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Kronecker Coefficients
via
Symmetric Functions and Constant Term identities
by
A. Garsia, N. Wallach, G. Xin & M. Zabrocki

Abstract. This work lies accross three areas of investigation that are by themselves of independent
interest. A problem that arose in quantum computing led us to a link that tied these areas together. This
link led to the calculation of some Kronecker coefficients by computing constant terms and conversely the
computations of certain constant terms by computing Kronecker coefficients by symmetric function methods.
This led to results as well as methods for solving numerical problems in each of these separate areas.

Introduction

An outstanding yet unsolved problem is to obtain a combinatorial rule for the computation of the
integers

A
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where x* and each X)‘w are irreducible Young characters of S,,. Let us recall that the pointwise product of

any number of characters (", x(?), ..., x®) of the symmetric group S, is also a character of S,,, and we shall
denote it here by x(M %y x ... % x(*) | This is usually called the “Kronecker ” product of x(1), x(2) ... ).
Thus I.1 may written as

ci(l)’)\(g)w))\(k) = <X)\(1) * XAQ) oo % X)‘(k),XA>. 1.2

This integer gives the multiplicity of x* in the Kronecker product X/\u) * X/\(Z) K -k X’\(k). Using the
Frobenius map F that sends the irreducible character x* onto the Schur function Sy, we can define the

Kronecker product of two homogeneous symmetric functions of the same degree f and g by setting
frg = F(Ff)=(F'g)
With this notation the coefficient in 1.6 may also be written in the form

A
CAM A@) . Ak = <3>\(1) *Sx\@) kR Sk, 3>\> L3

where < , > denotes the customary Hall scalar product of symmetric polynomials. This is the vehicle that
reduces the computation of Kronecker coefficients to symmetric function manipulations.

A problem which arose in quantum computing (see [6], [7], [12] and [13]) requires the explicit
evaluation of the following generating function of Kronecker products.
Wi(q) = Z P4 (Sa,a* Sa.d * % Sd.d  S2d) L4
d>0
where, in each term, the Kronecker product has k factors.

Here and after we will refer to the task of constructing Wy (q) as the “Sdd Problem ”.
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It is well known (see [6] and [7]) and it is an easy consequence of Moliens theorem (see [3]) that all
these series can (in principle) be obtained from the following constant term identity.

Hf:l (1 - af)
[T (1-allicsai/Tlgs0:)

SCI1,k]

L5

Wi(q) =

0,0...,0
Lllll2 le

To this date these series have only been obtained for 1 < k < 5. They are as follows

1 1 !
Wa(q) = T Wi(q) = T Wilg) = 1- )1 - ¢ )21 - ¢°)
and
W) = Ps(q)
v (1-¢*)*(1—¢*)(1—¢H°(1 —¢%)(1 —¢°)
with

Ps(q) = ¢®* + ¢°® 4+ 16¢°° 4 9¢*° + 98¢*® + 154¢*" + 465¢"° + 915¢* 4 2042¢** + 3794¢*3 + 7263¢*?
+ 12688¢*! 4 21198¢° + 34323¢%° + 52205¢% + 77068¢%7 + 108458¢°¢ + 147423¢% + 191794¢*
+241863¢3% + 292689¢>2 + 34220741 + 386980¢°° 4 421057¢%° + 44399048 + 451398427
+ 443990¢%% + 421057¢%° + 386980¢%* + 342207¢*® + 292689¢%% + 241863¢>" + 191794¢%°
+147423¢*° + 108458¢'8 + 77068¢"7 + 52205¢6 + 34323¢*° + 21198¢'* + 12688¢**
+ 7263¢* + 3794¢*" + 2042¢*° + 915¢° + 465¢° + 15497 + 98¢° + 9¢° + 16¢* + ¢* + 1

Clearly, the result for W5(q) is immediate from the definition in I.4. Moreover W3(q), W4(q) can be easily
obtained by computing the constant term in I.5 with “Omega” Package of Andrews et. al. However, the
explosion of complexity from k = 4 to k = 5 required more powerfull machinery. The calculation of W5(q)
using 1.5 was first carried out by J-G. Luque and J. Y. Thibon (see [7]) by the partial fraction algorithm of
G. Xin. We understand (personal communication by J. Y. Thibon) that the original calculation took a few
hours with the computers they used at that time. Nowdays, by means of some combinatorial reductions (see
[3]), the computation of W;(g) can be reduced to a few minutes. Nevertheless to this date, the evaluation of
We(q) by 1.5, appears out of reach of our computers.

The present paper resulted from a continuing effort to determine these series by symmetric function
methods. We cover here a number of results and techniques that have emerged from this effort.

Our first result in this direction may be stated as follows.

Theorem 1.1

Sd,d * Sd,d = Z S X(/\ € EO4) 1.6
AF2d

where EQ,4 denotes the set of partitions of length 4 whose parts are > 0 and all even or all odd.

It is easily seen that the expressions for W3(q) and Wy(q) are immediate consequences of this identity.
We should mention that a combinatorial proof of 1.5 was obtained by J. Remmel [10]
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The results and techniques that have emerged from this effort, led us to further uses of the partial
fraction algorithm in the computation of generating functions of Kronecker products.

These computations are based on the following a surprisingly simple identity
Proposition I.1
For any k > 1 we have

k
1
H Hz (i(_ qH y E q g g § yI1y£2 o <5m_7“1,7"1 *Sm—ro,ro ¥ KSm—rp ry s Sm> L7
SC1 €S Jv

m>0 r1>0ry>0 7 >0

where the factor sy, r, is to be interpreted as —S(.,_1.m—r;41] if m+1<2r; and 0 if m +1=2r;

In particular we will see that 1.5 is an immediate consequence of this identity. The following is a list
of the results we will derive from 1.7.

Theorem 1.2

For any given ry,1a, ..., 1 the Kronecker coefficient

<5m—r1,r1 * Sm—r2,r2 koeee Xk Sm—rk,rk ) 5m>

stabilizes after a finite number of terms and the stable value is given by the coefficient

k
P (1> _ Hi:l(l 7y1)
1,725k H¢¢sg[1,k](1 — HieS Yi) Yrlyh2 ey

Theorem 1.3

If we set
F3<y17 Y2,Y3; q) = Z Z Z Z qmy?y?y? <Sm7r1;r1 * SmeQ,’r‘z * S’rn77‘3,7‘37 S’m> L8
r12>2072>0713>0 m>2max(ri,ra2,r3)

and

G3(y17 Y2,Y3; q) = Z Z Z Z qmy;1y52y§3<sm—r1,r1 * Sm—rg,rg * Sm—rg,rg, Sm> 1.9
r3>0r22>r3 ri>ry m>2r;

then

F3(y1,v2,93;9) = L+ Cyiyays [.10
e (1= a)(1 = *y1y2) (1 — ¢*y1y3) (1 — ¢®y2y3) (1 — ¢ yiy3v3)
and
1

G3(y1,92,¥3:9) = I.11

(1—q)(1 = yry2)(1 — Pyry2y3) (1 — ¢*yiyays) (1 — ¢*yiviy3)
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Theorem 1.4

For given integers 1y > ro > 13 > 0 set

(I)Tl-ﬂ“zﬂ”s ((]) = Z qm<Smfr1,r1 * Smf’l‘g,’l’g * Smfrs,rg, Sm> 1.12

m>2max(ri,ra,r3)
then provided ro + r3 > 71 we have

2 1 —qgr2trs—m+t2  jfp 4 pry 41y is even

g 1.13
— _ 2
(1—-q)(1—¢q?) q-— quJrTS*Tl*Q ifri +ro +r3 is odd

(I)hﬂ“zﬂ“e, (Q) =

otherwise ®,, ,, »,(q) vanishes identically.

In this paper we use methods and algorithms from several areas. In an effort to make our presentation
self contained, we have included brief tutorials developing the tools we are about to use. Some of this material
may be well known to the experts in each particular field, this will be compensated by making our writing
readily accessible to the wider audience of researchers who may not be simultaneously proficients in all these
disparate areas. In particular in section 1 we have a brief introduction to plethystic notation and use it to
derive some basic tools for the computation of Kronecker products and use them to prove Proposition 1.1
we will also include in this section a remarkably slick proof of Proposition I.1 kindly provided to us by J. Y.
Thibon [10]. In section 2 we use these tools to compute the Schur function expansion of s44 * s44 and obtain
a proof of Theorem I.1. In section 3 we develop the setup for computing Kronecker coefficients via constant
terms, the section terminates with tutorial on the use of partial fraction algorithm of G. Xin. In section 4,
we use the Xin algorithm to compute the constant terms yielding Theorems 1.2, 1.3 and 1.4.

1. Symmetric function methods
As we stated in the introduction the first three series Wa(q), W3(q) and Wy(q) can be easily com-
puted. Indeed, for k = 2 we have

1
Wa(q) = Zq2d<3d,d *Sd.d  S2d) = Z ¢ (sa.d, Sa.a) = ZQM T D)

d>0 d>0 d>0

For k = 3 we may write

Ws(q) =Y ¢**(sa.a* Sad* sad, s2a) = > _ ¢ (Sd.a% Sa.a» Sd.a)
d>0 d>0

and Theorem 1.1 forces d to be even, yielding

For k = 4 we start by writing

Wi(q) =Y q*H(Saa* Sa.a* Saa* sad, s2a) = " (Sa.a* Sad Sd.d* Sa.d)
d>0 d>0
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and Theorem 1.1 gives

Wilq) =D _¢* > (sx, sx)x(A € EOy)

d>0  AF2d "
= Z q"\lx()\ € Ecy) + Z qwx(/\ € O-4)
AF2d AF2d

Where E<4 denotes the collection of partitions with at most four parts all of which are even and O—4 denotes
the collection of partitions with with exactly 4 odd parts. Since to obtain a partition of 2d in F<4 we need
only double the parts of any partition of d with at most 4 parts we see that we have

A _ 1
g;dq X(A € E<y) 1— @)1 -1 —¢®)(1— ) 15

Similarly, we can obtain each partition of 2d in O—4 by taking a partition of d — 1 with at most 4 parts,
doubling each part and adding a column of length 4. This gives

4

Al _ 4q
2 O E0) = e e ) b0
Combining 1.4, 1.5 and 1.6 gives
_ 14+q¢*
Wald) = T a0 )
1 1
T -0 -N1-¢)(T—¢)  1-¢)(1-g)2(1—¢)

as desired.

