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the Baker-Akhiezer functions for s,
by
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Bien que S5 n’est pas assez symetrique
On t'offre sa fonction de BA qui est bien diabolique.
Bon 60-éme anniversaire Alain.

Astract
We show here that a certain sequence of polynomials arising in the study of So
m-quasi invariants satisfies a 3-term recursion. This leads to the discovery that these poly-
nomials are closely related to the Bessel polynomials studied by Luc Favreau in [3]. This
connection reveals a variety of combinatorial properties of the sequence of Baker-Akhiezer
functions for Sy. In particular we obtain in this manner their generating function and show
that it is equivalent to several further identities satisfied by these functions.

I. Introduction

Recent work [1], [2], [4], [5] on m-Quasi-Invariants has brought to focus certain remarkable sequences
of multivariate polynomials associated to each Coxeter group W. There are strong indications that these
sequences of polynomials have a rich combinatorial underpinning. This fact is somewhat obscured by the
complexity and generality with which the subject is treated in present literature. In this paper we report
our first findings in an attempt to develop a more transparent and accessible development of the subject
by a close study of special cases. It develops that the sequence of Baker-Akhiezer functions for Ss, which
is one of the simplest special cases, has a beautiful combinatorial description from which several of its
basic properties may be derived with the greatest of ease. The reader is referred to the survey paper of
Etingof and Strickland [2] for the general definition of the Baker-Akhiezer functions arising in the study of
m-quasi-invariants and their significance for the theory. In the case of the symmetric group S, the Baker-
Akhiezer function W52 (z;y) = U2 (21, 29;y1,92) should be a formal power series in x1,x2; s, y2 satisfying
the following conditions:

(1) \Ilf,f (X2;Y3) = P,% (Xo; Yo )et1v1t22u2  with P;Z" (X2;Y2) a polynomial in x1, 22; y1, yo.

(2) P32(X9;Ys) = (71 —22)"(y1 — y2)™ + - (terms of z — degree < m),

(3) WiH2(Xa;Ya) = W52 (Ya; Xo)

(i) (1 = 22)m 1 | (W52 (w1, 223 Va) = W (2, 015 72) ) D), 11
(i) L) U8 (x:y) = (4 +12) U (3y) with L(m) = 02, +02, —2m =L (3,, — Or,).

We show here that in the presence of (1) and (2) conditions (i) and (ii) are equivalent and either of them

T1—T2

uniquely determines W2 (Xy;Y5). More precisely we show that (1), (2) and (i) imply that the polynomial
P32(x;y) has the simple form

m
Py(wy) = 2> (=1)"FIE (a1 — m2)F (i — o) /2" 1.2
k=1

with 1. gm_ & giving the number of involutions of Sy, with k fixed points. Moreover we show that 1.2 implies

() The symbol “ B|A” means “B divides A”.
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that the sequence {52 (Xo; Y2)}m>o satisfies the identity

(z1+x2)(y1+y2) | (z1—=2)(y1 —y2)
e$1y1+$2y2+ (T1—22)(Yy1—y2) E \I,Sz X2’}/2) 5 + > V14+2u L3

u™
2’77L '
m>1

= €

This of course immediately implies (3). We also show that in the presence of (1) and (2) we have the sequence
of implications

13 = (it) = (1)
completing the proof of existence and uniqueness of a formal power series satisfying all the properties in 1.1.

These results are derived from a parallel set of results for the dihedral group D,. This approach
leads to several identities which should be of independent interest. More precisely, we start by giving an
explicit construction of the sequence of polynomials {P,,(z,y)}m>0, in two single variables z and y, which
satisfy the following conditions

m, m

(A) Py (z,y) = z™y™ +---(terms of x —degree < m)
and such that if we set
Up(2,y) = Pu(z,y)e™ L4

then
(B) $2m+1 } (\I]m(x7y) - \Ilm(ffcvy)) )

and
2m

©) (92— T)Wm(x,y) = U (z,y),

It is easy to see that (A) and (B) force the initial conditions
Po(z,y) = 1, Ay = zy—1 L5
This given, we show that (A) and (B) uniquely determine that P, (z,y) can be written in the form
Pu(z,y) = (—1)™(2m — D)W, (zy) L.6

with
Cm-1D = 2m-1)-2m—-3)---3-1

and {W,,(2) }m>0 a sequence of polynomials satisfying the 3-term recursion

22

Wmi1(z) = Wnl2)+ 5o em =)

Win—1(2) 1.7

and initial conditions

Wo(z) = 1, Wi(z) = 1—2
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The recursion in 1.6 reveals that the polynomials W, (z) are closely related to the Bessel polynomials B, (z)
studied by Luc Favreau in [3]. This connection and 1.6 yields the explicit expressions

1 < . = _
a) Wp(z) = WZ(—I)W%% 2, b) Pu(z,y) = Y _(-)" I, (xy) L8
k=0 k=0
We then derive from 1.8 b) that the sequence {¥,,(x,y)}m>0 satisfies the identity

e™ +xy Z U1 (x, y)u—' = exp (my V14 2u ) L9
m>1 e
This done we derive the sequence of implications
19 = (C) = (B) 1.10

completing the proof that the polynomial in I.8 is the unique solution of (A) and (B) as well as (A) and (C).
We should mention that (A) (B) and (C) identify {¥,,(x,y)}m>0 to be the sequence of Baker-
Akhiezer functions of the dihedral group Dy (see [2]). Now it is stated in [2] that this sequence may also be
constructed from the single initial condition
Po(z,y) = 1
and the recursion

\Ijm(xay) = xBI\IJm,l(m,y) - (Qm_l)\llmfl(xuy)' L11

We show that also this recursion follows from I1.9.

This paper is divided into four sections. In the first section we derive 1.6 and 1.7. In the second section
we present the combinatorial setting that yields 1.8. This is obtained by showning that the polynomials
{In(2) }m>1 satisfying

In(2) = 2m— DI, 1(2) + 2%Ln_2(2) (with Ip(z) =1 and I1(2) =1+ 2)

are given by the formula

m
In(2) = > I3, 2" .12
k=1
In section 3 we use a bijection of L. Favreau to show that 1.12 is equivalent to the generating function identity
u'ﬂl B —
1+ZZI"’*1(Z)E = Fl-Vvi-u), I.13
m>0

