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The action of a matrix on a polynomial

For A = Haid||?hj=1 and P(x) =Pi{xy,xp,...,Xn) we set
ToAP(x) = P(xA)
Example
A = A11 A2
a4 a22
TAx{*x5* = (X124 1 + Xaap ()P (X124 2 + Xpap 2)P?

(> expo(x[1]~2*x[2]"3);
_ (X111 4% a 1) (X a0 + X a2 )
(> expand (") ;

+2x a; X-24 - 1 @ 23 +-’f:2 an 12 -1’-13 ﬂ1,23 +3 X-:3 an, 1: -’512 a 22 an »

+3 Xj4 a- 12 X144~ jj ‘|'-)ifj5 a-, 1: a- 33

-’4’-15 a. 12 '1'11,23 +3 -"i’-l4 aj 12 ﬂl,ij Xo @ » + 3 -1’-13 a 1: a » -1’-:2 ﬂz,:: +x13 a 12 x33 s

3

+ 2-"1’1‘4 ay 1 Xa An ﬂ1,23 + 6'«’513 a1 -’i’-zﬁ a» 1 511,2: as ~ + 6-’i’-lj a4 -1’-23 a» 1 ay ~an :2

next




Hilbert series of Invariants

Let G be a group ofn xn matrices.

RecallthatforP(x) = Pi{xy,Xz,...,Xn )

a polynomial in R = ¢[x1,X2,...,Xn] and M € G we set

TmPi(x) = Pi{xM)

then

{PER:TMP(X)zP(x) v MEG}

We let Hy, (RS) denote the subspace of G-invariants

that are homogeneous of degree m and set

Fre(q) = > q™dim Hm(R)

m =0

next




A basic result of invariant Theory
Theorem

For any grotip G with a finite invarfant measure in particular for any finite group

we can always constrict homogeneous polynomials 8,8, ... .8 di. ¢y, ..., ¢ € RE

stich that every invariant P has an expansion of the form
k
P = Z D; Qi(#182,...,6n) (with  Qi(¥1¥2,...,¥n) €C[¥y1,¥2,...,¥n])

where the pofynomials Qi(¥1¥a,...,¥n) are uniquely determined by P.

Equivalently the colflection

B = {‘I'i 9?1952 T Qﬁn}u_:iiik;m:_’ﬂ

is 2 basis for RS,  We call such a collection a 'basic set for RG”

Note then it follows that

dimH (RG)_Y NN LN glesl@ $;971902.. gPn)

i=1 p1 20 p2>0 Pn-0

equivalently

21_1 qdeg( i)
Hi=1(1 qqdesd:)

FRG (q)

next




VWhen do we have we have a Basic set ?

Note if the elements of a collection

B={®;67%05% - 8§n}1<_:i<_ik; piz0

span R® then kK deg(®:)
dimH, (R®) < ;iﬂ 4
[liei(1—a
alternatively if the elements of B are independent then
deg(®;)
3 < dimHm(RS)
H1=1 (1 q e

Thus if we know that

Z:‘_ . qdes(®i)

Fre (CI) H1=1 (1 qdest: )

Then to show that B is basic we need only to show one of these two properties

next




How do we compute the Hilbert series?

Moliens Theorem
For G a finite group we have

More generally for groups with a finite G-invariant measure

1 1
—— dw
w(G) Saee det(1 — gM)

FRG (q) =

Such an integral often reduces to taking the
constant term of the integrand
(including the density of the measure]

next




Combining actions

Action of amatrix g € SLi{n; C) on a row vector

U = (uy,uz,...,u,) — Ug!

