"/ home/ n262f 99/ KOEPF/ wor ksheet sV. 4/ hwbansm mas

Math 262a, Fall 1999, Glenn Teder
Homework 5

"> read ‘ hsum mpl *;
| Copyright 1998 Wolfram Koepf, Konrad-Zuse-Zentrum Berlin
K oepf 6.7(e)

| Firgt, seeif any of the earlier ways we lear ned to do this are applicable.
> Fe := k * binomal (n,k) * binomal(s,Kk);
rhse := s*binomal (n+s-1,n-1);

Fe =k binomial(n, k) binomial(s, k)
| rhse:=sbinomia(n+s-1,n-1)
' > gosper (Fe, k);
| Error, (in gosper) no hypergeonetric termantidifference exists
| Creative telescoping
"> sunrecursion(Fe,k=1..n,f(n));
| -nf(n+1)+(s+n)f(n)=0
"> sunrecursion(Fe,k,f(n));
| -nf(n+1)+(s+n)f(n)=0
> rec_e :=rsolve({",f(1)=A},f(n));

F(s+n)A
rec e:=
- F(n)f(s+1)
subs( A=eval (subs(k=1,n=1,Fe)), rec_e);
N(s+n)s
F(n)r(s+1)

V

"> convert (", bi nomi al);
| sbhinomia(s+n-1,5s)
- Sister Celine’ s algorithm
> fasennyer(Fe, k,f(n), 1);
L Error, (in kfreerec) no kfree recurrence equation of order (, 1, 1, ) exists
"> fasennyer (Fe, k, f(n), 2);
| (n+1)f(n+2)-(n+1+s)f(n+1)=0
| It'sashift of the same recurrence found by CT, so the solution will be the same.

" WZ method
> F := Fe / rhse;
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— k binomial(n, k) binomial(s, k)

sbinomiad(n+s-1,n-1)
WZcertificate(F, k,n);

3 (k-1)k
" (-n+k-1)(n+s)

:>R:

> G:= F*R

B k? binomial(n, k) binomial(s, k) (k- 1)

i " shinomia(n+s-1,n-1) (-n+k-1) (n+5s)
Verify the WZ equation for thisidentity:

> WZeq : = subs(n=n+l1,F) - F = subs(k=k+1, G-G
WZeq = kbinomial(n + 1, k) binomial(s, k)  kbinomial(n, k) binomial(s, k)
™= sbinomia(s+n, n) sbinomia(s+n-1,n-1)

(k+ 1)? binomial(n, k + 1) binomial(s, k + 1) k
sbinomial(s+n-1,n-1) (k—n) (s+n)
k? binomial(n, k) binomial(s, k) (k- 1)

. shinomia(s+n-1,n-1) (-n—-1+k) (s+n)
"> sinpconb(WZeq) ;

r(s)r(n+1)(-ns-s+ks+kn)r(s+1)r(n)
M(s+1+n)(s+1-K)F(k2r(n+2-kk
r(s)yr(n+1)(-ns—-s+ks+kn)r(s+1)r(n)

I M(s+1+n)M(s+1-k)M(k)>*M(n+2-k)k
> eval b(");

L true
- Or with purely rational arithmetic:
> sinpconmb(l hs(WZeq)/ F) = sinpconb(rhs(WZeq)/F);

-ns—-s+ks+kn -ns—-s+ks+kn

C(-n-1+K)(s+n)  (-n—-1+Kk)(s+n)

> eval b(");
| true
" Now sum up the equation over k=1..n. These are natural bounds, so we may extend
them.
Let f(n) = sum(F(n,k), k=1..infinity)
The left side has sum
> Sum(’ F (n+l,k)-"F (n,k),k=1..infinity) =
f(n+l)-f(n);
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Z(F(n+1,k)—F(n,k)):f(n+1)—f(n)
L k=1
| and theright side has sum
> Sun(’G (n,k+1)-"G (n,k),k=1..infinity) =
"G (n,infinity) - "G (n,1);