We will prove Theorem 1.1 in the next section. In this section we will gather the background needed
for this proof.

It will be good to begin by a brief introduction to plethystic substitutions. The convenience of this
notational device in the theory of symmetric functions is often overlooked for, in principle, everything that
can be done with it can also be done without it. Whitness Macdonald’s treatise that manages to avoid it
almost in its entirety. We say “almost” since many of the computations in Chapter IV are in fact ”plethystic”
in disguise (for instance in page 310).

The point of departure is the notion of plethystic substitution of a formal power series E = E(t1,to, .. .)
into a symmetric function P, denoted “P[E]”. This operation, which can be easily implemented on a com-
puter, consists of two steps.

(1) Expand P as a polynomial P = Qp(p1,p2,..-,Pk, - ..) in the power symmetric functions

(2) Then set P[E] = Qp(p1,p2,---,Pk;---)

pk:E(t]f,tg,.‘.)
The power of this notation results from the fact that simple operations within the plethystic bracket

result in transformations of significant complexity outside the bracket. But the real significance of this
statement can only be appreciated through experimentation. For this we will have ample opportunity within
this writing. An aspect which is usually negatively perceived at the onset is that we need to deal with two
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essentially distinct minus signs. We have, of course the familiar ordinary replacement of a variable by its
negative. Such as for instance in

pk[zzl:ﬁi} = Z?:fo = Z?:l(_ti)k = (—1)k2?:1tf 1.7

ti—>—ti ti_’_ti

and the paradoxical “ plethystic minus sign”. This arises from the fact that from step (2) above we get

pk[—z:‘zﬂti] = —Z?:fo- 1.8

Far from being a hindrance, to the use of plethystic notation, this is, in fact, an asset. The ambiguity is
quickly resolved in either one of two equivalent ways. The customary negation of an argument is simply
expressed by prepending a superscripted minus sign to the argument. Thus 1.7 may be thus rewritten as

Pk[Z?ﬁ 7ti] = Z?:l(*ti)k = (*1)1622;17%C 1.9

alternatively we may use the auxiliary symbol “¢” and deal with it as an ordinary variable, with the proviso
that, in the end (outside of the plethystic bracklet) we make the replacement e— — 1. For instance 1.9 may
also be written as

pk[Z?:l €t;] = Z?:l e t? = Z;L:l t? = (‘Uk Z?:l t? 1.9
With these conventions, we derive that
pe[-"E] = (=D)*'p[E] = (wpi)[E],

and we can clearly see that this identity shows that the plethystic evaluation at E = E(t1,ts,...) of the
image of a symmetric function P by the “omega” involution may simply be written as

(WP)[E] = P[-"E]

Another crucial ingredient in plethystic calculus is the “kernel”

O - emp<z %) 1.10

k>1

which may be also be viewed as the generating function of the ordinary “homogeneous” symmetric function.

0 = th, 1.11

m>0

More precisely

where the equality of 1.10 and 1.11 results from the familiar expansion

)
h = Zz—i 1.12
pEm

recalling that if p = 19129239 ... then z, = 1% q,l).
g P P 7
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We shall also make extensive use here of the Frobenius formula (for p - m)

DX sa 1.13

AFm

where as customary X;)\ denotes the Young character indexed by A at the conjugacy class of permutations of
S of cycle structure p.
This given, we have now all the ingredients needed to give, as warm up exercise, a plethystic proof

of 1.5.
To begin we simply note that we have
1
= q(a1 + 1/(11) (ag + 1/(12) e (ak + l/ak)
H (1 —q[Liesai/ nggs aj) { }
SC[1L,k]
(by 111) = > q"hm[(a1 + 1/a1) (a2 + 1/az) - (ax + 1/ax)]
m>0
Thus

1.14

:w

Il (1—a?) )
7 — thm |:Hz 1/67/2 :| 1 — a
T (Tl lpea) bivtt 2= 1
i ¢ JES 7 1927 % mz i tag---ay

SCJ[1,k]

Now 1.12 gives
k
1
k
. []‘[i:1 (a; + 1/ai)} -3 5 pr [a; + 1/a;] 1.15
pkEm i=1
Setting for convenience A; = a; + 1/a;, a multiple use of 1.13 in 1.14 gives
XQIXQQ . Xak
P [Ardz A= D0 Y 3 e[ Asan [ As] - sa [A] Y S
a1kFm askFm arFm pEm P
and the definition of Kronecker product of symmetric fuctions then gives
hom, [AlAg Z Z Z Say[A1]Sas[A2] - S [Ak]<sa1 K Sy kK Say s sm> 1.16
aikFm askm akFm
Since Schur functions in a two variable alphabet vanish at partitions with more than two parts, it follows

that we may take here o; = (m — 7;, ;) with r; < m/2 reducing 1.16 to

lm/2] [m/2]  |m/2] (

[T, A = 30 S 30

HSm T7,7T’L A; ><Sm ri,r1 ¥ Sm—ro,rg ¥ X Sm_rp 1y Sm> 1.17

r1=0 ro=0 r,=0 =1
Now note that
m—2r; af(mf2ri) . am72ri+2
Smororlai +1/ai] = Y7 af(Lfa)" 720N = S 1.18
i

k=0
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Thus

{1 iftm-—2r; =0

1—a})Sm—rp,rai +1/a;
(L = a7)sm—ry,rai + /a]ao 0 otherwise

i

which forces m to be an even number. Thus for m = 2d, 1.17 gives that

= (Sad * Sad * - * Sad , 52d)

hgd[nl (a; +1/a;) } ﬁ 1 —a?)
i=1

>Oo

and 1.14 yields

1,01 a?)
H ( ql_Les az/ngzs a;)

SC[1,k]

2d
= > ¢*(S4d * Saa* -+ * Saa , S2)
~ap d>0

afag:

as desired.

The same kinds of manipulations yield us our first

Proof of Proposition 1.1

Let
k i
G(a:y1, 92, .- -yrsar, az, ..., ax) = Q{qniﬂ(l + a%)} H 1 —a(‘ly‘
i=1 v

We will compute the constant term

G(q;y17y27 ce e Ygia1,0a2, .. '7ak)

(l CL a

in two different ways. To begin note that for any monomial a}* a5 - - - a}* we have
k
1 1
_ ,P1, P2 Pk
aitab? - al* H 1 — a;y; Y1 42 Yk

i=1
Thus the coefficient of ¢ in 1.20 gives
k

o [T+ 2] T 0 - 2 T =

i L —aiy;

a940... = hm [Hf:l(l + yi) Hle(l - yl)

From which we derive that

[, (1—w)

1.19

1.20

1.21

0o Q{QH? 1(1+yi)} Hf (I —y) =

G(q;y1, Y25 - - Yks 1,02, - . ., ay)

k
k
B | T L= (1 + ai)} = HSm L ts (1 2 1(Smet % Sm—tols %+ % Sm—ty i 5 Sm)

N
oy
Il
o
o
Il
<
=
Il
<
.
-

ay - - Hsc 1,k] (1 —qlles Yi)
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Note further that the identity
. 1 m—21 i 11— a—(m—2l+1)
R S L
k=0
gives, for | < |m/2] and any integer r > 0
x(l=r) if r < |m/2]
(1= Dyspgg[1+1]a” . = a =t — grmti-l , =140 if [/m/2] <r<m—|m/2]
¢ ¢ —x(l=m—-r+1) ifr>m-—|m/2|
This implies that
T (= 2k [T, (0 )] g -+ ap = (Smrim % Smrars ¥ H Sm g Sm) 1.2
afal---a?
with the proviso that we must take
Sm—r;,r; if T S |_m/2J
Sm—r;,ry 0

if [m/2] <r; <m—|m/2]
—Spi—1,m—ri41 i 73 >m — |m/2]
Taking this into account, multiplying 1.22 by y

1'ys? -+ y," and summing for all r; > 0 gives
k k 1
1—Lm% e L} ——
Pt ( ai) Hzfl( + ‘“) 11;[1 1 —a;y;

0,0...,0
apag -y

1 Y27
71207220

o ylzk <5m—r1,r1 *Sm—rg,rg*' : '*Sm—Tk,rk 3 5m>
Tk 20
Multiplying by ¢™ and summing proves 1.7 and completes our argument.

products which will be used in the next section in the proof of Theorem 1.1. Our point of departure are the
following well known basic identities

Proposition 1.1

In the remainder of this section we will review a variety of tools for the computation of Kronecker

1) pa*pg

= X(a= B)zapa
2) Pa * SX

X Pa
3) hm*.f = f
Proof

The last equality holding true for all homogeneous symmetric function of degree m.

1.23

Recalling that the definition of the Kronecker product of two homogeneous symmetric functions f, g
is defined by means of the Frobenius map by setting

fxg =

F((F~'f)«(Fg)

then 1.23 is an immediate consequence of the fact that

a)

F'p, = 2,C, and b)

FC, = pa/za
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where C,, is the conjugacy class of permutations with cycle structure a.. The identity in 1.23 2) then follows
by linearity from 1.23 1) and the Frobenius formula

Sy = ngpﬁ/zﬁ
B

Finally 1.23 is a simple consequence of the fact that the symmetric function h,, is the Frobenius image
of the trivial character, and therefore it must act as the identity in a Kronecker product. That is for any
homogeneous symmetric polynomial of degree m we have

hmxf = f.

An important tool for reducing the computation of Kronecker products to ordinary products is
provided by the following basic identity of D. E. Littlewood [5] see also [2] for some useful corollaries.

