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The Fourier Expansion of Modular Forms on Sp4pZq

Suppose ` P Zě0 is even and define

H2 “

"ˆ

τ z
z τ1

˙

P M2pCq : impτq, impτ1q, impτq impτ1q ´ impzq2 ą 0
*

.

Let M`pΓ2q “ space of weight ` Siegel modular forms on Sp4pZq.

F P M`pΓ2q is a holomorphic function on H2 with Fourier series

FpZq “
ÿ

Tě0

ArT s expp2πitrpTZqq.

Here T ranges over
"ˆ

n r{2
r{2 m

˙

: n, r,m P Z, n,m, 4nm ´ r2 ě 0
*

.

Say that F is algebraic if ArT s P Q for all T ě 0.

Theorem (Shimura 75’)

The space M`pΓ2q admits a basis consisting of algebraic forms.
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Siegel Modular Forms Semi-Classically

Sp4 acts transitively on H2 and iI2 has stabilizer

K “

"ˆ

A ´B
B A

˙

: ABt “ BAt, AAt ` BBt “ I2

*

.

Given an arbitrary function F : H2 “ Sp4 {K Ñ C define

ϕF : Sp4 Ñ C, ϕFpgq “ jpg, iq´`Fpg ¨ iI2q

where jpp A B
C D q , iq “ detpCi ` Dq.

F P M`pΓ2q ðñ ϕF is smooth, moderate growth and satisfies:

(i) If γ P Γ2, g P Sp4, and k P K then

ϕFpγgq “ ϕFpgq and ϕFpgkq “ jpk, iq´`ϕFpgq.

(ii) ϕF satisfies a Cauchy Riemann type equation DϕF ” 0.
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Modular Forms on Up2, nq.

Let n P Zě1, J “ diagp1,´1, ¨ ¨ ¨ ,´1q P MnpCq, and

Up2, nq “

"

g P GLn`2pCq : tg
ˆ

0 0 1
0 J 0
1 0 0

˙

g “

ˆ

0 0 1
0 J 0
1 0 0

˙*

.

Let K “ Up2q ˆ Upnq ď Up2, nq be a maximal compact subgroup and let

V “ pSym2 C2 bC det ´1
Up2q

q � pTrivialqUpnq.

Definition

Let ` P Zě1 and fix an arithmetic subgroup Γ ď Up2, nq. WriteM`pΓq to
denote the space of smooth, moderate growth functions

Φ : Up2, nq Ñ Sym` V such that

(i) If γ P Γ, g P Up2, nq, and k P K then

Φpγgq “ Φpgq and Φpgkq “ k´1ΦFpgq.

(ii) Φ satisfies a specific K-invariant differential equation DΦ ” 0.
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Some History of Modular Forms on Up2, nq

1995: Koseki-Oda established uniqueness of Whittaker models
when n “ 1 and calculated the local archimedean L-factors for the
standard L-functions of elements inM`pΓq.

1996: Gross-Wallach constructed the local Archimedean
analogues ofM`pΓq known as quaternionic representations of
the groups Up2, nq, Sppn, 1q, SOp4, n ` 2q, G2, F4, E6,E7, and E8.

2002: Gan-Gross-Savin introduced global theory of modular forms
on G2. Studied Fourier coefficients of modular forms on G2 through
the connection to cubic rings. Subsequent developments due to
Weissman (04’), A. Pollack (20’,21’,23’), and Leslie-Pollack (23’)

2003: Wallach established uniqueness of non-degenerate
generalized Whittaker models for quaternionic discrete series
representations in all Dynkin types. Subsequently, A. Pollack (20’)
removed the assumption of non-degeneracy and discrete series for
all Dynkin types excluding types A and C.

2024: B. Hu progress towards Deligne’s Conjecture for the adjoint
L-function of Modular forms on Up2, 1q.
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The Fourier Expansion of Modular Forms on Up2, nq

Let N “

"ˆ

1 ˚ ˚

0 In ˚

0 0 1

˙*

and Z “

"ˆ

1 0 ˚

0 In 0
0 0 1

˙*

be the center of N.