Action of a matrix g € SL{n;C) on a column vector

Vi
V = — gV

Vn

Action of a matrix g € SLin;C)onan n xn matrix

X = |xlfe — £Xg

Actionofamatrix g € SL(n;C)onapolynomialinthevariables {u;, vj, x;;}5_,

T ,P(U,V,X)

next




Some Invariants under this action

I, = trace X*¥ O, =traccUXF 'V

Note
TytraceX* = trace(gXg ')* = tracegX¥g™! = traceXX

k
T, UXKY = Ug—l(gxg—l) eV = UglegXkeleV = UXKV

X1 A2 Xia
X=[X1 X227 X3

-,

X314 Xzan X3az

trace (multiply(X,X));
-’i’-1,12 +2J’-1,2X:,1 +2X1,3 X3 1 +x3.33 +2I2,3-T3,: +-’ﬁ’-3,3j

> expand(trace(multiply(X,X,X)));
3x1,1x1,3x3,1 +3X1,1X1,:X-3,1 +3X-3,1 X1,3 X3 3 +3X3,1-1’-1,2 X2 3 +3x2,1-r1,3x3,3

+3-¥2,1 X1,2 X2 2 +3X2,2X2,3 X3 2 +3'I3,:-1’-3,3X3,3 +-3E71,13 +-¥1,23 +I3,33

> expand (multiply(U,X,V)[1,1]);
Vi Uy xl, 1+ V) i le 1+ Vs JC3I1 + V- 1y xl,ﬂ + V- - .?{73'3 + Vs 1y .I-'3I3 + vy 14 -’51, 3

+ V3 U~ X2 3 + Vi iy X3 13

next




Some not so obvious Invariants

J
UXx
(U, X) = det| UX? = 2 n-1
X) = det T(V,X) = det|v,xXV, X%V, . xXn1v
UXn_i
U Ug—1 Ug_li U
UX Ug 1gXg? UXeg™ UX
T.det | UX® | _get| Ug'gX?g™' | =det| UX'e” _ det | UX2
Uxn-1 Ug—lgxn—lg—l an—lg—l Uxn-1

Tg det (V XV X?*V ... X*7'V)] —det (gV gXV gX2V ... gX®*1V)

=detg x det (V XV X*Vv ... X*1V)

next




— The Constant Term Problem

The Hilbert series of the polynomials P(U,V,X) invariants under
this action 1s

B | n 1 1—x;/%5
FUVX(CI) = (l—q)“E(l—qu)(l—q/'/xi) H (l—q}{l/ )(1_q f}[)

. . i — 0,0, 0
1<i<j<n X1Xz Xn=1lx]x5 x

I

Proof

Passing from SLy[¢] to SU[n] and using Moliens Theorem, we derive that

1
F = dew
uvx(d) an 3ot 1 — ab(e)] ®
with D(g) giving the action of T, on the on the alphabet {u;,v;,x;;}P_; with dw(g] the Haar measure.

The integral need only be carried out over the Thoruzs T}, of diagonal matrices

£ = dlﬂg{&wi ef2 ei'g"} with  ef1elf2... 62 =1,
Thus _ _ _ _
Tg{urpvm Il{r,s :-1,5:1 = {ul‘e_lgrj elgsvsﬁelgsxl‘,se_lgr r,s:i'
Zives
D(g) = diag{e™, .., o7 o2, ca; o= 1 <rg<n)
Thus

det|l — gD{g)| = H(l _ q‘};eié',)(l _ qei‘gr} H (1- qei.sa,;ei.sa,:l

and (*) becomes

(1 — eit=/elts) dé,dé, ---df,_4

Fuvx(a) f H (1— qjew, — qeis] H (1 — gelfr felf=) (1 — gells felfr) (2m)n—1

Tay= 1 1<r<s<n

next




Our Constant term can has an explicit evaluation!

Theorem

1 2 1
i —ar e —am)

H 1-— Xi/}{j
1<i<j<n (1 o quXXj)(l - qxjixi) x0x2...x0

X1Xg Xp=1lx %

1+ q(n; 1)

(1—a) [I2, (1 — ai)2(1 — qntt) (1 — g5 )

How do we show this?

next




A Remarkable Identity

Theorem
Z sign(a)a( H (z; —qa:j)) = ?
cESy I<i<gsn

Z sign(a)a( H (xi—xj)) = n! H (i — ;)

cESn 1<i<j<n 1<i<j<n

Proof (by induction)

next




The first reduction

Setting 1

1
(1-q) _H (1 — axi/x)(1 — ax/x;)

Proposistion 2
For any n > 2 we have

1 o 1
Glsa) = mr e qm(x)ZS‘g“(‘T)“HX (I saers)

TESA 1<i<j<n

where A(z) denotes the Vandermonde determinant in zy,x.,...,2,.

