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Siegel Modular Forms

‚ The symplectic group

Sp4 “

"ˆ

A B
C D

˙

P M4pRq : ABt “ BAt, CDt “ DCt, and ADt ´ BCt “ 1
*

acts on the complex three-fold

H2 “

"ˆ

τ z
z τ1

˙

P M2pCq : impτq, impτ1q, impτq impτ1q ´ impzq2 ą 0
*

via the biholomorphic transformations p A B
C D q ¨ Z “ pAZ ` BqpCZ ` Dq´1.

Definition (Siegel Modular Forms)

Let ` P Zě0 and write M`pSp4pZqq for the space of holomorphic functions

F : H2 Ñ C

such that Fpγ ¨Zq “ detpCZ`Dq`FpZq @ γ “ p A B
C D q P Sp4pZq and Z P H2.

(Koecher Principle) ùñ F P M`pSp4pZqq is bounded as impZq Ñ 8.
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The Fourier Expansion of Siegel Modular Forms

We have the abelian unipotent subgroup

NpZq “
"ˆ

I B
0 I

˙

: B P M2pZq and Bt “ B
*

Ď Sp4pZq.

So if F P M`pSp4pZqq and B P M2pZq satisfies B “ Bt then

FpZq “ FpZ ` Bq.

It follows that F P M`pSp4pZqq has a Fourier expansion

FpZq “
ÿ

Tě0

ArT s expp2πi trpTZqq

where T runs over
"ˆ

n r{2
r{2 m

˙

: n, r,m P Z, n,m, 4nm´ r2 ě 0
*

.

Alternatively, T can be thought of as the binary quadratic form

rn, r,ms “ nx2 ` rxy` my2

Say T is primitive if the content epT q :“ gcdpn, r,mq “ 1.
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Siegel Modular Forms Semi-Classically

Sp4 acts transitively on H2 and iI2 has stabilizer

K “
"ˆ

A ´B
B A

˙

: ABt “ BAt, AAt ` BBt “ I2

*

.

Given an arbitrary function F : H2 “ Sp4 {K Ñ C define

ϕF : Sp4 Ñ C, ϕFpgq “ jpg, iq´`Fpg ¨ iI2q

where jpp A B
C D q , iq “ detpCi` Dq.

Then F P M`pSp4pZqq if and only if ϕF satisfies:
(i) If γ P Sp4pZq, g P Sp4, and k P K then

ϕFpγgq “ ϕFpgq and ϕFpgkq “ jpk, iq´`ϕFpgq.

(ii) ϕF satisfies a Cauchy Riemann type equation DCRϕF ” 0.

The above generalizes to an arbitrary semi-simple real Lie group G
provided the maximal compact K ď G contains a central copy of C1.
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The Saito Kurokawa Lift

In 1977 Saito and Kurokawa formulated a conjecture concerning a lift

SK˚ : M`´1{2pΓ0p4qq Ñ M`pSp4pZqq, h ÞÑ SK˚phq.

Here M`´1{2pΓ0p4qq “ tweight ` ´ 1{2 elliptic modular forms on Γ0p4qu.

Theorem (Maass 1979)

Fix h a modular form on Γ0p4q of weight ` ´ 1{2 with Fourier series

hpzq “
8
ÿ

n“0

cpnqe2πinz, pz P C : Impzq ą 0q.

For T ě 0, let ArT s “

#

ř

d|epTq d`´1c
´

´4 detpTq
d2

¯

, T , 0,
1
2ζp1´ `qcp0q, T “ 0.

Then the numbers ArT s are the Fourier coefficients of a modular form

SK˚phq P M`pSp4pZqq.
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SK˚phq as a theta lift

Given τ in the upper half plane and Z “
ˆ

ξ z
z ξ1

˙

P H2 define

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ1 ´ z2q ` bξ ` cz` dξ1 ` eq`

.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pSp4pZqq and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

If h P S `´1{2pΓ0p4qq then SK˚phq is the Petersson inner product

SK˚phq : Z ÞÑ
ż

Γ0p4qzH
hpu` ivqΩ` pZ, u´ ivq v`´1{2 dudv

v2 .

This realizes SK˚ in the general theory of theta correspondences.
From this perspective, one wants to characterize the image of SK˚.



Modular Forms on Sp4 A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

SK˚phq as a theta lift

Given τ in the upper half plane and Z “
ˆ

ξ z
z ξ1

˙

P H2 define

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ1 ´ z2q ` bξ ` cz` dξ1 ` eq`

.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pSp4pZqq and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

If h P S `´1{2pΓ0p4qq then SK˚phq is the Petersson inner product

SK˚phq : Z ÞÑ
ż

Γ0p4qzH
hpu` ivqΩ` pZ, u´ ivq v`´1{2 dudv

v2 .

