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Preface

The main purpose of the present treatise is to give an account of some of the
topics in algebraic geometry which while having occupied the minds of many
mathematicians in previous generations have fallen out of fashion in modern
times. Often in the history of mathematics new ideas and techniques make the
work of previous generations of researchers obsolete, especially this applies
to the foundations of the subject and the fundamental general theoretical facts
used heavily in research. Even the greatest achievements of the past genera-
tions which can be found for example in the work of F. Severi on algebraic
cycles or in the work of O. Zariski’s in the theory of algebraic surfaces have
been greatly generalized and clarified so that they now remain only of histor-
ical interest. In contrast, the fact that a nonsingular cubic surface has 27 lines
or that a plane quartic has 28 bitangents is something that cannot be improved
upon and continues to fascinate modern geometers. One of the goals of this
present work is then to save from oblivion the work of many mathematicians
who discovered these classic tenets and many other beautiful results.

In writing this book the greatest challenge the author has faced was distilling
the material down to what should be covered. The number of concrete facts,
examples of special varieties and beautiful geometric constructions that have
accumulated during the classical period of development of algebraic geometry
is enormous and what the reader is going to find in the book is really only
the tip of the iceberg; a work that is like a taste sampler of classical algebraic
geometry. It avoids most of the material found in other modern books on the
subject, such as, for example, [10] where one can find many of the classical
results on algebraic curves. Instead, it tries to assemble or, in other words, to
create a compendium of material that either cannot be found, is too dispersed to
be found easily, or is simply not treated adequately by contemporary research
papers. On the other hand, while most of the material treated in the book exists
in classical treatises in algebraic geometry, their somewhat archaic terminology
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and what is by now completely forgotten background knowledge makes these
books useful to but a handful of experts in the classical literature. Lastly, one
must admit that the personal taste of the author also has much sway in the
choice of material.

The reader should be warned that the book is by no means an introduction
to algebraic geometry. Although some of the exposition can be followed with
only a minimum background in algebraic geometry, for example, based on
Shafarevich’s book [528], it often relies on current cohomological techniques,
such as those found in Hartshorne’s book [281]. The idea was to reconstruct
a result by using modern techniques but not necessarily its original proof. For
one, the ingenious geometric constructions in those proofs were often beyond
the authors abilities to follow them completely. Understandably, the price of
this was often to replace a beautiful geometric argument with a dull cohomo-
logical one. For those looking for a less demanding sample of some of the
topics covered in the book, the recent beautiful book [39] may be of great use.

No attempt has been made to give a complete bibliography. To give an idea
of such an enormous task one could mention that the report on the status of
topics in algebraic geometry submitted to the National Research Council in
Washington in 1928 [533] contains more than 500 items of bibliography by
130 different authors only in the subject of planar Cremona transformations
(covered in one of the chapters of the present book.) Another example is the
bibliography on cubic surfaces compiled by J. E. Hill [294] in 1896 which
alone contains 205 titles. Meyer’s article [383] cites around 130 papers pub-
lished 1896-1928. The title search in MathSciNet reveals more than 200 papers
refereed since 1940, many of them published only in the past 20 years. How
sad it is when one considers the impossibility of saving from oblivion so many
names of researchers of the past who have contributed so much to our subject.

A word about exercises: some of them are easy and follow from the defi-
nitions, some of them are hard and are meant to provide additional facts not
covered in the main text. In this case we indicate the sources for the statements
and solutions.

I am very grateful to many people for their comments and corrections to
many previous versions of the manuscript. I am especially thankful to Sergey
Tikhomirov whose help in the mathematical editing of the book was essential
for getting rid of many mistakes in the previous versions. For all the errors still
found in the book the author bears sole responsibility.
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1
Polarity

1.1 Polar hypersurfaces

1.1.1 The polar pairing

We will take C as the base field, although many constructions in this book
work over an arbitrary algebraically closed field.

We will usually denote by E a vector space of dimension n + 1. Its dual
vector space will be denoted by E∨.

Let S(E) be the symmetric algebra of E, the quotient of the tensor algebra
T (E) = ⊕d≥0E

⊗d by the two-sided ideal generated by tensors of the form
v ⊗ w − w ⊗ v, v, w ∈ E. The symmetric algebra is a graded commutative
algebra, its graded components Sd(E) are the images of E⊗d in the quotient.
The vector space Sd(E) is called the d-th symmetric power ofE. Its dimension
is equal to

(
d+n
n

)
. The image of a tensor v1 ⊗ · · · ⊗ vd in Sd(E) is denoted by

v1 · · · vd.
The permutation group Sd has a natural linear representation in E⊗d via

permuting the factors. The symmetrization operator ⊕σ∈Sdσ is a projection
operator onto the subspace of symmetric tensors Sd(E) = (E⊗d)Sd multi-
plied by d!. It factors through Sd(E) and defines a natural isomorphism

Sd(E)→ Sd(E).

Replacing E by its dual space E∨, we obtain a natural isomorphism

pd : Sd(E∨)→ Sd(E
∨). (1.1)

Under the identification of (E∨)⊗d with the space (E⊗d)∨, we will be able
to identify Sd(E∨) with the space Hom(Ed,C)Sd of symmetric d-multilinear
functions Ed → C. The isomorphism pd is classically known as the total
polarization map.

Next we use that the quotient map E⊗d → Sd(E) is a universal symmetric



2 Polarity

d-multilinear map, i.e. any linear map E⊗d → F with values in some vector
space F factors through a linear map Sd(E) → F . If F = C, this gives a
natural isomorphism

(E⊗d)∨ = Sd(E
∨)→ Sd(E)∨.

Composing it with pd, we get a natural isomorphism

Sd(E∨)→ Sd(E)∨. (1.2)

It can be viewed as a perfect bilinear pairing, the polar pairing

〈, 〉 : Sd(E∨)⊗ Sd(E)→ C. (1.3)

This pairing extends the natural pairing between E and E∨ to the symmetric
powers. Explicitly,

〈l1 · · · ld, w1 · · ·wd〉 =
∑
σ∈Sd

lσ−1(1)(w1) · · · lσ−1(d)(wd).

One can extend the total polarization isomorphism to a partial polarization
map

〈, 〉 : Sd(E∨)⊗ Sk(E)→ Sd−k(E∨), k ≤ d, (1.4)

〈l1 · · · ld, w1 · · ·wk〉 =
∑

1≤i1≤...≤ik≤n

〈li1 · · · lik , w1 · · ·wk〉
∏

j 6=i1,...,ik

lj .

In coordinates, if we choose a basis (ξ0, . . . , ξn) in E and its dual basis
t0, . . . , tn in E∨, then we can identify S(E∨) with the polynomial algebra
C[t0, . . . , tn] and Sd(E∨) with the space C[t0, . . . , tn]d of homogeneous poly-
nomials of degree d. Similarly, we identify Sd(E) with C[ξ0, . . . , ξn]. The po-
larization isomorphism extends by linearity of the pairing on monomials

〈ti00 · · · tinn , ξ
j0
0 · · · ξjnn 〉 =

{
i0! · · · in! if (i0, . . . , in) = (j0, . . . , jn),

0 otherwise.

One can give an explicit formula for pairing (1.4) in terms of differential
operators. Since 〈ti, ξj〉 = δij , it is convenient to view a basis vector ξj as
the partial derivative operator ∂j = ∂

∂tj
. Hence any element ψ ∈ Sk(E) =

C[ξ0, . . . , ξn]k can be viewed as a differential operator

Dψ = ψ(∂0, . . . , ∂n).

The pairing (1.4) becomes

〈ψ(ξ0, . . . , ξn), f(t0, . . . , tn)〉 = Dψ(f).
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For any monomial ∂i = ∂i00 · · · ∂inn and any monomial tj = tj00 · · · tjnn , we
have

∂i(tj) =

{
j!

(j−i)!t
j−i if j− i ≥ 0,

0 otherwise.
(1.5)

Here and later we use the vector notation:

i! = i0! · · · in!,

(
k

i

)
=
k!

i!
, |i| = i0 + · · ·+ in.

The total polarization f̃ of a polynomial f is given explicitly by the following
formula:

f̃(v1, . . . , vd) = Dv1···vd(f) = (Dv1 ◦ . . . ◦Dvd)(f).

Taking v1 = . . . = vd = v, we get

f̃(v, . . . , v) = d!f(v) = Dvd(f) =
∑
|i|=d

(
d
i

)
ai∂if. (1.6)

Remark 1.1.1 The polarization isomorphism was known in the classical liter-
ature as the symbolic method. Suppose f = ld is a d-th power of a linear form.
Then Dv(f) = dl(v)d−1 and

Dv1 ◦ . . . ◦Dvk(f) = d(d− 1) · · · (d− k + 1)l(v1) · · · l(vk)ld−k.

In classical notation, a linear form
∑
aixi on Cn+1 is denoted by ax and the

dot-product of two vectors a, b is denoted by (ab). Symbolically, one denotes
any homogeneous form by adx and the right-hand side of the previous formula
reads as d(d− 1) · · · (d− k + 1)(ab)kad−kx .

Let us take E = Sm(U∨) for some vector space U and consider the linear
space Sd(Sm(U∨)∨). Using the polarization isomorphism, we can identify
Sm(U∨)∨ with Sm(U). Let (ξ0, . . . , ξr) be a basis in U and (t0, . . . , tr+1) be
the dual basis in U∨. Then we can take for a basis of Sm(U) the monomials
ξj. The dual basis in Sm(U∨) is formed by the monomials 1

i!x
i. Thus, for any

f ∈ Sm(U∨), we can write

m!f =
∑
|i|=m

(
m
i

)
aix

i. (1.7)

In symbolic form, m!f = (ax)m. Consider the matrix

Ξ =


ξ

(1)
0 . . . ξ

(d)
0

...
...

...
ξ

(1)
r . . . ξ

(d)
r

 ,
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where (ξ
(k)
0 , . . . , ξ

(k)
r ) is a copy of a basis in U . Then the space Sd(Sm(U))

is equal to the subspace of the polynomial algebra C[(ξ
(i)
j )] in d(r + 1) vari-

ables ξ(i)
j of polynomials which are homogeneous of degree m in each column

of the matrix and symmetric with respect to permutations of the columns. Let
J ⊂ {1, . . . , d}with #J = r+1 and (J) be the corresponding maximal minor
of the matrix Ξ. Assume r+1 divides dm. Consider a product of k = dm

r+1 such
minors in which each column participates exactlym times. Then a sum of such
products which is invariant with respect to permutations of columns represents
an element from Sd(Sm(U)) which has an additional property that it is invari-
ant with respect to the group SL(U) ∼= SL(r + 1,C) which acts on U by the
left multiplication with a vector (ξ0, . . . , ξr). The First Fundamental Theorem
of invariant theory states that any element in Sd(Sm(U))SL(U) is obtained in
this way (see [181]). We can interpret elements of Sd(Sm(U∨)∨) as polyno-
mials in coefficients of ai of a homogeneous form of degree d in r + 1 vari-
ables written in the form (1.7). We write symbolically an invariant in the form
(J1) · · · (Jk) meaning that it is obtained as sum of such products with some
coefficients. If the number d is small, we can use letters, say a, b, c, . . . , in-
stead of numbers 1, . . . , d. For example, (12)2(13)2(23)2 = (ab)2(bc)2(ac)2

represents an element in S3(S4(C2)).
In a similar way, one considers the matrix

ξ
(1)
0 . . . ξ

(d)
0 t

(1)
0 . . . t

(s)
0

...
...

...
...

...
...

ξ
(1)
r . . . ξ

(d)
r t

(1)
r . . . t

(s)
r

 .

The product of k maximal minors such that each of the first d columns occurs
exactly k times and each of the last s columns occurs exactly p times represents
a covariant of degree p and order k. For example, (ab)2axbx represents the
Hessian determinant

He(f) = det

(
∂2f
∂x2

1

∂2f
∂x1∂x2

∂2f
∂x2∂x1

∂2f
∂x2

2

)
of a ternary cubic form f .

The projective space of lines in E will be denoted by |E|. The space |E∨|
will be denoted by P(E) (following Grothendieck’s notation). We call P(E)

the dual projective space of |E|. We will often denote it by |E|∨.
A basis ξ0, . . . , ξn in E defines an isomorphism E ∼= Cn+1 and identi-

fies |E| with the projective space Pn := |Cn+1|. For any nonzero vector
v ∈ E we denote by [v] the corresponding point in |E|. If E = Cn+1 and
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v = (a0, . . . , an) ∈ Cn+1 we set [v] = [a0, . . . , an]. We call [a0, . . . , an]

the projective coordinates of a point [a] ∈ Pn. Other common notation for the
projective coordinates of [a] is (a0 : a1 : . . . : an), or simply (a0, . . . , an), if
no confusion arises.

The projective space comes with the tautological invertible sheaf O|E|(1)

whose space of global sections is identified with the dual space E∨. Its d-th
tensor power is denoted by O|E|(d). Its space of global sections is identified
with the symmetric d-th power Sd(E∨).

For any f ∈ Sd(E∨), d > 0, we denote by V (f) the corresponding ef-
fective divisor from |O|E|(d)|, considered as a closed subscheme of |E|, not
necessarily reduced. We call V (f) a hypersurface of degree d in |E| defined
by equation f = 01 A hypersurface of degree 1 is a hyperplane. By definition,
V (0) = |E| and V (1) = ∅. The projective space |Sd(E∨)| can be viewed
as the projective space of hypersurfaces in |E|. It is equal to the complete lin-
ear system |O|E|(d)|. Using isomorphism (1.2), we may identify the projective
space |Sd(E)| of hypersurfaces of degree d in |E∨| with the dual of the pro-
jective space |SdE∨|. A hypersurface of degree d in |E∨| is classically known
as an envelope of class d.

The natural isomorphisms

(E∨)⊗d ∼= H0(|E|d,O|E|(1)�d), Sd(E
∨) ∼= H0(|E|d,O|E|(1)�d)Sd

allow one to give the following geometric interpretation of the polarization
isomorphism. Consider the diagonal embedding δd : |E| ↪→ |E|d. Then the
total polarization map is the inverse of the isomorphism

δ∗d : H0(|E|d,O|E|(1)�d)Sd → H0(|E|,O|E|(d)).

We view a0∂0 + · · ·+ an∂n 6= 0 as a point a ∈ |E| with projective coordi-
nates [a0, . . . , an].

Definition 1.1.2 Let X = V (f) be a hypersurface of degree d in |E| and
x = [v] be a point in |E|. The hypersurface

Pak(X) := V (Dvk(f))

of degree d− k is called the k-th polar hypersurface of the point a with respect
to the hypersurface V (f) (or of the hypersurface with respect to the point).

1 This notation should not be confused with the notation of the closed subset in Zariski topology
defined by the ideal (f). It is equal to V (f)red.



6 Polarity

Example 1.1.3 Let d = 2, i.e.

f =

n∑
i=0

αiit
2
i + 2

∑
0≤i<j≤n

αijtitj

is a quadratic form on Cn+1. For any x = [a0, . . . , an] ∈ Pn, Px(V (f)) =

V (g), where

g =

n∑
i=0

ai
∂f

∂ti
= 2

∑
0≤i<j≤n

aiαijtj , αji = αij .

The linear map v 7→ Dv(f) is a map from Cn+1 to (Cn+1)∨ which can be
identified with the polar bilinear form associated to f with matrix 2(αij).

Let us give another definition of the polar hypersurfaces Pxk(X). Choose
two different points a = [a0, . . . , an] and b = [b0, . . . , bn] in Pn and consider
the line ` = ab spanned by the two points as the image of the map

ϕ : P1 → Pn, [u0, u1] 7→ u0a+ u1b := [a0u0 + b0u1, . . . , anu0 + bnu1]

(a parametric equation of `). The intersection `∩X is isomorphic to the positive
divisor on P1 defined by the degree d homogeneous form

ϕ∗(f) = f(u0a+ u1b) = f(a0u0 + b0u1, . . . , anu0 + bnu1).

Using the Taylor formula at (0, 0), we can write

ϕ∗(f) =
∑

k+m=d

1

k!m!
uk0u

m
1 Akm(a, b), (1.8)

where

Akm(a, b) =
∂dϕ∗(f)

∂uk0∂u
m
1

(0, 0).

Using the Chain Rule, we get

Akm(a, b) =
∑

|i|=k,|j|=m

(
k
i

)(
m
j

)
aibj∂i+jf = Dakbm(f). (1.9)

Observe the symmetry

Akm(a, b) = Amk(b, a). (1.10)

When we fix a and let b vary in Pn we obtain a hypersurface V (A(a, x)) of
degree d − k which is the k-th polar hypersurface of X = V (f) with respect
to the point a. When we fix b and vary a in Pn, we obtain the m-th polar
hypersurface V (A(x, b)) of X with respect to the point b.
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Note that

Dakbm(f) = Dak(Dbm(f)) = Dbm(a) = Dbm(Dak(f)) = Dak(f)(b).

(1.11)
This gives the symmetry property of polars

b ∈ Pak(X)⇔ a ∈ Pbd−k(X). (1.12)

Since we are in characteristic 0, if m ≤ d, Dam(f) cannot be zero for all a. To
see this we use the Euler formula:

df =

n∑
i=0

ti
∂f

∂ti
.

Applying this formula to the partial derivatives, we obtain

d(d− 1) · · · (d− k + 1)f =
∑
|i|=k

(
k
i

)
ti∂if (1.13)

(also called the Euler formula). It follows from this formula that, for all k ≤ d,

a ∈ Pak(X)⇔ a ∈ X. (1.14)

This is known as the reciprocity theorem.

Example 1.1.4 Let Md be the vector space of complex square matrices of
size d with coordinates tij . We view the determinant function det : Md → C
as an element of Sd(M∨d ), i.e. a polynomial of degree d in the variables tij .
Let Cij = ∂ det

∂tij
. For any point A = (aij) in Md the value of Cij at A is equal

to the ij-th cofactor of A. Applying (1.6), for any B = (bij) ∈Md, we obtain

DAd−1B(det) = Dd−1
A (DB(det)) = Dd−1

A (
∑

bijCij) = (d− 1)!
∑

bijCij(A).

Thus Dd−1
A (det) is a linear function

∑
tijCij on Md. The linear map

Sd−1(Mn)→M∨d , A 7→ 1

(d− 1)!
Dd−1
A (det),

can be identified with the function A 7→ adj(A), where adj(A) is the cofactor
matrix (classically called the adjugate matrix of A, but not the adjoint matrix
as it is often called in modern text-books).

1.1.2 First polars

Let us consider some special cases. LetX = V (f) be a hypersurface of degree
d. Obviously, any 0-th polar of X is equal to X and, by (1.12), the d-th polar
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Pad(X) is empty if a 6∈ X . and equals Pn if a ∈ X . Now take k = 1, d − 1.
By using (1.6), we obtain

Da(f) =

n∑
i=0

ai
∂f

∂ti
,

1

(d− 1)!
Dad−1(f) =

n∑
i=0

∂f

∂ti
(a)ti.

Together with (1.12) this implies the following.

Theorem 1.1.5 For any smooth point x ∈ X , we have

Pxd−1(X) = Tx(X).

If x is a singular point of X , Pxd−1(X) = Pn. Moreover, for any a ∈ Pn,

X ∩ Pa(X) = {x ∈ X : a ∈ Tx(X)}.

Here and later on we denote by Tx(X) the embedded tangent space of a
projective subvariety X ⊂ Pn at its point x. It is a linear subspace of Pn equal
to the projective closure of the affine Zariski tangent space Tx(X) of X at x
(see [277], p. 181).

In classical terminology, the intersection X ∩ Pa(X) is called the apparent
boundary of X from the point a. If one projects X to Pn−1 from the point a,
then the apparent boundary is the ramification divisor of the projection map.

The following picture makes an attempt to show what happens in the case
when X is a conic.

a

Pa(X)

X

Figure 1.1 Polar line of a conic

The set of first polars Pa(X) defines a linear system contained in the com-
plete linear system

∣∣OPn(d−1)
∣∣. The dimension of this linear system≤ n. We

will be freely using the language of linear systems and divisors on algebraic
varieties (see [281]).
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Proposition 1.1.6 The dimension of the linear system of first polars ≤ r if
and only if, after a linear change of variables, the polynomial f becomes a
polynomial in r + 1 variables.

Proof LetX = V (f). It is obvious that the dimension of the linear system of
first polars ≤ r if and only if the linear map E → Sd−1(E∨), v 7→ Dv(f) has
kernel of dimension ≥ n− r. Choosing an appropriate basis, we may assume
that the kernel is generated by vectors (1, 0, . . . , 0), etc. Now, it is obvious that
f does not depend on the variables t0, . . . , tn−r−1.

It follows from Theorem 1.1.5 that the first polar Pa(X) of a point a with
respect to a hypersurface X passes through all singular points of X . One can
say more.

Proposition 1.1.7 Let a be a singular point of X of multiplicity m. For each
r ≤ degX −m, Par (X) has a singular point at a of multiplicity m and the
tangent cone of Par (X) at a coincides with the tangent cone TCa(X) of X at
a. For any point b 6= a, the r-th polar Pbr (X) has multiplicity ≥ m − r at a
and its tangent cone at a is equal to the r-th polar of TCa(X) with respect to
b.

Proof Let us prove the first assertion. Without loss of generality, we may
assume that a = [1, 0, . . . , 0]. Then X = V (f), where

f = td−m0 fm(t1, . . . , tn) + td−m−1
0 fm+1(t1, . . . , tn) + · · ·+ fd(t1, . . . , tn).

(1.15)
The equation fm(t1, . . . , tn) = 0 defines the tangent cone of X at b. The
equation of Par (X) is

∂rf

∂tr0
= r!

d−m−r∑
i=0

(
d−m−i

r

)
td−m−r−i0 fm+i(t1, . . . , tn) = 0.

It is clear that [1, 0, . . . , 0] is a singular point of Par (X) of multiplicity m with
the tangent cone V (fm(t1, . . . , tn)).

Now we prove the second assertion. Without loss of generality, we may
assume that a = [1, 0, . . . , 0] and b = [0, 1, 0, . . . , 0]. Then the equation of
Pbr (X) is

∂rf

∂tr1
= td−m0

∂rfm
∂tr1

+ · · ·+ ∂rfd
∂tr1

= 0.

The point a is a singular point of multiplicity ≥ m − r. The tangent cone of
Pbr (X) at the point a is equal to V (∂

rfm
∂tr1

) and this coincides with the r-th
polar of TCa(X) = V (fm) with respect to b.
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We leave it to the reader to see what happens if r > d−m.
Keeping the notation from the previous proposition, consider a line ` through

the point a such that it intersectsX at some point x 6= awith multiplicity larger
than one. The closure ECa(X) of the union of such lines is called the envelop-
ing cone of X at the point a. If X is not a cone with vertex at a, the branch
divisor of the projection p : X \ {a} → Pn−1 from a is equal to the projection
of the enveloping cone. Let us find the equation of the enveloping cone.

As above, we assume that a = [1, 0, . . . , 0]. LetH be the hyperplane t0 = 0.
Write ` in a parametric form ua + vx for some x ∈ H . Plugging in Equation
(1.15), we get

P (t) = td−mfm(x1, . . . , xn)+td−m−1fm+1(x1, . . . , xm)+· · ·+fd(x1, . . . , xn) = 0,

where t = u/v.
We assume that X 6= TCa(X), i.e. X is not a cone with vertex at a (oth-

erwise, by definition, ECa(X) = TCa(X)). The image of the tangent cone
under the projection p : X \ {a} → H ∼= Pn−1 is a proper closed subset of
H . If fm(x1, . . . , xn) 6= 0, then a multiple root of P (t) defines a line in the
enveloping cone. Let Dk(A0, . . . , Ak) be the discriminant of a general poly-
nomial P = A0T

k + · · ·+Ak of degree k. Recall that

A0Dk(A0, . . . , Ak) = (−1)k(k−1)/2Res(P, P ′)(A0, . . . , Ak),

where Res(P, P ′) is the resultant of P and its derivative P ′. It follows from
the known determinant expression of the resultant that

Dk(0, A1, . . . , Ak) = (−1)
k2−k+2

2 A2
0Dk−1(A1, . . . , Ak).

The equation P (t) = 0 has a multiple zero with t 6= 0 if and only if

Dd−m(fm(x), . . . , fd(x)) = 0.

So, we see that

ECa(X) ⊂ V (Dd−m(fm(x), . . . , fd(x))), (1.16)

ECa(X) ∩ TCa(X) ⊂ V (Dd−m−1(fm+1(x), . . . , fd(x))).

It follows from the computation of ∂
rf
∂tr0

in the proof of the previous Proposition
that the hypersurface V (Dd−m(fm(x), . . . , fd(x))) is equal to the projection
of Pa(X) ∩X to H .

Suppose V (Dd−m−1(fm+1(x), . . . , fd(x))) and TCa(X) do not share an
irreducible component. Then

V (Dd−m(fm(x), . . . , fd(x))) \ TCa(X) ∩ V (Dd−m(fm(x), . . . , fd(x)))
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= V (Dd−m(fm(x), . . . , fd(x))) \ V (Dd−m−1(fm+1(x), . . . , fd(x))) ⊂ ECa(X),

gives the opposite inclusion of (1.16), and we get

ECa(X) = V (Dd−m(fm(x), . . . , fd(x))). (1.17)

Note that the discriminant Dd−m(A0, . . . , Ak) is an invariant of the group
SL(2) in its natural representation on degree k binary forms. Taking the diago-
nal subtorus, we immediately infer that any monomial Ai00 · · ·A

ik
k entering in

the discriminant polynomial satisfies

k

k∑
s=0

is = 2

k∑
s=0

sis.

It is also known that the discriminant is a homogeneous polynomial of degree
2k − 2 . Thus, we get

k(k − 1) =

k∑
s=0

sis.

In our case k = d−m, we obtain that

deg V (Dd−m(fm(x), . . . , fd(x))) =

d−m∑
s=0

(m+ s)is

= m(2d− 2m− 2) + (d−m)(d−m− 1) = (d+m)(d−m− 1).

This is the expected degree of the enveloping cone.

Example 1.1.8 Assume m = d− 2, then

D2(fd−2(x), fd−1(x), fd(x)) = fd−1(x)2 − 4fd−2(x)fd(x),

D2(0, fd−1(x), fd(x)) = fd−2(x) = 0.

Suppose fd−2(x) and fd−1 are coprime. Then our assumption is satisfied, and
we obtain

ECa(X) = V (fd−1(x)2 − 4fd−2(x)fd(x)).

Observe that the hypersurfaces V (fd−2(x)) and V (fd(x)) are everywhere tan-
gent to the enveloping cone. In particular, the quadric tangent cone TCa(X) is
everywhere tangent to the enveloping cone along the intersection of V (fd−2(x))

with V (fd−1(x)).
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For any nonsingular quadric Q, the map x 7→ Px(Q) defines a projective
isomorphism from the projective space to the dual projective space. This is a
special case of a correlation.

According to classical terminology, a projective automorphism of Pn is
called a collineation. An isomorphism from |E| to its dual space P(E) is called
a correlation. A correlation c : |E| → P(E) is given by an invertible linear map
φ : E → E∨ defined uniquely up to proportionality. A correlation transforms
points in |E| to hyperplanes in |E|. A point x ∈ |E| is called conjugate to a
point y ∈ |E| with respect to the correlation c if y ∈ c(x). The transpose of the
inverse map tφ−1 : E∨ → E transforms hyperplanes in |E| to points in |E|. It
can be considered as a correlation between the dual spaces P(E) and |E|. It is
denoted by c∨ and is called the dual correlation. It is clear that (c∨)∨ = c. If
H is a hyperplane in |E| and x is a point in H , then point y ∈ |E| conjugate
to x under c belongs to any hyperplane H ′ in |E| conjugate to H under c∨.

A correlation can be considered as a line in (E ⊗ E)∨ spanned by a nonde-
generate bilinear form, or, in other words as a nonsingular correspondence of
type (1, 1) in |E| × |E|. The dual correlation is the image of the divisor under
the switch of the factors. A pair (x, y) ∈ |E| × |E| of conjugate points is just
a point on this divisor.

We can define the composition of correlations c′ ◦ c∨. Collineations and
correlations form a group ΣPGL(E) isomorphic to the group of outer auto-
morphisms of PGL(E). The subgroup of collineations is of index 2.

A correlation c of order 2 in the group ΣPGL(E) is called a polarity. In
linear representative, this means that tφ = λφ for some nonzero scalar λ. After
transposing, we obtain λ = ±1. The case λ = 1 corresponds to the (quadric)
polarity with respect to a nonsingular quadric in |E|which we discussed in this
section. The case λ = −1 corresponds to a null-system (or null polarity) which
we will discuss in Chapters 2 and 10. In terms of bilinear forms, a correlation
is a quadric polarity (resp. null polarity) if it can be represented by a symmetric
(skew-symmetric) bilinear form.

Theorem 1.1.9 Any projective automorphism is equal to the product of two
quadric polarities.

Proof Choose a basis in E to represent the automorphism by a Jordan matrix
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J . Let Jk(λ) be its block of size k with λ at the diagonal. Let

Bk =


0 0 . . . 0 1

0 0 . . . 1 0
...

...
...

...
...

0 1 . . . 0 0

1 0 . . . 0 0

 .

Then

Ck(λ) = BkJk(λ) =


0 0 . . . 0 λ

0 0 . . . λ 1
...

...
...

...
...

0 λ . . . 0 0

λ 1 . . . 0 0

 .

Observe that the matrices B−1
k and Ck(λ) are symmetric. Thus each Jordan

block of J can be written as the product of symmetric matrices, hence J is the
product of two symmetric matrices. It follows from the definition of composi-
tion in the group ΣPGL(E) that the product of the matrices representing the
bilinear forms associated to correlations coincides with the matrix representing
the projective transformation equal to the composition of the correlations.

1.1.3 Polar quadrics

A (d− 2)-polar of X = V (f) is a quadric, called the polar quadric of X with
respect to a = [a0, . . . , an]. It is defined by the quadratic form

q = Dad−2(f) =
∑
|i|=d−2

(
d−2
i

)
ai∂if.

Using Equation (1.9), we obtain

q =
∑
|i|=2

(
2

i

)
ti∂if(a).

By (1.14), each a ∈ X belongs to the polar quadric Pad−2(X). Also, by
Theorem 1.1.5,

Ta(Pad−2(X)) = Pa(Pad−2(X)) = Pad−1(X) = Ta(X). (1.18)

This shows that the polar quadric is tangent to the hypersurface at the point a.
Consider the line ` = ab through two points a, b. Let ϕ : P1 → Pn be
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its parametric equation, i.e. a closed embedding with the image equal to `. It
follows from (1.8) and (1.9) that

i(X, ab)a ≥ s+ 1⇐⇒ b ∈ Pad−k(X), k ≤ s. (1.19)

For s = 0, the condition means that a ∈ X . For s = 1, by Theorem 1.1.5,
this condition implies that b, and hence `, belongs to the tangent plane Ta(X).
For s = 2, this condition implies that b ∈ Pad−2(X). Since ` is tangent to X
at a, and Pad−2(X) is tangent to X at a, this is equivalent to that ` belongs to
Pad−2(X).

It follows from (1.19) that a is a singular point of X of multiplicity ≥ s+ 1

if and only if Pad−k(X) = Pn for k ≤ s. In particular, the quadric polar
Pad−2(X) = Pn if and only if a is a singular point of X of multiplicity ≥ 3.

Definition 1.1.10 A line is called an inflection tangent to X at a point a if

i(X, `)a > 2.

Proposition 1.1.11 Let ` be a line through a point a. Then ` is an inflection
tangent toX at a if and only if it is contained in the intersection of Ta(X) with
the polar quadric Pad−2(X).

Note that the intersection of an irreducible quadric hypersurface Q = V (q)

with its tangent hyperplane H at a point a ∈ Q is a cone in H over the quadric
Q̄ in the image H̄ of H in |E/[a]|.

Corollary 1.1.12 Assume n ≥ 3. For any a ∈ X , there exists an inflection
tangent line. The union of the inflection tangents containing the point a is the
cone Ta(X) ∩ Pad−2(X) in Ta(X).

Example 1.1.13 Assume a is a singular point of X . By Theorem 1.1.5, this
is equivalent to that Pad−1(X) = Pn. By (1.18), the polar quadric Q is also
singular at a and therefore it must be a cone over its image under the projection
from a. The union of inflection tangents is equal to Q.

Example 1.1.14 Assume a is a nonsingular point of an irreducible surface X
in P3. A tangent hyperplane Ta(X) cuts out in X a curve C with a singular
point a. If a is an ordinary double point of C, there are two inflection tangents
corresponding to the two branches of C at a. The polar quadric Q is nonsingu-
lar at a. The tangent cone of C at the point a is a cone over a quadric Q̄ in P1.
If Q̄ consists of two points, there are two inflection tangents corresponding to
the two branches of C at a. If Q̄ consists of one point (corresponding to non-
reduced hypersurface in P1), then we have one branch. The latter case happens
only if Q is singular at some point b 6= a.
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1.1.4 The Hessian hypersurface

LetQ(a) be the polar quadric ofX = V (f) with respect to some point a ∈ Pn.
The symmetric matrix defining the corresponding quadratic form is equal to
the Hessian matrix of second partial derivatives of f

He(f) =
( ∂2f

∂ti∂tj

)
i,j=0,...,n

,

evaluated at the point a. The quadric Q(a) is singular if and only if the deter-
minant of the matrix is equal to zero (the locus of singular points is equal to
the projectivization of the null-space of the matrix). The hypersurface

He(X) = V (det He(f))

describes the set of points a ∈ Pn such that the polar quadric Pad−2(X) is
singular. It is called the Hessian hypersurface of X . Its degree is equal to (d−
2)(n+ 1) unless it coincides with Pn.

Proposition 1.1.15 The following is equivalent:

(i) He(X) = Pn;
(ii) there exists a nonzero polynomial g(z0, . . . , zn) such that

g(∂0f, . . . , ∂nf) ≡ 0.

Proof This is a special case of a more general result about the Jacobian de-
terminant (also known as the functional determinant) of n + 1 polynomial
functions f0, . . . , fn defined by

J(f0, . . . , fn) = det
(
(
∂fi
∂tj

)
)
.

Suppose J(f0, . . . , fn) ≡ 0. Then the map f : Cn+1 → Cn+1 defined by the
functions f0, . . . , fn is degenerate at each point (i.e. dfx is of rank < n + 1

at each point x). Thus the closure of the image is a proper closed subset of
Cn+1. Hence there is an irreducible polynomial that vanishes identically on
the image.

Conversely, assume that g(f0, . . . , fn) ≡ 0 for some polynomial g which
we may assume to be irreducible. Then

∂g

∂ti
=

n∑
j=0

∂g

∂zj
(f0, . . . , fn)

∂fj
∂ti

= 0, i = 0, . . . , n.

Since g is irreducible, its set of zeros is nonsingular on a Zariski open set U .
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Thus the vector( ∂g
∂z0

(f0(x), . . . , fn(x)), . . . ,
∂g

∂zn
(f0(x), . . . , fn(x)

)
is a nontrivial solution of the system of linear equations with matrix (∂fi∂tj

(x)),
where x ∈ U . Therefore, the determinant of this matrix must be equal to zero.
This implies that J(f0, . . . , fn) = 0 on U , hence it is identically zero.

Remark 1.1.16 It was claimed by O. Hesse that the vanishing of the Hessian
implies that the partial derivatives are linearly dependent. Unfortunately, his
attempted proof was wrong. The first counterexample was given by P. Gordan
and M. Noether in [252]. Consider the polynomial

f = t2t
2
0 + t3t

2
1 + t4t0t1.

Note that the partial derivatives

∂f

∂t2
= t20,

∂f

∂t3
= t21,

∂f

∂t4
= t0t1

are algebraically dependent. This implies that the Hessian is identically equal
to zero. We have

∂f

∂t0
= 2t0t2 + t4t1,

∂f

∂t1
= 2t1t3 + t4t0.

Suppose that a linear combination of the partials is equal to zero. Then

c0t
2
0 + c1t

2
1 + c2t0t1 + c3(2t0t2 + t4t1) + c4(2t1t3 + t4t0) = 0.

Collecting the terms in which t2, t3, t4 enter, we get

2c3t0 = 0, 2c4t1 = 0, c3t1 + c4t0 = 0.

This gives c3 = c4 = 0. Since the polynomials t20, t
2
1, t0t1 are linearly inde-

pendent, we also get c0 = c1 = c2 = 0.

The known cases when the assertion of Hesse is true are d = 2 (any n) and
n ≤ 3 (any d) (see [252], [368], [102]).

Recall that the set of singular quadrics in Pn is the discriminant hypersur-
face D2(n) in Pn(n+3)/2 defined by the equation

det


t00 t01 . . . t0n
t01 t11 . . . t1n
...

...
...

...
t0n t1n . . . tnn

 = 0.

By differentiating, we easily find that its singular points are defined by the
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determinants of n×n minors of the matrix. This shows that the singular locus
of D2(n) parameterizes quadrics defined by quadratic forms of rank ≤ n − 1

(or corank ≥ 2). Abusing the terminology, we say that a quadric Q is of rank
k if the corresponding quadratic form is of this rank. Note that

dim Sing(Q) = corank Q− 1.

Assume that He(f) 6= 0. Consider the rational map p : |E| → |S2(E∨)|
defined by a 7→ Pad−2(X). Note that Pad−2(f) = 0 implies Pad−1(f) = 0

and hence
∑n
i=0 bi∂if(a) = 0 for all b. This shows that a is a singular point

of X . Thus p is defined everywhere except maybe at singular points of X . So
the map p is regular if X is nonsingular, and the preimage of the discriminant
hypersurface is equal to the Hessian of X . The preimage of the singular locus
Sing(D2(n)) is the subset of points a ∈ He(f) such that Sing(Pad−2(X)) is of
positive dimension.

Here is another description of the Hessian hypersurface.

Proposition 1.1.17 The Hessian hypersurface He(X) is the locus of singular
points of the first polars of X .

Proof Let a ∈ He(X) and let b ∈ Sing(Pad−2(X)). Then

Db(Dad−2(f)) = Dad−2(Db(f)) = 0.

Since Db(f) is of degree d − 1, this means that Ta(Pb(X)) = Pn, i.e., a is a
singular point of Pb(X).

Conversely, if a ∈ Sing(Pb(X)), then Dad−2(Db(f)) = Db(Dad−2(f)) =

0. This means that b is a singular point of the polar quadric with respect to a.
Hence a ∈ He(X).

Let us find the affine equation of the Hessian hypersurface. Applying the
Euler formula (1.13), we can write

t0f0i = (d− 1)∂if − t1f1i − · · · − tnfni,

t0∂0f = df − t1∂1f − · · · − tn∂nf,

where fij denote the second partial derivative. Multiplying the first row of
the Hessian determinant by t0 and adding to it the linear combination of the
remaining rows taken with the coefficients ti, we get the following equality:

det(He(f)) =
d− 1

t0
det


∂0f ∂1f . . . ∂nf

f10 f11 . . . f1n

...
...

...
...

fn0 fn1 . . . fnn

 .



18 Polarity

Repeating the same procedure but this time with the columns, we finally get

det(He(f)) =
(d− 1)2

t20
det


d
d−1f ∂1f . . . ∂nf

∂1f f11 . . . f1n

...
...

...
...

∂nf fn1 . . . fnn

 . (1.20)

Let φ(z1, . . . , zn) be the dehomogenization of f with respect to t0, i.e.,

f(t0, . . . , td) = td0φ(
t1
t0
, . . . ,

tn
t0

).

We have

∂f

∂ti
= td−1

0 φi(z1, . . . , zn),
∂2f

∂ti∂tj
= td−2

0 φij(z1, . . . , zn), i, j = 1, . . . , n,

where

φi =
∂φ

∂zi
, φij =

∂2φ

∂zi∂zj
.

Plugging these expressions in (1.20), we obtain, that up to a nonzero constant
factor,

t
−(n+1)(d−2)
0 det(He(φ)) = det


d
d−1φ(z) φ1(z) . . . φn(z)

φ1(z) φ11(z) . . . φ1n(z)
...

...
...

...
φn(z) φn1(z) . . . φnn(z)

 ,

(1.21)
where z = (z1, . . . , zn), zi = ti/t0, i = 1, . . . , n.

Remark 1.1.18 If f(x, y) is a real polynomial in three variables, the value of
(1.21) at a point v ∈ Rn with [v] ∈ V (f) multiplied by −1

f1(a)2+f2(a)2+f3(a)2 is
equal to the Gauss curvature of X(R) at the point a (see [220]).

1.1.5 Parabolic points

Let us see where He(X) intersectsX . We assume that He(X) is a hypersurface
of degree (n + 1)(d − 2) > 0. A glance at the expression (1.21) reveals the
following fact.

Proposition 1.1.19 Each singular point of X belongs to He(X).
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Let us see now when a nonsingular point a ∈ X lies in its Hessian hyper-
surface He(X).

By Corollary 1.1.12, the inflection tangents in Ta(X) sweep the intersection
of Ta(X) with the polar quadric Pad−2(X). If a ∈ He(X), then the polar
quadric is singular at some point b.

If n = 2, a singular quadric is the union of two lines, so this means that one
of the lines is an inflection tangent. A point a of a plane curve X such that
there exists an inflection tangent at a is called an inflection point of X .

If n > 2, the inflection tangent lines at a point a ∈ X∩He(X) sweep a cone
over a singular quadric in Pn−2 (or the whole Pn−2 if the point is singular).
Such a point is called a parabolic point ofX . The closure of the set of parabolic
points is the parabolic hypersurface in X (it could be the whole X).

Theorem 1.1.20 Let X be a hypersurface of degree d > 2 in Pn. If n = 2,
then He(X) ∩X consists of inflection points of X . In particular, each nonsin-
gular curve of degree≥ 3 has an inflection point, and the number of inflections
points is either infinite or less than or equal to 3d(d − 2). If n > 2, then the
set X ∩He(X) consists of parabolic points. The parabolic hypersurface in X
is either the whole X or a subvariety of degree (n+ 1)d(d− 2) in Pn.

Example 1.1.21 Let X be a surface of degree d in P3. If a is a parabolic
point of X , then Ta(X) ∩ X is a singular curve whose singularity at a is of
multiplicity higher than 3 or it has only one branch. In fact, otherwise X has
at least two distinct inflection tangent lines which cannot sweep a cone over a
singular quadric in P1. The converse is also true. For example, a nonsingular
quadric has no parabolic points, and all nonsingular points of a singular quadric
are parabolic.

A generalization of a quadratic cone is a developable surface. It is a special
kind of a ruled surface which characterized by the condition that the tangent
plane does not change along a ruling. We will discuss these surfaces later in
Chapter 10. The Hessian surface of a developable surface contains this surface.
The residual surface of degree 2d − 8 is called the pro-Hessian surface. An
example of a developable surface is the quartic surface

(t0t3−t1t2)2−4(t21−t0t2)(t22−t1t3) = −6t0t1t2t3+4t31t3+4t0t
3
2+t20t

2
3−3t21t

2
2 = 0.

It is the surface swept out by the tangent lines of a rational normal curve of
degree 3. It is also the discriminant surface of a binary cubic, i.e. the surface
parameterizing binary cubics a0u

3 + 3a1u
2v+ 3a2uv

2 +a3v
3 with a multiple

root. The pro-Hessian of any quartic developable surface is the surface itself
[84].
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Assume now that X is a curve. Let us see when it has infinitely many in-
flection points. Certainly, this happens when X contains a line component;
each of its points is an inflection point. It must be also an irreducible compo-
nent of He(X). The set of inflection points is a closed subset of X . So, if X
has infinitely many inflection points, it must have an irreducible component
consisting of inflection points. Each such component is contained in He(X).
Conversely, each common irreducible component of X and He(X) consists of
inflection points.

We will prove the converse in a little more general form taking care of not
necessarily reduced curves.

Proposition 1.1.22 A polynomial f(t0, t1, t2) divides its Hessian polynomial
He(f) if and only if each of its multiple factors is a linear polynomial.

Proof Since each point on a non-reduced component ofXred ⊂ V (f) is a sin-
gular point (i.e. all the first partials vanish), and each point on a line component
is an inflection point, we see that the condition is sufficient for X ⊂ He(f).
Suppose this happens and let R be a reduced irreducible component of the
curve X which is contained in the Hessian. Take a nonsingular point of R and
consider an affine equation of R with coordinates (x, y). We may assume that
OR,x is included in ÔR,x ∼= C[[t]] such that x = t, y = trε, where ε(0) = 1.
Thus the equation of R looks like

f(x, y) = y − xr + g(x, y), (1.22)

where g(x, y) does not contain terms cy, c ∈ C. It is easy to see that (0, 0) is
an inflection point if and only if r > 2 with the inflection tangent y = 0.

We use the affine equation of the Hessian (1.21), and obtain that the image
of

h(x, y) = det

 d
d−1f f1 f2

f1 f11 f12

f2 f21 f22


in C[[t]] is equal to

det

 0 −rtr−1 + g1 1 + g2

−rtr−1 + g1 −r(r − 1)tr−2 + g11 g12

1 + g2 g12 g22

 .

Since every monomial entering in g is divisible by y2, xy or xi, i > r, we
see that ∂g∂y is divisible by t and ∂g

∂x is divisible by tr−1. Also g11 is divisible
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by tr−1. This shows that

h(x, y) = det

 0 atr−1 + · · · 1 + · · ·
atr−1 + · · · −r(r − 1)tr−2 + · · · g12

1 + · · · g12 g22

 ,

where · · · denotes terms of higher degree in t. We compute the determinant
and see that it is equal to r(r − 1)tr−2 + · · · . This means that its image in
C[[t]] is not equal to zero, unless the equation of the curve is equal to y = 0,
i.e. the curve is a line.

In fact, we have proved more. We say that a nonsingular point of X is an in-
flection point of order r−2 and denote the order by ordflxX if one can choose
an equation of the curve as in (1.22) with r ≥ 3. It follows from the previous
proof that r− 2 is equal to the multiplicity i(X,He)x of the intersection of the
curve and its Hessian at the point x. It is clear that ordflxX = i(`,X)x − 2,
where ` is the inflection tangent line of X at x. If X is nonsingular, we have∑

x∈X
i(X,He)x =

∑
x∈X

ordflxX = 3d(d− 2). (1.23)

1.1.6 The Steinerian hypersurface

Recall that the Hessian hypersurface of a hypersurface X = V (f) is the locus
of points a such that the polar quadric Pad−2(X) is singular. The Steinerian
hypersurface St(X) of X is the locus of singular points of the polar quadrics.
Thus

St(X) =
⋃

a∈He(X)

Sing(Pad−2(X)). (1.24)

The proof of Proposition 1.1.17 shows that it can be equivalently defined as

St(X) = {a ∈ Pn : Pa(X) is singular}. (1.25)

We also have

He(X) =
⋃

a∈St(X)

Sing(Pa(X)). (1.26)

A point b = [b0, . . . , bn] ∈ St(X) satisfies the equation

He(f)(a) ·

b0...
bn

 = 0, (1.27)
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where a ∈ He(X). This equation defines a subvariety

HS(X) ⊂ Pn × Pn (1.28)

given by n+ 1 equations of bidegree (d− 2, 1). When the Steinerian map (see
below) is defined, it is just its graph. The projection to the second factor is a
closed subscheme of Pn with support at St(X). This gives a scheme-theoretical
definition of the Steinerian hypersurface which we will accept from now on. It
also makes clear why St(X) is a hypersurface, not obvious from the definition.
The expected dimension of the image of the second projection is n− 1.

The following argument confirms our expectation. It is known (see, for ex-
ample, [238]) that the locus of singular hypersurfaces of degree d in |E| is a
hypersurface

Dd(n) ⊂ |Sd(E∨)|

of degree (n + 1)(d − 1)n defined by the discriminant of a general degree d
homogeneous polynomial in n + 1 variables (the discriminant hypersurface).
Let L be the projective subspace of |Sd−1(E∨)| that consists of first polars of
X . Assume that no polar Pa(X) is equal to Pn. Then

St(X) ∼= L ∩ Dn(d− 1).

So, unless L is contained in Dn(d − 1), we get a hypersurface. Moreover, we
obtain

deg(St(X)) = (n+ 1)(d− 2)n. (1.29)

Assume that the quadric Pad−2(X) is of corank 1. Then it has a unique
singular point b with the coordinates [b0, . . . , bn] proportional to any column
or a row of the adjugate matrix adj(He(f)) evaluated at the point a. Thus,
St(X) coincides with the image of the Hessian hypersurface under the rational
map

st : He(X) 99K St(X), a 7→ Sing(Pad−2(X)),

given by polynomials of degree n(d − 2). We call it the Steinerian map. Of
course, it is not defined when all polar quadrics are of corank > 1. Also, if
the first polar hypersurface Pa(X) has an isolated singular point for a general
point a, we get a rational map

st−1 : St(X) 99K He(X), a 7→ Sing(Pa(X)).

These maps are obviously inverse to each other. It is a difficult question to
determine the sets of indeterminacy points for both maps.
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Proposition 1.1.23 Let X be a reduced hypersurface. The Steinerian hyper-
surface of X coincides with Pn if X has a singular point of multiplicity ≥ 3.
The converse is true if we additionally assume that X has only isolated singu-
lar points.

Proof Assume that X has a point of multiplicity ≥ 3. We may harmlessly
assume that the point is p = [1, 0, . . . , 0]. Write the equation of X in the form

f = tk0gd−k(t1, . . . , tn)+ tk−1
0 gd−k+1(t1, . . . , tn)+ · · ·+gd(t1, . . . , tn) = 0,

(1.30)
where the subscript indicates the degree of the polynomial. Since the multi-
plicity of p is greater than or equal to 3, we must have d− k ≥ 3. Then a first
polar Pa(X) has the equation

a0

k∑
i=0

(k − i)tk−1−i
0 gd−k+i +

n∑
s=1

as

k∑
i=0

tk−i0

∂gd−k+i

∂ts
= 0. (1.31)

It is clear that the point p is a singular point of Pa(X) of multiplicity ≥ d −
k − 1 ≥ 2.

Conversely, assume that all polars are singular. By Bertini’s Theorem (see
[277], Theorem 17.16), the singular locus of a general polar is contained in
the base locus of the linear system of polars. The latter is equal to the singular
locus of X . By assumption, it consists of isolated points, hence we can find
a singular point of X at which a general polar has a singular point. We may
assume that the singular point is p = [1, 0, . . . , 0] and (1.30) is the equation of
X . Then the first polar Pa(X) is given by Equation (1.31). The largest power of
t0 in this expression is at most k. The degree of the equation is d− 1. Thus the
point p is a singular point of Pa(X) if and only if k ≤ d− 3, or, equivalently,
if p is at least triple point of X .

Example 1.1.24 The assumption on the singular locus is essential. First, it is
easy to check that X = V (f2), where V (f) is a nonsingular hypersurface has
no points of multiplicity≥ 3 and its Steinerian coincides with Pn. An example
of a reduced hypersurface X with the same property is a surface of degree 6 in
P3 given by the equation

(

3∑
i=0

t3i )
2 + (

3∑
i=0

t2i )
3 = 0.

Its singular locus is the curve V (
∑3
i=0 t

3
i )∩ V (

∑3
i=0 t

2
i ). Each of its points is
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a double point on X . Easy calculation shows that

Pa(X) = V
(
(

3∑
i=0

t3i )

3∑
i=0

ait
2
i + (

3∑
i=0

t2i )
2

3∑
i=0

aiti
)
.

and

V (

3∑
i=0

t3i ) ∩ V (

3∑
i=0

t2i ) ∩ V (

3∑
i=0

ait
2
i ) ⊂ Sing(Pa(X)).

By Proposition 1.1.7, Sing(X) is contained in St(X). Since the same is true
for He(X), we obtain the following.

Proposition 1.1.25 The intersection He(X) ∩ St(X) contains the singular
locus of X .

One can assign one more variety to a hypersurface X = V (f). This is the
Cayleyan variety. It is defined as the image Cay(X) of the rational map

HS(X) 99K G1(Pn), (a, b) 7→ ab,

where Gr(Pn) denotes the Grassmannian of r-dimensional subspaces in Pn.
In the sequel we will also use the notation G(r + 1, E) = Gr(|E|) for the
variety of linear r + 1-dimensional subspaces of a linear space E. The map
is not defined at the intersection of the diagonal with HS(X). We know that
HS(a, a) = 0 means that Pad−1(X) = 0, and the latter means that a is a singu-
lar point of X . Thus the map is a regular map for a nonsingular hypersurface
X .

Note that in the case n = 2, the Cayleyan variety is a plane curve in the dual
plane, the Cayleyan curve of X .

Proposition 1.1.26 Let X be a general hypersurface of degree d ≥ 3. Then

deg Cay(X) =

{∑n
i=1(d− 2)i

(
n+1
i

)(
n−1
i−1

)
if d > 3,

1
2

∑n
i=1

(
n+1
i

)(
n−1
i−1

)
if d = 3,

where the degree is considered with respect to the Plücker embedding of the
Grassmannian G1(Pn).

Proof Since St(X) 6= Pn, the correspondence HS(X) is a complete inter-
section of n + 1 hypersurfaces in Pn × Pn of bidegree (d − 2, 1). Since
a ∈ Sing(Pa(X)) implies that a ∈ Sing(X), the intersection of HS(X) with
the diagonal is empty. Consider the regular map

r : HS(X)→ G1(Pn), (a, b) 7→ ab. (1.32)

It is given by the linear system of divisors of type (1, 1) on Pn × Pn restricted
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to HS(X). The genericity assumption implies that this map is of degree 1 onto
the image if d > 3 and of degree 2 if d = 3 (in this case the map factors
through the involution of Pn × Pn that switches the factors).

It is known that the set of lines intersecting a codimension 2 linear sub-
space Λ is a hyperplane section of the Grassmannian G1(Pn) in its Plücker
embedding. Write Pn = |E| and Λ = |L|. Let ω = v1 ∧ . . . ∧ vn−1 for some
basis (v1, . . . , vn−1) of L. The locus of pairs of points (a, b) = ([w1], [w2]) in
Pn×Pn such that the line ab intersects Λ is given by the equationw1∧w2∧ω =

0. This is a hypersurface of bidegree (1, 1) in Pn×Pn. This shows that the map
(1.32) is given by a linear system of divisors of type (1, 1). Its degree (or twice
of the degree) is equal to the intersection ((d− 2)h1 + h2)n+1(h1 + h2)n−1,
where h1, h2 are the natural generators of H2(Pn × Pn,Z). We have

((d− 2)h1 + h2)n+1(h1 + h2)n−1 =

(n+1∑
i=0

(
n+1
i

)
(d− 2)ihi1h

n+1−i
2

)(n−1∑
j=0

(
n−1
j

)
hn−1−j

1 hj2
)

=

n∑
i=1

(d− 2)i
(
n+1
i

)(
n−1
i−1

)
.

For example, if n = 2, d > 3, we obtain a classical result

deg Cay(X) = 3(d− 2) + 3(d− 2)2 = 3(d− 2)(d− 1),

and deg Cay(X) = 3 if d = 3.

Remark 1.1.27 The homogeneous forms defining the Hessian and Steinerian
hypersurfaces of V (f) are examples of covariants of f . We already discussed
them in the case n = 1. The form defining the Cayleyan of a plane curve is an
example of a contravariant of f .

1.1.7 The Jacobian hypersurface

In the previous sections we discussed some natural varieties attached to the lin-
ear system of first polars of a hypersurface. We can extend these constructions
to arbitrary n-dimensional linear systems of hypersurfaces in Pn = |E|. We
assume that the linear system has no fixed components, i.e. its general member
is an irreducible hypersurface of some degree d. Let L ⊂ Sd(E∨) be a linear
subspace of dimension n + 1 and |L| be the corresponding linear system of
hypersurfaces of degree d. Note that, in the case of linear system of polars of a
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hypersurfaceX of degree d+1, the linear subspace L can be canonically iden-
tified withE and the inclusion |E| ⊂ |Sd(E∨)| corresponds to the polarization
map a 7→ Pa(X).

Let Dd(n) ⊂ |Sd(E∨)| be the discriminant hypersurface. The intersection

D(|L|) = |L| ∩ Dd(n)

is called the discriminant hypersurface of |L|. We assume that it is not equal
to Pn, i.e. not all members of |L| are singular. Let

D̃(|L|) = {(x,D) ∈ Pn × |L| : x ∈ Sing(D)}

with two projections p : D̃→ D(|L|) and q : D̃→ |L|. We define the Jacobian
hypersurface of |L| as

Jac(|L|) = q(D̃(|L|)).

