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−
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p
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=
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+
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−
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rem
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Q
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-q
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x
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Q
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Q

I
0 [X

n ]⊃
Q

I
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...⊃

Q
I
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−
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−
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−
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−
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∈
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+
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−
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⊕
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Π
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∈
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∂
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A
=

H
0 (A

)
⊕

H
1 (A

)
⊕

H
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)
⊕

H
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)
⊕

···
w
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H
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)
×

H
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⊆

H
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+
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a
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2
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m
∈

A
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p
1

1
a
p
2
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···a

p
m

m

}
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s

A
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h
e

H
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S
e
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s

F
A

(t)
=

∑r≥
0

t
r

dim
H

r (A
)

T
h
e
o
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A

(t)
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a
ration

al
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n
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an
d

ifB
is

a
h
om

ogen
eou
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b
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A

th
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F
A

(t)
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∑b∈
B
t
d
e
g
r
e
e
(b

)
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a
i
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h
om

ogen
eou

s
of

d
egree

d
i
th

en

(2)
:

=⇒
F

A
(t)

<
<

1
(1

−
t
d
1)(1

−
t
d
2)···(1

−
t
d
m

)

an
d

th
u
s

F
A

(q)
h
as

a
p
ole

of
ord

er
at

m
ost

m
at

t
=

1
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b
i ∈

A
h
om

ogen
eou

s
)

n
1

:
T

h
e

ord
er

of
th

e
p
ole

of
F

A
(t)

at
t

=
1

n
2

:
T

h
e

m
ax

im
u
m

m
su

ch
th

at {b
p
1

1
b

p
2

2
···b

p
m

m

}
p
i ≥

0
is

an
in

d
ep

en
d
en

t
set

n
3

:
T

h
e

m
in

im
u
m

m
su

ch
th

at
d

=
dim

A
/(b

1
,b

2
,...,b

m
)
A

<
∞

(∗)

S
et

m
A

=
n

1
=

n
2

=
n

3

N
ote

th
at

if{Q
1
,Q

2
,...,Q

d }
⊆

A
is

an
y

b
asis

for
th

e
q
u
otien

t
in

(*)
th

en

(*)
im

p
lies

th
at

th
e

collection

{Q
i
b

p
1

1
b

p
2

2
···b

p
m

m

}
1≤

i≤
d

;
p
i ≥

0
(∗∗)

sp
an

s
A

.
W

h
en

m
=

m
A

w
e

say
th

at
{b

1
,b

2
,...,b

m
}

is
an

H
S
O

P
H

S
O

P
=

”H
om

ogen
eou

s
S
y
stem

O
f
P
aram

eters”

N
ote

th
at

if
(**)

is
a

b
asis

for
A

th
en

A
is

called
“C
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en

-M
acau

lay
”

an
d

of
cou

rse
th

en
A

is
a

free
m

o
d
u
le

over
Q

[b
1
,b

2
,...,b

m
]
of

ran
k

d
m

oreover
if

d
i =

d
egree(b

i )
th

en

F
A

(q)
=

∑
mi=

1
t
d
e
g
r
e
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(Q
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t
d
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−
t
d
2)···(1

−
t
d
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=

1
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=
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−
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−

t
2)···(1
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=

1
+

t
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t
r−

1
(∗)

T
h
e
o
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m
T

h
e

collection
A
R
T

n
=
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=
x
r
2

2
x
r
3

3
···x

r
n

n }
w
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≤

r
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1
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an

s
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e
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otien

t

R
n
/(e
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R
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e
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∑

1≤
i
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i
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i
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n

x
i
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i
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i
k
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en
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at
th
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collection
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p
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p
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p
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b
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A
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T
h
e
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re

m
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(G
ord

an
:

L
iou

v
ille

J
ou

rn
al

1900)
A

n
y

collection
of

m
on
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x
1
,x

2
,...,x

n
h
as

a
fi
n
ite

n
u
m

b
er

of
m

in
im

al
elem

en
ts

u
n
d
er

th
e

d
iv

ision
p
artial

ord
er.

For
P

∈
R

denote
by

h
(R

)
the

hom
ogeneous

com
ponent

of
highest

degre
in

P
and

let
lm

(P
)

be
d
lex

largest
m

onom
ial

in
P

(leading
m

onom
ial)

T
h
e
o
re

m
2

(G
ord

an
:

L
iou

v
ille

J
ou

rn
al

1900)
If

J
is

an
y

id
eal

in
R

an
d

m
1
,m

2
,...,m

k
are

th
e

m
in

im
al

elem
en

ts
of

M
J

=
{lm

(P
)

:
P

∈
J
}

an
d

m
1

=
h
(f

1 )
,
m

2
=

h
(f

2 )
,...,

m
k

=
h
(f

k )

th
en

every
P

∈
J

m
ay

b
e

ex
p
ressed

in
th

e
form

P
=

A
1 f

1
+

A
2 f

2
+

···+
A

k f
k

(w
ith

A
i ∈

R
an

d
d
egree(A

i f
i )≤

d
egree(P

) )

M
oreover

th
e

com
p
lem

en
t

ofM
J

y
ield

s
a

m
on

om
ial

b
asis

for
th

e
q
u
otien

t
R

/J
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1
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,...,x
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P
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“dlex”
G

O
R

D
A

N
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ideal
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,...,e

n )
R

is
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plete

hom
ogeneous

sym
m

etric
functions

h
k (x

k
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k
+

1
,...,x

n )
=

x
kk

+
k−

1
∑r
=

0

x
rk
h

k−
r (x

k
+

1
,...,x

n )
(for

1
≤

k
≤

n
)

It
th

u
s

follow
s

from
th

e
G

ord
an

T
h
eorem

th
at

th
e

collection

A
R
T

n
=

{x
r
2

2
x
r
3
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···x

r
n
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(w

ith
0
≤

r
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b
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p
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ial
P

∈
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1
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2
,...,x

n ]
h
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an
ex

p
an

sion
of

th
e

form

P
(x)

=
∑b∈
A
R
T

n

b
(x)A

b (x)

w
h
ere

th
e

co
effi

cien
ts

A
b

are
sy

m
m

etric
p
oly

n
om

ials
u
n
iq

u
ely

d
eterm

in
ed

b
y

P
.

E
x
am

p
le:

F
or

n
=

3
an

y
P

∈
Q

[x
1
,x

2
,x

3 ]
m

ay
b
e

u
n
iq

u
ely

ex
p
ressed

in
th

e
form

P
=

A
0
0
0

+
A

0
1
0
x
2

+
A

0
0
1 x

3
+

A
0
0
2
x
23

+
A

0
1
1
x
2 x

3
+

A
0
1
2
x
2 x
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T
h
u
s

w
e

m
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t
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P
∈

Q
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