> (G(n k+1) - G(n, k) = G(n, w) - G(n, 1)
L k=1
> limt(Gk=infinity);
' k? binomial(n, k) binomial(s, k) (k- 1)
im
| k.o Sbinoma(s+n-1,n-1)(-n-1+k)(s+n)
- Onintegers, F hasfinite k-support for each n, so G does too, so this limit should be O,

. even though maple doesn’t recognize that.
> limt(Gk=1);

: Thus, for n=1,2,3,...,

> f(n+l1l)-f(n)=0;
| f(n+1)-f(n)=0
- which proves

> Sum(F, k=1..infinity)=constant;

00

Z k binomial(n, k) binomial(s, k)

' i = constant
i, Shinomia(s+n-1,n-1)

" Evaluate the constant us ng f(1) = F(1,1):
> subs(n=1,k=1,F); eval (");

binomial(1, 1) binomial(s, 1)
shinomial(s, 0)
1

" Sowe have proved
> Sum(F, k=1..infinity)=1;

0

Z k'binomial(n, k) binomial(s, k) 1

ioy Sbinomid(s+n-1,n-1)

" Restricti ng the summation range to the support and rearranging gives, for n=1,2,3,...,
> Sum( Fe, k=1..n) = rhse;

Z k binomial(n, k) binomial(s, k) =sbinomia(n+s-1,n-1)
k=1
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[ >

' The companion identity is obtained by summing the WZ equation over n instead of k.
Let
> g(k) = Sum(G n=1..infinity);

(o]

k) = Z k® binomial(n, k) binomial(s, k) (k- 1)
o )_n:1sbinomial(s+n—1,n—1)(—n—1+k)(s+n)

: Summing the left side of the WZ equation over n=1,2,... gives
> Sun(’ F (n+1,k)-"F (n,k),n=1..infinity) =
"F (infinity,k)-"F (1, Kk);

> (F(n+1,k) - F(n, k)) = F(eo, k) = F(1, k)
:When n=1 we have "
> 'F (1, k)=subs(n=1, F);

_ kbinomial(1, k) binomial(s, k)

F(1, k) ) :
I shinomial(s, 0)
' 0
> "F (1, k) =pi ecewi se(k=1, 1, 0);
1 k=1
F(1 k) ={ 0  otherwise

| Asn->infinity,
> F (infinity,k)=limt(F, n=infinity);
~ kbinomia(n, k) binomial(s, k)
F(co, k) = lim —
n.w Shinomid(n+s-1,n-1)

" ltwon't doit automatically, let'sdo it ourselves.
> sinpconb(F);

FM(n)r(s+1)r(n+1)r(s)
I kIf(n+1-k)M(s+1-k)(n+s)r(k)?
> F_n :=select(has,”",n); Fnon:=""/F_n;
Mn)r(n+1)
n:.=
- NM(n+1-K)r(n+s)
M(s+1)I(s)
I klM(s+1-k)I(k)?
- Asn goesto infinity, Gamma(n+A)/Gamma(n+B) ~ n*(A-B) so the as n->infinity,

F(n,k) isasymptotically
> F inf :=n*"1-(1-k+s)) * F_no_n;

F no n:=
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N (s+1) r(s)
kIM(s+1-Kk) (k)

F inf:=

" whichis
> "F (infinity, k) =pi ecew se(k>s,infinity,
k=s, si npconb(subs(k=s, F_inf)), k<s, 0);

) s<k
F(oo,k):El k=s

I 0 k<s

> K, s;

i K, s

- Combining all this, summing the left side of the WZ equation over n=1,2,... gives
> sumMl hs = ' piecew se(s<k,infinity,

's=k and k<>1', 1,
"k<s and k<>1', O,
's=1 and k=1',0,
"1<s and k=1', -1)':
Sun(’ F (n+1,k)-"F (n,k),n=1..infinity) = sumAZl hs;

[1oo s<k
o 11 s=kandk#1
Y (Fn+1,k) -F(nk))=[H0  k<sandk#1
n=1 10 s=landk=1
-1 l<sand k=1

| Thesumisdivergent for s<k, so restrict to k<=s.