It parameterizes singular points of singular members of |L|. Again, it may
coincide with the whole Pn. In the case of polar linear systems, the discrim-
inant hypersurface is equal to the Steinerian hypersurface, and the Jacobian
hypersurface is equal to the Hessian hypersurface.

The Steinerian hypersurface St(|L|) is defined as the locus of points x ∈ Pn
such that there exists a ∈ Pn such that x ∈ ∩D∈|L|Pan−1(D). Since dimL =

n+1, the intersection is empty, unless there existsD such that Pan−1(D) = 0.
Thus Pan(D) = 0 and a ∈ Sing(D), hence a ∈ Jac(|L|) and D ∈ D(|L|).
Conversely, if a ∈ Jac(|L|), then ∩D∈|L|Pan−1(D) 6= ∅ and it is contained in
St(|L|). By duality (1.12),

x ∈
⋂

D∈|L|

Pan−1(D)⇔ a ∈
⋂

D∈|L|

Px(D).

Thus the Jacobian hypersurface is equal to the locus of points which belong to
the intersection of the first polars of divisors in |L| with respect to some point
x ∈ St(X). Let

HS(|L|) = {(a, b) ∈ He(|L|)× St(|L|) : a ∈
⋂

D∈|L|

Pb(D)}

= {(a, b) ∈ He(|L|)× St(|L|) : b ∈
⋂

D∈|L|

Pad−1(D)}.

It is clear that HS(|L|) ⊂ Pn×Pn is a complete intersection of n+ 1 divisors
of type (d− 1, 1). In particular,

ωHS(|L|) ∼= pr∗1(OPn((d− 2)(n+ 1))). (1.33)

One expects that, for a general point x ∈ St(|L|), there exists a unique a ∈
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Jac(|L|) and a unique D ∈ D(|L|) as above. In this case, the correspondence
HS(|L|) defines a birational isomorphism between the Jacobian and Steinerian
hypersurface. Also, it is clear that He(|L|) = St(|L|) if d = 2.

Assume that |L| has no base points. Then HS(|L|) does not intersect the
diagonal of Pn × Pn. This defines a map

HS(|L|)→ G1(Pn), (a, b) 7→ ab.

Its image Cay(|L|) is called the Cayleyan variety of |L|.
A line ` ∈ Cay(|L|) is called a Reye line of |L|. It follows from the defini-

tions that a Reye line is characterized by the property that it contains a point
such that there is a hyperplane in |L| of hypersurfaces tangent to ` at this point.
For example, if d = 2 this is equivalent to the property that ` is contained is a
linear subsystem of |L| of codimension 2 (instead of expected codimension 3).

The proof of Proposition 1.1.26 applies to our more general situation to
give the degree of Cay(|L|) for a general n-dimensional linear system |L| of
hypersurfaces of degree d.

deg Cay(|L|) =

{∑n
i=1(d− 1)i

(
n+1
i

)(
n−1
i−1

)
if d > 2,

1
2

∑n
i=1

(
n+1
i

)(
n−1
i−1

)
if d = 2.

(1.34)

Let f = (f0, . . . , fn) be a basis of L. Choose coordinates in Pn to iden-
tify Sd(E∨) with the polynomial ring C[t0, . . . , tn]. A well-known fact from
the complex analysis asserts that Jac(|L|) is given by the determinant of the
Jacobian matrix

J(f) =


∂0f0 ∂1f0 . . . ∂nf0

∂0f1 ∂1f1 . . . ∂nf1

...
...

...
...

∂0fn ∂1fn . . . ∂nfn

 .

In particular, we expect that

deg Jac(|L|) = (n+ 1)(d− 1).

If a ∈ Jac(|L|), then a nonzero vector in the null-space of J(f) defines a point
x such that Px(f0)(a) = . . . = Px(fn)(a) = 0. Equivalently,

Pan−1(f0)(x) = . . . = Pan−1(fn)(x) = 0.

This shows that St(|L|) is equal to the projectivization of the union of the null-
spaces Null(Jac(f(a))), a ∈ Cn+1. Also, a nonzero vector in the null space of
the transpose matrix tJ(f) defines a hypersurface in D(|L|) with singularity at
the point a.
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Let Jac(|L|)0 be the open subset of points where the corank of the jacobian
matrix is equal to 1. We assume that it is a dense subset of Jac(|L|). Then,
taking the right and the left kernels of the Jacobian matrix, defines two maps

Jac(|L|)0 → D(|L|), Jac(|L|)0 → St(|L|).

Explicitly, the maps are defined by the nonzero rows (resp. columns) of the
adjugate matrix adj(He(f)).

Let φ|L| : Pn 99K |L∨| be the rational map defined by the linear system |L|.
Under some assumptions of generality which we do not want to spell out, one
can identify Jac(|L|) with the ramification divisor of the map and D(|L|) with
the dual hypersurface of the branch divisor.

Let us now define a new variety attached to a n-dimensional linear system
in Pn. Consider the inclusion map L ↪→ Sd(E∨) and let

L ↪→ Sd(E)∨, f 7→ f̃ ,

be the restriction of the total polarization map (1.2) to L. Now we can consider
|L| as a n-dimensional linear system |̃L| on |E|d of divisors of type (1, . . . , 1).
Let

PB(|L|) =
⋂

D∈|̃L|

D ⊂ |E|d

be the base scheme of |̃L|. We call it the polar base locus of |L|. It is equal to
the complete intersection of n+ 1 effective divisors of type (1, . . . , 1). By the
adjunction formula,

ωPB(|L|) ∼= OPB(|L|).

If smooth, PB(|L|) is a Calabi-Yau variety of dimension (d− 1)n− 1.
For any f ∈ L, let N(f) be the set of points x = ([v(1)], . . . , [v(d)]) ∈ |E|d

such that

f̃(v(1), . . . , v(j−1), v, v(j+1), . . . , v(d)) = 0

for every j = 1, . . . , d and v ∈ E. Since

f̃(v(1), . . . , v(j−1), v, v(j+1), . . . , v(d)) = Dv(1)···v(j−1)v(j+1)···v(d)(Dv(f)),

This can be also expressed in the form

∂̃jf(v(1), . . . , v(j−1), v(j+1), . . . , v(d)) = 0, j = 0, . . . , n. (1.35)

Choose coordinates u0, . . . , un in L and coordinates t0, . . . , tn in E. Let f̃ be
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the image of a basis f of L in (E∨)d. Then PB(|L|) is a subvariety of (Pn)d

given by a system of d multilinear equations

f̃0(t(1), . . . , t(d)) = . . . = f̃n(t(1), . . . , t(d)) = 0,

where t(j) = (t
(j)
0 , . . . , t

(j)
n ), j = 1, . . . , d. For any λ = (λ0, . . . , λn), set

f̃λ =
∑n
i=0 λif̃i.

Proposition 1.1.28 The following is equivalent:

(i) x ∈ PB(|L|) is a singular point,
(ii) x ∈ N(f̃λ) for some λ 6= 0.

Proof The variety PB(|L|) is smooth at a point x if and only if the rank of
the d(n+ 1)× (n+ 1)-size matrix

(akij) =
( ∂f̃k
∂t

(j)
i

(x)
)
i,k=0,...,n,j=1,...,d

is equal to n + 1. Let f̃u = u0f̃0 + · · · + unf̃n, where u0, . . . , un are un-
knowns. Then the nullspace of the matrix is equal to the space of solutions
u = (λ0, . . . , λn) of the system of linear equations

∂f̃u
∂u0

(x) = . . . =
∂f̃u
∂un

(x) =
∂f̃u

∂t
(j)
i

(x) = 0. (1.36)

For a fixed λ, in terminology of [238], p. 445, the system has a solution x in
|E|d if f̃λ =

∑
λif̃i is a degenerate multilinear form. By Proposition 1.1 from

Chapter 14 of loc.cit., f̃λ is degenerate if and only ifN(f̃λ) is non-empty. This
proves the assertion.

For any non-empty subset I of {1, . . . , d}, let ∆I be the subset of points
x ∈ |E|d with equal projections to i-th factors with i ∈ I . Let ∆k be the union
of ∆I with #I = k. The set ∆d is denoted by ∆ (the small diagonal).

Observe that PB(|L|) = HS(|L|) if d = 2 and PB(|L|) ∩∆d−1 consists of
d copies isomorphic to HS(|L|) if d > 2.

Definition 1.1.29 A n-dimensional linear system |L| ⊂ |Sd(E∨)| is called
regular if PB(|L|) is smooth at each point of ∆d−1.

Proposition 1.1.30 Assume |L| is regular. Then

(i) |L| has no base points,
(ii) D̃(|L|) is smooth.
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Proof (i) Assume that x = ([v0], . . . , [v0]) ∈ PB(|L|) ∩∆. Consider the lin-
ear map L → E defined by evaluating f̃ at a point (v0, . . . , v0, v, v0, . . . , v0),
where v ∈ E. This map factors through a linear map L → E/[v0], and hence
has a nonzero f in its kernel. This implies that x ∈ N(f), and hence x is a
singular point of PB(|L|).

(ii) In coordinates, the variety D̃(|L|) is a subvariety of type (1, d − 1) of
Pn × Pn given by the equations

n∑
k=0

uk
∂fk
∂t0

= . . . =

n∑
k=0

uk
∂fk
∂tn

= 0.

The tangent space at a point ([λ], [a]) is given by the system of n + 1 linear
equations in 2n+ 2 variables (X0, . . . , Xn, Y0, . . . , Yn)

n∑
k=0

∂fk
∂ti

(a)Xk +

n∑
j=0

∂2fλ
∂ti∂tj

(a)Yj = 0, i = 0, . . . , n, (1.37)

where fλ =
∑n
k=0 λkfk. Suppose ([λ], [a]) is a singular point. Then the

equations are linearly dependent. Thus there exists a nonzero vector v =

(α0, . . . , αn) such that
n∑
i=0

αi
∂fk
∂ti

(a) = Dv(fk)(a) = f̃k(a, . . . , a, v) = 0, k = 0, . . . , n

and
n∑
i

αi
∂2fλ
∂ti∂tj

(a) = Dv(
∂fλ
∂tj

)(a) = Dad−2v(
∂fλ
∂tj

) = 0, j = 0, . . . , n,

where fλ =
∑
λkfk. The first equation implies that x = ([a], . . . , [a], [v])

belongs to PB(|L|). Since a ∈ Sing(fλ), we have Dad−1(∂fλ∂tj ) = 0, j =

0, . . . , n. By (1.35), this and the second equation now imply that x ∈ N(fλ).
By Proposition 1.1.28, PB(|L|) is singular at x, contradicting the assumption.

Corollary 1.1.31 Suppose |L| is regular. Then the projection

q : D̃(|L|)→ D(|L|)

is a resolution of singularities.

Consider the projection p : D̃(|L|) → Jac(|L|), (D,x) 7→ x. Its fibres are
linear spaces of divisors in |L| singular at the point [a]. Conversely, suppose
D(|L|) contains a linear subspace, in particular, a line. Then, by Bertini’s The-
orem all singular divisors parameterized by the line have a common singular
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point. This implies that the morphism p has positive dimensional fibres. This
simple observation gives the following.

Proposition 1.1.32 Suppose D(|L|) does not contain lines. Then D̃(|L|) is
smooth if and only if Jac(|L|) is smooth. Moreover, HS(|L|) ∼= St(|L|) ∼=
Jac(|L|).

Remark 1.1.33 We will prove later in Example 1.2.3 that the tangent space of
the discriminant hypersurface Dd(n) at a point corresponding to a hypersurface
X = V (f) with only one ordinary double point x is naturally isomorphic to
the linear space of homogeneous forms of degree d vanishing at the point x
modulo Cf . This implies that D(|L|) is nonsingular at a point corresponding
to a hypersurface with one ordinary double point unless this double point is a
base point of |L|. If |L| has no base points, the singular points of D(|L|) are
of two sorts: either they correspond to divisors with worse singularities than
one ordinary double point, or the linear space |L| is tangent to Dd(n) at its
nonsingular point.

Consider the natural action of the symmetric group Sd on (Pn)d. It leaves
PB(|L|) invarian. The quotient variety

Rey(|L|) = PB(|L|)/Sd

is called the Reye variety of |L|. If d > 2 and n > 1, the Reye variety is
singular.

Example 1.1.34 Assume d = 2. Then PB(|L|) = HS(|L|) and Jac(|L|) =

St(|L|). Moreover, Rey(|L|) ∼= Cay(|L|). We have

deg Jac(|L|) = degD(|L|) = n+ 1, deg Cay(|L|) =

n∑
i=1

(
n+1
i

)(
n−1
i−1

)
.

The linear system is regular if and only if PB(|L|) is smooth. This coincides
with the notion of regularity of a web of quadrics in P3 discussed in [131].

A Reye line ` is contained in a codimension 2 subspace Λ(`) of |L|, and
is characterized by this condition. The linear subsystem Λ(`) of dimension
n− 2 contains ` in its base locus. The residual component is a curve of degree
2n−1 − 1 which intersects ` at two points. The points are the two ramification
points of the pencil Q ∩ `,Q ∈ |L|. The two singular points of the base locus
of Λ(`) define two singular points of the intersection Λ(`) ∩ D(|L|). Thus
Λ(`) is a codimension 2 subspace of |L| which is tangent to the determinantal
hypersurface at two points.

If |L| is regular and n = 3, PB(|L|) is a K3 surface, and its quotient Rey(|L|)
is an Enriques surface. The Cayley variety is a congruence (i.e. a surface) of
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lines in G1(P3) of order 7 and class 3 (this means that there are 7 Reye lines
through a general point in P3 and there 3 Reye lines in a general plane). The
Reye lines are bitangents of the quartic surface D(|L|). The quartic surface has
10 nodes and is called Cayley quartic symmetroid. We refer for the details to
[131]. The Reye congruence of lines is also discussed in [266].

1.2 The dual hypersurface

1.2.1 The polar map

Let X = V (f) for some f ∈ Sd(E∨). We assume that it is not a cone. The
polarization map

E → Sd−1(E∨), v 7→ Dv(f),

allows us to identify |E| with an n-dimensional linear system of hypersurfaces
of degree d− 1. This linear system defines a rational map

pX : |E| 99K P(E).

It follows from (1.12) that the map is given by assigning to a point a the linear
polar Pad−1(X). We call the map p the polar map defined by the hypersurface
X . In coordinates, the polar map is given by

[x0, . . . , xn] 7→
[ ∂f
∂t0

, . . . ,
∂f

∂tn

]
.

Recall that a hyperplane Ha = V (
∑
aiξi) in the dual projective space (Pn)∨

is the point a = [a0, . . . , an] ∈ Pn. The preimage of the hyperplane Ha under
pX is the polar Pa(X) = V (

∑
ai
∂f
∂ti

).
If X is nonsingular, the polar map is a regular map given by polynomials of

degree d − 1. Since it is a composition of the Veronese map and a projection,
it is a finite map of degree (d− 1)n.

Proposition 1.2.1 Assume X is nonsingular. The ramification divisor of the
polar map is equal to He(X).

Proof Note that, for any finite map φ : X → Y of nonsingular varieties, the
ramification divisor Ram(φ) is defined locally by the determinant of the linear
map of locally free sheaves φ∗(Ω1

Y ) → Ω1
X . The image of Ram(φ) in Y is

called the branch divisor. Both of the divisors may be nonreduced. We have
the Hurwitz formula

KX = φ∗(KY ) + Ram(φ). (1.38)
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The map φ is étale outside Ram(φ), i.e., for any point x ∈ X the homomor-
phism of local ring OY,φ(x) → OX,x defines an isomorphism of their formal
completions. In particular, the preimage φ−1(Z) of a nonsingular subvariety
Z ⊂ Y is nonsingular outside the support of Ram(φ). Applying this to the
polar map we see that the singular points of Pa(X) = p−1

X (Ha) are contained
in the ramification locus Ram(pX) of the polar map. On the other hand, we
know that the set of singular points of first polars is the Hessian He(X). This
shows that He(X) ⊂ Ram(pX). Applying the Hurwitz formula for the canon-
ical sheaf

KPn = p∗X(K(Pn)∨) + Ram(pX).

we obtain that deg(Ram(pX)) = (n+ 1)(d− 2) = deg(He(X)). This shows
that He(X) = Ram(pX).

What is the branch divisor? One can show that the preimage of a hyperplane
Ha in P(E) corresponding to a point a ∈ |E| is singular if and only if its
intersection with the branch divisor is not transversal. This means that the dual
hypersurface of the branch divisor is the Steinerian hypersurface. Equivalently,
the branch divisor is the dual of the Steinerian hypersurface.

1.2.2 Dual varieties

Recall that the dual variety X∨ of a subvariety X in Pn = |E| is the closure
in the dual projective space (Pn)∨ = |E∨| of the locus of hyperplanes in Pn
which are tangent to X at some nonsingular point of X .

The dual variety of a hypersurface X = V (f) is the image of X under the
rational map given by the first polars. In fact, the point [∂0f(x), . . . , ∂nf(x)]

in (Pn)∨ is the hyperplane V (
∑n
i=0 ∂if(x)ti) in Pn which is tangent to X at

the point x.
The following result is called the Reflexivity theorem. One can find its proof

in many modern text-books (e.g. [238], [277], [560], [604]).

Theorem 1.2.2 (Reflexivity Theorem)

(X∨)∨ = X.

It follows from any proof in loc. cit. that, for any nonsingular point y ∈ X∨
and any nonsingular point x ∈ X ,

Tx(X) ⊂ Hy ⇔ Ty(X∨) ⊂ Hx.

Here we continue to identify a point a in |E| with a hyperplane Ha in P(E).
The set of all hyperplanes in (Pn)∨ containing the linear subspace Ty(X∨) is
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the dual linear space of Ty(X∨) in Pn. Thus the fiber of the duality map (or
Gauss map)

γ : Xns → X∨, x 7→ Tx(X), (1.39)

over a nonsingular point y ∈ X∨ is an open subset of the projective subspace
in Pn equal to the dual of the tangent space Ty(X∨). Here and later Xns de-
notes the set of nonsingular points of a variety X . In particular, if X∨ is a
hypersurface, the dual space of Ty(X∨) must be a point, and hence the map γ
is birational.

Let us apply this to the case when X is a nonsingular hypersurface. The
polar map is a finite map, hence the dual of a nonsingular hypersurface is a
hypersurface. The duality map is a birational morphism

pX |X : X → X∨.

The degree of the dual hypersurface X∨ (if it is a hypersurface) is called
the class of X . For example, the class of any plane curve of degree > 1 is
well-defined.

Example 1.2.3 Let Dd(n) be the discriminant hypersurface in |Sd(E∨)|. We
would like to describe explicitly the tangent hyperplane of Dd(n) at its nonsin-
gular point. Let

D̃d(n) = {(X,x) ∈ |OPn(d)| × Pn : x ∈ Sing(X)}.

Let us see that D̃d(n) is nonsingular and the projection to the first factor

π : D̃d(n)→ Dd(n) (1.40)

is a resolution of singularities. In particular, π is an isomorphism over the open
set Dd(n)ns of nonsingular points of Dd(n).

The fact that D̃d(n) is nonsingular follows easily from considering the pro-
jection to Pn. For any point x ∈ Pn the fiber of the projection is the projective
space of hypersurfaces which have a singular point at x (this amounts to n+ 1

linear conditions on the coefficients). Thus D̃d(n) is a projective bundle over
Pn and hence is nonsingular.

Let us see where π is an isomorphism. Let Ai, |i| = d, be the projective
coordinates in

∣∣OPn(d)
∣∣ = |Sd(E∨)| corresponding to the coefficients of a

hypersurface of degree d and let t0, . . . , tn be projective coordinates in Pn.
Then D̃d(n) is given by n+1 bihomogeneous equations of bidegree (1, d−1):∑

|i|=d

isAit
i−es = 0, s = 0, . . . , n, (1.41)
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Here es is the s-th unit vector in Zn+1.
A point (X, [v0]) = (V (f), [v0]) ∈ |OPn(d)| × Pn belongs to D̃d(n) if

and only if, replacing Ai with the coefficient of f at ti and ti with the i-th
coefficient of v0, we get the identities.

We identify the tangent space of |Sd(E∨)|×|E| at a point (X, [v0]) with the
space Sd(E∨)/Cf ⊕E/Cv0. In coordinates, a vector in the tangent space is a
pair (g, [v]), where g =

∑
|i|=d ait

i, v = (x0, . . . , xn) are considered modulo
pairs (λf, µv0). Differentiating equations (1.41), we see that the tangent space
is defined by the (n+ 1)×

(
n+d
d

)
-matrix

. . . i0x
i−e0 . . .

∑
|i|=d i0i0Aix

i−e0−e0 . . .
∑
|i|=d i0inAix

i−e0−en

...
...

...
...

...
...

. . . inx
i−en . . .

∑
|i|=d ini0Aix

i−en−e0 . . .
∑
|i|=d ininAix

i−en−en ,


where xi−es = 0 if i − es is not a non-negative vector. It is easy to interpret

solutions of these equations as pairs (g, v) from the above such that

∇(g)(v0) + He(f)(v0) · v = 0. (1.42)

Since [v0] is a singular point of V (f), ∇(f)([v0]) = 0. Also He(f)(v0) ·
v0 = 0, as follows from Theorem 1.1.20. This confirms that pairs (λf, µv0) are
always solutions. The tangent map dπ at the point (V (f), [v0]) is given by the
projection (g, v) 7→ g, where (g, v) is a solution of (1.42). Its kernel consists
of the pairs (λf, v) modulo pairs (λf, µv0). For such pairs the equations (1.42)
give

He(f)(v0) · v = 0. (1.43)

We may assume that v0 = (1, 0, . . . , 0). Since [v0] is a singular point of V (f),
we can write f = td−2

0 f2(t1, . . . , tn) + . . .. Computing the Hessian matrix at
the point v0 we see that it is equal to

0 . . . . . . 0

0 a11 . . . a1n

...
...

...
...

0 an1 . . . ann

 , (1.44)

where f2(t1, . . . , tn) =
∑

0≤i,j≤n aijtitj . Thus a solution of (1.43), not pro-
portional to v0 exists if and only if det He(f2) = 0. By definition, this means
that the singular point of X at x is not an ordinary double point. Thus we ob-
tain that the projection map (1.40) is an isomorphism over the open subset of
Dd(n) representing hypersurfaces with an isolated ordinary singularity.

We can also find the description of the tangent space of Dd(n) at its point
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X = V (f) representing a hypersurface with a unique ordinary singular point
x. It follows from calculation of the Hessian matrix in (1.44), that its corank
at the ordinary singular point is equal to 1. Since the matrix is symmetric, a
vector in its nullspace is orthogonal to the column of the matrix. We know that
He(f)(v0) · v0 = 0. Thus the dot-product ∇(g)(v0) · v0 is equal to zero. By
Euler’s formula, we obtain g(v0) = 0. The converse is also true. This proves
that

T (Dd(n))X = {g ∈ Sd(E∨)/Cf : g(x) = 0}. (1.45)

Now we are ready to compute the dual variety of Dd(n). The condition
g(b) = 0, where Sing(X) = {b} is equivalent toDbd(f) = 0. Thus the tangent
hyperplane, considered as a point in the dual space |Sd(E)| = |Sd(E∨)∨|
corresponds to the envelope bd = (

∑n
s=0 bs∂i)

d. The set of such envelopes is
the Veronese variety Vnd , the image of |E| under the Veronese map vd : |E| →
|Sd(E)|. Thus

Dd(n)∨ ∼= νd(Pn), (1.46)

Of course, it is predictable. Recall that the Veronese variety is embedded
naturally in |OPn(d)|∨. Its hyperplane section can be identified with a hyper-
surface of degree d in Pn. A tangent hyperplane is a hypersurface with a sin-
gular point, i.e. a point in Dd(n). Thus the dual of Vnd is isomorphic to Dd(n),
and hence, by duality, the dual of Dd(n) is isomorphic to Vnd .

Example 1.2.4 Let Q = V (q) be a nonsingular quadric in Pn. Let A = (aij)

be a symmetric matrix defining q. The tangent hyperplane of Q at a point
[x] ∈ Pn is the hyperplane

t0

n∑
j=0

a0jxj + · · ·+ tn

n∑
j=0

anjxj = 0.

Thus the vector of coordinates y = (y0, . . . , yn) of the tangent hyperplane is
equal to the vector A · x. Since A is invertible, we can write x = A−1 · y. We
have

0 = x ·A · x = (y ·A−1) ·A · (A−1 · y) = y ·A−1 · y = 0.

Here we treat x or y as a row-matrix or as a column-matrix in order the matrix
multiplication makes sense. Since A−1 = det(A)−1adj(A), we obtain that the
dual variety of Q is also a quadric given by the adjugate matrix adj(A).

The description of the tangent space of the discriminant hypersurface from
Example 1.2.3 has the following nice application (see also Remark 1.1.33).
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Proposition 1.2.5 Let X be a hypersurface of degree d in Pn. Suppose a is
a nonsingular point of the Steinerian hypersurface St(X). Then Sing(Pa(X))

consists of an ordinary singular point b and

Ta(St(X)) = Pbd−1(X).

1.2.3 Plücker formulas

Let X = V (f) be a nonsingular irreducible hypersurface that is not a cone.
Fix n− 1 general points a1, . . . , an−1 in Pn. Consider the intersection

X ∩ Pa1(X) ∩ . . . ∩ Pan−1
(X) = {b ∈ Pn : a1, . . . , an−1 ∈ Tb(X)}.

The set of hyperplanes through a general set of n−1 points is a line in the dual
space. This shows that

degX∨ = #X ∩ Pa1(X) ∩ . . . ∩ Pan−1
(X) = d(d− 1)n−1. (1.47)

The computation does not apply to singular X since all polars Pa(X) pass
through singular points of X . In the case when X has only isolated singular-
ities, the intersection of n − 1 polars with X contains singular points which
correspond to hyperplanes which we excluded from the definition of the dual
hypersurface. So we get the following formula

deg(X∨) = d(d−1)n−1−
∑

x∈Sing(X)

i(X,Pa1(X), . . . , Pan−1(X))x. (1.48)

To state an explicit formula we need some definition. Let φ = (φ1, . . . , φk)

be a set of polynomials in C[z1, . . . , zn]. We assume that the holomorphic map
Cn → Ck defined by these polynomials has an isolated critical point at the
origin. Let J(φ) be the jacobian matrix. The ideal J (φ) in the ring of formal
power series C[[z1, . . . , zn]] generated by the maximal minors of the Jacobian
matrix is called the Jacobian ideal of φ. The number

µ(φ) = dimC[[z1, . . . , zn]]/J (φ)

is called the Milnor number of φ. Passing to affine coordinates, this definition
easily extends to the definition of the Milnor number µ(X,x) of an isolated
singularity of a complete intersection subvariety X in Pn.

We will need the following result of Lê Dũng Tráng [358], Theorem 3.7.1.

Lemma 1.2.6 Let Z be a complete intersection in Cn defined by polynomials
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φ1, . . . , φk with isolated singularity at the origin. Let Z1 = V (φ1, . . . , φk−1).
Then

µ(φ1, . . . , φk−1) + µ(φ1, . . . , φk−1, φk)

= dimC[[z1, . . . , zn]]/(φ1, . . . , φk−1,J (φ1, . . . , φk)).

Now we can state and prove the Plücker-Teissier formula for a hypersurface
with isolated singularities:

Theorem 1.2.7 Let X be a hypersurface in Pn of degree d. Suppose X has
only isolated singularities. For any point x ∈ Sing(X), let

e(X,x) = µ(X,x) + µ(H ∩X,x),

where H is a general hyperplane section of X containing x. Then

degX∨ = d(d− 1)n−1 −
∑

x∈Sing(X)

e(X,x).

.

Proof We have to show that e(X,x) = i(X,Pa1(X), . . . , Pan−1
(X))x. We

may assume that x = [1, 0, . . . , 0] and choose affine coordinates with zi =

ti/t0. Let f(t0, . . . , tn) = td0g(z1, . . . , zn). Easy calculations employing the
Chain Rule, give the formula for the dehomogenized partial derivatives

x−d0

∂f

∂t0
= dg +

∑ ∂g

∂zi
zi,

x−d0

∂f

∂ti
=

∂g

∂zi
, i = 1, . . . , n.

Let H = V (h) be a general hyperplane spanned by n − 1 general points
a1, . . . , an−1, and h : Cn → C be the projection defined by the linear function
h =

∑
αizi. Let

F : Cn → C2, z = (z1, . . . , zn) 7→ (g(z), h(z)).

Consider the Jacobian determinant of the two functions (f, h)

J(g, h) =

(
∂g
∂z1

. . . ∂g
∂zn

α1 . . . αn

)
.

The ideal (g, J(g, h)) defines the set of critical points of the restriction of the
map F to X \ V (t0). We have

(g, J(g, h)) = (g, αi
∂g

∂zj
− αj

∂g

∂zi
)1≤i<j≤n,
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The points (0, . . . , 0, αj , 0, . . . , 0,−αi, 0, . . . , 0) span the hyperplane H . We
may assume that these points are our points a1, . . . , an−1. So, we see that
(g, J(g, h)) coincides with the ideal in the completion of local ringOPn,x gen-
erated by f and the polars Pai(f). By definition of the index of intersection,
we have

i(X,Pa1(X), . . . , Pan−1(X))x = µ(g, h).

It remains for us to apply Lemma 1.2.6, where Z = V (g) and Z1 = V (g) ∩
V (h).

Example 1.2.8 An isolated singular point x of a hypersurface X in Pn is
called an Ak-singularity (or a singular point of type Ak) if the formal comple-
tion ofOX,x is isomorphic to C[[z1, . . . , zn]]/(zk+1

1 +z2
2 + · · ·+z2

n). If k = 1,
it is an ordinary quadratic singularity (or a node), if k = 2, it is an ordinary
cusp. We get

µ(X,x) = k, µ(X ∩H,x) = 1.

This gives the Plücker formula for hypersurfaces with s singularities of type
Ak1 , . . . , Aks

degX∨ = d(d− 1)n−1 − (k1 + 1)− · · · − (ks + 1). (1.49)

In particularly, when X is a plane curve C with δ nodes and κ ordinary cusps,
we get a familiar Plücker formula

degC∨ = d(d− 1)− 2δ − 3κ. (1.50)

Note that, in case of plane curves, µ(H ∩X,x) is always equal to multxX−1,
where multxX is the multiplicity of X at x. This gives the Plücker formula for
plane curves with arbitrary singularities

degC∨ = d(d− 1)−
∑

x∈Sing(X)

(µ(X,x) + multxX − 1). (1.51)

Note that the dual curve C∨ of a nonsingular curve C of degree d > 2 is
always singular. This follows from the formula for the genus of a nonsingular
plane curve and the fact that C and C∨ are birationally isomorphic. The po-
lar map C → C∨ is equal to the normalization map. A singular point of C∨

corresponds to a line which is either tangent to C at several points, or is an in-
flection tangent. We skip a local computation which shows that a line which is
an inflection tangent at one point with ordfl = 1 (an honest inflection tangent)
gives an ordinary cusp of C∨ and a line which is tangent at two points which
are not inflection points (honest bitangent) gives a node. Thus we obtain that
the number δ̌ of nodes of C∨ is equal to the number of honest bitangents of
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C and the number κ̌ of ordinary cusps of C∨ is equal to the number of honest
inflection tangents to C∨.

Assume that C is nonsingular and C∨ has no other singular points except
ordinary nodes and cusps. We know that the number of inflection points is
equal to 3d(d− 2). Applying Plücker formula (1.50) to C∨, we get that

δ̌ =
1

2

(
d(d−1)(d(d−1)−1)−d−9d(d−2)

)
=

1

2
d(d−2)(d2−9). (1.52)

This is the (expected) number of bitangents of a nonsingular plane curve. For
example, we expect that a nonsingular plane quartic has 28 bitangents.

We refer for discussions of Plücker formulas to many modern text-books
(e.g. [219], [230], [266], [238]). A proof of Plücker-Teissiere formula can be
found in [556]. A generalization of the Plücker-Teissier formula to complete
intersections in projective space was given by S. Kleiman [333]

1.3 Polar s-hedra

1.3.1 Apolar schemes

We continue to use E to denote a complex vector space of dimension n + 1.
Consider the polarization pairing (1.2)

Sd(E∨)× Sk(E)→ Sd−k(E∨), (f, ψ) 7→ Dψ(f).

Definition 1.3.1 ψ ∈ Sk(E) is called apolar to f ∈ Sd(E∨) if Dψ(f) = 0.

We extend this definition to hypersurfaces in the obvious way.

Lemma 1.3.2 For any ψ ∈ Sk(E), ψ′ ∈ Sm(E) and f ∈ Sd(E∨),

Dψ′(Dψ(f)) = Dψψ′(f).

Proof By linearity and induction on the degree, it suffices to verify the asser-
tion in the case when ψ = ∂i and ψ′ = ∂j . In this case it is obvious.

Corollary 1.3.3 Let f ∈ Sd(E∨). Let APk(f) be the subspace of Sk(E)

spanned by forms of degree k apolar to f . Then

AP(f) =

∞⊕
k=0

APk(f)

is a homogeneous ideal in the symmetric algebra S(E).
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Definition 1.3.4 The quotient ring

Af = S(E)/AP(f)

is called the apolar ring of f .

The ringAf inherits the grading of S(E). Since any polynomial ψ ∈ Sr(E)

with r > d is apolar to f , we see that Af is annihilated by the ideal md+1
+ =

(∂0, . . . , ∂n)d+1. Thus Af is an Artinian graded local algebra over C. Since
the pairing between Sd(E) and Sd(E∨) has values in S0(E∨) = C, we see
that APd(f) is of codimension 1 in Sd(E). Thus (Af )d is a vector space of di-
mension 1 over C and coincides with the socle of Af , i.e. the ideal of elements
of Af annihilated by its maximal ideal.

Note that the latter property characterizes Gorenstein graded local Artinian
rings, see [207], [312].

Proposition 1.3.5 (F. S. Macaulay) The correspondence f 7→ Af is a bijec-
tion between |Sd(E∨)| and graded Artinian quotient algebras S(E)/J with
1-dimensional socle.

Proof Let us show how to reconstruct Cf from S(E)/J . The multiplication
of d vectors in E composed with the projection to Sd(E)/Jd defines a linear
map Sd(E) → Sd(E)/Jd ∼= C. Choosing a basis (S(E)/J)d, we obtain a
linear function f on Sd(E). It corresponds to an element of Sd(E∨).

Recall that any closed non-empty subscheme Z ⊂ Pn is defined by a unique
saturated homogeneous ideal IZ in C[t0, . . . , tn]. Its locus of zeros in the affine
space An+1 is the affine cone CZ of Z isomorphic to Spec(C[t0, . . . , tn]/IZ).

Definition 1.3.6 Let f ∈ Sd(E∨). A subscheme Z ⊂ |E∨| = P(E) is called
apolar to f if its homogeneous ideal IZ is contained in AP(f), or, equivalently,
Spec(Af ) is a closed subscheme of the affine cone CZ of Z.

This definition agrees with the definition of an apolar homogeneous form ψ.
A homogeneous form ψ ∈ Sk(E) is apolar to f if and only if the hypersurface
V (ψ) is apolar to V (f).

Consider the natural pairing

(Af )k × (Af )d−k → (Af )d ∼= C (1.53)

defined by multiplication of polynomials. It is well defined because of Lemma
1.3.2. The left kernel of this pairing consists of ψ ∈ Sk(E) mod AP(f) ∩
Sk(E) such that Dψψ′(f) = 0 for all ψ′ ∈ Sd−k(E). By Lemma 1.3.2,
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Dψψ′(f) = Dψ′(Dψ(f)) = 0 for all ψ′ ∈ Sd−k(E). This implies Dψ(f) =

0. Thus ψ ∈ AP(f) and hence is zero in Af . This shows that the pairing (1.53)
is a perfect pairing. This is one of the nice features of a Gorenstein Artinian
algebra (see [207], 21.2).

It follows that the Hilbert polynomial

HAf (t) =

d∑
i=0

dim(Af )it
i = adt

d + · · ·+ a0

is a reciprocal monic polynomial, i.e. ai = ad−i, ad = 1. It is an important
invariant of a homogeneous form f .

Example 1.3.7 Let f = ld be the d-th power of a linear form l ∈ E∨. For any
ψ ∈ Sk(E) = (Sk(E)∨)∨ we have

Dψ(ld) = d(d− 1) · · · (d− k + 1)ld−kψ(l) = d!l[d−k]ψ(l),

where we set

l[i] =

{
1
i! l
i if k ≤ d,

0 otherwise.

Here we view ψ ∈ Sd(E) as a homogeneous form on E∨. In coordinates, l =∑n
i=0 aiti, ψ = ψ(∂0, . . . , ∂n) and ψ(l) = d!ψ(a0, . . . , an). Thus we see that

APk(f), k ≤ d, consists of polynomials of degree k vanishing at l. Assume,
for simplicity, that l = t0. The ideal AP (td0) is generated by ∂1, . . . , ∂n, ∂

d+1
0 .

The Hilbert polynomial is equal to 1 + t+ · · ·+ td.

1.3.2 Sums of powers

For any point a ∈ |E∨| we continue to denote by Ha the corresponding hyper-
plane in |E|.

Suppose f ∈ Sd(E∨) is equal to a sum of powers of nonzero linear forms

f = ld1 + · · ·+ lds . (1.54)

This implies that for any ψ ∈ Sk(E),

Dψ(f) = Dψ(

s∑
i=1

ldi ) =

s∑
i=1

ψ(li)l
[d−k]
i . (1.55)

In particular, taking d = k, we obtain that

〈ld1 , . . . , lds〉⊥Sd(E) = {ψ ∈ Sd(E) : ψ(li) = 0, i = 1, . . . , s} = (IZ)d,

where Z is the closed reduced subscheme of points {[l1], . . . , [ls]} ⊂ |E∨|
corresponding to the linear forms li, and IZ denotes its homogeneous ideal.
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This implies that the codimension of the linear span 〈ld1 , . . . , lds〉 in Sd(E∨)

is equal to the dimension of (IZ)d, hence the forms ld1 , . . . , l
d
s are linearly in-

dependent if and only if the points [l1], . . . , [ls] impose independent conditions
on hypersurfaces of degree d in P(E) = |E∨|.

Suppose f ∈ 〈ld1 , . . . , lds〉, then (IZ)d ⊂ APd(f). Conversely, if this is true,
we have

f ∈ APd(f)⊥ ⊂ (IZ)⊥d = 〈ld1 , . . . , lds〉.

If we additionally assume that (IZ′)d 6⊂ APd(f) for any proper subset Z ′ of
Z, we obtain, after replacing the forms l′is by proportional ones, that

f = ld1 + · · ·+ lds .

Definition 1.3.8 A polar s-hedron of f is a set of hyperplanesHi = V (li), i =

1, . . . , s, in |E| such that

f = ld1 + · · ·+ lds ,

and, considered as points [li] in P(E), the hyperplanesHi impose independent
conditions in the linear system |OP(E)(d)|. A polar s-hedron is called nonde-
generate if the hyperplanes V (li) are in general linear position (i.e. no n + 1

hyperplanes intersect).

Note that this definition does not depend on the choice of linear forms defin-
ing the hyperplanes. Also it does not depend on the choice of the equation
defining the hypersurface V (f). We ca also view a polar s-hedron as an un-
ordered set of points in the dual space. In the case n = 2, it is often called a
polar s-gon, although this terminology is somewhat confusing since a polygon
comes with an order of its set of vertices.. Also in dimension 2 we cam employ
the terminology of s-laterals.

The following propositions follow from the above discussion.

Proposition 1.3.9 Let f ∈ Sd(E∨). Then Z = {[l1], . . . , [ls]} is a polar
s-hedron of f if and only if the following properties are satisfied

(i) IZ(d) ⊂ APd(f);

(ii) IZ′(d) 6⊂ APd(f) for any proper subset Z ′ of Z.

Proposition 1.3.10 A set Z = {[l1], . . . , [ls]} is a polar s-hedron of f ∈
Sd(E∨) if and only if Z, considered as a closed subscheme of |E∨|, is apolar
to f but no proper subscheme of Z is apolar to f .
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1.3.3 Generalized polar s-hedra

Proposition 1.3.10 allows one to generalize the definition of a polar s-hedron.
A polar s-hedron can be viewed as a reduced closed subscheme Z of P(E) =

|E|∨ consisting of s points. Obviously,

h0(OZ) = dimH0(P(E),OZ) = s.

More generally, we may consider non-reduced closed subschemes Z of P(E)

of dimension 0 satisfying h0(OZ) = s. The set of such subschemes is pa-
rameterized by a projective algebraic variety Hilbs(P(E)) called the punctual
Hilbert scheme of P(E) of 0-cycles of length s.

Any Z ∈ Hilbs(P(E)) defines the subspace

IZ(d) = P(H0(P(E), IZ(d))) ⊂ H0(P(E),OP(E)(d)) = Sd(E).

The exact sequence

0→ H0(P(E), IZ(d))→ H0(P(E),OP(E)(d))→ H0(P(E),OZ) (1.56)

→ H1(P(E), IZ(d))→ 0

shows that the dimension of the subspace

〈Z〉d = P(H0(P(E), IZ(d))⊥) ⊂ |Sd(E∨)| (1.57)

is equal to h0(OZ) − h1(IZ(d)) − 1 = s − 1 − h1(IZ(d)). If Z is reduced
and consists of points p1, . . . , ps, then 〈Z〉d = 〈vd(p1), . . . , vd(ps)〉, where
vd : P(E)→ P(Sd(E)) is the Veronese map. Hence, dim〈Z〉d = s− 1 if the
points vd(p1), . . . , vd(ps) are linearly independent. We say that Z is linearly
d-independent if dim〈Z〉d = s− 1.

Definition 1.3.11 A generalized s-hedron of f ∈ Sd(E∨) is a linearly d-
independent subscheme Z ∈ Hilbs(P(E)) which is apolar to f .

Recall that Z is apolar to f if, for each k ≥ 0,

IZ(k) = H0(P(E), IZ(k)) ⊂ APk(f). (1.58)

According to this definition, a polar s-hedron is a reduced generalized s-hedron.
The following is a generalization of Proposition 1.3.9.

Proposition 1.3.12 A linearly d-independent subscheme Z ∈ Hilbs(P(E))

is a generalized polar s-hedron of f ∈ Sd(E∨) if and only if

IZ(d) ⊂ APd(f).
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Proof We have to show that the inclusion in the assertion implies IZ(d) ⊂
APk(f) for any k ≤ d. For any ψ′ ∈ Sd−k(E) and any ψ ∈ IZ(k), the product
ψψ′ belongs to IZ(k). Thus Dψψ′(f) = 0. By the duality, Dψ(f) = 0, i.e.
ψ ∈ APk(f).

Example 1.3.13 Let Z ∈ Hilbs(P(E)) be the union of k fat points pk, i.e. at
each pi ∈ Z the ideal IZ,pi is equal to the mi-th power of the maximal ideal.
Obviously,

s =

k∑
i=1

(
n+mi−1
mi−1

)
.

Then the linear system |IZ(d)| consists of hypersurfaces of degree d with
points pi of multiplicity ≥ mi. One can show (see [312], Theorem 5.3) that
Z is apolar to f if and only if

f = ld−m1+1
1 g1 + · · ·+ ld−mk+1

k gk,

where pi = V (li) and gi is a homogeneous polynomial of degree mi − 1 or
the zero polynomial.

Remark 1.3.14 It is not known whether the set of generalized s-hedra of f
is a closed subset of Hilbs(P(E)). It is known to be true for s ≤ d + 1 since
in this case dim IZ(d) = t := dimSd(E) − s for all Z ∈ Hilbs(P(E)) (see
[312], p.48). This defines a regular map of Hilbs(P(E)) to the Grassmannian
Gt−1(|Sd(E)|) and the set of generalized s-hedra equal to the preimage of a
closed subset consisting of subspaces contained in APd(f). Also we see that
h1(IZ(d)) = 0, hence Z is always linearly d-independent.

1.3.4 Secant varieties and sums of powers

Consider the Veronese map of degree d

νd : |E| → |Sd(E)|, [v] 7→ [vd],

defined by the complete linear system |SdE∨|. The image of this map is the
Veronese variety Vnd of dimension n and degree dn. It is isomorphic to Pn. By
choosing a monomial basis ti in the linear space of homogeneous polynomials
of degree d we obtain that the Veronese variety is isomorphic to the subvariety

of P
(
n+d
d

)
−1 given by equations

Ai ·Aj −AkAm = 0, i + j = k + m,

where Ai are dual coordinates in the space of polynomials of degree d. The
image of Pn under the map defined by a choice of a basis of the complete
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linear system of hypersurfaces of degree d is called a n-dimensional Veronese
variety of degree dn.

One can combine the Veronese mapping and the Segre mapping to define
a Segre-Veronese variety Vn1,...,nk(d1, . . . , dk). It is equal to the image of the
map Pn1 ×· · ·×Pnk defined by the complete linear system |OPn1 (d1)� · · ·�
OPnk (dk)|.

The notion of a polar s-hedron acquires a simple geometric interpretation
in terms of the secant varieties of the Veronese variety Vnd . If a set of points
[l1], . . . , [ls] in |E| is a polar s-hedron of f , then [f ] ∈ 〈[ld1 ], . . . , [lds ]〉, and
hence [f ] belongs to the (s− 1)-secant subspace of Vnd . Conversely, a general
point in this subspace admits a polar s-hedron. Recall that for any irreducible
nondegenerate projective variety X ⊂ PN of dimension r its t-secant variety
Sect(X) is defined to be the Zariski closure of the set of points in PN which
lie in the linear span of dimension t of some set of t + 1 linearly independent
points in X .

The counting constants easily gives

dim Sect(X) ≤ min(r(t+ 1) + t,N).

The subvariety X ⊂ PN is called t-defective if the inequality is strict. An
example of a 1-defective variety is a Veronese surface in P5.

A fundamental result about secant varieties is the following Lemma whose
modern proof can be found in [604], Chapter II, and in [149]

Lemma 1.3.15 (A. Terracini) Let p1, . . . , pt+1 be general t + 1 points in X
and p be a general point in their span. Then

Tp(Sect(X)) = Tp1(X), . . . ,Tpt+1(X).

The inclusion part

Tp1(X), . . . ,Tpt+1(X) ⊂ Tp(Sect(X))

is easy to prove. We assume for simplicity that t = 1. Then Sec1(X) contains
the cone C(p1, X) which is swept out by the lines p1q, q ∈ X . Therefore,
Tp(C(p1, X)) ⊂ Tp(Sec1(X)). However, it is easy to see that Tp(C(p1, X))

contains Tp1(X).

Corollary 1.3.16 Sect(X) 6= PN if and only if, for any t+ 1 general points
of X , there exists a hyperplane section of X singular at these points. In par-
ticular, if N ≤ r(t + 1) + t, the variety X is t-defective if and only if for any
t + 1 general points of X there exists a hyperplane section of X singular at
these points.
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Example 1.3.17 Let X = Vnd ⊂ P
(
d+n
n

)
−1 be a Veronese variety. Assume

n(t + 1) + t >
(
d+n
n

)
− 1. A hyperplane section of X is isomorphic to a

hypersurface of degree d in Pn. Thus Sect(Vnd ) 6= |Sd(E∨)| if and only if, for
any t+ 1 general points in Pn, there exists a hypersurface of degree d singular
at these points.

Consider a Veronese curve V1
d ⊂ Pd. Assume 2t+ 1 ≥ d. Since d < 2t+ 2,

there are no homogeneous forms of degree d which have t+ 1 multiple roots.
Thus the Veronese curve Rd = vd(P1) ⊂ Pd is not t-degenerate for t ≥
(d− 1)/2.

Take n = 2 and d = 2. For any two points in P2 there exists a conic singular
at these points, namely the double line through the points. This explains why a
Veronese surface V 2

2 is 1-defective.
Another example is V2

4 ⊂ P14 and t = 4. The expected dimension of
Sec4(X) is equal to 14. For any 5 points in P2 there exists a conic passing
through these points. Taking it with multiplicity 2, we obtain a quartic which
is singular at these points. This shows that V2

4 is 4-defective.

The following Corollary of Terracini’s Lemma is called the First Main Theo-
rem on apolarity in [205]. The authors gave an algebraic proof of this Theorem
without using Terracini’s Lemma.

Corollary 1.3.18 A general homogeneous form in Sd(E∨) admits a polar
s-hedron if and only if there exist linear forms l1, . . . , ls ∈ E∨ such that,
for any nonzero ψ ∈ Sd(E), the ideal AP (ψ) ⊂ S(E∨) does not contain
{ld−1

1 , . . . , ld−1
s }.

Proof A general form in Sd(E∨) admits a polar s-hedron if and only if the
secant variety Secs−1(Vnd ) is equal to the whole space. This means that the
span of the tangent spaces at some points qi = V (ldi ), i = 1, . . . , s, is equal to
the whole space. By Terracini’s Lemma, this is equivalent to that the tangent
spaces of the Veronese variety at the points qi are not contained in a hyperplane
defined by some ψ ∈ Sd(E) = Sd(E∨)∨. It remains for us to use that the
tangent space of the Veronese variety at qi is equal to the projective space of
all homogeneous forms ld−1

i l, l ∈ E∨ \ {0} (see Exercise 1.18). Thus, for any
nonzero ψ ∈ Sd(E), it is impossible that Pld−1

i l(ψ) = 0 for all l and for all
i. But Pld−1

i l(ψ) = 0 for all l if and only if Pld−1
i

(ψ) = 0. This proves the
assertion.

The following fundamental result is due to J. Alexander and A. Hirschowitz
[5]. A simplified proof can be found in [53] or [91].
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Theorem 1.3.19 If d > 2, the Veronese variety Vnd is t-defective if and only
if

(n, d, t) = (2, 4, 4), (3, 4, 8), (4, 3, 6), (4, 4, 13).

In all these cases the secant variety Sect(Vnd ) is a hypersurface. The Veronese
variety Vn2 is t-defective only if 1 ≤ t ≤ n. Its t-secant variety is of dimension
n(t+ 1)− 1

2 (t− 2)(t+ 1)− 1.

For the sufficiency of the condition, only the case (4, 3, 6) is not trivial. It
asserts that for 7 general points in P3 there exists a cubic hypersurface which
is singular at these points. To see this, we use a well-known fact that any n+ 3

general points in Pn lie on a Veronese curve of degree n (see, for example,
[277], Theorem 1.18). So, we find such a curve R through 7 general points in
P4 and consider the 1-secant variety Sec1(R). It is a cubic hypersurface given
by the catalecticant invariant of a binary quartic form. It contains the curve R
as it singular locus.

Other cases are easy. We have seen already the first two cases. The third case
follows from the existence of a quadric through nine general points in P3. The
square of its equation defines a quartic with 9 points. The last case is similar.
For any 14 general points there exists a quadric in P4 containing these points.
In the case of quadrics we use that the variety of quadrics of corank r is of
codimension r(r + 1)/2 in the variety of all quadrics.

Obviously, if dim Secs−1(Vnd ) < dim |SdE∨)| =
(
n+d
n

)
− 1, a general

form f ∈ Sd(E∨) cannot be written as a sum of s powers of linear forms.
Since dim Secs−1(Vnd ) ≤ min{(n+ 1)s−1,

(
n+d
n

)
−1}, the minimal number

s(n, d) of powers needed to write f as a sum of powers of linear forms satisfies

s(n, d) ≥
⌈ 1

n+ 1

(
n+ d

n

)⌉
. (1.59)

If Vnd is not (s − 1)-defective, then the equality holds. Applying Theorem
1.3.19, we obtain the following.

Corollary 1.3.20

s(n, d) =
⌈ 1

n+ 1

(
n+ d

n

)⌉
unless (n, d) = (n, 2), (2, 4), (3, 4), (4, 3), (4, 4). In these exceptional cases
s(n, d) = n+ 1, 6, 10, 8, 15 instead of expected dn−1

2 e, 5, 9, 8, 14.

Remark 1.3.21 If d > 2, in all the exceptional cases listed in the previous
corollary, s(n, d) is larger by one than the expected number. The variety of
forms of degree d that can be written as the sum of the expected number of
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powers of linear forms is a hypersurface in |OPn(d)|. In the case (n, d, t) =

(2, 4, 5), the hypersurface is of degree 6 and is given by the catalecticant matrix
which we will discuss later in this chapter. The curves parameterized by this
hypersurface are Clebsch quartics which we will discuss in Chapter 6. The
case (n, d) = (4, 3) was studied only recently in [419]. The hypersurface is
of degree 15. In the other two cases, the equation expresses that the second
partials of the quartic are linearly dependent (see [239], pp. 58-59.)

One can also consider the problem of a representation of several forms
f1, . . . , fk ∈ Sd(E∨) as a sum of powers of the same set (up to proportional-
ity) of linear forms l1, . . . , ls. This means that the forms share a common polar
s-hedron. For example, a well-known result from linear algebra states that two
general quadratic forms q1, q2 in k variables can be simultaneously diagonal-
ized. In our terminology this means that they have a common polar k-hedron.
More precisely, this is possible if the det(q1 +λq2) has n+1 distinct roots (we
will discuss this later in Chapter 8 while studying del Pezzo surfaces of degree
4).

Suppose

fj =

s∑
i=1

a
(j)
i ldi , j = 1, . . . , k. (1.60)

We view this as an element φ ∈ U∨ ⊗ Sd(E∨), where U = Ck. The map φ
is the sum of s linear maps φ of rank 1 with the images spanned by ldi . So, we
can view each φ as a vector in U∨ ⊗ Sd(E∨) equal to the image of a vector in
U∨⊗E∨ embedded in U∨⊗E∨ by u⊗ l 7→ u⊗ ld. Now, everything becomes
clear. We consider the Segre-Veronese embedding

|U∨| × |E∨| ↪→ |U∨| × |Sd(E∨)| ↪→ |U∨ ⊗ Sd(E∨)|

defined by the linear system of divisors of type (1, d) and view [φ] as a point
in the projective space |U∨⊗Sd(E∨)| which lies on the (s−1)-secant variety
of Vk−1,n(1, d).

For any linear map φ ∈ Hom(U, Sd(E∨)), consider the linear map

Tφ : Hom(U,E)→ Hom(

2∧
U, Sd−1(E∨)),

defined by

Tφ(α) : u ∧ v 7→ Dα(u)(φ(v))−Dα(v)(φ(u)).

We call this map the Toeplitz map. Suppose that φ is of rank 1 with the image
spanned by ld, then Tφ is of rank equal to dim

∧2
U − 1 = (k− 2)(k+ 1)/2.

If we choose a basis u1, . . . , uk in U and coordinates t0, . . . , tn in E, then the
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image is spanned by ld−1(aiui− ajuj), where l =
∑
aiti. This shows that, if

φ belongs to Secs−1(|U∨| × |E∨|),

rank Tφ ≤ s(k − 2)(k + 1)/2. (1.61)

The expected dimension of Secs−1(|U∨| × |E∨|) is equal to s(k + n)− 1.
Thus, we expect that Secs−1(|U∨| × |E∨|) coincides with |U∨ ⊗ Sd(E∨)|
when

s ≥
⌈ k

k + n

(
n+ d

n

)⌉
. (1.62)

If this happens, we obtain that a general set of k forms admits a common polar
s-hedron. Of course, as in the case k = 1, there could be exceptions if the
secant variety is (s− 1)-defective.

Example 1.3.22 Assume d = 2 and k = 3. In this case the matrix of Tφ
is a square matrix of size 3(n + 1). Let us identify the spaces U∨ and

∧2
U

by means of the volume form u1 ∧ u2 ∧ u3 ∈
∧3

U ∼= C. Also identify
φ(ui) ∈ S2(E∨) with a square symmetric matrix Ai of size n + 1. Then,
an easy computation shows that one can represent the linear map Tφ by the
skew-symmetric matrix

 0 A1 A2

−A1 0 A3

−A2 −A3 0

 . (1.63)

Now condition (1.61) for

s =
⌈k(n+d

n

)
k + n

⌉
=
⌈3(n+ 2)(n+ 1)

2(n+ 3)

⌉
=


1
2 (3n+ 2) if n is even,
1
2 (3n+ 1) if n is odd ≥ 3,

3 if n = 1

becomes equivalent to the condition

Λ = Pf

 0 A1 A2

−A1 0 A3

−A2 −A3 0

 = 0. (1.64)

It is known that the secant variety Secs−1(|U | × |E|) of the Segre-Veronese
variety is a hypersurface if n ≥ 3 is odd and the whole space if n is even (see
[546], Lemma 4.4). It implies that, in the odd case, the hypersurface is equal
to V (Λ). Its degree is equal to 3(n + 1)/2. Of course, in the even case, the
pfaffian vanishes identically.
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In the case n = 3, the pfaffian Λ was introduced by E. Toeplitz [562]. It
is an invariant of the net2 of quadrics in P3 that vanishes on the nets with
common polar pentahedron. Following [246], we call Λ the Toeplitz invariant.
Let us write its generators f1, f2, f3 in the form (1.60) with n = 3 and s =
1
2 (3n + 1) = 5. Since the four linear forms li are linearly dependent, we can
normalize them by assuming that l1 + · · ·+ l5 = 0 and assume that l1, . . . , l5
span a 4-dimensional subspace. Consider a cubic form

F =
1

3

5∑
i=1

l3i ,

and find three vectors vi in C4 such that

(l1(vj), . . . , l5(vj)) = (a
(j)
1 , . . . , a

(j)
5 ), j = 1, 2, 3.