This realizes SK˚ in the general theory of theta correspondences.
From this perspective, one wants to characterize the image of SK˚.



Modular Forms on Sp4 A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

SK˚phq as a theta lift

Given τ in the upper half plane and Z “
ˆ

ξ z
z ξ1

˙

P H2 define

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ1 ´ z2q ` bξ ` cz` dξ1 ` eq`

.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pSp4pZqq and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

If h P S `´1{2pΓ0p4qq then SK˚phq is the Petersson inner product

SK˚phq : Z ÞÑ
ż

Γ0p4qzH
hpu` ivqΩ` pZ, u´ ivq v`´1{2 dudv

v2 .

This realizes SK˚ in the general theory of theta correspondences.
From this perspective, one wants to characterize the image of SK˚.



Modular Forms on Sp4 A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

SK˚phq as a theta lift

Given τ in the upper half plane and Z “
ˆ

ξ z
z ξ1

˙

P H2 define

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ1 ´ z2q ` bξ ` cz` dξ1 ` eq`

.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pSp4pZqq and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

If h P S `´1{2pΓ0p4qq then SK˚phq is the Petersson inner product

SK˚phq : Z ÞÑ
ż

Γ0p4qzH
hpu` ivqΩ` pZ, u´ ivq v`´1{2 dudv

v2 .

This realizes SK˚ in the general theory of theta correspondences.
From this perspective, one wants to characterize the image of SK˚.



Modular Forms on Sp4 A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

Maass Spezialschar

The image of SK˚ can be characterized via classical Fourier coefficients.

Theorem (Maass-Zagier (1980))

Suppose FpZq P M`pSp4pZqq with Fourier expansion

FpZq “
ÿ

Tě0

ArT s expp2πitrpTZqq.

The following are equivalent.

(a) There exists h P M`´1{2pΓ0p4qq such that F “ SK˚phq.

(b) If T “
´

n r{2
r{2 m

¯

ě 0 is non-zero then

ArT s “
ÿ

dPZě1 : d|gcdpn,r,mq

d`´1A
”´

nm{d2 r{p2dq
r{p2dq 1

¯ı

. pMaass Relationq

(c) If T1,T2 ě 0 are primitive and detpT1q “ detpT2q then ArT1s “ ArT2s.
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FpZq “
ÿ

Tě0

ArT s expp2πitrpTZqq.

The following are equivalent.

(a) There exists h P M`´1{2pΓ0p4qq such that F “ SK˚phq.

(b) If T “
´

n r{2
r{2 m

¯

ě 0 is non-zero then

ArT s “
ÿ

dPZě1 : d|gcdpn,r,mq

d`´1A
”´

nm{d2 r{p2dq
r{p2dq 1

¯ı

. pMaass Relationq

(c) If T1,T2 ě 0 are primitive and detpT1q “ detpT2q then ArT1s “ ArT2s.
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The trivial implications (a)ùñ(c) & (a)ùñ(b).

Suppose F “ SK˚phq and write FpZq “
ř

Tě0 ArT s expp2πi trpTZqq.

(i) If T “
´

n r{2
r{2 m

¯

ě 0 is non-zero then Maass’ theorem implies

ArT s “
ÿ

d|epTq

d`´1c
ˆ

´4 detpT q
d2

˙

. (1)

(ii) So epT q “ 1 implies ArT s “ c p´4 detpT qq depends only on detpT q.

(iii) If epT q ą 1 and d | epT q then det
´

nm{d2 r{p2dq
r{p2dq 1

¯

“
detpT q

d2 .

(iv) Since
´

nm{d2 r{p2dq
r{p2dq 1

¯

is also primitive, (ii) and (iii) imply

A
„ˆ

nm{d2 r{p2dq
r{p2dq 1

˙

“ c
ˆ

´4 detpT q
d2

˙

. (2)

(v) Substituting (2) into (1) gives the Maass relation.
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The Fourier-Jacobi Expansion of Siegel Modular Forms

The implications (b) ùñ (a) and (c) ùñ (b) are non-trivial.

Their proofs rely on studying the Fourier Jacobi exapansion of F,

F pp τ z
z τ1 qq “

8
ÿ

m“0

φmpτ, zqe2πimτ1 , φmpτ, zq :“
ż 1

0
F pp τ z

z τ1 qq e´2πimτ1dτ1.