Proof

The previous identity can be rewritten in the form

1 1 noi 1
0 @AM 2 S‘g“(“)J(HX [T (-] = g

1<i<j<n

1
(1 —axi/x;)(1 — ax;/xi)

Divide both sides by the rational function H

1<i<j<n

next




The next reduction
Proposition 3

For n > 2 and for any symmetric rational funtion Ai{x) we have

1 Ax) H 1—xi/x5

(1—q)™ (1 — axi/x3)(1 — ax;/xi)

1 <icjcn L
1 A 1-— Xii}{j
ma—a A0 1L G o
i=1 1<i<j<n VA Iy %o xa=11x7x5 - xQ
(proved by manipulations using the previous identity)
If we use this with n 1
Alx) =
i:HI (1 —ufx;)(1 — vy
we get the “tri-graded” Hilbert series
1 - 1 1 —x; /x;
FUVK{U+ ¥, q:l - n A
I:]' - q) 1=H1 (1 - qui:II:]. - VXi:I 1£i];-1['5n I:]' - querj:”:]- - QXjH‘{Xi:I XiXgz  Xp=1lxTx] -x2
B 1 - 1 1— x;/x;
ma-w Ha—wmi o, el aahag e

which keeps track of the degrees of the variables uj, vj and x;j ; separately

next




Computing Constant terms by partial fraction

We choose a total order for the variables, say xq.Xa.....Xn-
We then work with the field of iterated formal Laurent series (IFLS): K{{xy)){{xz)) - {{Xn)]

recursively defined as the field of formal Laurent series in x,with coefficients in K{({x;)){{xz)) - ((xpn—1)).

Here K{ix1)) = { Z amXy | 8m S K}
m =N
This total order allows us to imbed the field of rational functions K(x;,xz,...,x,) as a subfield

of K((x1))((x2)) - ((%n))-

Under this imbedding all the identities in K{x;,x3, . ..,X,) become identities in K{{x;)){(xz)) - ({xn)).

The rational functions we will work with here may all be written in the form

P
F=
(1—my){1l—mg) (1 —my)
with P a Laurent polynomial and m,, ms, ..., my Laurent monomials.

To convert F we must decide whether a given factor —X— should be converted to

1T —r -

a) me or bj —Z 1.5 (:1__1“%11>

50 sx1 Iy my

The total order forces one of the two “formaf® inequalitiez m; < 1 or m; > 1 to be true
In the first case we choose a) and in the second case we choosze b) .

To decide which we scan the monomial m; if the smallest variable has positive exponent

then m; < 1 if it has negative exponent then my > 1. next




Eliminating a Variable

To avoid using summations we rewrite F in the form

P T1 )« (I %)

;i mj =1 I j

This is called the “proper form ® of F. To compute F|auau---a.2 by Xin algorithm,

Say we want to eliminate “x”. First we rewrite our rational function in the form

o Rix)
F=Q(x) + (1 —xUy) - (1 - xUp){x— Vi) (x— Vi)

with Q(x} a Laurent polynomial, R{x) a polynomial of degree less than h+k and U;, U,,..., Uy

as well as V., V... .,V are monomials not containing x. With

xU;<1 for1<i<h and Vi/x<1 for1<j<k

Then write h
B;

P(x) = Q) + Y

A; k
= I:1 — XUi:I i

1
with

Av=(1-xUDFG) - Q)| and  By= Ge- V(PG - Q)

This immediately yields the equalities

h h
F‘xu = Qo+ > A = (F0)+> Bi/V; ifP(x)isa polynomial)
i=1 i=1
The reason for this iz that for each term % we have V;/x < 1,
k
so that the proper form of the last summation is Z

i=1

B;/x
(1 —V;/x)

next




Here we will only use a particular case

Proposition
Suppose that our kemel is of the form
1 P(3)
1 - UX [T, (1 — my/x)

with P a pofynomial and U, mq,ma,..., my monomials not containing x, a; = 1 and

Fi(x) =

Ux <1, m;/x* <1 for 1<i<k
then
_ P(5) B P(U)
O [T (- mi/x®) ey T, (1 — myUss)