Now we check that fj = Dvj (F ) for j = 1, 2, 3. This shows that the net
spanned by f1, f2, f3 is a net of polar quadrics of the cubic F . Conversely, we
will see later that any general cubic form in 4 variables admits a polar pentahe-
dron. Thus any net of polars of a general cubic surface admits a common polar
pentahedron. So, the Toeplitz invariant vanishes on a general net of quadrics in
P3 if and only if the net is realized as a net of polar quadrics of a cubic.

Remark 1.3.23 Let (n, d, k, s) denote the numbers such that we have the strict
inequality in (1.62). We call such 4-tuples exceptional. Examples of excep-
tional 4-tuples are (n, 2, 3, 1

2 (3n + 1)) with odd n ≥ 2. The secant hypersur-
faces in these cases are given by the Toeplitz invariant Λ. The case (3, 2, 3, 5)

was first discovered by G. Darboux [152].3 It has been rediscovered and ex-
tended to any odd n by G. Ottaviani [418]. There are other two known ex-
amples. The case (2, 3, 2, 5) was discovered by F. London [364]. The secant
variety is a hypersurface given by the determinant of order 6 of the linear map
Tφ (see Exercise 1.30). The examples (3, 2, 5, 6) and (5, 2, 3, 8) were discov-
ered recently by E. Carlini and J. Chipalkatti [64]. The secant hypersurface in
the second case is a hypersurface of degree 18 given by the determinant of Tφ.
There are no exceptional 4-tuples (n, 2, 2, s) [64] and no exceptional 4-tuples
(n, d, k, s) for large n (with some explicit bound)[1]. We refer to [96], where
the varieties of common polar s-hedra are studied.

Remark 1.3.24 Assume that one of the matrices A1, A2, A3 in (1.63) is in-

2 We employ classical terminology calling a 1-dimensional (resp. 2-dimensional, resp.
3-dimensional) linear system a pencil (resp. a net, resp. a web).

3 Darboux also wrongly claimed that the case (3, 2, 4, 6) is exceptional, the mistake was
pointed out by Terracini [557] without proof, a proof is in [64].
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vertible, say let it be A2. ThenI 0 0

0 I −A1A
−1
2

0 0 I

 0 A1 A2

−A1 0 A3

−A2 −A3 0

I 0 0

0 I 0

0 −A−1
2 A1 I



=

 0 0 A2

0 B A3

−A2 −A3 0

 ,

where

B = A1A
−1
2 A3 −A3A

−1
2 A1.

This shows that

rank

 0 A1 A2

−A1 0 A3

−A2 −A3 0

 = rank B + 2n+ 2.

The condition that rankB ≤ 2 is known in the theory of vector bundles over
the projective plane as Barth’s condition on the net of quadrics in Pn. It does
not depend on the choice of a basis of the net of quadrics spanned by the
quadrics with matrices A1, A2, A3. Under Barth’s condition, the discriminant
curve det(z0A1+z1A2+2A3) = 0 of singular quadrics in the net is a Darboux
curve of degree n+ 1 (see [24]).

1.3.5 The Waring problems

The well-known Waring problem in number theory asks about the smallest
number s(d) such that each natural number can be written as a sum of s(d) d-
th powers of natural numbers. It also asks in how many ways it can be done. Its
polynomial analog asks about the smallest number s(n, d) such that a general
homogeneous polynomial of degree d in n + 1 variables can be written as a
sum of s d-th powers of linear forms. Corollary (1.3.20) solves this problem.

Other versions of the Waring problem ask the following questions:

• (W1) Given a homogeneous forms f ∈ Sd(E∨), study the variety of sums
of powers VSP(f, s)o, i.e. the subvariety of P(E)(s) that consists of polar
s-hedra of f or, more general, the subvariety VSP(f, s) of Hilbs(P(E))

parameterizing generalized polar s-hedra of f .
• (W2) Given s, find the equations of the closure PS(s, d;n) in Sd(E∨) of

the locus of homogeneous forms of degree d which can be written as a
sum of s powers of linear forms.
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We can also ask similar questions for several forms in Sd(E∨).
Note that PS(s, d;n) is the affine cone over the secant variety Secs−1(Vnd ).

In the language of secant varieties, the variety VSP(f, s)o is the set of linearly
independent sets of s points p1, . . . , ps in Vnd such that [f ] ∈ 〈p1, . . . , ps〉 and
does not belong to the span of the proper subset of the set of these points. The
variety VSP(f, s) is the set of linearly independent Z ∈ Hilbs(P(E)) such that
[f ] ∈ 〈Z〉. Note that we have a natural map

VSP(f, s)→ G(s, Sd(E)), Z 7→ 〈Z〉d,

where G(s, Sd(E)) = Gs−1(|Sd(E)|) is the Grassmannian of s-dimensional
subspaces of Sd(E). This map is not injective in general.

Also note that for a general form f , the variety VSP(f, s) is equal to the
closure of VSP(f, s)o in the Hilbert scheme Hilbs(P(E)) (see [312], 7.2).
It is not true for an arbitrary form f . One can also embed VSP(f ; s)o in
P(Sd(E)) by assigning to {l1, . . . , ls} the product l1 · · · ls. Thus we can com-
pactify VSP(f, s)o by taking its closure in P(Sd(E)). In general, this closure
is not isomorphic to VSP(f, s).

Remark 1.3.25 If (d, n) is not one of the exceptional cases from Corollary
1.3.20 and

(
n+d
d

)
= (n+ 1)s for some integer s, then a general form of degree

d admits only finitely many polar s-hedra. How many? The known cases are
given in the following table.

d n s # reference
2s-1 1 s 1 J. Sylvester [551]

5 2 7 1 D. Hilbert [293], H. Richmond [466],
F. Palatini [424]

7 2 12 5 A. Dixon and T. Stuart[169],
K. Ranestad and F.-O. Schreyer [452]

8 2 15 16 K. Ranestad and F.-O. Schreyer [452]

3 3 5 1 J. Sylvester [551]

It seems that among these are the only cases when the number of polar s-
hedra of a general form is equal to 1. The evidence for this can be found in
papers by M. Mella [378], [379], where it is proven that there are no new cases
when n = 2, d ≥ 5 and n ≥ 3 and n divides

(
n+d
n−1

)
.

An explicit description of positive-dimensional varieties of sums of pow-
ers VSP(f, s) is known only in a few cases (d, n, s). We will discuss the
cases (d, n, s) = (2s− 1, 1, s), (3, 3, 5) later. For other cases see papers [314]
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((d, n, s) = (3, 5, 10)), [398], ((d, n, s) = (6, 2, 10)), [176] ((d, n, s) = (3, 2, 4))
and [452] ((d, n, s) = (3, 4, 8), (2, 3, 4), (6, 2, 10)),

1.4 Dual homogeneous forms

1.4.1 Catalecticant matrices

Let f ∈ Sd(E∨). Consider the linear map (the apolarity map)

apkf : SkE → Sd−k(E∨), ψ 7→ Dψ(f). (1.65)

Its kernel is the space APk(f) of forms of degree k which are apolar to f .
Assume that f =

∑s
i=1 l

d
i for some li ∈ E∨. It follows from (1.55) that

apkf (Sk(E)) ⊂ 〈ld−k1 , . . . , ld−ks 〉,

and hence

rank(apkf ) ≤ s. (1.66)

If we choose a basis in E and a basis in E∨, then apkf is given by a matrix of
size

(
k+n
k

)
×
(
n+d−k
d−k

)
whose entries are linear forms in coefficients of f .

Choose a basis ξ0, . . . , ξn inE and the dual basis t0, . . . , tn inE∨. Consider
a monomial lexicographically ordered basis in Sk(E) (resp. in Sd−k(E∨)).
The matrix of apkf with respect to these bases is called the k-th catalecticant
matrix of f and is denoted by Catk(f). Its entries cuv are parameterized by
pairs (u,v) ∈ Nn+1 × Nn+1 with |u| = d− k and |v| = k. If we write

f =
∑
|i|=d

(
d

i

)
ait

i,

then

cuv = au+v.

This follows easily from formula (1.5).
Considering ai as independent variables ti, we obtain the definition of a

general catalecticant matrix Catk(d, n).

Example 1.4.1 Let n = 1. Write f =
∑d
i=0

(
d
i

)
ait

d−i
0 ti1. Then

Catk(f) =


a0 a1 . . . ak
a1 a2 . . . ak+1

...
...

...
...

ad−k ad−k+1 . . . ad

 .
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A square matrix of this type is called a circulant matrix, or a Hankel matrix. It
follows from (1.66) that f ∈ PS(s, d; 1) implies that all (s+1)×(s+1) minors
of Catk(f) are equal to zero. Thus we obtain that Secs−1(V1

d) is contained in
the subvariety of Pd defined by (s+ 1)× (s+ 1)-minors of the matrices

Catk(d, 1) =


t0 t1 . . . tk
t1 t2 . . . tk+1

...
...

...
...

td−k td−k+1 . . . td

 .

For example, if s = 1, we obtain that the Veronese curve V1
d ⊂ Pd satisfies

the equations titj − tktl = 0, where i + j = k + l. It is well-known that
these equations generate the homogeneous ideal of the Veronese curve (see,
for example,[277]).

Assume d = 2k. Then the Hankel matrix is a square matrix of size k+ 1. Its
determinant vanishes if and only if f admits a nonzero apolar form of degree
k. The set of such f ’s is a hypersurface in the space of binary forms of degree
2k. It contains the Zariski open subset of forms which can be written as a sum
of k powers of linear forms (see section 1.5.1).

For example, take k = 2. Then the equation

det

a0 a1 a2

a1 a2 a3

a2 a3 a4

 = 0 (1.67)

describes binary quartics

f = a0t
4
0 + 4a1t

3
0t1 + 6a2t

2
0t

2
1 + 4a3t0t

3
1 + a4t

4
1

which lie in the Zariski closure of the locus of quartics represented in the form
(α0t0 + β0t1)4 + (α1t0 + β1t1)4. Note that a quartic of this form has simple
roots unless it has a root of multiplicity 4. Thus any binary quartic with simple
roots satisfying Equation (1.67) can be represented as a sum of two powers of
linear forms.

The determinant (1.67) is an invariant of a binary quartic. The cubic hyper-
surface in P4 defined by Equation (1.67) is equal to the 1-secant variety of a
rational normal curve R4 in P4.

Note that

dim APi(f) = dim Ker(apif ) =
(
n+i
i

)
− rank Cati(f).

Therefore,

dim(Af )i = rank Cati(f),
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and

HAf (t) =

d∑
i=0

rank Cati(f)ti. (1.68)

Since the ranks of apif and its transpose are the same, we obtain

rank Cati(f) = rank Catd−i(f)

confirming that HAf (t) is a reciprocal monic polynomial.
Suppose d = 2k is even. Then the coefficient at tk in HAf (t) is equal to the

rank of Catk(f). The matrix Catk(f) is a square matrix of size
(
n+k
k

)
. One can

show that for a general f , this matrix is invertible. A polynomial f is called de-
generate if det(Catk(f)) = 0. It is called nondegenerate otherwise. Thus, the
set of degenerate polynomials is a hypersurface (catalecticant hypersurface)
given by the equation

det(Catk(2k, n)) = 0. (1.69)

The polynomial det(Catk(2k, n)) in variables ti, |i| = d, is called the catalec-
ticant determinant.

Example 1.4.2 Let d = 2. It is easy to see that the catalecticant polynomial is
the discriminant polynomial. Thus a quadratic form is degenerate if and only if
it is degenerate in the usual sense. The Hilbert polynomial of a quadratic form
f is

HAf (t) = 1 + rt+ t2,

where r is the rank of the quadratic form.

Example 1.4.3 Suppose f = td0 + · · ·+ tds , s ≤ n. Then ti0, . . . , t
i
s are linearly

independent for any i, and hence rank Cati(f) = s for 0 < i < d. This shows
that

HAf (t) = 1 + s(t+ · · ·+ td−1) + td.

Let P be the set of reciprocal monic polynomials of degree d. One can strat-
ify the space Sd(E∨) by setting, for any p ∈ P ,

Sd(E∨)p = {f ∈ Sd(E∨) : HAf = p}.

If f ∈ PS(s, d;n) we know that

rank Catk(f) ≤ h(s, d, n)k = min(s,
(
n+k
n

)
,
(
n+d−k
n

)
).

One can show that, for a general enough f , the equality holds (see [312], p.13).
Thus there is a Zariski open subset of PS(s, d;n) which is contained in the
strata Sd(E∨)p, where p =

∑d
i=0 h(s, d, n)it

i.
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1.4.2 Dual homogeneous forms

In this Chapter we have introduced the notion of a dual quadric. If Q = V (q),
where q is a nondegenerate quadratic form, then the dual variety Q∨ is a
quadric defined by the quadratic form q∨ whose matrix is the adjugate ma-
trix of q. Using the notion of the catalecticant matrix, for any homogeneous
form of even degree f ∈ S2k(E∨), in a similar fashion one can define the dual
homogeneous form f∨ ∈ S2k(E).

Consider the pairing

Ωf : Sk(E)× Sk(E)→ C, (1.70)

defined by

Ωf (ψ1, ψ2) = apkf (ψ1)(ψ2) = Dψ2(apkf (ψ1)) = Dψ1ψ2(f),

where we identify the spaces Sk(E∨) and Sk(E)∨. The pairing can be consid-
ered as a symmetric bilinear form on Sk(E). Its matrix with respect to a mono-
mial basis in Sk(E) and its dual monomial basis in Sk(E∨) is the catalecticant
matrix Catk(f).

Let us identify Ωf with the associated quadratic form on Sk(E) (the restric-
tion of Ωf to the diagonal). This defines a linear map

Ω : S2k(E∨)→ S2(Sk(E)∨), f 7→ Ωf .

There is also a natural left inverse map of Ω

P : S2(Sk(E)∨)→ S2k(E∨)

defined by multiplication Sk(E∨)×Sk(E∨)→ S2k(E∨). All these maps are
GL(E)-equivariant and realize the linear representation S2k(E∨) as a direct
summand in the representation S2(Sk(E∨)).

Definition 1.4.4 Assume that f ∈ S2k(E∨) is nondegenerate. The dual
quadratic form Ω∨f of Ωf is called the dual homogeneous form of f . We will
identify it with the polar bilinest form on SkV .

Remark 1.4.5 Note that, contrary to the assertion of Theorem 2.3 in [182],
Ω∨f is not equal, in general, to Ωf∨ for some f∨ ∈ S2k(V ). We thank Bart van
den Dries for pointing out that the adjugate matrix of the catelecticant matrix
is not, in general, a catalecticant matrix as was wrongly asserted in the proof.

Recall that the locus of zeros of a quadratic from q ∈ S2(E∨) consists of
vectors v ∈ E such that the value of the polarized bilinear form bq : E → E∨

at v vanishes at v. Dually, the set of zeros of q∨ ∈ S2(E) consists of linear
functions l ∈ E∨ such that the value of bq∨ : E∨ → E at l is equal to zero. The
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same is true for the dual form Ω∨f . Its locus of zeros consists of linear forms l
such that Ω−1

f (lk) ∈ Sk(E) vanishes on l. The degree k homogeneous form
Ω−1
f (lk) is classically known as the anti-polar of l (with respect to f ).

Definition 1.4.6 Two linear forms l,m ∈ E∨ are called conjugate with re-
spect to a nondegenerate form f ∈ S2k(E∨) if

Ω∨f (lk,mk) = 0.

Proposition 1.4.7 Suppose f is given by (1.54), where the powers lki are
linearly independent in Sk(E∨). Then each pair li, lj is conjugate with respect
to f .

Proof Since the powers lki are linearly independent, we may include them
in a basis of Sk(E∨). Choose the dual basis in Sk(E). Then the catalecticant
matrix of f has the upper corner matrix of size s equal to the diagonal matrix.
Its adjugate matrix has the same property. This implies that lki , l

j
i , i 6= j, are

conjugate with respect to Ω∨f .

1.4.3 The Waring rank of a homogeneous form

Since any quadratic form q can be reduced to a sum of squares, one can define
its rank as the smallest number r such that

q = l21 + · · ·+ l2r

for some l1, . . . , lr ∈ E∨.

Definition 1.4.8 Let f ∈ SdE∨. Its Waring rank wrk(f) is the smallest num-
ber r such that

f = ld1 + · · ·+ ldr (1.71)

for some linear forms l1, . . . , lr ∈ E∨.

The next result follows immediately from the proof of Proposition 1.4.7.

Proposition 1.4.9 Let Ωf be the quadratic form on Sk(E) associated to
f ∈ S2k(E∨). Then the Waring rank of f is greater than or equal to the rank
of Ωf .

Let f be a nondegenerate form of even degree 2k. By Corollary 1.3.20,

wrk(f) = s(2k, n) ≥
⌈ 1

n+ 1

(
n+ d

d

)⌉
,

with strict inequality only in the following cases
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• d = 2,wrk(f) = rank Ωf = n+ 1;
• n = 2, d = 4,wrk(f) = rank Ωf = 6;
• n = 3, d = 4,wrk(f) = rank Ωf = 10;
• n = 4, d = 4,wrk(f) = rank Ωf = 15.

In all non-exceptional cases,

wrk(f) ≥ 1

n+ 1

(
n+ 2k

n

)
=

(
n+ k

n

)
(n+ 2k) · · · (n+ k)

2k · · · (k + 1)(n+ 1)
≥ rank Ωf .

In most cases, we have strict inequality.

1.4.4 Mukai’s skew-symmetric form

Let ω ∈
∧2

E be a skew-symmetric bilinear form on E∨. It admits a unique
extension to a Poisson bracket {, }ω on S(E∨) which restricts to a skew-
symmetric bilinear form

{, }ω : Sk+1(E∨)× Sk+1(E∨)→ S2k(E∨). (1.72)

Recall that a Poisson bracket on a commutative algebraA is a skew-symmetric
bilinear map A × A → A, (a, b) 7→ {a, b} such that its left and right partial
maps A→ A are derivations.

Let f ∈ S2k(E∨) be a nondegenerate form and Ω∨f ∈ S2(Sk(E)) be its
dual form. For each ω as above, define σω,f ∈

∧2
Sk+1(E) by

σω,f (g, h) = Ω∨f ({g, h}ω).

Theorem 1.4.10 Let f be a nondegenerate form in S2k(E∨) of Waring rank
N = rank Ωf =

(
n+k
n

)
. For any Z = {[`1], . . . , [`N ]} ∈ VSP(f,N)o, let

〈Z〉k+1 be the linear span of the powers lk+1
i in Sk+1(E∨). Then

(i) 〈Z〉k+1 is isotropic with respect to each form σω,f ;
(ii) apk−1

f (Sk−1E) ⊂ 〈Z〉k+1;

(iii) apk−1
f (Sk−1E) is contained in the radical of each σω,f .

Proof To prove the first assertion it is enough to check that, for all i, j, one
has σω,f (lk+1

i , lk+1
j ) = 0. We have

σω,f (lk+1
i , lk+1

j ) = Ω∨f ({lk+1
i , lk+1

j }ω) = Ω∨f (lki , l
k
j )ω(li, lj).

Since `ki are linearly independent, by Proposition 1.4.7, Ω∨f (lki , l
k
j ) = 0. This

checks the first assertion.
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For any ψ ∈ Sk−1(E),

Dψ(f) = Dψ(

N∑
i=1

l2ki ) =

N∑
i=1

Dψ(l2ki ) = (2k)!
(k+1)!

N∑
i=1

Dψ(lk−1
i )lk+1

i .

This shows that apk−1
f (Sk−1(E)) is contained in 〈Z〉k+1. It remains for us to

check that σω,f (Dψ(f), g) = 0 for any ψ ∈ Sk−1(E), g ∈ Sk+1(E∨), ω ∈∧2
E. Choose coordinates t0, . . . , tn inE∨ and the dual coordinates ξ0, . . . , ξn

in E. The space
∧2

E is spanned by the forms ωij = ξi ∧ ξj . We have

{Dψ(f), g}ωij = Dξi(Dψ(f))Dξj (g)−Dξj (Dψ(f))Dξi(g)

= Dξiψ(f)Dξj (g)−Dξjψ(f)Dξi(g) = Dψξi(f)Dξj (g)−Dψξj (f)Dξi(g).

For any g, h ∈ Sk(E∨),

Ω∨f (g, h) = 〈Ω−1
f (g), h〉.

Thus

σωij ,f (Dψ(f), g) = Ω∨f (Dψξi(f), Dξj (g))− Ω∨f (Dψξj (f), Dξi(g))

= 〈ψξi, Dξj (g)〉−〈ψξj , Dξi(g)〉 = Dψ(Dξiξj (g)−Dξjξi(g)) = Dψ(0) = 0.

Since apk−1
f (E) is contained in the radical of σω,f , we have the induced

skew-symmetric form on Sk+1(E∨)/apk−1
f (E). By Lemma 1.3.2,

Sk+1(E∨)/apk−1
f (E) = APk+1(f)∨.

If no confusion arises we denote the induced form by σω,f and call it the
Mukai’s skew-form.

One can also consider the collection of the Mukai skew-forms σω,f as a
linear map

σf :

2∧
E →

2∧
APk+1(f), ω 7→ σω,f ,

or, its transpose

tσf :

2∧
APk+1(f)∨ →

2∧
E∨. (1.73)

Let Z = {[l1], . . . , [ls]} ∈ VSP(f, s)o be a polar s-hedron of a nonde-
generate form f ∈ S2k(E∨) and, as before, let 〈Z〉k+1 be the linear span of
(k + 1)-th powers of the linear forms li. Let

L(Z) = 〈Z〉k+1/apk−1
f (Sk−1(E)). (1.74)
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It is a subspace of Sk+1(E∨)/apk−1
f (Sk−1(E)) which we identify with the

dual space APk+1(f)∨ of APk+1(f).
Now observe that 〈Z〉⊥k+1 is equal to IZ(k + 1), where we identify Z with

the reduced closed subscheme of the dual projective space P(E). This allows
one to extend the definition of L(Z) to any generalized polar s-hedron Z ∈
VSP(f ; s):

L(Z) = IZ(k + 1)⊥/apk−1
f (Sk−1(E)) ⊂ Sk+1(E∨)/apk−1

f (Sk−1(E)).

Proposition 1.4.11 Let f be a nondegenerate homogeneous form of degree
2k of Waring rank equal to Nk =

(
n+k
k

)
. Let Z,Z ′ ∈ VSP(f,Nk). Then

L(Z) = L(Z ′)⇐⇒ Z = Z ′.

Proof It is enough to show that

IZ(k + 1) = IZ′(k + 1) =⇒ Z = Z ′.

Suppose Z 6= Z ′. Choose a subscheme Z0 of Z of length Nk − 1 that is not
a subscheme of Z ′. Since dim IZ0

(k) ≥ dimSk(E∨) − h0(OZ) =
(
n+k
k

)
−

Nk + 1 = 1, we can find a nonzero ψ ∈ IZ0
(k). The sheaf IZ/IZ0

is con-
centrated at one point x and is annihilated by the maximal ideal mx. Thus
mxIZ0 ⊂ IZ . Let ξ ∈ E be a linear form on E∨ vanishing at x but not vanish-
ing at any proper closed subscheme of Z ′. This implies that ξψ ∈ IZ(k+1) =

IZ′(k + 1) and hence ψ ∈ IZ′(k) ⊂ APk(f) contradicting the nondegeneracy
of f .

Lemma 1.4.12 Let f ∈ S2k(E∨) be a nondegenerate form of Waring rank
Nk =

(
k+n
n

)
. For any Z ∈ VSP(f,Nk)o,

dimL(Z) =
(
n+k−1
n−1

)
.

Proof Counting constants, we see that

dim〈Z〉k+1 ≥ dimSk+1(E)−Nk,

hence

dimL(Z) = dim〈Z〉⊥k+1−dim apk−1
f (Sk−1(E)) ≤ Nk−

(
n+k−1
n

)
=
(
n+k−1
n−1

)
.

We have to consider the exceptional cases where wrk(f) = rank Ωf . The as-
sertion is obvious in the case k = 1. The space L(Z) is of expected dimension
unless l21, . . . , l

2
n+1 are linearly dependent. This implies that f is a quadratic

form of rank less than n+ 1, contradicting the assumption.
Assume n = 2, k = 2 and dimL(Z) > 3, or, equivalently, dim〈Z〉3 > 4.
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Since AP2(f) = {0}, there are no conics passing through Z. In particular,
no four points are collinear. Let C be a conic through the points [l1], . . . , [l5]

and let x1, x2 be two additional points on C such that each irreducible com-
ponent of C contains at least four points. Since dim〈Z〉3 > 4, we can find
a 2-dimensional linear system of cubics through [l1], . . . , [l5], x1, x2. By Be-
zout’s Theorem, C belongs to the fixed part of the linear system. The residual
part is a 2-dimensional linear system of lines through [l6], an obvious contra-
diction.

Similar arguments check the assertion in the cases n = 2, k = 3, 4. In the
remaining case n = 3, k = 2, we argue as follows. We have N2 = 10. Assume
L(Z) < 6, or, equivalently, dim〈Z〉3 > 10. Since AP2(f) = {0}, no 4 lines
are collinear (otherwise we pass a quadric through 3 points on the line and the
remaining 6 points, it will contain all ten points). Choose three non-collinear
points p1, p2, p3 among the ten points and two general points on each line
pipj and one general point in the plane containing the three points. Then we
can find a 3-dimensional linear system of cubics in |〈Z〉3| passing through the
additional 7 points. It contains the plane through p1, p2, p3. The residual linear
system consists of quadrics through the remaining 7 points in Z. Since no four
lines are collinear, it is easy to see that the dimension of the linear system
of quadrics through 7 points is of dimension 2. This contradiction proves the
assertion.

Corollary 1.4.13 Let f ∈ S2k(E∨) be a nondegenerate form of Waring rank
Nk =

(
n+k
n

)
. Let VSP(f,Nk)o be the variety of polar polyhedra of f . Then

the map Z 7→ L(Z) is an injective map

VSP(f,Nk)o → G(
(
n+k−1
n−1

)
,APk+1(f)∨).

Its image is contained in the subvariety of subspaces isotropic with respect to
all Mukai’s skew forms σω,f on APk+1(f)∨.

Example 1.4.14 Assume n = 2. Then wrk(f) = rank Ωf =
(
k+2

2

)
if and

only if k = 1, 2, 3, 4. In these cases the Corollary applies. We will consider the
cases k = 1 and k = 2 later. If k = 3, we obtain that VSP(f, 10)o embeds in
G(4, 9). Its closure is a K3 surface [398], [452]. If k = 4, VSP(f, 15)o embeds
in G(5, 15). It consists of 16 points [452].

1.4.5 Harmonic polynomials

Let q ∈ S2(E∨) be a nondegenerate quadratic form on E. For convenience of
notation, we identify q with the apolarity map ap1

q : E → E∨. By the universal
property of the symmetric power, the isomorphism q : E → E∨ extends to a
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linear isomorphism Sk(q) : Sk(E) → Sk(E∨) which defines a symmetric
nondegenerate pairing

( , )k : Sk(E)× Sk(E)→ C. (1.75)

It is easy to check that, for any ξ ∈ Sk(E) and v ∈ E,

(ξ, vk) = k!ξ(lkv),

where lv ∈ E∨ is the linear function ap1
q(v).

Let us compare the pairing 1.75 with the pairing Ωqk from (1.70). Choose
a basis η0, . . . , ηn in E and the dual basis t0, . . . , tn in E∨ such that q =
1
2 (
∑
t2i ) so that q(ηi) = ti. Then

Sk(q)(ηi) = ti.

However,

apkqk(ηi) = k!ti + qg,

for some g ∈ Sk−2(E∨). Thus

(Sk(q)− 1

k!
apkqk)(Sk(E)) ⊂ qSk−2(E∨).

Let

Hkq (E) = (qSk−2(E∨))⊥ ⊂ Sk(E)

be the subspace of q-harmonic symmetric tensors. In more convenient lan-
guage, exchanging the roles of E and E∨, and replacing q with the dual form
q∨ ∈ S2(E), we have

Hkq (E∨) = Ker(Dq∨ : Sk(E∨)→ Sk−2(E∨)).

In the previous choice of coordinates, the operator Dq∨ is the Laplace opera-
tor 1

2

∑
∂2

∂t2i
. Restricting apkqk to the subspace Hkq (E), we obtain a nondegen-

erate symmetric pairing

Hkq (E)×Hkq (E)→ C

which coincides with the restriction of 1
k!Ωqk to the same subspace. Changing

E to E∨, we also obtain a symmetric nondegenerate pairing

Hkq (E∨)×Hkq (E∨)→ C

which can be defined either by the restriction of the pairing (1.75) or by the
quadratic form 1

k!Ω(q∨)k . Note that all these pairings are equivariant with re-
spect to the orthogonal group O(E, q), i.e. can be considered as pairings of the
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linear representations of O(E, q). We have the direct sum decomposition of
linear representations

Sk(E) = Hkq (E)⊕ q∨Sk−2(E). (1.76)

The summand q∨Sk−2(E) coincides with apk−2
q∨ (Sk−2(E∨)). The linear rep-

resentationHkq (E) is an irreducible representation of O(E, q) (see [251]).
Next let us see that, in the case when f is a power of a nondegenerate

quadratic polynomial, the Mukai form coincides, up to a scalar multiple, with
the skew form on the space of harmonic polynomials studied by N. Hitchin in
[298] and [299].

The Lie algebra o(E, q) of the orthogonal group O(E, q) is equal to the Lie
subalgebra of the Lie algebra gl(E) of endomorphisms of E that consists of
operators A : E → E such that the composition A ◦ q−1 : E∨ → E → E

is equal to the negative of its transpose. This defines a linear isomorphism of
vector spaces

2∧
E∨ → o(E, q), ω 7→ ω̃ = q−1 ◦ ω : E → E∨ → E.

Now, taking ω ∈
∧2

E∨, and identifying Sk+1(E∨)/apk−1
qk

(Sk−1(E)) with
Hk+1
q (E∨), we obtain the Mukai pairing

σω,qk : Hk+1
q (E∨)×Hk+1

q (E∨)→ C

on the space of harmonic k + 1-forms on E.

Proposition 1.4.15 For any g, h ∈ Hk+1
q (E∨) and any ω ∈

∧2
E∨,

σω,qk(g, h) =
(k + 1)2

k!
(ω̃ · g, h)k+1,

where (, )k+1 : Sk+1(E∨)×Sk+1(E∨)→ C is the symmetric pairing defined
by Sk+1(q−1).

Proof It is known that the spaceHk+1
q (E∨) is spanned by the forms q(v)k+1,

where v is an isotropic vector for q, i.e. [v] ∈ V (q) (see [251], Proposition
5.2.6). So, it is suffices to check the assertion when g = q(v)k+1 and h =
q(w)k+1 for some isotropic vectors v, w ∈ E. Choose a basis (ξ0, . . . , ξn) in
E and the dual basis t0, . . . , tn in E∨ as in the beginning of this Subsection.
An element u ∈ o(E, q) can be written in the form

∑
aijti

∂
∂tj

for some skew-

symmetric matrix (aij). We identify (aij) with the skew 2-form ω ∈
∧2

E. We
can also write g = (α · t)k+1 and h = (β · t)k+1, where we use the dot-product
notation for the sums

∑
αiti. We have

(u·g, h)k+1 = (k+1)!
(∑

aijti
∂

∂tj
(α·t)k+1)(β) = (k+1)!(k+1)(α·β)kω(α·t, β·t).
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The computations from the proof of Theorem 1.4.10, show that

σω,qk(g, h) = Ω∨qk((α · t)k, (β · t)k)ω(α · t, β · t).

It is easy to see that Ω∨qk coincides with Ω(q∨)k on the subspace of harmonic
polynomials. We have

Ω(q∨)k
(
(α · t)k, (β · t)k

)
= D(α·t)k( 1

2

∑
ξ2
i )k((β · t)k)

= k!D(α·ξ)k((β · t)k) = (k!)2(α · β)k.

This checks the assertion.

Computing the catalecticant matrix of qk we find that qk is a nondegenerate
form of degree 2k. Applying Corollary 1.4.13, we obtain that in the cases listed
in Corollary 1.3.20, there is an injective map

VSP(qk,
(
n+k
n

)
)→ G(

(
n+k−1
n−1

)
,Hk+1

q (E∨)). (1.77)

Its image is contained in the subvariety of subspaces isotropic with respect to
the skew-symmetric forms (g, h) 7→ (u · g, k)k+1, u ∈ o(E, q).

The following Proposition gives a basis in the space of harmonic polynomi-
als (see [386]). We assume that (E, q) = (Cn+1, 1

2

∑
t2i ).

Proposition 1.4.16 For any set of non-negative integers (b0, . . . , bn) such
that bi ≤ 1 and

∑
bi = k, let

Hk
b0,...,bn =

∑
(−1)[a0/2] k![a0/2]!∏n

i=0 ai!
∏n
i=1( bi−ai2 )!

n∏
i=0

taii ,

where the summation is taken over the set of all sequences of non-negative
integers (a0, . . . , an) such that

• ai ≡ bi mod 2, i = 0, . . . , n,
•
∑n
i=0 ai = k,

• ai ≤ bi, i = 1, . . . , n.

Then the polynomials Hk
b0,...,bn

form a basis of the spaceHkq (Cn+1).

For any polynomial f ∈ C[t0, . . . , tn] one can find the projection Hf to
the subspace of harmonic polynomials. The following formula is taken from
[588].
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Hf = f−
[k/2]∑
s=1

(−1)s+1 qs∆sf

2ss!(n− 3 + 2k)(n− 5 + 2k) · · · (n− 2s− 1 + 2k)
,

(1.78)
where ∆ =

∑
∂2

∂t2i
is the Laplace operator.

Example 1.4.17 Let n = 2 so that dimE = 3. The space of harmonic poly-
nomials Hkq (E∨) is of dimension

(
k+2

2

)
−
(
k
2

)
= 2k + 1. Since the dimen-

sion is odd, the skew form σω,qk is degenerate. It follows from Proposition
1.4.15 that its radical is equal to the subspace of harmonic polynomials g such
that ω̃ · g = 0 (recall that ω̃ denotes the element of o(E, q) corresponding to
ω ∈

∧2
E). In coordinates, a vector u = (u0, u1, u2) ∈ C3 corresponds to the

skew-symmetric matrix  0 u0 u1

−u0 0 u2

−u1 −u2 0


representing an endomorphism of E, or an element of

∧2
E. The Lie bracket

is the cross-product of vectors. The action of a vector u on f ∈ C[t0, t1, t2] is
given by

u · f =

2∑
i,j,k=0

εijktiuj
∂f

∂tk
,

where εi,j,k = 0 is totally skew-symmetic with values equal to 0, 1,−1.
For any v ∈ E, let us consider the linear form lv = q(v) ∈ E∨. We know

that q(v)k ∈ Hkq (E∨) if [v] ∈ V (q). If [v] 6∈ V (q), then we can consider the
projection fv of (lv)

k toHkq (E∨). By (1.78), we get

fv = lkv +

[k/2]∑
s=1

(−1)s
k(k − 1) · · · (k − 2s+ 1)

2ss!(2k − 1) · · · (2k − 2s+ 1)
q(v)sqslk−2s

v . (1.79)

We have

u · lv = lu×v.

Since f 7→ u · f is a derivation of Sym(E∨) and u · q = 0, we obtain

u · fv = lu×v
(
klk−1
v +

[k/2]∑
s=1

(−1)s
k(k − 1) · · · (k − 2s+ 1)(k − 2s)q(v)slk−2s−2

v

2ss!(2k − 1) · · · (2k − 2s+ 1)

)
.

(1.80)
This implies that the harmonic polynomial fu satisfies u · fu = 0 and hence
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belongs to the radical of the skew form σu,qk . The Lie algebra so(3) is iso-
morphic to the Lie algebra sl(2) and its irreducible representation on the space
of degree k harmonic polynomials is isomorphic to the representation of sl(2)

on the space of binary forms of degree 2k. It is easy to see that the space of
binary forms invariant under a nonzero element of sl(2) is one-dimensional.
This implies that the harmonic polynomial fu spans the radical of σu,qk on
Hkq (E∨).

Let f ∈ Hk(E∨) be a nonzero harmonic polynomial of degree k. The or-
thogonal complement f⊥ of f with respect to ( , )k : Hkq (E∨)×Hkq (E∨)→ C
is of dimension 2k. The restriction of the skew-symmetric form σu,qk to f⊥

is degenerate if and only if fu ∈ f⊥, i.e. (fu, f)k = (lku, f) = f(u) = 0.
Here we used that the decomposition (1.76) is an orthogonal decomposition
with respect to ( , )k. Let Pf be the pfaffian of the skew form σu,qk on f⊥. It
is equal to zero if and only if the form is degenerate. By the above, it occurs if
and only if f(u) = 0. Comparing the degrees, this gives

V (f) = V (Pf).

So, every harmonic polynomial can be expressed in a canonical way as a pfaf-
fian of a skew-symmetric matrix with entries linear forms, a result due to N.
Hitchin [300].

1.5 First examples

1.5.1 Binary forms

Let U be a 2-dimensional linear space and f ∈ Sd(U∨) \ {0}. The hypersur-
face X = V (f) can be identified with a positive divisor div(f) =

∑
mixi

of degree d on |U | ∼= P1. Since
∧2

U ∼= C, we have a natural isomorphism
U → U∨ of linear representations of SL(U). It defines a natural isomorphism
between the projective line |U | and its dual projective line P(U). In coordi-
nates, a point a = [a0, a1] is mapped to the hyperplane V (a1t0 − a0t1) whose
zero set is equal to the point a. If X is reduced (i.e. f has no multiple roots),
then, under the identification of |U | and P(U), X coincides with its dual X∨.
In general, X∨ consists of simple roots of f . Note that this is consistent with
the Plückeri-Teissier formula. The degrees of the Hessian and the Steinerian
coincide, although they are different if d > 3. Assume that X is reduced. The
partial derivatives of f define the polar map g : |U | → |U | of degree d − 1.
The ramification divisor He(X) consists of 2d − 4 points and it is mapped
bijectively onto the branch divisor St(X).
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Example 1.5.1 We leave the case d = 2 to the reader. Consider the case
d = 3. In coordinates

f = a0t
3
0 + 3a1t

2
0t1 + 3a2t0t

2
1 + a3t

3
1.

All invariants are powers of the discriminant invariant

∆ = a2
0a

2
3 + 4a0a

3
2 + 4a3

1a3 − 6a0a1a2a3 − 3a2
1a

2
2. (1.81)

whose symbolic expression is (12)2(13)(24)(34)2 (see [578], p. 244). The
Hessian covariant

H = (a0a2 − a2
1)t20 + (a0a3 − a1a2)t0t1 + (a1a3 − a2

2)t21.

Its symbolic expression is (ab)axby . There is also a cubic covariant

J = J(f,H) = det


t30 3t20t1 3t0t

2
1 t31

a2 −2a1 a0 0

a3 −a2 −a1 a0

0 −a3 −2a2 a1


with symbolic expression (ab)2(ac)2bxc

2
x. The covariants f,H and J form a

complete system of covariants, i.e. generate the module of covariants over the
algebra of invariants.

Example 1.5.2 Consider the case d = 4. In coordinates,

f = a0t
4
0 + 4a1t

3
0t1 + 6a2t

2
0t

2
1 + 4a3t0t

3
1 + a4t

4
1.

There are two basic invariants S and T on the space of quartic binary forms.
Their symbolic expression are S = (12)4 and T = (12)2(13)2(23)2. Explic-
itly,

S = a0a4 − 4a1a3 + 3a2
2, (1.82)

T = a0a2a4 + 2a1a2a3 − a0a
2
3 − a2

1a4 − a3
2.

Note that T coincides with the determinant of the catalecticant matrix of f .
Each invariant is a polynomial in S and T . For example, the discriminant in-
variant is equal to

∆ = S3 − 27T 2.

The Hessian He(X) = V (H) and the Steinerian S(X) = V (K) are both of
degree 4. We have

H = (a0a2 − a2
1)t40 + 2(a0a3 − a1a2)t30t1 + (a0a4 + 2a1a3 − 3a2

2)t20t
2
1

+2(a1a4 − a2a3)t0t
3
1 + (a2a4 − a2

3)t41.
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and

K = ∆((a0t0+a1t1)x3+3(a1t0+a2t1)x2y+3(a2t0+a3t1)xy2+(a3t0+a4t1)y3).

Observe that the coefficients of H (resp. K) are of degree 2 (resp. 4) in
coefficients of f . There is also a covariant J = J(f,H) of degree 6 and
the module of covariants is generated by f,H, J over C[S, T ]. In particular,
K = αTf + βSH, for some constants α and β. By taking f in the form

f = t40 + 6mt20t
2
1 + t41, (1.83)

and comparing the coefficients we find

2K = −3Tf + 2SH. (1.84)

Under identification |U | = P(U), a generalized k-hedron Z of f ∈ Sd(U∨)

is the zero divisor of a form g ∈ Sk(U) which is apolar to f . Since

H1(|E|, IZ(d)) ∼= H1(P1,OP1(d− k)) = 0, k ≥ d+ 1,

any Z is automatically linearly independent. Identifying a point [g] ∈ |Sk(U)|
with the zero divisor div(g), we obtain

Theorem 1.5.3 Assume n = 1. Then

VSP(f ; k) = |APk(f)|.

Note that the kernel of the map

Sk(U)→ Sd−k(U∨), ψ 7→ Dψ(f)

is of dimension≥ dimSk(U)−dimSd−k(U∨) = k+1−(d−k+1) = 2k−d.
ThusDψ(f) = 0 for some nonzero ψ ∈ Sk(U), whenever 2k > d. This shows
that f has always generalized polar k-hedron for k > d/2. If d is even, a binary
form has an apolar d/2-form if and only if det Catd/2(f) = 0. This is a divisor
in the space of all binary d-forms.

Example 1.5.4 Take d = 3. Assume that f admits a polar 2-hedron . Then

f = (a1t0 + b1t1)3 + (a2t0 + b2t1)3.

It is clear that f has 3 distinct roots. Thus, if f = (a1t0 + b1t1)2(a2t0 + b2t1)

has a double root, it does not admit a polar 2-hedron. However, it admits a
generalized 2-hedron defined by the divisor 2p, where p = (b1,−a1). In the
secant variety interpretation, we know that any point in |S3(E∨)| either lies
on a unique secant or on a unique tangent line of the rational cubic curve. The
space AP2(f) is always one-dimensional. It is generated either by a binary
quadric (−b1ξ0 + a1ξ1)(−b2ξ0 + a2ξ1), or by (−b1ξ0 + a1ξ1)2.
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Thus VSP(f, 2)o consists of one point or empty but VSP(f, 2) always con-
sists of one point. This example shows that VSP(f, 2) 6= VSP(f, 2)

o
in gen-

eral.

1.5.2 Quadrics

It follows from Example 1.3.17 that Sect(Vn2 ) 6= |S2(E∨)| if and only if there
exists a quadric with t+1 singular points in general position. Since the singular
locus of a quadric V (q) is a linear subspace of dimension equal to corank(q)−
1, we obtain that Secn(Vn2 ) = |S2(E∨)|, hence any general quadratic form can
be written as a sum of n+1 squares of linear forms l0, . . . , ln. Of course, linear
algebra gives more. Any quadratic form of rank n+1 can be reduced to sum of
squares of the coordinate functions. Assume that q = t20+· · ·+t2n. Suppose we
also have q = l20 + · · · + l2n. Then the linear transformation ti 7→ li preserves
q and hence is an orthogonal transformation. Since polar polyhedra of q and
λq are the same, we see that the projective orthogonal group PO(n + 1) acts
transitively on the set VSP(f, n+1)o of polar (n+1)-hedra of q. The stabilizer
group G of the coordinate polar polyhedron is generated by permutations of
coordinates and diagonal orthogonal matrices. It is isomorphic to the semi-
direct product 2n oSn+1 (the Weyl group of root systems of types Bn, Dn),
where we use the notation 2n for the 2-elementary abelian group (Z/2Z)n.
Thus we obtain

Theorem 1.5.5 Let q be a quadratic form in n + 1 variables of rank n + 1.
Then

VSP(q, n+ 1)o ∼= PO(n+ 1)/2n oSn+1.

The dimension of VSP(q, n+ 1)o is equal to 1
2n(n+ 1).

Example 1.5.6 Take n = 1. Using the Veronese map ν2 : P1 → P2, we
consider a nonsingular quadric Q = V (q) as a point p in P2 not lying on the
conic C = V (t0t2 − t21). A polar 2-gon of q is a pair of distinct points p1, p2

on C such that p ∈ 〈p1, p2〉. The set of polar 2-gons can be identified with
the pencil of lines through p with the two tangent lines to C deleted. Thus
W (q, 2)o = P1 \ {0,∞} = C∗. There are two generalized 2-gons 2p0 and
2p∞ defined by the tangent lines. Each of them gives the representation of q as
l1l2, where V (li) are the tangents. We have VSP(f, 2) = VSP(f, 2)

o ∼= P1.

Let q ∈ S2(E∨) be a nondegenerate quadratic form. We have an injective
map (1.77)

VSP(q, n+ 1)o → G(n,H2
q(E)) ∼= G(n,

(
n+2

2

)
− 1). (1.85)
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Its image is contained in the subvariety G(n,H2
q(E))σ of subspaces isotropic

with respect to the Mukai skew forms.
Recall that the Grassmann variety G(m,W ) of linear m-dimensional sub-

spaces of a linear space W of dimension N carries the natural rank n vector
bundle S, the universal subbundle. Its fiber over a point L ∈ G(m,W ) is equal
to L. It is a subbundle of the trivial bundle WG(m,W ) associated to the vector
space W . We have a natural exact sequence

0→ S →WG(m,W ) → Q→ 0,

whereQ is the universal quotient bundle, whose fiber over L is equal to W/L.
By restriction, we can view the Mukai form σq :

∧2
E →

∧2H2
q(E

∨) as a
section of the vector bundle

∧2 S∨ ⊗
∧2

E∨. The image of VSP(q, n + 1) is
contained in the zero locus of a section of this bundle defined by σq . Since the
rank of the vector bundle is equal to

(
n
2

)(
n+1

2

)
, we expect that the dimension

of its zero locus is equal to

dimG(n,
(
n+2

2

)
− 1)−

(
n

2

)(
n+ 1

2

)
= n(

(
n+2

2

)
− 1−n)−

(
n

2

)(
n+ 1

2

)
.

Unfortunately, this number is ≤ 0 for n > 2, so the expected dimension is
wrong. However, when n = 2, we obtain that the expected dimension is equal
to 3 = dim VSP(q, 3). We can view σω,q as a hyperplane in the Plücker embed-
ding of G(2,H2

q(E)) ∼= G(2, 5). So, VSP(q, 3) embeds into the intersection
of 3 hyperplane sections of G(2, 5).

Theorem 1.5.7 Let q be a nondegenerate quadratic form on a 3-dimensional
vector space E. Then the image of VSP(q, 3) in G(2,H2

q(E)), embedded in
the Plücker space, is a smooth irreducible 3-fold equal to the intersection of
G(2,H2

q(E)) with a linear space of codimension 3.

Proof We have dimH2
q(E) = 5, so G(2,H2

q(E)) ∼= G(2, 5) is of dimension
6. Hyperplanes in the Plücker space are elements of the space |

∧2H2
q(E)∨|.

Note that the functions sq,ω are linearly independent. In fact, a basis ξ0, ξ1, ξ2
in E gives a basis ω01 = ξ0 ∧ ξ1, ω02 = ξ0 ∧ ξ2, ω12 = ξ1 ∧ ξ2 in

∧2
E.

Thus the space of sections sq,ω is spanned by 3 sections s01, s02, s12 corre-
sponding to the forms ωij . Without loss of generality, we may assume that
q = t20 + t21 + t22. If we take a = t0t1 + t22, b = −t20 + t21 + t22, we see
that s01(a, b) 6= 0, s12(a, b) = 0, s02(a, b) = 0. Thus a linear dependence
between the functions sij implies the linear dependence between two func-
tions. It is easy to see that no two functions are proportional. So our 3 func-
tions sij , 0 ≤ i < j ≤ 2 span a 3-dimensional subspace of

∧2H2
q(E

∨)
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and hence define a codimension 3 projective subspace L in the Plücker space
|
∧2H2

q(E)|. The image of VSP(q, 3) under the map (1.85) is contained in the
intersection G(2, E) ∩ L. This is a 3-dimensional subvariety of G(2,H2

q(E)),
and hence contains µ(VSP(q, 3)) as an irreducible component. We skip an ar-
gument, based on counting constants, which proves that the subspace L be-
longs to an open Zariski subset of codimension 3 subspaces of

∧2H2
q(E)

for which the intersection L ∩ G(2,H2
q(E)) is smooth and irreducible (see

[182]).

It follows from the adjunction formula and the known degree ofG(2, 5) that
the closure of VSP(q, 3)o in G(2,H2

q(E)) is a smooth Fano variety of degree
5. We will discuss it again in the next chapter.

Remark 1.5.8 One can also consider the varieties VSP(q, s) for s > n + 1.
For example, we have

t20 − t22 = 1
2 (t0 + t1)2 + 1

2 (t0 − t1)2 − 1
2 (t1 + t2)2 − 1

2 (t21 − t2)2,

t20 + t21 + t22 = (t0 + t2)2 + (t0 + t1)2 + (t1 + t2)2 − (t0 + t1 + t2)2.

This shows that VSP(q, n + 2),VSP(q, n + 3) are not empty for any nonde-
generate quadric Q in Pn, n ≥ 2.

Exercises

1.1 Suppose X is a plane curve and x ∈ X is its ordinary double point. Show that
the pair consisting of the tangent line of Pa(X) at x and the line ax is harmonically
conjugate (see section 2.1.2) to the pair of tangents to the branches of X at x in the
pencil of lines through x. If x is an ordinary cusp, then show that the polar line of
Pa(X) at x is equal to the cuspidal tangent of X at x.
1.2 Show that a line contained in a hypersurface X belongs to all polars of X with
respect to any point on this line.
1.3 Find the multiplicity of the intersection of a plane curve C with its Hessian at an
ordinary double point and at an ordinary cusp of C. Show that the Hessian has a triple
point at the cusp.
1.4 Suppose a hypersurface X in Pn has a singular point x of multiplicity m > 1.
Prove that He(X) has this point as a point of multiplicity ≥ (n+ 1)m− 2n.

1.5 Suppose a hyperplane is tangent to a hypersurface X along a closed subvariety Y
of codimension 1. Show that Y is contained in He(X).
1.6 Suppose f is the product of d distinct linear forms li(t0, . . . , tn). Let A be the
matrix of size (n+1)×dwhose i-th column is formed by the coefficients of li (defined,
of course up to proportionality). Let ∆I be the maximal minor of A corresponding to a
subset I of [1, . . . , d] and fI be the product of linear forms li, i 6∈ I . Show that

He(f) = (−1)n(d− 1)fn−1
∑
I

∆2
If

2
I
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([394], p. 660).
1.7 Find an example of a reduced hypersurface whose Hessian surface is nowhere re-
duced.
1.8 Show that the locus of points on the plane where the first polars of a plane curve
X are tangent to each other is the Hessian of X and the set of common tangents is the
Cayleyan curve .
1.9 Show that each inflection tangent of a plane curve X , considered as a point in the
dual plane, lies on the Cayleyan of X .
1.10 Show that the class of the Steinerian St(X) of a plane curveX of degree d is equal
to 3(d− 1)(d− 2) but its dual is not equal to Cay(X).
1.11 Let Dm,n ⊂ Pmn−1 be the image in the projective space of the variety of m× n
matrices of rank ≤ min{m,n} − 1. Show that the variety

D̃m,n = {(A, x) ∈ Pmn−1 × Pn : A · x = 0}

is a resolution of singularities of Dm,n. Find the dual variety of Dm,n. 1.12 Find the

dual variety of the Segre variety s(Pn × Pn) ⊂ Pn
2+2n.

1.13 Let X be the union of k nonsingular conics in general position. Show that X∨ is
also the union of k nonsingular conics in general position.
1.14 LetX has only δ ordinary nodes and κ ordinary cusps as singularities. Assume that
the dual curveX∨ has also only δ̌ ordinary nodes and κ̌ ordinary cusps as singularities.
Find δ̌ and κ̌ in terms of d, δ, κ.
1.15 Give an example of a self-dual (i.e. X∨ ∼= X) plane curve of degree > 2.
1.16 Show that the Jacobian of a net of plane curves has a double point at each simple
base point unless the net contains a curve with a triple point at the base point [213].
1.17 Let |L| be a general n-dimensional linear system of quadrics in Pn and |L|⊥ be
the (

(
n+2

2

)
− n − 2)-dimensional subspace of apolar quadric in the dual space. Show

that the variety of reducible quadrics in |L|⊥ is isomorphic to the Reye variety of |L|
and has the same degree.
1.18 Show that the embedded tangent space of the Veronese variety Vnd at a point repre-
sented by the form ld is equal to the projectivization of the linear space of homogeneous
polynomials of degree d of the form ld−1m.
1.19 Using the following steps, show that V4

3 is 6-defective by proving that for 7 general
points pi in P4 there is a cubic hypersurface with singular points at the pi’s.

(i) Show that there exists a Veronese curve R4 of degree 4 through the seven points.
(ii) Show that the secant variety of R4 is a cubic hypersurface which is singular

along R4.

1.20 Let q be a nondegenerate quadratic form in n+1 variables. Show that VSP(q, n+
1)o embedded in G(n,E) is contained in the linear subspace of codimension n.
1.21 Compute the catalecticant matrix Cat2(f), where f is a homogeneous form of
degree 4 in 3 variables.
1.22 Let f ∈ S2k(E∨) and Ωf be the corresponding quadratic form on Sk(E). Show
that the quadric V (Ωf ) in |Sk(E)| is characterized by the following two properties:

• Its preimage under the Veronese map νk : |E| → |Sk(E)| is equal to V (f);
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• Ωf is apolar to any quadric in |Sk(E∨)| which contains the image of the Veronese
map |E∨| = P(E)→ |Sk(E∨)| = P(Sk(E)).

1.23 Let Ck be the locus in |S2k(E∨)| of hypersurfaces V (f) such that det Catk(f) =
0. Show that Ck is a rational variety. [Hint: Consider the rational map Ck 99K |E|)
which assigns to V (f) the point defined by the subspace APk(f) and study its fibres].
1.24 Give an example of a polar 4-gon of the cubic t0t1t2 = 0.
1.25 Find all binary forms of degree d for which VSP(f, 2)o = ∅.
1.26 Let f be a form of degree d in n + 1 variables. Show that VSP(f,

(
n+d
d

)
)o is an

irreducible variety of dimension n
(
n+d
d

)
.

1.27 Describe the variety VSP(f, 4), where f is a nondegenerate quadratic form in 3
variables.
1.28 Show that a smooth point y of a hypersurface X belongs to the intersection of
the polar hypersurfaces Px(X) and Px2(X) if and only if the line connecting x and y
intersects X at the point y with multiplicity ≥ 3.
1.29 Show that the vertices of two polar tetrahedra of a nonsingular quadric in P3 are
base points of a net of quadrics. Conversely, the set of 8 base points of a general net of
quadrics can be divided in any way into two sets, each of two sets is the set of vertices
of a polar tetrahedron of the same quadric[535].
1.30 Suppose two cubic plane curves V (f) and V (g) admit a common polar pentagon.
Show that the determinant of the 6× 6-matrix [Cat1(f)Cat1(g)] vanishes [223].