- Summing the right side of the WZ equation over n=1,2,... gives

> Sum'G (n,k+1)-"G (n,k),n=1..infinity) =
g(k+1)-g(k);

z (G(n, k+1)-G(n,k)) =g(k+1) - g(k)
L n=1
' Combining the sum of the left side and the sum of the right side gives g(k+1)-g(k) = the
5 caseslisted just above.
. Now for each s, solve the resulting recurrence for g(k).
" (A) For s>1, s>=k, we have
o(st1)-9(=1;  9(9)-9(s-1)=9(s-1)-9(s-2)=...=9(3)-9(2)=0;  9(2)-9(1)=-1;
9(1)-9(0)=9(0)-9(-1)=...=
so given g(st1), then g(k)=g(st+1)-1 for k=2,3,...,s; g(k)=g(st+1) for k=st+1 or
1,0,-1,-2,...
(B) For s=1: g(k)=g(st1) for k<=s+1.
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| (C) For k<=s<1: g(k)=g(s+1)-1 for k<=s

| Now find aninitial value. All of these are expressed in terms of g(s+1).

> sinpconb(subs(k=s+1, QG);

| 0

- soitssumisg(s+1)=0. Then the three cases become

(A) For s>1: g(k)=-1for k=2,3,...,s; g(k)=0for k=s+1or 1,0,-1,-2,...

(B) For s=1: g(k)=0 for k<=st+1

(C) For s<1: g(k)=-1for k<=s, and g(s+1)=0.

Case (A) spelled out infull is: For integer s>1 and integer k<=s+1,

> Sum(G n=1..infinity) = piecew se(’ k=s+1 or k<=1",0, " 2<=k
and k<=s’,-1);

(o]

Z k? binomial(n, k) binomial(s, k) (k- 1) - 0 k=s+1lork<1
‘= sbinomid(n+s-1,n-1)(-n+k-1)(n+s) -1 2<kandk<s

Cor putting all n-free factors on the right side,
>rhs2 :=s / (k"2 * binomal (s,k) * (k-1)):
&R = Grhs2:
Sum( @&, n=1..infinity) = piecew se(’ k=s+1 or
k<=1",0,’ 2<=k and k<=s’,-rhs2);
i binomial(n, k)
oma(n+s-1,n-1)(-n+k- 1)(n+s)

bin
% k=s+1lor k<1

n=1

2<kandk<s
kzblnomlal(s k) (k—1)

" Let'scheckit.
> gks : = proc(kO0, s0)
gl obal G n;
| ocal QO;
& : = subs(k=kO0, s=s0, G ;
sum( &0, n=1..infinity);
. end:
> linalg[matrix] (6, 6, (k,s)->gks(k,s));

O 0 O O OQ
-1 -1 -1 -1 -1
o -1 -1 -1 -1
O 0 -1 -1 -1f]
O 0 0 -1 -1f]
O 0 O 0 -1C

>



K oepf 8.5(a)
> gosper ((3*k+2)/ (k+2) * binom al (k, k/2),k);

L Error, (in gosper) algorithmnot applicable

- > extended _gosper ((3*k+2)/(k+2) * binom al (k, k/2),k);

1 3 1 1
%m 1%(3k+2) binomial%giké %k+aé(3k+5) binomial%u 1,5k+5E

+

7 %k+1%(k+2) %k+gé(k+3)
8.5(b)

> ext ended_gosper ((3*k+4)/ (k+4) *bi nom al (k/ 2, k/ 4), k) ;

T D———
Besfues
S ol L. 2
2 Thes
oo muoridio o
2 Shes
T

%k+$%(k+7)

+

+

+

>
K oepf 8.7(5.21)
> FO : =
hyperternm([ 3*a+1/ 2, 3*a+1,-n], [ 6*a+l, -n/ 3+2*a+l], 4/ 3, k) ;

r := pochhamrer (1/ 3, n/ 3) *pochhammer (2/3,n/3) /
(pochhamrer (1+2*a, n/ 3) *pochhamer (- 2*a, n/ 3));
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F:= FO/r:

1
pochhammer%% a+ 5 k%pochhammer(:% a+ 1, k) pochhammer(—n, k) %%

FO:=
1
pochhammer(6 a + 1, k) pochhammer% 5 n+2a+1, k%k!