Proposition 1.2
For any k-tuple of homogeneous symmetric functions f1, fa,..., fx of degrees a1, as,...,ar and any
symmetric function H homogeneous of degree a; + as + - - - + a we have

fifoo foxH o= Y0 > o 3" (S0, Sy Sapr H) f1 % Say f2* Say + fi * Sa.- 1.24

ai1bkay astas apbFag

Proof
We need only verify 1.24 for f; = pgu) with B+ a; and H = Sy with A a1 +ag + - - - + ag. This
given, the left hand side of 1.24 becomes, using 1.23 2)
LHS = Ppyvp@y...vgk) * Sy = Xg(l)vﬁ@)v.“\//g(k) Ppyvp@ v...vgk)
= (Psvs@y..vpm > SN) PROVEE@Y ..y -

where the symbol “V” denotes coalescing of partitions. On the other hand, using again 1.23 2), the the right
hand side becomes

RHS = 3 % -+ > (SarSas Saws Sx) X5 Ps0) X5 Paca - Xt Paco
ai1bka; astas apkay
and 1.24 in this case immediately follows from the Frobenius expansion
> Saxi = .
aka

We can now derive the following useful corollary

Proposition 1.3

For any homogeneous symmetric function H of degree a1 + as + ...+ ap we have

havhay + hay * H = > 3" oo 3" (Sa, 80, Says H) Say Say+ Sy

aital askas artag

Z Z Say -+ Say Xsiz...gikH

Oégl—ag Ozkl—ak

1.25
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Proof
The first equality follows by setting f; = h,, in 1.24 and using 1.23 3). Note further that the first
equality may be also rewritten as

hayhay -+ hay, x H = Z Z Z (Say s S-S5 82) SaySay -+ Say

artar azbas artag

and thus the second equality is obtained by carrying out the sum over all a; F a;.

Proposition 1.4

For any triplet of homogeneous symmetric functions of the same degree f, g, h we have

<f*g,h> = <f[X]9[Y] ) h[XYDXY 1.26

Proof

Clearly we need only verify this for power basis elements. In this case 1.26 reduces to

(Pa*pp, Dy) = (PalXIpslY], py[X]Dy[Y]) oy
Using 1.23 1) this becomes
xX(a=b=10c)2 = (pa,py){ps,0y) = x(a=c)zax(b=rc)zs.

This shows that the two sides of 1.26 are equal and completes the proof.
We will use two remarkable consequences of 1.26. More precisely
Proposition 1.5

For any 1 < k < n and any three homogeneous symmetric functions f,g,h of degreesn — k, n and n
respectively we have

a) (hf,gxh) = S(f.StgxSth)

akk

b) (enf,gxh) = Y (f, Sag*Sah)

atk

1.27

Proof
From 1.26 with f—hyf it follows that

(hif s gxh) = (hilXYIFIXY], g[X]R[Y]) o

and the Cauchy formula gives

(hf gxh) = > (SalX]SalYIFIXY], g[XIR[Y]) yy
akk

Y (JIXYT, (SalXIMgIX]SalY T RIYT) oy

(by 1.26 again ) = Z (f, SxgxSth)
akk
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This proves 1.27 a). The proof of 1.27 b) is entirely analogous except that we set f—eyf and use the dual
Cauchy formula

[XY] = 3 SaX]Sw Y]

Finally we must point out that the the two well known row and column adding formulas for Schur
functions are immediate consequences of the Jacobi-Trudi identities.
Proposition 1.6

For any partition \ with largest part < m and any u with at most m parts we have

a) Smx = Z(—l)ihmi@f&\

=0 ‘ | 1.28
b) Supim = Z(—l)’emﬂ- hi- Sy
i>0
where ;1 + 1™ means adding a column of length m to p.
Proof
We have
hm hm+1 hm+2 to hm+k
ha, -1 hx, hai+1 o hatr-1
S, = det | Pro—2  ha,—1 R, coo haggr—2
han—k  Pag—k+1 Pog—g2 - I
Expanding this determinant with respect to the first row gives
k
Sma = Y (=1 giSys 1.29
i=0

which is another way of writing 1.28 a). To prove 1.28 b) we simply note that applying the w transformation

to 1.29 we obtain i

Sxigim = Z(*l)kemﬂ's/\//i
i=0
which is 1.28 b) for p = .
It is important to note the following property of the Kronecker product
Proposition 1.7
If X\ and v are partitions of lengths k and h respectively then the Schur function expansion of the
Kronecker product
S)\ * SH

involves Schur functions indexed by partitions of length at most hk
Proof
Note that from from 1.25 it follows that

hashay = hay *Sx = D > o+ Y (SaSas+ SapsSu) Sy Sas ++ Sey- 1.30

oql—al OLQ}—G,Q ak)—ak
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Now from the Littlewood-Richardson rule it follows that the scalar product (Sa, Sa, - - Say, Sy ) is different
from zero only if each of the partitions «; is contained in p. Thus if p as length A then again from the
Littlewood-Richardson rule it follows that the Schur function expansion of the product Sy, Sy, - -+ Sa, Will
only involve Schur functions indexed by partitions with at most kh parts. Thus the assertion is an immediate
consequence of 1.30 and the Jacobi-Trudi identity.

We have now all the ingredients we need to prove Theorem I.1.

But before we terminate this section it is instructive to see the symmetric function tricks that Thibon
uses to prove Proposition I.1. His argument is based on the simple, but powerful idea that, when there is a
way to force the degree to be the desired one, then the Schur row adder, which in our notation is

Hy = Y hapi(=1)'e;

i>0

may loosely be replaced by

In particular we can write

() ()] -

n>0 k>0

= Sm—rSr = Sm—r4+1Sr—1 = Sm-rr 1.31

“ 7

where is the operator which selects homogeneous terms of degree m. This given, the following is a

rewriting 'of Thibon’s proof of 1.5 and 1.7 in the present notation. We will start with the coefficient
Cr(d) = (sqa[X1]s5dalX2] - saa[Xi] , s2a[X1 X2+ Xi])
where the left argument is a k-fold product. Using (1) we can write
Ci(d) = (X [ X1]54[X1]Q[X] Q" [— Xo]sa[Xo] - - - QX3 QU [~ Xi]sa[X3] 5 s2a[X1 X2+ Xp])

b2

where the role of “ is played by the scalar product with s24[X7Xs -+ X]. Thus we also have

Ck(d) = <Sd[X1]Sd[X2] s Sd[Xk] y Q[_Xl]Ql[Xl}Q[—XQ]QL[XQ] s Q[—Xk]QL[Xk]SQd[XlXQ . Xk]>
= (salX1lsalXa] -~ sa[Xk] . Q[=X1]Q[=Xo] - Q= Xi]ls2al (X1 + 1)(X2 + 1) -+ (Xi + 1)])

= (QuiX1]Qu3 Xo] - Qui Xi] , Q=X1]Q[=Xo] - Q[=Xp]s2a[(X1 + 1)(X2 +1) -+ (Xi + 1)]) g

2d,,2d. ..
’U.1 u2 U.k

— Qw03 - Q= ulsaal(un® + Dus® + 1)+ (e + 1))

2d,,2d, ., 2d
Uy U Uy

= Q[-u3]Q—u3] - - Q[—ui]]s2al(ur + 1/ur)(uz + 1/ug) - - (ug + 1/ug)])

0,0...,,0
Uplg Uy

the before last step due to the reproducing property of the Cauchy kernel.
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Multiplying by t*¢ and summing gives

>

d>0

and this is I1.5.

(1_U1)(1—U2) (1_7«4%)

2d
N (Saq * Sqa * -+ * Sda 5 S2d) =

Now to get 1.7 we start with

Cryraveiri (m) =

= (Qui X ]2 [~ X1 /o], [X1] - Qo X2 [ Xk /vr) s [Xi]
= (s [X1] s [Xk], Q=X1/v1] - Q=X /vr]sm[(X1 + v1) - -

= <Q[U1X1] cee Q[uka] R Q[—Xl/vl] e Q[—Xk/’l}k]sm[(Xl + 1]1) e

1 U 1y
= Q—uy/or] - Q=up /o] sm[(u1 /v +1) - (up /v + 1)]
P U P
1 k
Multiplying by t™(vy/u1)"™ - - (v /ug)™ and summing gives
k
ST ST S i ) fun)™ - (o fun)™ = [ wif) Qe for 1) -
m>0 r1>0 rie >0 =1
Making the replacement v;/u;—y; finally gives
I (1 —w)
YDULD LD DY I
m>0 >0  r,>0 HSQ[U@] (1 —t1Lies yi)

as desired.

