
A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

A Level 1 Maass Spezialschar for Modular Forms
on SO8.

Finn McGlade

Joint with Jennifer Johnson-Leung, Isabella Negrini, Aaron
Pollack, and Manami Roy

October, 2023, Omaha



A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

Outline

1 A Maass Spezialschar For Modular Forms on Sp4

2 Modular Forms on SO8

3 A Maass Spezialschar For Modular Forms on SO8



A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

Contents

1 A Maass Spezialschar For Modular Forms on Sp4

2 Modular Forms on SO8

3 A Maass Spezialschar For Modular Forms on SO8



A Maass Spezialschar For Modular Forms on Sp4 Modular Forms on SO8 A Maass Spezialschar For Modular Forms on SO8

The Fourier Expansion of Modular Forms on Sp4pZq

Suppose ` P Zě0 is even and define

H “

"ˆ

τ z
z τ1

˙

P M2pCq : impτq, impτ1q, impτq impτ1q ´ impzq2 ą 0
*

.

Let M`pSp4pZqq be the set of weight ` Siegel modular forms on Sp4pZq.

F P M`pSp4pZqq is a holomorphic function on H with Fourier series

FpZq “
ÿ

Tě0

ArT s expp2πitrpTZqq.

Here T ranges over
"ˆ

n r{2
r{2 m

˙

: n, r,m P Z, n,m, 4nm´ r2 ě 0
*

.

Alternatively, T runs over positive semi-definite quadratic forms

rn, r,ms “ nx2 ` rxy` my2

Write epT q “ gcdpn, r,mq to denote the content T .
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The Saito Kurokawa Lift

In 1977 Saito and Kurokawa formulated a conjecture concerning a lift

SK˚ : M`´1{2pΓ0p4qq Ñ M`pSp4pZqq, h ÞÑ SK˚phq.

Theorem (Maass 1979)

Fix h a modular form on Γ0p4q of weight ` ´ 1{2 with Fourier series

hpzq “
8
ÿ

n“0

cpnqe2πinz, pz P C : Impzq ą 0q.

For T ě 0, let ArT s “

#

ř

d|epTq d`´1c
´

´4 detpTq
d2

¯

, T , 0,
1
2ζp1´ kqcp0q, T “ 0.

Then
SK˚phq : H Ñ C, Z ÞÑ

ÿ

Tě0

ArT s expp2πitrpTZqq

is a weight ` Siegel modular form on Sp4pZq.
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Maass Spezialschar

The image of SK˚ can be characterized via Fourier coefficients.

Theorem (Andrianov, Maass-Zagier (1980))

Suppose FpZq P M`pSp4pZqq with Fourier expansion

FpZq “
ÿ

Tě0

ArT s expp2πitrpTZqq.

The following are equivalent.

There exists h P M`´1{2pΓ0p4qq such that F “ SK˚phq.

If T “
´

n r{2
r{2 m

¯

ě 0 then

ArT s “
ÿ

dPZě1 : d|gcdpn,r,mq

d`´1A
”´

nm{d2 r{p2dq
r{p2dq 1

¯ı

. pMaass Relationq

If T1,T2 ě 0 are primitive and detpT1q “ detpT2q then ArT1s “ ArT2s.
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Modular Forms on SO8.

SO8 “ split special orthogonal group of rank 4 over Q.

K “ maximal compact subgroup in SO8pRq.

The identity component K0 has a natural representaion » Sym2 C2 on the
complexification of a distinguished ideal su2 E LiepK0q.

Definition

A weight ` P Zě0 modular form on SO8pZq is a function

Φ : SO8pRq Ñ Sym2`pC2q

such that Φ is smooth, of moderate growth and satisfies
‚ Φpγgq “ Φpgq for all γ P SO8pZq and g P SO8pRq.
‚ If k P K0 and g P SO8pRq then Φpgkq “ k´1Φpgq.
‚ The function Φ satisfies a specific differential equation

D`Φ ” 0.

S`pSO8pZqq=space of weight ` cuspidal modular forms on SO8pZq.
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The Fourier Expansion of Modular Forms on SO8

P ď SO8 parabolic stabilizing an isotropic two plane.

P has a Heisenberg unipotent radical N “ pM2 ‘M2q n Ga.