Here φmpτ, zq is called a Jacobi form « modular form on SL2pZq n Z
2

If F satisfies the Maass relations, then φ1pτ, zq naturally determines
an element h P M`´1{2pΓ0p4qq such that F “ SK˚phq.

Additionally for the implication (c) ùñ (b) one must show:

Theorem (Zagier 1980)

If F P M`pSp4pZqq satisfies ArT s “ 0 for all T primitive. Then F “ 0.

This is proven by analyzing the leading order term in the Taylor
expansion of each φm about z “ 0.

These Taylor coefficients turn out to be modular forms on SL2pZq.
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The Group SO8

Let H “ Rx1, i, j, ky and set V “ H‘ H equipped with the quadratic form

Qppq1, q2qq “ }q1}
2 ´ }q2}

2. pq1, q2 P Hq

Define
SO8 “ tg P SLpVq : Qpg ¨ pq1, q2qq “ Qppq1, q2qqu

“ tg P SL8 : tgJg “ Ju

Here J is the 8-by-8 symmetric matrix with ones on the antidiagonal.
‚ Let SO8pZq “ SO8XSL8pZq.
‚ Let K ď SO8 be the stabilizer of the decomposition V “ H‘ H.
‚ Then K0 » SOpHq ˆ SOpHq.
‚ SO8 {K0 has no invariant complex structure. No central C1 ď K0!

Consider the embedding

ρ : H1 ãÑ K0 Ď SO8, pρpgq ¨ pq1, q2q “ pgq1, q2qq.

Then H1 E K0 will substitute for the lack of a central C1 Ď K0.
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Consider the embedding

ρ : H1 ãÑ K0 Ď SO8, pρpgq ¨ pq1, q2q “ pgq1, q2qq.

Then H1 E K0 will substitute for the lack of a central C1 Ď K0.
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Modular Forms on SO8.

Recall K ď SO8 is a maximal compact subgroup.

The identity component K0 has a natural representaion V » Sym2 C2 on
the complexification of LiepH1q E LiepK0q.

Definition

Let M`pSO8pZqq denote the space of functions

Φ : SO8 Ñ Sym`pVq

such that Φ is smooth, of moderate growth and satisfies

If γ P SO8pZq and g P G then Φpγgq “ Φpgq.

If k P K0 and g P G then Φpgkq “ k´1Φpgq.

The function Φ satisfies a specific differential equation DΦ ” 0.

The above generalizes to an arbitrary semi-simple real Lie group G
provided the maximal compact K ď G contains a normal copy of H1.
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The Fourier Expansion of Modular Forms on SO8

P ď SO8 parabolic stabilizing an isotropic two plane in V.

Write N for the unipotent radical of P.

Theorem (Wallach 2003, Pollack 2020)

Let Φ P S `pSO8pZqq, Z “ rN,Ns, and define ΦZpgq :“
ş

ZpZqzZ Φpzgqdz.
Then ΦZpgq Fourier expands along NabpZqzNab as

ΦZpgq “
ÿ

rT1 ,T2s P M2pZq ‘ M2pZq

such that QrT1 ,T2s ą 0

ΛrT1,T2sWrT1,T2spgq.

‚ QpT1,T2q is the binary quadratic form

QrT1,T2s “ detpxT1 ´ yT2q.

‚ WrT1,T2spgq : SO8 Ñ Sym`pVq is an explicit special function which
depends only on `, rT1,T2s, and the choice of K.
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From Sp4 to SO8.

For modular forms on SO8pZq, we have a version of Maass’ 79 Theorem.

Theorem (Pollack 2021)

‚ Let ` P Zě18 and suppose F P S `pSp4pZqq has Fourier expansion

FpZq “
ÿ

Tą0

ArT s expp2πi trpZT qq.

‚ For each rT1,T2s P M2pZq ‘M2pZq satisfying QrT1,T2s ą 0, let

ΛrT1,T2s “
ÿ

γ P GL2pZqzM2pZqdet,0 s.t
rT1 ,T2sγ´1 P M2pZq ‘ M2pZq

| detpγq|`´1ArQrT1,T2sγ
´1s.

The number ΛrT1,T2s are the Fourier coefficients of a unique element

θ˚pFq P S `pSO8pZqq.