<3m—7'1,r1 [Xl] U Sme—rg, Tk [Xk] 5 Sm[X1X2 T Xk]>

Q—ug/v1] - - Q=ug /v]sm[(ur +v1) - (ug + vi)]

Hsgu,k] ( —t[Liesui ngs “J‘) u?

m—ry m—rp w'l

L

o...
Uy U

may 20, 2008

Sm[X1 X2+ Xi)) -
v T
(Xi +vi)])
VT
(X +vi)])

Uy

(ug/vi + 1)]

14

m—rp

m—ry _.vm—rkurl »
k

"k
k
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2. The explicit formula for Sqq *Sq.a
Our point of departure in this section is the computation of an auxiliary Kronecker coefficient

Theorem 2.1
For all pairsa >b, f > e witha+b= f+ e =2d we have

b+e—d :
(hahy % Sy, Saa) = {1“2 | b+ f-d=0 2.1
’ 0 otherwise
Proof
Using the second equality in 1.25 we derive that
(hahp* St Saa) = > (SaxSaSre, Saa) = > {(SaSre, SxSaa)- 2.2
akb akb

Note that the only terms that contribute to 2.2 are those given by partitions o = (u, v) with
a) u< fAd b) v<eAd ) ut+v=>b,

but since from our assumptions it follows that f > d, e < d and b < d it follows that these conditions reduce
to
a) v<e and ¢) u+v=h 2.3

Moreover it is easily seen that for o = (u,v) we have

SESia = Sivd—u-

We are thus reduced to the calculation of the scalar products
(Ste.r)/(uw) » Sd—v.d—u )- 2.4
To better understand our reasoning we need to illustrate the diagrams that are involved in this calculation.
e~ V —dle—e-v < V—>le—d-v —>
e el
jfe——UuU—>pje-u|fe | l«—— U —>jed-U >

We have here on the left the shaded diagram of the partition (u,v) within the partition (e, f) and on the right
the shaded diagram of (u,v) with the diagram of (d, d). Note that in applying the Littlewwood-Richardson
rule to expand the skew Schur function S r)/(u,) We shall necessarily obtain only diagrams which start
with the the partition D = (e — v,e — u) (illustrated on the left below) then end with the diagram obtained
by draping f — e cells on the right of the last cell of the top row of D.

| e-u | led-u »|

=6V [—dv—n
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In order for the scalar product in 2.4 to be different from zero we must be able to drape these f — e cells
so as to obtain the diagram of (d — v,d — w), (illustrated above on the right). That is we must place d — e
cells on the second row of D. However, the maximum number of cells we can place on the top row of D is
e—v—(e—u) =u—wv. In conclusion we will be able to obtain (d — v,d — u) if and only if

d—e<u-—v
Since u = b — v this inequality is simply
d—e<b—v—v

or better

This may be written as

a) v< LHe—;d)j or b) v< Lmj
Note however that if b + e < d thre is no way of producing the diagram of (d — v,d — u) from D and the
sum in the right hand side of 2.2 necessarily vanishes. On the other hand if b+ e > d then since b) is clearly

stronger than 2.3 a) we derive that the number of terms that contribute to the right hand side of 2.3 is

b+e—d
14 |2,

This completes our proof.

As an immediate corollary we obtain that

Theorem 2.2
For all pairsa > b, f > e witha+ b= f + e = 2d we have

1 ifb+e—d>0and even
Sab* Sfes Saa) = { ise ' +
< b ¥ O, dvd> 0 otherwise

Proof

Since Sqp = hohy — ha—1hp41 we derive that

(Sap*Spe, Saa) = (hahy*Sfe, Sia) — (hat1ho—1 % Sfe, Saa) 2.6

Now note that if b+e—d <0 thenb—1+e—d <0 as well and 2.1 yields that both terms on the right
hand side of 2.6 necessarily vanish. In case b+ e —d = 2k > 0 then 2.1 gives

T4+ (2D = 14k and 14 [EHED ] = g

and 2.1 gives that
<5a,b*5f,e, Sd,d> = 14k—-kF = 1

On the other hand if b+e—-d =2k +1 > 1 then

T4 |2 D) — 14k and 14 22D — 14k
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and 2.1 gives that
(Sap*Sfe, Saq) = 1+k—1-k = 0.

This completes our proof.

We are finally in a position to prove our desired Schur function expansion of Syq * Sqq

Theorem 2.3

Sga * Sqa = Z X()\ S EO4)S)\ 2.7
A2d

where EQ, denotes the set of partitions of length 4 whose parts are > 0 and all even or all odd.
Proof

From Proposition 1.7 it follows that the Schur fuction expansion of the Kronecker product Sgq * Sqq
involves Schur functions indexed by partitions with at most four parts, thus we need only to show that when
S occurs in the expansion of Syq * Sqq

1) if A has only one part > 0 then A = 2d and <S2d, Saa * de> =1,

2) if X\ has only two parts > 0 then all its parts are even and <SA7 Sad * de> =1,

3) if A has only three parts > 0 then all its parts are even and (Sx, Sqq * Saa) = 1,

4) if X has four parts > 0 then its parts are all even or all odd and <S>\, Sad * de> =1.

Now 1) is entirely trivial since
(S2d s Saa* Saa) = (S2a*Sad, Saa) = (Sada, Saa) = 1.

Next note that Theorem 2.2 with A = (a,b) (f,e) = (d,d) gives that the scalar product

1 ifbiseven
(Sab * Saa » Saa) = {0 if b is odd

Thus 2) must hold true since

(Sab » Saa* Saa) = (Sab*Saa, Saa)-

For the next two cases we will proceed by induction on d. In fact, note that a simple calculation gives that
S11 xS = Sz, Sag x Soa = S+ S22 + S1111

Thus the assertion is clearly true for d < 2. So we will assume it to be true inductively up tod — 1 > 2.

To prove 3) we use 1.28 b) and write a Schur function indexed by a partition with exactly three > 0
parts in the form

Surrs = > (=1)'esiihiS,
i>0
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with p a partition with at most three parts. Thus

(Sut12 , Saa* Saa) = Z(*l)i<63+¢hﬁ5u , Sad * Sad)
i>0
= Z(_l)%hilsu , €34:5dd * Sad)
i>0
1
(by Proposition 1.7) = Z(fl)%hj‘Sﬂ , e§‘+ide * de>
i=0
= (e3Su, Saa* Saa) — (eahi Sy, Saa* Saa)
> (Su s (SaSaa) * (SxiSaa)) — Y (hi Sy, (S5 Saa) * (S5 Saa))

ak3 B4

2.8

(by 1.27 b))

Since the only a F 3 such that both Soded and S i, Sqq are different from zero is a = (2, 1) and likewise the

only 8 F 4 such that both SﬂLde and (S’E/de) are different from zero is 5 = (2,2), it follows from 2.8 that
(Syt15, Saa*Saa) = (Su . (S31Sa4) * (S3154a)) — (hi Sy, (S3254a) * (S3354d)

= (Su, (e1Sa—1,d-1) * (1 Sa—1,0-1)) — (hi Sy, Sa—2.4—2 * Sa—24—2) 2.9

= {18y, Sa—1,a-1%Sa-1,0-1) — (hi Sy, Si—2,d-2 * Sa—24-2)

This given, note that u can only be of the following four types
(a,a,a), (a,a,b), (a,bb), (a,b,c), 2.10
with a > b > ¢. Now from 2.9 we derive that

(S(at+1,a+1,041) » Sda* Saa) = (€1Saaa s Sa—1,d-1* Sda-1,a-1) — (A1 Saca » Sa—2,d-2 * Sa—2a—2)
= ((Saaa1 + Sat1,a0) » Sa—1,d-1 * Sa—1,a-1) — (Sa,aa—1+ Sa—2,d-2 * Sq—24—2)
(by induction) = <Saaa1 y Sd—1,d—1 * Sd—l,d—1>

and the inductive hypothesis forces a to be odd and (a+1,a+1,a+ 1) to have all even parts. In the second
case of 2.10, 2.9 gives

(S(at1,a+1,b+1) » Saa*Saa) = {€1Sqab, Sa-1,a-1 * Sa—1,a-1) — ("1 Saab , Sa—2,a—2 * Sa—2a—2)
= ((Saab1 + Sa,ap+1 + Sat1,a0) » Sd—1,d—1 * Sa—1,d-1)
— ((Sasap—1 + Sa,a—1,) » Sa—2,4—2 * Sa—24—2)

(by induction) = {((Saqb1 + Sa,ap+1) > Si—1,d—1* Sa-1,d-1) — (Sa,ap—1, Sa—2,d—2 * Si—2d—2)
2.11

If @ and b are of different parity the inductive hypothesis reduces this to
(Sat1,a+1,041) » Saa* Saa) = (Saabt1 > Sa—1,d-1 % Sa-1,a-1) — (Sa,ap—1, Sa—2,d—2 * Sq—24—2)

but again the inductive hypothesis forces both a,b+ 1 to be even as well as

(Sta+1,a+1,041) » Saa*Saa) = 1 —1 = 0.
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This leaves as the only possibility that a and b to have the same parity. But then the inductive hypothesis
reduces 2.11 to
(S(at1,a41,0+1) » Saa* Saa) = (Saabt , Sad * Saq)

and the inductive hypothesis forces a, b to be both odd, thus (e + 1,a + 1,b+ 1) to all even and
(S(at1,041,041) » Sad * Saa) = 1.
In the third case 2.11 gives

(Sta+1,b41,6+1) s Sda* Saa) = ((Savbt + Sarp+1,6 + Sat1,b6) » Sd—1,d—1 * Sa—1,d—1)
— ((Sapb-1+ Sa-1,) » Si—2,d—2 * Sa—2d—2)

(by induction) = {(Sab1 + Sat1,66) » Sa—1,d—1 * Sa—1,d—1) — (Sa—1,b6 » Sa—2,d—2 * Si—24—2)
2.12

Now if a,b have different parity this reduces to
(S(at1,b+1,0+1) » Sda*Sda) = {(Sat1,b» Sa—1,d-1 * Sa—1,d-1) — {Sa—1,,6 » Sa—2,d—2 * Sq—24—2)

and the inductive hypothesis yields that both terms vanish if a is even and b is odd. On the other hand if a
is odd and b is even the inductive hypothesis gives

(S(a+1,0+1,b41) s Saa*Sag) = 1 —1 = 0
If @ and b have the same parity 2.12 reduces to
(S(a+1,0+1,b41) s Sda* Saa) = (Sabb1 , Sa—1,d—1 * Sa—1,d-1)
and the inductive hypothesis forces a and b to be both odd thus (a4 1,b+ 1,0+ 1) to be even and
(Stat1,b41,6+1) » Sda* Saa) = 1
Finally, for the last case of 2.10, 2.9 gives

(Sat1,b+1.0+1) s Sdaa*Saa) = ((Saber + Sapp,et1 + Saptie + Satipe) s Sa-1,d-1 * Sa—1,d-1)
— ((Sape=1 + Sap—1,c + Sa—1bc) s Si—2,d—2 * Sa—24—2)