Given Φ PM`pΓq, the constant term of Φ along Z “ rN,Ns is

ΦZpgq “

ż

pΓXZqzZ
Φpzgqdg. pg P Up2, nqq

Theorem (Koseki, Oda when n=1 (95’), Hilado, M, Yan (24’))

There exists a unique explicit family of special functions

tWv : Up2, nq Ñ Sym` V : v P Cn such that tvJv ą 0u

such that if Φ P S`pΓq then ΦZ Fourier expands in characters of N{Z as

ΦZpgq “
ÿ

vPΛ : tvJvą0

AΦrvsWvpgq. pg P Up2, nqq

Here Λ Ď Cn is a lattice and AΦrvs P C is a Fourier Coefficient.
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Algebraic Modular Forms on Up2, nq

Let Γ ď Up2, nq be an arithmetic subgroup and ` P Zě1.

Definition

Let Φ P S`pΓq with Fourier Expansion

ΦZpgq “
ÿ

vPΛ : tvJvą0

AΦrvsWvpgq.

Say that Φ is algebraic if ΦZ ı 0 and AΦrvs P Q for all v P Λ.

The space of hypercusp forms on Γ is

S0
`pΓq “ tΦ P S`pΓq : ΦZ ” 0u

Conjecture (after A. Pollack)

The space S0
`
pΓqK admits a basis consisting of algebraic forms.

For modular forms on G2 of weight ` P 2Zą3 this is a result of Pollack (23’)
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For modular forms on G2 of weight ` P 2Zą3 this is a result of Pollack (23’)
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The Saito Kurokawa Lifting

Given Z “

ˆ

ξ z
z ξ1

˙

P H2 and τ P H1 Ď C in the upper half plane, let

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ

1
´ z2q ` bξ ` cz ` dξ1

` eq`
.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pΓ2q and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

Define the Saito-Kurokawa Lift SK˚ : S `

`´1{2pΓ0p4qq Ñ M`pΓ2q as

h ÞÑ SK˚phqpZq :“
ż

Γ0p4qzH1

hpu ` ivqΩ` pZ, u ´ ivq v`´1{2 dudv
v2 .



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

The Saito Kurokawa Lifting

Given Z “

ˆ

ξ z
z ξ1

˙

P H2 and τ P H1 Ď C in the upper half plane, let

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ

1
´ z2q ` bξ ` cz ` dξ1

` eq`
.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pΓ2q and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

Define the Saito-Kurokawa Lift SK˚ : S `

`´1{2pΓ0p4qq Ñ M`pΓ2q as

h ÞÑ SK˚phqpZq :“
ż

Γ0p4qzH1

hpu ` ivqΩ` pZ, u ´ ivq v`´1{2 dudv
v2 .



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

The Saito Kurokawa Lifting

Given Z “

ˆ

ξ z
z ξ1

˙

P H2 and τ P H1 Ď C in the upper half plane, let

Ω`pZ, τq “
ÿ

Ną0

N3{2´`wN,`pZqe2πiNτ.

where wN,`pZq “
ÿ

pa,b,c,d,eqPZ5

4bd´c2´4ae“N

1
papξξ

1
´ z2q ` bξ ` cz ` dξ1

` eq`
.

Using the theory of theta series attached to lattices, Kudla proves

Ω`p¨, τq P M`pΓ2q and Ω` pZ, ¨q P S `´1{2pΓ0p4qq.

Define the Saito-Kurokawa Lift SK˚ : S `

`´1{2pΓ0p4qq Ñ M`pΓ2q as

h ÞÑ SK˚phqpZq :“
ż

Γ0p4qzH1

hpu ` ivqΩ` pZ, u ´ ivq v`´1{2 dudv
v2 .



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

Rationality of the Saito Kurokawa Lift

Theorem (Andrianov, Maass, Zagier 77’-80’)

Fix h P S `

`´1{2pΓ0p4qq with Fourier series hpzq “
ř8

n“0 cpnqe2πinz.

For T “

ˆ

n r{2
r{2 m

˙

ą 0, let

ArT s “
ÿ

d|gcdpn,r,mq

d`´1c
ˆ

4 detpT q

d2

˙

.

Then SK˚phq is non-zero with Fourier expansion

SK˚phqpZq “
ÿ

Tą0

ArT s expp2πitrpTZqq.

