On Shift Differential Operators October 8, 2004 1

Shift Differential Operators

m
The Theory of m-Quasi-Invariants

by

A. M. Garsia and N. Wallach

I. Preamble
Let X,, = {x1,x2,...,2,} and set R = Q[X,,]. For a polynomial P(z) = P(x1,x2,...,z,) € R and
o €S, we set
oP(z1,22,...,2n) = P(ToysTons- s To,)
we shall also denote by P[0,] the differential operator
P(0;) = P(0zy,0uy,---,0z,).

The transposition that interchanges z; and x; will be denoted s;;. It is easily shown that for any P € R
and 1 <1 < j <n we have the factorization

(1—sij)P(x) = (2 —x;)" "> Py(a) L1
with r > 0, P;;(z) prime with (z; — x;) and symmetric in z;, z;.
This given, a polynomial P(z) € Q[X,,] is said to be “m-quasi-invariant” if and only if the difference
(1= si;)P(x)
is divisible by (z; — x;)*™T!. The space of m-quasi-invariant polynomials in 1, s, ...,x, will here and
after be denoted “Q7,,[X,]” or briefly “OZ,,”. Clearly QZ,, is a vector space over Q, moreover the simple
identity
(1=si;) PQ = ((1—sij) P)Q + (s45P)(1—s45) Q 1.2
shows that QZ,, is also a ring. Note that we have the inclusions
Q[X,] = QTo[X,] D QZ1[X,] D QT2[Xn] D -+ D QT [Xn] D -+ D QT o[ Xy = SYM[X,)]
where we have denoted by “SYM|[X,]” the space of symmetric polynomials in z1,xa, ..., Tp.

It was recently proved by Etingof and Ginzburg in [] that for each m and n, QZ,,[X,] is a free
module over SYM[X,,] or rank n!. This may be viewed as a beautiful extension of the well known analogous
result for the pair Q[X,] , SYM[X,]. Infact the identities derived in [|] show a that remarkable multitude
of properties connected with the study of this classical pair generalize almost verbatim to each of the pairs
9T ,,[X,] , SYM[X,]. The proofs in [| contain a variety of identities and properties of various differential
operators on Q[X,] and Q7,,[X,] that are of independent interest. In these notes we shall endeavour to
provide a completely self contained presentation of these developments.
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1. Dunkl operators
Dunkl operators are defined and their commutativity is established. Since the proof of the
latter is quite technical. At first reading it may be advisable to focus on the stated identities
and skip their proof.

2. Basics on Shift-Differential operators
Shift-differential operators are defined and the operator I" that maps a shift-differential
operator into a differential operator is introduced. The “Dunklized” polynomials are studied
and their basic properties are established. The m-deformed Laplacian L,, and the Opdam
operator O,, are introduced and their relationship is established.

3. The operators L,,, O, and Q,, = 0,0, 1---O1
In this section we establish the nature of the Dunklized polynomials on symmetric functions.
We also establish the nature of O,, and the operator ,,, = O,,,0,,,—1 - - - O1. Finally we prove
some basic theorems on the actions of L,,, O, and ,, on the polynomial ring Q[X,]. This
leads us to the definition of the Baker-Akhieser function W¥,,(x,y), which is introduced by
means of the formula ¥,,(z,y) = 0Oy - - - Ope(@v),

4. The Baker-Akhieser function for S,
The Baker-Akhieser function plays a central role in the Theory of m-Quasi-Invariants of S,
So this section dedicated to proving some of its basic properties, including its most elusive
property which is the symmetry in z,y This leads us to the study of the family of functions
®(x,y) in two sets of variables x = (z1,2,...,2Zn) ¥y = (Y1, Y2, - - ., Yn) Which are of the form
®(z,y) = F(z,y)e®Y) with F(z,y) a rational function and (z,y) = >, ;9. -

5. Some remarkable actions of the Laplace operator.
Powers of the Laplacians convert differentiation into multiplication and powers of the power
symmetric function ps. do the converse. These results are established and used to prove
some basic properties of “Dunklized” symmetric polynomials.

6. sl[2] Theory as it applies to Differential operators on quasi-invariants.
The source of most of the identities established in the previous section is revealed in an si[2]
setting. This leads to further surprising identities and the fundamental role of m-quasi-
invariants in the construction of the commutant of L,,.

6. A glimpse of the m-Quasi-Invariants of D,
The identities and operators introduced in the previous section are specialised to the Dy
setting. The Baker-Akhiezer functions for D5 are defined and shown to have a remarkably
simple exponential generating function. Various properties of L,, and O,, are derived by
working directly with this generating function.
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1. Dunkl operators and their basic properties

Since the factorization in 1.1 plays an ubiquitous role in our developments, for sake of completeness,
it will be good to establish it at the onset.

Proposition 1.1
For any polynomial P[X,] and for all for all 1 <1i < j < n we have a factorization of the form

(1= sij)P(x) = (25— ;)" Py(x) 1.1

with r > 0 and P;;(x) prime with x; — z;. In particular it follows that the divided difference operator

1
dij = (1= si5)

Ii—l'j

sends polynomials into polynomials symmetric in x;, x;.

Proof

Note that for any pair ¢, j and exponents a,b we have the identities

xlzd(z; — J;j)(zli;g_l 27Ty ifa <,

J Ji
a:fsc? - x?mf =
b,b( . . a=b—1 o, _ a—b—1—7 .
ziai(w — ;) (X, = TiTf ) ifa>b.
This may be rewritten as
a.a . . 1
JU‘;Z‘? B x;le g x hp—a—1[zi,z;] ifa<b,
L J I - 1.2
Ti—Tj :Ci?xg’-ha,b,l[asi,xj] if a >0,

where Ay, [x;, z;] denotes the so called “homogeneous symmetric function” of degree m in z;, z;. This shows
that the ratio in 1.2 is always a polynomial that is symmetric in z;,z;. For P € Q[X,] we thus have a
factorization of the form

(1= sij)P(x) = (z;i — z;)" 7" Q()

with Q(z) prime with z; — z; and (z; — z;)"Q(x) symmetric in z;, z;. Now if r were an odd number then

we would have
(@ — ;)" (14 55)Qx) = (1—sij)(@:i —x;)"Qx) = 0
which implies that
(14 545)Q(x) ’zjﬁmi = 2Q(z) ‘m]._m =0

and this forces Q(x) to have x; — x; as a factor. This contraddiction forces r to be even and completes our
proof.
It follows from 1.2 that the operators d;; satisfy the “Leibniz” formula

0ij PQ = (6;5P)Q + (s:5P)0i;Q 1.3
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The Dunkl operators are defined by setting for 1 <i < n
n

Vi(m) = 0, — mZ(i)ﬁ (1—si5)

Jj=1

where the symbol “Z(i)” is to indicate that the sum omits the term j = 1.

1.4

For notational brevity, when the value of m is not an issue, we shall simply write V,. for V,.(m). It

will also be convenient to set

n n

0, = Z(i)wii,ﬁ (1—=s45) = Z(i)&‘j

J=1 J=1

and write
These operators have remarkable properties. To begin note that we have

Proposition 1.2
For any 0 € S,

a) 00,0 " = Oz,, b) o dijot = 00,
thus in particular
a) o007 = 0, , b) oVio! = V,,
Proof
Note that
0002l = 00,2 = acal” = azl' = Oz, Ty,

This proves 1.7 a). Note next that

000t = o—L— (1-si)0

Ti—Tj

_ 1
= T— 0‘(1 — Sij)O'

_ 1 _
- T, —To; (1_80io’j) - ao'i,ajy

-1

-1

1.5

1.6

1.7

1.8

This proves 1.7 b). This given, 1.8 a) and b) then follow immediately from 1.5 and 1.6 and our proof is thus

complete.

What makes the Dunkl operators remarkable is that they commute. More precisely we have the

following surprising identities
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Theorem 4.1
For any pair1 <a <b<n

a) 0y,0p — 00y, = 01,00 — 0,04, , b) 6.0, = 6p0, 1.9
and the latter are equivalent to the validity of
Vao(m)Vip(m) = Vy(m)Va(m) (for all m,a,b). 1.10

Proof

Note that using 1.6 we can write
Vo(m)Va(m) = (0p, —m0,)(0p, —mb) = 0u,0u, —m0y,0p—m0bg0s, +m?60,0,
similarly we get
Vio(m)Va(m) = (0p, — m0O)(0r, —m0y) = 04,0n, —mM0y,0a —m b0y, +m3640,

Thus we see that in order for 1.10 to be valid for all m, a, b it is necessary and sufficient that 1.9 a) and b) be
valid for all a,b. Now to prove 1.9 a) and b), in view of Proposition 1.1, we only need to prove the identities

CL) 896102 - 92811 = 823291 - 01812 y b) 0192 = 0291 . 1.11
For the same reason, to prove 1.11 a) & b) we need only verify that we have
CL) 81;192 — 9281;1 = S12 (('“)IIQQ — 02811)812 5 b) 9102 = S12 <9192)812. 1.12

We will start with 1.12 a). So choose P € Q[X,,] and note that

" 1
0p 02 P = 0y, 2(2)H(1—52i)P

i=1
= 0 ! (1-s )P—ﬁ—zn: ! (1 —59;) 0, P 1.13
- x1 Ty — 21 21 par To — 21 xr1 .
- ' e+ — P ap)+§njl(1 )0, P
= (22 — 21)2 521 Ty — 3y 5210z, Ly -, 52i) Og, 47 -
Similarly we get
- 1
00, P = Y @ 1 — 52;)0, P
20z, Zz_:l Ty — mz( 52 ) 1
. 1.14
1 1
= 1-— 8I P 1-— 7 axlp
g — o, L o2)0 P ;m_%( 52i)
Combining 1.13 and 1.14 gives
(31 0y — 650, )P = ;(1 — Sgl)P + 1 (321870 P — 5510, P)
! ! (1‘2 — 561)2 Xr1 — Ig 2 !
1 1
= ———(1— P Oy, — Oy P
(352—331)2( )P+ xl—xg( ! )52
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Thus . X
TP ) T gy O Gl L1

(04,00 — 020,,) =

Which easily shows that the left hand side is invariant under conjugation by ss1, proving 1.16 a) and a
fortiori establishing 1.13 a). The proof of 1.13 b) is more elaborate. To begin let us set

1 n 1
1 xl_x2( ) 1 ;xl_l‘i( 51:)
: ~ 1 1.16
2= 0 —931( 512) , 2 2532 _ml( S2i)
01:A1+B1, 92:142_’_32.
So that
0,00 = AjAy + A1By + B1Ay + B1Bs. |17
Now we have '
e Ty — 332( 812)@ . (1—s12)
1 1 1 1
— (1—s12) — (1= 512)812
T1—2222— N T1— T2 T1 — T2
! 1 1.18
(371 — .’172)2( 812) (-Tl . $2)2( 512)512
1
(z1 — 1.2)2( 512)( + 812) ,
4B L) S
e — s s
12 pE— 12 D — 9
- : n 1.19
1 1 1 1
xr1 — T ; To — ‘Tz( SQ%) I1 — g ; T, — 5131( Slz)312 R
and
B4 _i : (1 —s13) ! (1 — s91)
R — - R 21
Z; n 1.20
1 1 1 1
- 1= N 1 —s94)815.
;xl_xi%—xl( 1) ;xl—l‘ixz—xi( 52i)%1

To complete the picture, we break up B;Bs into two parts, the first (B1Bs)* (which is clearly preserved by
conjugation by s12) and a remainder Biy. More precisely, we have

(B1By)* = ZZ _X(? # j)_ 5 (1= 513)(1 = 525) 1.91
= (o —w)(a2 - ay)
and .
1 1
By = lz:; (@1 — 1) (1 —s15) (22— 1) (1 — s9;) N
1 1 noy ) .
) ; Gr—a) @oa ) T ; =) (o ) L Sz
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Note that we may write

1 1 _ 1 ( 1 1 )
(l‘l — SCl) (IL’Q — 35'1) (1171 — 1‘2) To — I; X1 — Xy '
Using this identity in 1.20 and 1.22 we now have

1 "1 1 |
A1By = > (1= s2i) — > (1= s1i)s12, 1.23

xr1 — T2~ T2 — I; Tl — T2 =2 T1 — T4
=3 =3

BlA2 = ! (- Z ! ‘(1 - 821) - Z ( L - ! )(1 - 521')511') 5 1.24

. To — X4 T — I;
=3
n

B12 = 1 (Z ( 1 — 1 )(1 - SQZ’) + Z ! (1 - 821)81,*) . 1.25
=3

To — X r1 —&; i—3 Tl — T

Combining 1.17, 1.23,1.24 and 1.25 we get
0102 — (B1B2)" =

1 (zn: 1 (_ (1—51i)312 - (1—821) - (1_52i)+(1_S2i)51i+(1—321)81i))

Ty — T2 3$1*xi

n

+ IlixZ(ZI : (1= s20) = (1= sai)sni + (1= s20)) ) -

= T2 T
Carrying out the simplifications we finally obtain
1 1 .
6105 = (B1Bs)* + pr— (z:: pra—— ( — 24 281 + S9; — (1,1,2)))

i
n

y— (X 1 (2~ 25 = s+ (1,2,1)))

Ty — T2 N5 T2 — Ty

where (1,7,2) and (1,2,¢) customarily represent 3-cycles. The expression on the right hand side of this
identity makes it quite obvious that conjugation by sio preserves 61602. This proves 1.9 b) and completes our
proof.

The commutativity in 1.10 makes it unambiguous the evaluation of a polynomial P(z1,2a,...,zy)
at the operators V1, Va, ..., V,. The result is an operator we denote by P(V1,Va,...,V,) or simply P(V).
We may also write P(V(m)) if the dependence on m is an issue. It will be convenient to refer to P(V) as
the “Dunklized P ”. The operators P(V) belong to a family of operators which combine differentiation and
S, action which we call “Shift-Differential operators ”. Our study of m-quasi-invariantss requires the use a
variety of these operators. In the next section we give definitions and derive some of the basic properties.



On Shift Differential Operators October 8, 2004 8

2. Basics on Shift-Differential operators
Here and after we let R,, the field of rational functions in x1, xs, ..., Z,. In symbols

Rn = {a=N(z)/D(x): N(z), D(x) € Q[X,]}

It will also be convenient to denote by SR, (z), the ring generated by the variables z; together with the

fractions 1/(z; — x;). In symbols

SR, (z) = Q[w, %

—x;

:1<i<n,1<i<j<n]
Similarly, we shall also set
SRuly) = Qlyi 54 1 1<i<n,1<i<j<n].

