Math 180A, Fall 2005, Prof. Tesler — November 21, 2005
Joint Densities for continuous random variables

1. EXAMPLE: CONTINUOUS PDF DEFINED IN A TRIANGULAR REGION

Let fy,(7,y) denote the joint pdf of continuous random variables (vs. p ,(x,y) for discrete). We will

work with this example:
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The marginal pdfs are defined as f(z) = [* f (z,y)dy and f(y) = [75 fi(z,y) de.
In our example, if x <0 or x > 2 then f, (z,y) =0 for all y so f(z) = ffooo Ody = 0.
If 0 <2 <2 then f,  (z,y) # 0 only for y between x and 2, giving
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Likewise, if y <0 or y > 2 then f, (y) = 0, while if 0 < y < 2 then
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© fX(x) {0 otherwise fY(y) 0 otherwise.

2. INDEPENDENCE

Continuous random variables X, Y are independent when f, ,(x,y) = f(z)f,(y) for all values of x and
3

y. Here, when 0 < = < y < 2, we have f (z)f, (y) = (z — %)(%) # % = fxy(z,y), so they are not
independent. )

Incidentally, if 0 < y < < 2 then f (2)f,(y) = (v — %)(yfj) and f, (z,y) = 0, which also does not
obey the factor rule so that’s another way to demonstrate it’s not independent.



3. CUMULATIVE DISTRIBUTION FUNCTION

T y y T
FX,Y<x7y) =P(X<z2,Y<y) = / / fX,Y(uvv) dv du = / / fX,Y(u7 v) dudv

Integrate in whichever order is easiest. Since x and y are already being used as variables, the integration
variables cannot also be called x and vy, so instead I used u and v.
There are many cases to consider in evaluating the cdf:
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All regions Domain when (z,y) is in region (a) Domain when (z,y) is in region (b)
Region (a) 0 <z <y <2 F,(x,y) = [; [/% dvdu (the rest of u < z, v < y contributes 0)

_ ou(y?—u?)  uy?—ud

S . 2
The inside integral is [Y % dv = Y-
u 2 4 |,=
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The outside integral is F\ ,(z,y) = [ “ du = ( 5 %), = S 5= % o

Region (b) 0 <y <2and z > y:
The part of the region u <
4

r, v < y with nonzero pdf is the same as for v < y, v < y. So
— 4 4
Foy@y) =Fe,(yy)=% - =1

Region (c) y>2and 0 <z < 2: FX’Y(:n,y) = FX’Y(J:‘,Q) = ””222 - ”1”—; = x—; - %
Region (d) * >2and y > 2: Fy (7,y) = F,,(2,2) = % - %—46 =2-1=1

Other x <Oory <0: f, (u,v)=0forallu<zandv<y,soFy,(z,y)

ffoo ffoo 0dvdu=0.

( %—% fo<or<y<2 (region (a));
% if0<y<2andz>y (region (b));
Summary: | Fy (7,y) = x2—2 — Qf—g ifo<z<2<y (region (c));
1 ifx>2andy>2 (region (d));
0 otherwise.
= — 4 f0o<z<?
Fy(z) = Fy(r,00) = ¢ 2?/2—2%/16 if0<a<2(c);  [fylz)=F/(z)= {3“ =/ 2 <0ores2
1 if 2 > 2 (d). :
0 if y < 0; 3 :
. ) 4 fo<y<2;
Fy(y) = Fy(00,y) = 3¢*/16 if0<y<2(b);  fily)=F/(y) = {g /4 i < Oory>2
1 if y > 2. :
4. COMPUTING PDF FROM CDF
o 0 2
fX,Y(x7y) = %@Fx,y(l'?y) = %@FX,Y(IE7y)
) 0 0 (2,2 4 0 (a2 -
In our example, if 0 < x < y < 2 then %8_y< S _E) :%(T) =%

Indeed, this does equal f, ,(x,y). In all other cases, 0_8—FX Az,y) = 0 since it’s either a function of x
: z oy X
alone, y alone, or a constant, and indeed fx,y(x7 y) = 0 in all other cases.



5. EXPECTED VALUES FOR JOINT PDFS OF CONTINUOUS RANDOM VARIABLES

Let g(X,Y) be a function of continuous random variables X,Y. The expected value is E(g(X,Y)) =
[ 9(z.y) f(x,y) dA where D = R? or just the subset of it where the pdf is nonzero.

In the current example, D is the triangular region 0 < < y < 2. The mean value of X is

,uX:E(X)://a:-(a;y/2)dA:/02/:%dydx

The inside integral is (22 2/4) =2%(2? — 2?)/4 = 2 — 2 /4.

The outside integral is fo 2?2 — $4/4) dx = ( 3/3 —2°/20)2_, = (23 — 03)/3 — (2° — 0°)/20 = 16/15 so
ux = E(X) = 16/15.