1 1
pochhammer%, 5, n Epochhammer%, 5 n%

1 1
pochhammer%l +2a, :—% n %pochhammeré»z a, :—)’ n%

ri=

: Compute thefirst few values of sum_k FO(n,k). Notethat -nisan upper parameter, so
the sum terminates at k=n unless ais chosen to make one of the denominator

. parameters also be a negative integer.
> sunf := nn -> sun(subs(n=nn, F), k=0..nn);

nn
sumF :=nn - z subs(n=nn, F)
L k=0
> sunf(1);

: :
2

1
pochhammer%i a, :—3% / %Jochhammer(6 a+1,0) pochhammer% +2a, OE
i

Wl

2
é pochhammer%% a+—,0 Epochhammer(?a a+1,0) m/g pochhammer%l +2a,

1 1 1
. a+ E%(g a+1) nﬁ pochhammerél +2a, \;%pochhammeréi a, 5%
9
(6a+1)%+2aEF%E

> sinplify(");

I 0
"> "sinmplify(sunF(nn))’ $nn=1. . 6;

0,0,1,0,0,1

>

E
| Apply WZ method.

{> Wzcertificate(F, k, n);
[

Error, (in Wecertificate) extended WZ nethod fails
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" | looked at the code, it doesn’t attempt to figure out if it should use m-fold

hypergeometric functions; you have to specify m if you want it done.
> R := WZcertificate(F, k,n, 3);

_ (6a+k)(-n+6a+3k)k
(-n=-1+K)(-n=2+Kk) (-n-3+Kk)

- Veify it:
> G:= RF:
- The WZ equation becomes F(n+3,k) - F(n,k) = G(n,k+1) - G(n,k)
> sinmpconmb( (subs(n=n+3,F)-F) - (subs(k=k+1, G - Q);
| 0
- Let

> f(n) = Sum(’ F(n, k), k=0..infinity);

f(n)= Y F(nk)
L k=0
' Theleft side of the WZ equation sums to f(n+3)-f(n), and the right side sumsto
G(n,infinity)-G(n,0).
The k-support of G isfinite for each n, since G(n,k+1)/G(n,K) is
> ratio(GK);

2(6a+1+2k)(3a+1+k)(—n—3+k)

| k(-n+6a+3Kk)(6a+Kk)
~ which vanishes at k=n+3 (unless a=n/6 - k/2 for an integer k>n+3, yielding apolein

this).

So G(n,infinity)=0.
 Also, G(n,0) is
> subs(k=0, G ;
| 0
- Thus, the WZ equation summed over k yields f(n+3)-f(n)=0-0=0 for integers n>=0.
. From theinitial conditions above, we have
> f(n) = piecewnse(’n nod 3" =0,1,0);

1 nmod3=0
=1, otherwise

:soforintegersn>=0,
> Sum(’ F[O](n,K)/r(n)’,k=0..infinity)=rhs(");

i FO(n1 k) _ 1 n:o
r(n) 0  otherwise

L k=0
o)
> Sum(" F[ 0] (n, k)’ ,k=0..infinity)=piecew se(’n nod
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3'=0,"r(n)",0);

c _1f(n)  nmod3=0
k:zOFO(n’ K={"% otherwise

| and plugging everythingin,

"> Sum( FO, k=0..infinity)=piecewse(’'n nod 3" =0,r,0);

1
o pochhammer%% a+ 5 k%pochhammer(B a + 1, k) pochhammer(—n, k) %%

2 . -

k=0 pochhammer(6 a + 1, k) pochhammer% :—3 n+2a+1, k%k!

