 2 2n+1
> ratio(27n/ (n*bi nom al (2*n, n)),n);
gz n
| 2 2n+1
- So there are two hypergeometric solutions.
> gl sol :=n -> (27/4)"n;
# g2_sol :=n -> (27/4)"n * GAMVA(N)/ GAMVA(n+1/2),; #
straigtforward
g2_sol := n->27"n/ (n*binom al (2*n,n)); # sinpler |ooking
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1sol=n . £

SOl =N -

9% 4
27"

g2 sol :=n -

| n binomial(2 n, n)
~ but there is another linearly independent solution because the recursion has order 3.
. Reduce order to find it.
> recwl := reduceorder(recg,g,n,gl(n),wl),;
recwl:=4n(3n+2)(3n+1)wl(n)-4(2n+3)(9n*+18n+10)wi(n+1)
| +9(2n+5)(2n+3)(n+2)wl(n+2)=0
" Now reduce the order again. We could either find a solution of recg_w from scratch, or
we can use the second solution of the original recursion to create such a solution:
> dg2 : = sinmpconb(g2_sol (n+l1)/gl sol (n+l) -
g2_sol (n)/ gl _sol(n)):
dg2 : = unapply(dg2,n); # turn it into a function

27"T(n+1) I (n)

7%F 2n+2
n-+

| =ren+)
- Check it:

> sinplify(eval (subs(wl=dg2, recwl)));
0=0

" Cleaner solution:
> dg2b :=n -> 4™/ (n*(2*n+1l)*bi nom al (2*n,n));
sinplify(dg2(n)/dg2b(n));

dg2b:=n -

4I’1
n(2n+ 1) binomia(2n, n)
-1

ﬁ Do the second reduction of order:
> recw2 : = reduceorder(recwl, wl, n,dg2b(n), w2);

reew2:=—-(3n+2)(3n+1)w2(n)+9(n+1)(n+2)w2(n+1)=0

i The automatic solution for thisis
> W2_auto := rsolve(recw2,w2(n));

o o

W2 _auto :=— 5
2 Fr(n+2)°m

 and acleaner looking solution is
>wW2_sol :=n ->
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bi nom al (3*n, n)*bi nom al (2*n, n)/ (n+1)/27"n;
binomial(3 n, n) binomial(2 n, n)

w2 sol :=n -

I (n+1) 27"
- Check it:

> sinpconb(eval (subs(w2=w2_sol ,recw2)));
I 0=0
- Thenv2is

> v2 sol := gosper(w2_sol(n),n);

9 n binomial(3 n, n) binomia(2n, n)
v2_sol :=—

I - 2 27"
- Sowlis

> wl_sol := unapply(v2_sol * dg2b(n),n);

9 binomia(3n, n) 4"
wl sol:=n - =

I - 2 271"(2n+1)
- Check:

> sinpconb(eval (subs(wl=wl_sol,recwl)));

0=0

- Wedon't expect thisto work, because the original recursion doesn’t have 3 lin. ind.
hypergeometric solutions:

> vl sol := gosper(wl_sol (n),n);

Error, (in gosper) no hypergeonetric termantidifference exists

i So instead use

> vl sol := Sumwl_sol (k), k=0..n-1);
-1+n . . Kk
binomial(3 k, k) 4
vl sol = Z % . ( ) E
I k=0 27°(2k+1)
> g3_sol := unapply(gl_sol(n) * v1 sol,n);
7 B [ binomial (3 k, k) 4¢
g3 _sol :=n - —) ”
I AU 27°(2k+1)
| Now match initial conditions.
> egs :=
. "sun3@(n)=A*gl _sol (n) +B*g2 sol (n)+C*g3 _sol (n)’ $ n’' =1.. 3:
> eqgs := eval (subs(Sunrsum {eqgs}));
27 27 243 19683 6561 215055
egs:={1=—"A+—B+—0C,48= A+ B+ ,
4 2 8 64 20 128

729 243 7533
= A+ B+ C
16 4 32
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| > sols := solve(egs, {A B, CG):
> g full :=
subs(sol s, A*xgl sol (n)+B*g2 sol (n)+C*g3_sol (n));

1270 2 @7OHE" [0 binomia(3k, k) 4¢
g_full :=— +—— Z .
7 oa O 24304015 27 (2k + 1)
| which is equivalent to the solution givenin A=B, p. 167.

[ >
| (c) the book has a complete answer.
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