
(a) A function f : R ! R is said to be Lipschitz if there exists a constant M > 0 such that,

for all real numbers x, y, we have

| f(x)� f(y) |  M | x� y | .

Use the mean value theorem to show that if f is di↵erentiable and f’ is bounded, then f is

Lipschitz. Show that any Lipschitz function is uniformly continuous but not necessarily

di↵erentiable.

(b) Extra credit: Prove that a subset C ⇢ Rn
is compact if and only if (one of) the following

equivalent statements hold

(i) If there exists a collection {Ui | i 2 N} of open sets such that C ⇢ [iUi, then

there exists a finite collection {Ui1 , . . . , Uil} such that C ⇢ [jUij .

(ii) If there exists a collection {Bri(vi) | i 2 N} of open balls such that C ⇢

[iBri(vi), then there exists a finite collection {Bri1
(vi1), . . . , Bril

(vil)} such that

C ⇢ [jBrij
(vij).