Likewise, F(X?) ffx (xy/2)dA = [[(23y/2)dA = --- = 4/3, so the variance of X is ox? =

D

Var(X) = B(X?) - (E(X)) (4/3) — (16/15)% = 44/225. The standard deviation of X is oy = SD(X) =
V/Var(X) = \/44/225 = 2\/ﬁ/15.

The mean of Y is py = F ffy (ry/2)dA = ff (xy?/2)dA = --- = 8/5.

ffy (xy/2)dA = ff xy3/2 dA = - —8/3
oy? = Var(Y) E(Y?) —(E (Y)) (8/3) — (8/5)* = 8/75

oy =SD(Y) = /3/75

6. CONDITIONAL PROBABILITY FOR JOINT DISTRIBUTIONS
(i) Compute P(X < 1Y < 3/2):

P(X <1,Y<3/2) F.,(17,37) 7/32 |56

P(X <1lY < 3/2) = = - | =
( | /2) P(Y < 3/2) ny(oqg—) 81/256 81

Note: P(X < 1,Y <3/2) =F, (17, _) is a general formula that works for both discrete and
continuous pdfs. In the dlscrete case, there could be a jump at some values of x and y. In this
example, it’s a continuous pdf, and there are no jumps, so P(X < 1,Y < 3/2) = F, (17, %_) =
FX,Y(17 %)

(ii) Compute P(X < 1|Y = 3/2):
Wrong way: P(X < 1Y =3/2) = PX<1.Y=3/2) _ 0

P(Y=3/2) 0

Right way: For discrete pdfs, the conditional probability density function is P(X = z|Y =y) =
p);’y((z)’y), where y is fixed and it’s viewed as a function of x. The conditional probability density

Y
function for a continuous pdf is defined analogously:

fX Y(x’ y) fX Y(x7y)
@Y =y) = —"—— HulX=2)=—77—.
(] ) ) (Wl ) (@)

W2 2 )< p<y<2;
In our triangle example, f (z|Y =y) =4 ¥'/4 v y==a
0 otherwise.

! 3 Lo 422" 4 5

(Since f(z|Y = 2) is nonzero only for 0 < z < 3/2, the integration domain was shortened.)



7. CONDITIONAL EXPECTED VALUES FOR DISCRETE RANDOM VARIABLES

Let A be an event. Conditional expectation is defined as

E(X|A) =32, 2P(X = z|A)

E(g(X)|A) =3, 9(x)P(X = z[A)

E(g(X,Y)[A) =3, >, 9(x,y)P(X =2,Y = y[A)
The expected value of the roll of a fair die, given that it shows an even value:

P(X = z|X is even) = 1/3 for x = 2,4,6 and is 0 otherwise.

E(X =z|X is even) = (2)(1/3) 4+ (4)(1/3) + (6)(1/3) = 12/3 = 4.

8. CONDITIONAL EXPECTED VALUES FOR CONTINUOUS RANDOM VARIABLES

(i) Compute E(X|Y < 3/2):
The event Y < 3/2 has nonzero probability, so we compute

fx,y(zvy) . 3. ry/2 1928 . 3.
Feglayly <3)={ poep H¥<2 _ Jerms = sroy H0<o <y <y
o ? 0 otherwise 0 otherwise

Then E(X|Y < 3/2) = [/ [V . (128/81)zy da dy.
Inside: [(128/81)a> yde = (128/81)(x 3/3)ylh_g = (128/243)(y* — 0%)y = (128/243)y*
Outside: [7/%(128/243)y* dy = (128/1215)°[2%) = (128/1215)((3/2)° — 0°) =[4/5
(ii) Compute E(X|Y =3/2):
Define E(g(X)[Y = y) = [ g(2) f(x]Y = y) dx.

In our earlier example,

32 9 828 77 8((3/2)% — 02)
B(X|Y =3/2) = T ge=2 | 2R TPy
iy == [ GE " 2, 27

More generally, for 0 < y < 2 we had f(z|Y = y) = 22/y*> when 0 < z <y < 2, f (z|Y =y) =0
otherwise. This gives

By =y = [0 Bar= 20 AT

0 Yy 3Y° =0 3y 3

This may also be written F(X|Y) = 2Y/3. Since it’s still a function of Y, we may take the expected
value of this as a function of the random variable Y whose pdfis f,(y) = y3/4if0 <y < 2, f,(y) =0

otherwise:
2 2
BEXIY)) = [ 034y = [ (6116 dy = (47/30);_y = (2 = 0°)/30 = 32/30 = 16/15 = B(X)
In general,
e W) = [ B = nfwa = [ ( | wfx(flezy)dx> Foly) dy

:/ /OO fXny Foly) dzdy = / / zfy (@, y) dedy = B(X)