This yields I1.9. We terminate the section by proving the implications in 1.10. Moreover, we show there
that 1.9 is the only exponential formula which is consistent with 1.9. In section 4 we show that 1.13 can
also be obtained by a simple manipulatorial argument. We also prove 1.11 and again show that 1.9 is the
only exponential formula which is consistent with the recursion in I.11. We terminate the section with the
proof of 1.2 and 1.3. We should mention that polynomials closely related to 1.12 have also emerged from a
different context in the works of B. Leclerc [6] and B. Leclerc and J.-Y. Thibon [7]. In [6] these polynomials
are obtained as univariate specializations of staircase Schur functions. This suggests the possibility that
the Baker-Akhiezer functions of S,, might be related to appropriate multivariate specializations of staircase
Schur functions. Since all that is known so far about the Baker-Akhiezer functions is anything but explicit,
such a development would be quite remarkable and worth further investigation.
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1. The recursion
We shall start by constructing all polynomials Py, (z,y ) of degree m in z such that the formal power

series s s
Yy

sl
s>0

satisfies (B). To this end it will be convenient to write P,,(x,y) in the form

Pr(z,y) = Y ar(y)y'a". 1.1
r=0

A vpriori, doing this, may result in the coefficients a,(y) having powers of y in the denominator. However
this will not happen as we shall see.
To begin note that we can write

QA y r+s, . r+s
\I/m(xvy) - l:[lTrL(_:Evy) = 2 Z %y + x + 1.2
r+s=odd '

with the convention that a,(y) = 0 for » > m. Thus (B) may be expressed as the system of equations

3 ar(,y)x’”*s -0 (for k=0,1,...,m— 1) 1.3
r+s=2k+1 s

It will be illuminating to view this system in a special case. For instance for m = 6 we get

TG =0
R R TR =0
R R =0
7w ta tata tatow Y o
St E ta et gt g =0
St t g tg toa ot v =0
Thus we may express a1, as, ..., ag in terms of ag by solving the system
“n __ %
0! 1!
R TR =5
R R S T -
CEREE R R B TR
L R B

10! 9! 8! 7! 6! 50 11!
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Thus the existence and uniqueness of the solution, given ag, depends on the non-vanishing of the determinant

11
T oo 0 0 0
11 1 1
o2 1 oo O
11 1 1 1
Dy =det || 5 4 30 20 1 1.6
11 1 1
716! 51 4l 3l
11 1 1 1
ol 8l 7 @ 5!
In the general case the corresponding determinant is
m—1
D1 = detH— . 1.7
20 — )i =1

Now it is well known (see [8] ) that for a given A = (A; > Ay > --- > A > 0) I n the expression

k
fn = nldet H

+] — i)l j=1

gives the number of standard tableaux of shape A. Thus from the Frame-Robinson-Thrall formula we derive
that

k 1
det H = = 1.8
+ 7 —i)llij=1 ha
where h) is the product of the hooks of A. In particular, for A= (m —1,m —2,...,2,1) 1.8 reduces to
1 m—1 1
det H— — - . 1.9
N =it —itlliser = @m—_sy.30-10
Since
1 m—1 m—1
det”f = detHi
(m —i+j—illlij=1 (20 — )Ml =1
from 1.7 we get that
1
Dy 1 = . 1.10
! (2m — 3)1- - 311 11!
In particular
1
Dy =

I 751 31 11

This proves that the system in 1.5 and more generally the system in 1.3 has a unique solution for any given

choice of ag(y).
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Thus we can state

Theorem 1.1
If the constants cgm),cém), ...,c™ are obtained by solving 1.3 for ag = 1, then every polynomial
P, (x,y), of degree < m in x such that ¥, (x,y) = Py, (x,y)e*? satisfies (B) may be written in the form

Po(z,y) = u(y)pm(z,y)

with .
pm(z,y) = 1+ ™ (zy)" 111
r=1

In particular the symmetry condition P,,(z,y) = P, (y,x) forces u(y) to be a constant as well.

To identify the polynomial in 1.11 we need two auxiliary results
Proposition 1.1
For all m > 1 we have

oy
gm = 7(2(,”31)” y" 1.12

(2, y)
Proof

Let us view again the special case m = 6. Here, an application of Cramer’s rule to the system in 1.5
(with ag = 1) yields that

1 1
o 0O 0 0 O =1
1 1 1 1
7 m oo 0 0 —g5
101 1 1 1 _1
4! 3! 21 1! 0! 5!
© _ 1
G = podetfa 1111
5 6! 5! 4! 3! 21 7!
101 1 1 1 1
8! 7! 6! 5! 4! 9!
101 1 1 1 _ 1
10! 9! 8! 7! 6! 11!
or better
1 1
~L L 0 0 0 o0
1 1 1 1
3 = o1 oo 0 0
11 1 1 1 1
5 5! 4! 3! 2! 1! 0! 6 6 6
© _ D, (-1 (—1)Son-711-50- 31 (—1)
C, = e e g =
6 1 1 1 1 1 1 6
Ds O Ds 1O 715130 110
1 1 1 1 1 1
9 & T & 5o
101 1 1 1 1
11! 10! 9! 8! 7! 6!
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It is easily seen that in the general case we will get

This proves 1.12.

Remark 1.1

We should note that Theorem 1.1 together with 1.12 imply that any polynomial P,,(z,y) which
satisfies (B) must be of degree at least m in z or identically vanish. Let us keep in mind this fact since it
will play a crucial role later.

Proposition 1.2
The polynomials of degree at most m + k

m-+k

g(z,y) = Y d(zy)

such that ¥,,(z,y) = q(z,y)e*¥ satisfies (B) span a k + 1-dimensional vector space.

Proof

Let us view the argument in a special case. For instance for m = 6 and k£ = 1 the constants

do,d1,ds, ..., d7 must satisfy the homogeneous system
d - b
0! 1!
CIRE - -3
R R SRS U B
I RO R A R
and the non-vanishing of the determinant in 1.6 yields that dy, ds, ..., dg are uniquely determined by dy and

dy. Since the latter may be arbitrarily prescribed we see that in this case the polynomials ¢(z,y) span a
2-dimensional space. It should be clear that an analogous argument can be carried out in the general case.

The special case k = 1 of this result completely characterizes the sequence {p,,(z,y)}m>0. More
precisely we have
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Theorem 1.2
The polynomials p.,(x,y) given by 1.11 statisfy the recurrence

(zy)?
2m+1)(2m -1

Pm+1(z,y) = pm(r,y) + ( )pm_l(x,y) 1.14

together with the initial conditions
po(z,y) =1, pi(z,y) =1-uzy. L.15

Proof
Our definition of py+1(x,y), pm(z,y) and p,,—1(z,y) assures that the differences

Pmt1(2, )€Y — pyr(—x,y)e ™Y
Pm(2,y)e™ — pm(—z,y)e” ™Y
(2)*pm—1(z,9)e™ — (=2y)*pr—1(—2,y)e ™

2m+1 Thus these three polynomials belong to a vector space of polynomials of degree

are all divisible by =
at most m + 1 which, by Proposition 1.1, is 2 dimensional. Since p,,(z,y) and (2y)?pm_1(z,y) are linearly

independent, there must be coefficients a(y) and b(y) yielding

Pmt1(@,y) = a(y)pm(z,y) + by) (2y)*pm-1(z,y). 1.16

Since by construction p,,11(0,y) = pm(0,y) = 1, setting = 0 in 1.16 gives a(y) = 1. On the other hand,
equating coefficients of ™%, Proposition 1.1 gives

(-1
(2m + !

m+1l ( ) (71)m+1 m+1

Y om —3)n

or better
bly) = 2m+1)2m—1).