F(x)

Proof

We have
A

1-Ux

Fiz) = + -

Only the denominator factor (1 — Ux) contributes so

F(x) o = A = (1-Ux)F(x) i

next




Let us now compute a Constant term

Set
Rt - el [ ol
v, w Y Y
" 1-— W;’Xl n; (1 — uxs)i1 — v /%) L<idien (1 — gxj/x;)

Lemma 1 .
= Rn 1{uq$V Wu:l|xu x0_

Proof
1 1 1 — x5/,
Rulu,v.,w) = S i
n ) (1 —uxy (1 —v/x3) (1 —w/xg Xy 2 i {1—qxj,n’x1:|
l_n[ 1—[ 1-— Xj,-'rxi
: 1—UX1 VR e (L /)
We first eliminate x;.  Only the factor 1 — ux; contributes. Thus
1 1 1—x5/x1
Rniu.v.w = s it .
oY = Ty T ) AL T e o)
I
1 1-— Xj,-'rxi
X —1‘
E (1 —ux {1 — v /x;) 25i1::_1['5n (1 — /)
B 1 ln—[ 1 1—[ 1 —x;/%; 1—[ 1 — ux;
{1 — UV} (1 — ﬁ) i=2 (1 — Xju :II:]' - vjxlj 2<i<jisn 1— qXJHIlrxl z<i<n 1-— ]'Dc.ll":l‘lL
- : Il 1 M Loxbs
(1 —xiuqg)(l —v/x;i) acici<n 1 — ox/xi

{l—uvj(l—ﬁ)l o

—=—Ry_1(uqg,v,uw) if we rename x; by x;_;.
next

This iz exactly




To evaluate our constant term we also need

1 *
FUVKI:U-,, ¥, Q.:I = Hn {1 _ q_l:l Qn{u, ¥, 1:| <0, 0
i=1 2 n
* 1 L — Xj/xj
Q.HI:U}V}W:I = s T |
il;{ (1 — wxi) (1 — v /xi) 1«:_ii1;['5n (1 — qxj/%i) | xa=1/wxs a1

1 1“—[ 1 1— x;/x;
1-— W,-'{Xl ¥m o 1:1 — uxi:II:I — V,-"Xi:l 1<i<i<n l:1 — q}{j;‘(Xi:l}

1

Rulu,v,w)=

n

1 1 1 —x;/%;
Rylu,v,w) = : '
{ ) 1 —lfwxl---xnil;{ (1 —ux) (1 — v /%) 15i1;1['5n (1 — g /i)
1
Rn(u, v, w)|io. . o= 29y
1 n (1 _ uv) (1 _ uvq:l P (1 — uvqn—l:lr:l _ wunqt:i}:'
ngl3)
L —— o
x§--xq (1 —uv)(l —uvg) -+ (1 —uvg?1)(1 — WanI:Q:I}
1
Rn{u1V+W:‘ x0...x0 - QH(U*V1W} %050 1—uv o1 (u+vq?WjV} x2..x0

Combining these identities we get

1
H?=1(1 - qi)(l — Uti_l)(l — Wunq(g))
anq(’;))
H?=1(1 - qi)(l — Uti_i)(l — anq(rzl))

Fuvx(u,v,q) =

next




Conclusion

Theorem
The UVX invariants have the tri-graded basis

B — [@TUIIRt. . TIEneRt g @OTIRY . TIERO3 03 irs > 0,p; > 0,65 >0 |
Proof

Since we know the Hilbert series, it iz sufficient to prove independence.

Suppose we had a vanishing linear combination P.

We can assume that F is tri-homogeneous.

(1) The monomial &*1IIF4TIE2 ... gkaglt5d2 ... 94n has tri-degree

0.0+ e+ D () + (0.0, (C i) + (e Y (Vi)

2) The monomial PSIIF*TIE? ... gP=gitol2 ... gdn has tm-degree
1 2 n 1 -2 n

n.0.5(5 ) + (0.0, i) + (T T (Tian)

This immediately shows that any trl-homogenous llnear comblnatlc:-n P

cannot contain both © and .

From this, independence easily follows .

next




THE ENL