Say rT1,T2s P M2pZq ‘M2pZq is primitive if @ γ P M2pZq
det,0,

rT1,T2sγ
´1 P M2pZq ‘M2pZq ðñ γ P GL2pZq.
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Maass Relations on SO8

Theorem (Johnson-Leung, M, Negrini, Pollack, & Roy)

Suppose ` P Zě18 and Φ P S `pSO8pZqq with Fourier Expansion

ΦZpgq “
ÿ

rT1 ,T2s P M2pZq ‘ M2pZq

such that QrT1 ,T2s ą 0

ΛrT1,T2sWrT1,T2spgq

The following are equivalent.
(a) There exists F P S `pSp4pZqq such that Φ “ θpFq˚.
(b) If rT1,T2s P M2pZq ‘ M2pZq satisfies QrT1,T2s ą 0 then

ΛrT1,T2s “
ÿ

γ P GL2pZqzM2pZqdet,0 s.t
rT1 ,T2sγ´1 P M2pZq ‘ M2pZq

| detpγq|`´1Λ⁄�rT1,T2sγ´1

Here ⁄�rT1,T2sγ´1 P M2pZq ‘ M2pZq is a specific primitive element

(determined by rT1,T2sγ
´1) satisfying Q⁄�rT1,T2sγ´1 “ QrT1,T2sγ

´1.
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Fourier Jacobi Expansion of Modular Forms on SO8

As in the classical example, the implication (b) ùñ (a) relies on
developing a Fourier-Jacobi expansion for modular forms on SO8.

Q ď SO8 parabolic stabilizing an isotropic line in V.

Q “ LU with L » GL1ˆSO6 and U a split quadratic space of dim 6.

Φ P S `pSO8pZqq Fourier expands along UpZqzU as

Φpgq “
ÿ

yPUpZq : py,yqą0

FJpyqpgq,

where FJpyqpgq “
ż

UpZqzU
Φpugqe´2πixy,uydu.

FJpyq restricts to an automorphic form on StabSO6pyq » PGSp4 ď L.

One can explicate the Fourier expansion of FJpyq|PGSp4
along the

Siegel unipotent radical in PGSp4.

From this analysis one proves that FJpyq naturally determines a
scalar valued holomorphic modular form on PGSp4.
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Fourier Jacobi Expansion of Modular Forms on SO8

As in the classical example, the implication (b) ùñ (a) relies on
developing a Fourier-Jacobi expansion for modular forms on SO8.

Q ď SO8 parabolic stabilizing an isotropic line in V.

Q “ LU with L » GL1ˆSO6 and U a split quadratic space of dim 6.

Φ P S `pSO8pZqq Fourier expands along UpZqzU as

Φpgq “
ÿ

yPUpZq : py,yqą0

FJpyqpgq,

where FJpyqpgq “
ż

UpZqzU
Φpugqe´2πixy,uydu.

FJpyq restricts to an automorphic form on StabSO6pyq » PGSp4 ď L.

One can explicate the Fourier expansion of FJpyq|PGSp4
along the

Siegel unipotent radical in PGSp4.

From this analysis one proves that FJpyq naturally determines a
scalar valued holomorphic modular form on PGSp4.
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First Fourier Jacobi-Coefficients

For a specific y P U satisfying xy, yy “ 2, the proceeding discussion gives:

Theorem (Johnson-Leung, M, Negrini, Pollack, & Roy)

Suppose Φ P S `pSO8pZqq with Fourier Expansion

ΦZpgq “
ÿ

rT1 ,T2s P M2pZq ‘ M2pZq

such that QrT1 ,T2s ą 0

ΛrT1,T2sWrT1,T2spgq

There exists a F P S `pSp4pZqq such that if T “
´

n r{2
r{2 m

¯

ą 0 then the
T -th Fourier coefficient of F satisfies

ArT s “ Λ
„ˆ

n 0
r 1

˙

,

ˆ

0 ´1
m 0

˙

A similar statement holds for general y, however, unlike in the
classical case, the level of FJpyq may deepens as xy, yy Ñ 8.
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One Missing Ingredient

Suppose Φ P S `pSO8pZqq.

Based on the analogy with the classical Spezialschar, one may have
expected to see an equivalence in our main theorem of the form

(a) There exists F P S `pSp4pZqq such that Φ “ θ˚pFq.
(c) If rT1,T2s, rT 11,T

1
2s are primitive then

QrT1,T2s “ QrT 11,T
1
2s ùñ ΛrT1,T2s “ ΛrT 11,T

1
2s.

This would follow from an analogue to Zagier 1980 theorem, namely
that Φ is determined by its primitive Fourier coefficient.

Zagier’s theorem has served as a trove of new results e.g. Saha
(2013) has shown that F P S `pSp4pZqq is determined by the ArT s’s
corresponding to discrimants of imaginary quadratic fields.

One could speculate about similar statement for modular forms on
SO8pZq. Work of Bhargava and Weissman predicts connections
between Fourier coefficients of modular forms on SO8pZq and the
fine structure of ideal class groups of imaginary quadratic fields.
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