Thus 1.14 must hold true precisely as asserted. The initial conditions in 1.15 are forced by the condition
pm(0) =1 and 1.12 for m = 1.

It will be convenient here and after to set

Wn(z) = 1+Zc£m)zm 1.17
r=1
so that we may write
pm(z,y) = Wi(zy). 1.18

In this notation, Theorem 1.2 simply states that the sequence {W,,(2)}m>0 statisfies the recursion

2

(2m —1)(2m — 3)

Wi (2) = Wh—1(2) + Win—2(2) 1.19



On the Baker-Akhiezer functions October 26, 2003 9

with initial conditions
W()(Z):]., Wl(Z):].—Z 1.20

Combining 1.12 and 1.18 we get that the polynomial P, (z,y) satisfying (A) and (B) may now be expressed
as
P (z,y) = (—1)"(2m — HIW,,(zy) 1.21

2. Counting involutions.

Solving the recursion in 1.19 with the initial conditions in 1.20 produces a sequence of polynomials
with rational coefficients of alternating signs. However, the underlying combinatorial mechanism yielding
these polynomials quickly emerges by working with the sequence

I, (2) = (2m—DIW,,(—2) 2.1
In fact, multiplying both sides of 1.19 by (2m — 1)!! and replacing z by —z we get
(2m — D)W, (=2) = (2m — 1) x (2m — 3)W,,_1(—2) + 22(2m — 5)1W,,_(2)
and 2.1 gives
In(2) = (2m — DIy 1(2)+ 2°1n_2(2), 2.2

and the initial conditions
Iy(z)=1, L(z)=1+4z%. 2.3

Starting from 2.3 and iterating according to 2.2 we obtain

Iy=1
11:1+Z
I, =3+32+22
I;=15+152+622 + 23
I, =105+ 1052 + 4522 + 10 2% 4 2*
Is = 945 + 945 2 4+ 420 22 + 105 2% + 15 2* + 2°

It develops that a work of L. Favreau [3] yields a combinatorial interpretations for these coefficients. To be
precise, it is stated in [3] (see pp. 72 and 76) that the sequence of polynomials B,,(z) which satisfies the
recursion

Bn(z) = (2m —1)2Bp_1(2) + Bm-2(2), 2.4

with initial conditions B,(z) = 1 and By(z) = 1 + z may be expressed in the form
B,.(z) = Z Ir . 2mk 2.5
k=0

where Ié“m_ « gives the number of involutions in Ss,,—j with k fixed points. Note that if we replace z by 1/z
in 2.4 and multiply both sides by 2™ we get

2mBn(1/2) = (2m—1)2""'B,,_1(1/2) + 2°2™%B,,_2(1/2),
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Comparing with 2.2 we see that we must have

In(2) = 2™ Bn,(1/2) 2.6
thus from 2.5 we derive that
I,.(z2) = Zfécm_kzk 2.7
and 2.1 gives k=0
W(z) = @m0 Z eIk 2k 2.8

The relation in 2.5 is proved in [3] by a combinatorial argument. We can show 2.7 here by appropriately
counting involutions. To be precise the expansion in 2.7 is an immediate corollary of the following identity

Proposition 2.1
For all1 < k <2m — k we have

Iécm—k = (Qmil)Igm—k—Q + I§m2k 2 2.9
Proof

Note that we may construct an involution in S;, by first choosing the fixed points and then pairing-off

the remaining letters into two cycles. For n = 2m — k, k fixed points can be chosen in (2%—% distinct ways.

This done, the remaing 2m — 2k letters can paired off in (2(m — k) — 1)!! distinct ways. This gives

ko = <2mk_ k) (2(m — k) — 1)!

Thus 2.9 simply states that

<2mk_ k) @m—k) — 1 = (2m—1) <2m _kk - 2) (2(m—k)=3) + (2mk__k2_ 2) (2(m — k) — 1!

But this is

(2m — k)!
El(2m — 2k)!

(2m —k — 2)!
kl(2m — 2k — 2)]

@m—k) -1 = (2m—1) (2(m — k) — 3)!

2m—k—2)!
(k —2)!(2m — 2k)!

2(m — k) — 1)l

cancelling common factors and multiplying by k(k — 1)(2m — 2k) gives
2m—k)(2m-k—-1) = 2m—-1)(2m—2k) + k(k—1)

which is easily seen to be true for k =1, £k = 0 and k = m. This proves 2.9.

From 2.9 we derive that the polynomial in the right hand side of 2.7 satisfies the same recursion as
I,,(2). Since we may take IJ = 1 and I{ = I} = 1 these polynomials satisfy also the same initial conditions,
and the equalities in 2.7 and 2.8 necessarily follow.
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We can thus state the basic result of this section
Theorem 2.1
The polynomial P, (x,y) uniquely characterized by (A) and (B) has the explicit expansion

m

Pu(z,y) = > (1) F 15, (wy)* 2.10
k=0
Proof
Formula 2.10 is an immediate consequence of 2.8 and 1.21.
Remark 2.1

The combinatorial proof of the identity in 2.9 given in [3] is quite interesting and is worth including
here. To begin, set N = 2m — k and denote by 7 1’2,, A ]@72 and I]]ﬁ,izz respectively the collections of involutions
on N, N —2 letters with k and k —2 fixed points. This given, to establish 2.8 we need only exhibit a bijection
sending Ijlﬁ, onto the union of 2m — 1 copies of IJ’%_Q together with a copy of 11@122. We can easily see that
this bijection is simply obtained by “removing” N and N — 1 from the graphic representation of elements
of Z%,. Indeed, if an element e € Z¥ has both N and N — 1 as fixed points the resulting element ¢’ falls in
T 1@:22. If neither N and N — 1 are fixed points, and (N, N — 1) is a cycle of e then this removal produces an
element of Z%,_,. If N and N — 1 occur in different cycles (N, i) and (N — 1, j), we simply remove N, N — 1
and join ¢, j into a cycle. To remember how this cycle was created by the operation, we consider the resulting
involution of Sy_» as the element e’ of Z% ., with the cycle (i, ) rendered with i in red and j in blue. This
operation requires 2m — 2k — 2 copies 7 ]%72, since there are 2 different ways of coloring one of the m —k — 1
2-cycles of an element of III%_Q. Finally two possibilities remain. We could have N — 1 as fixed point and a
cycle (N, 1), or N as fixed point and a cycle (N —1,4). Here we remove N and N — 1 and make ¢ into a fixed
point colored red in the first case and blue in the second case. In this instance we need 2k copies of Z% _,
depending on which fixed point is given which color. In summary the removal of N, N — 1 in the manner