Clearly, every rational function in f(z) € SR, (x) has an expansion of the form

P,(x
flz) = Z aq(m) = Z ITi<i q((x,)_x.)qu ’ 2.1
CI={Q1J} q:{Qij} Isi<jsn it J
where each P,(z) is a polynomial. A term
Py(x)
aqg(x) = 1 ~
! [icicjcn(@i — ;)%
with P,(z) a homogeneous polynomial is called “homogeneous ” and its degree is simply taken to be
deg(a,) = deg(P,) — Z ij 2.2
ij

Accordingly we shall say that f(z) is homogeneous of degree d if each term a,(z) is homogeneous of degree d.
It is easily seen that this gives SR, () the structure of a graded algebra. That is, denoting by Hq(SR,(z))
the subspace of elements of SR, (x) of degree d we have the relations

Ha, (SR (2))Ha, (SRn(2)) € Hayta, (SR ()

and the direct sum decomposition

+o0
SRu(z) = P Ha(SRn(2)).

d=—o0

The differential operators we shall work with will be of the form

a(,0;) = Y ap(z)op (with 08 = gp1oR2 - - 9 2.3
p
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with each a,(z) € SR, (z). The family of these operators will be denoted “D,”. The notion of degree
defined by 2.2 makes also D,, into a graded algebra. We shall say that a(z, 0, ), as a differential operator,
has degree d if each coefficient a,(x) is homogeneous and we have

deg(ap,) = |p|—d.
Note that for any o € S,, and any a(z,d,) as in 2.3 we have

oa(x,0,)0"t = Z p(Toys Togy -y Ty ) OB OF2 ... OP

Toq " Toy Toy,
[pI<N

Thus S,, acts on D,, by conjugation. Accordingly we shall call an operator a(z,d,) € D,, “Sy,-invariant ” or
simply ”symmetric 7 if
oa(x,0,)0"r = a(x,0,) (Vo€ Sy)

When a(z, 0;) is not known to be symmetric it is convenient to set
ca(x,0,)0 "t = %a(x,0,). 2.4
A “shift-differential operator ” is an operator A acting SR, (x) which can be expressed in the form

A = Z a0 (z, 0y (with each aq(x,0;) € Dy, ) 2.5
a€Sy

The family of shift-differential operators will be denoted “SD,,”. It is easily seen that SD,, is a ring. Indeed
if A is asin 2.5 and

B = Y bs(z,0.)8 2.6

BESR

then we may write

AB = Z ao(x, 0y Z bs(w,0,)8

a€sSy, BESR
= > > aa(@,0:) (abp(w,0:)a") af

a€S, BES, 97
= Z Z ao(x,0;) “bg(z,0;) af

«a€eS, BES,

S (S aalw0e) bl 02)) 7
YESH af=y

»”

A shift-differential operator A as in 2.5 is called “symmetric ” if and only if
cAc™! = A (for all 0 € S,,)

Note that this requires that

Z Tag(x,0)0a0 ! = Z ao(z, 0z 2.8

aESy a€Sy,
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or equivalently

Z 140 (T, 0;)0 = Z ao(z,0;) .

a€eSy, a€S,

There is a natural map I' : SD,,—D,, we call the ” Forgetting Map” that is simply obtained by setting

ra =r Z ao(z,0;)00 = Z ao(z,0y) . 2.9

€Sy €Sy
It is important to note that
Proposition 2.1
T'A is symmetric if and only if
Z “aq(x,0;) = Z aq(x,0z) (for all o € Sy,) 2.10
a€ESy aESy

In particular if A is symmetric then I' A is symmetric
Proof
From 2.9 we see that
oTAoc™! = A

if and only if

Z oag(z,0,)0 " = Z ao(z,0;) (for all o € S,)

a€ESy, a€EsS,

and this is 2.10. Finally, if A is symmetric then applying I" to both sides of 2.8 gives 2.10 and completes our
proof.

The map T is clearly linear but is not multiplicative. Yet it is so in a variety of special cases, an
instance in point is given by the following basic fact

Theorem 2.1
If A, B € §D,, and I'B is symmetric then

TAB = (TA)TB). 2.11

In particular 2.11 will hold true if B itself is symmetric
Proof
Assuming that A and B are given by 2.5 and 2.6 from 2.7 we derive that

T'AB = Z Z ao(r,0z) “bp(x,0,) = Z ao(x,0z) Z “bg(x, Or)

€Sy BESK a€Sn BESK
Thus the assertions are immediate consequences of Proposition 2.1 .

Remark 2.1

We must note that there is a certain asymmetry in this result. In fact, as we shall see 2.11 may fail
if only I'A is known to be symmetric. Much grief can ensue by a use of 2.11 when I'A is not symmetric.
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There is a powerful way of deriving differential operators identities specially when it concerns the
action of operators I'A with A € SD,,. To present it we need some auxiliary facts and observations concerning
the action of differential operators on rational functions.

To begin note that in the case of a single variable x, our operators may be written in the form

d
Pl ) = S T g
k=0
with Py(x) a polynomial. We thus see that algebra D; is generated by % and multiplication by z and %.
In the same vein we see that D,, is generated by 0y, ,0y,, - - ., 05, and multiplication by

1 }
T J 1 <icj<n

T1,T2,...,T, and {

For convenience, here and after the operator multiplication by a rational function f(z) will be simply denoted
“f(x)”. We this notation we can state the following basic operator identity.
Theorem 2.2

In the case of a single variable x, if f(x) is a rational functions and P(x) is a polynomial, then

P()f(@) = f@)P(F) = Z%f”)(z)P(”(%) 2.12
where

f @) = (&) f@)  and P (y) = (£) P(y).
Proof

We need only verify 2.12 for P(z) = x*. This given, let g(x) be any rational function and note that
the Leibnitz formula gives

uyes
(L) fla)gla) = Z( )((%)Tf(x))((%)’“”g(w))

r=0 r
Thus

B
8
S~—
B
~
oum)
&
S—
Q
—
&
|
=
&
~—"
&l
8
S~—"
Bl
2
8
S~—
I

k
(’“) ()7 F(@)) () g(a)

r=1

k
Z %f(r)@)k(k 1)k 1)) ()

and this is simply another way of writing 2.12 with P(z) = z*.

We are now in a position to prove the following surprising fact.

Theorem 2.3

If two differential operators in D,,

Az, 0;) = Z ap(x)0®? and  B(x,0;) = Z by (z)0%

Ip|<d lp|<d

agree on symmetric polynomials they necessarily agree on all polynomials
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Proof
We need only show that if

A(,0,) f(2) = 3 ap(@)2 f(2) = 0 2.13

for all symmetric f(z) then the polynomial

Ale,y) = > ap()y?

lp|<d

vanishes identically. There is nothing to prove if A(z,y) is of degree 0 in y. So we may proceed by induction
on the y degree of A(x,y). So let us suppose that the Theorem is true for all A(z,y) of y-degree less than
d and suppose A satisfies 2.13 for all symmetric f with

Z ap(x)y? #0  (for some d >1). 2.14
Ip|=d

Note that for any symmetric polynomial P(z) then also the operator
A(z,0,)P(z) — P@)A(z,0,)

will kill all symmetric polynomials. Now Theorem 2.2 gives that for all 1 <14 < n we have

k k _ (K)r  r—r (m)
A, 0z)z; — 27 A(x,0,) = ;le A; (,0:) 2.15

where for convenience we have set

K3

A @,y) = 8 Alz,y).

Thus if we set

B(x,0;) = A(x,0:)pi(z) — pr(z)A(z, 02)
where pi(z) = 31 ¥ | then it follows from 2.15 that the component of highest y-degree of B(z,y) is
kzxf_layi( Z ap(x)yp) .
i=1 Ipl=d

Since the inductive hypothesis forces B(z,y) = 0 we necessarily must have

n

fo—la‘m( Z ap(a:)yp) =0 (for k=1,2,...,n)

i=1 Ipl=d

and this forces

3yi<Zap(x)yp> =0 (fori=1,2,...,n)
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which is in plain contraddiction with 2.14. So there can’t be a non vanishing operator A(z, d,) which satisfies

2.13 for all symmetric f as asserted.

Theorem 2.3 yields us a crucial tool for identifying the images of T'.

Theorem 2.4
For A=3" cs @a(r,0:)a € Ay and B(x,0,) € Dy, we have

I'A = B(z,0:)

if and only if the equality
Af(z) = B(z,0.)f(x)

holds true for all symmetric f(x)
Proof

Theorem 2.3 assures that we have 2.16 if and only if for all symmetric f(x) we have
FAf(z) = B(z,0:)f(x)
but when f(z) is symmetric

Af(x) = Zaa(m,aw)af

a€ES,

> aa(z,0.) f = TAf(x).

a€ES,

Thus 2.17 is equivalent to 2.18 and 2.16 is forced.

Theorem 2.4 immediately yields the following important identity
Theorem 2.5

For all m > 0 we have

D(Vim) + V30m) 4+ V3m) = Ao —2m Y (3~ dy)

where Ay denotes the ordinary Laplacian
Ay = 07 +02, +--+02 .

Proof
When f(x) is symmetric, the definitions in 2.3 and 2.4 give

V2m)f(z) = Vi(m)ds, f(2)
= & f(x) — m6id,, [ (x)

but again the symmetry of f(z) yields that for any j # i we have

(1 - Sl])axzf(x) = 6901]‘-(1') - Smaamsz]f(x) = aaczf(x) - 8xjf(x)

2.16

2.17

2.18

2.19
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and 2.4 gives

a1
V) () = O f() —m YO (0, — B, f(a).
j=1
Summing these identities we get
DoVitm)f(w) = Y8 f) —m Y Y O (Oh, — O, ) f(2),
i=1 i=1 i=1j=1 v J

and Theorem 2.4 guarantees the identity

r;V?(m) = Ag_mzz(i)xiixj(ami_axj)’

i=1 j=1

But this is simply another way of writing 2.19.

Here and after we shall set
Lm = Ay —2mF, 2.20

with

Fn = Z ’1 (O — 0ay), 2.21

— x
1<i<j<n

Theorem 2.6
If P is any symmetric polynomial then P(V) and I'P(V) are necessarily also symmetric. Thus it
follows that if both P and () are symmetric then we also have the commutativity relation

(TP(V)(TQ(V)) = (TQ(V))(I'P(V)) 2.22

in particular

(TP(V)) Ly = Ly (TP(V)) 2.23

holds true for all symmetric P.
Proof
The identity in 1.8 b) states that for all o € S,, we have

This gives
oP(V1,Va,...,.V)o ' = P(Ve,Vey, -, Vs,))

but if P is symmetric, we also have
P(Vy, Voo, Vs )) = P(V1,Va,...,V,)

combining these two relations proves that P(V) is symmetric.
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Thus if both P an @) are symmetric then

(by Theorem 2.1 ) (TP(V))(TQ(V)) =

L(P(V)Q(V))
(by commutativity of the Dunkl operators ) = T

P(V)Q(V)
(QIV)P(V))

(by Theorem 2.1 ) = (I'Q(V))(I'P(V))
This proves 2.22 and the identity in 2.23 then follows from Theorem 2.5.

We are now ready to deal with one of the most important actors in the study of the m-quasi-invariants
of S,,. This is the “Opdam” shift-differential operator

O = TH(V(m))I(z) 2.24
with II(x) the Vandermonde determinant

)= [ (&-a).

1<i<j<n

We should note that this operator does not change the degree and that it is symmetric. In fact the operator
H(V(m))H(m) itself is symmetric. Indeed, the anti-symmetry of the Vandermonde determinant gives that

for all o € S,, we have
cI(V(m))(z)o™" = II(V(m))o o H(z)o" = (—1)*I1(V(m))II(z) = II(V(m))II(z) 2.25

Crudely speaking, the importance of O,,, is due to the fact that it converts L., 1 into L,,. It then
follows that successive applications of O1,Oa, ..., O,, convert the Laplacian into L,,. In ultimate analysis,
this enables us to obtain crucial information about the ring Q7,,[X,,] of m-quasi-invariants from well known
properties of the ordinary polynomial ring QZ,[X,] = Q[X,]. It will take a few sections to make all this
precise and transparent. For the moment we begin by establishing the remarkable identity that makes all of
this possible

Proposition 2.2

For all symmetric polynomials f(x) we have

p2(V(m))(z)f(z) = T(z)p2(V(m—1))f(x) 2.26

Proof

To show this note that from 1.6 we derive that

M-

p2(V(m))(z)f(z) = (92, = m0:0y, —my,0; +m?67)1(z) f (x)

P 2.27
= A-mB-mC + m?D

where for convenience we have set

A= Zagi M(z)f(z), B= Zﬁi% (z)f(z), C= Za@ei I(z)f(z), D= Zef (z)f(z). 2.28
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We claim that we have

Acccepting for a moment these relations, from 2.27 we derive that

p2(V(m))(z)f(z) = 21

and this is 2.26.

(x) (A2 = 2(m — 1)) f(2)

= H@)Lim-1f(z) = I(z)p2(V(m

October 8, 2004

(@) Fnf(x) + I(z)Asf(z) - 2mIl(z)F f(x)

- 1)f(z)

To complete our proof we need to establish the relations in 2.29. To begin, note that

n

A = (AT(@)f(x) + 2> (00, 11(2))0a, fz) +

Now

> (0:,11(2)) 0, f ()

i=1

)Yy By
(Ir—ze)
1<T<5<77,Z 1
O, f(x)—0z, f(x
) 37 =gt
1<r<s<n

I(z)As f(x).

O, [ ()

() Fr f(x)

16

2.29

2.30

On the other hand, A II(x) must necessariy vanish since it is alternating and has degree < (g), and 2.30

reduces to

This proves the first of 2.29.

Next we derive

= Zeiami I(x) f(
BHILH

1=

n

A =2

1j=1

n

H(z)Fn f(2) + T(z)Asz f(2)

x)

1—%)3@ I(x) f (x)

(02, I1(2) f () + O, 1(2) f ()

0

(0, IN(2) f(2) + 81504, 85 () f ()

2.31
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since for any polynomial Q(z) we have

1
iz YT g#i
This proves the second of 2.29.
Next note that the symmetry of f(x) yields that for any polynomial Q(x)
1 1
e 18R w) = F) (1= 5)Q()
in particular we must also have
0:Q(z)f(z) = [f(2)0:Q(x). 2.32
This given
= > 0.0, (x)f(x) = Y 0u f(a)0;TI(x)
=t - . 2.33
= D O f(@)0:1l(x) + f(z)) ] 0:,0:(x)
i=1 i=1
Now the last term vanishes here since
> 0,0, () Z%Z() S = sy)ll(@) = 228 ZU —
i=1 Ti = @
and the latter is an alternating polynomial of degree < (%). Now for the remaing term in 2.33 we have
DO f@)0i () = Y (D, f(2)) Y ———(1 = 5i;) TI(x)
i=1 i=1 =1 "t
; Z Ty — JZJ ; ; Ty — Ty
=211 : Z =
@) = 20 (x) Fo f ()
1<]J
Using these two facts in 2.33 proves the third relation in 2.29.
Finally for D, using 2.32, we get
= Y 0iN(z)f(z) = f(z)) 07T0(x). 2.35
i=1 i=1
But .
0% (x () 1—sm (@) (1 — sip)II(x
;z() 2}21 Z — (1= sa) ()
- Yy _Sm)sz
imla=1 ‘i~ Ta b=y TET TR

n

o1 oI1(z) 1 211 ()
- @ 1— s, 1— g )
D B e e Ll ) P

X
i=1 a=1 atbti ¢
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Now the first term vanishes since the ratio 2I1(x)/(z; — x,) is invariant under s;,. This gives

Yene = Y L (1= i) 2@

Ty — Tq Ti — Tp
a#b#1
201 (x 211 (x
=2 (m—x)((a:)»—xb) iy <x4—w>5x)—xb>
a#bti [ a 7 atbti [ a a

and this term must also vanish since it is an alternating polynomial of degree < (g) This gives
D = 0.

Thus all the relations in 2.29 have been established and the proof of 2.26 is now complete.

