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Math 262a, Fall 1999, Glenn Teder
Homework 2

Problem 4a solved the " humanoid way" , but with maple

assistance:

> Fnk := (n, k) -> binom al (n,k)*x"k;

I Fnk :=(n, k) - binomial(n, k) xX*

' Form the desired recurrence, with unknown coefficients:

> rec := a*Fnk(n, k) + b*Fnk(n+1, k) + c*Fnk(n, k+1) +
d*Fnk(n+1, k+1) ;

rec := a x* binomial(n, k) + b x* binomial(n + 1, k) + ¢ x*** binomial(n, k + 1)

+dx**Y binomial(n + 1, k + 1)

' Divide through by the unshifted function:
> rec/ Fnk(n, k) ;

(ax*binomial(n, k) + b x* binomial(n + 1, k) + ¢ xX*** binomial(n, k + 1)
- +dx® Y pinomial(n+ 1, k+1)) / (X binomial(n, k))
Reduce all the ratios to rational functions of n and k:
> sinmplify(");
(ank+an+a-alk’+bnk+bn+bk+b-2cxkn-cxk+cxk+cxn
+exn+dxn’+2dxn-dxnk+dx-dxk)/((n+1-k)(k+1))

" Clear denominators (or take the numerator):
> nunmer (") ;

2

ank+an+a-ak®+bnk+bn+bk+b-2cxkn-cxk+cxk®+cxn

+exn+dxn’+2dxn-dxnk+dx-dxk

: Thisisapolynomial in k. We want it to be true for all integer values of k, so it must be
the O polynomial. Collect it in powers of k.
> collect(",k);

(-a+cx)kK+(bn-cx+b-2cxn+an-dxn-dx)k+dxn°+an+a+dx

+cxn+bn+2dxn+b+cxn?

: Separate the coefficients of the powers of k.
> coeffs(", k);

dxn®+an+a+dx+cxn+bn+2dxn+b+cxn? -a+cx,
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L bn-cx+b-2cxn+an-dxn-dx
" This gives asystem of equations for the unknowns a,b,c,d. They’ll potentially depend
on n, but there are no k’sin the system, so they’ll be k-free.
> sols := solve({"},{a,b,c,d});
| sols:={c=-d,a=-dx,b=0,d=d}
"> subs(sol s, rec);
—d x X“ binomial(n, k) — d x***) binomial(n, k + 1)
- +dxX**Y binomia(n+1, k+1)
"> recF: =subs(sol s, a*F(n, k) +b*F( n+1, k) +c*F(n, k+1) +d*F(n+1, k
+1));
| recF :=-dxF(n,k) —dF(n,k+1)+dF(n+1,k+1)
> recF : = subs(d=1, recF);
| recF .= —xF(n, k) -F(n,k+1)+Fn+1,k+1)
- Let f(n)=sum(F(n,k),k=-infinity..infinity). Thisgives
> recf := subs(’’'F(n+i,k+)=f(n+i )" $i=0..1$j=0..1,recF);
| recf := —xf(n) —f(n) +f(n+ 1)
"> rsolve(recf=0,f(n));
I f(0) (x+1)"
- Now get theinitial value f(0). Maple won’t do the sum correctly for -infinity..infinity
> sum( Fnk (0, k), k=-infinity..infinity);

> x*binomial(0, k)

L k= -00
" But if we recognize F(n,k)=0 for k<0, we can get it to do the sum.
> sunm( Fnk(O0, k), k=0..infinity);

1

>
[ >
Problem 4a solved with K oepf’ s softwar e
> read ‘ hsum npl *;
Copyright 1998 Wolfram Koepf, Konrad-Zuse-Zentrum Berlin

> rec := fasennyer (bi nom al (n, k) *x*k, k, f(n), 0);
| Error, (in kfreerec) no kfree recurrence equation of order (, 0, 0, ) exists
> rec := fasennyer (bi nom al (n, k) *x"k, k,f(n), 1);

| rec:=f(n+1)—-f(n)(x+1)=0
> rsolve(rec,f(n));

f(0) (x+1)"
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> rsol ve({rec, f(0)=1},f(n));
(x+1)"

>

>

Koepf #4.1(2.2)
> fasennyer ((-1)"k*bi nom al (n, k), k,f(n),0);

| Error, (in kfreerec) no kfree recurrence equation of order (, 0, 0, ) exists

"> fasennyer ((-1)~k*bi nom al (n, k), k,f(n), 1);
f(n+1)=0

(2.3)
> fasennyer (bi nom al (n, k)"*2,k, f(n),0);

. Error, (in kfreerec) no kfree recurrence equation of order (, 0, 0, ) exists
> fasennyer(binomal (n,k)"2,k,f(n), 1);
Error, (in kfreerec) no kfree recurrence equation of order (, 1, 1, ) exists

> fasennyer (bi nom al (n, k)*2,k,f(n), 2);

| (n+2)f(n+2)-2f(n+1)(2n+3)=0
> rsolve(",f(n));

>
(2.4)
> fasennyer ((-1)"k*bi nom al (n, k)*2,k,f(n),1);