indicated above produces: One copy of Z5 %, and

1 + 2m—-k—-2 4+ 2k = 2m -1

copies of Z¥_,.The reversibility of the process yields then the equivalence
2m—1
ko 7k—2 k
Iy = Iy 5V U IN—2
i=1

establishing 2.8

3. The generating function

Luc Favreau in [3] goes on to construct by a beautiful combinatorial argument the exponential
generating function of the polynomials B,,(z). To be precise, in the present notation, it is proved in [3]
(section 4.4) that

m 1-/1 %2t
1+) Bna(@)— = e = . 3.1
m>1 m:
Replacing by 1/z and ¢ by uz we get
uz)™ _Ji%a
1+ZBM*1(1/Z)(m! — ez(l 1 2u)-

m>1
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and 2.6 gives
1423 Lo “— — eFI-VI=Zu) 3.2

m!
m>1

Luc Favreau’s argument may be used to give a direct and slightly simpler proof of this identity. We reproduce
it here for sake of completeness. To do this we need to review the combinatorics of “exponential structures ”

For each k > 1 we are given a finite deck of cards Dj. In each card v € Dy, there is a figure which
contains k circles respectively indexed by the letters 1,2, ..., k. Given a partition 7 = (E1, Eo, ..., E,.) of the
set {1,2,...,n} with parts of cardinalities k1, ks, . .., &k, , a composite deck of r cards is obtained by picking a
card ; from the deck Dy, and filling its circles with the elements of E;. To be precise, if E; = {j1, jo, ..., Jk; }
then in the circle of 7; indexed by s we place js. Let us denote the resulting card by ~;(E;). We thus obtain
a composite deck

p(m,v) = (n(E1),7%2(E2),...,%w(E)). 3.3

Denoting by II,, - the collection of set partitions # = (E1, Ea, ..., E,) of {1,2,...,n} the family of composite
decks

E{Dibi>1) = U U { N(E1),2(E2), ..., (Ey)) ¢ (By, B, By) €y & i € DlEi‘}
2 r=1

is called “the exponental structure ” generated by the collection D = {Dj}r>1. It is customary to give
the composite deck p(m,~) in 3.3 a weight w(p(m,~)) which is a monomial whose factors account for some
characteristic features of the deck. For our purposes here it is sufficient to set

wip(m, 7)) = —

This given, one of the earliest results of enumeration theory states that

1+ Z w(p) = exp(zZﬂ?k :—T) 3.4

peE(D) k>1
Denoting by p,(z, D) the polynomial
S S i

r=1 (E,,Ea,...,E.)€ll, ,
V€D g,

the identity in 3.4 may be rewritten as

u™ uk
1+anzD—' = e:cp(zZﬂ)HE). 3.6

n>1 E>1

We call this the “Exponential Formula ” yielded by the family of decks D = {Dj }r>1
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Note now that we have the power series expansion

1—-VI—2u = u+Z(2k—3)!!Z—T
k>2

Thus to prove 3.2 we need to work with a family D = {Dj}r>1 where Dy, for k > 2 has cardinalty

(2k — 3)!1. The present context strongly suggests that we should take Dy, (for & > 2) to be a family of cards

each depicting an involution consisting of k — 1 two-cycles. Luc Favreau’s ingenious choice is simply to insert

an additional fixed point. The cards used in [3] are best understood through examples. For instance the

figure below gives a typical card in D,

LD oD

Each of the first 3 ovals here represents a 2-cycle, the last represents a fixed point. Note that the first oval

3.7

can be constructed in 5 different ways, this done for the second we have only 3 choices and the last is forced.
So we see that our deck D, contains 5 x 3 = 15 cards. As required each card has four circles indexed 1, 2, 3, 4.
The figure below exhibits a card of Dg

O LD D D @

Now suppose we are given a 3-part partition II = (E, Ea, E3) of the set of {1.2....,13} with

3.8

By ={1,3,510} ,E»={2,4,6,8,13} E3={7,9,1,12}) .

As customary, the parts of a partitions are ordered by increasing minimal elements. To construct a composite
deck from this partition we must select v1,7v3 € Dy and o € D5. Suppose we take the card in 3.7 for both
1 and 3 and the card in 3.8 for «5. Then according to the recipe above the resulting composite deck is as

T > > @
Sw e
TS ©

illustrated below.

3.9
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The trick now is to see that this is none other than an involution in disguise. To be precise, in order
to obtain 3.2 from 3.6. we must show that for this particular collection of decks D we have

Pm(2;D) = zlp_1(2) 3.10

Since the composite deck in 3.9 has weight 2% u!2/10!, it must turn out to be one of those contributing
to I12(z). More specifically, the fact that z factors out in 3.10, forces this deck to one of those counted
by 12,15 5. In summary, 3.9 must represent an involution with two fixed points in Ssy. This requires an
algorithm which transforms the labeling in 3.9 into an appropriate labelling, by 1,2, ..., 23, of all the nodes
in 3.9 (circles and dots included). The algorithm presented in [3] produces such a relabeling with the highest
label falling on a fixed point. The removal of this fixed point produces the desired target involution.

In the general case Luc Favreau’s relabeling process defines a map ® which sends a composite
deck p = p(m,7) with k + 1 cards and labels 1,2,...,m onto an involution o = ®(p) with k fixed points in
So(m—1)—k- The invertibility of ® assures that we have the bijection between composite decks and involutions
that is needed to establish 3.2.

It will suffice to give a brief description of Luc Favreau’s relabeling process in the particular case
of the composite deck of 3.9. This process is quite simple. In this case we are to ultimately place the
labels 1,2,...,23 in the 23 nodes of the composite deck. At the i*" step of the process the final labels
1,2,...7i—1 have been placed. At the same time there will be a number of “discarded ” labels and a number
of “candidate ” labels which include the label i. The card - that contains the label i is located and i is
converted into a final label if to the left of 7 in 7 there are no unlabelled nodes, otherwise the left-most
unlabelled node of « is given the label i and each candidate label j > i is discarded and replaced by a new
candidate label j + 1. At the start of the process all the labels are candidate. In this example the starting
configuration is 3.9 and 1,2,...,13 are all candidate labels. Now 1 has no unlabeled node to the left, so it
becomes final. The same for 2 and 3. However 4 has an unlabelled node to the left so that node is given
the final label 4 and the candidate labels 4,5,6,7,8,9,10,11,12, 13 are discarded and respectively replaced
by the new candidate labels 5,6,7,8,9,10,11,12,13,14. Now the candidate label 5 has no unlabelled nodes
to its left and it becomes final. The same holds true for the candidate labels 6,7,8,9,10. Next, 11 has
a unlabelled node to its left. That node gets the final label 11 and the candidate labels 11,12,13,14 are
discarded and replaced by the candidate labels 12,13,14,15. It should be now quite clear how this labeling
process is continued. The display below gives the target involution. All the final labels are in clear circles.
The labels in the shaded circles are the discarded original labels. We have also listed in succession all the
discarded candidate labels. The target involution is obtained by removing the fixed point labeled 23.