Theorem (Wallach 2003, Pollack 2020)

Let Φ P S`pSO8pZqq, Z “ rN,Ns, and define ΦZpgq :“
ş

ZpZqzZpRqΦpzgqdz.
Then ΦZpgq Fourier expands along NabpZqzNabpRq as

ΦZpgq “
ÿ

rT1 ,T2s P M2pZq ‘ M2pZq

such that QpT1 ,T2q ą 0

ΛrT1,T2sWrT1,T2spgq.

‚ QpT1,T2q is the binary quadratic form

QpT1,T2q “ detpxT1 ´ yT2q.

‚ WrT1,T2spgq : SO8pRq Ñ Sym2`pC2q is an explicit special function
which depends only on `, rT1,T2s, and the choice of K.
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From Sp4 to SO8.

Theorem (Pollack 2021)

‚ Let ` P Zě18 and suppose F P S`pSp4pZqq is a cuspidal Siegel
modular form on Sp4pZq with Fourier expansion

FpZq “
ÿ

Tą0

ArT s expp2πi trpZT qq.

‚ For each rT1,T2s P M2pZq ‘M2pZq satisfying QpT1,T2q ą 0, let

ΛrT1,T2s “
ÿ

γ P GL2pZqzM2pZqdet,0 s.t
rT1 ,T2sγ´1 P M2pZq ‘ M2pZq

| detpγq|`´1ArQpT1,T2qγ
´1s.

Then
θpFq˚Z : g ÞÑ

ÿ

rT1 ,T2s P M2pZq ‘ M2pZq

such that QpT1 ,T2q ą 0

ΛrT1,T2sWT1,T2pgq.

is the constant term of a unique modular form θpFq˚ P S`pSO8pZqq.
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Maass Relations on SO8

Theorem (in progress Johnson-Leung, M, Negrini, Pollack, & Roy)

Suppose ` P Zě18 and Φ P S`pSO8pZqq with Fourier Expansion

ΦZpgq “
ÿ

rT1 ,T2s P M2pZq ‘ M2pZq

such that QpT1 ,T2q ą 0

ΛrT1,T2sWrT1,T2spgq

The following are equivalent.

There exists F P S`pSp4pZqq such that Φ “ θpFq˚.

The coefficients ΛrT1,T2s obey a system of “Maass relations".

If rT1,T2s, rT 11,T
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1
2s.

Say rT1,T2s P M2pZq ‘M2pZq is primitive if @ γ P M2pZq
det,0,

rT1,T2sγ
´1 P M2pZq ‘M2pZq ðñ γ P GL2pZq.
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Some Fourier Jacobi Expansion

Proposition (Johnson-Leung, M, Negrini, Pollack, & Roy)

Let Φ P S`pSO8pZqq and write ΦZpgq “
ř

rT1,T2są0 ΛrT1,T2sWrT1,T2spgq.

There exists F P S`pSp4pZqq such that if T ą 0 then

ArT s “ ΛrrT1, rT2s.

Here rrT1, rT2s P M2pZq ‘ M2pZq is explicitly determined by T .

Recall, if F P S`pSp4pZqq, then F has a Fourier-Jacobi expansion

F
ˆˆ

τ z
z τ1

˙˙

“

8
ÿ

m“1

φmpτ, zqe2πmτ1 .

Here φmpτ, zq “
ř

n,rPZ : 4nm´r2ě0 A
”´

n r{2
r{2 m

¯ı

e2πipnτ`rzq.

The function hpτq “ φmpτ, 0q is a modular form on SL2pZq with

Fourier coefficients cpnq “
ř

rPZ : r2ď4nm A
”´

n r{2
r{2 m

¯ı

.
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Fourier Jacobi Coefficients of Modular Forms on SO8

Q ď SO8 parabolic stabilizing an isotropic line.

Q “ LU with L » GL1ˆSO6 and U a split quadratic space of dim 6.

Φ P S`pSO8pZqq Fourier expands along UpZqzUpRq as

Φpgq “
ÿ

yPUpZq : py,yqą0

FJpyqpgq,

where FJpyqpgq “
ş

UpZqzUpRqΦpugqe´2πixy,uydu.

FJpyq restricts to an automorphic on StabSO6pyq » PGSp4 ď L.

For appropriate y0 P UpZq, one can explicate the Fourier expansion
of FJpy0q|PGSp4

along the Siegel unipotent radical in PGSp4.
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Thank you for listening
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