We shall later see that 2.26 implies a variety of symmetric function identities. But here we must be
contented with the following immediate corollary of Proposition 2.2.

Theorem 2.7

Proof
Using 2.19 and 2.24 and setting po(z) = Y., 2%, we start by rewriting 2.36 in the form

(Dpa(V(m) LIV () (z) = (CIL(V(m))T1())Tpa(V(m — 1))
Thus from the symmetry of T'TI(V)II(z), we derive that

(Tp2(V(m))) TI(V (m))I(z) = T p2(V(m))IL(V (m))1(z)

In the same manner, the symmetry of ps(V(m — 1)) gives
(PTH(V (m))T1(2))Tp2(V(m = 1)) = TI(V(m))T(z) p2(V(m - 1))
Thus to prove 2.36 we need only verify that for all symmetric polynomials f(z) we have
IL(V(m))p2(V(m))I(z) f(z) = T(V(m))(z)p2(V(m — 1)) f(=).

but this is simply obtained by applying the operator II(V(m)) to both sides of 2.26.
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Remark 2.2
Companion to O,, is the operator O,, defined by setting

O, = T(z) 'I(V(m)). 2.37

We should note that O,, is well defined since for any symmetric polynomial f () the polynomial II(V (m)) f(x)
is alternating and therefore divisible by II(z). Now the identity in 2.26 immmediately yields that we also
have

Lyn-10m = Op Ly 2.38
In fact, to show 2.38 we only need to verify that for all symmetric f(x) we have
p2(V(m — D))(z) " 'I(V(m)) f(z) = I(z) ' T(V(m)p2(V(m)) f (), 2.39

Setting for a moment
I(V(m))f(z) = I(x)A(x) (with A € «—, ), 2.40

we derive that

p2(V(m — D)(2) 'V (m)) f(z) = p2(V(m —1))I(z)” ' TI(z)A(z)
= H(a) " '(z) p2(V(m — 1)) Ax)

(by 226 ) = (z)”'p2(V(m))l(z) A)
(by 240) = II(z)"'pa(V(m))I(V(m))f(z)

This proves 2.39 and 2.38.

The operators L,, and O,, have remarkable properties and we will need to dedicate an entire section
to them to begin to understand their action on the rational functions in SR, ().

3. The operators L,,, O,, and Q,, = 0,,0,,_1---O04
Our ultimate goal in this section is to derive some of the basic properties of the fundamental operator

Qm = OmOm—l e Ol

and its relation to m-quasi-invariants. To carry this out we need to prove a few auxiliary results.
To begin there is a useful multivariate version of Leibnitz rule which will play an important role in
the study of our operators. It may be stated as follows.

Proposition 3.1
For any f,g € SR, (x) and any multi-exponent p = (p1,p2, - .. ,Pn) We have

wf@gx) = Y Lon f@)olex) 3.1

1 g1
atB=p © A

Proof
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The ordinary Leibnitz rule for the variable x; gives

O @0 (o) 3.2

Rifl@)gla) = Y

a;+Bi=p;

from which it immediately follows that

n

(H@pv) )g(x) = Z Z Z (

a1+p1=p1 a2+L2=p2 an+p1=p, i=1

algl) )(Ham )(iljafig(x))

and 3.1 is is simply a compact way of writing this identity.

It is good to see right on the onset the uses we shall make of this identity. Basically, when we
compose two differential operators, we have the problem of rewriting the result in the standard form of
differentiations followed by multiplications. One of the basic uses we make of 3.1 is to determine what effect
this rewriting has on the leading term of the resulting operator. An instance in point is given by the following
identity.

Proposition 3.2
The product ¢(z,d,) of two differential operators

a(x,0,) = + Y fol@)dh, b(,0.) = g(2)Q0x) + D gqla) !

[p|<dy lq|<d2

with P(y),Q(y) homogeneous polynomials of degree di and ds respectively may be written in the form

c(z,0;) = [f(2)9(z)P(0:)Q(0x) + Z hr(2) 0, 3.3

|r|<di+d2

Proof
Of course we have for any F(z) € SR, ()

o(x,0,)F(x) = [f(2)P(2:)9(x)Q@:)F(x)+ Y f(x)P(d,) g4(z) OLF () +

lg|<d2

+ ) fola) 99(2)Q(0, D D fo(@) O gqlz) OLF (2)

Ip|<d1 [p|<di |g|<d2

Now we immediately see that after carrying out all differentiations the three last terms in this expression
can only contribute to the last term in 3.3 since the amount by which F(z) gets differentiated remains less
than d; + d3. So we need only study the term

f(@)P(02)9(2)Q(02) F(x)

Now if

Py) = Y ad, Q) = > bo!

|pl=d1 lg|=d2
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then we may write

F@)P0)g()Q(0:)F(z) = > Y apby f(x) 0L (9(x) O1F ()

[pl=d1 |q|=d2

and 3.1 gives that f(2)92(g(z) 04F(z)) is a Z-linear combintion of terms of the form

f(2)(05 g(x)) 079 F (x)

with o+ 3 = p. This implies that the highest amount of differentiation on F'(x) is provided by the term

f(@)g(z)0 1 F ()

This gives that

f@)P@0:)g(@)Q@)F(x) = f@)g(x) Y D apby 0f "F(x)
|pl=di |a|=d
+ (terms in which F(x) is differentiated less than dy + do times )

This proves that the leading differentiating term in the product of these two operators is precisely as asserted
in 3.3.

The following result reveals the nature of the operators T P(V(m)) and provides a useful tool for
their final identification.
Proposition 3.3

If P(zx) is a homogeneous polynomial of degree d then

PP(V(m) = P@.,) + 3 folw)or 3.4

lg|<d

where each f,(x) is of the form
c
fo(z) = Z =
— . )Prs
2 jq s (@ = )

with scalar coefficients c,q. Thus, if () is any homogeneous element of SR, (x) of degree dg thenT'P(V(m))Q €
SR, (z) and is homogeneous of degree dg — d. In particular if T'P(V(m))Q € Q[X,,] then it vanishes when
dQ <d.
Proof

Clearly it is sufficient to deal with case P(z) = P with |p| = d. To begin we should note that
since each Dunkl operator decreases the degree by 1 the last assertion is immediate for monomials in
V1,Va,...,V,. As for 3.4 it is trivially true for d = 1 since for each ¢ we have

Proceeding by induction on d, let us assume 3.4 to be true for monomials of degree < d — 1. Now let
|p| =d —1 and set
IVP = TUPVE- VR = 2+ Y fy(x) L. 3.5
lgl<d
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Now note that for any symmetric polynomial ) we have

V(m)iVPQ = V(m)iL'VPQ = 0,,00Q + Y s, fo(2) 02Q — m6:;00Q — m > _ 0; fy(x)0IQ 3.6
lgl<d lgl<d
Now we immediately see that the first term is of the desired form since the order of the differential operator
given by the additional terms cannot exceed d. To complete our argument we shall deal individually with each
of the remaining terms. To begin note that the induction hypothesis asserts that f, is a linear combination
of terms of the form

1 .
1 (zp — a5)Prs (With 31 <rcocn =d =1~ 1al)
1<r<s<n " s
since . 8. ( ) '
PabOz; (Tq Tp
O, S —( )
T; H (-Tr _ LL‘S)pN Z (xa _ :L‘b)pub+1 H («Tr — l‘s)pfs
1<r<s<n 1<a<b<n 1<r<s<n
(r,8)#(a,b)
and

Orifo(@) 02Q = (02 fu(@) 02 + f,(@)0.02) Q

we see that the first sum has the correct form. Next from the definition in 2.4 we get

0:00Q = Z<
= (Z@ (0 5402 sii) ) Q

we see that the third term has the correct form.

(1—s;5)02Q

Finally, using 2.4 again the last term expands to

0: fo(2)02Q = (1= i) fy(2) 93Q

1
SR
_ (Zw o )22 - (si3Ja(2)) 5130515 ) Q

which is easily seen to be of the correct form as well. A use of Theorem 2.4 proves 3.4 for the monomials
;2P and completes the induction.
We have a similar result for the operator O,,. It may be stated as follows

Proposition 3.4

On = M(2)1(0,) + Z aqg(x;m) 02 3.7
lal<(3)

where each aq(x;m) is a homogeneous element of SR, (z) and

deg(aq) = |q| (for all q) 3.8
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Proof

For a symmetric polynomial f(z) we have, by definition

and by expansion of the first Vandermonde determinant we get

= Y sign(o)ViT 7 (m)V5 7 (m) - V=7 (m)l(x) f(2)

oeS,

Thus 3.7 is established if we prove that for every multi-exponent p = (p1,pa, ..., pn) we have

VI (m)VE (m) - - VE (m)TI(z) f (x) = T(2)0R1 a2 - O f(x) + Y P (w5m) 0 f(x) 3.9
lal<(3)

with the bgp ) (z;m) polynomials in m with coefficients in SR, (x) and
deg(bgp) (z;m)) = |q| — |p| + (g) (for all q) 3.10

Note that for any ¢ = 1,2,...,n we have

Vi(m)l(@)f(@) = (9 ~mY_O (1 - sy) JU(2)f ()

= u (@) (@)) —md_ U525 (= sig) (@) (2)

(I(x)0y, f () + (0, T() mZ“z,z]m ) f (@)

n

()0, f (@) + (00, T1(w) = 2my O ML) f(z)

Jj=1

and we clearly see that both 3.9 and 3.10 are trivially satisfied in this case. So proceeding by induction
on the size of |p| let us assume 3.9 and 3.10 true for |p| = d. Thus for any i = 1,2,...,n we get (by the
commutativity of the Dunkl operators)

Vi (m) - VP (m) - VP (m)I() f(2) = Vi(m)IL(2)O0f(x) + > Vi(m)bP) (x5 m) 0L f (x)
lal<(%)

Now the first term is
Vi(m)(z)2 f(z) = (azi —my (1 sij))n(x)agg f(z)
j=1

n n

Oy, (M)A f () = my O HELAR () — my D LTI()s;;00 f ()

j=1 j=1

= ()9, 0% f(x) + (35, 11(x)) 9P f () fmz(i)% L (08 + 51500 s45) f ()
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and we see that is of the desired form. Now for the summand in the second term at the right hand side of
3.9 we have

VP (s m) 03 () = (B, =m0 (1 sy) )P (a5 ) 01 ()

bgp) (x;m) 0,08 f (x) + (&vib(p) (z; m)) d%f(x)
- ()
( Z(z) . i(i(; i) ijagSij)f (x)

Note that these sumands are of the proper form since differentiation by z; of a homogeneous element of
degree r in SR, (z) yields a homogeneous element of degree d — 1. Note further that since |g| < d the
amount of differentiation on f(x) remains below d + 1 in all of these terms. This completes the induction
and the proof.

Proposition 3.4 yields us a first glimpse at the nature of the operator €2,,,. We shall later see that
this result can be improved considerably.

Proposition 3.5
Recalling that, by definition, 2, = O;;,Opy—1 - - - O1 we have

Lo = Q0 Ay 3.11
and
Q= ()™ (0,)™ + Z ag(x;m) 0 3.12
lal<m (%)

where each aq(x;m) is a homogeneous element of SR, (z) and
deg(aq) = |q| (for all q) 3.13

Proof

The identity in 3.11 follows by a recursive application of Theorem 2.7 and then noting that for m = 0
the operator L,, reduces to the laplacian As.

Similarly the expansion in 3.12 together with 3.13 are immediately obtained by recursive applications
of Propositions 3.2 and 3.4.

Our next task is a close study of the action of L,, on Q7,,[X,] but before we can do that we need
some notation and some auxiliary identities. To begin, recall that we have set

SRu(z) = Q[a, 11<i<n;1<i<j<n]

D
(zi—xj)

Now it will be convenient to denote by SR, (x)™* the subalgebra

R™ = Qoi gyt 1<i<n;1<i<j<n;(ig)# ()]
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In the rest of this section we shall work with L,, in the form given by Theorem 2.5. Namely, we will use the

expansion

with

Ti — T
1<i<j<n " J

Proposition 3.6

For any two rational functions f,g € SR, (x) we have

Asfg = (Daf)g + 2> (00, f)(0r9) + fhag,

i=1

in particular

Ly, (fg) = (me)g + 22(3T@f)(87c19) + fLng.
i=1
Proof

Note that for any index 7 we have

2(f9) = (02./)g + 2(0.,1)(0n9) + [0l

3.14

3.15

3.16

3.17

and 3.16 is obtained by summing on i. Since the operators 9., — 0., satisfy the Leibnitz rule, from 3.15 we

derive that
Fulfg) = (Fuf)g + fFag
Thus 3.14 gives

L, (fg) = A2(fg) - 2m(~7:nf)g - me]:ng

(by 3.16) = (A2f)g + 2D (00, f)(00g) + [D2g —2m(Fuf)g — 2m f Fug

i=1

and this is 3.17.

We shall make multiple use of the following identity
Proposition 3.7

For any exponent —oo < a < +00 we have

n

Ly(z, —24)* = 2a(a—1-2m)(z, — ) 2 = 2ma(z, — )" Z(T’s) L

(zr—z;)(zs—x;)

j=1

this implies that for any R € R™® we have
Lp(z, —2)°R = 2a(a—1—-2m)(z, —x,)" >R + (z, —x,)" A

with A € R"™

3.18

3.19
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Proof
To begin note that
Aoy — )¢ Z 92 (z, —x5)* = 2a(a—1)(z, —x4)" > 3.20
moreover from 3.15 we get
1
Fn (mr — )" = a(xr - $S)a_1 Z -1, (a«'m awj)(mr xs)
1<i<j<n 391
a—1 1 '
= alwy =z Y ———(x(i=7) = (x(i=5) = (x(7 =) + (x(j = 5))
1<i<j<n " J
But
1 .
Y. ——i=r)—xi=9) - Kx(=r+K(=5)
1<i<j<n " J
1 1 1 1
B Z T Z T — T Z P Z T — s
r<j<n s<j<n 1<i<r 1<i<s
1 1 1 1
:Zx—x_zx—x+zx—x_ —x;
r<j<n " I s<j<n Jo1<<r T Jo1<<s 8 J
= 1 = 1
— (r) _ (s)
Il D
Jj=1 j=1
2 " 1 1
= )
T, — Ty + Z Ty —Tj T — T
j=1
_ 2 _ zn:(r,s) Ty Ts
Ty — Ts =1 ({,Cr - (EJ)(its LU]')
Using this in 3.21 we get
Tn (x'r - xs)a = 20/(-/137‘ - xs)a_z - — T a 1 Z(T s @ 27‘_§Q,$ ) 3.22

Thus combining 3.14, 3.20 and 3.22 we finally obtain

—25)" = 2a(a — 1)(z, — x,)*"? — 2m2a(z, —x,)* 2 + 2ma(x

This proves 3.18.
Now 3.17 gives

Lm(l'r - {ES)GR - (ES )(ale) + ((Er - xs)aLmR

R+2Z

—24)" 2R —2ma(z

(L (@r = 2)"

= 2a(a —1-2m)(z,

+ 2a(

xr Ts

= Ts a 12 :(re)
(@r—z;)(@s—x)

o a 1 (r,s) Tr—Ts)
Zs Z T’V‘_IJ)(Ig_IJ)R

Ty — xs)a 1(8:CTR - 8965R) + (xT" - xs)ail(xT - xS)LmR
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This proves 3.19 with

(zr—z;)(zs—x;)

A = —2ma) ") —fecfe R 4 2a(0,,R—0p,R) + (v, —3)LmR
j=1

Since it is easily seen that A € SR™® our proof is now complete.