In particular, the mapping SK˚ : S `

`´ 1
2
pΓ0p4qq ãÑ S `pΓ2q is defined over Q.
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Algebraic Theta Lifts on Up2, nq

Let Up1, 1q “

!´

z 0
0 z

¯

h : z P C1, g P SL2pRq

)

.

Theorem (Hilado, M, Yan 2024)

Let ` ě n and f : Up1, 1q Ñ C be a weight 2` ´ n ` 2 holomorphic
modular form of central character

´

z 0
0 z

¯

ÞÑ zn`2 and level Γ1 ď Up1, 1q.

(i) There exists an arithmetic subgroup Γ ď Up2, nq and an integral kernel

Ω : Up1, 1q ˆ Up2, nq Ñ Sym` V

such that θ˚p f qpgq :“
ż

Γ1zUp1,1q

Ωpg, hq f phqdh lies in S`pΓq.

(ii) If Γ1zH1 is non-compact and the Fourier coefficients of f lie in an
algebraic extension E{Q then θ˚p f q is algebraic and

Aθ˚p f qrvs P Epµ8q @v P Λ.



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

Algebraic Theta Lifts on Up2, nq

Let Up1, 1q “

!´

z 0
0 z

¯

h : z P C1, g P SL2pRq

)

.

Theorem (Hilado, M, Yan 2024)

Let ` ě n and f : Up1, 1q Ñ C be a weight 2` ´ n ` 2 holomorphic
modular form of central character

´

z 0
0 z

¯

ÞÑ zn`2 and level Γ1 ď Up1, 1q.

(i) There exists an arithmetic subgroup Γ ď Up2, nq and an integral kernel

Ω : Up1, 1q ˆ Up2, nq Ñ Sym` V

such that θ˚p f qpgq :“
ż

Γ1zUp1,1q

Ωpg, hq f phqdh lies in S`pΓq.

(ii) If Γ1zH1 is non-compact and the Fourier coefficients of f lie in an
algebraic extension E{Q then θ˚p f q is algebraic and

Aθ˚p f qrvs P Epµ8q @v P Λ.



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

Algebraic Theta Lifts on Up2, nq

Let Up1, 1q “

!´

z 0
0 z

¯

h : z P C1, g P SL2pRq

)

.

Theorem (Hilado, M, Yan 2024)

Let ` ě n and f : Up1, 1q Ñ C be a weight 2` ´ n ` 2 holomorphic
modular form of central character

´

z 0
0 z

¯

ÞÑ zn`2 and level Γ1 ď Up1, 1q.

(i) There exists an arithmetic subgroup Γ ď Up2, nq and an integral kernel

Ω : Up1, 1q ˆ Up2, nq Ñ Sym` V

such that θ˚p f qpgq :“
ż

Γ1zUp1,1q

Ωpg, hq f phqdh lies in S`pΓq.

(ii) If Γ1zH1 is non-compact and the Fourier coefficients of f lie in an
algebraic extension E{Q then θ˚p f q is algebraic and

Aθ˚p f qrvs P Epµ8q @v P Λ.



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

Algebraic Theta Lifts on Up2, nq

Let Up1, 1q “

!´

z 0
0 z

¯

h : z P C1, g P SL2pRq

)

.

Theorem (Hilado, M, Yan 2024)

Let ` ě n and f : Up1, 1q Ñ C be a weight 2` ´ n ` 2 holomorphic
modular form of central character

´

z 0
0 z

¯

ÞÑ zn`2 and level Γ1 ď Up1, 1q.

(i) There exists an arithmetic subgroup Γ ď Up2, nq and an integral kernel

Ω : Up1, 1q ˆ Up2, nq Ñ Sym` V

such that θ˚p f qpgq :“
ż

Γ1zUp1,1q

Ωpg, hq f phqdh lies in S`pΓq.

(ii) If Γ1zH1 is non-compact and the Fourier coefficients of f lie in an
algebraic extension E{Q then θ˚p f q is algebraic and

Aθ˚p f qrvs P Epµ8q @v P Λ.



Siegel Modular Forms on Sp4 Modular Forms on Up2, nq Algebraic Modular Forms on Up2, nq

Thank you for listening
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