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This work is joint with Arun Ram and Yaping Yang.

The plan is to present a brief survey talk on the geometry and
representation theory of quantum affine algebras.
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The affine lie algebra psl2pCq

Let psl2pCq be an affine Kac-Moody Lie algebra

psl2pCq :“

˜

à

kPZ
sl2pCqε

k

¸

‘ CK ‘ Cd

For x, y P sl2pCq and k, ` P Z, we have rK, xεks “ 0, rK, ds “ 0,
rd, xεks “ kxεk, and

rxεk, yε`s “ pxy´ yxqεk`` ` kδk,´`xx, yyK.

The Cartan subalgebra of psl2pCq is

h “ a‘ CK ‘ Cd,

where a Ď sl2pCq is a fixed Cartan subalgebra of sl2pCq.

Thus h has a basis d, h1,K where h1 is the Chevalley generator of a.
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The affine Weyl group

Let tδ, ω1,Λ0u be the basis of h˚ dual to the basis td, h1,Ku of h.

Definition
The affine Weyl group W is the subgroup of GLph˚q generated by the
matrices

s0 “

¨

˝

1 1 ´1
0 ´1 2
0 0 1

˛

‚, s1 “

¨

˝

1 0 0
0 ´1 0
0 0 1

˛

‚.

Equivalently, W is the subgroup generated by

tkα_ “

¨

˝

1 ´k ´k2

0 1 2k
0 0 1

˛

‚, s1 “

¨

˝

1 0 0
0 ´1 0
0 0 1

˛

‚ k P Z.

W “ xs0, s1y is the Coxeter presentation.

W “ xtkα_ , s1 | k P Zy is the translation presentation.
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W acting on h˚R

W “ xs0, s1y Ď GLph˚Rq h
˚
R “ R-spantδ, ω1,Λ0u

s0 “

¨

˝

1 1 ´1
0 ´1 2
0 0 1

˛

‚, s1 “

¨

˝

1 0 0
0 ´1 0
0 0 1

˛

‚.

ω1-axis

δ-axis

‚
Λ “ ω1 ` 2Λ0

Positive Level.

‚
s1Λ

‚
s0s1Λ‚

s1s0s1Λ

‚ s0Λ‚s1s0Λ

‚
s1s0s1Λ

‚
s0s1s0Λ‚

ps1s0q
2Λ
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W acting on h˚R

ω1-axis

δ-axis

‚

Λ“ ω1 ` 2Λ0

Λ1 “ ω1 ` Λ0

‚

s1Λ, s1Λ
1

‚

s0Λ

‚

s1 s0Λ

‚

s0 s1Λ

‚

s1 s0 s1Λ

‚

s0 s1 s0Λ

‚

s1 s0 s1 s0Λ

‚‚

s0 s1Λ
1

‚

s1 s0 s1Λ
1

‚‚

s0 s1 s0 s1Λ
1

‚

s1 s0 s1 s0 s1Λ
1

The parabolas bounding the orbits Wpω1` 2Λ0q and Wpω1`Λ0q mod Λ0.

An alcove is a subset A Ď Rω1 ` Λ0 such that A “ X mod δ where
X is a fundamental domain for the action of W on Rω1 ` Rδ` Λ0
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The pictures for psl3pCq

Positive Level.

Level Zero.

Negative Level.

By collapsing the δ
axis in the positive

level picture we
obtain a picture of

affine Weyl group for
psl3pCq:

