MATH 202A
APPLIED ALGEBRA 1
FALL 2019

HOMEWORK WEEK 10

Due by the beginning of class on Friday 6th December (hand in via Gradescope).

Let U, V be finite-dimensional inner product spaces, and ¢ € L(U, V) a linear map. Moreover, let
U1, ..., U, be an orthonormal basis for U, vy, . .., v, an orthonormal basis for V', and o1,...,0, >0
be the singular values of ¢ (where n = dim U, m = dim V'), such that

b(ui) = {Jﬂ}i i < min(n, m)

0 otherwise.

Now let ®: U@V — U @V be the linear map ®(u,v) = (¢*(v), ¢(u)).

(a) Assuming U@V is given the structure of an inner product space, with ((u, v), (v/,v")) = (u, v )y +
(v,v")y, prove that ® is self-adjoint.

(b) Compute the eigenvalues, and a corresponding orthonormal basis of eigenvectors, of ®, in terms
of the data o;, u;, v;.

[This is a useful trick for using facts about eigenvalues to deduce ones about singular values.]

Let U = C™, V = C™ with the usual dot product, and ¢ € L(U,V) a linear map with matrix A
with respect to the standard bases. Let k£ > 1 be an integer.

Prove that the Schatten 2k-norm of ¢ is given by

1811%{2k) = tr ((¢" 0 9)*) = Z Z H Airjr Ay

where we adopt the convention that i;41 = 41.

Let U, V be finite-dimensional inner product spaces, and ¢: U — V a linear map with singular
values 01 > -+ > 0, > 0, where n =dimU. Let k, 1 <k <n, be an integer.

(a) Prove that

sup  [{¢, 1) pron| = Zaz
YeL(U,V)

Illop<1
rank(y) <k

You may use without proof the following fact: if a; > -+ > a, > 0 are real numbers and
bi,...,b, > 0satisfy b; <1 and >, b; = k, then

n k
D aibi <Y ag;
i=1 i=1

i.e., the maximum value of the left-hand side under these hypothesesis when by = by =--- =b =1
and bg41 =---=b, =0.

[Hint: the proof of Holder’s inequality for Schatten norms may be useful here.]

(b) Deduce that

k
gl =Y i
i=1
defines a norm on L(U,V) (called the k-th Ky—Fan norm).
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