T g g gP D o
121/1319202122@
FgLr>»>r ®

14® lblb’l/l@ 311
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We should note that at any step of the process the final labels as well as the candidate labels increase
from left to right in each card. This fact uniquely determines the reverse process which yields the inverse of
the map .

To be precise, given an involution o € Sy (N = 2(m—1) —k) with k fixed points we are to construct
the composite deck p = p(m,) with k + 1 cards and labels 1,2, ..., m such that .

P(p) =0

Of course the reverse process must start by adding a fixed point with label N 4 1. This done, the process
must relable all the nodes of o and at the same time construct the k + 1 cards of p by assigning each two-
cycle of o to an appropriate fixed point. To carry this process it is helpful to draw ¢ with its nodes labelled
1,2,..., N + 1 drawn from left to right on a straight line. In this manner each two cycle (4,75), with 7 < j,
will appear with 4 to the left of j as in the figure below where for clarity we have represented a two-cycle
(i,7) as a path from ¢ to j. We will call ¢ the “head ” and j the “tail ” of (i, j)

1 1 4 9 d 41 d4 4 19 i i ﬁq I R O 13% 2 2} d 5

3.12

The reader may recognize this as the involution in 3.11 with N + 1 = 23 and k = 2. It should be clear at
the start that all the two-cycles whose tail is to the right of the k' fixed point must be assigned to the last
fixed point. Thus in this case the first step of the relabeling process is to assign the cycle (9,22) to the last
fixed point, remove the label 22, discard 23 and replace it by 22. In the next step, we assign (5,21) to the
last fixed point, remove the label 21, discard 22 and replace it by 21. Next, we assign (7, 20) to the last fixed
point, remove the label 20, discard 21 and replace it by 20.

In this process, when we operate on the label r all the cycles (¢,) with j > r have already been
assigned to a fixed point and their tails have no longer a label. There are two cases to be considered according
as a) r is a head of a cycle ¢ or b) r is a tail of ¢. In the first case ¢ has already been assigned and its tail
has no label. We leave r alone and proceed to operate on r — 1. In case b) we know that in the construction
of ® the label r was inherited from the head of a cycle ¢’ to the right of it in the same card. At this stage
c is easily identified. It is precisely the cycle whose head has label r + 1. If ¢/ is a fixed point then we
assign c to ¢’. If ¢’ is a two-cycle then at this time ¢’ has already been assigned to a fixed point and we are
forced to assign c¢ to the same fixed point. In either case we move r from the tail of ¢ to the head of ¢/ and
decrease by one all the labels greater than r. After we finish processing the label 1 only the heads of the
m — k — 1 two-cycles have a label and since there are k 4 1 fixed points the end product is a composite deck
p(m, ) with k + 1 cards with labels 1,2,...,m. The parts of the partition 7 are then the k 4+ 1 subsets of
{1,2,...,m} obtained by reading the labels from each of the cards. The k+ 1 components of v will then be
given by the geometry of the cards induced by the rectilinear diagram of the original involution o.

This completes the proof of 3.2.

We can now derive the main result of this section
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Theorem 3.1

The sequence

U, (z,y) = Pp(z,y) €™ 3.13
is generated by the exponential formula
ewy—i—xyz \I/m,l(x,y)u—' = exp (xy\/l—l—Qu ) 3.14
m!
m>1
Proof
Note that 2.1 and 1.21 give
Po(z,y) = (—1)"In(—zy). 3.15
Making the replacement z— — xy in 3.2 we obtain
u™ —5n_
l—xyZIm_l(—xy)m = emy(\/l 2u—1)

r>1

and the change of sign u— — u gives

1+ zy Z(—l)m_llm,l (—zy) "

u
m!
r>1

— % (V1+2u—1) ]

Using 3.15 we now get

u™ _
1 -|—;pyzpmil(x?y)W = %Y (V142u—1) .
r>1 :

Multiplying both sides by e*¥ and using 3.13 yields 3.14 as desired.

Our next task is to show that 3.14 implies (C). What is remarkable at this point is that 3.14 is in
fact, equivalent to (C). To begin with we have

Theorem 3.2

The sequence W, (x,y) with initial conditions
Yo(z,y) =€,  WUi(z,y) = (zy —1)e™

generated by the exponential formula

Ty u™ — zy f(u)
e + xy E U,o1(z,y) e , 3.16
r>1
satisfies the differential equation
2 2m 2
(595 - 8m>\11m(937y) =y Up(z,y). 3.17
T

if and only if

flu) =v1+2u. 3.18
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Proof

It is convenient to simplify our notation and set
Up(z,y) = ¥n(zy)
with {¥,,(2)}m>0 a sequence of formal power series in z satisfying the initial conditions
Uo(z) = €*, Uy(z) =(z—1)e*. 3.19
With this notation we see that 3.17 will hold true if and only if for all m > 1 we have

2(m —1)

\IIH

m—1(2) — U, q(2) = ¥poa(2). 3.20

Thus we need to show that if
Etz Y Ul u— = 2l 3.20

m>1

then 3.19 and 3.20 are equivalent to 3.18.
To this end note that applying the operator ud, to both sides of 3.20 we get

Z mW,, 1 ( u_' = uf'(u)e*fW
m>1
and this differentiated by z gives
Z m, (2 % = uf(u)f'(u)e* ™. 3.21
m>1 ’

On the other hand differentiating twice by z both sides of 3.20 we get

e® +22\Ilm 12% + ZZ\I/m 1zu— = (f(u))zezf(“),

m>1 ’ r>1

and subtracting from this twice 3.21 gives

ch Y (w2 e )

m!
m>1

(f2 *2Uff,)€zf

Subtracting 3.20 we are finally brought to the identity

3 (W) - 2w ) (2) S = (2 2uf s 1)

z m)!
m>1

which shows that 3.20 is equivalent to
f?=2uff'
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Now this may be rewritten in the form

(-1 _ 1
o1
So for some constant ¢ we must have
-1 = cu

or better

flu)=+V1+cu 3.22
The argument is completed by showing that the initial conditions in 3.19 force “4+” and ¢ = 2 in 3.22 giving
flu) = V1+2u
as desired.