Proposition 3.8
If for some P € R we have

L,P = Q€qQ[X,] 3.23
then
P € Q[X,]
Proof
Let it be possible that we can write
p - 3.24
(x, — xS)k

with £ > 1 minimal and R € R"® then from Proposition 3.7 with a— — k we get for some A € R"*

LywP = Lp(z,—2z,) "R
= 2%k(k+1+42m)(x, —2s) " 2R + (2, —xs) " A

k+2

Multiplying both sides by (x, — z5)"T* and using 3.23 we derive that

(z, —2)F?Q = 2k(k+1+2m)R + (z, —x,)A. 3.25

Extracting R from 3.25 and placing it in 3.24 we derive that P can be rewritten in the form

R/

P = ——-
(2, — @g)F 1

with R’ € R"® contraddicting the minimality of k. Thus P can’t be as in 3.26 with & > 1. Since this must
be so for any pair (r, s) the only remaining possibility is that P € Q[X,].

We are now finally in a position to establish the following truly remarkable result

Theorem 3.1
If P e SR, (z) and
LnP = Q 3.26

with @ a polynomial in QT ,,[X,,] then
P e 97,,[X,] 3.27

Proof
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Since L., is a symmetric operator then
(1 =845)LnP = Lpyp(1—5.5)P
Since we know from Proposition 3.8 that P must be a polynomial then for some integer k£ > 0 we must have
(1—5:5)P = (x, —x)?FT1P 3.28

with a suitable polynomial P’. We claim that we must have & > m. So suppose if possible that & < m and
that k is maximal. This given, from 3.26 we get that

(1= 8:8)Q = Ly (x;—x;)* 1P
But then the m-quasi-invariance of Q gives that for some polynomial Q' we have
(xr _ $5)2m+1Q/ — Lm (-Tz _ 31‘j)2k+1p/
Now using 3.19 with a = 2k + 1, for a suitable A € SR, (x)"® we get
(x, —z)*™ Q" = 22k +1)(2k — 2m)(z, — 25)* P + (x, —2,)*A

This gives
ro_ Ty — Ts ( o \2m—2k+1,y A)
302 T 1)@k — 2m) \(&r ~ ) @

Since A € SR, (x)"® we can clear denominators in this relation upon multiplication by a factor of the form

H (1‘,‘ — Ij)pi-j 3.29
1<i<j<n
(4,5)#(r,s)

We thus obtain the totally polynomial equation

/ e \Pij Ty — T _ 2m—2k+1 e \Pij o \Pij
P H (Z, x])p - 2(2/€ + 1)(2k — 2m) ((xT xs) Q H (-1‘1 xj)p A H (331 xj)p )
1<i<j<n 1<i<j<n 1<i<j<n
(4,5)#(r,s) (4,5)#(r,s) (i,5)#(r,s)

Since the factor in 3.29 is prime with z,, — x,, we derive from this that the polynomial P’ must be divisible
by x, — xs. Setting P’ = (z, — x5)P" the identity in 3.28 becomes

(1—s5.5)P = (x, —x,)?kT2P"

but we have seen that when we apply (1 — s,.5) to a polynomial, an odd power of (z, — xs) must factor out.
This forces P” itself to be divisible by (x, — xs). Thus we must have yet a third polynomial P"’ giving

(1 _ 5rs)P — (xr _ xs)2k+3P”/
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But this contraddicts the maximality of k. So we must have k > m as desired. The arbitrarity of r, s in this
argument shows P must be m-quasi-invariant and our proof is complete.

But there is yet another surprising fact: Theorem 3.1 has a converse.
Theorem 3.2
If P e O7,,[X,] and
LypP = Q 3.30
then
Q € QI [X,)] 3.31
Proof

We will closely follow the argument given in [|. We first show that @ is a polynomial and then
show that @) is m-quasi-invariant. Now, for a pair 1 < r < s < n, the m-quasi-invariance of P yields the
factorization

(1—8,.5)P = (x, —x4)*" TP

with P’ a suitable polynomial. This given, using the symmetry of L,,, we derive from 3.30 that
(1 - ST‘S)Q = Lm((xr - 1’5)2m+1P1)
(by 3.17) (Lon (20 — xs)2m+1)P’

+ 22 i (T — )™ (0, P + (2 — x5)*™ L, P! 3.32
— (Lm(ifr _ $5)2m+1)PI
+2(2m + 1) (z, — 25)*™ (05, P' — 05, P') + (x — 25)*" T L, P’

Now recall from 3.18 that we have
Ly(z, —24)* = 2a(a—1—-2m)(z, —x,)* 2 = 2ma(z, —xs) Z(” o ey zj) =)
and this, for a = 2m + 1, reduces to

_ 2m+1 _ 2m+1 (r,s) 1
Ly (2 — z5) = 2m (2m + 1) (2, — z5) 2:1 (zr—z;)(2s—25)
j=
Thus 3.32 may be rewritten as

(1=5)Q = —2m (2m +1)(z, -z, 2’”*12(”)%]3/ 3.33

+ 2(2m+ 1)(% — 25)*™ (03, P' — 05, P') + (wr — 25)*" T L, P

It is evident that all denominators which occur in the right-hand side of this identity are cleared upon
multiplication by the Vandermonde determinant II(z). In fact, since both

ZW G =P and  T(2)L, P’

(@r—z5)(ws—x;)
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are polynomials we derive from 3.33 that we have
O2)Q + spsI(2)Q = M(z)(1—5.5)Q = (z, —x,)*" 'R 3.34

with R a polynomial. On the other hand 3.30 implies that also

is polynomial. We are thus assured that for some polynomial R’ we have
M(z)Q — sps U(2)Q = (1—8:5)U(2)Q = (v, —245)R 3.35
Now 3.34 and 3.35 yield the identity

I(2)Q =

(z, —x,)*" MR + %(mr —xs)R

N

which plainly shows that the polynomial TI(z)Q is divisible by (2, — x5). Since this must hold true for all
pairs 1 < r < s < n and the factors of II(z) are relatively prime, we are forced to conclude that @ itself
must be a polynomial. In particular the factor

(1 - STS)Q

in 3.34 must itself a polynomial. But then the second equality in 3.34 forces (1 — s,5)@ to be divisible by
(2, — x5)?™. Since for a polynomial @ the maximal power of (z, — x,) that divides (1 — s,;)Q must be odd,
we see that (1 — s,.4)Q must be divisible by (x, — x,)?™*! as well. Since this must hold true for all pairs
1 <r < s <n we have thus established that @ is m-quasi-invariant and completed our proof.

We are now ready to study the action of €2, on the polynomial ring Q[X,]. We find here another
quite surprising development.

Theorem 3.3
For any monomial xP we have
Qa? € 9T,,[X,]. 3.36

In particular the image by )y, of any polynomial in Q[X,,] Is necessarily m—quasi-invariant.
Proof
The identity in 3.11 gives that

LQOxp = QmAQZ‘p

This may also be written as
L, Qpx? = Z pi(pi — 1) Qa2 3.37

pi>2

Now when |p| < 2 we clearly have
L,z = 0
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since 0 is obviously in Q7,,[X,,] Theorem 3.1 assures us that the assertion is true for all monomials of degree
less than 2. This given we can proceed by induction and assume that 3.36 is true for all |p| < d. Now let
|p| = d and note from 3.37 that the inductive hypothesis assures that

L Qma? € Q7,,[X,]
but then again from Theorem 3.1 we derive that 2,z is a polynomial and moreover that
Qa? € 9T, [X,].
This completes the induction and the proof.

We are now able to provide a remarkable improvement upon the assertion in 3.12 regarding the
nature of ), as a differential operator. The basic idea rests on a “Generating Function Argument ” and the
generating function happens to be the Baker-Akhiezer function. This is the formal power series ¥, (z,y) in
two sets of variables x1,xo, ..., 2, and y1,yo, ..., y, defined by setting

Vp(z,y) = Qpe®? 3.38
with
(z,y) = Ty +o2y2+ -+ TpYn
Note that applying €2, to the power expansion

@y — Z%!xpyp 3.39
P
we derive that ¥,,(z,y) has the expansion
U, (z,y) = Z 3]’0—7!) Qpa? 3.40
P

Thus ¥, (z,y) may be viewed as the generating function of the polynomials Q,,xP.
The importance of ¥, (x,y) in the study of m-quasi-invariants will appear be quite clear in the next
section. For the moment we use it to prove the following remarkable result.

Theorem 3.4
The operator (), has the form

Qn = @) ()" + > Pylw;m)dl 3.41
lal<m(%)
with P,(x;m) a polynomial in 1,2, ...,x, and m, homogeneous in x1, 2, ..., %, of x-degree
deg(Py) = lq| (for all q) 3.42
In particular it follows that
U (2,y) = Po(z,y)e™?) 3.43
with
Pu(z,y) = I(x)™Tm)™ + > Pylwsm)y 3.44

lal<m (%)
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Proof

The polynomiality in m is quite evident from the definitions of €, and O,,. What is not obvious
from the arguments used in the proof of Proposition 3.4 is the z-polynomiality of the coefficients a,(z;m)
occurring in 3.7 and ultimately in 3.12. Yet this polynomiality is an immediate consequence of Theorem 3.3.
To see this we apply €2, to the expansion

el@y)  — Z %(Ly)k 3.45
k>0
and obtain the identity
Up(2,y) = D (2, y)" 3.46
k>0

Theorem 3.3 assures that the terms €2,,(z,y)* are polynomials and infact the degree preserving property of
., assures that Q,,(z,y)* is doubly homogeneous and of degree k in both x1,zs,..., 2, and y1,y2,...,Yn.
Now from 3.12 it follows that

U (zy) = (H(x)mn(ax)m Z aq(x;m)ag>e($’y)

lal<m (%) 3.47
= Pu(x,y)e™?
with
Pn(z,y) = T@)"Oy)"+ Y agle;m)y’ 3.48
lal<m(3)

We may thus combine 3.47, 3.45 an 3.46 and obtain another expression for P, (z,y). Namely we have

Pu(z,y) = e @03 L Qp(a,y)"

k>0
1\
(X @) (X 4 e n))
h>0 k>0
Since we know that P,,(z,y) is a polynomial in y1,ys,...,y, of degree d,, = m(g) all terms of y-degree

larger than d,,, on the right hand side of this identity, must necessarily cancel out. Thus we must have that

dﬂl
_1\h
Po(z,y) = > Y S (@) (e, y)" 3.49
r=0 h+k=r

This remarkable formula makes quite obvious all the stated properties of P,,(z,y) and completes the proof
of the Theorem.

Remark 3.1
We should point out that comparing 3.50 with 3.48 we derive the surprising identity

@) Iy)" = Y. GH ) e, y)* 3.50
htk=m(})
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The operator L,, has an alternate expression which will play a crucial role in the study of the
Baker-Akhiezer function. It is worth deriving it here before continuing with our developments.

Theorem 3.5

For any function F(z) we have
1

(zi —x5)?

Ly F(z) = H[X,|"Ap () " Fz) — 2(m* +m) Y

1<i<j<n

F(z). 3.51

Proof
Note that 3.16 gives

A Tl(z) " F(z) = (A2I(z) ™)Q(z) +2 Z (02, 01(z) ™) 0,5, F(z) + I(z) ™AxQ(z).
Thus
()" A Tl(2) ™™ F(z) = (IL(z)" Ay TI() )+2 Z )"0y, () "™) 0,5, Q (%) + A2Q(x) . 3.52

Now for any 1 <r < n we get
I(z)™0, IM(x)™™ = 3J,,log (H(x)_m)
= —m Z Oz, log(z; — x;)

1<i<j<n

= Y Elmimm)

— T
1<i<j<n Li j

- 7m(z XTi — Xy) * Z T—x])

1<1<T r<]<n

In conclusion we have shown that
I(z)™0, M(x)™™ = —mU, 3.53

where for convenience we have set
U, = — x(@#r). 3.54
Thus we have

(z)™ AoIl(z)™™ = Z( )", T (z) )(H(x)mazrn(x)—m)

= —-m ZH "L8$,H )_mUr
3.55
= - 3 (16" (0 ) U+ )0 0)

_ —mZ(*me + aerr) - mZiUf—an:[)xTUr.
r=1 r=1

r=1
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But from 3.54 we derive that

1

On the other hand, again from 3.54 we get

> u? ZZZ _xj)x(i#T)X(j#T)

T

r=11i=1 j=1
n n n
=2 ) + ZZZ X(i # )X # 7).
£ (J:Z—w ) T—x)
1<i<j<n J r=11i=1 ]:1 J
Clearly the left-hand side of this equality is a symmetric function of x1,xs, ..., x,, and so is the first term

on the right-hand side. Thus also the second term on right hand side is necessarily symmetric. This

fact immediately implies that this term must vanish identically. The reason is simple, if it didn’t vanish,

n

multiplication of this term by II(z) would yield an alternating polynomial of degree less than (2

) and we
know that there aren’t any. In conclusion we derive that

En:UE =2 >y . 3.57
r=1 1<L<]<n( i = %5)°

Substituting 3.56 and 3.55 in 3.54 gives
1
m -m 2 E
1<i<j<n

To complete our proof we need to evaluate the second term on the right-hand side of 3.52. To this end note
that we have (using 3.53)

n

23" ((2)" 0y, M(z) ™), Flz) = —QmZ (Z ey ))aer( )

r=1

= 2m(i - &E,Q + i i " (%cTF( ))
r=14=1"" r=1li=r4+1" "

= Zm(i Y . (%JQ + i i ~ xale(z))
j=11i=1"" i=1 j=i+1 """ J

= 2m( 0 0:,)Q(x)).
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Using this and 3.58 in 3.52 we finally obtain the identity

H(x)mAg[H(x)fmF(x) _ 2(m2 + m) Z & — 929m Z ‘ 1 (aﬂbz — 896]. )F(x) + AQF(Z’)

(i — ;) x
1<i<j<n 1<i<j<n

which (given the definition in 3.14) is simply another way of writing 3.51. This completes our proof.

35
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4. The Baker-Akhieser functions for S,
The goal of this section is to obtain the basic properties of ¥,,(z,y) which intimately connect it to
the theory of m-quasi-invariants. Recall that we have defined it by setting

\I/m(ﬂf, y) = Qme(r,y) — OmOm—l .. Ole(x,y) i1
with
(z,y) = T1y1 + 2292+ + TnYn - 4.9

We begin with two fundamental properties of the Baker-Akhieser function which, as we will see, completely
characterize it

Theorem 4.1

a)  LmUnm(z,y) = (4,9)Um(z,y) 4.3
and
Up(x,y) = Pulz,y)e®Y 44
with
b)) Pulry) = O@)"Iy)™+ > alz,y) 4.5
-
where ai(x,y) is homogeneous in x1, Ta, . . ., Ty and y1,Ya, . . . , Yn, and of degree k in both variables. Moreover,

U, (x,y) is m-quasi-invariant as a function of x.

Proof
The definition in 4.11 and 3.11 give

LinVo(2,Y) = LinQme®Y) = Q,,A0e@Y) = Q. (y, )Y = (y,4)Qme ™Y = (y,9) ¥, (x,y) .