2.13

If @,b and ¢ 4+ 1 have the same parity, the inductive hypothesis reduces 2.13 to
(Stat1,b+1,041) s Sda*Saa) = (Sape+1» Sa—1,d-1 % Si—1,d-1) — (Sape—1 » Sa—2,d—2 * Sq—2d—2) =1—-1=0
If a,b+ 1 and ¢ have the same parity, the inductive hypothesis reduces 2.13 to
(Sta+1,b+1,0+1) s Sda*Sdaa) = (Saptt.ec Sa—1,d-1 % Si—1,d-1) — (Sap—1,c » Sa—2,d-2 * Sq—2d—2) =1—-1=0
If a + 1,0 and ¢ have the same parity, the inductive hypothesis reduces 2.13 to

(Sta+1,b41,0+1) s Sda* Saa) = (Sat1pe, Sa—1,d—1* Sa—1,d-1) — (Sa—1,b.c » Sa—2,d—2 * Sa—2d—2)) =1 —1=0
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If a,b and ¢ have the same parity, the inductive hypothesis reduces 2.13 to

(Sta+1,b+1,0+1) » Sda* Saa) = (Saver Saa* Saa) = 1

with (a,b,¢) all odd and thus (a + 1,b+ 1,¢+ 1) all even.
This completes the proof of 3). To prove 4) we note that 1.28 b) yields that we may write Sy in the

form

S)\ = Z(—l)"e“ihfSM

i>0

with p a partition with no more than four parts. Thus

Z(—l)i<€4+ihf5u » Sad * Saa)

(Sx, Sad * Saa)

i>0
(by Proposition 1.7) = <e4Sﬂ , Sqq * de> 2.14
(by 127 b)) = > (Su, (SaSaa) * (SarSaa))
a4

But now again the only « F 4 for which both factors S’j;de and SOJ; Sqq do not vanish is a = (2,2). This
reduces 2.14 to

(Sx, Saa*Saa) = (Su, (S325aa) * (5325a4)) = (Su, Sa—2,a-2 * Sa—2.4-2)

and the inductive hypothesis yields that this vanishes unless all parts of p are even or equivalently all parts
of A are odd and in this case
(Sx, Sqa*Saa) = 1.

This completes the proof of the Theorem.

3. Kronecker coefficients for two part partition indexings.
The identity of Theorem 2.2 namely

1 ifb+e—d>0and even
Sa S e S = { 1 B '
< b *OF, dvd> 0 otherwise

has a more general form that may be stated as follows.

Theorem 3.1

For given integers 11 > ro > 13 > 0 set
¢7‘1,7‘2,7‘3 (q) = Z qm<5m—r1,r1 * Sm—rz,rg * Sm—’l‘g,’!‘g) Sm> 3'1
m>2max(ri,ra,r3)

then provided ro + r3 > 11 we have

2 1—q2tms=mt2 jfr; 4o+ 73 is even
Drirars(0) = 3.2

(1 — a1 — a2)
(1 Q)(l q ) q-— qT2+T3—T1+2 if r1 + 19 + 73 is odd

otherwise ®,, ., »,(q) vanishes identically.
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The developments that led to a proof of this identity and the mathematics that resulted from it may
be as interesting as the result itself. The discovery that the generating function

Gk(ylayZa cee 7yka) = Z qm Z Z e Z y;lyéz o 'y;k<sm—r1,r1 * Sm,—rQ,rg koeee Xk Sm—rk,rk 5 57n> 33

m>0 r1>07r2>0 >0

has the simple form

I | R {C "))
Hsgu,k](l —q[lies vi)

Gr(y1, Y2, -, Uk Q) QgL +y)A+y2) - Q+w)] T (L —y) 34

suggested that we should be able to extract from it explicit expressions for the generating functions

D@y gy (@) = Z qm<Smfr1,r1 * Sy g ¥k Smfrk,rmsm> 3.5

m>2maz(r1,ra,...,"k)

As a starting step we should be able to extract from 3.3 the terms where all the Schur functions have partition
indexing. That means getting the subseries where m > 2max(r1,r2,...,7;). Now we can do this again by
resorting to a trick from MacMahon partition analysis. More precisely we have the following recipes.

Proposition 3.1

Let
Gy, Y2, Uk @) = D 4™ D > > U Yy () 3.6

m>0 r1>07re>0 7 >0

Then

m L%J L%J L%J 1,72 Tk _ Y1 Y2 Yk .
E : q Zn:O TQZO.'.ZT‘k;:Oyl Yoo Yg c7‘17'f27~--,7‘k(m) _G(Eaga"'vqualcm”'a’n)
m>0

where the symbol “a? " represents the operator that selects all the terms where a; appears to a non-negative
power ans then setting all a; = 1. In the same vein, we also have

m, 1, T2 Tk — yiai y20a2 Yk .
2 : § : 4 Y1 Y2© Yy CTlJ‘%---ﬂ”k(m) - G( a% Poap 00T ak—l’qao) > > > 3.8
T12T22> 2T M2 Ay Ay ap g
and of course in this manner we can also derive formula 1.1 that is
2d 101 1.
Wi(q) = E ¢““caa,.. q4(2d) = G(?,a—z,...,a—%qalagnﬂn) 3.9
1 2 k a(l)a()“_ao

d>0

Proof
Note that from 3.6 it follows that

Yk . _ m Ty, T2 Tk m—2ry _m—2ry m—2ry
,...7¥,qa1a2---an)— E q E E E Y1'Ys® YR Cry g, (M) @ Qg T Ay

m>0 r1>01r2>0 7, >0

a(

D|‘Q
SV
9|S

MY
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“ b2

202 .q2
ayay --ap

and the operator will carry out the desired selection. The same can be seen from the following

identity

Yyia1 Y202 Y . _ m T, T2 Tk m—2ry T1—7rs Thk—1—Tk
G S R s L D UL DD DEED D /S LS AL DLt S

0
m2>0 r1>07r2>0 7, >0

[13

Likewise we can easily see that 3.9 can be obtained,by the constant term operator 7. from the

identity

1 1 1. _ m m—2ry _m—2ry m—2rg
G(a—§7g7---7a—7qa1a2"'an)—E q E E E Cry,rayeyri (M) O a3 T Ay

m>0 r1>07r2>0 7 >0

Armed with these tools the following two results were obtained in a matter of seconds from the
MAPLE package of G. Xin ()

Theorem 3.2

If we set
FS(yla Y2,Y3; Q) = Z Z Z Z qmy?yEZygS <S’m—7'1,7'1 * SnL—T'g,rg * Sm—rg,rga Sm> 310
r12072>07r3>0 m>2max(ri,ra,r3)
and
Gy, y2,u50) = Y. O D > "YUy Y5 (Smorirs * Smraira * Smorawe, Sm) 311
r3207r22>7r3 11212 M2>21
then 5
1+ ¢°y1y2ys3
F3(y1,v2,y3:q) = 3.12
Y (1= @)1 = Pyr1y2) (1 = ¢Pyrys) (1 — ¢?yay3) (1 — ¢*yiysy3)
and 1
G3(y1,92,¥3:q) = 3.13
(1—q)(1 = yry2) (1 — Pyryays) (1 — ¢ ydyays) (1 — ¢ yiy3y3)
Either of these two identities yield as Corollary
A Proof of Theorem 3.1
The easiest proof of 3.2 is obtained from 3.11. We start with deriving from 3.13 that
1
Galys, v, 1810) = 705 SO P ) (yryays) (yivaus)(yTY3v3)
1) 430550 ¢>0 d>0 314

_ 1 2a-+3b+4c+4d,, a+b+2c+2d. a+b+c+2d. b+c+2d
a>0b>0 ¢>0d>0

Since by definition
Dy oy (@) = Gy, 92, y354)

T1,72,73
Y1 Y27 Y3
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we need to solve for a, b, ¢, d in the system of equations

at+b+2¢c = r—2d
at+b+c = ro—2d
b+c = r3—2d

Now subtracting the second from the first and the third from the second gives
c=r1—ry and a=1r9—13

and consequently
b = T3—2d—(T1—T2) = ro+r3—1r1 —2d

23

3.15

3.16

3.17

This shows that there are no solutions if ro + r3 < r; proving the last assertion of the Theorem. Moreover,

since b > 0 we must also require that 2d < ro 4+ r3 — r1. Thus, when r9 + 73 > r; from 3.14 we derive that

(T2+T‘377‘1)/2

CI)T1,T2,T3 <q) — (1 — ) Z q2(r2—r3)+3(r2+r3—7"1—2d)+4(r1—7"2)+4d
q d=0
(r2+r3—r1)/2
_ 1 Z 2r9—2r3+3r2+3r3—3r1 —6d)+4r1 —4re+4d
= q
(1-q =
qzrl ZZ:O q2k—2d ifro +7r3—1r1 =2k
T o(1- .
1-9) ZZ:O g2 iy 4y —r =2k +1

27 1-— q2k+2 ifro+1r3—1r1 =2k

_ —_ 2
(1-q)(1—¢?) q(17q2k+2) ifrg £y —r =2k +1

This proves 3.2.

If we believe in computers and more significantly we believe in the validity of the MAPLE software

that yielded 3.13, then Theorem 3.1 is well and done. But for some of us there is something purely emotional

that makes it unsatisfactory to have only a computer proof of a Mathematical result. Thus for the benefit of

the reader who prefers human proofs, we will indulge in all the manipulations that are necessary to derive

both 3.12 and 3.13 almost entirely by hand.