Historical Notes

Although some aspects of the theory of polarity for conics were known to
mathematicians of Ancient Greece, the theory originates in projective geom-
etry, in the works of G. Desargues, G. Monge and J. Poncelet. For Desargues
the polar of a conic was a generalization of the diameter of a circle (when
the pole is taken at infinity). He referred to a polar line as a“transversale de
l’ordonnance”. According to the historical accounts found in [213], vol. II, and
[133], p. 60, the name “polaire” was introduced by J. Gergonne. Apparently,
the polars of curves of higher degree appear first in the works of E. Bobillier
[45] and then, with introduction of projective coordinates, in the works of J.
Plücker [445]. They were the first to realize the duality property of polars: if
a point x belongs to the s-th polar of a point y with respect to a curve of de-
gree d, then y belongs to the (d − s)-th polar of x with respect to the same
curve. Many properties of polar curves were stated in a purely geometric way
by J. Steiner [540], as was customary for him, with no proofs. Good historical
accounts can be found in [41] and [430], p.279.

The Hessian and the Steinerian curves with their relations to the theory of
polars were first studied by J. Steiner [540] who called them conjugate Kern-
curven. The current name for the Hessian curve was coined by J. Sylvester
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[552] in honor of O. Hesse who was the first to study the Hessian of a ternary
cubic [287] under the name der Determinante of the form. The current name
of the Steinerian curve goes back to G. Salmon [490] and L. Cremona [140].
The Cayleyan curve was introduced by A. Cayley in [72] who called it the
pippiana. The current name was proposed by L. Cremona. Most of the popular
classical text-books in analytic geometry contain an exposition of the polarity
theory (e.g. [112], [213], [490]).

The theory of dual varieties, generalization of Plücker formulae to arbitrary
dimension is still a popular subject of modern algebraic geometry. It is well-
documented in modern literature and for this reason this topic is barely touched
here.

The theory of apolarity was a very popular topic of classical algebraic ge-
ometry. It originates from the works of Rosanes [476] who called apolar forms
of the same degree conjugate forms and Reye [460]. who introduced the term
“apolar”. The condition of polarity Dψ(f) = 0 was viewed as vanishing of the
simultaneous bilinear invariant of a form f of degree d and a form ψ of class
d. It was called the harmonizant.. We refer for survey of classical results to
[430] and to a modern exposition of some of these results to [182] which we
followed here.

The Waring problem for homogeneous forms originates from a more gen-
eral problem of finding a canonical form for a homogeneous form. Sylvester’s
result about reducing a cubic form in four variables to the sum of 5 powers
of linear forms is one of the earliest examples of solution of the Waring prob-
lem. We will discuss this later in the book. F. Palatini was the first who recog-
nized the problem as a problem about the secant variety of the Veronese variety
[422], [423] and as a problem of the existence of envelopes with a given num-
ber of singular points (in less general form the relationship was found earlier
by J. E. Campbell [60]). The Alexander-Hirschowitz Theorem was claimed by
J. Bronowski [57] in 1933, but citing C. Ciliberto [100], he had only a plausi-
bility argument. The case n = 2 was first established by F. Palatini [423] and
the case n = 3 was solved by A. Terracini [558]. Terracini was the first to rec-
ognize the exceptional case of cubic hypersurfaces in P4 [557]. The original
proof of Terracini’s Lemma can be found in [559]. We also refer to [239] for
a good modern survey of the problem. A good historical account and in depth
theory of the Waring problems and the varieties associated to it can be found
in the book of A. Iarrobino and V. Kanev [312].

The fact that a general plane quintic admits a unique polar 7-gon was first
mentioned by D. Hilbert in his letter to C. Hermite [293]. The proofs were
given later by Palatini [425] and H. Richmond [466], [468]

In earlier editions of his book [491] G. Salmon mistakenly applied counting
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constants to assert that three general quadrics in P3 admit a common polar pen-
tahedron. G. Darboux [152] was the fist to show that the counting of constants
is wrong. W. Frahm [223] proved that the net of quadrics generated by three
quadrics with a common polar pentahedron must be a net of polars of a cubic
surface and also has the property that its discriminant curve is a Lüroth quar-
tic, a plane quartic which admits an inscribed pentagon. In [562] E.Toeplitz
(the father of Otto Toeplitz) introduced the invariant Λ of three quadric sur-
faces whose vanishing is necessary and sufficient for the existence of a com-
mon polar pentahedron. The fact that two general plane cubics do not admit a
common polar pentagon was first discovered by F. London [364]. The Waring
Problem continues to attract attention of contemporary mathematicians. Some
references to the modern literature can found in this chapter.



2
Conics and quadric surfaces

2.1 Self-polar triangles

2.1.1 Veronese quartic surfaces

Let P2 = |E| and |S2(E∨)| ∼= P5 be the space of conics in P2. Recall, for this
special case, the geometry of the Veronese quartic surface V2

2, the image of the
Veronese map

v2 : |E∨| → |S2(E∨)|, [l] 7→ [l2].

If we view S2(E∨) as the dual space of S2(E), then the Veronese surface pa-
rameterizes hyperplanes Hl in S2(E) of conics passing through the point [l] in
the dual plane |E∨|. The Veronese map v2 is given by the complete linear sys-
tem |O|E∨|(2)| = |S2(E)|. Thus the preimage of a hyperplane in |S2(E∨)| is
a conic in the plane |E∨|. The conic is singular if and only if the hyperplane is
tangent to the Veronese surface. There are two possibilities, either the singular
conic C is the union of two distinct lines (a line-pair), or it is equal to a double
line. In the first case the hyperplane is tangent to the surface at a single point.
The point is the image of the singular point [l] of the conic. In the second case,
the hyperplane is tangent to the Veronese surface along a curve R equal to the
image of the line Cred under the restriction of the Veronese map. It follows
that the curve R is a conic cut out on the Veronese surface by a plane. We see
in this way that the dual variety of the Veronese surface is isomorphic to the
discriminant cubic hypersurface D2(2) parameterizing singular conics.

The tangent plane to the Veronese surface at a point [l]2 is the intersection
of hyperplanes which cut out a conic in |E∨| with singular point [l]. The plane
of conics in |E| apolar to such conics is the plane of reducible conics with one
component equal to the line V (l).

Since any quadratic form of rank 2 inE can be written as a sum of quadratic
forms of rank 1, the secant variety Sec1(V2

2) coincides with D2(2). Also, it
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coincides with the tangential variety Tan(V2
2), the union of tangent planes

Tx(V2
2), x ∈ V2

2. It is singular along the Veronese surface.
Choosing a basis in E we can identify the space S2(E∨) with the space of

symmetric 3 × 3-matrices. The Veronese surface V2
2 in |S2(E∨)| is identified

with matrices of rank 1. Its equations are given by 2 × 2-minors. The variety
of matrices of rank ≤ 2 is the cubic hypersurface whose equation is given by
the determinant.

Let us look at a possible projection of V2
2 to P4. It is given by a linear sub-

system |V | of |S2(E)|. Let K be the apolar conic to all conics from |V |. It is
a point o in the dual space |S2(E∨)| equal to the center of the projection. The
conicK could be nonsingular, a line-pair, or a double line. In the first two cases
o 6∈ V2

2. The image of the projection is a quartic surface in P4, called a pro-
jected Veronese surface. IfK is nonsingular, o does not lie on Sec1(V2

2), hence
the projected Veronese surface is a nonsingular quartic surface in P4 = P(V ).
IfK is a line-pair, then o lies on a tangent plane of V2

2 at some point [l2]. Hence
it lies on the plane spanning a conic contained in V2

2. The restriction of the pro-
jection map to this conic is of degree 2, and its image is a double line on the
projected Veronese surface. Two ramification points are mapped to two pinch
points of the surface. Finally, o could be on V2

2. The image of the projection is
a cubic surface S in P4. All conics on V2

2 containing o are projected to lines on
S. So, S is a nonsingular cubic scroll in P4 isomorphic to the blow-up of V2

2,
hence of P2, at one point. In our future notation for rational normal scrolls (see
8.1.1), it is the scroll S1,4.

Let us now project V2
2 further to P3. This time, the linear system |V | defining

the projection is of dimension 3. Its apolar linear system is a pencil, a line
` in |S2(E∨)|. Suppose the apolar pencil does not intersect V2

2. In this case
the pencil of conics does not contain a double line, hence contains exactly
three line-pairs. The three line-pairs correspond to the intersection of ` with
the cubic hypersurface Sec1(V2

2). As we saw in above, this implies that the
image S of the projection is a quartic surface with three double lines. These
lines are concurrent. In fact, a pencil of plane sections of S containing one of
the lines has residual conics singular at the points of intersection with the other
two lines. Since the surface is irreducible, this implies that the other two lines
intersect the first one. Changing the order of the lines, we obtain that each pair
of lines intersect. This is possible only if they are concurrent (otherwise they
are coplanar, and plane containing the lines intersect the quartic surface along
a cubic taken with multiplicity 2).

The projection of a Veronese surface from a line not intersecting V2
2 is called

a Steiner quartic. Choose coordinates t0, t1, t2, t3 such that the equations of the
singular lines are t1 = t2 = 0, t1 = t3 = 0 and t2 = t3 = 0. Then the equation
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of a Steiner surface can be reduced to the form t0t1t2t3 + g4 = 0. By taking
the partial derivatives at the point [1, 0, 0, 0] and general points of the singular
lines, we find that g4 is a linear combination of the monomial t21t

2
2, t

2
1t

2
3, t

2
2t

2
3.

Finally, by scaling the coordinates, we reduce the equation to the form

t0t1t2t3 + t21t
2
2 + t21t

2
3 + t22t

2
3 = 0. (2.1)

An explicit birational map from P2 onto the surface is given by

[y0, y1, y2] 7→ [(−y0+y1+y2)2, (y0−y1+y2)2, (y0+y1−y2)2, (y0+y1+y2)2].

Next, we assume that the center of the projection is line ` intersecting V2
2.

In this case the image of the projection is a cubic scroll, the projection of
the rational normal scroll S1,4 to P3. There are two possibilities, the pencil
of conics defined by ` has two singular members, or one singular member, a
double line. This gives two possible cubic scrolls. We will give their equations
in the next Chapter.

Replacing E with |E∨| we can define the Veronese surface in |S2(E)|, the
image of the plane |E| under the map given by the complete linear system of
conics. We leave it to the reader to “dualize” the statements from above.

2.1.2 Polar lines

Let C be a nonsingular conic. For any point a ∈ P2, the first polar Pa(C) is a
line, the polar line of a. For any line ` there exists a unique point a such that
Pa(C) = l. The point a is called the pole of `. The point a considered as a line
in the dual plane is the polar line of the point ` with respect to the dual conic
Č.

Borrowing terminology from the Euclidean geometry, we call three non-
collinear lines in P2 a triangle. The lines themselves will be called the sides
of the triangle. The three intersection points of pairs of sides are called the
vertices of the triangle.

A set of three non-collinear lines `1, `2, `3 is called a self-polar triangle with
respect to C if each `i is the polar line of C with respect to the opposite vertex.
It is easy to see that it suffices that only two sides are polar to the opposite
vertices.

Proposition 2.1.1 Three lines `i = V (li) form a self-polar triangle for a
conic C = V (q) if and only if they form a polar triangle of C.

Proof Let `i ∩ `j = [vij ]. If q = l21 + l22 + l23, then Dvij (q) = 2lk, where
k 6= i, j. Thus a polar triangle of C is a self-conjugate triangle. Conversely,
if V (Dvij (q)) = `k, then Dvikvij (q) = Dvjkvij (q) = 0. This shows that the
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conicC is apolar to the linear system of conics spanned by the reducible conics
`i + `j . It coincides with the linear system of conics through the three points
`1, `2, `3 in the dual plane. Applying Proposition 1.3.10, we obtain that the
self-conjugate triangle is a polar triangle.

Of course, we can prove the converse by computation. Let

2q = a00t
2
0 + a11t

2
1 + a22t

2
2 + 2a01t0t1 + 2a02t0t2 + 2a12t1t2 = 0.

Choose projective coordinates in P2 such that `i = V (ti). Then

P[1,0,0](X) = `1 = V (
∂q

∂t0
) = V (a00t0 + a01t1 + a02t2), (2.2)

P[0,1,0](X) = `2 = V (
∂q

∂t1
) = V (a11t1 + a01t0 + a12t2),

P[0,0,1](X) = `2 = V (
∂q

∂t2
) = V (a22t2 + a02t0 + a12t1)

implies that q = 1
2 (t20 + t21 + t22).

Remark 2.1.2 Similarly one can define a self-polar (n + 1)-hedron of a
quadric in Pn and prove that it coincides with its polar (n + 1)-hedron. The
proof of the existence of such (n+1)-hedron was the classical equivalent of the
theorem from linear algebra about reduction of a quadratic form to principal
axes.

Let Q = V (q) and Q′ = V (q′) be two quadrics in a projective space P1.
We say that Q and Q′ are harmonically conjugate if the dual quadric of Q is
apolar to Q′. In other words, if Dq∨(q′) = 0. In coordinates, if

q = αt20 + 2βt0t1 + γt21, q′ = α′t20 + 2β′t0t1 + γ′t21.

then q∨ = γη2
0 − 2βη0η1 + αη2

1 , and the condition becomes

− 2ββ′ + αγ′ + α′γ = 0. (2.3)

It shows that the relation is symmetric (one can extend it to quadrics in higher-
dimensional spaces but it will not be symmetric).

Of course, a quadric in P1 can be identified with a set of two points in P1, or
one point with multiplicity 2. This leads to the classical definition of harmoni-
cally conjugate {a, b} and {c, d} in P1.We will see later many other equivalent
definitions of this relation.

Let P1 = |U |, where dimU = 2. Since dim
∧2

U = 1, we can identify |E|
with P(E). Explicitly, a point with coordinates [a, b] is identified with a point
[−b, a] in the dual coordinates. Under this identification, the dual quadric q∨
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vanishes at the zeros of q. Thus, (2.3) is equivalent to the polarity condition

Dcd(q) = Dab(q
′) = 0, (2.4)

where V (q) = {a, b}, V (q′) = {c, d}.

Proposition 2.1.3 Let `1, `2, `3 be a triangle with vertices a = `1 ∩ `2, b =

`1 ∩ `3 and c = `2 ∩ `3. Then the triangle is a self-polar triangle of a conic C
if and only if a ∈ Pb(C) ∩ Pc(C) and the pairs of points C ∩ `3 and (b, c) are
harmonically conjugate.

Proof Consider the pair C ∩ `3 as a quadric q in `3. We have c ∈ Pb(C), thus
Dbc(q) = 0. Restricting to `3 and by using (2.4), we see that the pairs b, c and
C ∩ `3 are harmonically conjugate. Conversely, if Dbc(q) = 0, the polar line
Pb(C) contains a and intersects `3 at c, hence coincides with ac. Similarly,
Pc(C) = ab.

Any triangle in P2 defines the dual triangle in the dual plane (P2)∨. Its sides
are the pencils of lines with the base point of one of the vertices.

Corollary 2.1.4 The dual of a self-polar triangle of a conic C is a self-polar
triangle of the dual conic Č.

2.1.3 The variety of self-polar triangles

Here, by more elementary methods, we will discuss a compactification of the
variety VSP(q, 3) of polar triangles of a nondegenerate quadratic form in three
variables.

Let C be a nonsingular conic. The group of projective transformations of P2

leaving C invariant is isomorphic to the projective complex orthogonal group

PO(3) = O(3)/(±I3) ∼= SO(3).

It is also isomorphic to the group PSL(2) via the Veronese map

ν2 : P1 → P2, [t0, t1] 7→ [t20, t0t1, t
2
1].

Obviously, PO3 acts transitively on the set of self-polar triangles ofC. We may
assume that C = V (

∑
t2i ). The stabilizer subgroup of the self-polar triangle

defined by the coordinate lines is equal to the subgroup generated by permu-
tation matrices and orthogonal diagonal matrices. It is easy to see that it is
isomorphic to the semi-direct product (Z/2Z)2 o S3

∼= S4. Thus we obtain
the following.
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Theorem 2.1.5 The set of self-polar triangles of a nonsingular conic has a
structure of a homogeneous space SO3/Γ, where Γ is a finite subgroup iso-
morphic to S4.

A natural compactification of the variety of self-conjugate triangles of a non-
degenerate conic q is the variety VSP(q, 3) which we discussed in the previous
chapter. In Theorem 1.5.7, we have shown that it is isomorphic to the intersec-
tion of the Grassmannian G(3, 5) with a linear subspace of codimension 3. Let
us see this construction in another way, independent of the theory developed
in the previous chapter.

Let V2
2 be a Veronese surface in P5. We view P5 as the projective space of

conics in P2 and V2
2 as its subvariety of double lines. A trisecant plane of V is

spanned by three linearly independent double lines. A conicC ∈ P5 belongs to
this plane if and only if the corresponding three lines form a self-polar triangle
of C. Thus the set of self-polar triangles of C can be identified with the set
of trisecant planes of the Veronese surface which contain C. The latter will
also include degenerate self-polar triangles corresponding to the case when
the trisecant plane is tangent to the Veronese surface at some point. Projecting
fromC to P4 we will identify the set of self-polar triangles (maybe degenerate)
with the set of trisecant lines of the projected Veronese surface V4. This is a
closed subvariety of the Grassmann variety G1(P4) of lines in P4.

LetE be a linear space of odd dimension 2k+1 and letG(2, E) := G1(|E|)
be the Grassmannian of lines in |E|. Consider its Plücker embedding

∧2
:

G(2, E) ↪→ G1(
∧2

E) = |
∧2

E|. Any nonzero ω ∈ (
∧2

E)∨ =
∧2

E∨

defines a hyperplane Hω in |
∧2

E|. Consider ω as a linear map αω : E → E∨

defined by αω(v)(w) = ω(v, w). The map αω is skew-symmetric in the sense
that its transpose map coincides with −αω . Thus its determinant is equal to
zero, and Ker(αω) 6= {0}. Let v0 be a nonzero element of the kernel. Then for
any v ∈ E we have ω(v0, v) = αω(v)(v0) = 0. This shows that ω vanishes
on all decomposable 2-vectors v0 ∧ v. This implies that the intersection of
the hyperplane Hω with G(2, E) contains all lines which intersect the linear
subspace Cω = |Ker(αω)| ⊂ |E| which we call the pole of the hyperplane
Hω .

Now recall the following result from linear algebra (see Exercise 2.1). Let
A be a skew-symmetric matrix of odd size 2k + 1. Its principal submatrices
Ai of size 2k (obtained by deleting the i-th row and the i-th column) are skew-
symmetric matrices of even size. Let Pfi be the pfaffians of Ai (i.e. det(Ai) =

Pf2i ). Assume that rank(A) = 2k, or, equivalently, not all Pfi vanish. Then the
system of linear equations A · x = 0 has 1-dimensional null-space generated
by the vector (a1, . . . , a2k+1), where ai = (−1)i+1Pfi.
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Let us go back to Grassmannians. Suppose we have an s + 1-dimensional
subspace W in

∧2
E∨ spanned by ω0, . . . , ωs. Suppose that, for any ω ∈ W ,

we have rank αω = 2k, or, equivalently, the poleCω ofHω is a point. It follows
from the theory of determinant varieties that the subvariety

{Cω ∈ |
2∧
E∨| : corank αω ≥ i}

is of codimension
(
i
2

)
in |
∧2

E∨| (see [278], [340]). Thus, if s < 4, a general
W will satisfy the assumption. Consider a regular map Φ : |W | → |E| defined
by ω 7→ Cω . If we take ω = t0ω0 + · · · + tsωs so that t = (t0, . . . , ts) are
projective coordinate functions in |W |, we obtain that Φ is given by 2k + 1

principal pfaffians of the matrix At defining ω.
We shall apply the preceding to the case when dimE = 5. Take a general

3-dimensional subspace W of
∧2

E∨. The map Φ : |W | → |E| ∼= P4 is
defined by homogeneous polynomials of degree 2. Its image is a projected
Veronese surface S. Any trisecant line of S passes through 3 points on S which
are the poles of elements w1, w2, w3 from W . These elements are linearly
independent, otherwise their poles lie on the conic image of a line under Φ. But
no trisecant line can be contained in a conic plane section of S. We consider
ω ∈ W as a hyperplane in the Plücker space |

∧2
E|. Thus, any trisecant line

is contained in all hyperplanes defined by W . Now, we are ready to prove the
following.

Theorem 2.1.6 Let X̄ be the closure in G1(P4) of the locus of trisecant lines
of a projected Veronese surface. Then X̄ is equal to the intersection of G1(P4)

with three linearly independent hyperplanes. In particular, X̄ is a Fano 3-fold
of degree 5 with canonical sheaf ωX̄ ∼= OX̄(−2).

Proof As we observed in above, the locus of poles of a general 3-dimensional
linear space W of hyperplanes in the Plücker space is a projected Veronese
surface V and its trisecant variety is contained in Y = ∩w∈WHw ∩ G1(P4).
So, its closure X̄ is also contained in Y . On the other hand, we know that X̄
is irreducible and 3-dimensional (it contains an open subset isomorphic to the
homogeneous space X = SO(3)/S4). By Bertini’s Theorem the intersection
of G1(P4) with a general linear space of codimension 3 is an irreducible 3-
dimensional variety. This proves that Y = X̄ . By another Bertini’s Theorem,
Y is smooth. The rest is the standard computation of the canonical class of the
Grassmann variety and the adjunction formula. It is known that the canonical
class of the Grassmannian G = Gm(Pn) of m-dimensional subspaces of Pn is
equal to

KG = OG(−n− 1). (2.5)



84 Conics and quadric surfaces

By the adjunction formula, the canonical class of X̄ = G1(P4)∩H1∩H2∩H3

is equal to OX̄(−2).

Corollary 2.1.7 The homogeneous space X = SO(3)/S4 admits a smooth
compactification X̄ isomorphic to the intersection of G1(P4), embedded via
Plücker in P9, with a linear subspace of codimension 3. The boundary X̄ \X
is an anticanonical divisor cut out by a hypersurface of degree 2.

Proof The only unproven assertion is one about the boundary. To check this,
we use that the 3-dimensional group G = SL(2) acts transitively on a 3-
dimensional variety X minus the boundary. For any point x ∈ X , consider
the map µx : G→ X, g 7→ g · x. Its fiber over the point x is the isotropy sub-
group Gx of x. The differential of this map defines a linear map g = Te(G)→
Tx(X). When we let x vary in X , we get a map of vector bundles

φ : gX = g×X → T (X).

Now take the determinant of this map

3∧
φ =

3∧
g×X →

3∧
T (X) = K∨X ,

where KX is the canonical line bundle of X . The left-hand side is the trivial
line bundle over X . The map

∧3
φ defines a section of the anticanonical line

bundle. The zeros of this section are the points where the differential of the map
µx is not injective, i.e., where dimGx > 0. But this is exactly the boundary
of X . In fact, the boundary consists of orbits of dimension smaller than 3,
hence the isotropy of each such orbit is of positive dimension. This shows that
the boundary is contained in our anticanonical divisor. Obviously, the latter
is contained in the boundary. Thus we see that the boundary is equal to the
intersection of G1(P4) with a quadric hypersurface.

Remark 2.1.8 There is another construction of the variety VSP(q, 3) due to
S. Mukai and H. Umemura [395]. Let V6 be the space of homogeneous binary
forms f(t0, t1) of degree 6. The group SL(2) has a natural linear representation
in V6 via linear change of variables. Let f = t0t1(t40 − t41). The zeros of this
polynomials are the vertices of a regular octahedron inscribed in S2 = P1(C).
The stabilizer subgroup of f in SL(2) is isomorphic to the binary octahedron
group Γ ∼= S4. Consider the projective linear representation of SL(2) in |V6| ∼=
P5. In the loc. cit. it is proven that the closure X̄ of this orbit in |V6| is smooth
and B = X̄ \ X is the union of the orbits of [t50t1] and [t60]. The first orbit
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is of dimension 2. Its isotropy subgroup is isomorphic to the multiplicative
group C∗. The second orbit is 1-dimensional and is contained in the closure
of the first one. The isotropy subgroup is isomorphic to the subgroup of upper
triangular matrices. One can also show that B is equal to the image of P1×P1

under a SL(2)-equivariant map given by a linear system of curves of bidegree
(5, 1). Thus B is of degree 10, hence is cut out by a quadric. The image of the
second orbit is a smooth rational curve in B and is equal to the singular locus
of B. The fact that the two varieties are isomorphic follows from the theory
of Fano 3-folds. It can be shown that there is a unique Fano threefold V with
Pic(V ) = Z 1

2KV and K3
V = 40.

2.1.4 Conjugate triangles

LetC = V (f) be a nonsingular conic. Given a triangle with sides `1, `2, `3, the
poles of the sides are the vertices of the triangle which is called the conjugate
triangle. Its sides are the polar lines of the vertices of the original triangle. It
is clear that this defines a duality in the set of triangles. Clearly, a triangle is
self-conjugate if and only if it is a self-polar triangle.

The following is an example of conjugate triangles. Let `1, `2, `3 be three
tangents to C at the points p1, p2, p3, respectively. They form a triangle which
can be viewed as a circumscribed triangle. It follows from Theorem 1.1.5 that
the conjugate triangle has vertices p1, p2, p3. It can be viewed as an inscribed
triangle. The lines `′1 = p2p3, `

′
2 = p1p3, `

′
3 = p1p2 are polar lines with

respect to the vertices q1, q2, q3 of the circumscribed triangle (see the picture).

q1

q3
p2

p1

q2

p3

`3

`2

`3

`′2

`′3

`′1

Figure 2.1 Special conjugate triangles

In general, let a side `i of a triangle ∆ intersect the conic C at pi and p′i.
Then the vertices of the conjugate triangle are the intersection points of the
tangent of C at the points pi, p′i.

Two lines in P2 are called conjugate with respect to C if the pole of one of
the lines belongs to the other line. It is a reflexive relation on the set of lines.
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Obviously, two triangles are conjugate if and only if each of the sides of the
first triangle is conjugate to a side of the second triangle.

Recall the basic notion of projective geometry, the perspectivity. Two tri-
angles are called perspective from a line (resp. from a point) if there exists a
bijection between their sets of sides (resp. vertices) such that the intersection
points of the corresponding sides (resp. the lines joining the corresponding
points) lie on the same line (resp. intersect at one point). The line is called the
line of perspectivity or perspectrix, and the point is called the center of per-
spectivity or perspector. The Desargues Theorem asserts that the properties of
being perspective from a line or from a point are equivalent.

Theorem 2.1.9 (M. Chasles) Two conjugate triangles with no common vertex
are perspective.

Proof Choose coordinates such that the sides `1, `2, `3 of the first triangle are
t0 = 0, t1 = 0, t2 = 0, respectively. Then the vertices of the first triangle
`2 ∩ `3 = p1 = [1, 0, 0], `1 ∩ `3 = p2 = [0, 1, 0] and `1 ∩ `3 = p3 = [0, 0, 1].
Let

A =

a b c

b d e

c e f

 (2.6)

be the symmetric matrix defining the conic. Then the polar lines `′i of the point
pi is given by the equation αt0 + βt1 + γt2 = 0, where (α, β, γ) is the i-th
column ofA. The vertices of the conjugate triangle are `1∩`′1 = (0, c,−b), `2∩
`′2 = (e, 0,−b) and `3 ∩ `′3 = (e,−c,−0). The condition that the points are on
a line is the vanishing of the determinant

det

0 c −b
e 0 −b
e −c 0

 .

Computing the determinant, we verify that it indeed vanishes.

Now let us consider the following problem. Given two triangles {`1, `2, `3}
and {`′1, `′2, `′3} without common sides, find a conic C such that the triangles
are conjugate to each other with respect to C.

Since dim
∧3

E = 1, we can define a natural isomorphism |
∧2

E∨| → |E|.
Explicitly, it sends the line [l∧ l′] to the intersection point [l]∩ [l′]. Suppose the
two triangles are conjugate with respect to a conic C. Let |E| → |E∨| be the
isomorphism defined by the conic. The composition |

∧2
E∨| → |E| → |E∨|

must send `i ∧ `j to `′k. Let `i = [li], `
′
i = [l′i]. Choose coordinates t0, t1, t2 in
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E and let X,Y be the 3×3-matrices with j-row equal to coordinates of `i and
`′i, respectively. Of course, these matrices are defined by the triangles only up
to scaling the columns. It is clear that the k-column of the inverse matrix X−1

can be taken for the coordinates of the point `i ∩ `j (here i 6= j 6= k). Now we
are looking for a symmetric matrix A such that AX−1 = tY . The converse is
also true. If we find such a matrix, the rows of X and Y would represent two
conjugate triangles with respect to the conic defined by the matrixA. Fix some
coordinates of the sides of the two triangles to fix the matrices X,Y . Then we
are looking for a diagonal invertible matrix D such that

QA = tY DX is a symmetric matrix. (2.7)

There are three linear conditions aij = aji for a matrix A = (aij) to be
symmetric. So we have three equations and we also have three unknowns, the
entries of the matrix D. The condition for the existence of a solution must be
given in terms of a determinant whose entries depend on the coordinates of the
sides of the triangles. We identify li and l′i with vectors in C3 and use the dot-
product in C3 to get the following three equations with unknowns λ1, λ2, λ3

λ1l1 · l′2 − λ2l2 · l′1 = 0

λ1l1 · l′3 − λ3l3 · l′1 = 0

λ2l2 · l′3 − λ3l3 · l′2 = 0.

The matrix of the coefficients of the system of linear equations is equal to

M =

l1 · l′2 −l2 · l′1 0

l1 · l′3 0 −l3 · l′1
0 l2 · l′3 −l3 · l′2

 .

The necessary condition is that

detM = (l3 · l′1)(l1 · l′2)(l2 · l′3)− (l2 · l′1)(l1 · l′3)(l3 · l′2) = 0. (2.8)

We also need a solution with nonzero coordinates. It is easy to check (for
example, by taking coordinates where X or Y is the identity matrix), that the
existence of a solution with a zero coordinate implies that the triangles have a
common vertex. This contradicts our assumption.

Note that condition (2.7) is invariant with respect the action of GL(E) since
any G ∈ GL(E) transforms X,Y to GX,GY , and hence transforms A to
tGAG which is still symmetric. Taking l1 = t0, l2 = t1, l3 = t2, we easily
check that condition (2.8) is equivalent to the condition that the two triangles
with sides defined by l1, l2, l3 and l′1, l

′
2, l
′
3 are perspective from a line. Thus

we obtain the following.
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Corollary 2.1.10 Two triangles with no common side are conjugate triangles
with respect to some conic if and only if they are perspective triangles.

Taking the inverse of the matrixA from (2.7), we obtain thatX−1D−1tB−1

is symmetric. It is easy to see that the j-th column of X−1 can be taken for the
coordinates of the side of the triangle opposite the vertex defined by the j-th
column of X . This shows that the dual triangles are conjugate with respect to
the dual quadric defined by the matrix A−1. This proves Desargues’ Theorem,
we used before.

Theorem 2.1.11 (G. Desargues) Two triangles are perspective from a point
if and only if they are perspective from a line.

Let C be a nonsingular conic and o be a point in the plane but not in C. The
projection from o defines an involution τo on C with two fixed points equal to
the set Po(C) ∩ C. This involution can be extended to the whole plane such
that o and the polar line Po is its set of fixed points. To show this, we may
assume C is the conic V (t0t2 − t21), image of the Veronese map ν2 : P1 →
C, [u0, u1] 7→ [u2

0, u0u1, u
2
1]. We identify a point x = [x0, x1, x2] in the plane

with a symmetric matrix

X =

(
x0 x1

x1 x2

)
so that the conic is given by the equation detX = 0. Consider the action of
G ∈ SL(2) on P2 which sends X to tGXG. This defines an isomorphism
from PSL(2) to the subgroup of PGL(3) leaving the conic C invariant. In this
way, any automorphism of C extends to a projective transformation of the
plane leaving C invariant. Any nontrivial element of finite order in PGL(3)

is represented by a diagonalizable matrix, and hence its set of fixed points
consists of either a line plus a point, or 3 isolated points. The first case occurs
when there are two equal eigenvalues, the second one when all eigenvalues are
distinct. In particular, an involution belongs to the first case. It follows from the
definition of the involution τ that the two intersection points of Po(C) with C
are fixed under the extended involution τ̃ . So, the point o, being the intersection
of the tangents to C at these points, is fixed. Thus the set of fixed points of the
extended involution τ̃ is equal to the union of the line Po(C) and the point o.

As an application, we get a proof of the following Pascal’s Theorem from
projective geometry.

Theorem 2.1.12 Let p1, . . . , p6 be the set of vertices of a hexagon inscribed
in a nonsingular conic C. Then the intersection points of the opposite sides
pipi+1 ∩ pi+3pi+4, where i is taken modulo 3, are collinear.
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Proof A projective transformation of P1 is uniquely determined by the im-
ages of three distinct points. Consider the transformation of the conic C (iden-
tified with P1 by a Veronese map) which transforms pi to pi+3, i = 1, 2, 3.

This transformation extends to a projective transformation τ of the whole plane
leaving C invariant. Under this transformation, the pairs of the opposite sides
pipi+3 are left invariant, thus their intersection point is fixed. A projective
transformation with three fixed points on a line, fixes the line pointwise. So, all
three intersection points lie on a line.

The line joining the intersection points of opposite sides of a hexagon is
called the Pascal line. Changing the order of the points, we get 60 Pascal lines
associated with six points on a conic.

One can see that the triangle ∆1 with sides p1p2, p1p6, p2p3 and the triangle
∆2 with sides p4p5, p3p4, p5p6 are in perspective from the Pascal line. Hence
they are perspective from the pole of the Pascal line with respect to the conic.
Note that not all vertices of the triangles are on the conic.

Dually, we obtain Brianchon’s Theorem.

Theorem 2.1.13 Let p1, . . . , p6 be the set of vertices of a hexagon whose
sides touch a nonsingular conic C. Then the diagonals pipi+3, i = 1, 2, 3

intersect at one point.

We leave it to the reader to find two perspective triangles in this situation.

p5•p1
•

p3•

p6•

p2
•

p4•

Figure 2.2 Pascal’s Theorem

We view a triangle as a point in (P2)3. Thus the set of ordered pairs of conju-
gate triangles is an open subset of the hypersurface in (P2)3 × (P2)3 = (P2)6

defined by Equation (2.8). The equation is multilinear and is invariant with
respect to the projective group PGL(3) acting diagonally, with respect to the
cyclic group of order 3 acting diagonally on the product (P2)3 × (P2)3, and
with respect to the switch of the factors in the product (P2)3 × (P2)3. It is
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known from the invariant theory that the determinant of the matrix M , consid-
ered as a section of the sheaf H0((P2)6,O�6

P2 ) must be a linear combination
of the products of the maximal minors (ijk) of the matrix whose columns are
the six vectors l1, l′1, l2, l

′
2, l3, l

′
3 such that each columns occurs in the prod-

uct once. We use that detM = 0 expresses the condition that the intersection
points `i ∩ `′i are collinear.

Fix a basis in Λ3(E) to define a natural isomorphism

2∧
(

2∧
E)→ E, (v1 ∧ v2, w1 ∧w2) 7→ (v1 ∧ v2 ∧w1)w2− (v1 ∧ v2 ∧w2)w1.

This corresponds to the familiar identity for the vector product of 3-vectors

(v1 × v2)× (w1 ∧ w2) = (v1 × v2 × w1)w2 − (v1 × v2 × w2)w1.

If we apply this formula toE∨ instead ofE, we obtain that the line spanned by
the points `1∩`′1 and `2∩`′2 has equation det(l1, l

′
1, l2)l′2−det(l1, l

′
1, l
′
2)l2 = 0.

The condition that this line also passes through the intersection point `3 ∩ `′3 is

det(l3, l
′
3,det(l1, l

′
1, l2)l′2 − det(l1, l

′
1, l
′
2)l2)

= det(l1, l
′
1, l2) det(l3, l

′
3, l
′
2)− det(l1, l

′
1, l
′
2) det(l3, l

′
3, l2) = 0.

This shows that the determinant in (2.8) can be written in symbolic form as

(12, 34, 56) := (123)(456)− (124)(356). (2.9)

Remark 2.1.14 Let X = (P2)[3] be the Hilbert scheme of P2 of 0-cycles of
degree 3. It is a minimal resolution of singularities of the 3d symmetric product
of P2. Consider the open subset of X formed by unordered sets of 3 non-
collinear points. We may view a point of U as a triangle. Thus any nonsingular
conic C defines an automorphism gC of U of order 2. Its set of fixed points is
equal to the variety of self-polar triangles of C. The automorphism of U can
be viewed as a birational automorphism of X .

One can also give a moduli-theoretical interpretation of the 3-dimensional
GIT-quotient of the variety X modulo the subgroup of Aut(P2) leaving the
conic C invariant. Consider the intersection of the sides of the triangle with
vertices a, b, c. They define three pairs of points on the conic. Assume that
the six points are distinct. The double cover of the conic branched over six
distinct points is a hyperelliptic curve B of genus 2. The three pairs define
3 torsion divisor classes which generate a maximal isotropic subspace in the
group of 2-torsion points in the Jacobian variety of the curveB (see Chapter 5).
This gives a point in the moduli space of principally polarized abelian surfaces
together with a choice of a maximal isotropic subspace of 2-torsion points. It
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is isomorphic to the quotient of the Siegel space H2 modulo the group Γ0(2)

of matrices
(
A B

C D

)
∈ Sp(4,Z) such that C ≡ 0 mod 2.

2.2 Poncelet relation

2.2.1 Darboux’s Theorem

Let C be a conic, and let T = {`1, `2, `3} be a circumscribed triangle. A conic
C ′ which has T as an inscribed triangle is called the Poncelet related conic.
Since passing through a point impose one condition, we have ∞2 Poncelet
related conics corresponding to a fixed triangle T . Varying T , we expect to
get∞5 conics, so that any conic is Poncelet related to C with respect to some
triangle. But surprisingly this is wrong! Darboux’s Theorem asserts that there
is a pencil of divisors p1 + p2 + p3 such that the triangles T with sides tangent
to C at the points p1, p2, p3 define the same Poncelet related conic.

We shall prove it here. In fact, we shall prove a more general result, in which
triangles are replaced with n-polygons. An n-polygon P in P2 is an ordered
set of n ≥ 3 points (p1, . . . , pn) in P2 such that no three points pi, pi+1, pi+2

are collinear. The points pi are the vertices of P , the lines pi, pi+1 are called
the sides of P (here pn+1 = p1). The number of n-gons with the same set of
vertices is equal to n!/2n = (n− 1)!/2.

We say that P circumscribes a nonsingular conic C if each side is tangent
to C. Given any ordered set (q1, . . . , qn) of n points on C, let `i be the tangent
lines to C at the points qi. Then they are the sides of the n-gon P with vertices
pi = `i ∩ `i+1, i = 1, . . . , n (`n+1 = `1). The n-gon P circumscribes C.
This gives a one-to-one correspondence between n-gons circumscribingC and
ordered sets of n points on C.

Let P = (p1, . . . , pn) be a n-gon that circumscribes a nonsingular conic C.
A conic S is called Poncelet n-related to C with respect to P if all points pi
lie on C.

Let us start with any two conics C and S. We choose a point p1 on S and
a tangent `1 to C passing through p1. It intersects S at another point p2. We
repeat this construction. If the process stops after n steps (i.e. we are not getting
new points pi), we get an inscribed n-gon in S which circumscribes C. In this
case S is Poncelet related to C. The Darboux Theorem which we will prove
later says that, if the process stops, we can construct infinitely many n-gons
with this property starting from an arbitrary point on S.
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Consider the following correspondence on C × S:

R = {(x, y) ∈ C × S : xy is tangent to C at x}.

Since, for any x ∈ C the tangent to C at x intersects S at two points, and, for
any y ∈ S there are two tangents to C passing through y, so we get that R is
of bidegree (2, 2). This means if we identify C, S with P1, then R is a curve of
bidegree (2, 2). As is well-known R is a curve of arithmetic genus 1.

Lemma 2.2.1 The curve R is nonsingular if and only if the conics C and
S intersect at four distinct points. In this case, R is isomorphic to the double
cover of C (or S) ramified over the four intersection points.

Proof Consider the projection map πS : R → S. This is a map of degree 2.
A branch point y ∈ S is a point such that there only one tangent to C passing
through y. Obviously, this is possible only if y ∈ C. It is easy to see that R is
nonsingular if and only if the double cover πS : R→ S ∼= P1 has four branch
points. This proves the assertion.

Note that, if R is nonsingular, the second projection map πC : R → C

must also have 4 branch points. A point x ∈ C is a branch point if and only
if the tangent of C at x is tangent to S. So we obtain that two conics intersect
transversally if and only if there are four different common tangents.

Take a point (x[0], y[0]) ∈ R and let (x[1], y[1]) ∈ R be defined as follows:
y[1] is the second point on S on the tangent to x[0], x[1] is the point on C
different from x[0] at which a line through y[1] is tangent to C. This defines a
map τC,S : R → R. This map has no fixed points on R and hence, if we fix a
group law onR, is a translation map ta with respect to a point a. Obviously, we
get an n-gon if and only if ta is of order n, i.e. the order of a in the group law
is n. As soon as this happens we can use the automorphism for constructing
n-gons starting from an arbitrary point (x[0], y[0]). This is Darboux’s Theorem
which we have mentioned in above.

Theorem 2.2.2 (G. Darboux) Let C and S be two nondegenerate conics in-
tersecting transversally. Then C and S are Poncelet n-related if and only if the
automorphism τC,S of the associated elliptic curve R is of order n. If C and
S are Poncelet n related, then starting from any point x ∈ C and any point
y ∈ S there exists an n-gon with a vertex at y and one side tangent to C at y
which circumscribes C and inscribed in S.

In order to check explicitly whether two conics are Poncelet related one
needs to recognize when the automorphism τC,S is of finite order. Let us
choose projective coordinates such that C is the Veronese conic t0t2− t21 = 0,
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the image of P1 under the map [t0, t1] 7→ [t20, t0t1, t
2
2]. By using a projective

transformation leaving C invariant we may assume that the four intersection
points p1, p2, p3, p4 of C and S are the images of the points 0, 1,∞, a. Then
R is isomorphic to the elliptic curve given by the affine equation

y2 = x(x− 1)(x− a).

The conic S belongs to the pencil of conics with base points p1, . . . , p4:

(t0t2 − t21) + λt1(at0 − (1 + a)t1 + t2) = 0.

We choose the zero point in the group law on R to be the point (x[0], y[0]) =

(p4, p4) ∈ C×S. Then the automorphism τC,S sends this point to (x[1], y[1]),
where

y[1] = (λa, λ(1 + a) + 1, 0), x[1] = ((a+ 1)2λ2, 2a(1 + a)λ, 4a2).

Thus x[1] is the image of the point (1, 2a
(a+1)λ ) ∈ P1 under the Veronese map.

The point y[1] corresponds to one of the two roots of the equation

y2 =
2a

(a+ 1)λ
(

2a

(a+ 1)λ
− 1)(

2a

(a+ 1)λ
− a).

So we need a criterion characterizing points (x,±
√
x(x− 1)(x− a)) of fi-

nite order. Note that different choice of the sign corresponds to the involution
x 7→ −x of the elliptic curve. So, the order of the points corresponding to two
different choices of the sign are the same. We have the following result of A.
Cayley.

Theorem 2.2.3 (A. Cayley) Let R be an elliptic curve with affine equation

y2 = g(x),

where g(x) is a cubic polynomial with three distinct nonzero roots. Let y =∑∞
i=0 cix

i be the formal power Taylor expansion of y in terms of the local
parameter x at the point p = (0,

√
g(0)). Then p is of order n ≥ 3 if and only
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if ∣∣∣∣∣∣∣∣∣
c2 c3 . . . ck+1

c3 c4 . . . ck+2

...
...

...
...

ck+1 ck+2 . . . c2k

∣∣∣∣∣∣∣∣∣ = 0, n = 2k + 1,

∣∣∣∣∣∣∣∣∣
c3 c4 . . . ck+1

c4 c5 . . . ck+2

...
...

...
...

ck+1 ck+2 . . . c2k−1

∣∣∣∣∣∣∣∣∣ = 0, n = 2k.

Proof Let ∞ be the point at infinity of the affine curve y2 − g(x) = 0.
The rational function x (resp. y) has pole of order 2 (resp. 3) at ∞. If n =

2k + 1, the rational functions 1, x, . . . , xk, y, xy, . . . , xk−1y form a basis of
the linear spaceH0(C,OC(n∞)). If n = 2k, the same is true for the functions
1, x, . . . , xk, y, xy, . . . , xk−2y. A point p = (0, c0) is a n-torsion point if and
only if there is a linear combination of these functions which vanishes at this
point with order n. Since x is a local parameter at the point p, we can expand
y in a formal power series y =

∑∞
k=0 ckx

k. Let us assume n = 2k + 1, the
other case is treated similarly. We need to find some numbers (a0, . . . , a2k)

such that, after plugging in the formal power series,

a0 + a1x+ . . .+ akx
k + ak+1y + . . .+ a2kx

k−1y

is divisible by x2k+1. This gives a system of n linear equations

ai + ak+1ci + · · ·+ ak+1+ic0 = 0, i = 0, . . . , k,

a2kc2+i + a2k−1c3+i + · · ·+ ak+1ck+1+i = 0, i = 0, . . . , k − 1.

The first k+ 1 equations allow us to eliminate a0, . . . , ak. The last k equations
have a solution for (ak+1, . . . , a2k) if and only if the first determinant in the
assertion of the Theorem vanishes.

To apply the Proposition we have to take

α =
2a

(a+ 1)λ
, β = 1 +

2a

(a+ 1)λ
, γ = a+

2a

(a+ 1)λ
.

Let us consider the variety Pn of pairs of conics (C, S) such that S is Pon-
celet n-related to C. We assume that C and S intersect transversally. We al-
ready know that Pn is a hypersurface in P5 × P5. Obviously, Pn is invariant
with respect to the diagonal action of the group SL(3) (acting on the space of
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conics). Thus the equation of Pn is an invariant of a pair of conics. This in-
variant was computed by F. Gerbardi [242]. It is of bidegree ( 1

4T (n), 1
2T (n)),

where T (n) is equal to the number of elements of order n in the abelian group
(Z/nZ)2.

Let us look at the quotient of Pn by PSL(3). Consider the rational map
β : P5 × P5 → (P2)(4) which assigns to (C, S) the point set C ∩ S. The
fiber of β over a subset B of four points in general linear position is isomor-
phic to an open subset of P1 × P1, where P1 is the pencil of conics with
base point B. Since we can always transform such B to the set of points
{[1, 0, 0], [0, 1, 0], [0, 0, 1], [1, 1, 1]}, the group PSL(3) acts transitively on the
open subset of such 4-point sets. Its stabilizer is isomorphic to the permutation
group S4 generated by the following matrices:0 −1 0

1 0 0

0 0 1

 ,

1 0 0

0 0 −1

0 1 0

 ,

1 0 −1

0 −1 −1

0 0 −1

 .

The orbit space Pn/PSL(3) is isomorphic to a curve in an open subset of
P1 × P1/S4, where S4 acts diagonally. By considering one of the projection
maps, we obtain that Pn/PSL(3) is an open subset of a cover of P1 of degree
N equal to the number of Poncelet n-related conics in a given pencil of conics
with 4 distinct base points with respect to a fixed conic from the pencil. This
number was computed by F. Gerbardi [242] and is equal to 1

2T (n). A modern
account of Gerbardi’s result is given in [26]. A smooth compactification of
Pn/PSL(3) is the modular curve X0(n) that parameterizes the isomorphism
classes of the pairs (R, e), where R is an elliptic curve and e is a point of order
n in R.

Proposition 2.2.4 Let C and S be two nonsingular conics. Consider each
n-gon inscribed in C as a subset of its vertices, and also as a positive divisor
of degree n on C. The closure of the set of n-gons inscribed in C and circum-
scribing S is either empty, or a g1

n, i.e. a linear pencil of divisors of degree
n.

Proof First observe that two polygons inscribed in C and circumscribing S
which share a common vertex must coincide. In fact, the two sides passing
through the vertex in each polygon must be the two tangents of S passing
through the vertex. They intersect C at another two common vertices. Contin-
uing in this way, we see that the two polygons have the same set of vertices.
Now consider the Veronese embedding vn of C ∼= P1 in Pn. An effective
divisor of degree n is a plane section of the Veronese curve V1

n = νn(P1).
Thus the set of effective divisors of degree n on C can be identified with the
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dual projective space (Pn)∨. A hyperplane in (Pn)∨ is the set of hyperplanes
in Pn which pass through a fixed point in Pn. The degree of an irreducible
curve X ⊂ (Pn)∨ of divisors is equal to the cardinality of the set of divisors
containing a fixed general point of V1

n. In our case it is equal to 1.

2.2.2 Poncelet curves and vector bundles

Let C and S be two Poncelet n-related conics in the plane P2 = |E|. Recall
that this means that there exist n points p1, . . . , pn on C such that the tangent
lines `i = Tpi(C) meet on S. One can drop the condition that S is a conic. We
say that a plane curve S of degree n − 1 is Poncelet related to the conic C if
there exist n points, as above, such that the tangents to C at these points meet
on S.

We shall prove an analog of Darboux’s Theorem for Poncelet related curves
of degree larger than 2. First, we have to remind some constructions in the
theory of vector bundles over the projective plane.

Let P1 = |U | for some vector space U of dimension 2 and let P2 = |V | for
some vector space V of dimension 3. A closed embedding v : P1 ↪→ P2 has
the image isomorphic to a nonsingular conic, a Veronese curve. This defines
an isomorphism

E∨ = H0(|E|,O|E|(1)) ∼= H0(|U |,O|U |(2)) = S2(U∨).

Its transpose defines an isomorphism E ∼= S2(U). This gives a bijective corre-
spondence between nonsingular conics and linear isomorphisms E → S2(U).
Also, since dim

∧2
U = 1, a choice of a basis in

∧2
U defines a linear isomor-

phism U ∼= U∨. This gives an isomorphism of projective spaces |U | ∼= |U |∨
that does not depend on a choice of a basis in

∧2
U . Thus a choice of a nonsin-

gular conic in |E| also defines an isomorphism |E∨| → |S2(U)| which must
be given by a nonsingular conic in |E∨|. This is of course the dual conic.

Fix an isomorphism P2 ∼= |S2(U)| defined by a choice of a conic C in P2.
Consider the multiplication map S2(U) ⊗ Sn−2(U) → Sn(U). It defines a
rank 2 vector bundle Sn,C on P2 whose fiber at the point x = [q] ∈ |S2(U)| is
equal to the quotient space Sn(U)/qSn−2(U). One easily sees that it admits a
resolution of the form

0→ Sn−2(U)(−1)→ Sn(U)→ Sn,C → 0, (2.10)

where we identify a vector space V with the vector bundle π∗V , where π is the
structure map to the point. The vector bundle Sn,C is called the Schwarzen-
berger vector bundle associated to the conic C. Its dual bundle has the fiber
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over a point x = [q] equal to the linear space

(Sn(U)/qSn−2(U))∨ = {f ∈ Sn(U∨) : Dq(f) = 0}. (2.11)

Embedding |U∨| in |Sn(U∨)| by means of the Veronese map, we will identify
the divisor of zeros of q with a divisor V (q) of degree 2 on the Veronese curve
Rn ⊂ |Sn(U∨)|, or, equivalently, with a 1-secant of Rn. A hyperplane con-
taining this divisor is equal to V (qg) for some g ∈ Sn−2(U). Thus the linear
space (2.11) can be identified with the projective span of V (q). In other words,
the fibres of the dual projective bundle S∨n,C are equal to the secants of the
Veronese curve Rn.

It follows from (2.10) that the vector bundle Sn,C has the first Chern class
of degree n − 1 and the second Chern class is equal to n(n − 1)/2. Thus we
expect that a general section of Sn,C has n(n − 1)/2 zeros. We identify the
space of sections of Sn,C with the vector space Sn(U). A point [s] ∈ |Sn(U)|
can be viewed as a hyperplane Hs in |Sn(U∨)|. Its zeros are the secants of Rn
contained in Hs. Since Hs intersects Rn at n points p1, . . . , pn, any 1-secant
pipj is a 1-secant contained in Hs. The number of such 1-secants is equal to
n(n− 1)/2.

Recall that we can identify the conic with |U | by means of the Veronese
map ν2 : |U | → |S2(U)|. Similarly, the dual conic C∨ is identified with |U∨|.
By using the Veronese map vn : |U∨| → |Sn(U∨)|, we can identify C∨ with
Rn. Now a point on Rn is a tangent line on the original conic C, hence n
points p1, . . . , pn from the above are the sides `i of an n-gon circumscribing
C. A secant pipj from the above is a point in P2 equal to the intersection point
qij = `i ∩ `j . And the n(n− 1)/2 points qij represent the zeros of a section s
of the Schwarzenberger bundle Sn,C .

For any two linearly independent sections s1, s2, their determinant s1 ∧ s2

is a section of
∧2 Sn,C and hence its divisor of zeros belongs to the linear

system |OP2(n−1)|. When we consider the pencil 〈s1, s2〉 spanned by the two
sections, the determinant of each member s = λs1 + µs2 has the zeros on the
same curve V (s1 ∧ s2) of degree m− 1.

Let us summarize this discussion by stating and proving the following gen-
eralization of Darboux’s Theorem.

Theorem 2.2.5 Let C be a nonsingular conic in P2 and let Sn,C be the as-
sociated Scwarzenberger rank 2 vector bundle over P2. Then n-gons circum-
scribing C are parameterized by |H0(Sn,C)|. The vertices of the polygon Πs

defined by a section s correspond to the subscheme Z(s) of zeros of the section
s. A curve of degree n−1 passing through the vertices corresponds to a pencil
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of a sections of Sn,C containing s and is equal to the determinant of a basis of
the pencil.

Proof A section s with the subscheme of zeros Z(s) with ideal sheaf IZ(s)

defines the exact sequence

0→ OP2
s→ Sn,C → IZ(n− 1)→ 0.

A section of IZ(n−1) is a plane curve of degree n−1 passing through Z(s).
The image of a section t of Sn,C in H0(IZ(n − 1)) is the discriminant curve
s ∧ t. Any curve defined by an element from H0(IZ(n − 1)) passes through
the vertices of the n-gon Πs and is uniquely determined by a pencil of sections
containing s.

One can explicitly write the equation of a Poncelet curve as follows. First
we choose a basis ξ0, ξ1 of the space U and the basis (ξd0 , ξ

d−1
0 ξ1, . . . , ξ

d
1) of

the space Sd(U). The dual basis in Sn(U∨) is (
(
d
i

)
td−i0 ti1)0≤i≤d. Now the

coordinates in the plane |S2(U)| are t20, 2t0t1, t
2
2, so a point in the plane is a

binary conic Q = aξ2
0 + 2bξ0ξ1 + cξ2

1 . For a fixed x = [Q] ∈ |S2(U)|, the
matrix of the multiplication map Sn−2(U)→ Sn(U), G 7→ QG is

K(x) =



a

2b a

c 2b
. . .

c
. . . . . .
. . . . . . a

. . . 2b

c


.

A section of Sn,C is given by f =
∑n
i=0 ciξ

n−i
0 ξi1 ∈ Sn(U). Its zeros is the

set of points x such that the vector c of the coefficients belongs to the column
subspace of the matrix K(x). Now we vary f in a pencil of binary forms
whose coefficient vector c belongs to the nullspace of some matrix A of size
(n − 1) × (n + 1) and rank n − 1. The determinant of this pencil of sections
is the curve in the plane defined by the degree n − 1 polynomial equation in
x = [a, b, c]

det
(
K(x) ·A

)
= 0.

Note that the conic C in our choice of coordinates is V (t21 − t0t2).

Remark 2.2.6 Recall that a section of Sn,C defines a n-gon in the plane
|S2(U)| corresponding to the hyperplane section Hs ∩ Rn. Its vertices is the
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scheme of zeros Z(s) of the section s. Let π : X(s) → P2 be the blow-up of
Z(s). For a general s, the linear system of Poncelet curves through Z(s) em-
beds the surfaceX(s) in |Sn(U∨)|with the image equal toHs∩Sec1(Rn). The
exceptional curves of the blow-up are mapped onto the secants ofRn which are
contained in Hs. These are the secants pipj , where Hs ∩ Rn = {p1, . . . , pn}.
The linear system defining the embedding is the proper transform of the lin-
ear system of curves of degree n − 1 passing through 1

2n(n − 1) points of
Z(s). This implies that the embedded surface X(s) has the degree equal to
(n− 1)2− 1

2n(n− 1) = 1
2 (n− 1)(n− 2). This is also the degree of the secant

variety Sec1(Rn). For example, take n = 4 to get that the secant variety of
R4 is a cubic hypersurface in P4 whose hyperplane sections are cubic surfaces
isomorphic to the blow-up of the six vertices of a complete quadrilateral.