This proves 4.3. Property b) is essentially the contents of Theorem 3.4. and it is best expressed by the
identities in 3.49 and 3.50. The quasi-invariance of ®(z,y) is an immediate consequence of 3.36 and the
definition in 3.38

For a deeper understanding of the Baker-Akhiezer function we need to enlarge the algebra of func-
tions we work with. To this end we shall here and after call SR, (x,y) the ring generated by the variables

L 1 _ Insymbols
Ti—xj’ Yi—Yj

T1,%2,- -y Tn; Y1,Y2,---,Yn and all the fractions
SRu(z,y) = Q[Il?i,yui = 17..'7n;$1‘+xj7yi+yj; I<i<j< n}
This ring has a natural bigrading which decomposes it into bihomogeneous subspaces yielding the direct sum

decomposition
+oo —+oo

SRu(z,y) = @ @ Hr,s<5Rn($vy))

Where H,. (SRH(I, y)) is spanned by rational function of the form

P1.P2 | Png 91,92 4G
Ty X Tn'"Y1 Yo Yn"

- [icicjen(@i —2)P9 [Ticicjcn(yi — y;) %

fv",s(l'vy)
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with

n n
IUEDBFTECEE IS WD DIRTEN
i=1 i=1

1<i<j<n 1<i<j<n

37

We call the elements of H, , (SR,L(I, y)) bihomogeneous of bidegree (r, s). Clearly, each f € SR, (z,y) has

a unique decomposition of the form

= Y S fee (Wit frg € Mo (SRu(w 1))

r=—7r1 S=—81
We call the summands f, s(z,y) the “bihomogeneous components” of f .

This given, we also need to deal with the family of special functions ®(z,y) of the form
®(z,y) = Fla,y)e™  with F(z,y) € SRu(z,y)
It will be convenient here and after to denote this family by SFR(z,y).

Proposition 4.1
For any special function ®(x,y) = F(z,y)e®¥) € SFR(x,y) we have

e~ (@) ) (L@ ()~ (0.9) R, ) =

= 2Zyla$1f(xay)+A2f(x?y) - 2(m+m2)f(q:,y) Z m

i=1 1<i<j<n
where for convenience we have set

F(z,y)
flz,y) = W

It then follows that ®(x,y) satisfies the identity

Ly ®(z,y) = (y,y) ®(z,y)

if and only if the function f(x,y) is a solution of the differential equation

23 i 0n () = ~Doflay) + 2AmtmDfry) Y. e

i=1 1<i<j<n
Proof
Using the identity in 3.51 we derive that
L ®(e,y) = )" Aoll(e) " Fla,y)e™ — 2(m+m?) P, Y L
1<i<j<n

dividing by II(x)™I(y)™ and using 4.7 we get

()" (y) "Ly ®(z,y) = Dof(w,y)el™ = 2(m+m?) f(z,y)e™ Y L

(zi—z;)?
1<i<j<n

4.6

4.7

4.8

4.9
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Now the identity in 3.16 gives

()" T(y) ™" L ®(2,y) = (Do f (2,9))e + 230, f(2,9)0,e™Y + f(a,y)(y, y)e™?

i=1

= 2m ) f ()™ 3T Gl

1<i<j<n

or better

() "™ TI(y) ™™ (L ®(2,y) — (y,y)<1>(:c7y)) = VA f(z,y) + 265040, f(x,y)

i=1

—2(m+ mz)f(xv y)e(w’y) Z (zi—lrf)z

1<i<j<n
dividing both sides by e(*¥) gives 4.6 precisely as asserted. Thus 4.8 is equivalent to 4.9, and our argument
is complete.
To proceed we need a technical result concerning the polarization operator Y | y;0y,.

Proposition 4.2

Let f(x,y) be a rational function of the form

fly) = Y ap(a)y” 4.14

lp|=d

with d > 0 and a,(z) € SRy, (x). Then the equation

n
> yila,b(w,y) = 0 415
i=1
forces all the coefficients a,(x) to be polynomials.
Proof
Denote by

mi(y), ma(y),- - mn(y), 4.16

the monomials y? with |p| = d arranged in the lex order corresponding to the total order y; < ya < -+ < yp.
This given we can rewrite 4.14 in the form

N
fly) = Y ar(e)m.(y)

and 4.15 becomes

N N N
Z Oy ar(x) yrmy (y) + Z Ovyar(@) y2me (y) + -+ + Z Oz, ar(x) ynmr(y) = 0 4.17
r=1 r=1 r=1
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Since, when ¢ > 1 or r > 1, all the monomials y;m,(y) are lexicographically larger than y;m;(y) = y1+1 the
latter monomial can only occur once in this sum. Thus 4.14 forces

Oz, a1(z) = 0.
We can thus proceed by induction and suppose that we have shown that
Opya1(z) = 02 as(x) =+ =95 Tas_1(z) =0

This given, applying 8;1_1 to 4.17 we derive that

Z 0y ar(x) yrm(y Z Oy 8;1 x) Yo, (y -+ Z 02,05, @ Yo () ypme(y) = 0 4.18

but now, for the same reason as before, the monomial yyms(y) can only occur once in 4.18; this forces
0y, as(x) = 0

and completes the induction, proving that

Opyai(z) = 02 as(z) == 9N an(z) =0.
Now the same argument based on an order of yq, ¥, ..., y,, where the variable y; is first, would prove
aﬂﬁiat‘il (SL') = aa%iafm(x) == a:i\iaa'N (:L') =0.

when

Moy (Y), Moy (Y), - - s Mgy (Y) -

are in the corresponding lex order. We can then be assured that for all ¢« we have
8ﬁa1(x) = aﬁag(x) == QJE\ZaN(a:) =0.

Thus a1 (), az(x),...,an(x) must be polynomials precisely as asserted.

To identify the family of special fuctions ®(x,y) = F(z,y)e®™¥ € SFR(x,y) which satisfy the
equation

Ln®(z,y) = (y,y)®(z,y)

we need the following corollary of Proposition 4.1.
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Proposition 4.3
Let f € SR, (z,y) and suppose that it has a bigraded decomposition of the form

flay) = > > frs 4.19

r1<r<rz s1<s<s2

Then, for ro < 0, the equation

Zyiaa:if(x, y) = 0 4.20
i=1
forces
flz,y) = 0 4.21
in particular, when ro < 0, the equation
i=1

has at most one solution, of the form given in 4.19.
On the other hand, for ro = 0, the equation in 4.22 forces f(x,y) to be of the form

flxy) = g(y) with  g(y) € SR(y). 4.23

Proof

The bihomogeneity of the equation in 4.20 forces all the components of f(z,y) to satisfy the same
equation. So it is sufficient to prove 4.21 for a bihomogeneous f. So suppose that f = f,.¢ is bihomogeneous of
bidegree (r, s). This given, construct a factor D(y) = [],<; <, (¥i—y;)? which clears all the y denominators
occurring in f,.s. We shall then have an expansion of the form

D(y)frs = Z aq(x)yq (With d=s+ Zl§i<j§npij)
lgl=d

and each a4(z) € SR(z) homogeneous of degree r. Thus we can apply Proposition 4.2 to the rational
function g(x,y) = D(y) frs(x,y) and conclude that the coefficients a,(x) must be polynomials in . But for
r < 0 this can only hold true when each of them vanishes identically, this proves f,s = 0 and 4.21 necessarily
follows. Now when 7 = 0 the only possibility is that each a,(z) is a homogeneous polynomial of degree 0 in
x, i.e. a constant. Thus in this case we must have scalars a, giving the expansion

g(z,y) = > agy”
q

in particular we derive that

yq
frs(z,y) = a € SRn(y)
Xq: ! H1§r<s§n(y7" - ys)qm
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In conclusion, we see that when r, = 0, the equation in 4.20 forces f, ; = 0 when r < 0 yielding the equality

flz,y) = Z fo,s(y)

s1<s<s2

with each f, s(y) € SR, (y). This proves 4.23. Finally if 4.22 had two solutions f'(x,y) and f”(z,y) then
the difference f(x,y) = f'(x,y) — f”(x,y) would be a solution of 4.20 and for ro < 0 it would necessarily
vanish identically.

Theorem 4.2
Let ®(z,y) = F(z,y)e®¥) € SFR(xz,y) and suppose that ®(x,y) satisfies the equation

Ly®(z,y) — (y,9)®(z,y) = 0. 4.24

Suppose further that we have the bigraded decomposition

F= > Y F. 4.25

r1<r<ra s1<s<sa

Then
ro < dpy, = m(?) = P(z,y) = 0. 4.26

In particular the Baker-Akhiezer function U,,(z,y) is the unique element of SFR(x,y) which satisfies 4.24
and whose multiplier F(z,y) has the form

F(z,y) = II(x)™(y)™ + {terms of degree less than d,, in x1,T2,...,%,} 4.27

Proof

Proposition 4.1 gives that the function
Fs(2,y)
f = DAL B A 4.28
22 T
T1STST2 §158582
satisfies the equation
i=1 1<i<j<n

Setting

T, =1r;—d,, and Si=s;—dy (fori=1,2)

we can rewrite 4.28 in the form

fy) = > Y fesley)  with fr € Hy o (SRu(2,)). 4.30

T1<r<r25;<s<53
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and then the bihomogeneity of the equation in 4.29 forces the recursions

2 YiOnifrs(@y) = —Bofriisri(@,y) + 2m+m®) frinon(@y) Y Glyp (V r<7) 431

i=1 1<i<j<n
as well as the equality .
2> i On, frs(z,y) = 0. (V 5 <s<5) 4.32
i=1
However, note that for ro < d,,,, we have 7o < 0, so we can apply Proposition 4.3 and conclude that
fras(z,y) = 0. (V 351 <s<3)

But now 4.31 for r = 75 — 1 reduces to

QZyZ azifﬁ_lﬁs(x,y) = 0 (V 51 S S S §2) 433
i=1
and here again Proposition 4.2 can be applied to yield
f'rlvfl,s(wvy) = 0. (V 51 <s< g2)

Obviously this argument can be repeated and recursively obtain that 4.32 forces the vanishing of all the
components f, s(x,y) and ultimately the vanishing of F(x,y) as well as ®(z,y). This proves the implication
in 4.26.

Finally, note that if F(z,y) is as given in 4.27 then the difference

q)l(mvy) = (I)(aj7y) - \Ijm(mvy)

will be an element of SFR(z,y) of the form

By = (XX anlem)e

r1<r<ra s1<s<sa

with 79 < d,,. Thus we can apply 4.26 to it and derive that it must identically vanish. This proves the
equality

o(x,y) = Um(z,y)
and completes our argument.

To continue with our developents we need further notation. We will use operators which act

on yi,Y2,--.,Y, in the same manner as some of the operators introduced in previous sections acted on
T1,%2,...,Ty. To do this we will use the same symbols as before and simply append a superscript “z” or
“y” to indicate whether they act on z1,%9,...,Z, O Y1,Y2,...,Yn. For instance, with this convention we
have

Ly, = Ay =2 ) (95, -0y) with A = ) 07
=1

1<i<j<n
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and
n
1 1 : 2
Ly, = Ay -2 Y A-(9,-9,) with Ay = ) 5.
1<i<j<n i=1
Similarly, for the Euler operators in x1,xs,...,2, and y1,y2, - .., Yy, We set

E* = Zmﬁz and EY = Zylay
i=1 i=1
We should also note that a simple calculation, based on 3.17, yields the commutator relations
a) Ly, (z,z) — (z,z)L;, = cl+4E* and b) LY (y,y) — (y,y) LY, = cl+4EY
with I the identity operator and
c = 2n—4m (72’) .

This given, we are in a position to state and prove the following remarkable fact

Proposition 4.4
Setting
P (z,y) = Ly Vm(z,y) — (2, 2)Vm(z,y)

we have

Proof

43

4.34

4.35

4.36

4.37

To begin note that since ), preserves homogeneity and z-degree it will necessarily commute with

the Euler operator £%. On the other hand EY and Q% commute as well since they act on different sets of

variables. This gives
EYU,,(z,y) = EYQTe®Y)

— anEye(w,y)

= Q7 (z,y)el™V)

= Q2 ETel@v)

= E"Q% @Y = E*W, (z,7)

and 4.34 a) immediately gives that we also have
(Lﬁ(z,g) - (E,E)L%)\I’m(%y) = (L"i’n(g,g) - (%g)L%)‘I’m(%y%

Now, from 4.36 we derive that the left-hand side of 4.37 can be rewritten as

LHS = LI (LYY (z,y) — (z,2)¥,,(z,y))
Ly (y,9) ¥ (z,y) — Ly, (2, 2) Vi (2, y)

(by 4.3)

4.38
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and for the right-hand side we have

RHS = (y,y)(Ly¥m(z,y) — (2,2)Vm(z,y))
= (yvy)Lgn‘Ilm(aj?y) - (y7y)(x,x)\lfm(x,y)
(by 4.3 again ) = (yvy)Lgn\pm('Tvy) - (zvx)Lfnq]m(ma y)

and the two are equal if and only if

LY (y, )W (z,y) — Ly (2, 2) Vo (2,y) = (v,9) L5 Yim(2,y) — (2, 2) Ly, Vi (z,Yy)

but this simply another way of writing the identity in 4.38. This proves 4.37 and completes our argument.