We will begin by deriving 3.12 from 3.11. To this end note that the proof of Theorem 3.1 yields a

signicant byproduct
Proposition 3.2

If we set

G:(gl)(yhy% Y3; Q) = Z Z Z Z qmyfly52y§3<5m—r17r1 * Sm—rz,r2 * Sm—rg,rga Sm>

r3>01re>r3 r1>r2 m>2ry

GOy ) =D > D > Y5 (Smrv * Sm—raira * Sm—rauras Sm )

r3>07r2>7r3 r1>r0 m>2r

Gz()’lg) (ylvaa Y3; Q) = Z Z Z Z qmy;1952y§3<5m7n,r1 * Sm—rz,rz * Smfrg,r375m>

rg>0re>r3 r1>re m>2r;

3.18

3.19

3.20
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then
4,2
G (y1, 2, s q) = 9 %1429 3.21
s ) (1 —q)(1 = ¢?y1y2) (1 — Bryryays) (1 — ¢*y3y2ys) (1 — ¢*yiy3y3)
2
G (y1, 2, y319) = AR 3.29
8 (1—q)(1 — y1y2) (1 — Pyryays) (1 — ¢*ydyays) (1 — ¢ryydy?)
2 X g yiy2ys
G (g1, g2,y ) = - - 3.23
s ) (1 =) = yry2) (1 — Byryeys) (1 — ¢*yiyeys) (1 — ¢ yiysy3)
Proof

We saw in 3.16 that to assure that r; > 75 we need only take ¢ > 1 in 3.12. That proves 3.21.
Similarly to assure ro > r3 we need only take ¢ > 1 in 3.12. That proves 3.22. Finally, we se that taking
both @ > 1 and ¢ > 1 in 3.14 assures both inequalities r; > ro > r3. This proves 3.23 and completes our

argument.
Now we have exactly what we need to show

Proposition 3.3

The validity of 3.13 forces the validity of 3.12
Proof

The sum in 3.10 is over all lattice triplets 71,79, 73 that lie in the positive octant. Now it is well
known in combinatorics that the lattice k-tuplets r1,ro,..., 7 in the positive octant of k-dimensional space,
decomposes into k! disjoint simplicial cones indexed by permutations o € Si. More precisely the cone C,
consists of the collection of triplets

C, = {(7"1,7"27...,7%) P Ty 2 Te, With re >714,. when o; > 0544 }
In particular the lattice triplets r1, 72, r3 that lie in the positive octant will decompose into the 6 cones
Craz = {(r1,r2,7r3) s r1 >2rp >r3}, Cizpg ={(r1,r2,73) : r1 >2rg>ra}, Coiz={(r1,re,r3) : 19 >1r1 >7r3}

Coz1 = {(r1,72,73) : ra >1r3 >11}, Cs10 ={(r1,72,73) : 13 >1r1 >12}, Cs01 = {(r1,72,73) 1 73 > 19 > 71}

This given, the summation in 3.10 can be accordingly decomposed, and obtain that

Fs(yi,u2,950) = Y Fy7 (1,12, 93:9) 3.24
og€S3

where for convenience we have set

B (g1, y2,y330) = > > "Y1 Y5 Ys" (Smerm * Smrairs * Sm—rg.rs, Sm)
(r1,r2,r3)€Cs m>2max(ry,r2,r3)

Now it immediately follows from Proposition 3.2 that

123 132 2 213 1
F (g1, 4, y35.9) = Gy, v9,93:0) s FS 2 (01,4, 03.9) = G (w1, 9, y25.0) - S22 (01,92, 9s3.9) = G5 (92, 91, 03 9)

231 2 312 1 321 1,2
F (g1, y0,y35.0) = G (02,3, 515.0) . Fy° 2 (w1, 92, y35.0) = G5 (03, w1, 925.0) 5 Fo2P (91,92, 933.0) = G52 (3, 92, 915 )



Kronecker Coefficients A. Garsia, N. Wallach, G. Xin, & M. Zabrocki may 20, 2008 25

Carrying out these substitutions gives

F§123) _ 1
(1= ¢?y192) (1 — Buyryys) (1 — ¢ y3yays) (1 — ¢*y3y3y3)
F§132) _ q291ys
(1= @?y1y3) (1 — Pyryays) (1 — ¢*yiyays) (1 — ¢*yy393)
F§213) _ 7*y3y193
(1= @?y1y2) (1 — Pyryays) (1 — ¢*y3y1ys) (1 — ¢ y3y393)
F§231) _ q2y2y3
(1 — q?y2y3) (1 — Byryays) (1 — ¢*y3y1y3) (1 — ¢*y3y393)
F§312) _ q4y§y1y2
(1= ¢?y1y3)(1 — Byryays) (1 — ¢*y3m1y2) (1 — ¢*y3y3y3)
R = 4"y3ys

(1= ?yoy3) (1 — @Byryoys) (1 — ¢*y2yaiye) (1 — ¢*yiysy?)

Carrying out the sum in 2.24 by hand is a bit tedious. But miracolously, given the presence of so many
unwanted denominators, MAPLE still was able to factor the resulting sum to

1+ ¢*y1y2y3
(1—q)(1 — ®y1y2) (1 — ¢?y1ys) (1 — ¢2y2y3) (1 — ¢*y?y3y3)

as desired. The reader is welcome to verify this by hand!.

To complete the proof of Theorems 3.1 and 3.2 we are thus left with proving the identity in 3.11.
Our proof of 3.13 uses the partial fraction algorithm of G. Xin. For the benefit of the reader who is not
familiar with this computational device the proof will be preceded by a derivation of the basic tools of the
algorithm and thus will be postponed till next section.

But before closing this section, we must add that we have tried Xin’s partial fraction software to
obtain the generating function

Falyn,v2,y3,0530) = D > D > > "y s U (S F % Smrgras Sm) 325

142073214 T22T3 T12T2 M2>27T]

using the identity

F . — Yia1 Y202 Yys3as yY4.
4(y17y27y37y47Q) G4( aZ a1 0 a2 7a37qa0) S s s s
Qg @1 @3 a3

with .
_ Hi:l(l —¥i) 3.96
Hsg[1,4](1 - queS Yi)

The software in a matter of minutes produced the desired generating function. Unfortunately the result lacked

Ga(y1,Y2, Y3, Y45 q)

the sheer beauty and simplicity of F5(y1,y2,¥s;q) as given by 3.12. In fact, Fy(y1,y2,ys, y4; ¢) turns out to
have an extremely large numerator containing more than 3000 terms. This circumstance not withstanding,
it is still possible that this generating function may have an elegant expression as a sum of simple terms.
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Indeed, there is plentiful computational evidence that shows that a sum simple rational fractions can have
horrendous expressions when written as a single rational fraction with the least common denominator.
We must add that, if our desire is to obtain the generating functions

(1)7'1,7'2,.--,7% (Q) = Z qm<Sm—7'1,T'1 * S?n—rg,'rg O S’m—rk,rk ) Sm>7 327

m>2max(r1,ra,...,Tk)

then those can be obtained by a two step proceedure which consists first to extract the coefficient

Hf:l(l - yz)

Uriiro,ri (@) = 3.28
1,72 k Hsng](l_qnieS%) yrlylZ ey
and then obtain ®,, ,, . ., (q) by extracting from ¥, ,, ., (¢) all the terms where m < 2maz(ry,ra,...,7%).
This extraction is also easy to carry out. In fact, note that we may write
Py sy ()
\IITIJ"ZVH:Tk (C]) = %
with .
= 1—y;
Priroyri (@) = H _1§ ) 3.29
H¢¢sg1,k]( —qIlies vi) ylyp2 eyt
an ordinary polynomial. And to obtain 3.27 from 3.28 we can use the algorithm given by the following
Proposition 3.4
Let P(g)
_ 9 _ m
Flg) = 1=, = D ema 3.30
m>0
with P(q) a polynomial. Then the rational functions
Fr(q) = Z Cmq
m>R
satisfy the recursion
Fr(g) = > Plg)| d¢" + ¢Fr1(q) 3.31
m>R a
with initial condition Fy(q) = F(q).
Proof
Note that from 3.30 we derive that
Cm = P(q)‘ + Cm—1 3.32
o
Thus
> emd™ = > P(Q)‘ Y "
m>R m>R 1 m>R

and 3.31 follows if we adopt the convention that ¢, = 0 when s < 0.
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We derive from this the following surprising fact already noticed by Murnagham [9] in the case of
triple Kronecker products. See also the variety of Kronecker coefficient identities derived by Sharf, Thibon
and Wybourne in [11].

Theorem 3.3

For any given r1,1a,...,r; the Kronecker coefficient

<Sm7'r’1,1“1 * sm7r2,r2 koeee ok Smfrk,rk ) sm>
stabilizes after a finite number of terms and the stable value is given by the coefficient

Hf:1(1 — Yi)

gsscpm® = Ilics vi) vitys® eyt

PTlﬂ“Q,mJ‘k (1)

Proof
We see from 3.32 that we will have ¢, = ¢,;,_1 as soon as m becomes greater than the degree of
P(q). This given, we may simply compute the stable value of ¢,, from 3.30. By taking the limit

lim(1 - q)Flg) = P(1)

Thus the assertion follows from 3.29.

For example we calculated in this manner the rational function ¢g 342 3(¢) and obtained first that

—9¢% + 9¢7 + 144¢% + 197¢° + 154¢'0 + 71g" + 25¢'2 + 5¢*3 + ¢4
I—q

Va3423(q) =

this then yielded

144¢° +197¢° 4+ 154¢'° 4 71¢"" 4 25¢'2 4 5¢'3 4 ¢**
l—q

$2,34,23(q) =
whose series expansion is
144¢® +341¢° +495¢'° + 5664 +591¢'2 + 59643 +597¢" +597¢*° +597¢*¢ +597¢*7 +597¢'® +597¢'° + O (¢*°)
In particular this gives that
<5m_2,2 * Sym—33 % Sm—4,4 ¥ Sm—22 * Sm_3.3 , sm> = 597

for all m > 14.
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4. The partial fraction algorithm.
To complete the proof of Theorems 3.1 and 3.2 we are left with proving the identity in 3.11. We
will do this, via Proposition 3.1. More precisely, we plan to obtain the generating function

Cnyausid) = D > "YU YE YR (Smorirs * Smrairs % Smorgrs 2 Sm) 4.1
m2>2ry r12re2>2r3>0
from the series
(1 - yl)(l - yz)(l - ys)
(1—q)(1—qy1) (X —qy2)(1 — qy3) (1 — qy1y2) (1 — qy1y3) (1 — qy2y3) (1 — qy1y2y3)

F(y1,y2,y3:9)

by the formula
G(y1,Y2,93:9) = F(ylal/GQ,yzaz/alaZ/3/a2;qa) > > 4.2

>0Z2a2
(l—al G.2

At the moment, the best tool we have in our possession is the partial fraction algorithm of G. Xin [14]

Since many of the computer results presented here were obtained by software implementing this algo-
rithm and we will also use later for another hand computation, it will be good to include a brief introduction
to its basics.