2.2.3 Complex circles

Fix two points in the plane and consider the linear system of conics passing
through the two points. It maps the plane to P3 with the image equal to a
nonsingular quadric Q = V (q). Thus we may identify each conic from the
linear system with a hyperplane in P3, or using the polarity defined by Q, with
a point. When the two points are the points [0, 1,±i] in the real projective plane
with the line at infinity t0 = 0, a real conic becomes a circle, and we obtain that
the geometry of circles can be translated into the orthogonal geometry of real
3-dimensional projective space. In coordinates, the rational map P2 99K P3 is
given by

[t0, t1, t2] 7→ [x0, x1, x2, x3] = [t21 + t22, t0t1, t0t2, t
2
0].

Its image is the quadric

Q = V (x0x3 − x2
1 − x2

2).

Explicitly, a point [v] = [α0, α1, α2, α3] ∈ P3 defines the complex circle

S(v) : α0(t21 + t22)− 2t0(α1t1 + α2t2) + α3t
2
0 = 0. (2.12)

By definition, its center is the point c = [α0, α1, α2], its radius square R2 is
defined by the formula

α2
0R

2 = α2
1 + α2

2 − α0α3 = q(α). (2.13)

Let us express the property that two circles are tangent to each other. It
applies to complex circles as well.
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Proposition 2.2.7 Let [v], [w] be two points in P3, and let S(v), S(w) be two
complex circles corresponding to planes in P3 which are polar to the points
with respect to the quadric Q = V (q). Then the two circles touch each other if
and only if

(v, v)(w,w)− (v, w)2 = 0, (2.14)

where (v, w) denotes the bilinear form associated to the quadratic form q.

Proof Let ` = V (λv+µw) be the line spanned by the points [v] and [w]. Via
polarity, it corresponds to a pencil of planes in P3. The preimages of two planes
are tangent if and only if the pencil contains a plane tangent to the quadric Q.
Dually this means that the line ` is tangent toQ. This is equivalent to the binary
form

q(λv + µw) = λ2(v, v) + 2(v, w)λµ+ µ2(w,w)

having has a double root. Of course, this happens if and only if (2.14) holds.

Note that relation (2.14) is of degree 2 in v and w. If we identify the space
of circles with P3, this implies that the pairs of touching complex circles is a
hypersurface in P3×P3 of bidegree (2, 2). It is easy to see that the diagonal of
P3 × P3 is the double locus of the hypersurface.

Fix two complex irreducible circles S = S(v) and S′ = S(w) and consider
the variety R of complex circles S(x) touching S and S′. It is equal to the
quartic curve, the intersection of two quadratic cones QS and QS′ of conics
touching S and S′,

(v, v)(x, x)− (v, x)2 = (w,w)(x, x)− (w, x)2 = 0.

Since the singular points of these cones [v] and [w] satisfy these equations, the
quartic curve has two singular points. In fact, it is the union of two conics given
by the equations √

(v, v)(w, x)±
√

(w,w)(v, x) = 0.

The two conics intersect at the points [x] such that (x, x) = 0 and (v, x) =

(v, w) = 0. The first condition means that [x] is the null-circle, i.e. α2
0R

2 = 0

in (2.13). It is the union of two lines connecting one if the two intersection
points of S and S′ outside the line at infinity t0 = 0 with the two intersection
points at infinity. In the case when S and S′ touch each other the whole pencil
generated by S and S′ becomes a component of the quartic curve entering with
multiplicity 2. So, the two cones QS and QS′ touch each other along the line
spanned by S and S′.
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Theorem 2.2.8 (J. Steiner) Suppose, after m steps, Sm is equal to S1. Then,
starting from arbitrary conic S′1 touching S and S′, we get a sequence of concis
S′1, . . . , S

′
m = S′1 tangent to S and S′ with S′k tangent to S′k−1.

Proof LetR be one of the conic components of the variety of complex circles
touching S and S′. Let

X = {(S1, S2) ∈ R×R : S1touches S2}.

It is a curve of bidegree (4, 4) on R×R ∼= P1×P1. The fiber of its projection
to the first factor over a point represented by a conic S1 consists of three points.
One them is at the diagonal and enters with multiplicity 2. This implies that X
consists of the diagonal taken with multiplicity 2 and the residual curve F of
bidegree (2, 2). The fiber of the first projection X → R over S1 consists of
complex circles which touch S and S1 and also touch S′ and S1. It consists
of the intersection of two quartic curves, each has a double line as component.
The double lines are represented by the pencil generated by S and S1 and
the pencil generated by S′ and S1. The only case when the fiber consists of
one point is when S1 is one of the two null-lines touching S and S′ at their
intersection point not at infinity. In this case the quadricQS1

of circles touching
S1 is the double plane of circles passing through the singular point of S1. Thus
we see that the residual curve F has only two branch points for each of the two
projections X → R. Since its arithmetic genus is equal to 1, it must consist
of two irreducible curves of bidegree (1, 1) intersecting at two points a, b. If
we fix one of the components F1, then the map (S1, S2) 7→ (S2, S3) is the
automorphism of F1 \ {a, b} ∼= C∗. The sequence S1, S2, S3, . . . terminates if
and only if this automorphism is of finite orderm. As soon as it is, we can start
from any S1 and obtain a finite sequence (S1, . . . , Sm = S1).

Remark 2.2.9 We followed the proof from [26]. When S and S′ are concen-
tric real circles, the assertion is evident. The general case of real conics can be
reduced to this case (see [221], [498]). Poncelet’s and Steiner’s Theorems are
examples of a porism, which can be loosely stated as follows. If one can find
one object satisfying a certain special property then there are infinitely many
such objects. There are some other poristic statements for complex circles:
Emch’ Theorem and the zig-zag theorem discussed in [26].
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2.3 Quadric surfaces

2.3.1 Polar properties of quadrics

Many of the polar properties of conics admit extension to nonsingular quadrics
in higher-dimensional Pn. For example, a self-polar (n+ 1)-hedron is defined
as a collection of n + 1 ordered hyperplanes V (li) in general linear position
such that the pole of each plane V (li) is equal to the intersection point of the
remaining hyperplanes. Similarly to the case of conics, one proves that a self-
polar (n+ 1)-hedron is the same as a polar (n+ 1)-hedron of the quadric.

The definition of the conjugate (n+ 1)-hedra is a straightforward extension
of the definition of conjugate triangles. We say that two simplexes Σ and Σ′ are
mutually polar with respect to a quadric Q if the poles of the facets of T ′ are
vertices of T . This implies that the images of k-dimensional faces of T under
the polarity defined by Q are the opposite (n − k)-dimensional facets of Σ′.
The condition (2.7) extends to any dimension. However, it does not translate to
a single equation on the coefficients of the linear forms defining the polyhedra.
This time we have a system of n(n+1)/2 linear equations with n+1 unknowns
and the condition becomes the rank condition.

We adopt the terminology of convex geometry to call the set of n + 1 lin-
early independent hyperplanes a simplex. The intersection of a subset of k
hyperplanes will be called an (n − k)-dimensional face. If k = n, this is a
vertex , if k = n− 1, this is an edge, if n = 0 this is a facet .

The notion of perspectivity of triangles extends to quadrics of any dimen-
sion. We say that two simplexes are perspective from a point o if there is a
bijection between the sets of vertices such that the lines joining the corre-
sponding vertices pass through the point o. We say that the two simplexes are
perspective from a hyperplane if this hyperplane contains the intersections of
corresponding facets. We have also an extension of Desargues’ Theorem.

Theorem 2.3.1 (G. Desargues) Two simplexes are perspective from a point
if and only if they are perspective from a hyperplane.

Proof Without loss of generality, we may assume that the first simplex Σ is
the coordinate simplex with vertices pi = [ei] and it is perspective from the
point o = [e] = [1, . . . , 1]. Let qi = [vi] be the vertices of the second simplex
Σ2. Then we have vi = e + λiei for some scalars λi. After subtracting, we
obtain vi−vj = λiei−λjej . Thus any two edges pipj and qiqj meet at a point
rij which lies on the hyperplane H = V (

∑n
i=0

1
λi
ti). Since the intersection

of the facet of Σ1 opposite the point pk with the facet of Σ2 opposite the point
qk contains all points rij with i, j 6= k, and they span the intersection, we get
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that the two simplexes are perspective from H . The converse assertion follows
by duality.

Remark 2.3.2 As remarked [525], p.252, the previous assertion is a true space
generalization of the classical Desargues’s Theorem. Other generalization ap-
plies to two space triangles and asserts that the perspectivity from a point im-
plies that the intersection points of the corresponding sides (which automati-
cally intersect) are collinear.

Let bq : E → E∨ be an isomorphism defined by a nonsingular quadric
Q = V (q). For any linear subspace L ofE, the subspace bq(L)⊥ ofE is called
the polar of L with respect to Q. It is clear that the dimensions of a subspace
and its polar subspace add up to the dimension of |E|. Two subspaces Λ and Λ′

of the same dimension are called conjugate if the polar subspace of Λ intersects
Λ′.

These classical definitions can be rephrased in terms of standard definitions
of multilinear algebra. Let Λ (resp. Λ′) be spanned by [v1], . . . , [vk] (resp.
[w1], . . . , [wk]). For any two vectors v, w ∈ E, let (v, w)q denote the value
of the polar bilinear form bq of q on (v, w)q .

Lemma 2.3.3 Λ and Λ′ are conjugate with respect to Q if and only if

det


(v1, w1)q (v2, w1)q . . . (vk, w1)q
(v1, w2)q (v2, w2)q . . . (vk, w2)q

...
...

...
...

(v1, wk)q (v2, wk)q . . . (vk, wk)q

 = 0.

Proof Let bq : E → E∨ be the linear isomorphism defined by the polar
bilinear form of q. The linear funtions bq(v1), . . . , bq(vk) form a basis of a
k-dimensional subspace L of E∨ whose dual L⊥ is an (n − k)-dimensional
subspace of E. It is easy to see that the spans of v1, . . . , vk and w1, . . . , wk
have a common nonzero vector if and only if L⊥ intersects nontrivially the lat-
ter span. The condition for this is that, under the natural identification

∧k
(E∨)

and
∧k

(E)∨, we have

bq(v1) ∧ . . . ∧ bq(vk)(w1 ∧ . . . ∧ wk) = det((vi, wj)q) = 0.

It follows from the Lemma that the relation to be conjugate is symmetric.

From now on, until the end of this section, we assume that n = 3.
A tetrahedron in P3 with conjugate opposite edges is called self-conjugate.
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It is clear that a polar tetrahedron ofQ is self-conjugate, but the converse is not
true.

Let T be a tetrahedron with vertices p1 = [v1], . . . , p4 = [v4]. Suppose
that two pairs of opposite edges are conjugate with respect to some quadric
Q. Then T is self-conjugate (see [550], B. III, p. 135, or [535], 7.381). The
proof is immediate. Suppose the two conjugate pairs of edges are (p1p2, p3p4)

and (p1p3, p2p4). For brevity, let us denote (vi, vj)q by (ij). Then (13)(24)−
(14)(23) = 0, and (12)(34)−(14)(23) = 0 imply, after subtraction, (13)(24)−
(12)(34) = 0. This means that the remaining pair (p1p3, p2p3) is conjugate.

We know that two conjugate triangles are perspective. In the case of quadrics
we have a weaker property expressed on the following Chasles’ Theorem.

Theorem 2.3.4 [M. Chasles] Let T and T ′ be two mutually polar tetrahedra
with respect to a quadricQ. Suppose no two opposite edges of T are conjugate.
Then the lines joining the corresponding vertices belong to the same ruling of
lines of some nonsingular quadric Q′.

Proof Let p1, p2, p3, p4 be the vertices of T and let q1, q2, q3, q4 be the ver-
tices of T ′. In the following, {i, j, k, l} = {1, 2, 3, 4}. By definition, ql is a
pole of the plane spanned by pi, pj , pk and the matching between the vertices
is pi 7→ qi. Suppose the edge pipj is not conjugate to the opposite edge pkpl.
This means that it does not intersect the edge qiqj . This implies that the lines
piqi and pjqj do not intersect. By symmetry of the conjugacy relation, we also
obtain that the lines pkqk and plql do not intersect. Together this implies that
we may assume that the first three lines `i = piqi are not coplanar.

Without loss of generality, we may assume that the first tetrahedron T is
the coordinate tetrahedron. Let A = (aij) be a symmetric matrix defining the
quadric Q and let C = adj(A) = (cij) be the adjugate matrix defining the
dual quadric. The coordinates of facets of T are columns of A = (aij). The
coordinates of the intersection point of three facets defined by three columns
Ai, Aj , Ak of A are equal to the column Cm of C, where m 6= i, j, k. Thus
a general point on the line generated by the point [1, 0, 0, 0] has coordinates
[λ, µc12, c13, c14], and similar for other three lines. Recall that by Steiner’s
construction (see [266], p. 528) one can generate a nonsingular quadric by two
projectively equivalent pencils of planes through two skew lines. The quadric
is the union of the intersection of the corresponding planes. Apply this con-
struction to the pencil of planes through the first two lines. They projectively
matched by the condition that the corresponding planes in the pencils contain
the same point [c31, c32, λ, c41] on the third line. The two planes from each
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pencil are defined by the equations

det


t0 t1 t2 t3
1 0 0 0

λc11 c12 c13 c14

c31 c32 λ c34


= t1c13c34 + t2(c14c32 − c12c34)− t3c13c32 + λ(t3c12 − t1c14) = 0,

det


t0 t1 t2 t3
0 1 0 0

c21 c22 c23 c24

c31 c32 λ c34


= t0c23c34 + t2(c24c31 − c21c34)− t3c23c31 + λ(t3c21 − t1c24) = 0,

Eliminating λ, we find the equation of the quadric

(c12c34 − c24c13)(c23t0t3 + c14t1t2) + (c13c24 − c14c23)(c12t2t3 + c34t0t1)

+(c14c23 − c12c34)(c13t1t3 + c24t0t2) = 0.

By definition, the quadric contains the first three lines. It is immediately checked
that a general point [c41, c42, c43, λ] on the fourth line lies on the quadric.

The following result follows from the beginning of the proof.

Proposition 2.3.5 Let T and T ′ be two mutually polar tetrahedra. Assume
that T (and hence T ′) is self-conjugate. Then T and T ′ are in perspective
from the intersection points of the lines joining the corresponding vertices and
perspective from the polar plane of this point.

One can think that the covariant quadric Q′ constructed in the proof of
Chasles’ Theorem 2.3.4 degenerates to a quadratic cone. Counting parame-
ters, it is easy to see that the pairs of perspective tetrahedra depend on the
same number 19 of parameters as pairs of tetrahedra mutually polar with re-
spect to some quadric. It is claimed in [21], v. 3, p.45, that any two perspective
tetrahedra are, in fact, mutually polar with respect to some quadric. Note that
the polarity condition imposes three conditions, and the self-conjugacy con-
dition imposes two additional conditions. This agrees with counting constants
(5 = 24− 19).

One can apply the previous construction to the problem of writing a quadratic
form q as a sum of five squares of linear forms. Suppose we have two self-
conjugate tetrahedra T and T ′ with respect to a quadric Q that are also mu-
tually polar with respect to Q. By Proposition 2.3.5, they are in perspective.
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Choose coordinates such that T is the coordinate tetrahedron and let A =

(aij)0≤i,j≤3 be a symmetric matrix defining Q. We know that the equations
of facets Hi of T ′ are V (

∑3
j=0 aijtj). Since T is self-conjugate, the inter-

section lines H0 ∩ H1 meet the coordinate lines t0 = t1 = 0. This means
that the equations a20t2 + a30t3 = 0 and a21t2 + a31t3 = 0 have a nonzero
solution, i.e. a20a31 = a21a30. Similarly, we get that a10a32 = a30a12 and
a01a32 = a02a31. Using the symmetry of the matrix, this implies that the six
products are equal. Hence a03a13/a12 = a23a03/a02 = a03a13/a01 are all
equal to some number α. Then the equation of the quadrics can be written as a
sum of five squares

3∑
i=0

aiit
2
i + 2

∑
0≤i<j≤3

aijtitj

=

2∑
i=0

(aii − αai3)t2i + (a33 − α)t23 + α−1(

2∑
i=0

ai3ti + αt3)2 = 0.

Here we assume that A is general enough. The center of perspective of the two
tetrahedra is the pole of the plane V (a03t0 + a13t1 + a23t2 + αt3).

The pentad of points consisting of the vertices of a self-conjugate tetrahe-
dron with regard to a quadric Q and the center of the perspectivity o of the
tetrahedron and its polar tetrahedron form a self-conjugate pentad (and penta-
hedron in the dual space). This means that the pole of each plane spanned by
three vertices lies on the opposite edge. As follows from above, the pentad of
points defined by a self-conjugate tetrahedron defines a polar polyhedron of Q
consisting of the polar planes of the pentad.

Proposition 2.3.6 LetHi = V (li), i = 1, . . . , 5, form a nondegenerate polar
pentahedron of a quadric Q = V (q). Let p1, . . . , p5 be the poles of the planes
V (li) with respect to Q. Then the pentad p1, . . . , p5 is self-conjugate and is a
polar polyhedron of the dual quadric.

Proof Let xi be the pole of Hi with respect to Q. Then the pole of the plane
spanned by xi, xj , xk is the point xijk = Hi ∩ Hj ∩ Hk. We may assume
that q =

∑4
i=0 l

2
i . Then Pxijk(Q) belongs to the pencil P generated by the

remaining two planes Hr, Hs. When we vary a point along the edge xrxs the
polar plane of the point belongs to the pencil P . For one of the points, the polar
plane will be equal to the plane Pxijk(Q), hence this points coincide with xijk.
By definition, the pentad is self-conjugate.

The second assertion can be checked by straightforward computation. Since
the polar pentahedron is nondegenerate, we can choose coordinates such that
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the polar pentahedron of Q is to equal to the union of the coordinate tetrahe-
dron and the plane V (

∑
ti). We can write

2q =

3∑
i=0

λit
2
i + (

3∑
i=0

ti)
2

for some nonzero scalars λi. For any v = (a0, a1, a2, a3) ∈ C4, we have

Dv(q) =

3∑
i=0

(a+ λiai)ti

where a =
∑3
i=0 ai. Let ξi = a+λiai be considered as coordinates in the dual

space. We can express ai in terms of ξi by solving a system of linear equations
with matrix 

λ0 1 1 1

1 λ1 1 1

1 1 λ2 1

1 1 1 λ3

 .

Write aj = Lj(ξ0, . . . , ξ3) =
∑3
j=0 cijξj , where (cij) is the inverse matrix.

Let v∗j = (c0j , c1j , c2j , c3j). The dual quadric consists of points (ξ0, ξ1, ξ2, ξ3)

such that q(a0, a1, a2, a3) = 0. This gives the equation of the dual quadric

Q∨ = V (

3∑
i=0

λiLi(ξ0, ξ1, ξ2, ξ3)2 +
( 3∑
i=0

Li(ξ0, ξ1, ξ2, ξ3)
)2

).

So, we see that the dual quadric has the polar polyhedron defined by the planes
V (Li), V (

∑
Li). We have

Dv∗j
(q) =

3∑
i=0

(λiai + a)cijti = tj , j = 0, 1, 2, 3,

hence D∑
v∗j

(q) =
∑
tj . This checks that the points of the pentad are poles of

the planes of the polar pentahedron of Q.

Remark 2.3.7 Let Π1, . . . ,ΠN be sets of m-hedra in Pn, n > 1, with no
common elements. Suppose that these polyhedra considered as hypersurfaces
in Pn of degree m (the unions of their hyperplanes) belong to the same pencil.
It is easy to see that this is equivalent to that the first two m-hedra Π1,Π2

are perspective from each hyperplane of Π3, . . . ,Πk. The open problem is as
follows.

What is the maximal possible number N(n,m) of such polyhedra?
By taking a general hyperplane, we get N(n,m) ≤ N(2,m). It is known
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that N(2,m) ≥ 3 and N(2, 2), N(2, 3) = 4. It was proven by J. Stipins
[545] (see also [603]) that N(2,m) ≤ 4 for all m and it is conjectured that
N(2,m) = 3 for m 6= 3.

In the next chapter we will consider the case n = 2,m = 3, N = 4. In the
case n = 3,m = 4, N = 3, the three tetrahedra are called desmic desmic (the
name is due to C. Stephanos [544]). The configuration of the 12 planes form-
ing three desmic tetrahedra has a beautiful geometry (see, for example, [376],
[377]). A general member of the pencil generated by three desmic tetrahedra is
a desmic quartic surface. It has 12 singular points and represents a special em-
bedding of a Kummer surface of the product of two isomorphic elliptic curves.
We refer to [307] for some modern treatment of desmic quartic surfaces. We
will encounter them later in Chapter 9.

2.3.2 Invariants of a pair of quadrics

Let Q1 = V (f) and Q2 = V (g) be two quadrics in Pn (not necessarily non-
singular). Consider the pencil V (t0f + t1g) of quadrics spanned by C and S.
The zeros of the discriminant equation D = discr(t0f + t1g) = 0 correspond
to singular quadrics in the pencil. In coordinates, if f, g are defined by sym-
metric matrices A = (aij), B = (bij), respectively, then D = det(t0A+ t1B)

is a homogeneous polynomial of degree≤ n+1. Choosing different system of
coordinates replacesA,B byQTAQ,QTBQ, whereQ is an invertible matrix.
This replaces D with det(Q)2D. Thus the coefficients of D are invariants on
the space of pairs of quadratic forms on Cn+1 with respect to the action of the
group SL(n + 1). To compute D explicitly, we use the following formula for
the determinant of the sum of two m×m matrices X + Y :

det(X + Y ) =
∑

1≤i1<...<ik≤n

∆i1,...,ik , (2.15)

where ∆i1,...,ik is the determinant of the matrix obtained from X by replac-
ing the columns Xi1 , . . . , Xik with the columns Yi1 , . . . , Yik . Applying this
formula to our case, we get

D = Θ0t
n+1
0 +

n∑
i=1

Θit
n+1−i
0 ti + Θn+1t

n+1
n (2.16)

where Θ0 = detA,Θn+1 = detB, and

Θk =
∑

1≤i1<...<ik≤n+1

det(A1 . . . Bi1 . . . Bik . . . An+1),

where A = [A1 . . . An+1], B = [B1 . . . Bn+1]. We immediately recognize the
geometric meanings of vanishing of the first and the last coefficients ofD. The
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coefficient Θ0 (resp. Θn+1) vanishes if and only if Q1 (resp. Q2) is a singular
conic.

Proposition 2.3.8 Let Q1 and Q2 be two general quadrics. The following
conditions are equivalent.

(i) Θ1 = 0;
(ii) Q2 is apolar to the dual quadric Q∨1 ;
(iii) Q1 admits a polar simplex with vertices on Q2.

Proof First note that

Θ1 = Tr(Badj(A)). (2.17)

Now adj(A) is the matrix defining Q∨1 and the equivalence of (i) and (ii) be-
comes clear.

Since Θi are invariants of (Q1, Q2), we may assume thatQ1 = V (
∑n
i=0 t

2
i ).

Suppose (iii) holds. Since the orthogonal group of C acts transitively on the
set of polar simplexes of Q1, we may assume that the coordinate simplex is
inscribed inQ2. Then the points [1, 0, . . . , 0], . . . , [0, . . . , 0, 1],must be onQ2.
Hence

Q2 = V (
∑

0≤i<j≤n

aijtitj),

and the condition (i) is verified.
Now suppose (i) holds. Choose coordinates such that Q1 = V (αit

2
i ). Start

from any point on Q2 but not on Q1, and choose a projective transformation
that leavesQ1 invariant and sends the point to the point p1 = [1, 0, . . . , 0]. The
quadric Q2 transforms to a quadric with an equation in which the coefficient
at x2

0 is equal to 0. The polar line of p1 with respect to Q1 is V (
∑n
i=1 αiti).

It intersects Q2 along a quadric of dimension n− 2 in the hyperplane t0 = 0.
Using a transformation leaving V (t0) and Q1 invariant, we transform Q′2 to
another quadric such that the point p2 = [0, 1, 0, . . . , 0] belongs to V (t0)∩Q′2.
This implies that the coefficients of the equation of Q′2 at t20 and t21 are equal
to zero. Continuing in this way, we may assume that the equation of Q2 is of
the form annt

2
n +

∑n
0≤i<j≤n aijtitj = 0. The trace condition is annα−1

n = 0.

It implies that ann = 0 and hence the point pn+1 = [0, . . . , 0, 1] is on Q2.
The triangle with vertices [1, 0, . . . , 0], . . . , [0, . . . , 0, 1] is a polar simplex of
Q1 which is inscribed in Q2.

Observe that, ifQ1 = V (
∑
t2i ), the trace condition means that the conicQ2

is defined by a harmonic polynomial with respect to the Laplace operator.
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Definition 2.3.9 A quadric Q1 is called apolar to a quadric Q2 if one of the
equivalent conditions in Proposition 2.3.8 holds. If Q1 is apolar to Q2 and
vice versa, the quadrics are called mutually apolar.

The geometric interpretation of other invariants Θi is less clear. First note
that a quadratic form q on a vector space E defines a quadratic form Λkq on
the space

∧k
E. Its polar bilinear form is the map

∧k
bq :

∧k
E →

∧k
E∨ =

(
∧k

E)∨, where bq : E → E∨ is the polar bilinear form of q. Explicitly, the
polar bilinear form

∧k
bq is defined by the formula

(v1 ∧ . . . ∧ vk, w1 ∧ . . . ∧ wk) = det(bq(vi, wj))

which we already used in Lemma 2.3.3.
If A is the symmetric matrix defining q, then the matrix defining

∧k
q is

denoted by A(k) and is called the k-th compound matrix of A. If we index the
rows and the columns of A(k) by an increasing sequence J = (j1, . . . , jk) ⊂
{1, . . . , n + 1}, then the entry A

(k)
J,J ′ of A(k) is equal to the (J, J ′)-minor

AJ,J ′ of A. Replacing each A(k)
J,J ′ with the minor AJ′,J taken with the sign

(−1)ε(J,J
′), we obtain the definition of the adjugate k-th compound matrix

adj(k)(A) (not to be confused with adj(A(k))). The Laplace formula for the
determinant gives

A(k)adj(k)(A) = det(A)I.

If A is invertible, then A(k) is invertible and (A(k))−1 = 1
detAadj(A(k)).

We leave it to the reader to check the following fact.

Proposition 2.3.10 Let Q1 = V (q), Q2 = V (q′) be defined by symmetric
matrices A,B and let A(k) and B(k) be their k-th compound matrices. Then

Θk(A,B) = Tr(A(n+1−k)adj(B(k))).

Example 2.3.11 Let n = 3. Then there is only one new invariant to interpret.
This is Θ2 = Tr(A(2)adj(B(2))). The compound matrices A(2) and B(2) are
6 × 6 symmetric matrices whose entries are 2 × 2-minors of A and B taken
with an appropriate sign. Let A = (aij). The equation of the quadric defined
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by A(2) is given by the bordered determinant

det



a00 a01 a02 a03 ξ0 η0

a10 a11 a12 a13 ξ1 η1

a20 a21 a22 a23 ξ2 η2

a30 a31 a32 a33 ξ3 η3

ξ0 ξ1 ξ2 ξ3 0 0

η0 η1 η2 η3 0 0


= 0. (2.18)

The equation is called the line-equation or complex equation of the quadric
Q defined by the matrix A. If we take the minors ξiηj − ξjηi as Plücker co-
ordinates in |

∧2 C4|, the line-equation parameterizes lines in P3 which are
tangent to the quadric Q. This can be immediately checked by considering a
parametric equation of a line λ(ξ0, ξ1, ξ2, ξ3) +µ(η0, η1, η2, η3), inserting it in
the equation of the quadric and finding the condition when the corresponding
quadratic form in λ, µ has a double root. In matrix notation, the condition is
(ξAξ)(ηAη) − (ξAη)2 = 0, which can be easily seen rewritten in the form
of the vanishing of the bordered determinant. The intersection of the quadric
defined by the matrix A(2) with the Klein quadric defining the Grassmannian
of lines in P3 is an example of a quadratic line complex. We will discuss this
and other quadratic line complexes in Chapter 10. Take Q = V (

∑
t2i ). Then

the bordered determinant becomes equal to

(

3∑
i=0

ξ2
i )(

3∑
i=0

ηi)− (

3∑
i=0

ξiηi)
2 =

∑
0≤i<j≤3

(ξiηj − ξjηi)2 =
∑

0≤i<j≤3

p2
ij ,

where pij are the Plücker coordinates. We have

Θ2(A,B) = Tr(B2) =
∑

0≤i<j≤3

(bijbji − biibjj).

The coordinate line ti = tj = 0 touches the quadricQ2 when bijbji−biibjj =

0. Thus Θ2 vanishes when a polar tetrahedron ofQ1 has its edges touchingQ2.

It is clear that the invariants Θk are bihomogeneous of degree (k, n+ 1− i)
in coefficients of A and B. We can consider them as invariants of the group
SL(n+1) acting on the product of two copies of the space of square symmetric
matrices of size n + 1. One can prove that the n + 1 invariants Θi form a
complete system of polynomial invariants of two symmetric matrices. This
means that the polynomials Θi generate the algebra of invariant polynomials
(see [578], p. 304).

One can use the invariants Θi to express different mutual geometric proper-
ties of two quadrics. We refer to [535] for many examples. We give only one
example.
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Theorem 2.3.12 Two quadrics touch each other if and only if

J = D(Θ0, . . . ,Θn+1) = 0,

where D is the discriminant of a binary form of degree n+ 1.

Proof This follows from the description of the tangent space of the discrimi-
nant hypersurface of quadratic forms. The line defining the pencil of quadrics
generated by the two quadrics does not intersect the discriminant hypersurface
transversally if and only if one of quadrics in the pencil is of corank≥ 2, or one
of the quadrics has a singular point at the base locus of the pencil (see (1.45)).
In the case of pencils the first condition implies the second one. Thus the con-
dition for tangency is that one of the roots of the equation det(t0A+ t1B) = 0

is a multiple root.

The invariant J is called the tact-invariant of two quadrics.1 Note that two
quadrics touch each other if and only if their intersection has a singular point.

Corollary 2.3.13 The degree of the hypersurface of quadrics in Pn touching
a given nonsingular quadric is equal to n(n+ 1).

Proof This follows from the known property of the discriminant of a binary
form

∑d
i=0 ait

d−i
0 ti1. If we assign the degree (d − i, i) to each coefficient ai,

then the total degree of the discriminant is equal to d(d − 1). This can be
checked, for example, by computing the discriminant of the form a0t

d
0 + adt

d
1,

which is equal to ddad−1
0 ad−1

d (see [238], p. 406). In our case, each Θk has
bidegree (n + 1 − k, k), and we get that the total bidegree is equal to (n(n +

1), n(n+ 1)). Fixing one of the quadrics, we obtain the asserted degree of the
hypersurface.

2.3.3 Invariants of a pair of conics

In this case we have four invariants Θ0,Θ1,Θ2,Θ3, which are traditionally
denoted by ∆,Θ,Θ′,∆′, respectively.

The polynomials

(R0, R1, R2, R3) = (ΘΘ′,∆∆′,Θ′3∆,Θ3∆′)

are bihomogeneous of degrees (3, 3), (3, 3), (6, 6), (6, 6). They define a ra-
tional map P5 × P5 99K P(1, 1, 2, 2). We have the obvious relation R3

0R1 −
R2R3 = 0. After dehomogenization, we obtain rational functions

X = R1/R
2
0, Y = R2/R0, Z = R3/R

2
0

1 The terminology is due to A. Cayley, taction = tangency.
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such that X = Y Z. The rational functions

Y = Θ′∆/Θ2, Z = Θ∆′/Θ′2

generate the field of rational invariants of pairs of conics (see [534], p. 280).
The polynomials R0, R1, R2, R3 generate the algebra of bihomogeneous in-
variants on P5 × P5 with respect to the diagonal action of SL(4) and the GIT-
quotient is isomorphic to the rational surface V (t30t1 − t2t3) in the weighted
projective space P(1, 1, 2, 2). The surface is a normal surface with one singular
point [0, 1, 0, 0] of type A2. The singular point corresponds to a unique orbit
of a pair of nonsingular conics (C, S) such that C∨ is apolar to S and S∨ is
apolar to C. It is represented by the pair

t20 + t21 + t22 = 0, t20 + εt21 + ε2t22 = 0,

where ε = e2πi/3. The stabilizer subgroup of this orbit is a cyclic group of
order 3 generated by a cyclic permutation of the coordinates.

Recall that the GIT-quotient parameterizes minimal orbits of semi-stable
points. In our case, all semi-stable points are stable, and unstable points corre-
spond to a pairs of conics, one of which has a singular point on the other conic.

Using the invariants ∆,Θ,Θ′,∆′, one can express the condition that the two
conics are Poncelet related.

Theorem 2.3.14 LetC and S be two nonsingular conics. A triangle inscribed
in C and circumscribing S exists if and only if

Θ′2 − 4Θ∆′ = 0.

Proof Suppose there is a triangle inscribed in C and circumscribing S. Ap-
plying a linear transformation, we may assume that the vertices of the triangle
are the points [1, 0, 0], [0, 1, 0] and [0, 0, 1] and C = V (t0t1 + t0t2 + t1t2). Let
S = V (g), where

g = at20 + bt21 + ct22 + 2dt0t1 + 2et0t2 + 2ft1t2. (2.19)

The triangle circumscribes S when the points [1, 0, 0], [0, 1, 0], [0, 0, 1] lie on
the dual conic Š. This implies that the diagonal entries bc−f2, ac−e2, ab−d2

of the matrix adj(B) are equal to zero. Therefore, we may assume that

g = α2t20 + β2t21 + γ2t22 − 2αβt0t1 − 2αγt0t2 − 2βγt1t2. (2.20)
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We get

Θ′ = Tr
(0 1 1

1 0 1

1 1 0

 ·
 0 2αβγ2 2αγβ2

2αβγ2 0 2βγα2

2αγβ2 2βγα2 0

) = 4αβγ(α+β+ γ),

Θ = Tr
( α2 −αβ −αγ
−αβ β2 −βγ
−αγ −βγ γ2

−1 1 1

1 −1 1

1 1 −1

) = −(α+ β + γ)2,

∆′ = −4(αβγ)2.

This checks that Θ′2 − 4Θ∆′ = 0.
Let us prove the sufficiency of the condition. Take a tangent line `1 to S

intersecting C at two points x, y and consider tangent lines `2, `3 to S passing
through x and y, respectively. The triangle with sides `1, `2, `3 circumscribes
S and has two vertices on C. Choose the coordinates such that this triangle
is the coordinate triangle. Then, we may assume that C = V (at20 + 2t0t1 +

2t1t2 + 2t0t2) and S = V (g), where g is as in (2.20). Computing Θ′2− 4Θ∆′

we find that it is equal to zero if and only if a = 0. Thus the coordinate triangle
is inscribed in C.

Darboux’s Theorem is another example of a poristic statement, with respect
to the property of the existence of a polygon inscribed in one conic and cir-
cumscribing the other conic. Another example of a poristic statement is one of
the equivalent properties of a pair of conics from Proposition 2.3.8: Given two
nonsingular conics C and S, there exists a polar triangle of C inscribed in S,
or, in other words, C is apolar to S.

Recall from Theorem 1.1.9 that any projective automorphism of Pn = |E|
is a composition of two polarities φ, ψ : |E| → |E∨|.

Proposition 2.3.15 Let C and S be two different nonsingular conics and
g ∈ Aut(P2) be the composition of the two polarities defined by the conics.
Then g is of order 3 if and only if C and S are mutually apolar.

Proof Let A,B be symmetric 3× 3 matrices corresponding to C and S. The
conics C and S are mutually apolar if and only if Tr(AB−1) = Tr(BA−1)

= 0. The projective transformation g is given by the matrix X = AB−1.
This transformation is of order 3 if and only if the characteristic polynomial
|X − λI3| of the matrix X has zero coefficients at λ, λ2. Since Tr(X) = 0,
the coefficient at λ2 is equal to zero. The coefficient at λ is equal to zero if
and only if Tr(X−1) = Tr(BA−1) = 0. Thus g is of order 3 if and only if
Tr(AB−1) = Tr(BA−1) = 0.
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Remark 2.3.16 It is immediate that any set of mutually apolar conics is lin-
early independent. Thus the largest number of mutually apolar conics is equal
to six. The first example of a set of six mutually apolar conics was given by
F. Gerbardi [240]. The following is a set of mutually apolar conics given by P.
Gordan [255]:

t20 + εt21 + ε2t22 = 0,

t20 + ε2t21 + εt22 = 0,

r2(t20 + t21 + t22) + r
√

3(t0t1 + t0t2 + t1t2) = 0,

r2(t20 + t21 + t22) + r
√

3(−t0t1 − t0t2 + t1t2) = 0,

r2(t20 + t21 + t22) + r
√

3(−t0t1 + t0t2 − t1t2) = 0,

r2(t20 + t21 + t22) + r
√

3(t0t1 − t0t2 − t1t2) = 0,

where η = e2πi/3, r = −
√

3+
√
−5

4 . These six quadrics play an important role
in the theory of invariants of the Valentiner group G, the subgroup of PGL(4)

isomorphic to the alternating group A6. All such subgroups are conjugate in
PGL(4) and one can choose one that acts in such way that the six mutually
apolar conics given by the above equations are permuted. The group G admits
a central extension G̃ with the center of order 6 which lift the action of G to
a linear action in C3. The group G̃ is a complex reflection group in C3 with
the algebra of invariants generated by three polynomials of degrees 6, 12 and
30. The invariant of degree 6 is the sum of cubes of the six mutually apolar
quadratic forms. The invariant of degree 12 is their product. The invariant of
degree 30 is also expressed in terms of the six quadratic forms but in a more
complicated way (see [241], [255]). We refer to [247] for further discussion of
mutually apolar conics.

Consider the set of polar triangles of C inscribed in S. We know that this set
is either empty or of dimension ≥ 1. We consider each triangle as a set of its
three vertices, i.e. as an effective divisor of degree 3 on S.

Proposition 2.3.17 The closure X of the set of self-polar triangles with re-
spect to C which are inscribed in S, if not empty, is a g1

3 , i.e. a linear pencil of
divisors of degree 3.

Proof First we use that two self-polar triangles with respect to C and in-
scribed in S which share a common vertex must coincide. In fact, the polar
line of the vertex must intersect S at the vertices of the triangle. Then the as-
sertion is proved using the argument from the proof of Proposition 2.2.4.

Note that a general g1
3 contains four singular divisors corresponding to ram-
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ification points of the corresponding map P1 → P1. In our case these divisors
correspond to four intersection points of C and S.

Another example of a poristic statement is the following.

Theorem 2.3.18 Let T and T ′ be two different triangles. The following as-
sertions are equivalent:

(i) there exists a conic S containing the vertices of the two triangles;
(ii) there exists a conic Σ touching the sides of the two triangles;
(iii) there exists a conic C with polar triangles T and T ′.

Moreover, when one of the conditions is satisfied, there is an infinite number
of triangles inscribed in S, circumscribed around Σ, and all of these triangles
are polar triangles of C.

Proof (iii)⇔ (ii) According to Proposition 1.3.9, a conic C admits T as a
polar triangle if the conics in the dual plane containing the sides of the triangle
are all apolar to C. If T and T ′ are polar triangles of C, then the two nets of
conics passing through the sides of the first and the second triangle intersect
in the 4-dimensional space of apolar conics. The common conic is the conic
Σ from (ii). Conversely, if Σ exists, the two nets contain a common conic and
hence are contained in a 4-dimensional space of conics in the dual plane. The
apolar conic is the conic C from (iii).

(iii)⇔ (i) This follows from the previous argument applying Corollary 2.1.4.
Let us prove the last assertion. Suppose one of the conditions of the Theorem

is satisfied. Then we have the conics C, S,Σ with the asserted properties with
respect to the two triangles T, T ′. By Proposition 2.3.17, the set of self-polar
triangles with respect to C inscribed in S is a g1

3 . By Proposition 2.2.4, the set
of triangles inscribed in S and circumscribing Σ is also a g1

3 . Two g1
3’s with 2

common divisors coincide.

Recall from Theorem 2.3.12 that the condition that two conics C and S

touch each other is

27∆2∆′2 − 18ΘΘ′∆∆′ + 4∆Θ′3 + 4∆′Θ3 −Θ′2Θ2 = 0. (2.21)

The variety of pairs of touching conics is a hypersurface of bidegree (6, 6)

in P5 × P5. In particular, conics touching a given conic is a hypersurface of
degree 6 in the space of conics. This fact is used for the solution of the famous
Apollonius problem in enumerative geometry: find the number of nonsingular
conics touching five fixed general conics (see [230], Example 9.1.9).

Remark 2.3.19 Choose a coordinate system such that C = V (t20 + t21 + t22).
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Then the condition that S is Poncelet related to C with respect to triangles is
easily seen to be equal to

c22 − c1c3 = 0,

where

det(A− tI3) = (−t)3 + c1(−t)2 + c2(−t) + c3

is the characteristic polynomial of a symmetric matrix A defining S. This is
a quartic hypersurface in the space of conics. The polynomials c1, c2, c3 gen-
erate the algebra of invariants of the group SO(3) acting on the space V =

S2((C3)∨). If we use the decomposition V = Hq⊕Cq, where q = t20 +t21 +t22
and Hq is the space of harmonic quadratic polynomials with respect to q,
then the first invariant corresponds to the projection Hq ⊕ Cq → Cq. Let
ν2 : P1 → P2 be the Veronese map with image equal to C. Then the pull-back
map

ν∗ : V = H0(P2,OP2(2))→ H0(P1,OP1(4))

defines an isomorphism of the representation Hq of SO(3) with the represen-
tation S4((C2)∨) of SL(2). Under this isomorphism, the invariants c2 and c3
correspond to the invariants S and T on the space of binary quartics from Ex-
ample 1.5.2. In particular, the fact that a harmonic conic is Poncelet related
to C is equivalent to the corresponding binary quartic admiting an apolar bi-
nary quadric. Also, the discriminant invariant of degree 6 of binary quartics
corresponds to the condition that a harmonic conic touches C.

2.3.4 The Salmon conic

One can also look for covariants or contravariants of a pair of conics, that is,
rational maps |OP2(2)| × |OP2(2)| 99K |OP2(d)| or |OP2(2)| × |OP2(2)| 99K
|OP2(d)|∨ which are defined geometrically, i.e. not depending on a choice of
projective coordinates.

Recall the definition of the cross ratio of four distinct ordered points pi =

[ai, bi] on P1

R(p1p2; p3p4) =
(p1 − p2)(p3 − p4)

(p1 − p3)(p2 − p4)
, (2.22)

where

pi − pj = det

(
ai bi
aj bj

)
= aibj − ajbi.

It is immediately checked that the cross ratio does not take the values 0, 1,∞.
It does not depend on the choice of projective coordinates. It is also invariant
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under a permutation of the four points equal to the product of two commut-
ing transpositions. The permutation (12) changes R to −R/(1 − R) and the
permutation (23) changes R to 1/R. Thus there are at most six possible cross
ratios for an ordered set of four points

R,
1

R
, 1−R, 1

1−R
,

R

R− 1
,
R− 1

R
.

The number of distinct cross ratios may be reduced to three or two. The first
case happens if and only if one of them is equal to −1 (the other ones will
be 2 and 1/2). The unordered set of four points in this case is called a har-
monic quadruple. The second case happens when R satisfies R2 +R+ 1 = 0,
i.e. R is one of two cubic roots of 1 not equal to 1. In this case we have an
equianharmonic quadruple.

If we identify the projective space of binary forms of degree 2 with the pro-
jective plane, the relation (2.3) can be viewed as a symmetric hypersurface H
of bidegree (1, 1) in P2 × P2. In particular, it makes sense to speak about har-
monically conjugate pairs of maybe coinciding points. We immediately check
that a double point is harmonically conjugate to a pair of points if and only if
it coincides with one of the roots of this form.

We can extend the definition of the cross ratio to any set of points no three
of which coincide by considering the cross ratios as the point

R = [(p1 − p2)(p3 − p4), (p1 − p3)(p2 − p4)] ∈ P1. (2.23)

It is easy to see that two points coincide if and only if R = [0, 1], [1, 1], [1, 0].
This corresponds to R = 0, 1,∞.

Two pairs of points {p1, p2} and {q1, q2} are harmonically conjugate in the
sense of definition (2.3) if and only if R(p1q1; q2p2) = −1. To check this, we
may assume that p1, p2 are roots of f = αt20 + 2βt0t1 + γt21 and q1, q2 are
roots of g = α′t20 + 2β′t0t1 + γ′t21, where, for simplicity, we may assume that
α, α′ 6= 0 so that, in affine coordinates, the roots x, y of the first equations
satisfy x + y = −2β/α, xy = γ/α and similarly the roots of the second
equation x′, y′ satisfy x′ + y′ = −2β′/α′, x′y′ = γ′/α′. Then

R(xx′; y′y) =
(x− x′)(y′ − y)

(x− y′)(x′ − y)
= −1

if and only if

(x− x′)(y′ − y) + (x− y′)(x′ − y) = (x+ y)(x′ + y′)− 2xy − 2x′y

=
4ββ′

αα′
− 2γ

α
− 2γ′

α′
= −2

αγ′ + α′γ − 2ββ′

αα′
= 0.
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So we see that the two pairs of roots form a harmonic quadruple if and only if
(2.3) holds.

The expression αγ′ + α′γ − 2ββ′′ is an invariant of a pair (f, g) of binary
quadratic forms. It is equal to the coefficient at t for the discriminant of f + tg.
It is analogous to the invariants Θ and Θ′ for a pair of conics.

The Salmon conic associated to a pair of conics C and C ′ is defined to be
the locus S(C,C ′) of points x in P2 such that the pairs of the tangents through
x to C and to C ′ are harmonically conjugate. Note that it makes sense even
when x lies on one of the conics. In this case one considers the corresponding
tangent as the double tangent.

LetA be a square symmetric 3×3-matrix. The entries of the adjugate matrix
adj(A) are quadratic forms in the entries of A. By polarization, we obtain

adj(λ0A+ λ1B) = λ2
0adj(A) + λ0λ1adj(A,B) + λ2

1adj(B),

where (A,B)→ adj(A,B) is a bilinear function of A and B.

Theorem 2.3.20 Let C = V (q), C ′ = V (q′), where q and q′ are quadratic
forms defined by symmetric matrices A = (aij) and B = (bij). Then the
Salmon conic S(C,C ′) is defined by the matrix adj(adj(A), adj(B)).

Proof By duality, the pencil of lines through a point x = [x0, x1, x2] cor-
responds to the line `x = V (x0u0 + x1u1 + x2u2) in the dual plane with
dual coordinates u0, u1, u2. Without loss of generality, we may assume that
x2 = −1. Let C∨, C ′∨ be the dual conics defined by the matrices adj(A) =

(Aij), adj(B) = (Bij). The intersection of the line `x with C∨ is equal to two
points [u0, u1, x0u0 + x1u1] such that

(A00 +A02x0 +A22x
2
0)u2

0 + (A11 +A12x1 +A22x
2
1)u2

1

+2(A22x0t1 +A02x1 +A12x0 +A01)u0u1 = 0.

Replacing A with B, we get the similar formula for the intersection of ` with
C ′∨. The intersection points [u0, u1, x0u0 + x1u1] correspond to the tangent
lines to C and C ′ passing through the point x. By (2.3), they are harmonically
conjugate if and only if

(A00 +A02x0 +A22x
2
0)(B11 +B12x1 +B22x

2
1)

+(B00 +B02x0 +B22x
2
0)(A11 +A12x1 +A22x

2
1)

−2(A22x0t1+A02x1+A12x0+A01)(B22x0x1+B02x1+B12x0+B01) = 0.

This gives the equation of the Salmon conic S(C,C ′):

(A22B11 +A11B22 − 2A12B12)x2
0 + (A00B22 +A22B00 − 2A02B02)x2

1
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+(A00B11+A11B00−2A01B01)x2+2(A02B12+A12B02−A22B02−A02B22)x0x1

+2(A02B11 +A11B02 −A12B01 −A01B12)x0x2

+2(A00B12 +A12B00 −A02B01 −A01B02)x1x2 = 0.

It is easy to see that the symmetric matrix defining this quadratic form is equal
to adj(adj(A), adj(B)).

Let S(C,C ′) = V (s). Consider the pencil generated by C∨ and C ′∨. In
matrix notation, it is equal to the pencil of matrices adj(A) + tadj(B). The
dual conics of this pencil form a quadratic family of conics defined by the
matrices adj(adj(A) + tadj(B)) = |A|A + tS + t2|B|B, where S is the ma-
trix defining the Salmon conic. Its members are tangent to the quartic curve
V (s2 − 4|A||B|qq′). Since the members of the linear pencil pass through the
four points C∨ ∩ C ′∨, all members of the quadratic family are tangent to the
four common tangents of C and C ′. Thus

V (s2 − 4|A||B|qq′) = V (l1l2l3l4), (2.24)

where V (li) are the common tangents. This implies the following remarkable
property of the Salmon conic.

Theorem 2.3.21 Let C and C ′ be two conics such that the dual conics inter-
sect at four distinct points representing the four common tangents of C and S.
Then the eight tangency points lie on the Salmon conic associated with C and
C ′.

Here is another proof of the theorem that does not use (2.24). Let x be a
point where the Salmon conic meets C. Then the tangent line ` through x to
C represents a double line in the harmonic pencil formed by the four tangents
through x to C and S. As we remarked before, the conjugate pair of lines must
contain `. Thus ` is a common tangent to C and S and hence x is one of the
eight tangency points. Conversely, the argument is reversible and shows that
every tangency point lies on the Salmon conic.

The Salmon conic represents a covariant of pairs of conics. A similar con-
struction gives a contravariant conic in the dual plane, called the Salmon enve-
lope conic S′(C,C ′). It parameterizes lines which intersect the dual conics C
and C ′ at two pairs of harmonically conjugate points. We leave it to the reader
to show that its equation is equal to

(a22b11 + a11b22 − 2a12b12)u2
0 + (a00b22 + a22b00 − 2a02b02)u2

1

+(a00b11 +a11b00−2a01b01)u2
2 +2(a02b12 +a12b02−a22b02−a02b22)u0u1
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+2(a02b11 + a11b02 − a12b01 − a01b12)u0u2

+2(a00b12 + a12b00 − a02b01 − a01b02)u1u2 = 0.

If we write S′(C,C ′) = V (s′), we find, as above, that V (s′2 − q∨q′∨) is
equal to the union of four lines corresponding to intersection points of C ∩C ′.
This implies that the Salmon envelope conic passes through the eight points
corresponding to the eight tangents of C and C ′ at the intersection points.

The equation of the Salmon conic is greatly simplified if we simultaneously
diagonalize the quadrics q and q′ defining C and C ′. Assume q = t20 + t21 +

t22, q
′ = at20 + bt21 + ct22. Then the equation of S(C,C ′) becomes

a(b+ c)t20 + b(c+ a)t21 + c(a+ b)t22 = 0,

and the equation of S′(C,C ′) becomes

(b+ c)u2
0 + (c+ a)u2

1 + (a+ b)u2
2 = 0.

By passing to the dual conic, we see that the dual conic S′(C,C ′)∨ is different
from S(C,C ′). Its equation is

(a+ c)(a+ b)t20 + (a+ b)(b+ c)t21 + (a+ b)(b+ c)t22 = 0.

It can be expressed as a linear combination of the equations of C,C ′ and
S(C,C ′)

(a+c)(a+b)t20+(a+b)(b+c)t21+(a+b)(b+c)t22 = (ab+bc+ac)(t20+t21+t22)

+(a+ b+ c)(at20 + bt21 + ct22)− (a(b+ c)t20 + b(c+ a)t21 + c(a+ b)t22).

Remark 2.3.22 The full system of covariants, and contravariants of a pair of
conics is known (see [257], p. 286. ) The curves C,C ′,S′(C,C ′), the Jaco-
bian of C,C ′, and S(C,C ′) generate the algebra of covariants over the ring
of invariants. The envelopes C∨, C ′∨,S′(C,C ′), the Jacobian C∨, C ′∨, and
S′(C,C ′) generate the algebra of contravariants.

Exercises

2.1 Let E be a vector space of even dimension n = 2k over a field K of character-
istic 0 and (e1, . . . , en) be a basis in E. Let ω =

∑
i<j aijei ∧ ej ∈

∧2 E∨ and
A = (aij)1≤i≤j≤n be the skew-symmetric matrix defined by the coefficients aij . Let∧k(ω) = ω ∧ · · · ∧ω = ak!e1 ∧ · · · ∧ en for some a ∈ F . The element a is called the
pfaffian of A and is denoted by Pf(A).
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(i) Show that

Pf(A) =
∑
S∈S

ε(S)
∏

(i,j)∈S

aij ,

where S is a set of pairs (i1, j1), . . . , (ik, jk) such that 1 ≤ is < js ≤ 2k, s =
1, . . . , k, {i1, . . . , ik, j1, . . . , jk} = {1, . . . , n}, S is the set of such sets S,
ε(S) = 1 if the permutation (i1, j1, . . . , ik, jk) is even and −1 otherwise.

(ii) Compute Pf(A) when n = 2, 4, 6.
(iii) Show that, for any invertible matrix C,

Pf(tC ·A · C) = det(C)Pf(A).

(iv) Using (iii) prove that

det(A) = Pf(A)2.

(iv) Show that

Pf(A) =

n∑
i=1

(−1)i+j−1Pf(Aij)aij ,

where Aij is the matrix of order n− 2 obtained by deleting the i-th and j-th rows
and columns of A.

(v) Let B be a skew-symmetric matrix of odd order 2k − 1 and Bi be the matrix
of order 2k − 2 obtained from B by deleting the i-th row and i-th column. Show
that the vector (Pf(B1), . . . , (−1)i+1Pf(Bi), . . . , Pf(B2k−1)) is a solution of the
equation B · x = 0.

(vi) Show that the rank of a skew-symmetric matrix A of any order n is equal to
the largest m such that there exist i1 < . . . < im such that the matrix Ai1...im
obtained from A by deleting ij-th rows and columns, j = 1, . . . ,m, has nonzero
pfaffian .

2.2 Let V = ν2(P2) be a Veronese surface in P5, considered as the space of conics in
P2.

(i) Let Λ be a plane in P5 and NΛ be the net of conics in P2 cut out by hyperplanes
containing Λ. Show that Λ is a trisecant plane if and only if the set of base points
of NΛ consists of ≥ 3 points (counting with multiplicities). Conversely, a net of
conics through three points defines a unique trisecant plane.

(ii) Show that the nets of conics with two base points, one of them is infinitely near,
forms an irreducible divisor in the variety of trisecant planes.

(iii) Using (ii), show that the anticanonical divisor of degenerate triangles is irre-
ducible.

(iv) Show that the trisecant planes intersecting the Veronese plane at one point (cor-
responding to net of conics with one base point of multiplicity 3) define a smooth
rational curve in the boundary of the variety of self-polar triangles. Show that this
curve is equal to the set of singular points of the boundary.

2.3 Let U ⊂ (P2)(3) be the subset of the symmetric product of P2 parameterizing the
sets of three distinct points. For each set Z ∈ U let LZ be the linear system of conics
containing Z. Consider the map f : U → G2(P5), Z 7→ LZ ⊂ |OP2(2)|.

(i) Consider the divisor D in U parameterizing sets of 3 distinct collinear points.
Show that f(D) is a closed subvariety of G2(P5) isomorphic to P2.
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(ii) Show that the map f extends to the Hilbert scheme (P2)[3] of 0-cycles Z with
h0(OZ) = 3.

(iii) Show that the closure D̄ of π−1(D) in the Hilbert scheme is isomorphic to a
P3-bundle over P2 and the restriction of f to D̄ is the projection map to its base.

(iv) Define the map f̃ : P → |OP2(2)|, which assigns to a point in the fiber p−1(Z)

the corresponding conic in the net of conics thoughZ. Show that the fiber of f̃ over
a nonsingular conic C is isomorphic to the Fano variety of self-polar triangles of
the dual conic C∨.