An immediate corollary of Proposition 4.3 is the following basic identity satisfied by the Baker-
Akhiezer function

Theorem 4.3

Ly W (z,y) = (2,2)¥n(z,y) 4.39

Proof
Since ¥, (z,y) = Pp(z,y)e®Y) with P, (z,y) a polynomial in 2 and y we can apply the identity
in 4.6 with the role of z and y reversed and obtain that the function ®,,(z,y) defined by 4.36 is of the form

D, (2,y) = G, y)e®Y) 4.40

with

G () = () "T@)™ (2D 250y, fn.9) + M fin(@,9) = 2m+m) () Y. i) 441

i=1 1<i<j<n

and

P (z,y)
I(y)™1(z)™
It is easily seen that the rational function defined by 4.41 lies in SR, (x,y) thus 4.40 gives that ®,,(z,y) €
SFR(x,y). Since Proposition 4.4 assures that we have

fm(z,y) = 4.42

Lin®@m(z,y) = (4,4)®m(z,y)

we shall be able to derive that ®,,(x,y) vanishes identically and prove 4.39, as soon as we derive that
Gn(z,y) has a bigraded expansion of the form

Gm(z,y) = Z Z Grs(2,y)

r1<r<rg s1<s<s2

with ro < d,,. Or, equivalently that the rational function

g?n(xvy) = QZxZ ayifM(xay) +A?2!fm(m7y) - 2(m—|—m2)fm(x,y)z (y,i_lyj)2 443
=1

1<i<j<n
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has a a bigraded expansion of the form

gm(z,y) = Z Z gr.s(T,Yy) with 79 < 0. 4.44

T1<r<r25;<s<53

Now note that from 4.5 and 4.42 it follows that f,,(z,y) has a bigraded expansion of the form

fm(wy) = D ferlay) 445

—dm <r<0

Thus using this in 4.43 we immediately derive that we must have

Grs = 2inayifm|r71,s+l+Agfm|r,s+2 —2(m+m2)fm‘r,s+2 Z (yijyj)Q

i=1 1<i<j<n

where we have used the symbol ’a’b” for the operation of extracting a bigraded component of bidegree(a, b).
Now, in view of 4.45, in order for the right hand side not to vanish we must have the equality s = r — 2.
This gives

grs = 0 ifs#r—2

and

Ir+1,r—1 = 2 Z X ayif'r,r + Agfr+1,r+1 - 2(m + mQ)frJrl,rJrl Z (yijyj)z 4.46

i=1 1<i<j<n

This means that the bihomogeneous component of g,,(z,y) of highest z-degrees are

gi,-1 = 22%‘ 0Oy, f0,0 4.47

i=1
and

n
go,—2 = 22331‘ Oy f-1,-1+ AYfoo — 2(m+m?)foo Z m 4.48
i=1 1<i<j<n
all the other components have negative x degrees. Thus to prove 4.44 we need only show that both g; _;
and go,—o do vanish identically. However, from 4.5 it follows that fy o =1 and 4.47 gives

gi,-1 = 0
as desired and from 4.48 we get
go,—2 = 22.’1% ayif*l,*l — 2(m + m2) Z (yijyj)z . 4.49
i=1 1<i<j<n
So we are left to show that we have
n
in 8yif_17_1 = (m+m2) Z (yz—lyJ)Q . 4.50
i=1 1<i<j<n
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To determine f_; _; we apply Proposition 4.1 to the Baker-Akhiezer function and derive from 4.3 that the
function in 4.45 must satisfy the differential equation

i=1 1<i<j<n

Now using 4.45 we deduce that the bihomoheneous components of f,,(x,y) must satisfy the recursions

n
2Y YiOuifrr = —Dbfrirerr + 2mAm?) frien Y Gy 4.52
i=1 1<i<j<n
In particular setting » = —1 and using foo = 1 we get that f_; _; satisfies the equation
n
Yovide S = (mam®) Y 4.53
i=1 1<i<j<n

Now it is easily seen that we have
n
. . 1
Z Yi Oz, Z (zr—2s)(yr—ys) Z (zi—z)? "
i=1 1<r<s<n 1<i<j<n

Thus a solution of 4.53 is given by the function

foio1 = —(m+m?) Z m o

1<r<s<n

However, since f_; _; is of negative 2 degree, we can use the uniqueness part of Proposition 4.3 and conclude
that this is the only solution. This given we derive that

n
E 23 Oy, fo1,-1
i=1

2 . 1
—(m+m ) Z; €Ty ayz‘ Z (Tr—25)(Yr—ys)
i=

1<r<s<n

o 2 —(zr—xs)
- _(m +m ) Z (IT_IS)(?JT_?/S)2 :

1<r<s<n

and this is simply another way of writing 4.50. This proves that ®,,(x,y) identically vanishes and 4.39 must
hold true precisely as asserted.

This brings us to one of the crucial properties of the Baker-Akhiezer function.

Theorem 4.4

V(z,y) = Vinly,z) 4.55

Proof
Note that from 4.5 we derive that

Uy, z) = Pm(yvx)e(x’y)
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with
Pu(y,z) = T@)™y)"+ > axly,z) 4.56
0§k<m(;)
where a(y, z) is homogeneous in a1, s, ..., 2, and y1, Y2, - .., Yn, and of degree k in both variables.

Now interchanging z and y in 4.39 we derive that

Ly ¥m(y,2) = (4,9)Vm(y,z)

and this together with 4.56 puts us in a position to use the uniqueness part of Theorem 4.2 and thereby
conclude that ¥,,(y, z) and the Baker-Akhiezer function must be one and the same, proving 4.55.

Theorem 4.2 has a windfall of consequences as we shall soon see. In particular we may deduce from

it an extensive generalisation of the identity in 4.3.

Theorem 4.5

For any symmetric polynomial P(x) set
Yp(m) = Tp(Vi(m),Vi(m),...,V,(m)) 4.57

This given, we have
a) v m)¥n(z,y) = py)Vn(z,y)

b)) (m)¥n(z,y) = p(x)Vn(z,y)

4.58

Proof

Clearly 4.58 b) follows from 4.58 a) by interchanging x and y and using 4.55. Moreover, it is sufficient
to establish 4.47 for p homogeous. So assuming that p is of degree d > 0 it follows from Proposition 3.4 that
7y (m) is of the form

Y (m) = p(0z) + qu(x)ag 4.59

lgl<d

where for some scalar coefficients ¢, we have

@) = Y gy 4.60

[p|=d—|q|

Recall that we also have W,,(z,y) = P (z,y)e®¥) with

Ppn(z,y) = @)™+ Y axlz,y) 4.61
0§k<m(;)
This given set
O(z,y) = 7, (mM)¥n(2,y) — p(y)¥m(z,y) 4.62

Now it is easily seen from 4.59,4.60 and 4.61 that

® € SFR(z,y), 4.63



On Shift Differential Operators 8, 2004 48

and it follows from 2.23 and 4.3 that we have

Ly ®(x,y) = Ly, (m)¥n(z,y) — Lyp(y)Ym(z,y)
= 7, (m) L,V (z, )—p() U, (,y)
= % m) (Y, v)Vn(r,y) — pW)(Y, ) Ym(,y)

= (1Y) (M) ¥z, y) — p(W)¥m(z,y) = (y,9)P(z,y).

We are thus again in the realm of Theorem 4.2. So to prove the vanishing of ® and thereby establishing 4.58
a) we need only check that ®(z,y) = F(z,y)e!®¥ with F having a bigraded decomposition of the form

F(z,y) = Z Z Fs. 4.64

r1<r<d,;, s1<s<sa

Briefly we only need to show that F'(z,y) has no terms of degree d,,, = m(g) in z. Now from 4.59.4.61 and
4.62 it follows that

F(z,y) = e ™Y (p(az)ﬂ(x)mﬂ(y)me(z’y) — p(y)II(z)™(y)™ — Z p(y)ag(z,y)e™Y
0<k<m(})

+ > p(On)ak(w, y)e™V

0§k<m(g)

+ 37 fula) 02 () I(y) el

lal<d
* Z Z fo(x) 0% ak(x’y)e(x,y))

lal<do<k<m(%)

All the terms that involve differentiations here are easily handled by means of the identity in 3.1. This given,
we immediately see that the only way that we can produce an z-degree d,;,, term from the first summand in the
first line of the above display is to let p(9,.) act entirely on e(®¥) but this produces the term p(y)II(z)"TI(y)™
which is immediately cancelled out by the next summand. Since each summand ay(x,y) in 4.5 is of degree
k < d,, we see that all the remaining summands in the first line are of z-degree less than d,,. The same
reasoning applies to the terms produced by the second line of the display, even if let p(9,) act entirely on
el®¥)  Since we see from 4.60 that all the factors fq(z) are of negative z-degree, there is no way a term of
z-degree less than d,, can be produced by any of the summands in the last two lines, even if we let 04 act
entirely on e(®*¥) . This proves 4.64 and completes our argument.

Remarkably, it was shown by Chalykh and Veselov in [| that an operator 7,(m) satisfying the
identities in 4.58 can be constructed also for every m-quasi-invariant. Our next task here is to give this
construction. But before proceeding with it we need to establish another truly surprising auxiliary result
also due to Chalykh and Veselov.
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Theorem 4.6

Let ®(x,y) be a formal power series of the form
O(z,y) = P(x,y)e™Y 4.65

with P(z,y) a polynomial in y of degree d, with coefficients in SR,,(x). Suppose further that, as a function
of y, ®(x,y) is y-m-quasi-invariant. In symbols

O(z,y) € QT [Yn] -

Then the homogeneous component of y-degree d — i in P(x,y) is necessarily divisible by II(y)™~%. More
precisely if

with P(")(z,y) y-homogeneous of degree r then d > m(g) and
PU=D(z ) = TI(y)™"'Q;(x,y) (fori=0,1,...,m—1) 4.67

with Q;(x,y) a y-homogeneous polynomial of degree d —i — (m — 1) (g)

In particular ®(x,y) must identically vanish if d < m(g)
Proof

We shall begin with some observations. Combining 4.66 with the expansion of the exponential the
relation in 4.65 can be rewritten as

O(z,y) = Y " (x,y) 4.68
k>0
with
r+s==k
r<d

Note that this is a polynomial in z,y and it gives the y-homogeneous component of y-degree k in ®(x,y).
The assumption ®(x,y) € QZ,,[Y,] is to be interpreted as saying that we have

M (z,y) € QT[] (for all k > 0)
Here and after we shall use the abreviations
u:(xl—xg)/Q, ﬂ:(z1+w2)/2, V=YL — Y2, 5:(y1+y2) 4.70

Since
T1y1 +T2y2 = 2uv + 2uv

we may write
2u v " iYi
p@y)  — Q2uv 2T T wiy 4.71

here and after we shall set
e2m+2;3 Ty (@)
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so 4.71 may be written as
e@y) — 2uv,(T.Y)

Observe next that the m y-quasi-invariance of ®*) (z,y) may be simply expressed by stating that

oM (z,y) = 08 (u,z,7) + DY (0, 7,7)0* + - + ) (u, 7, 5)0*™ + v*" U ® (4,0, 7, 7)

2m
where T = (u,z3,...z,) and ¥ = (U,ys, ... yn), we thus obtain the decomposition

O(z,y) = Po(u,Z,7) + Po(u, T, H)v* + - - - + oy (u, T, 7)0*™ + 0> TN (u, v, T, 7)
with

Pou(u,7,7) = YO8 (u,7,7) V(u,v,7,5) = Y ¥ (u,0,7,7).
E>0 k>0
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4.72

4.73

4.74

At the cost of adding denominators containing difffernces z; — x; we may also decompose P®)(z,y) in the

form
PO ,y) = PPwzy) + PP wzy)2uv + -+ P (u,z,7)(2un)?

where Pr(s) (u,Z,7) is a y-homogeneous polynomial of y-degree s —r. Of course some of the terms in this sum

could very well vanish (certainly Pr(s) (u,T,y) for r > s) but we write it this way for notational convenience.

Setting
d
Pr(uw,z,y) = Y P¥(uw,7,7)
s=0

we may write
P(z,y) = Po(u,z,5) + Pi(u,Z,9)2uv + ---+Pd(u,f7y)(2uv)d

Using this and 4.72 in 4.65 we obtain te expansion

d
(z,y) = e(m)(z S L (2uv) P (w, 7, 7)) -
r=05>0
comparing with 4.73 gives the equations
Z éPT(u;fay) = 0 (fOI']{?:()’l,...’m)

s+r=2k+1

Since each of the y-homogeneous components of this polynomial must separately vanish, and Pr(e'w) (u, T, 7)

is a y-homogeneous polynomial of y-degree e,we get for any e

Z %PT(G-FT)(’LM@’y) = 0 (fOI' k:O71,'-~7m)
s+r=2k+1

Now for k = 0 this gives (omitting the dependence on u,T,7)

e e+r
LR + &P = 0

4.75

4.76
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Setting e = d reduces it to
Po(d) - 0. 4.77

The equation in 4.75 for k =1 gives
LR + AP 4 LpetD 4 LpEt) = g 4.78
and setting e = d — 1 in 4.76 and 4.78 gives the system

PUD 4 1 pl@
P(d 1)+ 1P(d) = 0

OJ|H >—A|,_.

which forces

Now for k = 2 we get from 4.75
e e+1 e+2 e+3 e+4 e+5
LR 4+ LPEtY) ¢ LRt ¢ L p(et® | Lpletd) L Lpltd — g 4.79
and setting e = d — 2 in 4.76, 4.78 and 4.79 we get

lp(d72)+%P(d71) =0
P(d 2)Jr P(d 1)Jr P(d)
d—2 d—1

%Po( )+JP1( )+§Pz()

and since

11
i oo U
101 1
1 1 1
51 41 3

It follows that we must have
P0(d72) _ Pl(dfl) _ P2(d) — 0
Clearly we can continue in this manner, where at the k*" step we have the system of k + 1 homogeneous

linear equations

k
Z 2z+1 s);P(d k+s) — (fori=0,1,---,k—1)
s=0

with determinant
k
D, = det HmHi,s:O )

Now it is well known see Macdonald [] that Dy equals 1 over the product of the hooks of the k + 1-staircase

partition. This gives
1

(2k + D12k — )11~ -3I111]

Dy =
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where (2k+ 1) = (2k+1)- (2k —1)---3- 1. At any rate what is important is that Dy # 0. To derive that

at the k" step we obtain the equalitites
PR = platktl) — = pl — g,

Since we can carry this out up to k =m — 1, at the (m — 1)% step we get

d—m-+1 d—m-+2 d—m-+1 d
P L pmed L plmed _ 0 g

The result is that, for P?~™% we obtain

plmt — plamt o pldomd

This implies that P(4=™%) ig divisible by (11 —x2)%. Since the same argument applies to any pair of variables

x;, x; and the differences x; — x; are relatively prime, the inevitable conclusion is that Pld=m+i) is divisible
by I(z)?. Or equivalently that P(?~9) is divisible by TI(z)™~7 for j = 0,1,...,m — 1. This proves 4.67. Note
that if d < m(g) the divisibility of P9 by II(z)™ forces P(Y = 0 contraddicting the hypothesis that P(z,)
is a polynomial of degree d in y. So the only way to avoid contraddiction is that ®(z,y) vanishes identically.

This completes our proof.

Before we can proceed to establish some remarkable consequences of Theorem 4.6 we need an aux-

iliary result which is of intrinsic interest.

Proposition 4.5
Let v(z, ;) be an operator of the form

Y(x,0p) = Z ap(z)0% (with ap(x) € SRy (x))

lp|<d

and suppose further that we have
Y(x,0,)P(x,y) = 0

where ®(z,y) = P(z,y)e™¥) with P(x,y) a polynomial in 21, zs,...,x, and y1,ys,. . .

Ya,y) =Y ap(x)y? = 0.

[p|<d

Proof
Assume, if possible that

Z a’p(x)yp 7é 07

lp|=d

and let

k
P(Ivy) = ZP(T)(:E?y)
r=0

,Yn- Then

4.80

4.81

4.82

4.83

4.84
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with P(")(z,y) y-homogeneous of y-degree r and
P8 (z,4) # 0 4.85

. This given, from 4.80 and Proposition 3.1 we derive

k
>N a0 Y Aereoiptiey)

'7(‘%7 am)q)(x7 Y)

r=0|p|<d atf=p
k
T, p' (03 T
Ny D wl@) Y Syt olP T @y)
=0 |p|<d a+B=p
Thus 4.81 gives
k
Pl ags plr
Z ap(z) Z a'_ﬁ'y PP (x,y) = 0. 4.86
=0 |p|<d atp=p

Clearly, the y-homogeneous component of highest y-degree in the left-hand side of this equation is obtained
by taking r and |p| as large as possible and |3| as small as possible. But these choices give the polynomial

Z ap(m)ypp(k?) (1'7 y)
|p|=d
Since this term cannot be cancelled out by any other term in 4.86, it must separately vanish. But then 4.85

Zap(z)yp = 0,

|p|=d

forces

which is plain contraddiction with 4.83. But the only way to avoid such a contraddiction is to accept that
the polynomial in 4.82 vanishes identically.

We are now ready to draw the consequences of Theorem 4.6.