] 1 1
5 pochhammer%, 5, n Epochhammer%, 5 n E
- nmod3=0
- 1 1
| pochhammer%l +2a, 5 n Epochhammer%ﬂ a, :—% n%
=
| B 0 otherwise
[ >
[ >
Koepf 11.7
Recall that

> erf(x) = 2/sqgrt(Pi) * Int(exp(-t"2), t=0..Xx);

X

2
% e dt
erf(x) = 2 ————
| e
- Use Taylor series:

> 2/sqrt(Pi) * Int(Sum((-t~2)~k/k!, k=0..infinity),t=0..x);

k

00 —t2

Z( I) dt

= K

0
2
| e
' Doing it term by term gives
> 2/sqrt(Pi)*Sum((-1)"k * x~(2*k+1) / (k! *

(2*k+1))’k=OInfl nitY);
>
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i (_1)k X(2k+ 1)
£ W (2k+1)

I

" Convert the sum to hypergeometric notation
> 2/sqgrt(Pi) * Sumtohyper((-1)"k * x*(2*k+1) /

(k!'*(2*k+1)), k);
x Hypergeom = % %% - E

2

2
| e
[ >
[ >
" reset its meaning, it’'s used from scratch below.
> F .="F,;
I F=F
Problem 3.
The summand is
> Fxk = xM(2*k+1)/ (2*k+1)!;
y(2k+1)
Fxki=————
(2k+1)!

" Clearly (Ek Dx”2 - 1) annihilates this. We can try to find a mixed recurrence/diffeq
whose coefficients are k-free by brute force.:
> # cel i nexk(F, x, k, xmax, kmax)
# cel i nexk(F, x, k, xmax, knmax, ver bose, c)
# Apply Celine’s alg. to function F of a conti nuous
variable x and a discrete vari abl e k.

# Use derivatives (d/dx)”0,...,(d/dx)”*xmax, and shifts
(Ek) "0, ..., (EK)“"kmax.
# optional :

# verbose can be true or false, indicating whether to
print internediate results.

# ¢ can be x or k, to collect with respect to it.
Defaul t k.

celinexk := proc(F, x, k, xmax, kmax)
| ocal oper, recdiffeq, dF,
i,], Dx, EKk,

egs, vars, sol s,
ver bose, c, ar g;
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verbose := false; ¢ := k;
for arg in args[6..nargs] do

I f type(arg, bool ean) then verbose := arg else c
= arg fi;
od,
Dx :=cat(‘'D,x); EkK :=cat('E,K);
oper := 0;

recdiffeq : = 0O;

for i fromO to xmax do

for j fromO to knmax do
oper := oper + a[i,]j] * Dx™i * Ek"j;
if 1=0 then dF := F else dF := diff(F, x$%i) fi;
recdiffeq := recdiffeq +

a[i,j]*sinmpconb(subs(k=k+j,dF)/F);
od od;

I f verbose then print(‘trial equation',recdiffeq)
fi;

recdiffeq : = nuner(recdiffeq);

recdiffeq := collect(recdiffeq,c);

I f verbose then print(‘collected in powers of
recdiffeq) fi;

(@)

eqs : = {coeffs(recdiffeq,c)};
vars = {'("a[i,j]'$ i =0..xmax)’ $ |’ =0..kmax};
sols := solve(egs, vars);
I f verbose then print(‘final recursion/diffeq
operator: ‘) fi;
i f sol s=NULL then RETURN( FAI L)
el se oper := subs(sols,oper); fi;
. end:
> celinexk(Fxk, x, k,1,1);

> cel i nexk(Fxk, x, k, 2, 2);
8g,0 + 8o 1 EK— 8y o DX’ Ek — 8, ; DX EK®

" Samethi ng, calculations spelled out:
> cel i nexk( Fxk, x, k, 2, 2,true);

1 X 1 8,2 X'
2(k+1)(2k+3) 4(k+1)(2k+3)(k+2)(2k+5)

trial equation, a, , +
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a,(2k+1) 1a,x 1 a ,X a0 (2k+1)k
+ +— +— +2 +a,,
X 2k+1 4(k+1)(2k+3)(k+2) X2 !
1 &, X
Lo
2(k+1)(2k+3)
collected in powers of , k, 64 &, o K°+ (480 @, o + 32 8, o X) K’
+(1360 @, ,+ 16 @, ; X’ +240a, ( X+ 16 8, , X) K*
+(680a, X+ 1128, X + 1124, , X’ +18004a, , +8a, ; X°) K +

(2848, X +4a, X' +900a, ( x+484a, X +284a,, X +1096a, ,+4a, ,X")

