










      
Alternate solution   to 5(a)  :  





Alternate solution to 5(b):



5c Solution: Notice that X − Y = X + (−Y ), so we can use a formula for
the sum of two random variables. Since X and −Y are independent, we can use
the convolution formula and we find

fX−Y (z) =

∫ ∞
−∞

fX(x)f−Y (z − x)dx

where fX−Y is the density of the difference, X has density

fX(x) =

{
2e−2x x ≥ 0

0 x < 0

and −Y has density

f−Y (y) =

{
2e2y y ≤ 0

0 y > 0
.

Now we have to evaluate the integral. The key thing to note here is that X can
take any nonnegative value and−Y can take any nonpositive value. So X+(−Y )
can take on any value in (−∞,∞) and our density must reflect that fact. We
therefore break the integral into two cases. If z ≤ 0, then fX(x)f−Y (z − x) is
nonzero for any x ≥ 0 as the first term is always positive and the second term
is always negative. However, if z > 0, then we must have x ≥ z for z − x to be
negative. Thus we have

fX−Y (z) =

∫ ∞
−∞

fX(x)f−Y (z − x)dx

=

{∫∞
0

fX(x)f−Y (z − x)dx z ≤ 0∫∞
z

fX(x)f−Y (z − x) z ≥ 0

=

{∫∞
0

2e−2x2e2(z−x)dx z ≤ 0∫∞
z

2e−2x2e2(z−x)dx z ≥ 0

Now we evaluate each integral individually. For z ≤ 0.∫ ∞
0

2e−2x2e2(z−x)dx = e2z
∫ ∞
0

4e−4xdx

= e2z
(
−e−4x

) ∣∣∞
x=0

= e2z

Now for z ≥ 0 ∫ ∞
z

2e−2x2e2(z−x)dx = e2z
∫ ∞
z

4e−4xdx

= e2z
(
−e−4x

) ∣∣∞
x=z

= e−2z
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So our final density is

fX−Y (z) =

{
e2z z ≤ 0

e−2z z > 0

Equivalently, we could also write fX−Y (z) = e−2|z|
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