Theorem 4.7

If ®(x,y) is a formal power series of the form
O(z,y) = P(x,y)e™Y 4.87
with P(z,y) a polynomial in y of degree d > m(;‘), with coefficients in SR, (x) and suppose further that
O(x,y) € QT [Ya].
Then there is a unique differential operator

v(z,05) = Z ap(w)0y (with ay(z) € SRy (z)) 4.88
[p|<d—m (%)

giving
O(r,y) = v(2,0:)Vm(z,y) 4.89
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Proof
If d = m(}) then Theorem 4.6 yields that P(z,y) must be of the form

P(z,y) = a(z)II(y)™ + ---(terms of y-degree < m(3}))
with a(z) € SR, (z). But in this case the difference
®(z,y) = O(z,y) — 1 Un(,y) 4.90

will satisfy the hypotheses of Theorem 4.6 as well. Infact, we have seen in Theorem 4.1 that ¥,,(z,y) €
QZ,[X,]. But then the symmetry in 4.55 implies that ¥,,(z,y) € QZ,,[Y,]. On the other hand by
constructing the difference in 4.90 we have managed to cancel the term of y-degree m( ) in P(z,y) so that

the polynomial P'(z,y) giving ®'(z,y) = P'(x,y)e®¥), will necessarily have y-degree < m(z). Thus
Theorem 4.6 will force the identity
O(z,y) = % (2, y)

This proves 4.89 with 7 the trivial multiplication operator

We can thus proceed by induction on d. So suppose the theorem true up toa d—1> m( ) And suppose
that 4.87 holds true with P(xz,y) of y-degree d. Then our hypotheses combined with Theorem 4.6 imply that

P(z,y) = a(z,y)I(y)™ + ---(terms of y-degree d).
with a(x,y) of y-degree d — m( ) This given, note that from Theorem 4.1 it follows that
a(x, Oy )H(ac)m U, (z,y) = a(x,0y) (H(y)m + - - terms of y-degree < m(g))e(““”y)
= (a(x, y)I(y)™ + - - - terms of y-degree < d)e("”’y)

Thus the difference
¥(ay) = Ba,y) — ale, ) gy Yona.y) 1.91

will satisfy the hypothesis of Theorem 4.6 with the multiplier P’(z,vy) giving ®(z,y) = P'(z,y)e®¥) of y
degree < d so by induction we know there is an operator 3(z,d,) giving

(I)l(xv y) = 6(1‘, aI)\I/m(xa y)
Combining this with 4.91 proves 4.89 with
’Y(xv ar) = ﬂ(x76 ) + a(x 8 )H(x)m .

The uniqueness of the desired operator is an immediate consequence of Proposition 4.5. In fact, if there were
two operators giving 4.89 than their difference would kill ¥,,(x,y) and propositio 4.5 would assure that it
vanishe identically. This completes our proof.
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We are now ready to prove the following fundamental fact

Theorem 4.8
For every m-quasi-invariant q(x) of degree d there is a unique operator v4(z,d;) of the form
(with ap(z) € SRy (2)) 4.92

Yq(®,0:) = q(0z) + Z ap(2)0F
Ipl<d

such that

a) V(2 02)¥m(z,y) = q(y)Vm(z,y). 103

) Yq(Y: 0y)¥m(z,y) = q(2) ¥ (2, y) .
Moreover we have the commutativity relations.

a) Lpvg(w,0:) = (2, 0:)L7, , 194
b) Ly, 0y) = 74(y,0y)L3, .

Proof
Clearly 4.93 b) follows from 4.93 a) by means of the symmetry in 4.55. We can also assume without

loss that ¢ is homogeneous. This given we see that, because of the m-y-quasi-invariance of both ¢(y) and
4.95

U, (z,y), the difference
'(z,y) = ¢)Vm(z,y) — ¢(0:)Vm(z,y)
satisfies the hypotheses of Theorem 4.6. Now from 4.5 we derive that

q(0)(II(x)™II(y)™ + ---terms of y-degree < m("))e(w’y)

9(0:) Vi (z,y) =
(q(y)II(x)"II(y)™ + ---terms of y-degree < d + m(g))e(x’y)

It then follows from 4.5 again that the multiplier P’(x,y) giving ®(z,9) = P’(z,y)e®¥) of y-degree less
than d +m(}). This implies that the operator 3(x,d;) which, according to Theorem 4.6, gives

(I)/(x,y) = ﬁ(l‘,aw)\lfm@j,y)
is of the form
Bz, 0x) = Y ap(x)d} (with a,(z) € SR ()

lpl<d

But then from 4.95 we derive that we have

’7(1',695)\1/711(55,2/) = Q(y)qlm(xay)
with
v(z,0;) = q(0z) + Zap(x)ag.
Ipl<d

This proves 4.93 a) with 4.92.



On Shift Differential Operators 8, 2004 56

Finally, note that now 4.3 and 4.93 a) give

Ly, 0:)¥m(z,y) = q) (@, 9)¥n(z,y) = (4,900 Ym(z,y) = Y4(2,0:) L5, Ym(2,y),
that is
(Lm(x,az) — (2, 0z) L%)\I’m(:uy) = 0.
and Proposition 4.5 imediately gives the equality
Ly vg(%,0:) = 74(x,0:) Ly,

proving 4.94 a). This given, 4.94 b) follows from the symmetry in 4.55. The uniqueness of v4(x, ;) follows
again from Proposition 4.5. This completes our proof.

We terminate this section with one final rather curious application of Theorem 4.7.

Theorem 4.9

There is a unique operator Uy, (x, ;) of the form

Un(x,0,) = T(x) 'TI(d,) + Z up(x)0 4.96
Ipl<(%)
with u,(z) € SR, (z) giving
Um(xﬁm)\llm(x,y) = H(Q)Q‘I’mq(%y) 4.97

In particular we must also have
Un(2,0,)0°% = Qf 11(0,)* = TI(V(m))*Q=,_, 4.98

Proof
Note that if Q(z) € QZ,—1[X,] then II(2)?Q(z) € QT,,[X,]. Infact, for any pair 1 <i < j < n we
have

(1—si))I(z)*Q(z) = T(x)* (1 — s;5)Q(x)

and the m — 1-quasi-invariance of Q(z) gives (for a suitable Q')
(1= sij)(2)°Q(z) = M(2)*(z; —2;)*" "' Q'(2)

since II(x)? contains the factor (z; —x;)? the m-quasi-invariance of II(z)?Q(x) necessarily follows. Of course
all of this remains true with z1,xo, ..., z, replaced by y1,¥o,...,y,. In particular it follows that

H(y)zlpm—l(xay) € QT [Yn].
But, in view of 4.5, we see that this special function is of the form

Oa,y) = (M@ ME™ + Y e y)y)?)el=
0<k<(m—1)(3)
Thus the existence of the desired operator U,,(x,d,) immeditely follows by applying Theorem 4,7 to the
difference
H(y)QKIjmfl(x> y) - H(x)_ln(az)\ym(xa y) '

Finally, both the identities in 4.98 are easily derived from 4.97 by means of Proposition 4.5. We leave this
last verification to the reader.
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5. Some remarkable actions of the Laplace operator.
This section is dedicated to the derivation of a number of useful of consequences the following
surprising operator identity

Theorem 5.1
For any polynomial P € Q[X,,] homogeneous of degree d we have

d
ﬁz(i)ewg—mm — P(,). 5.1
T r=0

Proof

Note that we have the expansion

pP1 P2 apn

a Qa
et(a,m) _ E E § {P1t+p2t pnxfl':Z:QQ.'.fon 1 %2

pilpel py!

p120p220  pp>0
Using the abreviation
ot b abn aP
p1! po! P! p!
we may simply write this as
P
etlar)  — Z Pl P a—. 5.2
p!
P
Thus we may view the exponential e/(%*) as the generating function of the monomials in z1,zs, ..., 2,. In
this vein, since
oel™¥) = 4P @)

we can prove the identity in 5.1 by showing that for any exponent vector p, whose components add up to d,
we have

d
d
20dlyP e v) =) :( )(—1)%31—%? AL e@) |
T
r=0

Using 5.2 we may also rewrite this as

PR e@y) 5.3

d
2%l yP @Y = Z(d>(_1)mg—ret<z,a>

r
r=0

aP /p!

Since we have

Age®Y) = (y,y)e®Y)
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the identity in 5.13 is none other than

d
241 yP @) — Z (d) (_1)rAg—ret(z,a) (y, )" oY)

— T ap/p! Itd
_ zd: d (_1)rAd7re(a;,ta+y)(y y)r

o \T ? ’ ar /p! 1td

: d r d—r r (x,taty)
=> (D (tatyta+y) (y,y) e o

i T aP /p! It

d
= (@a-+y,ta%-y)—(y40) elotety)
aP /p! 1td
d
= td((t (a,a) + 2(a,y)) e(@taty)
aP /p! Itd

= 2¢(q,y) eV

a? /p!

which reduces to a tautology because of the multinomial expansion

Z Z—:aqu.

lg|=d

(a1y1 + asys + -+ -+ an yn)?

This completes our proof.

The first consequence of Theorem 5.1 is an identity which is in some sense “ dual ” to 5.1
Theorem 5.2
For any polynomial P(x) € Q[X,,] homogeneous of degree d we have

_1yd @
(thi)l Z (i) (_1)Tp2(£)d_rp(3z)p2(§y = P(z).
B

where
p(e) = wi+as+otay

Proof
The identity in 5.1 gives

d
1 d . der e i
'
However we also have

1 /4 1 /4
= (-1)"ATTP(2) Aje) = —— (—1)"pa(y)" A§ " P(z) =¥
sz (1) > ()

d
1
(z and y derivatives commute) = ——- Z

58

5.4

5.5
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Combining this identity with 5.5 gives

d
i 2 () (210 D0 POl ) = Py
T r=0

and Proposition 4.5 gives the operator equality

d
2%01'2(;{)(1)Tp2(£)rp(5y)pz(g)dr — P(y)
| 2

which is 5.4 with x1, s, ..., 2, replaced by y1,v2,...,Yn.

To see where the left hand hand side of 5.1 comes from we need a few preliminary observations.
Given a vector space V let us denote by L[V] the vector space of all linear operators on V. Note that for
A, B € L[V] it is customary to set
[A,B] = AB - BA.

For a given C € L[V] we define D¢ to be the linear operator on L[V] defined by setting for any A € L[V]
DcA = [CA]. 5.6

It develops that D¢ acts as a differentiation on L[V].

Proposition 5.1
For any C' € L[V] we have the Leibnitz formula

Dc(AB) = (DcA)B + ADcB (YA BeL[V]). 5.7
In particular it follows that
m S m m—r T
DZ(AB) = Y (r) (DE="A)(DEB). 5.8
r=0

Proof
Note that by definition
Dc(AB) = CAB — ABC

and this can be rewritten as
Dc(AB) = (CA-—AC)B + A(CB —-BC(C).

This proves 5.7. Note further that 5.8 reduces to 5.7 for m = 1. So to prove 5.8 we may proceed by induction.
This given, assuming 5.4 to be true for m we derive from 5.7

petas) = 3 (") (0 A 08) + (0 TA) (05 B))

- (1) e aen) + 5 ()@ aeen)

=S ey o)

r
r=0
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(Tm1> | 5.9

where the last equality follows from the binomial identities

m+1\  (m
r —\r
This completes the induction and our proof.

In the same manner we derive.

Proposition 5.2
For any C, A € L[V]

m

m
DEA = —H)rC™mTTACT. 5.10
DY (")
Proof

Note that the case m = 1 of 5.10 is simply the definition of Do. So we may again proceed by
induction and assume 5.10 to be true for m. This given, from 5.7 we derive that

DIt A =

r

(m) (_ )r (Cn+1—rA CT - C"TA CT-‘rl)

ﬁMs 1:

m—+1
( ) romtl-r g or + Z (Tml)(_l)r Cm+1—rAcr)

and 5.10 again follows from the binomial identities in 5.9.

To set formula 5.1 in the present context, we should take V = Q[X,,], C = Aq, and A = P(z). Thus
in this notation formula 5.1 is none other than

1
2dd'DA2 P(z) = P(0.). 5.11
In the same vein formula 5.4 becomes
(=1
53] D, P(0:) = Pla). 5.12

This view point allows us to extend Theorem 5.2 to an even more surprising result

Theorem 5.3

For any polynomial P(x) € Q[X,] homogeneous of degree dp we have

d (—1)%29d\P(z) if dp = d
Z<d>(—1)rpz(z)dTP(f)m)pz(z)T = " 5.13

r=0 " 0 ifdp <d

Proof
The first case of 5.13 is formula 5.5. Now if dp < d we can still use 5.12 with d = dp and get

Dér

e P(0:) = (=1)72%dp! P(z). 5.14
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But since the two multiplication operators ps(z) and P(z) commute we necessarily have

D, P(z) = 0

Lo
and 5.14 gives

Dy P(0:) = (-1)'r2%rdp! DI 20 P(z) = 0.

as desired.

We are now ready to obtain some truly surprising new expressions (due to Berest []) for the operators
vq¢(x, 0z) whose existence was established in the last section.

Theorem 5.4
For any polynomial q(x) € QZ[X,,] homogeneous of degree d we have

Yo(2,8;) = 2dd,z< ) )L q(z) L, 5.15

Proof
Note that from 4.3 we derive the sequence of equalities

d d
ﬁZ() L d @ (e y) = Qd%': ()17 2 sm ) v

r
d
1 d rrd—r r
v 198) = g2 > (4) Lm0 0 0) W)
e 5.16
(x and y operators commute) = Zde' <i) (=1)"p2(y) v (y, 8y) L "W, (2, y)
T r=0
d
= i 2 () D)0 0pa ) ()
2dd' _07" 2\Y) Y\Y, Oy )P2Y m\T,Y

Next using 4.92 with 1,29, ..., z, replaced by y1,y2, ..., Yy, gives the operator identity
1 & (d
1 Z ( e e Dl () [ e A
r=0
Y aw dd,z() Y2y o)

lpl<d

But now a double application of the identities in 5.13 with x1, xs, ..., x, replaced by yi1,¥y2,...,y, assures
that the first sum reduces to ¢(y) and the second sum vanishes identically. Using this in 5.15 yields

2dd,2<) VL) ) = a)¥n(ey) = A0 ().
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and the operator identity in 5.14 immediately follows by another application of Proposition 4.5.

All this may appear quite mysterious at this point. Now it develops that the true nature of the
identities we have derived in this section can be best understood within their natural s/(2) setting. This will
be the primary goal of the next section.

6. sl[2] Theory as it applies to ¢[X,] and 97,,[X,)]

Let V be a vector space and let as before L(V') denote the space of linear operators on V. Let us
recall that three operators E, F, H € L(V') generate a representation of si(2) if and only if

a) [E,F]=H, b) [H,E] =2F, ¢) [H,F] = —2F. 6.1

These relations imply the following identities that will be needed in our arguments.
Proposition 6.1

i)y, HE™ = E™(H+2mlI)

i) HF™ = F™(H—-2ml)
i)y FE™ = E™PE — (m+1)E™(H +m]I)
it)y EF™ = F" B 4+ (m 4+ 1)F™(H —m1I)
(

6.2

Proofs may be found in our sl(2) lecture notes [].

The next result is also well known but since it will play a crucial role in our development it will be
good give a proof here.