To complete the implications in 1.10 we need to show
(C) = (i) 3.23
But to do that we need the following auxiliary result

Proposition 3.1
Let P(x,y) and Q(z,y) be homogeneous polynomials of degrees r and r — 2 such that

then

22 (Q(z,y) — Q(—,y)) 3.25
implies

P | (P(sc,y) - P(fx,y)) 3.26
Proof

Let us write )
Q(z,y) => gy > and P(z,y) = pa’y " 3.27
s=0 s=0

then we have have 3.25 if and only if

G2s+1 =0 for0<s<m-—1 3.28

and analogously we have 3.26 if and only if
pasy1 =0 for0<s<m-—1 3.29

Thus we need to show that, in the presence of 3.24, 3.28 implies 3.29. To this end note first that since
02P(z,y) and Q(x,y) are polynomials it follows from 3.24 that 0, P(x,y) must be divisible by z. This
already gives

p1=0.
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This given, using the expansions in 3.27, equation 3.2 translates into the identity

T

r—2
D s(s—1—2m))pea® Py 0 = Y gty 0.
s=2 s=0

Equating coefficients of powers of = 3.30 gives:

(a) for an even power %

q2i—2

P2 = 5i2i—1 - 2m)

(b) and for an odd power z%*1 with i # m

q2i—1

DP2i+1 m

Thus 3.28 implies 3.29 as desired, completing our proof.

As a corollary we derive that
Theorem 3.3

Let ¥(z,y) be a formal power series

U(z,y) = Y 9 (z,y)

r>0

with \IJ(T)((E, y) a homogeneous polynomial of degree r and suppose that
(02 = 220,)¥U(z,y) = y*¥(z,y)

then
x?m—&-l ’ (\I/(Jj,y) - \I/(_ajvy))

Proof
Note that 3.31 and 3.32 give

Z (z02 — 2m8$)\ll(r)(a:,y) = nyQ\II(T)(x,y).

r>0 r>0

So we must have
(I@i —2m ax)\ll(r)(x,y) =0 for 1<r<3

and
(202 — 2m 81)\1'(”(9;, y) = 20 () for r > 4

In either case 0, %" (z,y) must be divisible by . Thus writing

T

VO (@,y) = Y Dary
s=0

October 26, 2003
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3.30

3.31

3.32

3.33

3.34

3.35
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we must have cY) =0 Vr>1.

Using this fact we can easily derive that

cé?’)y3 + cgg)xS ifm=1,

VD (zy) =y, UO(z,y)=cPy? , 0O (z,y) =

Py if m # 1,

and we see that

| ()~ 0 )

20

3.36

for r =0,1,2,3. But then 3.35 and Proposition 3.1 give that 3.36 must hold as well for all » > 4 proving the

theorem.
Remark 3.1
It is interesting to see how condition (B) comes out of 1.9. To this end note that 1.9 gives
™
eV e 4y Z (Voo (z,y) — \Ilm_l(—x,y))m =
m>1

= exp(xy v1+ Qu) + emp( —xyv1+ 2u>

B 1 k S (zy)?* k
_ ZH[(q;y\/l—&—M) + (—xy\/1—|—2u> } = 2) T (1+20)
k>0 k>0
2k _k
ry k "
= 2> ( k)| > (T> (2u)
k>0 Tor=0
_ P (R (@)
=2 ZQU) (r) 2k!
r>0 k>r
Thus equating coefficients of ™! yields
Ty m+2 k (zy)?*
v () — = 2
(¥ (@) = m(=2,9)) 2 5, k;m“ <m+1) 2k]
or better yet
_ o _ m+2
Ui (2,y) = W (=2, 9) 2 > (k—m—1) 282k — 1)1l

k>m+1

which is a rather nifty version of (B).



On the Baker-Akhiezer functions October 26, 2003 21

4. Further amenities

In this section, to recover from the combinatorial extravanganzas of last two sections, we shall only
derive manipulatorial consequences of our definitions. The sobering thought is that there is a rather simple
purely manipulatorial proof of the exponential formula in 1.9. In fact, it is easily seen that to by-pass
the combinatorics of the last two sections we need only show that the polynomials I,,(z) defined by the
generating function in 3.2 satisfy the recurrence in 2.2 together with the initial conditions in 2.3.

To this end note that we can write

" N —2)F(1 — 2u)k/2
1+z§:LWﬂ@%J;:edk T—2u) _ KE:(Z)( u)

: k!
m2>1 k>0
—z)k k/2(k/2—1)---(k/2—7r+1
ey G M2 2 )
k>0 r>0
5 —2)F k(k—2)---(k—2r+2 -
3= LS R ) ()
k>0 r>0
. —u)" k(k—2)---(E—2r+2

m+1

Thus equating coefficients of u gives

() = (1) Zk(k—2).-.(kk!—2m—2+2) ()t

k>1

or better

Im(Z) — ¢ Z(_l)m—i-l—k k(k B 2) k' (k B 2m) Zk—l ] 4.1

k>1

Before we proceed any further we should note that, in spite of appearences, the right hand side of 4.1 can
only yield a polynomial of degree m in z. The reason for this is simple. If the sequence p,,(z) is given by
the identity

1Y pa) e = eI,

m
m)!
m>1

with f(u) a formal power series

fw)=u+ fru*+ -+ fru" + -

then for m > 1 we have

m
30 o0 (ot P o )t

_ g (ut fro® )P
pm(z) = m!Zz L! wm

k! m
E>1 “ k=1

Keeping this in mind, to complete our argument we need only show that the right-hand side of 4.1 satisfies
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the recursion in 2.2 and the initial conditions in 2.3. Now note that 4.1 gives

In(z) = o S (cpyrnn bz D o 2ma®) e

P k!
o e k>1(1)mkk(k —9).. ]ifc —2mt2) 4,
_ e S (epymri-n k= 2) ]Ef“ 2m+2) 1) b (2m—1) L (2)
=1
= 22¢* Z(—l)m“—kk(k =2 éf —2m+2) (k=123 + ©2m—1)In_1(2)
- z2ez:§::: ymA1- ek =4) (k(’“;)fm“) 3 2m—1) L1 (2)
= 22¢° ;(_1)771“71@ (k—2) (k (_kl)!Qm t4) k1 (2m — 1) Iy_1(2)
D Y L /SC 22D et (om— 1) I (2)
i1

and

2 Zkfl)

Il
4
N
+

|
=+

;\
|
|
+

= 1+2z + 2°R(2).

But the factor R(z) must vanish since we know before hand that I;(z), as defined by 3.2, is a polynomial of
degree 1 in z. Thus

ILi(z) = 14=z.
as desired to complete our argument.

Our next task is to show that 1.9 implies I.11. What is remarkable again is that 1.9 is also equivalent
to I.11. To be precise we have
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Theorem 4.1

The sequence ¥, (x,y) generated by the exponential formula

e™? +$yz\11m,1(x,y) = e Fu) ’

u
m!
r>1

satisfies the recursion
xam\:[jm—l(xay) - (Qm - 1)\Ilm—1(xay) = \Ilm(xay) .

and the initial condition
U(z,y) = e

if and only if
flu) = v1+2u

Proof

Setting again as we did in section 3

Uz, y) = Up(zy)
we see that 4.3 and 4.4 hold true if and only if we have

a) 20 _1(z2)—(2m—-1)¥,,_1(2) = ¥,,,(2) and b) Uo(z) =e*.

m—1

This reduces us to showing that a sequence {¥U,,(z)}m>0 defined by

e“+z Z \Ilm,l(z)% =e* W

m>1

with f(u) = u+ fou? + -+ a formal powers series, satisfies 4.6 if and only if
flu) = V14 2u.