(v) Let Ps = f̃−1(D2(2)) be the preimage of the hypersurface of singular conics.
Describe the fibres of the projections p : Ps → (P2)[3] and f̃ : Ps → D2(2).

2.4 Identify P1 with its image under a Veronese map ν2 : P1 → P2.

(i) Show that any involution of P1 (i.e. an automorphism of order 2) coincides with
the involution of the Veronese conic obtained by projection from a point not lying
on the conic (called the center of the involution).

(ii) Show that two involutions of P1 without common fixed points commute if and
only if the two pairs of fixed points are harmonically conjugate.

(iii) Show that the product of three involutions is an involution if their centers are
collinear (J. Valles). The converse is known for any number of involutions.

2.5 Prove that two unordered pairs {a, b}, {c, d} of points in P1 are harmonically con-
jugate if and only if there is an involution of P1 with fixed points a, b that switches c
and d.
2.6 Prove the following Hesse’s Theorem. If two pairs of opposite vertices of a quadri-
lateral are each conjugate for a conic, then the third pair is also conjugate. Such a
quadrilateral is called a Hesse quadrilateral. Show that four lines form a polar quadri-
lateral for a conic if and only if it is a Hesse quadrilateral.
2.7 A tetrad of points p1, p2, p3, p4 in the plane is called self-conjugate with respect to
a nonsingular conic if no three points are collinear and the pole of each side pipj lies
on the opposite side pkpl.

(i) Given two conjugate triangles, show that the vertices of one of the triangles to-
gether with the center of perspectivity form a self-conjugate tetrad.

(ii) Show that the four lines with poles equal to p1, p2, p3, p4 form a polar quadrilat-
eral of the conic and any nondegenerate polar quadrilateral is obtained in this way
from a self-conjugate tetrad.

(iii) Show that any polar triangle of a conic can be extended to a polar quadrilateral.

2.8 Extend Darboux’s Theorem to the case of two tangent conics.
2.9 Show that the secant lines of a Veronese curve Rm in Pm are parameterized by the
surface in the Grassmannian G1(Pm) isomorphic to P2. Show that the embedding of
P2 into the Grassmannian is given by the Schwarzenberger bundle.
2.10 Let U be a 2-dimensional vector space. Use the construction of curves of degree
n − 1 Poncelet related to a conic to exhibit an isomorphism of linear representations∧2(SnU) and Sn−1(S2U) of SL(U).
2.11 Assume that the pencil of sections of the Schwarzenberger bundle Sn,C has no
base points. Show that the Poncelet curve associated to the pencil is nonsingular at a
point x defined by a section s from the pencil if and only if the scheme of zeros Z(s)
is reduced.
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2.12 Find a geometric interpretation of vanishing of the invariants Θ,Θ′ from (2.16) in
the case when C or S is a singular conic.
2.13 Let p1, p2, p3, p4 be four distinct points on a nonsingular conic C. Show that the
triangle with the vertices A = p1p3 ∩ p2p4, B = p1p2 ∩ p3p4 and C = p1p4 ∩ p2p3

is a self-conjugate triangle with respect to C.
2.14 Show that two pairs {a, b}, {c, d} of points in P1 with a common point are nver
harmonically conjugate.
2.15 Let (a, b, c, d) be a quadrangle in P2, and p, q be the intersection points of two
pairs of opposite sides ab, cd and bc, ad. Let p′, q′ be the intersection points of the line
pq with the diagonals ac and bd. Show that the pairs (p, q) and (p′, q′) are harmonically
conjugate .
2.16 Show that the pair of points on a diagonal of a complete quadrilateral defined by its
sides is harmonically conjugate to the pair of points defined by intersection with other
two diagonals.
2.17 Show that a general net of conics admits a common polar quadrangle.
2.18 Show that four general conics admit a unique common polar quadrangle.
2.19 Find the condition on a pair of conics expressing that the associate Salmon conic
is degenerate.
2.20 Show that the triangle formed by any three tangents to two general conics is in
perspective with any three of common points.
2.21 Show that the set of 2n + 2 vertices of two self-polar (n + 1)-hedra of a quadric
in Pn impose one less condition on quadrics. In particular, two self-polar triangles lie
on a conic, two self-polar tetrahedra are the base points of a net of quadrics.
2.22 A hexad of points in P3 is called self-conjugate with respect to a nonsingular
quadric if no four are on the plane and the pole of each plane spanned by three points
lies on the plane spanned by the remaining three points.. Show that the quadric admits a
nondegenerate polar hexahedron whose planes are polar planes of points in the hexad.
Conversely, any nondegenerate polar hexahedron of the quadric is obtained in this way
from a self-conjugate tetrad.
2.23 Show that the variety of sums of five powers of a nonsingular quadric surface is
isomorphic to the variety of self-conjugate pentads of points in P3.
2.24 Consider 60 Pascal lines associated with a hexad of points on a conic. Prove the
following properties of the lines.

(i) There are 20 points at which three of Pascal lines intersect, called the Steiner
points.

(ii) The 20 Steiner points lie on 15 lines, each containing four of the points (the
Plücker lines).

(iii) There are 60 points each contained in three Plücker lines (the Kirkman points).

2.25 Prove the following generalization of Pascal’s Theorem. Consider the 12 intersec-
tion points of a nonsingular quadric surface Q with six edges of a tetrahedron T with
vertices p1, p2, p3, p4. For each vertex pi choose one of the 12 points on each edge
pipj and consider the plane Λi spanned by these three points. Show that the four lines
in which each of these four planes meats the opposite face of the tetrahedron are rulings
of a quadric. This gives 32 quadrics associated to the pair (T,Q) [95], p. 400, [21], v.
3, Ex. 15, [492], p. 362.
2.26 Let Θ0, . . . ,Θ4 be the invariants of a pair of quadric surfaces.
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(i) Show that the five products Θ2,Θ0Θ4,Θ1Θ3,Θ
2
1Θ4,Θ

2
3Θ0 generate the algebra

of invariants of bidegrees (m,n) with m = n.
(ii) Show that the GIT-quotient of ordered pairs of quadrics by the group SL(4)

is isomorphic to the hypersurface of degree 6 in the weighted projective space
P(1, 2, 2, 3, 3) given by the equation t1t22 − t3t4 = 0.

(iii Show that the GIT-quotient has a singular line and its general point corresponds
to the orbit of the pair V (

∑
t2i ), V ((t20 − t21) + a(t22 − t23)).

Historical Notes

There is a great number of books dealing with the analytic geometry of conics.
The most comprehensive source for the history of the subject is Coolidge’s
book [126]. Many facts and results about real conics treated in a synthetic way
can be found in text-books in projective geometry. Coxeter’s small book [133]
is one of the best.

The theory of polarity for conics goes back to Poncelet [450]. Polar trian-
gles and tetrahedra of a conic and a quadric surface were already studied by
P. Serret [527]. In particular, he introduced the notion of a self-conjugate tri-
angles, quadrangles and pentagons. They were later intensively studied by T.
Reye [459], [464] and R. Sturm [550], B. 3. The subject of their study was
called the Polarraum, i.e. a pair consisting of a projective space together with
a nonsingular quadric.

Pascal’s Theorem was discovered by B. Pascal in 1639 when he was 16 years
old [429] but not published until 1779 [429]. It was independently rediscovered
by C. MacLaurin in 1720 [372]. A large number of results about the geometry
and combinatorics of 60 Pascal lines assigned to six points on a conic have
been discovered by J. Steiner, J. Kirkman, A. Cayley, G. Salmon, L. Cremona
and others. A good survey of these results can be found in Note 1 in Baker’s
book [21], v.2, and Notes in Salmon’s book [489]. We will return to this in
Chapter 9.

Poncelet’s Closure Theorem which is the second part of Darboux’s Theorem
2.2.2 was first discoverd by J. Poncelet himself [450]. We refer the reader to
the excellent account of the history of the Poncelet related conics in [49]. A
good elementary discussion of Poncelet’s Theorem and its applications can be
found in Flatto’s book [221]. Other elementary and non-elementary treatments
of the Poncelet properties and their generalizations can be found in [26], [27],
[117], [119], [264], [265].

The relationship between Poncelet curves and vector bundles is discussed in
[575], [407], [576], [580]. The Schwarzenberger bundles were introduced in
[506]. We followed the definition given in [177]. The papers [395] and [297],
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[298] discuss the compactification of the variety of conjugate triangles. The
latter two papers of N. Hitchin also discuss an interesting connection with
Painleve equations.

The notion of the apolarity of conics is due to T. Reye [462]. However,
J. Rosanes [477] used this notion before under the name conjugate conics.
In the same paper he also studied the representation of a conic as a sum of
four squares of linear forms. The condition (2.8) for conjugate conics was first
discovered by O. Hesse in [289]. He also proved that this property is poristic.
The condition for Poncelet relation given in terms of invariants of a pair of
conics (Theorem 2.3.14) was first discovered by A. Cayley [76], [81].

The theory of invariants of two conics and two quadric surfaces was first
developed by G. Salmon (see [489], [491], vol. 1). The complete system of in-
variants, covariants and contravariants of a pair of conics was given by J. Grace
and A. Young [257]. P. Gordan has given a complete system of 580 invariants,
covariants and contravariants of a pair of quadric surfaces [254]. Later H.W.
Turnbull was able to reduce it to 123 elements [577]. In series of papers by J.
Todd one can find further simplifications and more geometric interpretations
of the system of combinants of two quadric surfaces [571], [572]. A good ex-
positions of the theory of invariants can be found in Sommerville’s and Todd’s
books [535], [573]. The latter book contains many examples and exercises,
some of which were borrowed here.

Chasles’ Theorem 2.3.4 about the covariant quadric was proven by him in
[92] and reproved later by N. Ferrers [217] . A special case was known earlier
to E. Bobillier [45]. Chasles’ generalization of Pascal’s Theorem to quadric
surfaces can be found in [95]. Baker’s book [21], v. 3, gives a good exposition
of polar properties of quadric surfaces.

The proof of Theorem 2.3.21 is due to J. Coolidge [126], Chapter VI, §3.
The result was known to G. von Staudt [538] (see [126], p. 66) and can be also
found in Salmon’s book on conics [489], p. 345. Although Salmon writes in the
footnote on p. 345 that “I believe that I was the first to direct the attention to the
importance of this conic in the theory of two conics”, this conic was already
known to Ph. La Hire [351] (see [126], p. 44 ). In Sommerville’s book [534],
the Salmon conic goes under the name harmonic conic-locus of two conics.
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3.1 Equations

3.1.1 Elliptic curves

There are many excellent expositions of the theory of elliptic curves from their
many aspects: analytical, algebraic and arithmetical (a short survey can be
found in Hartshorne’s book [281], Chapter IV). We will be brief here.

Let X be a nonsingular projective curve of genus 1. By Riemann-Roch, for
any divisor D of degree d ≥ 1, we have dimH0(X,OX(D)) = d. If d > 2,
the complete linear system |D| defines an isomorphism X → C, where C is
a curve of degree d in Pd−1 (called an elliptic normal curve of degree d). If
d = 2, the map is of degree 2 onto P1. The divisor classes of degree 0 are
parameterized by the Jacobian variety Jac(X) isomorphic to X . Fixing a point
x0 on X , the group law on Jac(X) transfers to a group law on X by assigning
to a divisor class d of degree 0 the divisor class d+ x0 of degree 1 represented
by a unique point on X . The group law becomes

x⊕ y = z ∈ |x+ y − x0|. (3.1)

The translation automorphisms of X act transitively on the set Picd(X) of
divisor classes of degree d. This implies that two elliptic normal curves are
isomorphic if and only if they are projectively equivalent. In the case d = 2,
this implies that two curves are isomorphic if and only if the two sets of four
branch points of the double cover are projectively equivalent.

In this Chapter we will be mainly interested in the case d = 3. The image
of X is a nonsingular plane cubic curve. There are two known normal forms
for its equation. The first one is the Weierstrass form and the second one is the
Hesse form. We will deal with the Hesse form in the next Subsection. Let us
start with the Weierstrass form.

By Proposition 1.1.17, C = V (f) has an inflection point p0. Without loss of
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generality, we may assume that p0 = [0, 0, 1] and the inflection tangent line at
this point has the equation t0 = 0. The projection from p0 is the double cover
C → P1. It has ramification branch points, the intersection points of C with
the first polar. There are four tangent lines to C containing p0. One of them is
V (t0). The first polar V ( ∂f∂t2 ) of the point p0 is a singular conic that intersects
C at the tangency points of the four tangents, we immediately obtain that it
consists of the line V (t0) and a line V (t2 + at1 + bt0) not passing through the
point p0. Changing the coordinates, we may assume that the line is equal to
V (t2). Now the equation of C takes the form

t0t
2
2 + αt31 + βt21t0 + γt1t

2
0 + δt30 = 0,

where α 6= 0. Replacing t1 with t1 + β
3α t0, and scaling the coordinates, we

may assume that α = 1 and β = 0. This gives us the Weierstrass equation of a
nonsingular cubic:

t0t
2
2 + t31 + at1t

2
0 + bt30 = 0. (3.2)

It is easy to see that C is nonsingular if and only if the polynomial x3 +ax+ b

has no multiple roots, or, equivalently, its discriminant ∆ = 4a3 + 27b2 is not
equal to zero.

Two Weierstrass equations define isomorphic elliptic curves if and only if
there exists a projective transformation transforming one equation to another.
It is easy to see that it happens if and only if (α′, β′) = (λ3α, λ2β) for some
nonzero constant λ. This can be expressed in terms of the absolute invariant

j = 2633 a3

4a3 + 27b2
. (3.3)

Two elliptic curves are isomorphic if and only if their absolute invariants are
equal.1

The projection [t0, t1, t2] 7→ [t0, t1] exhibits C as a double cover of P1. Its
ramification points are the intersection points of C and its polar conic V (t0t2).
The cover has four branch points [1, λ], [0, 1], where λ3 + aλ + b = 0. The
corresponding points [1, λ, 0], and [0, 0, 1] on C are the ramification points.
If we choose p0 = [0, 0, 1] to be the zero point in the group law on C, then
2p ∼ 2p0 for any ramification point p implies that p is a 2-torsion point. Any
2-torsion point is obtained in this way.

It follows from the above computation that any nonsingular plane cubic
V (f) is projectively isomorphic to the plane cubic V (t22t0 + t31 +at1t

2
0 + bt30).

The functions S : f 7→ a/27, T : f 7→ 4b can be extended to the Aronhold

1 The coefficient 1728 = 2633 is needed to make this work in characteristic 2 and 3, otherwise
j would not be defined for example when a = 1, b = 0 in characteristic 2.
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invariants S and T of degrees 4 and 6 of a ternary cubic form. The explicit
expressions of S and T in terms of the coefficients of f are rather long and can
be found in many places (e.g. [181], [490]).

Fixing an order on the set of branch points, and replacing them by a projec-
tively equivalent set, we may assume that the cubic polynomial x3 + ax+ b is
equal to −x(x− 1)(x− λ). This gives an affine equation of C

y2 = x(x− 1)(x− λ),

called the Legendre equation.
The number λ is equal to the cross ratio R(q1q2; q3q4) of the four ordered

branch points (q1, q2, q3, q4) = (0, λ, 1,∞). The absolute invariant (3.3) is
expressed in terms of λ to give the following formula:

j = 28 (λ2 − λ+ 1)3

λ2(λ− 1)2
. (3.4)

Remark 3.1.1 For any binary form g(t0, t1) of degree 4 without multiple
zeros, the equation

t22 + g(t0, t1) = 0 (3.5)

defines an elliptic curveX in the weighted projective plane P(1, 1, 2). The four
zeros of g are the branch points of the projection X → P1 to the first two co-
ordinates. So, every elliptic curve can be given by such an equation. The coef-
ficients a, b in the Weierstrass equation are expressed in terms of the invariants
S and T of binary quartics from Example 1.5.2. We have a = −4S, b = −4T .
In particular.

j =
27S(g)3

S(g)3 − 27T (g)2
.

Definition 3.1.2 A nonsingular plane cubic V (f) with Weierstrass Equation
(3.2) is called harmonic (resp. equianharmonic) if b = 0 (resp. a = 0).

We leave it to the reader to prove the following.

Theorem 3.1.3 Let C = V (f) be a nonsingular plane cubic and c be any
point on C. The following conditions are equivalent.

(i) C is a harmonic (resp. equianharmonic cubic).
(ii) The absolute invariant j = 1728 (resp. j = 0).
(iii) The set of cross ratios of four roots of the polynomial t0(t31 + at1t

2
0 +

bt30) is equal to {−1, 2, 1
2} (resp. consists of two primitive cube roots of

−1).
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(iv) The group of automorphisms of C leaving the point c invariant is a
cyclic group of order 4 (resp. 6).

Note thatC is a harmonic cubic if and only if the invariant T of degree on the
space of binary quartic forms (1.82) vanishes on the binary form g in Equation
(3.5). A quartic binary form on which T vanishes is called a harmonic binary
quartic. We know that a binary form g is harmonic if and only if it admits an
apolar binary quadratic form. One can check that this form is nondegenerate if
and only if g has no multiple zeros. In this case it can be written as a sum of two
powers of linear forms l41 + l42. This exhibits an obvious symmetry of order 4.
Changing coordinates we can reduce the form to t40 − t41 = (t20 + t21)(t20 − t21).
The pairs of zeros of the factors are harmonically conjugate pairs of points.
This explains the name harmonic cubic.

Theorem 3.1.3 gives a geometric interpretation for the vanishing of the
quadratic invariant S (1.82) on the space of binary quartics. It vanishes if and
only if there exists a projective transformation of order 3 leaving the zeros of
a binary forms invariant.

Another useful model of an elliptic curve is an elliptic normal quartic curve
C in P3. There are two types of nondegenerate quartic curves in P3 that differ
by the dimension of the linear system of quadrics containing the curve. In
terminology of classical algebraic geometry, a space quartic curve is of the first
species if the dimension is equal to 1, quartics of the second species are those
which lie on a unique quadric. Elliptic curves are nonsingular quartics of the
first species. The proof is rather standard (see, for example, [277]). By Lemma
8.6.1 from Chapter 8, we can write C as the intersection of two simultaneously
diagonalized quadrics

Q1 = V (

3∑
i=0

t2i ), Q2 = V (

3∑
i=0

ait
2
i ).

The pencil λQ1 + µQ2 contains exactly four singular members corresponding
to the parameters [−ai, 1], i = 0, 1, 2, 3. The curve C is isomorphic to the
double cover of P1 branched over these four points. This can be seen in many
ways. Later we will present one of them, a special case of Weil’s Theorem on
the intersection of two quadrics (the same proof can be found in Harris’s book
[277], Proposition 22.38). Changing a basis in the pencil of quadrics containing
C, we can reduce the equations of C to the form

t20 + t21 + t22 = t21 + λt22 + t23 = 0. (3.6)

The absolute invariant of E is expressed via formula (3.4).
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3.1.2 The Hesse equation

Classical geometers rarely used Weierstrass equations. They preferred Hesse’s
canonical equations of cubic curves:

t30 + t31 + t32 + 6αt0t1t2 = 0. (3.7)

Let us see that any nonsingular cubic can be reduced to this form by a linear
change of variables.

Since any tangent line at an inflection point intersects the curve with mul-
tiplicity 3, applying (1.23), we obtain that the curve has exactly 9 inflection
points. Using the group law on an elliptic cubic curve with an inflection point
o as the zero, we can interpret any inflection point as a 3-torsion point. This
of course agrees with the fact the group X[3] of 3-torsion points on an elliptic
curve X is isomorphic to (Z/3Z)2.

Let H be a subgroup of order 3 of X . Since the sum of elements of this
group add up to 0, we see that the corresponding three inflection points p, q, r
satisfy p + q + r ∼ 3o. It is easy to see that the rational function on C with
the divisor p + q + r − 3o can be obtained as the restriction of the rational
function m(t0, t1, t2)/l0(t0, t1, t2), where V (m) defines the line containing
the points p, q, r and V (l0) is the tangent to C at the point o. There are three
cosets with respect to each subgroup H . Since the sum of elements in each
coset is again equal to zero, we get 12 lines, each containing three inflection
points. Conversely, if a line contains three inflection points, the sum of these
points is zero, and it is easy to see that the three points forms a coset with
respect to some subgroup H . Each element of (Z/3Z)3 is contained in four
cosets (it is enough to check this for the zero element).

A triangle containing the inflection points is called an inflection triangle.
There are four inflection triangles and the union of their sides is the set of 12
lines from above. The configuration of 12 lines and 9 points, each line contains
3 points, and each point lies on four lines is the famous Hesse arrangement of
lines (123, 94).

Consider the polar conic of an inflection point. It splits into the union of the
tangent line at the point and another line, called the harmonic polar line of the
inflection point.

Lemma 3.1.4 Let x be a point on a nonsingular cubic C. Any line ` passing
through x intersects C at points y, z which are harmonically conjugate to the
pair x,w, where w is the intersection point of the line and the conic polar
Px(C).
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We will prove this property later in a more general case when C is a curve
of degree d and x is its point of multiplicity (d− 2) (see Proposition 7.3.18).

Proposition 3.1.5 Let a, b, c be three collinear inflection points. The har-
monic polar lines of three inflection points on a line ` intersect at the opposite
vertex of the inflection triangle containing `.

Proof Let ∆ be the inflection triangle with side ` containing the points a, b, c.
Consider the three lines `i through a which join a with one of the inflection
point xi on the side of ∆. Let zi be the other inflection point on `i (lying on the
other side). By the previous Lemma, the harmonic polar line intersects each `i
at a point yi such that the cross ratio R(ayi; tizi) is constant. This implies that
the harmonic polar line is the line in the pencil of lines through the vertex that,
together with the two sides and the line passing through a, make the same cross
ratio in the pencil. Since the same is true for harmonic polar lines of the points
b and c, we get the assertion.

It follows from the previous Proposition that the nine harmonic polar lines
intersect by three at 12 edges of the inflection triangles, and each vertex be-
longs to four lines. This defines the dual Hesse arrangement of lines (94, 123).
It is combinatorially isomorphic to the arrangement of lines in the dual plane
which is defined from the Hesse line arrangement via duality.

Now it is easy to reduce a nonsingular cubic curve C = V (f) to the Hesse
canonical form. Choose coordinates such that one of the inflection triangles is
the coordinate triangle. Let q be one of its vertices, say q = [1, 0, 0], and x be
an inflection point on the opposite line V (t0). Then Px(C) is the union of the
tangent to C at x and the harmonic polar of x. Since the latter passes through
q, we have Pq2x(C) = Pxq2(C) = 0. Thus the polar line Pq2(C) intersects the
line V (t0) at three points. This can happen only if Pq2(C) = V (t0). Hence
V (∂

2f
∂t20

) = V (t0) and f has no terms t20t1, t
2
0t2. We can write

f = at30 + bt31 + ct22 + dt0t1t2.

Since C is nonsingular, it is immediately checked that the coefficients a, b, c
are not equal to zero. After scaling the coordinates, we arrive at the Hesse
canonical form.

It is easy to check, by taking partials, that the condition that the curve given
by the Hesse canonical form is nonsingular is

1 + 8α3 6= 0. (3.8)

By reducing the Hesse equation to a Weierstrass forms one can express the
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Aronhold invariants S,T and the absolute invariant j in terms of the parameter
α in (3.7):

S = α− α4, (3.9)

T = 1− 20α3 − 8α6, (3.10)

j =
64(α− α4)3

(1 + 8α3)3
. (3.11)

3.1.3 The Hesse pencil

Since the cubic C and its four inflection triangles pass through the same set
of nine points, the inflection points of C, they belong to a pencil of cubic
curves. This pencil is called the Hesse pencil. It is spanned by C and one of
the inflection triangles, say the coordinate triangle. Thus the Hesse pencil is
defined by the equation

λ(t30 + t31 + t32) + µt0t1t2 = 0. (3.12)

Its base points are

[0, 1,−1], [0, 1,−ε], [0, 1,−ε2],

[1, 0,−1], [1, 0,−ε2], [1, 0,−ε],
[1,−1, 0], [1,−ε, 0], [1,−ε2, 0], (3.13)

where ε = e2πi/3. They are the nine inflection points of any nonsingular mem-
ber of the pencil. The singular members of the pencil correspond to the values
of the parameters

(λ, µ) = (0, 1), (1,−3), (1,−3ε), (1,−3ε2).

The last three values correspond to the three values of α for which the Hesse
equation defines a singular curve.

Any triple of lines containing the nine base points belongs to the pencil and
forms its singular member. Here they are:

V (t0), V (t1), V (t2),

V (t0 + t1 + t2), V (t0 + εt1 + ε2t2), V (t0 + ε2t1 + εt2), (3.14)

V (t0 + εt1 + t2), V (t0 + ε2t1 + ε2t2), V (t0 + t1 + εt2),

V (t0 + ε2t1 + t2), V (t0 + εt1 + εt2), V (t0 + t1 + ε2t2).
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We leave to a suspicious reader to check that

(t0 + t1 + t2)(t0 + εt1 + ε2t2)(t0 + ε2t1 + εt2) = t30 + t31 + t32 − 3t0t1t2,

(t0 + εt1 + t2)(t0 + ε2t1 + ε2t2)(t0 + t1 + εt2) = t30 + t31 + t32 − 3εt0t1t2,

(t0 + ε2t1 + t2)(t0 + εt1 + εt2)(t0 + t1 + ε2t2) = t30 + t31 + t32 − 3ε2t0t1t2.

The 12 lines (3.14) and nine inflection points (3.13) form the Hesse configura-
tion corresponding to any nonsingular member of the pencil.

Choose [0, 1,−1] to be the zero point in the group law on C. Then we can
define an isomorphism of groups φ : (Z/3Z)2 → X[3] by sending [1, 0] to
[0, 1,−ε], [0, 1] to [1, 0,−1]. The points of the first row in (3.13) are the sub-
group H generated by φ([1, 0]). The points of the second row are the coset of
H containing φ([0, 1]).

Remark 3.1.6 Note that, varying α in P1 \ {− 1
2 ,−

ε
2 ,−

ε2

2 ,∞}, we obtain a
family of elliptic curves Xα defined by Equation (3.7) with a fixed isomor-
phism φα : (Z/3Z)2 → Xα[3]. After blowing up the 9 base points, we obtain
a rational surface S(3) together with a morphism

f : S(3)→ P1 (3.15)

defined by the rational map P2− → P1, [t0, t1, t2] 7→ [t0t1t2, t
3
0 +t31 +t32]. The

fiber of f over a point (a, b) ∈ P2 is isomorphic to the member of the Hesse
pencil corresponding to (λ, µ) = (−b, a). It is known that (3.15) is a modular
family of elliptic curves with level 3, i.e. the universal object for the fine moduli
space of pairs (X,φ), where X is an elliptic curve and φ : (Z/3Z)2 → X[3] is
an isomorphism of groups. There is a canonical isomorphism P1 ∼= Y , where
Y is the modular curve of level 3, i.e. a nonsingular compactification of the
quotient of the upper half-planeH = {a+ bi ∈ C : b > 0} by the group

Γ(3) = {A =

(
a b

c d

)
∈ SL(2,Z) : A ≡ I3 mod 3},

which acts on H by Möbius transformations z 7→ az+b
cz+d . The boundary of

H/Γ(3) in Y consists of four points (the cusps). They correspond to the sin-
gular members of the Hesse pencil.

3.1.4 The Hesse group

The Hesse group G216 is the group of projective transformations which pre-
serve the Hesse pencil of cubic curves. First, we see the obvious symmetries
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generated by the transformations

τ : [t0, t1, t2] 7→ [t0, ε3t1, ε
2
3t2],

σ : [t0, t1, t2] 7→ [t2, t0, t1].

They define a projective representation of the group (Z/3Z)2.
If we fix the group law by taking the origin to be [0, 1,−1], then τ induces

on each nonsingular fiber the translation automorphism by the point [0, 1,−ε]
and σ is the translation by the point [1, 0,−1].

Theorem 3.1.7 The Hesse group G216 is a group of order 216 isomorphic to
the semi-direct product

(Z/3Z)2 o SL(2,F3),

where the action of SL(2,F3) on (Z/3Z)2 is the natural linear representation.

Proof Let g ∈ G216. It transforms a member of the Hesse pencil to another
member. This defines a homomorphism G216 → Aut(P1). An element of the
kernel K leaves each member of the pencil invariant. In particular, it leaves
invariant the curve V (t0t1t2). The group of automorphisms of this curve is
generated by homotheties [t0, t1, t2] 7→ [t0, at1, bt2] and permutation of co-
ordinates. Suppose σ induces a homothety. Since it also leaves invariant the
curve V (t30 + t31 + t32), we must have 1 = a3 = b3. To leave invariant a gen-
eral member we also need that a3 = b3 = bc. This implies that g belongs to
the subgroup generated by the transformation σ. An even permutation of co-
ordinates belongs to a subgroup generated by the transformation τ . The odd
permutation σ0 : [t0, t1, t2] 7→ [t0, t2, t1] acts on the group of 3-torsion points
of each nonsingular fiber as the negation automorphism x 7→ −x. Thus we see
that

K ∼= (Z/3Z)2 o 〈σ0〉.

Now let I be the image of the group G216 in Aut(P1). It acts by permuting
the four singular members of the pencil and thus leaves the set of zeros of the
binary form

∆ = (8t31 + t30)t0

invariant. It follows from the invariant theory that this implies that H is a sub-
group of A4. We claim that H = A4. Consider the projective transformations
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given by the matrices

σ1 =

1 1 1

1 ε ε2

1 ε2 ε

 , σ2 =

 1 ε ε

ε2 ε ε2

ε2 ε2 ε

 .

The transformations σ0, σ1, σ2 generate a subgroup isomorphic to the quater-
nion group Q8 with center generated by σ0. The transformation

σ3 : [t0, t1, t2] 7→ [εt0, t2, t1]

satisfies σ3
3 = σ0. It acts by sending a curve Cα from (3.7) to Cεα. It is easy

to see that the transformations σ1, σ2, σ3, τ generate the group isomorphic to
SL(2,F3). Its center is (σ0) and the quotient by the center is isomorphic to A4.
In other words, this group is the binary tetrahedral group. Note that the whole
group can be generated by transformations σ, τ, σ0, σ1.

Recall that a linear operator σ ∈ GL(E) of a complex vector space E of
dimension n + 1 is called a complex reflection if it is of finite order and the
rank of σ− idE is equal to 1. The kernel of σ− idE is a hyperplane inE, called
the reflection hyperplane of σ. It is invariant with respect to σ and its stabilizer
subgroup is a cyclic group. A complex reflection group is a finite subgroup G
of GL(E) generated by complex reflections. One can choose a unitary inner
product on E such that any complex reflection σ from E can be written in the
form

sv,η : x 7→ x+ (η − 1)(x, v)v,

where v is a vector of norm 1 perpendicular to the reflection hyperplane Hv of
σ, and η is a nontrivial root of unity of order equal to the order of σ.

Recall the basic facts about complex reflection groups (see, for example,
[537]):

• The algebra of invariants S(E)G ∼= C[t0, . . . , tn]G is freely generated by
n+ 1 invariant polynomials f0, . . . , fn (geometrically, E/G ∼= Cn+1).

• The product of degrees di of the polynomials f0, . . . , fn is equal to the order
of G.

• The number of complex reflections in G is equal to
∑

(di − 1).

All complex reflections group were classified by G. Shephard and J. Todd
[529]. There are five conjugacy classes of complex reflection subgroups of
GL(3,C). Among them is the group G isomorphic to a central extension of
degree 3 of the Hesse group. It is generated by complex reflections sv,η of or-
der 3, where the reflection line Hv is one of the 12 lines (3.14) in P2 and v is
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the unit normal vector (a, b, c) of the line V (at0 +bt1 +ct2). Note that each re-
flection sv,η leaves invariant the hyperplanes with a normal vector orthogonal
to v. For example, s(1,0,0),ε leaves invariant the line V (t0). This implies that
each of the 12 complex reflections leaves the Hesse pencil invariant. Thus the
image of G in PGL(3,C) is contained in the Hesse group. It follows from the
classification of complex reflection groups (or could be checked directly, see
[537]) that it is equal to the Hesse group and the subgroup of scalar matrices
from G is a cyclic group of order 3.

Each of the 12 reflection lines defines two complex reflections. This gives 24
complex reflections in G. This number coincides with the number of elements
of order 3 in the Hesse group and so there are no more complex reflections in
G. Let d1 ≤ d2 ≤ d3 be the degrees of the invariants generating the algebra
of invariants of G. We have d1 + d2 + d3 = 27, d1d2d3 = 648. This easily
gives d1 = 6, d2 = 9, d3 = 12. There are obvious reducible curves of degree
9 and 12 in P2 invariant with respect to G. The curve of degree 9 is the union
of the polar harmonic lines. Each line intersects a nonsingular member of the
pencil at nontrivial 2-torsion points with respect to the group law defined by
the corresponding inflection point. The equation of the union of nine harmonic
polar lines is

f9 = (t30 − t31)(t30 − t32)(t31 − t32) = 0. (3.16)

The curve of degree 12 is the union of the 12 lines (3.14). Its equation is

f12 = t0t1t2[27t30t
3
1t

3
2 − (t30 + t31 + t32)3] = 0. (3.17)

A polynomial defining an invariant curve is a relative invariant of G (it is an
invariant with respect to the group G′ = G ∩ SL(3,C)). One checks that the
polynomial f9 is indeed an invariant, but the polynomial f12 is only a relative
invariant. So, there exists another curve of degree 12 whose equation defines
an invariant of degree 12. What is this curve? Recall that the Hesse group acts
on the base of the Hesse pencil via the action of the tetrahedron group A4.
It has three orbits with stabilizers of order 2,3 and 3. The first orbit consists
of six points such that the fibres over these points are harmonic cubics. The
second orbit consists of four points such that the fibres over these points are
equianharmonic cubics. The third orbit consists of four points corresponding
to singular members of the pencil. It is not difficult to check that the product of
the equations of the equianharmonic cubics defines an invariant of degree 12.
Its equation is

f ′12 = (t30 + t31 + t32)[(t30 + t31 + t32)3 + 216t30t
3
1t

3
2] = 0. (3.18)
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An invariant of degree 6 is

f6 = 7(t60 + t61 + t62)− 6(t30 + t32 + t33)2. (3.19)

The product of the equations defining 6 harmonic cubics is an invariant of
degree 18

f18 = (t30 + t31 + t32)6 − 540t30t
3
1t

3
2(t30 + t31 + t32)3 − 5832t60t

6
1t

6
2 = 0. (3.20)

3.2 Polars of a plane cubic

3.2.1 The Hessian of a cubic hypersurface

Let X = V (f) be a cubic hypersurface in Pn. We know that the Hessian
He(X) is the locus of points a ∈ Pn such that the polar quadric Pa(X) is
singular. Also we know that, for any a ∈ He(X),

Sing(Pa(X)) = {b ∈ P2 : Db(Da(f)) = 0}.

Since Pb(Pa(X)) = Pa(Pb(X)) we obtain that b ∈ He(X).

Theorem 3.2.1 The Hessian He(X) of a cubic hypersurface X contains the
Steinerian St(X). If He(X) 6= Pn, then

He(X) = St(X).

For the last assertion one needs only to compare the degrees of the hyper-
surfaces. They are equal to n+ 3.

In particular, the rational map, if defined,

st−1
X : St(X)→ He(X), a 7→ Sing(Pa(X)) (3.21)

is a birational automorphism of the Hessian hypersurface. We have noticed this
already in Chapter 1.

Proposition 3.2.2 Assume X has only isolated singularities. Then He(X) =

Pn if and only if X is a cone over a cubic hypersurface in Pn−1.

Proof Let W = {(a, b) ∈ Pn × Pn : Pa,b2(X) = 0}. For each a ∈ Pn, the
fiber of the first projection over the point a is equal to the first polar Pa(X).
For any b ∈ Pn, the fiber of the second projection over the point b is equal
to the second polar Pb2(X) = V (

∑
∂if(b)ti). Let U = Pn \ Sing(X). For

any b ∈ U , the fiber of the second projection is a hyperplane in Pn. This
shows that p−1

2 (U) is nonsingular. The restriction of the first projection to U
is a morphism of nonsingular varieties. The general fiber of this morphism is
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a regular scheme over the general point of Pn. Since we are in characteristic
0, it is a smooth scheme. Thus there exists an open subset W ⊂ Pn such
that p−1

1 (W ) ∩ U is nonsingular. If He(X) = 0, all polar quadrics Pa(X) are
singular, and a general polar must have singularities inside of p−1

2 (Sing(X)).
This means that p1(p−1

2 (Sing(X))) = Pn. For any x ∈ Sing(X), all polar
quadrics contain x and either all of them are singular at x or there exists an
open subset Ux ⊂ Pn such that all quadrics Pa(X) are nonsingular at x for
a ∈ Ux. Suppose that, for any x ∈ Sing(X), there exists a polar quadric which
is nonsingular at x. Since the number of isolated singular points is finite, there
will be an open set of points a ∈ Pn such that the fiber p−1

1 (a) is nonsingular in
p−1

2 (Sing(X)). This is a contradiction. Thus, there exists a point c ∈ Sing(X)

such that all polar quadrics are singular at x. This implies that c is a common
solution of the systems of linear equations He(f3)(a) ·X = 0, a ∈ Pn. Thus
the first partials of f3 are linearly dependent. Now we apply Proposition 1.1.6
to obtain that X is a cone.

Remark 3.2.3 The example of a cubic hypersurface in P4 from Remark 1.1.16
shows that the assumption on singular points of X cannot be weakened. The
singular locus of the cubic hypersurface is the plane t0 = t1 = 0.

3.2.2 The Hessian of a plane cubic

Consider a plane cubic C = V (f) with equation in the Hesse canonical form
(3.7). The partials of 1

3f are

t20 + 2αt1t2, t21 + 2αt0t2, t22 + 2αt0t1. (3.22)

Thus the Hessian of C has the following equation:

He(C) =

∣∣∣∣∣∣
t0 αt2 αt1
αt2 t1 αt0
αt1 αt0 t2

∣∣∣∣∣∣ = (1 + 2α3)t0t1t2 − α2(t30 + t31 + t32). (3.23)

In particular, the Hessian of the member of the Hesse pencil corresponding to
the parameter (λ, µ) = (1, 6α), α 6= 0, is equal to

t30 + t31 + t32 −
1 + 2α3

α2
t0t1t2 = 0, (3.24)

or, if (λ, µ) = (1, 0) or (0, 1), then the Hessian is equal to V (t0t1t2).

Lemma 3.2.4 LetC be a nonsingular cubic in a Hesse’s canonical form. The
following assertions are equivalent:

(i) dim Sing(Pa(C)) > 0;
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(ii) a ∈ Sing(He(C));
(iii) He(C) is the union of three nonconcurrent lines;
(iv) C is isomorphic to the Fermat cubic V (t30 + t31 + t31);
(v) He(C) is a singular cubic;
(vi) C is an equianharmonic cubic;
(vii) α(α3 − 1) = 0.

Proof Use the Hesse equation for a cubic and for its Hessian. We see that
He(C) is singular if and only if either α = 0 or 1 + 8(− 1+2α3

6α2 )3 = 0. Ob-
viously, α = 1 is a solution of the second equation. Other solutions are ε, ε2.
This corresponds to He(C), where C is of the form V (t30 + t31 + t31), or is given
by the equation

t30 + t31 + t32 + 6εit0t1t2 = (εit0 + εt1 + t2)3 + (t0 + εit1 + t2)3

+(t0 + t1 + εit2)3 = 0,

where i = 1, 2, or

t30 + t31 + t32 + 6t0t1t2 = (t0 + t1 + t2)3 + (t0 + εt1 + ε2t2)3

+(t0 + ε2t1 + εt2)3 = 0.

This computation proves the equivalence of (iii), (iv), (v), and (vii).
Assume (i) holds. Then the rank of the Hessian matrix is equal to 1. It is easy

to see that the first two rows are proportional if and only if α(α3 − 1) = 0.
Thus (i) is equivalent to (vii), and hence to (iii), (iv), (v) and (vii). The point a
is one of the three intersection points of the lines such that the cubic is equal to
the sum of the cubes of linear forms defining these lines. Direct computation
shows that (ii) holds. Thus (i) implies (ii).

Assume (ii) holds. Again the previous computations show that α(α3− 1) =

0 and the Hessian curve is the union of three lines. Now (i) is directly verified.
The equivalence of (iv) and (vi) follows from Theorem 3.1.3 since the trans-

formation [t0, t1, t2]→ [t1, t0, e
2πi/3t2] generates a cyclic group of order 6 of

automorphisms of C leaving the point [1,−1, 0] fixed.

Corollary 3.2.5 Assume that C = V (f) is not projectively isomorphic to
the Fermat cubic. Then the Hessian cubic is nonsingular, and the map a 7→
Sing(Pa(C)) is an involution on C without fixed points.

Proof The only unproved assertion is that the involution does not have fixed
points. A fixed point a has the property that Da(Da(f)) = Da2(f) = 0. It
follows from Theorem 1.1.5 that this implies that a ∈ Sing(C).
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Remark 3.2.6 Consider the Hesse pencil of cubics with parameters (λ, µ) =

(α0, 6α1)

C(α0,α) = V (α0(t30 + t31 + t32) + 6α1t0t1t2).

Taking the Hessian of each curve from the pencil we get the pencil

H(α0,α) = V (α0t
3
0 + t31 + t32 + 6α1t0t1t2).

The map C(α0,α) → H(α0,α) defines a regular map

h : P1 → P1, [α0, α1] 7→ [t0, t1] = [−α0α
2
1, α

3
0 + 2α3

1]. (3.25)

This map is of degree 3. For a general value of the inhomogeneous parameter
λ = t1/t0, the preimage consists of three points with inhomogeneous coordi-
nate α = α1/α0 satisfyfing the cubic equation

6λα3 − 2α2 + 1 = 0. (3.26)

We know that the points [α0, α1] = [0, 1], [1,− 1
2 ], [1,− ε

2 ], [1,− ε
2

2 ] correspond
to singular members of the λ-pencil. These are the branch points of the map h.
Over each branch point we have two points in the preimage. The points

(α0, α1) = [1, 0], [1, 1], [1, ε], [1, ε2]

are the ramification points corresponding to equianharmonic cubics. A non-
ramication point in the preimage corresponds to a singular member.

Let Cα = C(1,α). If we fix a group law on a Hα = He(Cα), we will be able
to identify the involution described in Corollary 3.2.5 with the translation auto-
morphism by a nontrivial 2-torsion point η. Given a nonsingular cubic curveH
together with a fixed-point-free involution τ , there exists a unique nonsingular
cubic Cα such that H = Hα and the involution τ is the involution described
in the corollary. Thus the three roots of Equation (3.26) can be identified with
3 nontrivial torsion points on Hα. We refer the reader to Exercise 3.2 for a
reconstruction of Cα from the pair (Hα, η).

Recall that the Cayleyan curve of a plane cubic C is the locus of lines pq
in the dual plane such that a ∈ He(C) and b is the singular point of Pa(C).
Each such line intersects He(C) at three points a, b, c. The following gives the
geometric meaning of the third intersection point.

Proposition 3.2.7 Let c be the third intersection point of a line ` ∈ Cay(C)

and He(C). Then ` is a component of the polar Pd(C) whose singular point is
c. The point d is the intersection point of the tangents of He(C) at the points a
and b.
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Proof From the general theory of linear system of quadrics, applied to the net
of polar conics of C, we know that ` is a Reye line, i.e. it is contained in some
polar conic Pd(C) (see Subsection 1.1.7). The point d must belong to He(C)

and its singular point c belongs to `. Thus c is the third intersection point of `
with C.

It remains for us to prove the last assertion. Chose a group law on the curve
He(C) by fixing an inflection point as the zero point. We know that the Steine-
rian involution is defined by the translation x 7→ x ⊕ η, where η is a fixed
2-torsion point. Thus b = a⊕η. It follows from the definition of the group law
on a nonsingular cubic that the tangents Ta(He(C)) and Tb(He(C)) intersect
at a point d on He(C). We have d ⊕ 2a = 0, hence d = −2a. Since a, b, c
lie on a line, we get c = −a − b in the group law. After subtracting, we get
d − c = b − a = η. Thus the points x and c are an orbit of the Steinerian
involution. This shows that c is the singular point of Pd(C). By Proposition
1.2.5, Pd(C) contains the points a, b. Thus ab is a component of Pd(C).

It follows from the above Proposition that the Cayleyan curve of a nonsin-
gular cubic C parameterizes the line components of singular polar conics of
C. It is also isomorphic to the quotient of He(C) by the Steinerian involution
from Corollary 3.2.5. Since this involution does not have fixed points, the quo-
tient map He(C) → Cay(C) is an unramified cover of degree 2. In particular,
Cay(C) is a nonsingular curve of genus 1.

Let us find the equation of the Cayleyan curve. A line ` belongs to Cay(X)

if and only if the restriction of the linear system of polar conics of X to `
is of dimension 1. This translates into the condition that the restriction of the
partials of X to ` is a linearly dependent set of three binary forms. So, write
` in the parametric form as the image of the map P1 → P2 given by [u, v] 7→
[a0u + b0v, a1u + b1v, a2u + b2v]. The condition of the linear dependence is
given by

det

a2
0 + 2αa1a2 2a0b0 + 2α(a1b2 + a2b1) b20 + 2αb1b2
a2

1 + 2αa0a2 2a1b1 + 2α(a0b2 + a2b0) b21 + 2αb0b2
a2

2 + 2αa0a1 2a2b2 + 2α(a0b1 + a1b0) b22 + 2αb0b1

 = 0.

The coordinates of ` in the dual plane are

[u0, u1, u2] = [a1b2 − a2b1, a2b0 − a0b2, a0b1 − a1b0].

Computing the determinant, we find that the equation of Cay(X) in the coor-
dinates u0, u1, u2 is

u3
0 + u3

1 + u3
2 + 6α′u0u1u2 = 0, (3.27)
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where α′ = (1 − 4α3)/6α. Note that this agrees with the degree of the Cay-
leyan curve found in Proposition 1.1.26. Using formula (3.9) for the absolute
invariant of the curve, this can be translated into an explicit relationship be-
tween the absolute invariant of an elliptic curve C and the isogenous ellip-
tic curve C/(τe), where τe is the translation automorphism by a nontrivial
2-torsion point e.

3.2.3 The dual curve

Write the equation of a general line in the form t2 = u0t0 + u1t1 and plug
in Equation (3.7). The corresponding cubic equation has a multiple root if and
only if the line is a tangent. We have

(u0t0 + u1t1)3 + t30 + t31 + 6αt0t1(u0t0 + u1t1)

= (u3
0 + 1)t30 + (u3

1 + 1)t31 + (3u2
0u1 + 6αu0)t20t1 + (3u0u

2
1 + 6αu1)t0t

2
1 = 0.

The condition that there is a multiple root is that the discriminant of the homo-
geneous cubic form in t0, t1 is equal to zero. Using the formula (1.81) for the
discriminant of a cubic form, after plugging in, we obtain

(3u2
0u1+6αu0)2(3u0u

2
1+6αu1)2+18(3u2

0u1+6αu0)(3u0u
2
1+6αu1)(u3

0+1)(u3
1+1)

−4(u3
0 + 1)(3u0u

2
1 + 6αu1)3− 4(u3

1 + 1)(3u1u
2
0 + 6αu0)3− 27(u3

0 + 1)2(u3
1 + 1)2

= −27 + 864u3
0u

3
1α

3 + 648u2
0u

2
1α− 648α2u0u

4
1 − 648α2u4

0u1 + 648α2u0u1

+1296α4u2
0u

2
1−27u6

1−27u6
0 +54u3

0u
3
1−864u3

1α
3−864u3

0α
3−54u3

1−54u3
0 = 0.

It remains for us to homogenize the equation and divide by (−27) to obtain
the equation of the dual curve

u6
0 + u6

1 + u6
2 − (2 + 32α3)(u3

0u
3
1 + u3

0u
3
2 + u3

2u
3
1)

−24α2u0u1u2(u3
0 + u3

1 + u3
2)− (24α+ 48α4)u2

0u
2
1u

2
2 = 0. (3.28)

According to the Plücker formula (1.50), the dual curve of a nonsingular plane
cubic has nine cusps. They correspond to the inflection tangents of the original
curve. The inflection points are given in (3.12). Computing the equations of
the tangents, we find the following singular points of the dual curve:

[−2m, 1, 1], [1,−2α, 1], [1, 1,−2α], [−2αε, ε2, 1], [−2αε, 1, ε2],

[ε2,−2αε, 1], [1,−2αε, ε2], [1, ε2,−2αε], [ε2, 1,−2α].

The tangent of C at an inflection point a is a component of the polar conic
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Pa(C), hence connects a to the singular point of the polar conic. This implies
that the tangent line belongs to the Cayleyan curve Cay(C), hence the Cay-
leyan curve contains the singular points of the dual cubic. The pencil of plane
curves of degree 6 spanned by the dual cubic C∨ and the Cayleyan cubic taken
with multiplicity 2 is an example of an Halphen pencil of index 2 of curves of
degree 6 with nine double base points (see Exercises to Chapter 7).

3.2.4 Polar s-gons

Since, for any three general points in P2, there exists a plane cubic singular at
these points (the union of three lines), a general ternary cubic form does not
admit polar triangles. Of course this is easy to see by counting constants.

By Lemma 3.2.4, a nonsingular cubic admits a polar triangle if and only if it
is an equianharmonic cubic. Its polar triangle is unique. Its sides are the three
first polars of C which are double lines.

Proposition 3.2.8 A plane cubic admits a polar triangle if and only if either
it is a Fermat cubic or it is equal to the union of three distinct concurrent lines.

Proof Suppose C = V (l31 + l32 + l33). Without loss of generality, we may as-
sume that l1 is not proportional to l2. Thus, after a linear change of coordinates,
C = V (t30 + t31 + l3). If l(t0, t1, t2) does not depend on t2, the curve C is the
union of three distinct concurrent lines. Otherwise, we can change coordinates
to assume that l = t2 and get a Fermat cubic.

By counting constants, a general cubic admits a polar quadrangle. It is clear
that a polar quadrangle {[l1], . . . , [l4]} is nondegenerate if and only if the linear
system of conics in the dual plane through the points [li] is an irreducible pencil
(i.e. a linear system of dimension 1 whose general member is irreducible). This
allows us to define a nondegenerate generalized polar quadrangle of C as a
generalized quadrangle Z of C such that |IZ(2)| is an irreducible pencil.

Let g(t0, t1) be a binary form of degree 3. Its polar 3-hedron is the divisor
of zeros of its apolar form of degree 3. Thus

VSP(g, 3) ∼= |AP3(g)|∨ ∼= P2. (3.29)

This implies that any ternary cubic form f = t32 + g(t0, t1) admits degenerate
polar quadrangles.

Also, if C = V (g(t0, t1)) is the union of three concurrent lines then any
four distinct nonzero linear forms l1, l2, l3, l4 form a degenerate quadrangle
of C. In fact, using the Van der Monde determinant, we obtain that the cubes
l31, l

3
2, l

3
3, l

3
4 form a basis in the space of binary cubic forms. So the variety of
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sums of four powers of C is isomorphic to the variety of four distinct points
in P1. Its closure VSP(C, 4) in the Hilbert scheme Hilb4(P2) is isomorphic to
(P1)(4) ∼= P4.

Lemma 3.2.9 C admits a degenerate polar quadrangle if and only if it is one
of the following curves:

(i) an equianharmonic cubic;
(ii) a cuspidal cubic;
(iii) the union of three concurrent lines (not necessarily distinct).

Proof We only have to prove the converse. Suppose

f = l31 + l32 + l33 + l34,

where l1, l2, l3 vanish at a common point a which we identify with a vector in
E. We have

1

3
Da(f) = l1(a)l21 + l2(a)l22 + l3(a)l23 + l4(a)l24 = l4(a)l24.

This shows that the first polar Pa(V (f)) is either the whole P2 or the double
line 2` = V (l24). In the first case C is the union of three concurrent lines.
Assume that the second case occurs. We can choose coordinates such that a =

[0, 0, 1] and ` = V (t2). Write

f = g0t
3
2 + g1t

2
2 + g2t2 + g3,

where gk are homogeneous forms of degree k in variables t0, t1. ThenDa(f) =

∂2f = 3t22g0 + 2t2g1 + g2. This can be proportional to t22 only if g1 = g2 =

0, g0 6= 0. Thus V (f) = V (g0t
3
2 + g3(t0, t1)). If g3 has no multiple linear fac-

tors, we get an equianharmonic cubic. If g3 has a linear factor with multiplicity
2, we get a cuspidal cubic. Finally, if g3 is a cube of a linear form, we reduce
the latter to the form t31 and get three concurrent lines.

Remark 3.2.10 We know that all equianharmonic cubics are projectively
equivalent to the Fermat cubic. The orbit of the Fermat cubic V (t30 + t31 + t32) is
somorphic to the homogeneous space PSL(3)/G, where G = (Z/3Z)2 oS3.
Its closure in |S3(E∨)| is a hypersurface F and consists of curves listed in the
assertion of the previous Lemma and also reducible cubics equal to the unions
of irreducible conics with its tangent lines. The explicit equation of the hyper-
surface F is given by the Aronhold invariant S of degree 4 in the coefficients of
the cubic equation. A nice expression for the invariant S in terms of a pfaffian
of a skew-symmetric matrix was given by G. Ottaviani [419].
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Lemma 3.2.11 The following properties are equivalent:

(i) AP1(f) 6= {0};
(ii) dim AP2(f) > 2;
(iii) V (f) is equal to the union of three concurrent lines.

Proof By the apolarity duality,

(Af )1 × (Af )2 → (Af )3
∼= C,

we have

dim(Af )1 = 3− dim AP1(f) = dim(Af )2 = 6− dim AP2(f).

Thus dim AP2(f) = 3 + dim AP1(f). This proves the equivalence of (i) and
(ii). By definition, AP1(f) 6= {0} if and only if Dψ(f) = 0 for some nonzero
linear operator ψ =

∑
ai∂i. After a linear change of variables, we may assume

that ψ = ∂0, and then ∂0(f) = 0 if and only if C does not depend on t0, i.e. C
is the union of three concurrent lines.

Lemma 3.2.12 Let Z be a generalized polar quadrangle of f . Then |IZ(2)|
is a pencil of conics in |E∨| contained in the linear system |AP2(f)|. If Z is
nondegenerate, then the pencil has no fixed component. Conversely, let Z be a
0-dimensional cycle of length 4 in |E|. Assume that |IZ(2)| is an irreducible
pencil contained in |AP2(f)|. Then Z is a nondegenerate generalized polar
quadrangle of f .

Proof The first assertion follows from the definition of nondegeneracy and
Proposition 1.3.12. Let us prove the converse. Let V (λq1 + µq2) be the pencil
of conics |IZ(2)|. Since AP(f) is an ideal, the linear system L of cubics of the
form V (q1l1 + q2l2), where l1, l2 are linear forms, is contained in |AP3(f)|.
Obviously, it is contained in |IZ(3)|. Since |IZ(2)| has no fixed part we may
choose q1 and q2 with no common factors. Then the map E∨ ⊕ E∨ → IZ(3)

defined by (l1, l2) → q1l1 + q2l2 is injective, hence dimL = 5. Assume
dim |IZ(3)| ≥ 6. Choose three points in general position on an irreducible
member C of |IZ(2)| and three non-collinear points outside C. Then find a
cubic K from |IZ(3)| which passes through these points. Then K intersects
C with total multiplicity 4 + 3 = 7, hence contains C. The other compo-
nent of K must be a line passing through three non-collinear points. This
contradiction shows that dim |IZ(3)| = 5 and we have L = |IZ(3)|. Thus
|IZ(3)| ⊂ |AP3(f)| and, by Proposition 1.3.12, Z is a generalized polar quad-
rangle of C.
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Note that not every point in Hilb4(P2) can be realized as a generalized quad-
rangle of a ternary cubic. Each point in the Hilbert scheme Hilb4(P2) is the
union of subschemes supported at one point. Let us recall analytic classifica-
tion of closed subschemes V (I) of length h ≤ 4 supported at one point (see
[54]).

• h = 1: I = (x, y);

• h = 2: I = (x, y2);
• h = 3: I = (x, y3), (x2, xy, y2);
• h = 4: I = (x, y4), (x2, y2), (x2, xy, y3).