L Error, (in kfreerec) no kfree recurrence equation of order (, 1, 1, ) exists

> fasennyer ((-1)~k*bi nom al (n, k)"*2,k,f(n), 2);

| (n+2)f(n+2)+4f(n)(n+1)=0

> rsolve(",f(n));
rsolve((n+2)f(n+2)+4f(n)(n+1)=0,f(n))

" It'snot going to do it for ustoo easly.
> reC : - mam .,

rec:=(n+2)f(n+2)+4f(n)(n+1)=0

i Even n:
> subs(n=2*mrec); subs(f = proc(k) g(k/2) end,");

(2m+2)f(2m+2)+4f(2m)(2m+1)=0
(2m+2) (proc(k) g(1/2[k)end)(2m+ 2)
+4 (proc(k) g(1/2lk)end)(2m) (2m+1)=0
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> eval (");
(2m+2)g(m+1)+4g(m)(2m+1)=0

"> rsolve(", g(m):
1
01fﬂmrﬁn+—ém0)

r(m+1)4/m

[U%mmMMQmwmqmﬂTmﬂml

Odd n:
> subs(n=2*m+1, rec); eval (subs(f=proc(k) g((k-1)/2)

end,"));

(Z2m+3)f(2m+3)+4f(2m+1)(2m+2)=0
f (2m+3)g(m+1)+4g(m) (2m+2) =0
"> rsolve(",g9(m);

1M(m+1)/mg(0) (-1)"4"

B

Koepf #4.5
> kfreerec(bi nom al (n-k, k), k,n, 0,0, F, a);

Error, (in kfreerec) no kfree recurrence equation of order (, 0, O,

> kfreerec(binonial (n-k, k), k,n, 1,1, F a);

| Error, (in kfreerec) no kfree recurrence equation of order (,

> kfreerec(binomal (n-k,k),k,n, 2,2 F, a);
gy, oF(n k) —a, ,F(n,k+1)+a, ,F(n+1,k+1)-a,F(n+2k+1)
I —a,,F(n+1,k+2)+a,,F(n+2,k+2)=0
| > nkrec: =
> nkrecl : = subs(a[0, 0] =1, a[ 2, 2] =0, nkrec);
nkrec2 := subs(al 2, 2] =0, a[0, 0] =1, nkrec);
nkrecl :=F(n,k) +F(n+1, k+1)-Fn+2,k+1)=0
| nkrec2 :=F(n,k) +F(n+1, k+1)-Fn+2,k+1)=0
"> nrec:=subs(’ (' F(n+i, k+j)=s(n+i )’ $j =0..2)" $i =0.. 2, nkrecl)

) exists

1, 1, ) exists

| nrec:=s(n)+s(n+1)-s(n+2)=0
' Or, we could do all of that with one command:
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> fasennyer (bi nom al (n-k, k), k,s(n), 2);

I —(n)-s(n+1)+s(n+2)=0
- What wejust did is not quite legal. We want k=0..floor(n/2), but we just used the
theory for k=-infinity..infinity. However, the function does not vanish ouside the range
. 0..floor(n/2):
> Fnk := (n, k)->binom al (n-k, k);
| Fnk:=(n, k) - binomial(n -k, k)
"> "F(2,k)=Fnk(2, k)’ $k=-5. . 5;
F(2,-5)=0,F2,-4)=0,F(2,-3)=0,F(2,-2)=0,F(2,-1) =0, F(2,0) =1,
o F2,1)=1,K2,2)=0,F2,3)=-1,F2,4)=5F(2,5)=-21
- It does vanish for k=floor(n/2)+1,...,n, so let s(n)=sum(binomial (n-k,k),k=0..n).
Then sum up nkrecl for k=0..n. Thethreetermsgive:
sum(F(n,k),k=0..n) = s(n)
sum(F(n+1,k+1),k=0..n) = f(n+1) - F(n+1,0) + F(n+1,n+1) = s(n+1)-1+0 =
s(n+1)-1
sum(F(n+2,k+1),k=0..n) = f(n+2) - F(n+2,0) + F(n+2,n+1) = s(n+2)-1 for n>0
(for n=0 we have F(n+2,n+1)=F(2,1)=binomial(2-1,1)=1 so it’sfalse)
Combining the three gives s(n)+s(n+1)-s(n+2) = 0.
So the correct recursion was derived by invalid reasoning.
. Next we need initial conditions.

[ >
[ >
> sunfn :=n -> sun(Fnk(n, k), k=0..floor(n/2));
floor(1/2n)
sumn:=n - Z Fnk(n, k)
k=0

"> *sunfn(n)’ $n=0. . 10;

| 1,1, 2 3,5, 8, 13, 21, 34, 55, 89

" Sinceit’s the same 2nd order recurrence as the Fibonacci numbers and the first two
. humbers agree, the sum does in fact give the Fibonacci numbers.