To do this it is convenient to write 4.7 in the form

m zf(u) _ oz
U e e
\I}m7 _ = —
Z 1(2) m! z
m>1
so that the operators z 9, and ud, give
m zf(u) _ oz
U e e 2 flu .
S ) = T T e

m>1

and

23

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10
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Now subtracting from 4.9 twice 4.10 and adding 4.8 we get

u™ e? flu) _ e? 2 flu ;
Z (200, _1(2) — (2m — 1)V, _1(2)) — = i + flu)er /™ —¢
m>1
zf(u) _ p2
~ 2uf(w)e ™ 4 %
= (flu) —2u f'(u)e* /™ — e*.
Thus 4.6 a) is equivalent to
E o+ Y W)y = (fw) —2uf(w)e . 411
= m/!
Note that we may also write 4.10 in the form
U umil _ / z f(u)
Z m—l(Z)m = fl(ue :

m>1
and 4.6 b) gives

: LA ()

e* + Z\I/m(z)m! = fl(u)e .

m>1

Using this in 4.11 reduces it to
fllw)es? ™ = (fu) = 2u f'(u))e? T
So we have 4.6 a) if and only if

Thus, for some constant ¢, we must have
f=c(+2u)?,
but then 4.6 b) forces ¢ = 1, as desired.

Our final task is to derive the basic identities satisfied by the Baker-Akhiezer functions of Ss.
However, before we can do that we need to establish the following somewhat surprising result.

Proposition 4.1

Let U(x,y;u,v) be a formal power series in its arguments such that
U(z,y;u,v) = P(z,y;u,v)e ¥ty 4.12
with P(z,y;u,v) a polynomial of the form
P(z,y;u,v) =2™y™ + ---(terms of x —degree < m) 4.13
Then either of the two conditions

a) T (V(z,ysu,0) — U(—z,y3u,0)), b)) (07— 2R, +02)V = (y¥ +0u°)¥ 4.14

forces P(x,y;u,v) to be independent of u,v.
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Proof

We may write

Uiz, yiu,0) = Poolz,y)e" ™ + 3 wvtPry(a,y) et v
r4+s>0

and condition a) implies that the formal power series ®, s(x,y) = P, (x,y)e” ¥ satisfies
$27n+1 ‘((I)r,s(‘r7y) - q)r,s(_xay)) ) 4.15

Moreover 4.13 also implies that only P o(x,y) contains the term z™y™ and all other P, ;(z,y) must be of
degree less than m in z. But then 4.15 and Remark 1.1 yield that P, 4(x,y) = 0 for all » +s > 1. This
proves the theorem when ¥(z,y; u, v) satisfies condition a).
Now suppose that U(z,y;u,v) satisfies b). To begin note that for any polynomial f(z,y;u,v) we
have
(8u — v)ewy"’“”f(%y;u, v) = YTV, f(x,y;u,v).

Successive applications of this identity give that
(8u - U)T\I/(x,y;u, v) = VTl P(x,y;u,v) . 4.16

If P(x,y;u,v) were of positive degree in u then we would have an r > 1 for which 9], P(z,y;u,v) is in-
dependent of u and does not vanish. But since the operators 92 — 2;"81 + 02 and 9, — v commute b)
gives

(02 — 2220, 4 02) (0 — v)T\I/(x,y; w,v) = (y¥+0%) (0, — v)r\ll(as,y; U, v) 4.17

Recalling that 9!, P(x,y;u,v) is independent of u from 4.16 we get that

92(0, — v)T\IJ(x, yiu,v) = 02"V P(x, ;5 u,v)
= 02Vt I P2, y;u,v) 4.18
= (0, —U)T\I/(x,y;u,v)

and subtracting 4.18 from 4.17 gives
((‘3§ — 27’”&) (8u - ’U)T\If(.r, yiu,v) = o> (&u — v)r\I'(x,y; U, v)
and this can be rewritten as
(02 — 210,)e™ 0, P(x, y;u,0) = y°e"YO,P(z,y;u,v) 4.19
Expanding 97 P(x, y; u,v) in powers of v

Oy P(x,y;u,0) = > fi(w,y) 0] 4.20
j

by equating coefficients of powers of v in 4.19 we deduce that

(ai - szax)emyfj(za y) = y26xyfj(xvy) . 4.21
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Now this enters in the realm of Theorem 3.3 which assures us that the formal power series
Pj(x,y) = filw,y)e™

must satisfy
x2m+1 ‘ (I)J(xay) - (pj(fmvy) .

However now we can apply Remark 1.1 again and deduce that f;(z,y) must be a polynomial of degree m in
x or identically vanish. But 4.13 and 4.20 show that the degree of f; in z is no more than m —r — j. Since
r > 1 only the second alternative can hold true. But the vanishing of all f;(x,u) contraddicts the hypothesis
that 9], P(x,y;u,v) does not vanish. This contradiction proves that P(z,y,u,v) is independent of u. This
reduces 4.12 to

U(z,y;u,v) = Px,y;v)e vTe? 4.22

and condition b) becomes
(> +0°)0 = (92— 229, 4 02)V
= (02— 220:)V + OiP(x,y;v)e” vty
= (02— 220,)¥ + v*0.

That is
(02 —2220,)¥ = y°U. 4.23

Now expanding P(z,y;v) in powers of v

P(z,y;v) = Polw,y) + Zvjpj(x,y)

gives
Uz, y;u0) = Pola,y)e™ ™ + 3 o/ Pi(w,y) eVt
j>1
and 4.23 translates into the equalities
((’93 — 277”81)Pj(:c,y) e™ = szj(x,y) e, 4.24

Condition 4.13 assures that only Py(x,y) has degree m in x and all P;(z,y) have degrees less than m. This
combined with 4.23 and Remark 1.1 forces P;(z, y) to vanish for all j > 1. Thus also P(z,y;v) is independent
of v and our proof is complete.