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚

s0

1 s2s1

s0 s2s0 s1

s2 s1s1 s2

s2 s0s1 s0

hϕ`3δ

hϕ`2δ

hϕ`δ

hϕ

hα0

h´ϕ`2δ

h´ϕ`3δ

h´ϕ`4δ

h´α1`δhα1hα1`δ h´α1`2δ h´α1`3δh´α1`4δh´α1`5δ

hα2`δhα2h´α2`δ hα2`2δ hα2`3δ hα2`4δ hα2`5δ
``` ` ` ` `´´´ ´ ´ ´ ´
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The positive level Bruhat order

1

s0

s0s1

s0s1s0

s1s0s1

s1s0

s1

1

s2s1

s1s2 s2s1

s1s2s1

s0s2

s0

s2s0

s2s0s2

s0s1

s1s0

s1s0s1

s0s1

s1s2s0

s1s2s0s2

s1s0s2

s0s2

s2s1s0

s2s1s0s1

s2s0s1

s1s2s1s0s2

s1s2s1s0 s2s1s0s2

s2s1s2s0s1

s1s2s0s1

The Bruhat order for psl3
1 is minimal

The Bruhat order for psl3
1 is minimal
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The level zero Bruhat order

1

s0

s0s1

s0s1s0

s1s0s1

s1s0

s1

1

s2s1

s1s2 s2s1

s1s2s1

s0s2

s0

s2s0

s2s0s2

s0s1

s1s0

s1s0s1

s0s1

s1s2s0

s1s2s0s2

s1s0s2

s0s2

s2s1s0

s2s1s0s1

s2s0s1

s1s2s1s0s2

s1s2s1s0 s2s1s0s2

s2s1s2s0s1

s1s2s0s1

The Bruhat order for psl2
translation invariant

The Bruhat order for psl3
translation invariant
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The negative level Bruhat order

1

s0

s0s1

s0s1s0

s1s0s1

s1s0

s1

1

s2s1

s1s2 s2s1

s1s2s1

s0s2

s0

s2s0

s2s0s2

s0s1

s1s0

s1s0s1

s0s1

s1s2s0

s1s2s0s2

s1s0s2

s0s2

s2s1s0

s2s1s0s1

s2s0s1

s1s2s1s0s2

s1s2s1s0 s2s1s0s2

s2s1s2s0s1

s1s2s0s1

The Bruhat order for psl2.
1 is maximal

The Bruhat order for psl3.
1 is maximal
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The affine flag varities G{I`, G{I0 and G{I´

The positive level (thin) affine flag variety is SLnpCpptqqq{I` where

I` “

$

’

’

’

&

’

’

’

%

¨

˚

˚

˚

˝

a1
a2

bi j

ci j

. . .

an

˛

‹

‹

‹

‚

P SLnpCpptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ai P C~t�ˆ

bi j P C~t�
ci j P tC~t�

,

/

/

/

.

/

/

/

-

The level 0 (semi-infinite) affine flag variety is SLnpCpptqqq{I0 where

I0 “

$

’

’

’

&

’

’

’

%

¨

˚

˚

˚

˝

a1
a2

bi j

0
. . .

an

˛

‹

‹

‹

‚

P SLnpCpptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ai P C~t�ˆ

bi j P Cpptqq

,

/

/

/

.

/

/

/

-

The negative level (thick) affine flag variety is SLnpCpptqqq{I´ where

I´ “

$

’

’

’

&

’

’

’

%

¨

˚

˚

˚

˝

a1
a2

ci j

bi j

. . .

an

˛

‹

‹

‹

‚

P SLnpCpptqqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ai P Crt´1sˆ

bi j P Crt´1s

ci j P t´1Crt´1s

,

/

/

/

.

/

/

/

-
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Combinatorics in affine flag varieties

The affine Weyl group W indexes the I` orbits in G{I`, G{I0 and
G{I´. We obtain decompositions

G “
ğ

xPW

I`xI`, G “
ğ

yPW

I0yI`, G “
ğ

zPW

I´zI`.

Alcove walk combinatorics developed by Parkinson, Ram and Schwer
gives a combinatorial description to the affine Schubert cells

I`xI`{I` Ď G{I`, I`yI0{I0 Ď G{I0, I`zI´{I´ Ď G{I´.

The positive level description is
"

blue labeled paths of type
w “ pi1, . . . , i`q

*

„
ÝÑ pI`wI`q{I`

pc1, . . . , c`q ÞÝÑ yi1pc1q . . . yi`pc`qI
`

where yi jpcq is the image of
ˆ

c 1
´1 0

˙

under the homomorphism

ϕ j : SL2pCq Ñ G, j P t0, . . . , nu.
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The folding algorithm

To index I0wI` we index each component in the decomposition.

I0wI` “
ğ

vPW

pI`vI` X I0wI`q

The folding algorithm takes a point in I`vI` and re-expresses it as a point
in I0wI` for some w. The implementation of the algorithm relies on the
level zero Bruhat order and the hyperplane labels.

s0

s1

h´ϕ`2δ`
´

hα0 `
´

h´α1`3δ

`´
h´α1`2δ

`´
h´α1`δ

`´

hα2`δ

`
´

hα2

`
´

0 c2 c3 c4

c5

“
s0

s1

h´ϕ`2δ`
´

hα0 `
´

h´α1`3δ

`´
h´α1`2δ

`´
h´α1`δ

`´

hα2`δ

`
´

hα2

`
´

0 c2 c´1
3

c̃4

c̃5

pI`s1s2s1s0s2I` X I0s1s0s2s0I`q{I`

» Cˆ ˆ C3.
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The quantum affine algebra U

The quantum affine algebra U is the Cpqq-algebra generated by

E0, E1, F0, F1,K˘0 ,K
˘

1 ,C
˘ 1

2 ,D˘1,

with Chevalley-Serre type relations corresponding to the Dynkin
diagram of ŝl2pCq.
For i P t0, 1u let Upiq be the subalgebra of U generated by
tEi, Fi,K˘1

i u.

Definition
An U-module M is integrable if ResU

Upiq
pMq is a direct sum of finite

dimensional Upiq-modules for i P t0, 1u.

Integrable modules play a central role in the classification of finite
dimesional simple U-modules.
To carry out this classification introduce a generalization of highest
weight modules and consider extremal weight modules.
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Extremal weight modules

The (extremal) weights of integrable U-modules always lie in the set

h
˚
Z “ Cδ` Zω1 ` ZΛ0.

For Λ P h˚Z, write LpΛq for the (universal) integrable extremal weight
module of extremal weight Λ.

ω1-axis

Λ0-axis

dominant integral
weights

level zero
integral weights

antidominant integral
weights

ω1

ω1 ` Λ0

´ω1 ´ Λ0

´

h
˚
Z
{W

¯

mod δ

If Λ P h˚ZzCδ then

LpΛq is a simple highest
weight module ô Λ is
dominant.

LpΛq is neither a highest
weight nor a lowest weight
module ô Λ is level zero.

LpΛq is a simple lowest weight
module ô Λ is antidominant.

If w P W then LpΛq � LpwΛq.
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Thank You!
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