[ >

K oepf # 4.15(a)

> Fnk := (n,k)->(-1)"k * binom al (n,Kk);

fasennyer (Fnk(n, k), k,f(n), 1);
Fnk:=(n, k) - (-1)“binomial(n, k)

| f(n+1)=0
" That’ s wrong because the sum is supposed to be over k=0..m, but thisis

k=-infinity..infinity.
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The bound mis not natural, so additional (unwanted) terms are included.
Instead, get the k-free recurrence, and sum it manually.

> nkrec := kfreerec(Fnk(n,k),k,n, 1,1, F, a);
I nkrec:=a, ; F(n,k) -a;  F(n,k+1)+a, ; F(n+1,k+1)=0
> nkrec := subs(a[l, 1] =1, nkrec);
| nkrec:=F(n,k) -F(n,k+1)+F(n+1,k+1)=0
| Let f(n)=sum(F(n,k),k=0..m). Compute the sum of nkrec for k=0..m aswe did in #4.5:
> nrec :=f(n) - (f(n)-Fnk(n, 0)+Fnk(n, ml)) +

(f(n+1) - Fnk(n+1, 0) +Fnk(n+1, mtl)) = O;
nrec ;=
- —(-1)™* Y pinomial(n, m+ 1) + f(n+ 1) + (-1)™*" binomial(n + 1, m+ 1) =0
> solve(nrec,{f(n+l)});
- {f(n+1)=(-1)™*"Y binomial(n, m+ 1) = (-1){™* " binomial(n + 1, m+ 1)}
- We see Pascal’ striangle there. Can we get maple to see it too? Yes, but not

automatically with this software..

> simplify(");
| {f(n+1)=—(-1)"binomial(n, m+ 1) + (-1)" binomia(n+ 1, m+ 1)}
>rec =",
I rec:={f(n+1)=-(-1)"binomia(n, m+1) + (-1)"binomial(n+ 1, m+ 1)}
> convert (rec, GAMA) ;

(-1)"r(n+1) (-1)"r(n+2)

+

f[(m+2)F(h-m) I'(m+2)F(n+1-m)

{f(n+1)=-

> sinmplify(");
(e 1) (-1)"r(n+1)
F(m+1)M(n+1-m)

> convert (", binomal);
| {f(n+1)=(-1)"binomial(n, m)}
"> subs(n=n-1,");

{f(n) =(-1)"binomial(n -1, m)}

K oepf # 4.15(c)
> Fnk := (n, k)->binom al (k,n);
fasennyer (Fnk(n, k), k,f(n), 1);
Fnk:=(n, k) - binomia(k, n)

| Error, (in fasenmyer) wong nunber (or type) of paraneters in function nornal
[ >
> kfreerec(Fnk(n,k),k,n, 1,1, F, a);
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I 3o F(n, k) +a, gF(n+1,k)—a, ,F(n+1,k+1)=0
"> nkrec := subs(a[0,0]=1,");
| nkrec:=F(n,k)+F(n+1,k)-Fn+1,k+1)=0
- Let f(n) = sum(binomial(k,n),k=0..m) = sum(Fnk(n,k),k=0..m).

The bounds are not natural, so they can’t be extended to -infinity..+infinity.

Summing nkrec for k=0..m gives

>nrec :=f(n) + f(n+l) - (f(n+l)-Fnk(n+l, 0) +Fnk(n+1, mtl))

= O’
| nrec :=f(n) + binomia (0, n+ 1) — binomia(m+1,n+1)=0
> solve(",f(n));
—binomial (0, n+ 1) + binomia(m+ 1, n+1)

>
>

' Koepf #4.11(a)

> fasennyer (hypertern([-n, 1+beta],[1, 1+al pha], x, k), k, f(n),
3);

~(2na+15n+5a-xn-xB-3x+3n*+19)f(n+2)
+(n+2)(3n-x+6+a)f(n+1)-(n+2)(n+1)f(n)

+(n+3)(n+a+3)f(n+3)=0
[ >

Koepf #4.18

g-Chu-Vandermonde
> ¢gf asennyer (qphi hyperterm([g~(-n),Db],[c],q,c*g”n/ b, k), q, k
, S(n), 1,1);

L Error, (in gfasennyer) No k-free recurrence equation of order (1,1) exists.
> gfasennyer (qgphi hypertern([qg*(-n),b],[c],q,c/g*(-n)/b, k),
d, k, S(n), 1, 2);

-b(cq"-1)S(n+2)
+(_qu(2+2n)+cq(n+l)_bq_b+qu(n+l)+bq(n+2))S(n"l'l)

- —a(b-cd") (-1+q"" M) §(n)=0

- g-Pfaff-Saal schuetz

> gf asennyer (gpochhamer (g”(-n), g, k) *qpochhamer (a, q, k) *qp
ochhamrer (b, q, k) / gpochhamer ( q, q, k) / gpochhanmer (c, q, k) / q
pochhammer (a*b/c/g*(n-1), q, k) *g”k, q, k, S(n), 1, 1);

L Error, (in gkfreerec) no kfree recurrence equation of order (, 1, 1, ) exists
| for higher orders the computations timings are very poor and were interrupted

[
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