Note next that if we set

I e _ 1tz y:yl—yz U:yl+y2 195
then n N
Il:u T m2:u T vty _v—y 4.96

S
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and
(a) 2 +23=2>+4>, (b)) yi+y3=y>+v>  (¢) ziy1 + 222 = 2y +wv, 4.27

Morever for any formal power series f(x1,z2;y1,y2) and g(z,y; u,v) we have

(agl + 8%2 - zfinzrz (afl - 812)>f(x1ax2;y1’y2) =

ut+txr u—x v+y v—y 4.98
= 85 + 83 —m am) ) ) s z1—xo zq+ag . :
( T f( \/i \/5 \/5 \/5 ) T==—= ,u:—\}é
y:h\}w vzmi/rgz
2 7 2
as well as
(2 + 022 0,) g,y 0, 0) =
- tTT2 Y1 — Y2 Y1ty 4.99
= 62 62 - Im ax - a% ) a T2 I N utw u—zx . :
(ac1+ T2 ;cl—;cz( 1 .2) g( \/5 ) \/§ ’ \/5 ) \/5 )931:\;% , wp =1
—vty ]
Nn="5 Y255
We have now all the basic ingredients to identify the Baker-Akhiezer functions of So. We begin with
Theorem 4.2
If
U5 (X, Ys) = Ppi(Xy,Ys)etyrteav 4.30
and .
Pp2(Xa,Ya) = 273 15, (=)™ (@1 — w0)F (51 — y2)* /2" 4.31
k=0
then all the properties in I.1 hold true as well as 1.3
Proof If
Un(z,y) = Pulz,y)e™ 4.32
with N
Pm(ma y) = Z Igm—k (_1)m7kmkyk 4.33
k=0

then Theorem 2.1 assures properties (A), (B), (C) are satisfied. Now from 4.30 and 4.31 and 4.27 (¢) it
follows that

U22(X2,Y2) = 2" W (2, y) €™ | _ayowp syt 4.34
vz o v
—_Y1—-Y2 Yy1Ty2
y= 2 VT2
and
S

P2 (X2,Y2) = 2" P (z,y) ‘mzﬂ u=T1tTa 4.35

vz 2

—Y1—Y2 —_Yi1tTvy2

VY=mAm VT A

Now property 1.1 (2) follows from the definition in 4.31 and the fact that I’ = 1. Property 1.1 (3) is
immediate. Property I.1 (i) follows from (B). Note that from (C) it follows that

(3% + (93 - sz 3z> U (z,y) e’ = (y2 + 1)2)\Ilm(:r, y) e’ 4.36
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so 4.28, 4.34, 4.36 and 4.27 give

(82, + 02, = 222 (00, — 01,) ) W52 (X, Vo) = (02 4 02 = 220, )27 W (3, )

— _Z1-%3 z1tzo
xr1—To T 5 U el
- +
y=Y1 21/2 7,[):1/1\/;2
_ 2 2 2m\IJ uv
= (y*+v m (T, y) e | _eies _erte
v2 V2
_Y1—Y2 _y1ty2
Y 2 v V2

= (U7 +43) 002 (X2, Y2)
This proves (ii). It is easily seen that the change of variables in 4.25 together with 4.31 changes 1.9 into 1.3.
This completes our proof.

To complete our treatment we need to reverse the process and show that under (1) and (2), either
(ii) or (i) force I.2. We will do this by establishing that

Theorem 4.3

I3 = (ii) = (i) = 1.2 4.37
Proof

It should be clear by now that the change of variables exhibited in the last proof can be system-
atically used to transfer relations involving W,,(z,y) and P,,(x,y) into relations involving W2 (X5, Y>) and
P?2(X,,Y5) and viceversa. So in our remaining arguments we will only outline the steps needed to prove
the implications in 4.37. The first step is to change variables and go from 1.3 to 1.9. In the second step we
use Theorem 3.2 and go from 1.9 to (C). In the third step by a change of variables we go from (C) to (ii).
This establishes “I.3 = (ii)”. In the fourth step we start with a formal power series

D (X2, Y2) = Qu(Xa,Yp)em¥rtoay: 4.38
with @, (X2, Y2) a polynomial satisfying
Qm(Xa;Ys) = (21 —22)™(y1 —y2)™ + --- (terms of z-degree < m ) 4.39

and assume that we have
L(m)®p (X2,Y2) = (Y7 +43)Pm (X2, Ya). 4.40

Here using the variable change in 4.26 yields the polynomial

P, y;u,0) = 27"Qu(X2,Y2) |, _uie u—a 4.41

and the formal power series

Uz, y;u,v) = 0pp(Xo,Y2) uta vz = Pp(z,y;u,v)e vt 4.42




On the Baker-Akhiezer functions October 26, 2003 29

which satisfies the equation
(aﬁ +0 -2 az)wm(x,y; u,v) = (Y +0°)V,, (2, y;u,0).
Since 4.39 and 4.41 yield that

m,m

U (z,y;u,v) = amy™ 4+ ---(terms of z-degree < m )

4.43

we are brought into the realm of Proposition 4.1 which assures that ¥,,(z,y;wu,v) is independent of u,v.

rewriting P, (z,y;u,v) to Pp,(z,y) reduces 4.42 to
U@, y5u,0) = Pp(x,y) e+,
So 4.43 now gives

W+ )z ysu,0) = (92402 — 220, ) Un(a,yiu,0)

(

(#0220 Py
(3 oo ) m (,y) €T 4 02 Py (2, y) VT
(55 ) m(@ g u,v) + 020, (2 Y u,v)

or better
(53 - 8z) Uz, y50,0) = ¢* W (2,y;u,0).

Factoring out the exponential eV this reduces to

(92— 220,) Pulwy) e = y?Puay) e

this brings us into the realm of Theorem 3.3 which assures that the formal series U(x,y) =

satisfies
(2, y) — U(—a,y).

and the change of variables in 4.25 can then be used to convert from 4.45 into
(21— @2)?" | (‘I’m(xl,fQ;YQ) - ‘I’m(l’Q,?El;YQ))

completing the proof that

In the final part of this proof we start again with a formal power series

D (X2;Y2) = Qu(Xg; Yo)ervrteas:

4.44

P (z,y)e™

4.45

4.46

as in the previous part but now, in addition to 4.39, we assume 4.46 rather than 4.40. As before we introduce

the auxiliary polynomial P,,(z,y;u,v) and formal power series U, (z,y;u,v) given by 4.41 and 4.42. Here
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we use again Proposition 4.1 except that 4.46 now requires a use of the hypothesis in 4.14 a) rather than
4.14 b). The conclusion is the same: P,,(x,y;u,v) is independent of w,v. This reduces ¥, (z,y;u,v) of the
form
\Ilm(xa ysu, U) = Pm(xa y) CEA
with U(z,y) = P (z,y) e*? satisfying
x2m+1 | (\I/(:L’,y) - \Ij(fzvy)) )
Since 4.39 yields that P, (z,y) satisfies

P, (z,y) = z™y™ + ---(terms of x-degree < m)

we can use Theorem 2.1 and conclude that

(=) L5 g ()"

NE

Pm(;v,y) =

>
Il

0

This given, the change of variables in 4.25 proves that Q,,(X2;Y2) must be given by the right hand side of
1.2, yielding

(i) = 1.2
and completing our task.
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