Firstly, to avoid ordinary convergence problems we need to work in the field of iterated formal
Laurent series. The definition of this field is recursive and is determined by a chosen total order of all the
variables appearing in our given “kernel” 2. In the applications we are to compute the “constant term ”
(usuallly denoted 2—¢) or a “positive term ” (usually denoted Q>¢). To be precise these two operations will
involve only a specific subset of the variables. Denoting this subset ai,as, ..., ag, here we use the notations
Q| 049--a) and Q’ 20,20...420 respectively. The first operation consists in expandlng Q as a formal iterated
Laurent series and selectmg the terms that do not contain any of the variables a1, as, ..., ag. This is done by
a succession of one variable constant term extractions. To compute the operator Qalzoa,fo---a,f“’ we again start
with the expansion of € as a formal iterated Laurent series and proceed with k successive steps. But here,
at the time we operate on the variable a; we delete all the terms which contain a; to a negative exponent
and then set a; = 1 in the remaining terms.

It should be emphasized that, in either case, it is not a good strategy to decide before hand in which
order the variables a1, as, ..., a; are to be operated upon. The reason for this is that, it is difficult to predict
before hand the nature of the the rational function remaining after each successive step. Yet as we shall
see, there are criteria, based on the nature of this rational function, that suggest which variable should be
operated upon in the next step in order to achieve the simplest and shortest path to the final answer. This
will be illustrated in the specific calculations we will carry out.

Supposing that our variables, in the chosen total order, are z1,x3,...,2,. Then, for a given field of
scalars K the initial field is K((z1)) consisting of formal Laurent series in x1 with coefficients in K, that is
the series in which x; appears with a negative exponent only in a finite number of terms. In symbols

K((z1)) = { Z amx] : ameK}
m>M

This given, recursively we define the field of iterated Laurent series K((z1))((z2)) - ((x,)) to be the field
of formal Laurent series in z, with coefficients in K((z1))((z2)) - ((#n—1)). The fundamental fact is
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that the total order allows us to imbed the field of rational functions K(x1,s,...,2z,) as a subfield of
K((z1))((z2))--- ((xn)). We shall only describe here how this imbedding is carried out but leave all the
matters of consistency to the original works [14], [15]. The important fact is that under this imbedding all
the identities in K (x1, 2, ...,x,) become identities in K((z1))((z2)) - ((xn))-

We will begin with the recipe for converting each rational function in the given variables into a
formal Laurent series. The rational functions we will work with here may all be written in the form

P
F =
(L= m)(I—ma)- - (1—my)
with P a Laurent polynomial and mj,ma, ..., m; monomials. Our first need is to be able to decide whether

1—1qu should be converted to

a given factor

a) me or b) —Z% <:1:i)

s>0 s>1 ° mi

The decision is based on the idea that the total order forces one of the two “formal’ inequalities m; < 1 or
m; > 1 to be true. In the first case we choose a) (the “ordinary form ”) and in the second case we choose b)
(the “dual form 7). The criterion is as follows: we scan through the variables occurring in the monomial m;
if the smallest variable has positive exponent then m; < 1 if it has negative exponent then m; > 1.

For simplicity of notation we will avoid using summations and simply rewrite the given rational

F:Px(Hl_lmi)x(H 1__’"_%) 4.3

m;<1 m;>1 j

function in the form

We shall refer to this symbolic expression as the “proper form ” of F.
To compute F’aoaov--ao as well as F|a2a2_”a2 by the partial algorithm of G. Xin (see [14], [15]), at
172 k 172 k
each step we use a partial fraction expansion to eliminate one of the variables ai,as, ..., ag.

To see how this is done, assume that to begin we have chosen to eliminate the variable “x”. This

given, by suitable manipulations we rewrite our rational function in the form

R(z)
(I1—=aUy) - (1—2Up)(x=V1) - (x — V)

F=Q(z) +

with Q(x) a Laurent polynomial, R(x) a polynomial of degree less than h + k and Uy, Us, ..., Uy, as well
as Vi, Va, ..., Vi are monomials not containing z. The nature of the denomimator being determined by the
requirement that

2U; <1 for1<i<h and ViJr <1 for1<j<k.

The next step is to derive the partial fraction expansion:

h A’L k B

7j=1
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which, as customary, is obtained by setting

A= (=aU)(F@) - Q@)| - ad By == V)(F@) - Q@) _ .
This immediately yields the equalities
h
F| = Q| + Z;Ai 4.5
as well as
h A
F = — 4.6
- Q(z) o T ; A

The reason for this is that each term gfjv in 4.4 comes from a monomial m < 1 in 4.3 which had the
J
factorization m = Vj/x, so that the proper form of the last summation in 4.4 will be

il BJ/CE
2T,/

and we see that the corresponding series contains only negative powers of x and thus yields no contribution
to either F'

orF‘ .
ZD>

0 =

To help decide which variable must be operated at the it step, the next two Propositions show that
there are alternate ways to express the same result.
Proposition 4.1

Suppose that the m; are distinct monomials not containing x, and that F' is a rational function of x with
partial fraction decomposition

A
F(z) = P(@)+) ——
i=1 v
where P(x) is a polynomial and A; = F(x)(x — mi)|w:a_. Then

a) F(z)| = PO)— > A/m; = FO)+ Y A/m
$ z/m; <1 z/m;>1
A 4 4.7
) Fl@)| = PO+ Y —— =F1O)- > ——
e x/mi<1 v z/m;>1 ¢

Of course for b) we must assume that none of the m; is equal to 1.
Proof
The proper form of F'(x) is

F(z) = P@)+ Y L/W+ 3 Ali/x
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Thus both results follow from the same reasons as before. For the two alternate forms we simply use the

F(O) = P(O)— Z Ai/mi — Z A,/m,

two identities

z/m; <1 x/m;>1
A; A;
F(1) = P - -
(1) W+ 2 7ot 2 T
z/m;<1 z/m;>1

In some applications we may need to operate on a kernel given in the form

P(x)
[1imy (1 = (w/mi)=)

Though it can be converted in the form given by 4.4 it is convenient to have an answer that may be directly

F(z) = (with e; £1). 4.8

obtained from this form.
Proposition 4.2
Suppose that F(x) is given by 4.8 with the m; monomials not containing x. Suppose further that

lim F(x) = 0. 4.9

z—0

Then
Fal, =Y o(Fon-2)°)|_=- ¥ (Fon-@)*)| 4.10
x/m;<1 T x/my>1 ’
F@)| = 3 e (F@0-65)7)| _= F+ 30 et (Foa-()7)| _ an
x/m;<1 J ’ r/mj>1 I
Proof

The hypothesis in 4.9 assures that F(z) has a partial fraction of the form

F(z) = Z m/mj +y — 4.12

x/m;>1

where we have

and
B = (@-m)F@)|
But we see that we have
1— z/m; 1 ife; =1
o =) Fx/my -1 ife;j=-1 = 4
1 — (.’I:/mj) 7 lz=m; aj/mJ J w=m; J

and thus we may also write

4.13
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Similarly we see that

=y m; = —m; ifej=1
T —m; mi—T |
— 7 = =M = —e;m
1= (z/m;)% lo=m, z—m; ~ 7
j =m; L x =m; ife; =—1
T—m; z=m;
and we may thus also write
— . . _ \Ei
By = —emjx (1 (a/m)?)F(e)|
-t

Now from 4.12 we derive (as we have seen in the proof of 4.5)

:ZAJ'

x/m;<1

20

and 4.15 gives

= Y gx (- (@/m))F@)

T=m;
x/m;<1 ’

But, using the second identity in 4.8 (and taking also account of 4.9) we can also write

= > Bj/my

x/mj>1

20

and 4.13 gives
F(x)

= Y e x (1= (a/m))F()

z/m;>1

0 —m
x r=m;

Note further that from 4.12 we derive that

A, m
F _ J _ J
(I) > Z 1—1/mj Z l—m] J
xz/m;<1 x/m;<1
and 4.13 gives
F@)| = Y 7 e x (1= (a/m)")F()| _
x/m; <1 7 ’
This proves the first equality in 4.11. Moreover, setting x = 1 in 4.12 gives
O T e
1-— mj J 1 m]
x/m;<1 x/m;>1
and from 4.15 we derive that B
F = F(1) - 4
@, = - ¥ 2
z/m;>1
and using 4.14
1 e;
Fa)| = FO)+ 3t emy x (1= (@/my)™)F(x)
r> — j T=m;

32

4.14

4.15
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This yields the second equality in 4.11 and completes our proof.
Remark 4.1

It will be convenient to say that a denominator factor 1 — (z/m;)® is “contributing " if z/m; < 1
and say that it is “dually contributing” if x/m; > 1. In using Proposition 4.2, our choice of applying 4.10 or
4.11 should be dictated by which is the smaller of the two: the number of contributing factors or the number
of dually contributing factors.

It should be mentioned that in the more general applications of the partial fraction algorithm, the
given kernel may be of the form
P

P T mn A= mae - (A= ma)

with some a; # 1, and worse yet the variable = to be eliminated may appear, in some of the m;, also to a
power # 1. The reader will find in the original papers how to deal with kernels of the most general form.
Here, the only additional cases we need are covered by the following auxiliary result.