K+ (188, ,x*+18a, , X' +2a, ,X°+5484, (X +308a, , X + % a, ;X
+2404a, ,+308a, ; X)k+a,,X’+20a, ,x*+5a, ,X’+120@, (X +20a, ;X'
+1208, (X' +120a, ; X’ +60a, X’

final recursion/diffeq operator:
I 8y, 0 + 89 1 EK— 8y o DX’ Ek— 8, ; DX EK’
> collect(",{a[0,0],a[0,1]},distributed);
i (Ek— DX EK’) a, ; + (1 - DX EK) &g ,
- Thetwo operators are related by Ek-Dx"2 Ek"2 = Ek*(1-Dx”2 EK), so just use the
second one. Note it was aso possible to see this by inspection.

The desired mixed recurrence/diffeqis (RDE)
> F(x,k) - diff(F(x,k+1l),x%$2) = 0;

I F(x,k) =D, 4(F)(x, k+1)=0
Let
> f(x) = Sum(F(x,k),k=-infinity..infinity);

f(x)= > F(x k)

L k=-c
| Sum (RDE) for k=-infinity..+infinity to get
> f(x) - diff(f(x),x$2)=0;

62
f(x) - %ﬁf(x) E:o
X

I f(x)=_Cle‘+ C2é&™
" Theinitial conditions f(0)=0, f'(0)=1 are easily checked, so use them:

i whose solution is
> dsol ve(",f(x));
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> dsol ve({"", f(0)=0, D(f)(0)=1},f(x));

1 52 1
&) 75
f(x)=———
I €
> simplify(");
I f(x) = sinh(x)
[ >
Koepf 12.1
> Fnt ;= tAn * exp(-t"2 - x/t);

celinexk(Fnt,t,n,1,1,t);
-1
Fnt:=t"e
I 0
"> celinexk(Fnt,t,n, 2,2,t);

> celinexk(Fnt,t,n, 3,3,t);
—a1,2x+(—2a1,2—a1,2n)En+2a1,2En3—a2,2th+(—2a2,2—a2'2n) Dt En
+a, ,DtEn°+2a, ,DtEn’ - a, ,xDt* + (-8, ,n - 28, ,) DY En + &, , D En’

. +2a,,D’En°+a, , D’ EN’
> collect(",{a[1,2],a[2,2],a[3,2]});
((-n—-2)En-x+DtEn"+2En’) a,,

+((-n-2) DtEn+Dt? En* + 2Dt En° - xDt) a, ,

+((-n-2) D En+ 2 Dt* En° — x Dt* + Dt° En®) & ,

> subs(a[2,2]=0,a[3,2]=0,a[1,2]=1,");

I (-n-2)En-x+Dt En°+ 2 En®

(> rde :=":

- Sowehave (-n-2) F(n+1,t) - x*F(n,t) + (d/dt) F(n+2,t) + 2 F(n+3,t) = 0.
(The x is suppressed from the parameter list of F.)

Integrate with respect tot. The terms are:

integral of (-n-2) F(n+1,t) dt: (-n-2) A(n+1,x)

integral of -x*F(n,t) dt: -x* A(n,x)

integral of (d/dt) F(n+2,t) dt = F(n+2,infinity)-F(n+2,0) =0-0=0
_integral of 2 F(n+3,t) dt = 2 A(n+3,X)

> -(n+2) * A(n+l,x) - x*A(n,x) + 0 + 2*A(n+3,x) = O;
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| ~(n+2)A(n+1,x) - xA(n,Xx) +2A(n+3,x)=0

| Thereisaso acommand in Koepf’s software that would have done this for us:
> intrecursion(Fnt,t, A(n, x));

-2A(n+3)+(n+2)A(n+1)+A(n)x=0

| (It doesn't understand the extra parameter x.)

[ >

[ >

" | couldn’t get adiff eq using Sister Celing' s algorithm.
Koepf’ s hsum package has a routine based on the continuous Gosper algorithm, and it

. produces
> intdiffeq(t™n*exp(-t"2-x/t),t,A(Xx));

0° ik
X %;SA(X) E— (n-1) %A(X) E+ 2A(x)=0

>
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