Proposition 6.2

For any u € V we have

a) Fu=0 mld!
b) Hu= —du o
a) Eu=0 mld!
b) Hu=du IR

Proof

Note that both 4ii); and i)y are trivial for m = 0. So we can proceed by induction on m. Now to
show #ii); we use ii); and a) and b) of iii); and get

FE™ 'y = —(m+1)E™(—d+m)u,
multiplying both sides by F™ then gives the recursion

FPHE™y = (m+1)(d —m)F™E™u
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assuming i) to be true for m, this gives

ld! (m+1)ld!
Fm+1 m+1 — 1 _ m __ = —_-—
Em (m+1)(d m)(dim)!u (d—m—l)!u

and this completes the induction. Note next that using ii), with iii)2 a) and b) we get
EF™ Yy = (m 4+ 1)F™(d —m)u
and multiplication by E™ gives the recursion
E"F™ iy = (m+1)(d—m)E™F™u,

from which #i7)s readily follows as in the previous argument.
We will also make use of the following basic fact.

Theorem 6.1
IfE,F,H € L(V) satisfy a),b) and c¢) of 6.2 then we also have

a) [DE,DF] = DH, b) [DH,DE] = QDE, a) [D[-I,DF] = —2DF, 64

Thus Dg, Dr, Dy generate an sl(2) representation on L(V'). In particular they will also satisfy the identities
1)1,1)2, i)1,%0)2 , and iii)1, 1it)e with E, F, H replaced by Dg, Dg, Dy respectively.

Proof
It is sufficient to show that if A and B are any two elements of L(V') then

[Da,Dp] = Diap]- 6.5
Let Q € L(V), then the definition in 6.6 gives

[Da,D]Q = DaDpQ — DpDaQ
= Da(BQ—-@B) — Dp(AQ — QA)
= A(BQ-QB)—(BQ—-QB)A — B(AQ — QA) + (AQ — QA)B
= ABQ+ QBA — BAQ — QAB.

6.6

On the other hand we have

Diap@ = [AB]Q — Q[A,B]
= (AB—-BA)Q — Q(AB — BA)
— ABQ- BAQ — QAB + QBA

Comparing this with 6.6 proves 6.5 and completes our proof of the theorem.

Our study of the operators L, (M) requires some sl(2)-results in the case that V' is infinite dimen-
sional. This case is not considered in [| and we shall have to treat it in detail here. However, since our
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developments only require V = Q7,,[X,,] or V = Q[X,,]. We will carry out this extension in the presence of
some additional restrictions, which as we shall see are well satisfied in these two cases.

To begin we shall assume that V is a graded algebra over Q
A = Q®Hi(A)DH(A) D BHE(A) D -+ 6.7

with the usual requirement that
H,(A) X Hs(A) C Hprs(A). 6.8

We shall call the elemements of Hy(A) “homogeneous of degree d” and we set deg(u) = d for all u € Hy(A).
The operators F, F' and H are also heavily restricted. To begin we shall require that H acts by a constant
on each H,4(A). More precisely we assume that for some scalar ¢ we have for any homogeneous element of

A:
Hu = (c—deg(u))u. 6.9

Since A is an algebra, for any q € A, the operator “multiplication by q”, which we denote by “¢”, may also
be considered to be an element of L(A). This given we require that

Fq = qF (forallge A). 6.10

The final condition that E itself must satisfy is now forced by 6.9. More precisely we have
Proposition 6.3

The operator E sends a homogeneous element of degree d into a homogeneous element of degree
d—2
Proof

Note first that 6.8 and 6.2 ¢); for m = 1 give, for a homogeneous ¢ of degree d

HEq= (c—d+2)Eq 6.11

on the other hand the direct sum decomposition in 6.7 gives

Eq = ) Eq,

r>0

where the symbol “E¢ | 7 denotes the homogeneous component of degree r in £ g. Applying 6.9 again we
now get
HEq = Z(C—T)Eq’r.

r>0

Comparing with 6.11, the uniqueness of decomposition forces
Eq| =0 forc—r #c—d+2

This leaves r = d — 2 which gives
Eq = Eq ’d_2 .
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This proves our assertion.
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Our next results concern the representation induced by the action of Dg, D and Dy on L(A). To

begin we have

Proposition 6.4

For any homogeneous q € A
Dpq = —deg(q) q

Proof
Let P,q € A be homogeneous . Then, by definition
DgqP = (Hq—qH)P
= HqP—-qHP

(by 6.8 and 6.9)

The validity of this for all homogeneous P yields 6.16.

We are now in a position to derive following basic results.

Theorem 6.2
Let q € A be homogeneous of degree d then, either the sequence

has infinite length, or it terminates at k = d. That is we have

D%‘Hq =0

((¢ = deg(q) — deg(P))gP — (c — deg(P))qP =

6.12

—deg(q) ¢ P.

and q is the head of an sl(2)-string of length d + 1 which consists of g and the operators

which are all non vanishing. In any case, we have at least the commutativity relation

D%JrlgF _ FD%+IQ

Proof
Note that from 6.12 and property 6.10 we get

Thus we may apply iii); of Proposition 6.1 and obtain that

m!d!

DFDEa = (d—m)!

q. (forlgmgd)

6.13

6.14

6.15

6.16

6.17
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This shows that none of the elements in 6.15 vanishes. Next we are to show that if D, ¢ =0 for some k > d
then 6.14 must also hold true. This given let k, be such that

a) Dlgg #0 and b) D%’Hg =0. 6.18
To this end note that from 6.2 i7); with m = k, we get

DpDY g = DEMDrg + (ko +1)Ds (Dy +ko1)g

(by 6.15) = (ko + 1)De (D +ko1)g
(by 6.12) = (ko +1)(—d+ko)D}sq.

This given 6.18 b) gives
0 = DpDitlq = (ko+1)(—d+k,)Dlsg

and 6.18 a) forces
ko = d,

as desired. In any case, we can certainly use the relation in i¢); and derive (using properties a) and b) above)
DpD$q = —(d+1)DF(—d+d)g = 0.
But this is precisely the identity on 6.16. The proof is thus complete.

From here on we shall work under the additional assumption that our algebra A satisfies the extra
condition

For every q € A the sequence {D¥, q}r>0 terminates. 6.19
The following result shows that we are not dealing with a vacuous notion and at the same time throws some
further light onto the nature of the identity in 6.14.

Theorem 6.3
Let A= Q[X,)], and take

E=-Ay/2, F=p,/2, H=[E,F], 6.20

with
pp=ai+ i+l 6.21

Then
a) [H,E]=2F, b) [H,F]=—2F. 6.22

Moreover conditions 6.9, 6.10 and 6.19 old true as well.

Proof
We will begin by computing H. To this end note that for any polynomial Q(x) € Q[X,,] we have

AepaQ = (A2p2)Q + 22(6:1:1-102)(8301-@) + p2aQ. 6.23

i=1
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Since a simple computation shows that

n n

A2 b2 = 2n and Z(amPZ)(axl Q) =2 Z xzale )

i=1 i=1

substituting these two identities in 6.23 gives

(Aop, —p,20)Q = 20Q + 4> 2:0,,Q,

i=1
or, equivalently
[E,F] = —nl/2-) 20,
i=1
This gives
H = —nl/2 - Zwﬁx
i=1

Since for any homogeneous polynomial @ we have
D 20, Q = deg(Q)Q,
i=1

the identity in 6.25 proves 6.9 with ¢ = —n/2.
Note that 6.10 is trivially satisfied since for any ¢ € Q[X,,] we have

Note next that for any homogeneous P € Q[X,,] we have

[HE|P = HEP—-EHP

(HA2P - AHP)
(— deg(AaP) + deg(P)AyP)
(—deg(P)+2+deg(P))AsP = —AyP = 2EP.

Nl= N[= N

this proves 6.22 a). Moreover, using 6.20 we get
[H,FIP = 1(HpsP —p2H)Q = 1(—deg(P) — 2+ deg(P))p2Q = —2F Q

and this proves 6.22 b).
Finally, note that the identity in 6.1, for ¢ € Hq(Q[X,]), gives

_1)d 4
te = SEY (5)evatea; - coaee).
r=0

67

6.24

6.25

6.26
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In particular this shows that D% ¢ commutes with A,. But this means that

D¢tq = ED%q — DigE = 0.

This proves the validity of 6.19 and completes the proof of the Theorem.

We have seen that in this particular case the operators L, = %DdEQ reduce to ¢(0;) when ¢ €
Ha(Q[X,]). Thus all these operators commute with each other and with Ags. It develops that, in the
presence of condition 6.19, this commutativity property, holds true in general. To be precise we have

Theorem 6.4

Setting for a homogeneous q

1 deg(o)
L, = piesta 6.27
T deglgt P L

under 6.19 we have the identities
EL, = L,E (for all homogeneous p € A) 6.28

and
L,Ly = Ly, (for all homogeneous p,q € A) 6.29

Proof
The identity in 6.28 is simply

1 deg(q)+1
D glq q = 0’
deg(q)! " -

and we have seen that this is implied by 6.19. To show 6.29 let p € Hg, (A), ¢ € Ha,(A) and set d = d; + da.

Then using Proposition 6.1 we derive that

1
dDqu = d'Z( ) D% 7"p (DTEQ). 6.30

However, 6.19 implies that D% Ep=0for k > dy and Dk 5q =0 for k > dy thus the summand (DjfJ Tp) (DTEq)
vanishes unless dy + do — r < d; and r < dy. This forces r = dy and reduces 6.30 to the identity
1 4 1
aPers = gl

which is simply another way of writing 6.29.

D% p)(DEq). 6.31

Our next goal is to show that all these results hold for A = Q7,,[X,]. To be precise we have

Theorem 6.5
Let A= QT,,[X,] and set

E = —Ln/2, F = p/2, H = [EF] 6.32

Then
a) [H,F]=2F, b) [H,F]=—-2F. 6.33

Moreover conditions 6.9, 6.10 and 6.19 hold true as well.
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Proof
We will begin by computing H. To this end we use Proposition 3.6 and get, for any Q € Q7,,[X,]
n
L(m) (p2Q) = (L(m)p2)Q + 2 (00,p2)(0:,Q) + p2(L(m)Q). 6.34
i=1

Now note that we have

n

1 1
Oz, — O 2 = 27, — 2z;) = 2.
00 e = (- 2a)
Since we have seen in the proof of Theorem 6.3 that

Appy=2n and > (00,p2)(02,Q) =2 2:0:,Q,

=1 i=1

we immediately derive from 6.34 that

(L(m)]_)Q—QQL(m))Q = 2nQ — 4m<Z)Q + 42:61-811.@,

i=1
consequently
n n

B FIQ = —nQ/2 + m(2>Q§;xiamQ.

This gives
n n
H = —n/2 + m<2) — Z;xiazw
which is property 6.9 with
¢c = —n/2 + m(Z) 6.35

Property 6.10 is again immediate, as in the proof of Theorem 6.3, since F' = P, /2. We shall next verify 6.33
a) and b). To this end note that for a homogeneous Q € Q7T,,[X,,] we have (with ¢ as in 6.35)

HE]Q = —L(HL(m)— L(m)H)Q
(since L(m) lowers degrees by 2) = —1 ((c —deg(Q) +2)L(m)Q — L(m)(c— deg(Q))Q)
= —L(m)Q = 2EQ.

This proves 6.33 a). The identity in 6.33 b) is proved exactly as we did in the proof of Theorem 6.3 and we
need not repeat it here. We are left to verify that property 19 hold true as well. To this end let ¢ € Q7,,[X,,]
be homogeneous of degree d and let 7, (z, 9;) be the operator constructed from ¢ according to the algorithm
given by Theorem 4.8. Now we have shown (Theorem 5.4) that v,(x,d,) may be also obtained from the
identity

w0 = g S0 urzaL.
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In the present notation this may be rewritten as

—1)¢
Yo(@,05) = (d!) Dfq.

However, one of the assertions of Theorem 4.8 (see 4.94 a)) is that v, (x, 0;) commutes with L,,. But in the

present notation this is simply
Ditlq = 0.

This proves that condition 5.19 holds true also in this case and completes our proof.

We can thus state.

Theorem 6.6
Let A= QT,,[X,] and E, F, H be in as in 6.32 and set for a homogeneous q € QZ,,[X,]

1 deg(q)
L, = DI 6.37
17 deglq)!F

Then we have
L(m)L, = L,L(m) (for all homogeneous p € QT,,[X,]) 6.38

and
L,L, = L,, (for all homogeneous p,q € QT ,,[X,]) 6.39

Proof

This is an immediate corollary of Theorem 6.4.

By combining the results of the last two sections with some of the properties of the Bakerf-Akhiezer
functions ¥, (z,y), we can put together a remarkable tool kit for working with quasi-invariants. However,
for our presentation to be complete we need to show that ¥,,(x,y) has a non vanishing constant term. More
precisely we have the following beautiful identity

Theorem 6.6 (Opdam [])

nVm)IE 1 = (D& T (m—1). 6.40

1<i<j<n

In particular, the constant term of the polynomial Py, (z,y) in 4.5 is given by

[Tv&n T Gr—i) 6.41
r=1 1<i<j<n
Proof

For the moment there no elementary simple proof of 6.40. An elementary but rather intricate
argument proving 6.40 was given by Dunkl and Hanlon in [|. Thus we shall have to accept 6.40 as given at
this time and proceed with the rest of the argument. It is easily seen from 3.38, 4.4 and the definition of €2,
that

$,0(0,0) = Ppn(0,0) = Q1 = (ﬁor)1
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But since 1 is certainly symmetric we see that we have
0,1 = (FH(V(r)H(E)) 1 = I(V(P)I(z)-1 = I(V(r)(z))

and since each of these quantities is a scalar it follows that we must also have

©,(0,0) = Pn(0,0) = [JI(V(r)II(x))

r=1
Thus the assertion in 6.41 follows from 6.40.

We can now collect a windfall of consequences of this result.

Theorem 6.7
For any m > 1 we have
(1) The bilinear form defined by setting for any two polynomials in p,q € QZ[X,]

P, Om = c_lo'Yp(xaaw)Q(x) ‘1:0

is non-degenerate.

71

6.42

(2) If {qﬁéd) (z) }Z:dl is any complete orthonormal system for the homogeneous m-quasi-invariants

of degree d with respect to the form (, ),, then

Q,, @n’ Z o\
as well as

W) = @ + 33 0@

d>111=1
where c( is the constant given by 6.41.

(2) In particular V,,(x,y) is the reproducing kernel for the form (, ).
Proof

Form 4.93 a) we derive that for any homogeneous m-quasi-invariant p(x) we get

Z’Yp :l? a m(Ly) = q(y) ZQm mlg)k

k>0 k>0

6.43

6.44

Now if p is of degree d, since the operator 7,(z,d;) will then decrease xz-degrees by d, then by equating

homgeneous components of equal degrees we get for k > d

k k—d

and setting k = d we obtain
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In other words, we have shown that

(p(e) , Q00 = g(y)

This proves the non degeneracy of the form (, ),,. Replacing z1,2,...,2, by 21, 22,..

I(Cd)(z) in 6.45 gives
d

(r(2) @, @, E%) - = 4D (y)

multiplying both sides by QS,(cd) (z), the completeness and orthonormality of the set {(b,id) (z

Nd d
S o @) (y) = QY
k=1

this proves 6.43 and 6.44 immediately follows.
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6.45
., zn and p(z) by

6.46

) } ivzdl gives
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