Proposition 4.3

Suppose that our kernel is of the form

1

F@ = 1o

x G(x)

where G(z) is a rational function whose corresponding iterated formal Laurent series expands as a sum of mono-
mials which contain x only to a negative power. For instance if

P(L
Gz) = ’ (z) -

[[iz (1 —m;/z%)

with P a polynomial, my, ma,...,my and U monomials not containing z, a; > 1 and
Uxr <1, m;fz% <1 for 1<i<k
then 1
F =G , = X
(1') z0 (5[5 z=1/U (x) z2 (1 — U) z=1/U

Proof

Recall that |w0 deletes every monomial that contains x, and

N deletes every monomial that
contains x to a negative power and sets x = 1 otherwise. s
In summary, since both these operators act separately on each individual monomial we need only

estalish these identities in the case that G(x) itself is a monomial. But in this case we have

m
G = —
() = =
with m a monomial and a > 0. Thus
1 1 m

1-Ux PO 1-Ux l‘ia:vo ¢ z=1/U
( ) ( )
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and 1 1 Ua 1
m
_— G = —— _
Ao 9O = Ao Xl U~ 1-U I

as desired. This completes our proof.

Armed with this package of identities we can now proceed with our proof of the identity in 3.11.
Our goal is to obtain the rational function

(1—y1a1/a2)(1—y2a2/a1)(1 —ys/az) %
(1 —qa)(1 — gyra1/a)(1 — qayzaz/a1)(1 — qays/az)(1 — qy1yzaz/a)

G(y1,v2,Y3:9)

1
X
(1 — gyrarys/aaz)(1 — qayays/a1)(1 — qyiyeys/a) lazaf ez

To begin, we choose our variable order by the requirement that we must have

4.16

<y <y2<ys<a<a; <az
Under this order, all the monomials
3/1611/612 s Y2a2/a1, ys/az, qa
will be formally less than 1. This is consistent with the fact that we have made the replacements
yl"ylal/az s Yo—yeaz/ar, ys—ys/az, q—qa

in the formal power series

1
G3(y1,v2,y3;9) = 4.17
(1—q)(1 = yry2)(1 — Byry2y3) (1 — ¢*yiyays) (1 — ¢*yiviy3)

We are now ready to carry out our calculation.

The result will be obtained by repetitive uses of Proposition 4.2. Noting that there are only two
contributing factors containing a; in 4.16 and the same is true for as while there are 4 contributing factors
containing a, it appears more economical to eliminate first a;.

This given, separating the factors containing a; we will rewrite 4.16 in the form

(1—ys/az)

4.18
a%> (1 —qa)(1 — qays/a2)(1 — qyiy2a2/a)(1 — qy1y2ys/a) laZ a>

G(y1,y2,y3;9) = (F

with
(1 - ylal/a2)(1 - yzaz/al)
(1 —=gqy1a1/a)(1 — qayzaz/a1)(1 — qyra1ys/aaz)(1 — qayays/a1)

Since our choice of total order makes F' in proper form, to compute F'| _ we can use Proposition 4.2 with

>
ay

a aag
my = ——, M2 =(qaysaz, Mm3= )
qy1 qYy1y3

myq = qay2y3



Kronecker Coefficients A. Garsia, N. Wallach, G. Xin, & M. Zabrocki may 20, 2008 35

Using this notation we may write

(1 —y1a1/a®)(1 — yaaz/aq)
(1 —a1/m1)(1 = (a1/m2)~1)(1 — a1/m3)(1 — (a1/ma)~1)

This gives under the conventions of Proposition 4.2

F =

e1=1, eo=—-1, e3=1, eg=-1
Selecting the first equality in 4.12 and noting that the contributing factors are those containing m; and msg

we derive that

—ma —ms

Fa12 = 1w (1*01/7”1)]7&1:7”1 + 1_7713(1*111/77%,)}7al:m3 = Q1+ Q3
with a a 2 a
0, = o (1*@311/@ )(1*y202/@)
1— o (L= qayzas/ 350 )(1 = gimqyiys/aas) (1 — qayays/ 557)
_ 1 —(1 —qa)(1 — qyr1y2a2/a)/qa

L—qyi/a (1= ¢*y1y2a2)(1 — yz/a2)(1 — ¢*y1y2y3)

and ey | a2 -aa
oo S nmtn meigs)
1= (1 —qyi o2 /a)(1 — qayzaz/ 3 ) (1 — qayays/ 52-)
1 (1 —ag/aqys)(1 — qy1yays/a)

1 — qyrys/aaz (1 —a2/ys)(1 — ¢®>y1y2ys)(1 — ¢Py1y2y3/as)

We can now rewite 4.18 as

G(y1,y2,y3:9) = Ri+ R3 4.19
with
- (1 - y3/a2)
Rl - Ql >
(1 —qa)(1 — qgays/a2)(1 — qyry202/a)(1 — qy1y2y3/a) laZa>
B 1 —(1 - qa)(1 — qy1y2a2/a)/qa
1 —qyi/a (1 - ¢?y1y2a2)(1 — y3/az)(1 — ¢*y1y2y3)
(1—-ys/as)
(1= qa)(1 — qays/a2)(1 — qyiy2a2/a)(1 — qy1y2y3/a) lay a=
(1 — ¢*y112y3)
1 y —1/qa
(1 = ¢*y1y2a2)(1 — qays/as) (1 —=qy1/a)(1 — qy1y2y3/a) laya=
and
_ (1 —ys/a2)
Ry = @3 >
(1 —qa)(1 — qays/a2)(1 — quiy2a2/a)(1 — qy1y2ys/a) laZ a>
1 (1 —az/aqys)(1 — qy1y2ys/a)

1 —qyrys/aaz (1 —az/ys)(1 — ¢?y1y2ys) (1 — ¢Py1y2y3 /az)
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—(1—az/ys3)ys/az

(1 —ga)(1 — qays/a2)(1 — qyiy2a2/a)(1 — qy1y2ys/a) laZa>
_ 1 —(1 — aqyz/az)az/aqys
1 — qyrys/aaz (1 — ¢?y1y2y3)(1 — ¢?y1y293/az)
—y3/as
(1 —qa)(1 — qays/a2)(1 — qy1y2a2/a)laza>
(1 - q?y1y2y3)
1 1/aq

(1 — qyrys/aaz)(1 — qyryaaz/a)(1 — ¢?y1y2v3 /az) laz (1 — qa)laz

We may rewrite the result of the last two calculations in the form

1 —1/qa
Rl = — x5 4.20
(1 = ®y1y2y3) (1 —qu1/a)(1 — qy1y2y3/a) la=
and ) 1
aq
Ry = ——  x Gy 14 4.21
° (1 = ¢*y1y2y3) ° (1-qa)lez
with
1
S, = i y
(1 = q?y1y0a2)(1 — qays/az) laz
and
g 1
3 f—
(1 — quryzaz/a)(1 — qyrys/aaz) (1 — ¢?y1y2y3 /az) la3

We will now choose to eliminate as next. We can immediately see that both S; and S5 are very special cases
of Proposition 4.3 which gives

1 1 1
5, — - . 4.22
' (1 - q?y1y2) (1 — gays/az) las=1/ay1y> (1 — @?y192)(1 — ag®y1y2y3)
and
1 1
53 = X 2 2
(1 —qy1y2/a) (1 - qy1y3/aaz)(1 —q ylyzys/a2) az=a/qy1yz
1 1
= 2,2 2 3 2 2 2 4.23
(1= qyiya/a) (1 — ¢*yiyays/a)(1 — ¢®yiysy3/a)
Using 4.22 and 4.23 in 4.20 and 4.21 now gives
R = 1 y —1/qa
! (1 = @?y1y2y3) (1 — ¢*y12) (1 = aq3y1y2y3)(1 — qy1/a)(1 — qy1yoys/a) la> 494
. :
= X T1
(1 — Py1y2y3)(1 — ¢?11y2)
R 1 " 1 1 1/aq
s =
(1= ¢?y1y2y3) 1 —qyya/a (1 —¢?yiyays/a?)(1 — ¢3yiyays/a) (1 —qa)la> 495

1
= —— x T
(1 — ¢®y1y2y3) ’
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Thus to eliminate a we are left with the computations of

—1/qa

T, =
(1 — ag®y1y2y3) (1 — qy1/a)(1 — qyiy2ys/a)

az

and
1/aq
(1= qa)(1 = qpy2/a)(1 — ?yiy2ys/a®)(1 — ¢yiy3y3/a)

Both of them are also immediate applications of Proposition 4.1. Thus

Ty =

az

1 —1/qa
T1 = 3 X
(1= Pyyays) (1 —aqyi/a)(1 = qy1y293/a) | =1 1g3y100s
1 —@*Y1y2y3
= X
(1= Pyryays) (1 — ¢*yiyays) (1 — ¢*yiy3y3)
and
T 1 " 1/aq
3 p—
1—q " (1= quy2/a)(1 — ¢®yiyays/a®)(1 — Pyiy3y3/a) la=1/4
1

(1= q)(1 = ¢*y1y2) (1 — q*yiy2ys) (1 — q*yiv3y3)
Combining these results with 4.20 and 4.21 gives

1 — 2 Y112Y3

Rl = X
(1= @Py1y2y3) (1 — Pyaye) (1 — Pyryays) (1 — ¢*yfyays) (1 — ¢*yiviy3)

1 1
X
(1 - yyys) (1 —q)(1 = yriy2) (1 — ¢*yiyays) (1 — ¢*yiy3v3)

Rs =
and 4.19 gives

—*y1y2y3(1 — @) + (1 — ¢*y1y2ys)

G(y1y2,y3;9)
(1= ?y1y2y3) (1 — ¢)(1 — Py1y2) (1 — Byryays) (1 — ¢ yiveys) (1 — ¢ yiyiy3)

1
(1—=q)(1 = @Pyry2)(1 — Byry2ys) (1 — ¢*yiy2y3) (1 — ¢*yiviy3)

as desired. This completes our proof of the identity in 3.11.

37
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