The subschemes Z of length 4 that cannot be realized as the base scheme
of a pencil of conics, are those which contain a subscheme analytically iso-
morphic to one of the following schemes V (x, y3), V (x, y4), V (x2, xy, y2),
or V (x2, xy, y3).

Theorem 3.2.13 Assume that C is neither an equianharmonic cubic, nor a
cuspidal cubic, nor the union of three concurrent lines. Then

VSP(f, 4) ∼= |AP2(f)|∨ ∼= P2.

If C is nonsingular, the complement of ∆ = VSP(f, 4) \VSP(f, 4)o is a curve
of degree 6 isomorphic to the dual of a nonsingular cubic curve. IfC is a nodal
cubic, then ∆ is the union of a quartic curve isomorphic to the dual quartic of
C and two lines. IfC is the union of a nonsingular conic and a line intersecting
it transversally, ∆ is the union of a conic and two lines. If C is the union of a
conic and its tangent line, then ∆ = VSP(f, 4).

Proof We will start with the case when C is nonsingular. We know that its
equation can be reduced to the Hesse canonical form (3.7). The space of apolar
quadratic forms is spanned by αu0u1 − u2

2, αu1u2 − u2
0, αu0u2 − u2

1. It is
equal to the net of polar conics of the curve C ′ in the dual plane given by the
equation

u3
0 + u3

1 + u3
2 − 6αu0u1u2 = 0, α(α3 − 1) 6= 0. (3.30)

The net |AP2(f)| is base-point-free. Its discriminant curve is a nonsingular
cubic, the Hessian curve of the curve C ′. The generalized quadrangles are pa-
rameterized by the dual curve He(C ′)∨. All pencils are irreducible, so there are
no degenerate generalized quadrangles. Generalized quadrangles correspond
to tangent lines of the discriminant cubic. So,

VSP(f, 4) = |AP2(f)|∨, (3.31)

and VSP(f, 4) \ VSP(f, 4)o = He(C ′)∨.
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Next, assume that C = V (t22t0 + t31 + t21t0) is an irreducible nodal cubic.
The space of apolar quadratic forms is spanned by u2

0, u1u2, u
2
2−u2

1+3u0u1.
The net |AP2(f)| is base-point-free. Its discriminant curve is an irreducible
nodal cubic D. So, all pencils are irreducible, and (3.31) holds. Generalized
quadrangles are parameterized by the union of the dual quartic curve D∨ and
the pencil of lines through the double point.

Next, assume that C = V (t30 + t0t1t2) is the union of an irreducible conic
and a line which intersects the conic transversally.

The space of apolar quadratic forms is spanned by u2
1, u

2
2, 6u1u2 − u2

0. The
net |AP2(f)| is base-point-free. It is easy to see that its discriminant curve is
the union of a conic and a line intersecting the conic transversally. The line
component defines the pencil generated by V (u2

1) and V (u2
2). It has no fixed

part but its members are singular. So, all generalized quadrangles are nonde-
generate and (3.31) holds. The locus of generalized quadrangles consists of a
conic and two lines.

Next, assume that V (f) = V (t0t1t2) is the union of three nonconcurrent
lines.

The net |AP2(f)| of apolar conics is generated by V (u2
0), V (u2

1), V (u2
2). It

is base-point-free. The discriminant curve is the union of three nonconcurrent
lines representing pencils of singular conics which have no fixed component.
Thus any pencil not containing a singular point of the discriminant curve de-
fines a nondegenerate polar quadrangle. A pencil containing a singular point
defines a nondegenerate generalized polar quadrangle. Again (3.31) holds and
VSP(f, 4) \ VSP(f, 4)o consists of three nonconcurrent lines.

Finally, let C = V (t0(t0t1 + t22)) be the union of an irreducible conic and
its tangent line. We check that AP2(f) is spanned by u2

1, u1u2, u
2
2 − u0u1.

The discriminant curve is a triple line. It corresponds to the pencil V (λu2
1 +

µu1u2) of singular conics with the fixed component V (u1). There are no polar
quadrangles. Consider the subscheme Z of degree 4 in the affine open set u0 6=
0 defined by the ideal supported at the point [1, 0, 0] with ideal at this point
generated by (u1/u0)2, u1u2/u

2
0, and (u2/u0)2. The linear system |IZ(3)|

is of dimension 5 and consists of cubics of the form V (u0u1(au1 + bu2) +

g3(u1, u2)). One easily computes AP3(f). It is generated by the polynomial
u0u

2
2−u2

0u1 and all monomials except u2
0u1 and u0u

2
2. We see that |IZ(3)| ⊂

|AP3(f)|. Thus Z is a degenerate generalized polar quadrangle ofC and (3.31)
holds.

Remark 3.2.14 We know already the variety VSP(f, 4) in the case when C
is the union of concurrent lines. In the remaining cases which have been ex-
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cluded, the variety VSP(f, 4) is a reducible surface. Its description is too in-
volved to discuss it here. For example, if C is an equianharmonic cubic, it
consists of four irreducible components. Three components are isomorphic to
P2. They are disjoint and each contains an open dense subset parametrizing
degenerate polar quadrangles. The fourth component contains an open subset
of base schemes of irreducible pencils of apolar conics. It is isomorphic to the
blow-up of |AP2|∨ at three points corresponding to reducible pencils. Each of
the first three components intersects the fourth component along one of the
three exceptional curves.

3.3 Projective generation of cubic curves

3.3.1 Projective generation

Suppose we have m different r-dimensional linear systems |Li| of hypersur-
faces of degrees di in Pn. Choose projective isomorphisms φi : Pr → |Li| and
consider the variety

Z = {(λ, x) ∈ Pr × Pn : x ∈ φ1(λ) ∩ . . . ∩ φm(λ)}. (3.32)

The expected dimension of a general fiber of the first projection pr1 : Z → Pr
is equal to n−m. Assume

• Z is irreducible of dimension r + n−m;
• the second projection pr2 : Z → Pn is of finite degree k on its image X .

Under these assumptions, X is an irreducible subvariety of dimension r+n−
m.

Proposition 3.3.1
degX = sr(d1, . . . , dm)/k,

where sr is the r-th elementary symmetric function in m variables.

Proof It is immediate that Z is a complete intersection in Pr × Pn of m
divisors of type (1, di). Let Π be a general linear subspace in Pn of codimen-
sion n −m + r. We use the intersection theory from [230]. Let h̄1 and h̄2 be
the natural generators of H2(Pr × Pn,Z) equal to the preimages of the co-
homology classes h1, h2 of a hyperplane in Pr and Pn, respectively. We have
(pr2)∗([Z]) = k[X]. By the projection formula,

(pr2)∗([Z]) = (pr2)∗(

m∏
j=1

(h̄1 +dj h̄2)) = (pr2)∗(

m∑
j=1

sj(d1, . . . , dm)h̄j1h̄
m−j
2 )
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=

m∑
j=1

sj(d1, . . . , dm)hm−j2 (pr2)∗(h̄
j
1) = sr(d1, . . . , dm)hm−r2 .

Intersecting with hn−m+r
2 , we obtain that k degX = sr(d1, . . . , dm).

Since through a general point in Pn passes a unique member of a pencil,
k = 1 if r = 1.

The following example is Steiner’s construction of rational normal curves
of degree n in Pn. We have already used it in the case of conics, referring the
reader for the details to [266].

Example 3.3.2 Let r = 1,m = n and d1 = . . . = dn = 1. Let p1, . . . , pn
be linearly independent points in Pn and let Pi be the pencil of hyperplanes
passing through the codimension 2 subspace spanned by all points except pi.
Choose a linear isomorphism φi : P1 → Pi such that the common hyperplane
H spanned by all the points corresponds to different parameters λ ∈ P1.

Let Hi(λ) = φi(λ). A line contained in the intersection H1(λ) ∩ . . . ∩
Hn(λ) meets H , and hence H meets each Hi(λ). If H is different from each
Hi(λ), this implies that the base loci of the pencils Pi meet. However this
contradicts the assumption that the points pi are linearly independent. If H =

Hi(λ) for some i, then H ∩Hj(λ) is equal to the base locus of Pj . Thus the
intersectionH1(λ)∩. . .∩Hn(λ) consists of the point pi. This shows that, under
the first projection pr1 : Z → P1, the incidence variety (3.32) is isomorphic to
P1 . In particular, all the assumptions on the pencilsPi are satisfied with k = 1.
Thus the image of Z in Pn is a rational curve Rn of degree n. If φi(λ) = H ,
then the previous argument shows that pi ∈ Rn. Thus all points p1, . . . , pn lie
on Rn. Since all rational curves of degree n in Pn are projectively equivalent,
we obtain that any such curve can be projectively generated by n pencils of
hyperplanes.

More generally, let P1, . . . ,Pn be n pencils of hyperplanes. Since a projec-
tive isomorphism φi : P1 → Pi is uniquely determined by the images of three
different points, we may assume that φi(λ) = V (λ0li + λ1mi) for some lin-
ear forms li,mi. Then the intersection of the hyperplanes φ1(λ)∩ . . .∩ φn(λ)

consists of one point if and only if the system of n linear equations with n+ 1

unknowns

λ0l1 + λ1m1 = . . . = λ0ln + λ1mn = 0

has a 1-dimensional space of solutions. Under some genericity assumption on
the choice of the pencils, we may always assume it. This shows that the ra-
tional curve Rn is projectively generated by the pencils, and its equations are
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expressed by the condition that

rank
(
l0 l1 . . . ln
m0 m1 . . . mn

)
≤ 1.

Observe that the maximal minors of the matrix define quadrics in Pn of rank
≤ 4.

Example 3.3.3 Take two pencils Pi of planes in P3 through skew lines `i.
Choose a linear isomorphism φ : P1 → Pi. Then the union of the lines φ1(λ)∩
φ2(λ) is equal to a quadric surface in P3 containing the lines `1, `2.

3.3.2 Projective generation of a plane cubic

We consider a special case of the previous construction where n = 2, r = 1

and m = 2. By Proposition 3.3.1, X is a curve of degree d1 + d2. Assume that
the base locus of the pencil Pi consists of d2

i distinct points and the two base
loci have no points in common. It is clear that the union of the base loci is the
set of d2

1 + d2
2 points on X .

Take a pencil of lines P1 and a pencil of conics P2. We obtain a cubic curve
C containing the base point of the pencil of lines and four base points of the
pencil of conics. The pencil P2 cuts out on C a g1

2 . We will use the following.

Lemma 3.3.4 For any g1
2 on an irreducible reduced plane cubic curve, the

lines spanned by the divisor from g1
2 intersect at one point on the curve.

Proof The standard exact sequence

0→ OP2(−2)→ OP2(1)→ OC(1)→ 0

gives an isomorphism H0(P2,OP2(1)) ∼= H0(C,OC(1)). It shows that the
pencil g1

2 is cut out by a pencil of lines. Its base point is the point whose exis-
tence is asserted in the Lemma.

The point of intersection of lines spanned by the divisors from a g1
2 was

called by Sylvester the coresidual point of C (see [490], p. 134).
Let C be a nonsingular plane cubic. Pick up four points on C, no three of

them lying on a line. Consider the pencil of conics through these points. Let q
be the coresidual point of the g1

2 on C defined by the pencil. Then the pencil
of lines through q and the pencil of conics projectively generate C.

Note that the first projection pr1 : Z → P1 is a degree 2 cover defined by
the g1

2 cut out by the pencil of conics. It has four branch points corresponding
to lines φ1(λ) which touch the conic φ2(λ).

There is another way to projectively generate a cubic curve. This time we
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take three nets of lines with fixed isomorphisms φi to P2. Explicitly, if λ =

[λ0, λ1, λ2] ∈ P2 and φi(λ) = V (a
(i)
0 t0 + a

(i)
1 t1 + a

(i)
2 t2), where a(i)

j are
linear forms in λ0, λ1, λ2, then C is given by the equation

det

a
(1)
0 a

(1)
1 a

(1)
2

a
(2)
0 a

(2)
1 a

(2)
2

a
(3)
0 a

(3)
1 a

(3)
2

 = 0.

This is an example of a determinantal equation of a plane curve which we will
study in detail in the next Chapter.

3.4 Invariant theory of plane cubics

3.4.1 Mixed concomitants

The classical invariant theory dealt with objects more general that invariants
of homogeneous forms. Let E, as usual, denote a complex vector space of
dimension n+ 1. Recall that the main object of study in the invariant theory is
a mixed combinant, an element Φ of the tensor product

r⊗
i=1

Smi(Sdi(E∨))∨ ⊗
k⊗
i=1

Spi(E∨)⊗
s⊗
i=1

Sqi(E)

which is invariant with respect to the natural linear representation of SL(E)

on the tensor product. We will be dealing here only with the cases when r =

1, k, s ≤ 1. If k = s = 0, Φ is an invariant of degreem1 on the space Sd(E∨).
If k = 1, s = 0, then Φ is a covariant of degreem and order p. If k = 0, s = 1,
then Φ is a contravariant of degree m and class q. If k = s = 1, then Φ is a
mixed concomitant of degree m, order p and class q.

Choosing a basis u0, . . . , un in E, and the dual basis t0, . . . , tn in E∨, one
can write an invariant Φ ∈ Sm(Sd(E∨))∨ = Sm(Sd(E)) as a homogeneous
polynomial of degree m in coefficients of a general polynomial of degree d
in u0, . . . , un which are expressed as monomials of degree d in u0, . . . , un.
Via polarization, we can consider it as a multihomogeneous function of degree
(d, . . . , d) on (E∗)m. Symbolically, it is written as a product of w sequences
(i1 . . . in) of numbers from {1, . . . ,m} such that each number appears d times.
The relation

(n+ 1)w = md

must hold. In particular, there are no invariants if n + 1 does not divide md.
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The number w is called the weight of the invariant. When we apply a linear
transformation, it is multiplied by the w-th power of the determinant.

A covariant Φ ∈ Sm(Sd(E∨))∨ ⊗ Sp(E∨) can be written as a polynomial
of degree m in coefficients of a general polynomial of degree d and of degree
p in coordinates t0, . . . , tn. Via polarization, it can be considered as a multiho-
mogeneous function of degree (d, . . . , d, p) on (E∨)m × E. Symbolically, it
can be written as a product of w expressions (j0 . . . jn) and p expressions (i)x,
where each number from {1, . . . ,m} appears d times. We must have

(n+ 1)w + pn = md.

A contravariant Φ ∈ Sm(Sd(E∨))∨⊗Sq(E) can be written as a polynomial
of degree m in coefficients of a general polynomial of degree d and of degree
q in u0, . . . , un. Via polarization, it can be considered as a multihomogeneous
function of degree (d, . . . , d, q) on (E∨)m×E∨. Symbolically, it can be writ-
ten as a product of w expressions (j0 . . . jn) and q expressions (i1 . . . in)u. We
have

(n+ 1)w + qn = md.

A mixed concomitant Φ ∈ Sm(Sd(E∨))∨⊗Sp(E∨)⊗Sq(E) can be written
as a polynomial of degree m in coefficients of a general polynomial of degree
d, of degree p in t0, . . . , tn, and of degree q in u0, . . . , un. Via polarization, it
can be considered as a multihomogeneous function of degree (d, . . . , d, p, q)

on (E∨)m×E×E∨. Symbolically, it can be written as a product of w expres-
sions (j0, . . . , jn), p expressions (i)x and q expressions (i1, . . . , in)ξ, where
each number from {1, . . . ,m} appears d times. We have

(n+ 1)w + (a+ b)n = md.

Note that instead of numbers 1, . . . ,m classics often employed m letters
a, b, c, . . ..

For example, we have met already the Aronhold invariants S and T of de-
grees 4 and 6 of a ternary cubic form. Their symbolic expressions are

S = (123)(124)(134)(234) = (abc)(abd)(acd)(bcd),

T = (123)(124)(135)(256)(456)2 = (abc)(abd)(ace)(bef)(def)2.

3.4.2 Clebsch’s transfer principle

This principle allows one to relate invariants of polynomials in n variables to
contravariants and covariants of polynomials in n+ 1 variables.
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Start from an invariant Φ of degree m on the space Sd((Cn)∨) of homoge-
neous polynomials of degree d. We will “transfer it” to a contravariant Φ̃ on
the space of polynomials of degree d in n+ 1 variables. First we fix a volume
form ω on E. A basis in a hyperplane U ⊂ E defines a linear isomorphism
Cn → U . We call a basis admissible if the pull-back of the volume form un-
der this linear map is equal to the standard volume form e1 ∧ . . . ∧ en. For
any α ∈ E∨, choose an admissible basis (vα1 , . . . , v

α
n) in Ker(α). For any

(l1, . . . , lm) ∈ (E∨)m, we obtain n vectors in Cn, the columns of the matrix

A =

l1(vα1 ) . . . lm(vα1 )
...

...
...

l1(vαn) . . . lm(vαn)

 .

The value of Φ on this set of vectors can be expressed as a linear combination
of the product of maximal minors |AI |, where each column occurs d times. It
is easy to see that each minor Ai1...in is equal to the value of li1 ∧ . . . ∧ lin ∈∧n

E∨ on vui1 ∧ . . . ∧ v
u
in

under the canonical pairing

n∧
E∨ ×

n∧
E → C.

Our choice of a volume from on E allows us to identify
∧n

E with E∨. Thus
any minor can be considered as multilinear function on (E∨)m × E∨ and its
value does not depend on the choice of an admissible basis in Ker(u). Symbol-
ically, (i1 . . . in) becomes the bracket expression (i1 . . . in)u. This shows that
the invariant Φ, by restricting to the subspaces Ker(α), defines a contravariant
Φ̃ on Sd(E∨) of degree m and class q = md/n.

Example 3.4.1 Let Φ be the discriminant of a quadratic form in n variables. It
is an invariant of degree m = n on the space of quadratic forms. Its symbolic
notation is (12 . . . n)2. Its transfer to Pn is a contravariant Φ̃ of degree n and
class q = 2n/n = 2. Its symbolic notation is (12 . . . n)2

u. Considered as map
Φ̃ : S2E∨ → S2E, the value of Φ̃(q) on u ∈ E∨ is the discriminant of the
quadratic form obtained from restriction of q to Ker(u). It is equal to zero if
and only if the hyperplane V (u) is tangent to the quadric V (q). Thus V (Φ̃(q))

is the dual quadric V (q)∨.

Example 3.4.2 Consider the quadratic invariant S on the space of binary
forms of even degree d = 2k with symbolic expression (12)2k. We write a
general binary form f ∈ Sd(U) of degree d symbolically,

f = (ξ0t0 + ξ1t1)2k = (η0t0 + η1t1)2k,

where (ξ0, ξ1) and (η0, η1) are two copies of a basis in U and (t0, t1) is its dual
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basis. Then the coefficients of f are equal to
(
d
j

)
aj , where aj = ξj0ξ

2k−j
1 =

ηj0η
2k−j
1 . Thus S is equal to

(ξ0η1 − ξ1η0)2k =

2k∑
j=0

(−1)j
(

2k
j

)
(ξ0η1)j(ξ1η0)2k−j

=

2k∑
j=0

(−1)j
(

2k
j

)
(ξj0ξ

2k−j
1 )(η1η

2k−j
0 )

=

2k∑
j=0

(−1)j
(
d
j

)
aja2k−j = 2

( k∑
j=0

(−1)j
(

2k
j

)
aja2k−j + 1

2

(
2k
k

)
a2
k

)
.

We have already encountered this invariant in the case d = 3 (see Subsection
1.5.1).

The transfer of S is the contravariant of degree 2 and class d with symbolic
expression (abu)d. For example, when d = 4, its value on a quartic ternary
form f is a quartic form in the dual space which vanishes on lines which cut out
on V (f) a harmonic set of 4 points. The transfer T of the invariant of degree 3
on the space of quartic binary forms defines a contravariant of class 6. Its value
on a quartic ternary form is a ternary form of degree 6 in the dual space which
vanishes on the set of lines which cut out in V (f) an equianharmonic set of 4
points.

One can also define Clebsch’s transfer of covariants of degree m and order
p, keeping the factors ix in the symbolic expression. The result of the transfer
is a mixed concomitant of degree m, order p and class md/n.

3.4.3 Invariants of plane cubics

Since this material is somewhat outside of the topic of the book, we state some
of the facts without proof, referring to classical sources for the invariant theory
(e.g. [112], t. 2, [490]).

We know that the ring of invariants of ternary cubic forms is generated by
the Aronhold invariants S and T. Let us look for covariants and contravariants.
As we know from Subsection 1.5.1, any invariant of binary form of degree 3 is
a power of the discriminant invariant of order 4, and the algebra of covariants
is generated over the ring of invariants by the identical covariant U : f 7→ f ,
the Hessian covariant H of order 2 with symbolic expression (ab)axbx, and
the covariant J = Jac(f,H) of degree 3 and order 6 with symbolic expression
(ab)2(ca)bxc

2
x. Clebsch’s transfer of the discriminant is a contravariant F of
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degree 4 and class 6. Its symbolic expression is (abu)2(cdu)2(acu)(bdu). Its
value on a general ternary cubic form is the form defining the dual cubic curve.
Clebsch’s transfer of H is a mixed concomitant Θ of degree 2, order 2 and class
2. Its symbolic expression is (abu)2axbx. Explicitly, up to a constant factor,

Θ = det


f00 f01 f02 u0

f10 f11 f12 u1

f20 f21 f22 u2

u0 u1 u2 0

 , (3.33)

where fij = ∂2f
∂ti∂tj

.
The equation Θ(f, x, u) = 0, for fixed x, is the equation of the dual of

the polar conic Px(V (f)). The equation Θ(f, x, u) = 0, for fixed u, is the
equation of the locus of points x such that the first polar Px(V (f)) is tangent
to the line V (u). It is called the poloconic of the line V (u). Other description
of the poloconic can be found in Exercise 3.3.

The Clebsch transfer of J is a mixed concomitant Q of degree 3, order 3 and
class 3. Its symbolic expression is (abu)2(cau)c2xbx. The equation Q(f, x, u) =

0, for fixed u, is the equation of the cubic curve such that second polarsPx2(V (f))

of its points intersect V (u) at a point conjugate to x with respect to the polo-
conic of V (u). A similar contravariant is defined by the condition that it van-
ishes on the set of pairs (x, u) such that the line V (u) belongs to the Salmon
envelope conic of the polars of x with respect to the curve and its Hessian
curve.

An obvious covariant of degree 3 and order 3 is the Hessian determinant
H = det He(f). Its symbolic expression is (abc)2axbxcx. Another covariant G
is defined by the condition that it vanishes on the locus of points x such that the
Salmon conic of the polar of x with respect to the curve and its Hessian curve
passes through x. It is of degree 8 and order 6. Its equation is the following
bordered determinant 

f00 f01 f02 h0

f10 f11 f12 h1

f20 f21 f22 h2

h0 h1 h2 0

 ,

where fij = ∂2f
∂ti∂tj

, hi = ∂H(f)
∂ti

(see [77],[112], t. 2, p. 313). The algebra of
covariants is generated by U,H,G and the Brioschi covariant [56] J(f,H,G)

whose value on the cubic (3.7) is equal to

(1 + 8α3)(t31 − t32)(t32 − t30)(t30 − t31).

Comparing this formula with (3.16), we find that it vanishes on the union of 9
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harmonic polars of the curve. The square of the Hermite covariant is a polyno-
mial in U,H,G.

The Cayleyan of a plane cubic defines a contravariant P of degree 3 and class
3. Its symbolic expression is (abc)(abu)(acu)(bcu). Its value on the curve in
the Hesse form is given in (3.27). There is also a contravariant Q of degree
5 and class 3. In analogy with the form of the word Hessian, A. Cayley gave
them the names the Pippian and the Quippian [78]. If C = V (f) is given in
the Hesse form (3.7), then

Q(f) = V ((1− 10α3)(u2
0 + u3

1 + u3
2)− 6α2(5 + 4α3)u0u1u2).

The full formula can be found in Cayley’s paper [77]. He also gives the formula

H(6aP + bQ) = (8Sa2 + 3Ta2b− 24S2ab2 − TS2b3)Q.

According to A. Clebsch, Q(f) vanishes on the locus of lines whose poloconics
with respect to the Cayleyan of C are apolar to their poloconics with respect to
C. Also, according to W. Milne and D. Taylor , P(f) is the locus of lines which
intersect C at three points that, considered as lines in the dual plane, define a
reducible cubic apolar to the Hessian of C (see [387]). This is similar to the
property of the Pippian which vanishes on the set of lines which intersect C at
three points that define a reducible cubic in the dual plane apolar to the curve
itself. The algebra of contravariants is generated by F,P,Q and the Hermite
contravariant [286]. Its value on the cubic in the Hesse form is equal to

(1 + 8α3)(u3
1 − u3

2)(u3
2 − u3

0)(u3
0 − u3

1).

It vanishes on the union of nine lines corresponding to the inflection points of
the curve. The square of the Hermite contravariant is a polynomial in F,P,Q.

Exercises

3.1 Find the Hessian form of a nonsingular cubic given by the Weierstrass equation.
3.2 Let H = He(C) be the Hessian cubic of a nonsingular plane cubic curve C that is
not an equianharmonic cubic. Let τ : H → H be the Steinerian automorphism of H
that assigns to a ∈ H the unique singular point of Pa(C).

(i) Let H̃ = {(a, `) ∈ H × (P2)∨ : ` ⊂ Pa(C)}. Show that the projection p1 :

H̃ → H is an unramified double cover.
(ii) Show that H̃ ∼= H/〈τ〉 ∼= C.

3.3 Let C = V (f) ⊂ P2 be a nonsingular cubic.

(i) Show that the set of second polars of C with respect to points on a fixed line ` is
a dual conic of the poloconic of C with respect to `.
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(ii) Show that K(`) is equal to the set of poles of ` with respect to polar conics
Px(C), where x ∈ `.

(iii) What happens to the conic K(`) when the line ` is tangent to C?
(iv) Show that the set of lines ` such that K(`) is tangent to ` is the dual curve of C.
(v) Let ` = V (a0t0 + a1t1 + a2t2). Show that K(`) can be given by the equation

g(a, t) = det


0 a0 a1 a2

a0
∂2f

∂t20

∂2f
∂t0∂t1

∂2f
∂t0∂t2

a1
∂2f
∂t1∂t0

∂2f

∂t21

∂2f
∂t1∂t2

a2
∂2f
∂t2∂t0

∂2f
∂t2∂t1

∂2f

∂t22

 = 0.

(vi) Show that the dual curve C∨ of C can be given by the equation (the Schläfli
equation)

det


0 ξ0 ξ1 ξ2

ξ0
∂2g(ξ,t)

∂t20
(ξ) ∂2g(ξ,t)

∂t0∂t1
(ξ) ∂2g(ξ,t)

∂t0∂t2
(ξ)

ξ1
∂2g(ξ,t)
∂t1∂t0

(ξ) ∂2g(ξ,t)

∂t21
(ξ) ∂2g(ξ,t)

∂t1∂t2
(ξ)

ξ2
∂2g(ξ,t)
∂t2∂t0

(ξ) ∂2g(ξ,t)
∂t2∂t1

(ξ) ∂2g(ξ,t)

∂t22
(ξ)

 .

3.4 Let C ⊂ Pd−1 be an elliptic curve embedded by the linear system
∣∣OC(dp0)

∣∣,
where p0 is a point in C. Assume d = p is prime.

(i) Show that the image of any p-torsion point is an osculating point ofC, i.e., a point
such that there exists a hyperplane (an osculating hyperplane) which intersects the
curve only at this point.

(ii) Show that there is a bijective correspondence between the sets of cosets of (Z/pZ)2

with respect to subgroups of order p and hyperplanes in Pp−1 which cut out in C
the set of p osculating points.

(iii) Show that the set of p-torsion points and the set of osculating hyperplanes define
a (p2

p+1, p(p+1)p)-configuration of p2 points and p(p+1) hyperplanes (i.e. each
point is contained in p+ 1 hyperplanes and each hyperplane contains p points).

(iv) Find a projective representation of the group (Z/pZ)2 in Pp−1 such that each
osculating hyperplane is invariant with respect to some cyclic subgroup of order p
of (Z/pZ)2.

3.5 A point on a nonsingular cubic is called a sextactic point if there exists an irreducible
conic intersecting the cubic at this point with multiplicity 6. Show that there are 27
sextactic points.
3.6 The pencil of lines through a point on a nonsingular cubic curve C contains four
tangent lines. Show that the twelve contact points of three pencils with collinear base
points on C lie on 16 lines forming a configuration (124, 163) (the Hesse-Salmon con-
figuration).
3.7 Show that the cross ratio of the four tangent lines of a nonsingular plane cubic curve
which pass through a point on the curve does not depend on the point.
3.8 Prove that the second polar of a nonsingular cubic C with respect to the point a on
the Hessian He(C) is equal to the tangent line Ta(He(C)).
3.9 Let a, b be two points on the Hessian curve He(C) forming an orbit with the respect
to the Steinerian involution. Show that the line ab is tangent to Cay(C) at some point
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d. Let c be the third intersection point of He(C) with the line ab. Show that the pairs
(a, b) and (c, d) are harmonically conjugate.
3.10 Show that from each point a on the He(C) one can pass three tangent lines to
Cay(C). Let b be the singular point of Pa(C). Show that the set of the three tangent
lines consists of the line ab and the components of the reducible polar conic Pb(C).
3.11 Let C = V (

∑
0≤i≤j≤k≤2 aijktitjtk). Show that the Cayleyan curve Cay(C) can

be given by the equation

det


a000 a001 a002 ξ0 0 0
a110 a111 a112 0 ξ1 0
a220 a221 a222 0 0 ξ2
2a120 2a121 2a122 0 ξ2 ξ1
2a200 2a201 2a202 ξ2 0 ξ0
2a010 2a011 2a012 ξ1 ξ0 0

 = 0

[112], p. 245.
3.12 Show that any general net of conics is equal to the net of polars of some cu-
bic curve. Show that the curve parameterizing the irreducible components of singular
members of the net coincides with the Cayleyan curve of the cubic (it is called the
Hermite curve of the net).
3.13 Show that the group of projective transformations leaving a nonsingular plane
cubic invariant is a finite group of order 18, 36 or 54. Determine these groups.
3.14 Find all ternary cubics C such that VSP(C, 4)o = ∅.
3.15 Show that a plane cubic curve belongs to the closure of the Fermat locus if and
only if it admits a first polar equal to a double line or the whole space.
3.16 Show that any plane cubic curve can be projectively generated by three pencils of
lines.
3.17 Given a nonsingular conicK and a nonsingular cubicC, show that the set of points
x such that Px(C) is inscribed in a self-polar triangle of K is a conic.
3.18 A complete quadrilateral is inscribed in a nonsingular plane cubic. Show that the
tangent lines at the two opposite vertices intersect at a point on the curve. Also, show
that the three points obtained in this way from the three pairs of opposite vertices are
collinear.
3.19 Let o be a point in the plane outside of a nonsingular plane cubic C. Consider
the six tangents to C from the point o. Show that there exists a conic passing through
the six points on C which lie on the tangents but not equal to the tangency points. It is
called the satellite conic of C [140]. Show that this conic is tangent to the polar conic
Po(C) at the points where it intersects the polar line Po2(C).
3.20 Show that two general plane cubic curves C1 and C2 admit a common polar pen-
tagon if and only if the planes of apolar conics |AP2(C1)| and |AP2(C2)| intersect.
3.21 Let C be a nonsingular cubic and K be its apolar cubic in the dual plane. Prove
that, for any point on C, there exists a conic passing through this point such that the
remaining five intersection points with C form a polar pentagon of K [497].
3.22 Let p, q be two distinct points on a nonsingular plane cubic curve. Starting from an
arbitrary point p1 find the third intersection point q1 of the line pp1 with C, then define
p2 as the third intersection point of the line qq1 with C, and continue in this way to
define a sequence of points p1, q1, p2, q2, . . . , qk, pk+1 on C. Show that pk+1 = p1 if
and only if p− q is a k-torsion point in the group law on C defined by a choice of some
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inflection point as the zero point. The obtained polygon (p1, q1, . . . , qk, p1) is called
the Steiner polygon inscribed in C.
3.23 Show that the polar conic Px(C) of a point x on a nonsingular plane cubic curve
C cuts out on C the divisor 2x+a+ b+ c+d such that the intersection points ab∩ cd,
ac ∩ bd and ad ∩ bc lie on C.
3.24 Show that any intersection point of a nonsingular cubic C and its Hessian curve is
a sextactic point on the latter.
3.25 Fix three pairs (pi, qi) of points in the plane in general position. Show that the
closure of the locus of points x such that the three pairs of lines xpi, xqi are members
of a g1

2 in the pencil of lines through x is a plane cubic.
3.26 Fix three points p1, p2, p3 in the plane and three lines `1, `2, `3 in general position.
Show that the set of points x such that the intersection points of xpi with `i are collinear
is a plane cubic curve [260].

Historical Notes

The theory of plane cubic curves originates from the works of I. Newton [411]
and his student C. MacLaurin [373]. Newton was the first to classify real cubic
curves, and he also introduced the Weierstrass equation. Much later, K. Weier-
strass showed that the equation can be parameterized by elliptic functions, the
Weierstrass functions ℘(z) and ℘(z)′. The parameterization of a cubic curve
by elliptic functions was widely used for defining a group law on the cubic.
We refer to [493] for the history of the group law on a cubic curve. Many geo-
metric results on cubic curves follow simply from the group law and were first
discovered without using it. For example, the fact that the line joining two in-
flection points contains the third inflection point was discovered by MacLaurin
much earlier before the group law was discovered. The book of Clebsch and
Lindemann [112] contains many applications of the group law to the geometry
of cubic curves.

The Hesse pencil was introduced and studied by O. Hesse [287],[288]. The
pencil was also known as the syzygetic pencil (see [112]). It was widely used
as a canonical form for a nonsingular cubic curve. More facts about the Hesse
pencil and its connection to other constructions in modern algebraic geometry
can be found in [14].

The Cayleyan curve first appeared in Cayley’s paper [72]. The Schläfli equa-
tion of the dual curve from the Exercises was given by L. Schläfli in [494]. Its
modern proof can be found in [238].

The polar polygons of plane cubics were first studied by F. London [364].
London proves that the set of polar 4-gons of a general cubic curve are base
points of apolar pencils of conics in the dual plane. A modern treatment of
some of these results is given in [176] (see also [458] for related results). A
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beautiful paper by G. Halphen [274] discusses the geometry of torsion points
on plane cubic curves.

Poloconics of a cubic curve are studied extensively in Durège’s book [193].
The term belongs to L. Cremona [140] (conic polar in Salmon’s terminology).
O. Schlessinger proved in [497] that any polar pentagon of a nonsingular cubic
curve can be inscribed in an apolar cubic curve.

The projective generation of a cubic curve by a pencil and a pencil of conics
was first given by M. Chasles. Other geometric ways to generate a plane cubic
are discussed in Durège’s book [193]. Steiner polygons inscribed in a plane
cubic were introduced by J. Steiner in [539]. His claim that their existence is
an example of a porism was given without proof. The proof was later supplied
by A. Clebsch [106].

The invariants S and T of a cubic ternary form were first introduced by
Aronhold [11]. G. Salmon gave the explicit formulas for them in [490]. The
basic covariants and contravariants of plane cubics were given by A. Cayley
[77]. He also introduced 34 basic concomitants [90]. They were later studied
in detail by A. Clebsch and P. Gordan [110]. The fact that they generate the
algebra of concomitants was first proved by P. Gordan and M. Noether [252],
and by S. Gundelfinger [271]. A simple proof for the completeness of the set
of basic covariants was given by L. Dickson [166]. One can find an exposition
on the theory of invariants of ternary cubics in classical books on the invariant
theory [257], [211].

Cremona’s paper [140] is a fundamental source of the rich geometry of plane
curves, and in particular, cubic curves. Other good sources for the classical
geometry of cubic curves are books by Clebsch and Lindemann [112], t. 2, by
H. Durège [193], by G. Salmon [490], by H. White [598] and by H. Schroter
[501].



4
Determinantal equations

4.1 Plane curves

4.1.1 The problem

Let us consider the following problem. Let f(t0, . . . , tn) be a homogeneous
polynomial of degree d, find a d × d matrix A = (lij(t)) with linear forms as
its entries such that

f(t0, . . . , tn) = det(lij(t)). (4.1)

We say that two determinantal representations defined by matrices A and A′

are equivalent if there exists two invertible matrices X,Y with constant entries
such that A′ = XAY . One may ask to describe the set of equivalence classes
of determinantal representations.

First, let us reinterpret this problem geometrically and coordinate-free. Let
E be a vector space of dimension n + 1 and let U, V be vector spaces of
dimension d. A square matrix of size d× d corresponds to a linear map U∨ →
V , or an element of U ⊗ V . A matrix with linear forms corresponds to an
element of E∨ ⊗ U ⊗ V , or a linear map φ′ : E → U ⊗ V .

We shall assume that the map φ′ is injective (otherwise the hypersurface
V (f) is a cone, so we can solve our problem by induction on the number of
variables). Let

φ : |E| → |U ⊗ V | (4.2)

be the regular map of the associated projective spaces. Let Dd ⊂ |U ⊗ V |
be the determinantal hypersurface parameterizing non-invertible linear maps
U∨ → V . If we choose bases in U, V , then Dd is given by the determinant of
a square matrix (whose entries will be coordinates in U ⊗ V ). The preimage
of Dd in |E| is a hypersurface of degree d. Our problem is to construct such a
map φ in order that a given hypersurface is obtained in this way.
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Note that the singular locus Dsing
d of Dd corresponds to matrices of corank

≥ 2. It is easy to see that its codimension in |U ⊗ V | is equal to 4. If the
image of |E| intersects Dsing

d , then φ−1(Dd) will be a singular hypersurface.
So, a nonsingular hypersurface V (f) of dimension ≥ 3 cannot be given by
a determinantal equation. However, it still could be true for the hypersurface
V (fk).

4.1.2 Plane curves

Let us first consider the case of nonsingular plane curves C = V (f) ⊂ P2. As-
sume that C has a determinantal equation. As we explained earlier, the image
of the map φ does not intersect Dsing

d . Thus, for any x ∈ C, the corank of the
matrix φ(x) is equal to 1 (here we consider a matrix up to proportionality since
we are in the projective space). The null-space of this matrix is a 1-dimensional
subspace of U∨, i.e., a point in P(U). This defines a regular map

l : C → P(U), x 7→ |Ker(φ(x))|.

Now let tφ(x) : V ∨ → U be the transpose map. In coordinates, it corresponds
to the transpose matrix. Its null-space is isomorphic to Im(φ(x))⊥ and is also
one-dimensional. So we have another regular map

r : C → P(V ), x 7→ |Ker(tφ(x))|.

Let

L = l∗OP(U)(1), M = r∗OP(V )(1).

These are invertible sheaves on the curve C. We can identify U withH0(C,L)

and V with H0(C,M) (see Lemma 4.1.3 below). Consider the composition
of regular maps

ψ : C
(l,r)−→ P(U)× P(V )

s2−→ P(U ⊗ V ), (4.3)

where s2 is the Segre map. It follows from the definition of the Segre map,
that the tensor ψ(x) is equal to l(x) ⊗ r(x). It can be viewed as a linear map
U → V ∨. In coordinates, the matrix of this map is the product of the column
vector defined by r(x) and the row vector defined by l(x). It is a rank 1 matrix
equal to the adjugate matrix of the matrix A = φ(x) (up to proportionality).
Consider the rational map

Adj : |U ⊗ V |− → P(U ⊗ V ) (4.4)

defined by taking the adjugate matrix. Recall that the adjugate matrix should
be considered as a linear map

∧d−1
U∨ →

∧d−1
V and we can identify
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|U∨ ⊗ V ∨| with |
∧d−1

U ⊗
∧d−1

V |. Although Adj is not well-defined on
vector spaces, it is well-defined, as a rational map, on the projective spaces
(see Example 1.1.4). Let Ψ = Adj◦φ, then ψ is equal to the restriction of Ψ to
C. Since Adj is defined by polynomials of degree d− 1 (after we choose bases
in U, V ), we have

Ψ∗OP(U⊗V )(1) = O|E|(d− 1).

This gives

ψ∗OP(U⊗V )(1) = O|E|(d− 1)⊗OC = OC(d− 1).

On the other hand, we get

ψ∗OP(U⊗V )(1) = (s2 ◦ (l, r))∗OP(U⊗V )(1)

= (l, r)∗
(
s∗2OP(U⊗V )(1)

)
= (l, r)∗

(
p∗1OP(U)(1)⊗ p∗2OP(V )(1)

)
= l∗OP(U)(1)⊗ r∗OP(V )(1) = L ⊗M.

Here p1 : P(U)×P(V )→ |U |, p2 : P(U)×P(V )→ P(V ) are the projection
maps. Comparing the two isomorphisms, we obtain

Lemma 4.1.1

L ⊗M ∼= OC(d− 1). (4.5)

Remark 4.1.2 It follows from Example 1.1.4 that the rational map (4.4) is
given by the polars of the determinantal hypersurface. In fact, if A = (tij) is a
matrix with independent variables as entries, then ∂ det(A)

∂tij
= Mij , where Mij

is the ij-th cofactor of the matrix A. The map Adj is a birational map since
Adj(A) = A−1 det(A) and the map A→ A−1 is obviously invertible. So, the
determinantal equation is an example of a homogeneous polynomial such that
the corresponding polar map is a birational map. Such a polynomial is called a
homaloidal polynomial (see [179]).

Lemma 4.1.3 Let g = 1
2 (d− 1)(d− 2) be the genus of the curve C. Then

(i) deg(L) = deg(M) = 1
2d(d− 1) = g − 1 + d;

(ii) H0(C,L) ∼= U, H0(C,M) ∼= V ;
(iii) Hi(C,L(−1)) ∼= Hi(C,M(−1)) = {0}, i = 0, 1;

(iv) H1(C,L) = H1(C,M) = 0.
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Proof Let us first prove (iii). A nonzero section ofH0(C,L(−1)) is a section
of L that defines a hyperplane in P(U) which intersects l(C) along a divisor
l(D), where D is a divisor on C cut out by a line. Since all such divisors D
are linearly equivalent, we see that for any line ` the divisor l(`∩C) is cut out
by a hyperplane in P(U). Choose ` such that it intersects C at d distinct points
x1, . . . , xd. Choose bases inU and V . The image of φ(`) in |U⊗V | = P(Matd)
is a pencil of matrices λA + µB. We know that there are d distinct values
of (λ, µ) such that the corresponding matrix is of corank 1. Without loss of
generality, we may assume that A and B are invertible matrices. So we have d
distinct λi such that the matrixA+λiB is singular. Let ui span Ker(A+λiB).
The corresponding points in P(U) are equal to the points l(ti). We claim that
the vectors u1, . . . , ud are linearly independent vectors in P(U). The proof is
by induction on d. Assume a1u

1 + · · · + adu
d = 0. Then Aui + λiBu

i = 0

for each i = 1, . . . , d, gives

0 = A
( d∑
i=1

aiu
i
)

=

d∑
i=1

aiAu
i = −

d∑
i=1

aiλiBu
i.

We also have

0 = B
( d∑
i=1

aiu
i
)

=

d∑
i=1

aiBu
i.

Multiplying the second equality by λd and adding it to the first one, we obtain

d−1∑
i=1

ai(λd − λi)Bui = B
(d−1∑
i=1

ai(λd − λi)ui
)

= 0.

Since B is invertible, this gives

d−1∑
i=1

ai(λi − λd)ui = 0.

By induction, the vectors u1, . . . , ud−1 are linearly independent. Since λi 6=
λd, we obtain a1 = . . . = ad−1 = 0. Since ud 6= 0, we also get ad = 0.

Since u1, . . . , ud are linearly independent, the points l(xi) span P(U). Hence
no hyperplane contains these points. This proves that H0(C,L(−1)) = 0.
Similarly, we prove that H0(C,M(−1)) = 0. Applying Lemma 4.1.1, we get

L(−1)⊗M(−1) ∼= OC(d− 3) = ωC , (4.6)

where ωC is the canonical sheaf on C. By duality,

Hi(C,M(−1)) ∼= H1−i(C,L(−1)), i = 0, 1.
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This proves (iii). Let us prove (i) and (ii). Let h be a section of OC(1) with
subscheme of zeros equal to H . The multiplication by h defines an exact se-
quence

0→ L(−1)→ L → L⊗OH → 0.

After passing to cohomology and applying (iii), we obtain H1(C,L) = 0.

Replacing LwithM and repeating the argument, we obtain thatH1(C,M) =

0. This checks (iv).
We know that dimH0(C,L) ≥ dimU = d. Applying Riemann-Roch, we

obtain

deg(L) = dimH0(C,L) + g − 1 ≥ d+ g − 1.

Similarly, we get

deg(M) ≥ d+ g − 1.

Adding up, and applying Lemma 4.1.1, we obtain

d(d− 1) = degOC(d− 1) = deg(L) + deg(M) ≥ 2d+ 2g− 2 = d(d− 1).

Thus all the inequalities above are the equalities, and we get assertions (i) and
(ii).

Now we would like to prove the converse. LetL andM be invertible sheaves
on C satisfying (4.5) and the properties from the previous Lemma hold. It
follows from property (iv) and the Riemann-Roch Theorem that

dimU = dimV = d.

Let l : C → P(U), r : C → P(V ) be the maps given by the complete linear
systems |L| and |M|. We define ψ : C → P(U ⊗ V ) to be the composition of
(l, r) and the Segre map s2. It follows from property (4.5) that the map ψ is the
restriction of the map

Ψ : |E| → P(U ⊗ V )

given by a linear system of plane curves of degree d − 1. We can view this
map as a tensor in Sd−1(E∨)⊗ U∨ ⊗ V ∨. In coordinates, it is a d× d matrix
A(t) with entries from the space of homogeneous polynomials of degree d−1.
Since Ψ|C = ψ, for any point x ∈ C, we have rank A(x) = 1. Let M be a
2× 2 submatrix of A(t). Since detM(x) = 0 for x ∈ C, we have f | detM .
Consider a 3×3 submatrix N of A(t). We have det adj(N) = det(N)2. Since
the entries of adj(N) are determinants of 2 × 2 submatrices, we see that f3 |
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det(N)2. Since C is irreducible, this immediately implies that f2 | det(N).
Continuing in this way, we obtain that fd−2 divides all cofactors of the matrix
A. Thus B = f2−dadj(A) is a matrix with entries in E∨. It defines a linear
map E → U ⊗ V and corresponding regular map of projective spaces

φ : |E| → |U ⊗ V |

whose composition with the map Adj : |U⊗V | → P(U⊗V ) coincides with Ψ.
Since rankB = rank adj(A), and rankA(x) = 1, we get that rankB(x) = d−
1 for any x ∈ C. So, if detB is not identically zero, we obtain that V (det(B))

is a hypersurface of degree d vanishing on C, hence det(B) = λf for some
λ ∈ C∗. This shows that C = V (det(B)). To see that det(B) 6= 0, we have
to use property (iii) of Lemma 4.1.3. Reversing the proof of this property, we
see that, for a general line ` in |E|, the images of the points xi ∈ ` ∩ C in
P(U)× P(V ) are the points (ui, vi) such that the ui’s span P(U) and the vi’s
span P(V ). The images of the xi’s in P(U ⊗ V ) under the map Ψ span a
subspace L of dimension d− 1. If we choose coordinates so that the points ui

and vi are defined by the unit vectors (0, . . . , 1, . . . , 0), then L corresponds to
the space of diagonal matrices. The image of the line ` under Ψ is a Veronese
curve of degree d − 1 in L. A general point Ψ(x), x ∈ `, on this curve does
not belong to any hyperplane in L spanned by d− 1 points xi’s, thus it can be
written as a linear combination of the points Ψ(ti) with nonzero coefficients.
This represents a matrix of rank d. This shows that detA(x) 6= 0 and hence
det(B(x)) 6= 0.

To sum up, we have proved the following theorem.

Theorem 4.1.4 Let C ⊂ P2 be a nonsingular plane curve of degree d. Let
Pic(C)g−1 be the Picard variety of isomorphism classes of invertible sheaves
on C of degree g − 1. Let Θ ⊂ Picg−1(C) be the subset parameterizing in-
vertible sheaves F with H0(C,F) 6= {0}. Let L0 ∈ Picg−1(C) \ Θ, and
M0 = ωC ⊗ L−1

0 . Then U = H0(C,L0(1)) and V = H0(C,M0(1)) have
dimension d and there is a unique regular map φ : P2 → |U⊗V | such thatC is
equal to the preimage of the determinantal hypersurface Dd. The composition
of the restriction of φ to C and the map Adj : |U ⊗V | → P(U ⊗V ) is equal to
the composition of the map (l, r) : C → P(U)×P(V ) and the Segre map. The
maps l : C → P(U) and r : C → P(V ) are given by the complete linear sys-
tems |L0(1)| and |M0(1)| and coincide with the maps x 7→ |Ker(φ(x))| and
x 7→ |Ker(tφ(x))|, respectively. Conversely, given a map φ : P2 → |U ⊗ V |
such that C = φ−1(Dd), there exists a unique L0 ∈ Picg−1(C) such that
U ∼= H0(C,L0(1)), V ∼= H0(C,ωC(1) ⊗ L−1

0 ) and the map φ is defined by
L as above.
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Remark 4.1.5 Let X be the set of d × d matrices A with entries in E∨ such
that f = detA. The group G = GL(d)× GL(d) acts on the set by

(σ1, σ2) ·A = σ1 ·A · σ−1
2 .

It follows from the Theorem that the orbit space X/G is equal to Picg−1(C) \
Θ.

We map L0 7→ M0 = ωC ⊗ L−1
0 is an involution on Picg−1 \ Θ. It corre-

sponds to the involution on X defined by taking the transpose of the matrix.

4.1.3 The symmetric case

Let us assume that the determinant representation of a plane irreducible curve
C of degree d is given by a pair of equal invertible sheaves L =M. It follows
from Lemmas 4.1.1 and 4.1.3 that

• L⊗2 ∼= OC(d− 1);

• deg(L) = 1
2d(d− 1);

• H0(C,L(−1)) = {0}.

Recall that the canonical sheaf ωC is isomorphic to OC(d− 3). Thus

L(−1)⊗2 ∼= ωC . (4.7)

Definition 4.1.6 Let X be a curve with a canonical invertible sheaf ωX (e.g.
a nonsingular curve, or a curve on a nonsingular surface). An invertible sheaf
θ whose tensor square is isomorphic to ωX is called a theta characteristic. A
theta characteristic is called even (resp. odd) if dim H0(X,N ) is even (resp.
odd).

Using this definition, we can express (4.7) by saying that

L ∼= θ(1),

where θ is an even theta characteristic (because H0(C, θ) = {0}). Of course,
the latter condition is stronger. An even theta characteristic with no nonzero
global sections (resp. with nonzero global sections) is called a non-effective
theta characteristic (resp. effective theta characteristic).

Rewriting the previous Subsection under the assumption that L = M, we
obtain that U = V . The maps l = r are given by the linear systems |L| and
define a map (l, l) : C → P(U) × P(U). Its composition with the Segre map
P(U)× P(U)→ P(U ⊗ U) and the projection to P(S2(U∨)) defines a map

ψ : C → P(S2(U∨)) = |S2U |.
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In coordinates, the map is given by

ψ(x) = l̃(x) · t̃l(x),

where l̃(x) is the column of projective coordinates of the point l(x). It is clear
that the image of the map ψ is contained in the variety of rank 1 quadrics in
|U∨|. It follows from the proof of Theorem 4.1.4 that there exists a linear map
φ : P2 → |S2(U∨)| such that its composition with the rational map defined
by taking the adjugate matrix is equal, after restriction to C, to the map ψ.
The image of φ is a net N of quadrics in |U |. The image φ(C) is the locus of
singular quadrics in N . For each point x ∈ C, we denote the corresponding
quadric by Qx. The regular map l is defined by assigning to a point x ∈ C the
singular point of the quadric Qx. The image X of C in |U | is a curve of degree
equal to degL = 1

2d(d− 1).

Proposition 4.1.7 The restriction map

r : H0(|U |,O|U |(2))→ H0(X,OX(2))

is bijective. Under the isomorphism

H0(X,OX(2)) ∼= H0(C,L⊗2) ∼= H0(C,OC(d− 1)),

the space of quadrics in |U | is identified with the space of plane curves of
degree d− 1. The net of quadrics N is identified with the linear system of first
polars of the curve C.

Proof Reversing the proof of property (iii) from Lemma 4.1.3 shows that
the image of C under the map ψ : C → P(U ⊗ V ) spans the space. In our
case, this implies that the image of C under the map C → |S2(U∨)| spans the
space of quadrics in the dual space. If the image of C in P(U) were contained
in a quadric Q, then Q would be apolar to all quadrics in the dual space, a
contradiction. Thus the restriction map r is injective. Since the spaces have the
same dimension, it must be surjective.

The composition of the map i : P2 → |O|U |(2)|, x 7→ Qx, and the isomor-
phism |O|U |(2)| ∼= |OP2(d − 1)| is a map s : P2 → |OP2(d − 1)|. A similar
map s′ is given by the first polars x 7→ Px(C). We have to show that the two
maps coincide. Recall that Px(C) ∩ C = {c ∈ C : x ∈ Tc(C)}. In the next
Lemma we will show that the quadrics Qx, x ∈ Tc(C), form the line in N
of quadrics passing through the singular point of Qc equal to r(c). This shows
that the quadric Qr(x) cuts out in l(C) the divisor r(Px(C) ∩ C). Thus the
curves s(x) and s′(x) of degree d − 1 cut out the same divisor on C, hence
they coincide.
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Lemma 4.1.8 Let W ⊂ Sd(U∨) be a linear subspace, and |W |s be the
locus of singular hypersurfaces. Assume x ∈ |W |s is a nonsingular point of
|W |s. Then the corresponding hypersurface has a unique ordinary double point
y and the embedded tangent space Tx(|W |s) is equal to the hyperplane of
hypersurfaces containing y.

Proof Assume W = Sd(V ∨). Then |W |s coincides with the discriminant
hypersurface Dd(|U |) of singular degree d hypersurfaces in |U |. If |W | is a
proper subspace, then |W |s = |W |∩Dd(|U |). Since x ∈ |W |s is a nonsingular
point and the intersection is transversal, Tx(|W |s) = Tx(Dd(|U |))∩|W |. This
proves the assertion.

We see that a pair (C, θ), where C is a plane irreducible curve and θ is
a non-effective even theta characteristic on C defines a net N of quadrics in
|H0(C, θ(1))∨| such that C = Ns. Conversely, let N be a net of quadrics in
Pd−1 = |V |. It is known that the singular locus of the discriminant hypersur-
face D2(d − 1) of quadrics in Pd−1 is of codimension 2. Thus a general net
N intersects D2(d− 1) transversally along a nonsingular curve C of degree d.
This gives a representation of C as a symmetric determinant and hence defines
an invertible sheaf L and a non-effective even theta characteristic θ. This gives
a dominant rational map of varieties of dimension (d2 + 3d− 16)/2

G(3, S2(U∨))/PGL(U)− → |OP2(d)|/PGL(3). (4.8)

The degree of this map is equal to the number of non-effective even theta char-
acteristics on a general curve of degree d. We will see in the next chapter
that the number of even theta characteristics is equal to 2g−1(2g + 1), where
g = (d − 1)(d − 2)/2 is the genus of the curve. A curve C of odd degree
d = 2k+3 has a unique vanishing even theta characteristic equal to θ = OC(k)

with h0(θ) = (k+ 1)(k+ 2)/2. A general curve of even degree does not have
vanishing even theta characteristics.

4.1.4 Contact curves

Let

(l, r) : C → P(U)× P(V ) ⊂ P(U ⊗ V )

be the embedding of C given by the determinant representation. By restriction,
it defines a linear map

r : |L|×|M| = |U |×|V | → |L⊗M| ∼= |OC(d−1)|, (D1, D2) 7→ 〈D1, D2〉,
(4.9)
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where 〈D1, D2〉 is the unique curve of degree d − 1 that cuts out the divisor
D1 +D2 on C. Consider the variety

F = {(x,D1, D2) ∈ P2 × |U | × |V | : x ∈ 〈D1, D2〉}.

It is a hypersurface in P2 × |U | × |V | of type (d − 1, 1, 1). Choose a basis
(u0, . . . , ud−1) in U and a basis (v0, . . . , vd−1) in V . They will serve as pro-
jective coordinates in P(U) and P(V ). Let A = (lij) define the determinantal
representation of C.

Proposition 4.1.9 The incidence variety F is given by the equation

det


l11 . . . l1d u0

l21 . . . l2d u1

...
...

...
...

ld1 . . . ldd ud−1

u0 . . . ud−1 0

 = 0. (4.10)

Proof The bordered determinant(4.10) is equal to −
∑
Aijuivj , where Aij

is the (ij)-entry of the adjugate matrix adj(A). For any x ∈ C, the rank of the
adjugate matrix adj(A(x)) is equal to 1. Thus the above equation defines a bi-
linear form of rank 1 in the space U∨⊗V ∨ of bilinear forms on U×V . We can
write it in the form (

∑
aivi)(

∑
bjuj), where l(x) = [a0, . . . , ad−1], r(x) =

[b0, . . . , bd−1]. The hyperplane V (
∑
aivi) (resp. V (

∑
biui)) in |U | (resp.|V |)

defines a divisor D1 ∈ |L| (resp. |M|) such that x ∈ 〈D1, D2〉. This checks
the assertion.

Next we use the following determinant identity which is due to O. Hesse
[290].

Lemma 4.1.10 Let A = (aij) be a square matrix of size k. Let

D(A;u, v) :=

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 . . . a1k u1

a21 a22 . . . a2k u2

...
...

...
...

...
ak1 ak2 . . . akk uk
v1 v2 . . . vk 0

∣∣∣∣∣∣∣∣∣∣∣
.

Then

D(A;u, u)D(A; v, v)−D(A;u, v)D(A, v, u) = P det(A), (4.11)

where P = P (a11, . . . , akk;u1, . . . , uk; v1, . . . , vk) is a polynomial of degree
k in variables aij and of degree 2 in variables ui and vj .
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Proof ConsiderD(A;u, v) as a bilinear function in u, v satisfyingD(A;u, v)

= D(tA; v, u). We have D(A;u, v) = −
∑
Aijuivj , where Aij is the (ij)-

entry of adj(A). This gives

D(A;u, u)D(A; v, v)−D(A;u, v)D(A; v, u)

= (
∑

Aijuiuj)(
∑

Aijvivj)− (
∑

Aijuivj)(
∑

Ajiuivj)

=
∑

uaubvcvd(AabAdc −AacAdb).

Observe that AabAdc − AacAdb is equal to a 2 × 2-minor of adj(A). Thus,
if detA = 0, all these minors are equal to zero, and the left-hand side in
(4.11) is equal to zero. This shows that detA, considered as a polynomial
in variables aij , divides the left-hand side of (4.11). Comparing the degrees
of the expression in the variables aij , ui, vj , we get the assertion about the
polynomial P .

Let us see a geometric meaning of the previous Lemma. The curve Tu =

V (D(A;u, u)) intersects the curve C = V (detA) at d(d − 1) points which
can be written as a sum of two divisors Dv ∈ |L| and D′v ∈ |M| cut out by
the curve V (D(A;u, v)) and V (D(A; v, u)), where [v] ∈ P(V ). Similarly, the
curve Tv = V (D(A; v, v)) intersects the curve C = V (detA) at d(d − 1)

points which can be written as a sum of two divisors Du ∈ |L| and D′u ∈ |M|
cut out by the curve V (D(A;u, v)) and V (D(A; v, u)), where [u] ∈ P(U).

Now let us specialize, assuming that we are in the case when the matrix A
is symmetric. Then U = V , and (4.11) becomes

D(A;u, v)2 −D(A;u, u)D(A; v, v) = P detA. (4.12)

This time the curve Tu = V (D(A;u, u)) cuts out in C the divisor 2Dv , where
Dv ∈ |L|, i.e. it touches C at d(d − 1)/2 points. The curve V (D(A;u, v)

cuts out in C the divisor Dv + Du, where 2Du is cut out by the curve Tv =

V (D(A; v, v)). We obtain that a choice of a symmetric determinantal rep-
resentation C = V (detA) defines an algebraic system of contact curves
Tu, [u] ∈ P(U). By definition, a contact curve of an irreducible plane curve
C is a curve T such that

OC(T ) ∼= L⊗2

for some invertible sheaf L on C with h0(L) > 0. Up to a projective trans-
formation of U , the number of such families of contact curves is equal to the
number of non-effective even theta characteristics on the curve C.

Note that not every contact curve T of C belongs to one of the these d− 1-
dimensional algebraic systems. In fact, T cuts out a divisor D such that 2D ∈
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|OC(d − 1)|. Then θ = OC(D)(−1) is a theta characteristic, not necessarily
non-effective. Assume that θ is non-effective theta characteristic. Next, we find
a symmetric determinantal representation of C corresponding to θ and a curve
V (D(A;u, u)) which cuts out the same divisor D in C. Since the degrees
of the curves T and V (D(A;u, u)) are less than the degree of C, they must
coincide.

The algebraic systems of contact curves V (D(A;u, u)) are not linear sys-
tems of curves, they depend quadratically on the parameters [u] ∈ P(U). This
implies that a general point in the plane is contained in a subfamily of the sys-
tem isomorphic to a quadric in P(U), not a hyperplane as it would be in the
case of linear systems. The universal family of an algebraic system of contact
curves is a hypersurface T in |E| × P(U) of type (d− 1, 2). It is given by the
equation ∑

Aij(t0, t1, t2)uiuj = 0,

where (Aij) is the adjugate matrix of A. Its projection to P(E) is a quadric
bundle with discriminant curve given by equation det adj(A) = |A|d−1. The
reduced curve is equal to C. The projection of T to P(U) is a fibration in
curves of degree d− 1.

One can also see the contact curves as follows. Let [ξ] = [ξ0, . . . , ξd−1] be
a point in |U∨| and let Hξ = V (

∑
ξiti) be the corresponding hyperplane in

|U |. The restriction of the net of quadrics defined by ϑ to Hξ defines a net of
quadrics N(ξ) in Hξ parameterized by the plane E. The discriminant curve of
this net of quadrics is a contact curve of C. In fact, a quadricQx|Hξ inN(ξ) is
singular if and only if the hyperplane is tangent to Qx. Or, by duality, the point
[ξ] belongs to the dual quadric Q∨x = V (D(A(x); ξ, ξ)). This is the equation
of the contact curve corresponding to the parameter ξ.

Consider the bordered determinant identity (4.12). It is clear that P is sym-
metric in u, v and vanishes for u = v. This implies that P can be expressed
as a polynomial of degree 2 in Plücker coordinates of lines in Pd−1 = |θ(1)|.
Thus P = 0 represents a family of quadratic line complexes of lines in Pd−1

parameterized by points in the plane.

Proposition 4.1.11 Let φ : |E| → |S2(U)∨| be the net of quadrics in |U |
defined by the theta characteristic ϑ. For any x ∈ |E| the quadratic line com-
plex V (U(u, v;x)) consists of lines in |U∨| such that the dual subspace of
codimension 2 in |U | is tangent to the quadric Qx = φ(x).

Proof Note that the dual assertion is that the line is tangent to the dual quadric
Q∨x . The equation of the dual quadric is given by D(A(x);u, u) = 0. A line
spanned by the points [ξ] = [ξ0, . . . , ξd−1] and [η] = [η0, . . . , ηd−1] is tangent
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to this quadric if and only if the restriction of this quadric to the line is given
by a singular binary form in coordinates on the line. The discriminant of this
quadratic form is D(A(x); ξ, ξ)D(A(x); η, η) − D(A(x); ξ, η)2. We assume
that the point x is a general point in the plane, in particular, it does not belong
to C. Thus this expression vanishes if and only if P (ξ, η) = 0.

4.1.5 First examples

Take d = 2. Then there is only one isomorphism class of L with degL = 1.
Since degL(−1) = −1, h0(C,L(−1)) = 0, so L ∼= M, and C admits a
unique equivalence class of determinantal representations which can be chosen
to be symmetric. For example, if C = V (t0t1 − t22), we can choose

A =

(
t0 t2
t2 t1

)
.

We have P(U) ∼= P1, and r = l maps C isomorphically to P1. There is only
one family of contact curves of degree 1. It is the system of tangents to C. It is
parameterized by the conic in the dual plane, the dual conic of C. Thus, there
is a natural identification of the dual plane with P(S2U).

Take d = 3. Then Picg−1(C) = Pic0(C) and Θ = Pic0(C) \ {OC}. Thus
the equivalence classes of determinantal representations are parameterized by
the curve itself minus one point. There are three systems of contact conics.
Let T be a contact conic cutting out a divisor 2(p1 + p2 + p3). If we fix a
group law on C defined by an inflection point o, then the points pi add up to
a nonzero 2-torsion point ε. We have p1 + p2 + p3 ∼ 2o + ε. This implies
that L ∼= OC(2o + ε). The contact conic that cuts out the divisor 2(2o + ε) is
equal to the union of the inflection tangent line at o and the tangent line at ε
(which passes through o). We know that each nonsingular curve can be written
as the Hessian curve in three essentially different ways. This gives the three
ways to write C as a symmetric determinant and also write explicitly the three
algebraic systems of contact conics.

Let (L,M) define a determinantal representation of C. Let l : C ↪→ P(U)

be the reembedding of C in P(U) given by the linear system |L|. For any
D0 ∈ |M|, there exists D ∈ |L| such that D0 + D is cut out by a conic.
Thus we can identify the linear system |L| with the linear system of conics
through D0. This linear system defines a birational map σ : P2 99K P(U)

with indeterminacy points in D0. The map l : C → P(U) coincides with the
restriction of σ to C.
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Consider the map

(l, r) : C → P(U)× P(V ) ∼= P2 × P2.

Proposition 4.1.12 The image of (l, r) is a complete intersection of three
hyperplane sections in the Segre embedding of the product.

Proof Consider the restriction map (4.9)

U × V = H0(P(U)× P(V ),OP(U)(1)�OP(V )(1))→ H0(X,OX(1)),

where X is the image of C in P(U ⊗ V ) under the composition of the map
(l, r) and the Segre map. Here we identify the spaces H0(C,L ⊗ M) and
H0(X,OX(1)). Since the map (4.9) is surjective, and its target space is of
dimension 6, the kernel is of dimension 3. So the imageX ofC in P(U)×P(V )

is contained in the complete intersection of three hypersurfaces of type (1, 1).
By the adjunction formula, the intersection is a curve X ′ of arithmetic genus
1. Choose coordinates (u0, u1, u2) in U∨ and coordinates (v0, v1, v2) in V to
be able to write the three hypersurfaces by equations∑

0≤i,j≤2

a
(k)
ij uivj = 0, k = 1, 2, 3.

The projection ofX to the first factor is equal to the locus of points [u0, u1, u2]

such that the system

2∑
i,j=0

a
(k)
ij uivj =

2∑
j=0

(

2∑
i=0

a
(k)
ij ui)vj = 0, k = 1, 2, 3,

has a nontrivial solution (v0, v1, v2). The condition for this is

2∑
i=0

a
(1)
i0 ui

2∑
i=0

a
(1)
i1 ui

2∑
i=0

a
(1)
i2 ui

2∑
i=0

a
(2)
i0 ui

2∑
i=0

a
(2)
i1 ui

2∑
i=0

a
(2)
i2 ui

2∑
i=0

a
(3)
i0 ui

2∑
i=0

a
(3)
i1 ui

2∑
i=0

a
(3)
i2 ui

 = 0. (4.13)

This checks that the projection of X ′ to the factor P(U) is a cubic curve, the
same as the projection of X . Repeating the argument, replacing the first factor
with the second one, we obtain that the projections of X ′ and X to each factor
coincide. This implies that X = X ′.

Recall that a determinantal representation of C is defined by a linear map
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φ : E → U ⊗ V . Let us show that its image is the kernel of the restric-
tion map. We identify its target space H0(X,OX(1)) with H0(C,OC(d −
1)) = H0(P2,OP2(d − 1)). In coordinates, the map φ is defined by [x] 7→∑
aij(x)uj ⊗ vi, where C = V (det(aij)). The restriction map is defined by

the map ui ⊗ vj 7→ Āij , where Aij is a (ij)-cofactor of the adjugate matrix of
(aij) and the bar means the restriction to C. The composition is given by

x 7→
∑

ajiAij = det(aij) restricted to C.

Since the restriction of the determinant to C is zero, we see that E can be iden-
tified with the linear system of hyperplane sections of P(U) × P(V ) defining
the curve (l, r)(C).

Note that the determinant (4.13) gives a determinantal representation of the
plane cubic C reembedded in the plane by the linear system |L|. It is given by
a linear map U∨ → E∨⊗V obtained from the tensor τ ∈ E∨⊗U ⊗V which
defines the linear map φ : E → U ⊗ V .

4.1.6 The moduli space

Let us consider the moduli space of pairs (C,A), where C is a nonsingular
plane curve of degree d and A is a matrix of linear forms such that C =

V (detA). To make everything coordinate-free and match our previous no-
tations, we let P2 = |E| and consider A as a linear map φ : E → U ⊗ V =

Hom(U∨, V ). Our equivalence relation on such pairs is defined by the nat-
ural action of the group GL(U) × GL(V ) on U ⊗ V . The composition of φ
with the determinant map U⊗V → Hom(

∧d
U∨,

∧d
V ) ∼= C is an element of

Sd(E∨). It corresponds to the determinant of the matrixA. Under the action of
(g, h) ∈ GL(U)×GL(V ), it is multiplied by det g deth, and hence represents
a projective invariant of the action. Consider φ as an element of E∨ ⊗ U ⊗ V ,
and let

det : E∨ ⊗ U ⊗ V/GL(U)× GL(V )→ |SdE∨|

be the map of the set of orbits defined by taking the determinant. We consider
this map as a map of sets since there is a serious issue here as to whether the
orbit space exists as an algebraic variety. However, we are interested only in
the restriction of the determinant map on the open subset (E∨ ⊗ U ⊗ V )o

defining nonsingular determinantal curves. One can show that the quotient of
this subset is an algebraic variety.

We know that the fiber of the map det over a nonsingular curveC is bijective
to Picg−1(C) \Θ. Let

π : X → |Sd(E∨)|
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be the universal family of nonsingular plane curves of degree d (and genus g).
It defines a family

π̃ : Picg−1
d → |Sd(E∨)|

whose fiber over a curve C is isomorphic to Picg−1(C). It is the relative Picard
scheme of π. It comes with a divisor T such that its intersection with π̃−1(C)

is equal to the divisor Θ. It follows from the previous sections that there is an
isomorphism of algebraic varieties

(E∨ ⊗ U ⊗ V )o/GL(U)× GL(V ) ∼= Picg−1
d \ T .

This shows that the relative Picard scheme Picg−1
d is a unirational variety. An

easy computation shows that its dimension is equal to d2 + 1.
It is a very difficult question to decide whether the varietyPicg−1

d is rational.
It is obviously rational if d = 2. It is known that it is rational for d = 3 and
d = 4 [222]. Let us sketch a beautiful proof of the rationality in the case d = 3

due to M. Van den Bergh [582].

Theorem 4.1.13 Assume d = 3. Then Pic03 is a rational variety.

Proof A point of Pic0 is a pair (C,L), where C is a nonsingular plane cubic
and L is the isomorphism class of an invertible sheaf of degree 0. Let D be
a divisor of degree 0 such that OC(D) ∼= L. Choose a line ` and let H =

` ∩ C = p1 + p2 + p3. Let pi +D ∼ qi, i = 1, 2, 3, where qi is a point. Since
pi− qi ∼ pj − qj , we have pi + qj ∼ pj + qi. This shows that the lines 〈pi, qj〉
and 〈pj , qi〉 intersect at the same point rij on C. Since, pi + qj + rij ∼ H , it
is immediately checked that

p1 + p2 + p3 + q1 + q2 + q3 + r12 + r23 + r13 ∼ 3H.

This easily implies that there is a cubic curve which intersects C at the nine
points. Together with C they generate a pencil of cubics with the nine points
as the set of its base points. Let X = `3 × (P2)3/S3, where S3 acts by

σ :
(
(p1, p2, p3), (q1, q2, q3)

)
=
(
(pσ(1), pσ(2), pσ(3)), (qσ(1), qσ(2), qσ(3))

)
.

The variety X is easily seen to be rational. The projection to `3/S3
∼= P3

defines a birational isomorphism between the product of P3 and (P2)3. For
each x = (P,Q) ∈ X , let c(x) be the pencil of cubics through the points
p1, p2, p3, q1, q2, q3 and the points rij = 〈pi, qj〉, where (ij) = (12), (23), (13).
Consider the set U ′ of pairs (x,C), C ∈ c(x). The projection (u,C) 7→ u has
fibres isomorphic to P1. Thus the field of rational functions on X ′ is isomor-
phic to the field of rational functions on a conic over the field C(X). But this
conic has a rational point. It is defined by fixing a point in P2 and choosing
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a member of the pencil passing through this point. Thus the conic is isomor-
phic to P1 and C(X ′) is a purely trancendental extension of C(X). Now we
define a birational map from Pic03 to X ′. Each (C,L) defines a point of U ′ by
ordering the set ` ∩ C, then defining q1, q2, q3 as above. The member of the
corresponding pencil through pi’s, qi’s and rij’s is the curve C. Conversely,
a point (x,C) ∈ X ′ defines a point (C,L) in Pic03. We define L to be the
invertible sheaf corresponding to the divisor q1 + q2 + q3. It is easy that these
map are inverse to each other.

Remark 4.1.14 If we choose a basis in each space E,U, V , then a map φ :

E → Hom(U, V ) is determined by three matrices Ai = φ(ei). Our moduli
space becomes the space of triples (A1, A2, A3) of d × d matrices up to the
action of the group G = GL(d) × GL(d) simultaneously by left and right
multiplication

(σ1, σ2) · (A1, A2, A3) = (σ1A1σ
−1
2 , σ1A2σ

−1
2 , σ1A3σ

−1
2 ).

Consider an open subset of maps φ such that A1 is an invertible matrix. Tak-
ing (σ1, σ2) = (1, A−1

1 ), we may assume that A1 = Id is the identity matrix.
The stabilizer subgroup of (Id, A2, A3) is the subgroup of (σ1, σ2) such that
σ1σ2 = 1. Thus our orbit space is equal to the orbit space of pairs of matri-
ces (A,B) up to simultaneous conjugation. The rationality of this space is a
notoriously very difficult problem.

4.2 Determinantal equations for hypersurfaces

4.2.1 Determinantal varieties

Let Matm,k = Cm×k be the space of complex m × k matrices with natural
basis eij and coordinates tij . The coordinate ring C[Cm×n] is isomorphic to
the polynomial ring C[(tij)] in mk variables. For any vector spaces U, V of
dimensions k,m, respectively, a choice of a basis (ui) in U and a basis (vj)

in V identifies U ⊗ V with Matm,k by sending ui ⊗ vj to eij . An element
σ ∈ U ⊗ V can be viewed as a linear map U∨ → V , or as a bilinear form
on U∨ ⊗ V ∨. Under the natural isomorphism U ⊗ V → V ⊗ U , the map σ
changes to the transpose map tσ.

We denote by lN(σ) (resp. rN(σ)) the left (resp. the right) kernel of σ
considered as a bilinear map. These are subspaces of U∨ and V ∨, respectively.
Equivalently, lN(σ) = Ker(σ) (resp. rN(σ) = Ker(tσ) = σ(U)⊥) if σ is
considered as a linear map. For any r in the range 0 < r ≤ min{m, k}, we set

(U ⊗ V )r := {σ ∈ U ⊗ V : rank σ ≤ r}
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and denote by |U⊗V |r its image in the projective space |U⊗V |. The varieties
|U ⊗ V |r are closed subvarieties of the projective space |U ⊗ V |, called the
determinant varieties. Under isomorphism |U ⊗ V | ∼= |Cm×k| = Pmk−1,
the variety |U ⊗ V |r becomes isomorphic to the closed subvariety of Pmk−1

defined by (r + 1)× (r + 1) minors of a m× k matrix with entries tij .
Let G(r, V ) be the Grassmann variety of r-dimensional linear subspaces of

V and let

˜|U ⊗ V |r = {(φ,L) ∈ |U ⊗ V | ×G(r, V ) : φ(U∨) ⊂ L}.

The projection to G(r, V ) exhibits ˜|U ⊗ V |r as a projective vector bundle of

relative dimension kr and implies that ˜|U ⊗ V |r is a smooth variety of di-
mension mk − (m − k)(k − r). The projection to |U ⊗ V |r is a proper map
which is an isomorphism over |U ⊗ V |r \ |U ⊗ V |r−1. It defines a resolution
of singularities

σ : ˜|U ⊗ V |r → |U ⊗ V |r.

It identifies the tangent space T[σ](|U ⊗ V |r) at a point [σ] ∈ |U ⊗ V |r with
the projective space of maps τ : U∨ → V such that τ(Ker(σ)) ⊂ σ(U∨). If
we view σ as a bilinear form on U∨ ⊗ V ∨, then the tangent space consists of
bilinear forms τ ∈ U ⊗ V such that τ(u∗ ⊗ v∗) = 0 for all u∗ ∈ lN(σ), v∗ ∈
rN(σ).

Here are some known properties of the determinantal varieties (see [10],
Chapter II, §5).

Theorem 4.2.1 Let Matm,k(r) ⊂ Cm×k,m ≤ n, be the subvariety of matri-
ces of rank ≤ r < m. Then

• Matm,k(r) is an irreducible Cohen-Macaulay variety of codimension (m−
r)(k − r);

• Sing(Matm,k(r)) = Matm,k(r − 1);
• the multiplicity of Matm,k(r) at a point A of rank s ≤ r is equal to

multAMatm,k(r) =

m−r−1∏
j=0

(n− s+ j)!j!

(r − s+ j)!(n− r + j)!
,

in particular,
• the degree of Matm,k(r) is equal to

deg Matm,k(r) = mult0Matm,k(r) =

m−r−1∏
j=0

(n+ j)!j!

(r + j)!(n− r + j)!
.
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Let φ : E → U ⊗ V be an injective linear map and |φ| : |E| ↪→ |U ⊗ V | be
the corresponding closed embedding morphism. Let

Dr(φ) = |φ|−1(|U ⊗ V |r) ∼= |φ|(|E|) ∩ |U ⊗ V |r.

We say that φ : E → U ⊗ V is proper, if

codimDr(φ) = codim|U ⊗ V |r = (m− r)(k − r).

In particular, this implies that Dr(φ) is a Cohen-Macaulay variety of dimen-
sion n− (m− r)(k − r) in |E|. We also say that φ is transversal if

Sing(|U ⊗ V |r) = |U ⊗ V |r−1, r < min{m, k}.

Using the description of the tangent space of |U ⊗V |r at its nonsingular point,
we obtain the following.

Proposition 4.2.2 Assume φ is proper. A point [x] ∈ Dr(φ) \ Dr−1(φ) is
nonsingular if and only if

dim{y ∈ E : φ(y)(Ker(φ(x))⊗Ker(tφ(x))) = 0} = n+1− (m− r)(k− r).

For example, suppose k = m = d and r = d − 1. Let [x] ∈ Dd−1(φ) \
Dd−2(φ). Then Ker(φ(x)) and Ker(tφ(x)) are 1-dimensional subspaces. Let
u∗, v∗ be their respective bases. Then [x] is a nonsingular point on Dd−1(φ)

if and only if the tensor u∗ ⊗ v∗ is not contained in the kernel of the map
tφ : U∨ ⊗ V ∨ → E∨.

For any vector space F we denote by F the trivial vector bundles F ⊗OPn

on Pn with a fixed isomorphism from F to its space of global sections. Since

Hom(U∨(−1), V ) ∼= H0(Pn, U(1), V ) ∼= E∨ ⊗ U ⊗ V,

a linear map φ : E → U ⊗ V defines a homomorphism of vector bundles
U∨(−1) → V . For any point [x] ∈ Pn, the fiber (U∨(−1))(x) is canonically
identified with U∨⊗Cx and the map of fibres U∨(−1)(x)→ V (x) is the map
u⊗ x 7→ φ(x)(u).

Assume that k ≥ m and φ(x) is of maximal rank for a general point
[x] ∈ Pn. Since a locally free sheaf has no nontrivial torsion subsheaves,
the homomorphism U∨(−1) → V (1) is injective, and we obtain an exact
sequence

0→ U∨(−1)
φ→ V → F → 0. (4.14)

Recall that the fibre F(x) of a sheaf F over a point x is the vector space
Fx/mxFx over the residue field Ox/mx of x. A sheaf over a reduced scheme
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is locally free of rank r if and only if all its fibres are vector spaces of dimension
r. Passing to the fibres of the sheaves in the exact sequence, we obtain

dimF(x) = m− rank φ(x). (4.15)

In particular, if k > m, then F is locally free of rank m− k outside Dm−1(φ)

of rank m− k. It has singularities on Dm−2(φ).
Assumem = k. LetX denote the set-theoretical support Supp(F) of F and

let Xs denote the scheme-theoretical support of F defined by the determinant
of φ. It is known that the annihilator ideal Ann(F) of the sheaf F is equal to
(Fitt1(F) : Fitt0(F)), where Fitti(F) denote the Fitting ideals of F generated
by k − i × k − i minors of the matrix defining φ (see [207], p. 511). We will
often consider F as a coherent sheaf on Xs. Note that X = (Xs)red, and, in
general, X 6= Xs.

Let r = max{s : Ds(φ) 6= Dk(σ)}. Assume X = Xs. It follows from
(4.15) that Fred is locally free on X outside Ds. For example, when the matrix
of φ is skew-symmetric, we expect that Fred is of rank 2 outside Dk−2(φ).

Remark 4.2.3 The homomorphism φ : U∨ → V of vector bundles is a special
case of a homomorphism of vector bundles on a variety X . The rank degener-
acy loci of such homomorphisms are studied in detail in Fulton’s book [230].

Remark 4.2.4 In view of classical geometry, determinantal varieties repre-
sent a special class of varieties. Let us elaborate. Let A = (aij) be a m × k
matrix, where aij are linear forms in variables t0, . . . , tn. Consider each en-
try as a hyperplane in Pn. Assume that the linear forms a1j , . . . , amj in each
j-th column are linearly independent. Let Bj be their common zeros. These
are projective subspaces in Pn of codimension m. A linear form

∑m
i=1 uiaij

defines a hyperplane Hj(u) containing Bj . Varying u1, . . . , um, we obtain a
(n−m)-dimensional subspace of hyperplanes containing Bj . In classical lan-
guage this is the star ]Bj [ of hyperplanes (a pencil if m = 2, a net if m = 3,
a web if m = 4 of hyperplanes). It can be considered as a projective subspace
of dimension m − 1 in the dual space (Pn)∨. Now, the matrix defines k stars
[Bj [ with uniform coordinates (u1, . . . , um). In classical language, k collinear
m− 1-dimensional subspaces of the dual space.

Consider the subvariety of Pn

X = {x ∈ Pn : x ∈ H1(u) ∩ . . . ∩Hk(u), for some u ∈ Cm}.

It is clear that

X = {x ∈ Pn : rankA(x) < m}.

If k < m, we have X = Pn, so we assume that m ≤ k. If not, we replace A
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with its transpose matrix. In this way we obtain a proper subvariety X of Pn, a
hypersurface, if m = k, with linear determinantal representation X = detA.
For any x ∈ X let

lN(x) := {u ∈ Cm : x ∈ H1(u) ∩ . . . ∩Hk(u)}.

Then the subvariety Xr of X

Xr = {x ∈ X : dim lN(x) ≥ m− r}, r ≤ m− 1,

is the determinantal subvariety of Pn given by the condition rankA(x) ≤ r.
We have a regular map

l : X \Xm−2 → Pm−1, x 7→ |lN(x)|.

The image is the subvariety of Pm−1 given by

rank L(u1, . . . , um) ≤ n,

where L is the k × (n + 1) matrix with js-th entry equal to
∑m
i=1 a

(s)
ij ui. If

k ≤ n, the map l is dominant, and if k = n, it is birational.

4.2.2 Arithmetically Cohen-Macaulay sheaves

Let F be a coherent sheaf on Pn and

Γ∗(F) =

∞⊕
k=0

H0(Pn,F(k)).

It is a graded module over the graded ring

S = Γ∗(OPn) =

∞⊕
k=0

H0(Pn,OPn(k)) ∼= C[t0, . . . , tn].

We say that F is an arithmetically Cohen-Macaulay sheaf (aCM sheaf for
brevity) if M = Γ∗(F) is a graded Cohen-Macaulay module over S. Recall
that this means that every localization of M is a Cohen-Macaulay module,
i.e. its depth is equal to its dimension. Let us identify M with the coherent
sheaf on Spec A. The associated sheaf M̃ on Proj S is isomorphic to F . Let
U = Spec S \ m0, where m0 = (t0, . . . , tn) is the irrelevant maximal ideal
of the graded ring S. Since the projection U → Proj S = Pn is a smooth
morphism, the localizations of M at every maximal ideal different from m are
Cohen-Macaulay modules if and only if

• Fx is a Cohen-Macaulay module over OPn,x for all x ∈ Pn.
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The condition that the localization of M = Γ∗(F) at m0 is Cohen-Macaulay
is satisfied if and only if the local cohomology Hi

m0
(M) vanish for all i with

0 ≤ i < dimM . We have Hi(U,M) = ⊕k∈ZHi(Pn, M̃(k)). The exact
sequence of local cohomology gives an exact sequence

0→ H0
m(M)→M → H0(U,M)→ H1

m(M)→ 0,

and isomorphisms

Hi+1
m (M) ∼= Hi(U,M), i > 0.

In the case M = Γ∗(F), the map M → H0(U,M) = Γ∗(M̃) is an isomor-
phism, hence H0

m(M) = H1
m(M) = 0. Since the canonical homomorphism

Γ̃∗(F) → F is bijective, the conditions Hi
m(M) = 0, i > 1, become equiva-

lent to the conditions

• Hi(Pn,F(k)) = 0, 1 ≤ i < dim Supp(F), k ∈ Z.

Finally, let us recall that for any finitely generated module M over a regular
Noetherian local ring R of dimension n, we have

depth M = n− pd M,

where pd denotes the projective dimension of M , the minimal length of a pro-
jective resolution of M .

We apply this to the sheaf F from the exact sequence (4.14), where we
assume that k = m.

Exact sequence (4.14) gives us that pd Fx = 1 for all x ∈ X = Supp(F).
This implies that depth Fx = n−1 for all x ∈ X . In particular,X is hypersur-
face in Pn and the stalks of Fx are Cohen-Macaulay modules over OPn,x. The
scheme-theoretical support Xs of F is a hypersurface of degree d = k = m.

A Cohen-Macaulay sheaf of rank 1 is defined by a Weil divisor on X , not
necessarily a Cartier divisor. Recall the definitions. Let X be a Noetherian
integral scheme of dimension ≥ 1 and X(1) be its set of points of codimen-
sion 1 (i.e. points x ∈ X with dimOX,x = 1). We assume that X is regular
in codimension 1, i.e. all local rings of points from X(1) are regular. In this
case we can define Weil divisors on X as elements of the free abelian group
WDiv(X) = ZX(1)

and also define linear equivalence of Weil divisors and the
group Cl(X) of linear equivalence classes of Weil divisors (see [281], Chapter
2, §6).

We identify a point x ∈ X(1) with its closure E in X . We call it an irre-
ducible divisor. Any irreducible reduced closed subscheme E of codimension
1 is an irreducible divisor, the closure of its generic point.
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For any Weil divisor D let OX(D) be the sheaf whose section on an open
affine subset U consists of functions from the quotient field Q(O(U)) such
that div(Φ) +D ≥ 0.

It follows from the definition that OX(D) is torsion-free and, for any open
subset j : U ↪→ X which contains all points of codimension 1, the canonical
homomorphism of sheaves

OX(D)→ j∗j
∗OX(D) (4.16)

is an isomorphism. These two conditions characterize reflexive sheaves on any
normal integral schemeX . It follows from the theory of local cohomology that
the latter condition is equivalent to the condition that for any point x ∈ X with
dimOX,x ≥ 2 the depth of the OX,x-module Fx is greater than or equal to
2. By equivalent definition, a reflexive sheaf F is a coherent sheaf such that
the canonical homomorphism F → (F∨)∨ is an isomorphism. The sheaves
OX(D) are reflexive sheaves of rank 1. Conversely, a reflexive sheafF of rank
1 on a normal integral scheme is isomorphic to OX(D) for some Weil divisor
D. In fact, we restrict F to some open subset j : U ↪→ X with complement of
codimension ≥ 2 such that j∗F is locally free of rank 1. Thus it corresponds
to a Cartier divisor on U . Taking the closure of the corresponding Weil divisor
in X , we get a Weil divisor D on X and it is clear that F = j∗j

∗F ∼= OX(D).
In particular, we see that any reflexive sheaf of rank 1 on a regular scheme is
invertible. It is not true for reflexive sheaves of rank > 1. They are locally free
outside of a closed subset of codimension ≥ 3 (see [282]).

Reflexive sheaves of rank 1 form a group with respect to the operation

L · G = ((L ⊗ G)∨)∨, L−1 = L∨.

For any reflexive sheaf L and an integer n we set

L[n] = ((L⊗n)∨)∨.

One checks that

OX(D +D′) = OX(D) · OX(D′)

and the map D 7→ OX(D) defines an isomorphism from the group Cl(X) to
the group of isomorphism classes of reflexive sheaves of rank 1.

Next, we look at the exact sequence of cohomology for (4.14). Using that
Hi(Pn,OPn(j)) = 0 for i 6= 0, n and all j ∈ Z,

Hi(Pn,F(k)) = 0, 1 ≤ i < n− 1 = dim Supp(F), k ∈ Z.
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Thus F satisfies the two conditions from the above to be an aCM sheaf. For
future use, observe also that

V ∼= H0(Pn, V ) ∼= H0(Pn,F). (4.17)

Applying the functor HomOPn (−,OPn(−1)) to (4.14), we obtain an exact
sequence

0→ V ∨ → U → G → 0,

where

G = Ext1OPn
(F ,OPn(−1)). (4.18)

The sheaf G plays the role of F when we interchange the roles of U and V . In
the following we use some standard facts from the Grothendieck-Serre Duality
(see [268]). We have

Ext1OPn
(F ,OPn(−1)) ∼= HomOXs (F , Ext1OPn

(OXs ,OPn(−1)))

∼= HomOXs (F , Ext1OPn
(OXs , ωPn))(n) ∼= HomOXs (F , ωXs)(n)

∼= HomOXs (F ,OXs(d− n− 1))(n) ∼= F∨(d− 1),

where F∨ = HomOXs (F ,OXs). Thus (4.18) becomes

G ∼= HomOXs (F , ωXs)(n) ∼= F∨(d− 1). (4.19)

This agrees with the theory from the previous Subsection .
Suppose F is of rank 1 and X is a normal variety. Then F ∼= OX(D) for

some Weil divisor D, and

G ∼= OX(−D)(d− 1).

We have seen how a determinantal representation of a hypersurface in Pn
leads to an aCM sheaf on Pn. Now let us see the reverse construction. Let F
be an aCM sheaf on Pn supported on a hypersurface X . Since M = Γ∗(F) is
a Cohen-Macaulay module over S = Γ∗(OPn) of depth n − 1, its projective
dimension is equal to 1. Since any graded projective module over the polyno-
mial ring is isomorphic to the direct sum of free modules of rank 1, we obtain
a resolution

0→
m⊕
i=1

S[−bi]→
m⊕
i=1

S[−ai]→ Γ∗(F)→ 0,
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for some sequences of integers (ai) and (bi). Passing to the associated sheaves
on the projective space, it gives a projective resolution of F :

0→
m⊕
i=1

OPn(−bi)
φ→

m⊕
i=1

OPn(−ai)→ F → 0. (4.20)

The homomorphism of sheaves φ is given by a square matrix A of size m. Its
ij-th entry is a polynomial of degree bj − ai. The support X of F is equal to
V (detA)red. The degree of Y = V (detA) is equal to

d = (b1 + · · ·+ bm)− (a1 + · · ·+ am). (4.21)

We assume that the resolution is minimal, i.e. bj < ai for all i, j. This can
be always achieved by dropping the isomorphic summands in the first and the
second module. The case we considered before is a special case when F is an
aCM sheaf for which

a1 = . . . = am = 0, b1 = . . . = bm = −1. (4.22)

In this case A is a matrix of linear forms and d = m.

Proposition 4.2.5 Let F be an aCM sheaf on Pn supported on a reduced
hypersurface X and let (4.20) be its projective resolution. Then (4.22) holds if
and only if

H0(Pn,F(−1)) = 0, Hn−1(Pn,F(1− n)) ∼= H0(Pn,G(−1)) = 0.

(4.23)

Proof By duality,

Hn−1(Pn,F(1− n)) = Hn−1(X,F(1− n))

∼= H0(X,HomOX (F(1− n), ωX)) ∼= H0(X,G(−1)) = 0.

Taking global sections in the exact sequence (4.20), we immediately get that
all ai are non-positive. Taking higher cohomology, we obtain

Hn−1(Pn,F(1− n)) =

m⊕
i=1

Hn(Pn,OPn(−bi + 1− n))

=

m⊕
i=1

H0(Pn,OPn(bi − 2)) = 0.

Since bi < ai ≤ 0, this implies that all bi = −1.
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Let F be an aCM sheaf defining a linear determinantal representation of a
normal hypersurface X . We assume that rank F = 1. We have a rational map

r : X 99K P(U), x 7→ |Ker(φ(x))|.

The map is defined on the complement of the open set X ′ where F is locally
free. We know that F ∼= OX(D) for some effective Weil divisor D. The sheaf
F∨ ∼= OX(−D) is an ideal sheaf on X . Let b : X̃ → X be the blow-up of
the ideal sheaf JZ . It resolves the map r in the sense that there exists a regular
map

r̃ : X̃ → P(U)

such that r = r̃ ◦ π−1 (as rational maps). We will explain this in more detail in
Chapter 7.

4.2.3 Symmetric and skew-symmetric aCM sheaves

Let F be an aCM sheaf on Pn whose scheme-theoretical support is a hypersur-
face Xs of degree d. Suppose we have a homomorphism of coherent sheaves
on Xs

α : F → F∨(N) (4.24)

for some integerN . Passing to duals, we get a homomorphism (F∨)∨(−N)→
F∨. After twisting by r, we get a homomorphism (F∨)∨ → F(N). Compos-
ing it with the natural homomorphism F → (F∨)∨, we get a homomorphism

tα : F → F∨(N),

which we call the transpose of α.
We call the pair (F , α) as in the above a ε-symmetric sheaf if α is an iso-

morphism and tα = εα, where ε = ±1. We say it is symmetric if ε = 1 and
skew-symmetric otherwise.

We refer for the proof of the following result to [66] or to [37], Theorem B.

Theorem 4.2.6 Let (F , α) be an ε-symmetric aCM sheaf. Assume that Xs =

X . Then it admits a resolution of the form (4.20), where

(a1, . . . , am) = (b1 +N − d, . . . , bm +N − d),

and the map φ is defined by a symmetric matrix if ε = 1 and a skew-symmetric
matrix if ε = −1.
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Corollary 4.2.7 Suppose (F , α) is a symmetric sheaf withN = d−1 satisfy-
ing the vanishing conditions from (4.23). ThenF admits a projective resolution

0→ U∨(−1)
φ→ U → F → 0,

where U = H0(Pn,F) and φ is defined by a symmetric matrix with linear
entries.

Note that the isomorphism α defines an isomorphism α : F → G and
an isomorphism V = H0(Pn,F) → U = H0(Pn,G). Suppose n is even.
Twisting the isomorphism F → G = HomOXs (F , ωXs)(n) by − 1

2n, we
obtain an isomorphism

F(− 1
2n)→ HomOXs (F(−n), ωXs).

Definition 4.2.8 A rank 1 torsion-free coherent sheaf θ on a reduced variety
Y with canonical sheaf ωY is called a theta characteristic if there exists an
isomorphism

α : θ → HomOY (θ, ωY ).

Note that in the case when a theta characteristic θ is an invertible sheaf, we
obtain

θ⊗2 ∼= ωY ,

which agrees with our previous definition of a theta characteristic on a nonsin-
gular curve. If X is a normal variety, and θ is a reflexive sheaf (e.g. a Cohen-
Macaulay sheaf), we know that θ ∼= OX(D) for some Weil divisor D. Then θ
must satisfy OX(2D) ∼= ωX . In particular, if ωX is an invertible sheaf, D is a
Q-Cartier divisor.

Since α and tα differ by an automorphism of θ, and any automorphism of a
rank 1 torsion-free sheaf is defined by a nonzero scalar multiplication, we can
always choose an isomorphism α defining a structure of a symmetric sheaf on
θ.

Let X be a reduced hypersurface of degree d in Pn and let θ be a theta
characteristic on X . Assume n = 2k is even. Then F = θ(k) satisfies F(k) ∼=
F(k)∨(d− 1) and hence has a structure of a symmetric sheaf with N = d− 1.
Assume also that θ, considered as a coherent sheaf on Pn, is an aCM sheaf.
Applying Corollary 4.2.7 , we obtain that F admits a resolution

0→
d⊕
i=1

OPn(−ai − 1)

d⊕
i=1

OPn(−ai)→ F → 0.
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From (4.19), we obtain that G ∼= F∨(d − 1) ∼= F . The vanishing conditions
from Proposition 4.2.5 translate into one condition:

H0(X, θ(k − 1)) = 0. (4.25)

If n = 2, this matches the condition that θ is a non-effective theta charac-
teristic. If this condition is satisfied, we obtain a representation of X as a
determinant with linear entries. The number of isomorphism classes of such
representations is equal to the number of theta characteristics on X satisfying
condition (4.25)

4.2.4 Singular plane curves

Assume n = 2, and let C be a reduced irreducible curve of degree d. Let F be
a coherent torsion-free sheaf on C. Since dimC = 1, F is a Cohen-Macaulay
sheaf. Also, the cohomological condition for an aCM sheaf are vacuous, hence
F is an aCM sheaf. In general, a Cohen-Macaulay module M over a local
Noetherian ring R admits a dualizing R-module D, and

depth M + max{q : ExtqR(M,D) 6= 0} = dimR

(see [207]). In our case, the global dualizing sheaf is

ωC = ωP2(C) ∼= OC(d− 3),

the previous equality implies that ExtqOC (F , ωC) = 0, q > 0, and

F → D(F) := HomOC (F , ωC) ∼= F∨ ⊗ ωC

is the duality, i.e. F → D(D(F)) is an isomorphism.
If F satisfies the conditions from Proposition 4.2.5

H0(C,F(−1)) = H1(C,D(F)(−1)) = 0, (4.26)

we obtain a determinantal representation C = V (detA) with linear entries
(4.14). For a general point x on C, the corank of the matrix A(x) is equal to
the rank of F . We shall assume that

rank F = 1.

In this case F is isomorphic to a subsheaf of the constant sheaf of rational
functions on C. It follows from the resolution of F that

χ(F(−1)) = 0, χ(F) = d.

Thus

degF(−1) := χ(F(−1)) + pa(C)− 1 = pa(C)− 1.
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Also,

degF = degD(F) = d+ pa(C)− 1 = d(d− 1)/2.

Suppose x is a singular point of C. Then either rankA(x) < d − 1, or the
image of the map φ : P2 → |U × V |d−1 is tangent to |U × V |d−1 at a point
φ(x) 6∈ |U ×V |d−2. The sheaf F is not invertible at x only in the former case.

It is known that the isomorphism classes of rank 1 torsion-free sheaves of
fixed degree d on an irreducible reduced algebraic curve C admit a moduli
space which is a projective variety that contains an irreducible component
which compactifies the generalized Jacobian variety Jacd(C) of C (see [8],
[454]). In the case of plane curves (and, by [454], only in this case), the mod-
uli space is irreducible. Its dimension is equal to pa(C). We denote the moduli
space by Jac

d
(C).

Let us describe in more detail rank 1 torsion-free sheaves F on C.
Let p : C̄ → C be the normalization morphism. Its main invariant is the

conductor ideal c, the annihilator ideal of the sheaf p∗OC̄ . Obviously, it can be
considered as an ideal sheaf in C̄ equal to p−1(c) (the image of p∗(c) in OC̄
under the multiplication map, or, equivalently, p∗(c)/torsion). For any x ∈ C,
cx is the conductor ideal of the normalization R̄ of the ring R = OC,x equal to∏
y→xOC̄,y . Let

δx = length R̄/R.

Since, in our case, R is a Gorenstein local ring, we have

dimC R̄/cx = 2 dimC R̄/cx = 2δ

(see [526], Chapter 4, n.11).
Suppose R is isomorphic to the localization of C[[u, v]]/(f(u, v)) at the

origin. One can compute δx, using the following Jung-Milnor formula (see
[324], [388], §10).

deg cx = dimCR/Jf + rx − 1, (4.27)

where Jf is the ideal generated by partial derivatives of f , and rx is the number
of analytic branches of C at the point x.

Let F be the cokernel of the canonical injection of sheaves OC → p∗(OC̄).
Applying cohomology to the exact sequence

0→ OC → p∗OC̄ → F→ 0, (4.28)

we obtain the genus formula

χ(p∗(OC̄)) = χ(OC̄) = χ(OC) +
∑
x∈C

δx. (4.29)
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Consider the sheaf of algebras End(F) = HomOC (F ,F). Since End(F)

embeds into End(Fη), where η is a generic point ofC, and the latter is isomor-
phic to the field of rational functions on C, we see that End(F) is a coherent
OC-algebra. It is finitely generated as a OC-module, and hence it is finite and
birational over C. We set C ′ = Spec End(F) and let

π = πF : C′ → C

be the canonical projection. The normalization map C̄ → C factors through
the map π. For this reason, π is called the partial normalization of C. Note
that C ′ = C if F is an invertible sheaf. The algebra End(F) acts naturally on
F equipping it with a structure of anOC′ -module, which we denote by F ′. We
have

F ∼= π∗F ′.

Recall that for any finite morphism f : X → Y of Noetherian schemes there is
a functor f ! from the category ofOY -modules to the category ofOX -modules
defined by

f !M = HomOY (f∗OX ,M),

considered as a OX -module. The functor f ! is the right adjoint of the functor
f∗ (recall that f∗ is the left adjoint functor of f∗), i.e.

f∗HomOX (N , f !M) ∼= HomOY (f∗N ,M), (4.30)

as bi-functors inM,N . If X and Y admit dualizing sheaves, we also have

f !ωY ∼= ωX

(see [281], Chapter III, Exercises 6.10 and 7.2).
Applying this to our map π : C ′ → C, and taking N = OC′ , we obtain

F ∼= π∗π
!F .

It is known that, for any torsion-free sheaves A and B on C ′, a morphism
π∗A → π∗B is π∗OC′ -linear (see, for example, [36], Lemma 3.1). This im-
plies that the natural homomorphism

HomC′(A,B) ∼= HomC′(π∗A, π∗B) (4.31)

is bijective. This gives

F ′ ∼= π!F .

For any F ′ ∈ Jac
d
(C ′),

χ(F ′) = d′ + χ(C ′)
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(in fact, this equality is the definition of the degree d′ of F ′, see [402])

d = deg π∗F ′ = χ(π∗F ′)− χ(OC)

= χ(F ′)− χ(OC) = d′ + χ(OC′)− χ(OC′).

Definition 4.2.9 The collection of OC,x-modules Fx, x ∈ Sing(C), is called
the local type of F ([440]). The global invariant is the isomorphism class of
EndOC (F).

It follows from Lemma 1.7 in [440] that the global type of F determines
the isomorphism class of F , up to tensoring with an invertible sheaf. Also it is
proven in the same Lemma that the global type depends only on the collection
of local types.

Lemma 4.2.10 The global types of F and D(F) are isomorphic, and

π!D(F) ∼= D(π!F).

Proof The first assertion follows from the fact that the dualizing functor is
an equivalence of the categories. Taking M = ωC in (4.30), we obtain that
π∗(D(π!F)) ∼= D(F). The second assertion follows from (4.31).

In fact, by Lemma 3.1 from [36], the map

π∗ : Jac
d′

(C ′)→ Jac
d
(C)

is a closed embedding of projective varieties.
It follows from the duality that χ(F) = −χ(D(F)). Thus the functor F →

D(F) defines an involution DC′ on Jac
pa(C′)−1

(C ′) and an involution DC

on Jac
pa(C)−1

(C). By Lemma 4.2.10, the morphism π∗ commutes with the
involutions.

Let us describe the isomorphism classes of the local types of F . Let F̃ =

p−1(F) = p∗(F)/torsion. This is an invertible sheaf on C̄. The canonical map
F → p∗(p

∗F) defines the exact sequence

0→ F → p∗F̃ → T→ 0, (4.32)

where T is a torsion sheaf whose support is contained in the set of singular
points of C.

The immediate corollary of this is the following.

Lemma 4.2.11 For any x ∈ C,

dimC F(x) = multxC,
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where F(x) denotes the fiber of the sheaf F and multxC denotes the multi-
plicity of the point x on C.

Proof Since the cokernel of F → p∗F̃ is a torsion sheaf, we have

dimC F(x) = dimC F̃(x) = dimC p∗(OC̄)(x). (4.33)

It is clear that the dimension of the fiber of a coherent sheaf is equal to the
dimension of the fiber over the closed point of the formal completion ofFx. Let
R (resp. R̄) denote the formal completion ofOC,x (resp. its normalization). We
know that R̄ =

∏
y→x R̄y , where R̄y ∼= C[[t]]. Let (u, v) be local parameters in

R generating the maximal ideal m ofR. One can choose the latter isomorphism
in such a way that the composition of the map R→ R̄ with the projection map
R̄→ R̄i is given by

(u, v) 7→ (tmii ,

∞∑
j=mi

ajt
j),

where mj is the multiplicity of the analytic branch of the curve C correspond-
ing to the point y over x. It follows that

dimC R̄/m = dimC

rx∏
i=1

C[[t]]/(tmi) =

rx∑
i=1

mi = multxC.

Thus the last dimension in (4.33) is equal to the multiplicity, and we are done.

Corollary 4.2.12 Suppose F satisfies (4.26), and hence defines a linear de-
terminantal representation C = V (detA). Then

d− rank A(x) = multxC.

We denote by δx(F) the length of Tx. The length δx(F) of Tx is the local
invariant of the OC,x-module Fx (see [263]). Let M be a rank 1 torsion-free
module over R = OC,x and M̄ = M ⊗ R̄/torsion. Let Q be the fraction
field of R. Since M ⊗R Q ∼= Q, one can find a fractional ideal isomorphic
to M . It is known that the isomorphism class of M can be represented by a
fractional ideal J with local invariant δ(M) = dim M̄/M contained in R̄ and
containing the ideal c(R), where c(M) is the conductor ideal ofR. This implies
that local types of F at x with δx(F) = δ are parameterized by the fixed locus
of the group R∗ acting on the Grassmann variety G(δ, R̄/cx) ∼= G(δ, 2δ) (see
[263], Remark 1.4, [454], Theorem 2.3 (d)). The dimension of the fixed locus
is equal to δx. Thus local types with fixed local invariant δ are parameterized
by a projective variety of dimension δ.
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Example 4.2.13 Let C ′ be the proper transform of C under the blow-up of
the plane at a singular point x ∈ C of multiplicity mx. Since it lies on a
nonsingular surface, C ′ is a Gorenstein curve. The projection π : C ′ → C is a
partial normalization. Let F = π∗OC′ . Then mmxC,x contains the conductor cx
and c(Fx) = mmx−1

C,x , hence δx(F) = mx − 1 (see [454], p. 219).

Let F define a linear determinantal representation C = V (detA). We know
thatD(F) defines the linear representation corresponding to the transpose ma-
trix tA. The case when F ∼= D(F) corresponds to the symmetric matrix A.
We assume that rank F = 1, i.e. F is a theta characteristic θ on C.

By duality, the degree of a theta characteritic θ is equal to pa(C) − 1 and
χ(θ) = 0. We know that each theta characteristic θ is isomorphic to π∗θ′,
where θ′ is a theta characteristic on the partial normalization of C defined by
θ. Since, locally, End(θ′) ∼= OC′ , we obtain that θ′ is an invertible sheaf on
C ′.

Let Jac(X)[2] denote the 2-torsion subgroup of the group Jac(X) of isomor-
phism classes of invertible sheaves on a curve X . Via tensor product it acts on
the set TChar(C) of theta characteristics on C. The pull-back map p∗ defines
an exact sequence

0→ G→ Jac(C)→ Jac(C̄)→ 0. (4.34)

The group Jac(C̄) is the group of points on the Jacobian variety of C̄, an
abelian variety of dimension equal to the genus g of C̄. The group G ∼=
O∗
C̄
/O∗C has a structure of a commutative group, isomorphic to the product of

additive and multiplicative groups of C. Its dimension is equal to δ =
∑
x δx.

It follows from the exact sequence that

Jac(C)[2] ∼= (Z/2Z)2g+b, (4.35)

where k is equal to the dimension of the multiplicative part of G. It is easy to
see that

b = #p−1(Sing(C))−#Sing(C) =
∑
x

(rx − 1). (4.36)

Proposition 4.2.14 The group Jac(C)[2] acts transitively on the set of theta
characteristics with fixed global type. The order of the stabilizer subgroup of
a theta characteristic θ is equal to the order of the 2-torsion subgroup of the
kernel of π∗ : Jac(C)→ Jac(C ′).

Proof Let θ, θ′ ∈ TChar(C) with the isomorphic global type. Since two
sheaves with isomorphic global type differ by an invertible sheaf, we have
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θ′ ∼= θ ⊗ L for some invertible sheaf L. This implies

θ′ ⊗ L ∼= θ′∨ ⊗ ωC ∼= θ∨ ⊗ L−1 ⊗ ωC ∼= θ ⊗ L−1 ∼= θ ⊗ L.

By Lemma 2.1 from [36], π∗F ∼= π∗F ⊗ L for some L ∈ Jac(C) if and only
if π∗L ∼= OC′ . This gives π∗L2 ∼= OC′ and hence π∗(L) ∈ Jac(C ′)[2]. It
follows from exact sequence (4.34) (where C is replaced with C ′) that Jac(C ′)

is a divisible group, hence the homomorphism p∗ : Jac(C)[2] → Jac(C ′)[2]

is surjective. This implies that there existsM ∈ Jac(C)[2] such that π∗(L ⊗
M) ∼= OC′ . Thus, we obtain

θ′ ⊗M ∼= θ ⊗ L⊗M ∼= θ.

This proves the first assertion. The second assertion follows from the loc. cit.
Lemma.

Corollary 4.2.15 The number of theta characteristics of global type defined
by a partial normalization π : C ′ → C is equal to 22g+b−b′ , where b′ =

#π−1(Sing(C))−#Sing(C).

Recall that a theta characteristic θ defines a symmetric determinantal repre-
sentation of C if and only if it satisfies h0(θ) = 0. So, we would like to know
how many such theta characteritics exist. A weaker condition is that h0(θ) is
even. In this case the theta characteristic is called even, the remaining ones are
called odd. The complete answer on the number of even theta characteristics
on a plane curve C is not known. In the case when θ ∈ Jac(C), the answer,
in terms of some local invariants of singularities, can be found in [276] (see
also [359] for a topological description of the local invariants). The complete
answer is known in the case when C has simple (or ADE) singularities.

Definition 4.2.16 A singular point x ∈ C is called a simple singularity if
its local ring is formally isomorphic to the local ring of the singularity at the
origin of one of the following plane affine curves

ak : x2 + yk+1 = 0, k ≥ 1,

dk : x2y + yk−1 = 0, k ≥ 4

e6 : x3 + y4 = 0,

e7 : x3 + xy3 = 0,

e8 : x3 + y5 = 0.

According to [262], a simple singularity is characterized by the property that
there are only finitely many isomorphism classes of indecomposable torsion-
free modules over its local ring. This implies that the set TChar(C) is finite if
C is a plane curve with only simple singularities.
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The number of even theta characteristics on an irreducible reduced plane
curve C with only simple singularities is given in the following Theorem from
[440].

Theorem 4.2.17 The number of invertible even theta characteristics on C is

22g+b−1 if C has an A4s+1, D4s+2, or E7 singularity,

2g+b−1(2g + 1) if C has no singularities as above, and has an even number

of types A8s+2, A8s+3, A8s+4, D8s+3, D8s+4, D8s+5, E6,

2g+b−1(2g + 1) otherwise.

The number of non-invertible even theta characteristics on a curve with sim-
ple singularities depends on their known local types. An algorithm to compute
them is given in [440].

Example 4.2.18 Let C be a plane irreducible cubic curve. Suppose it has an
ordinary node. This is a simple singularity of type A1. We have Jac(C) ∼= C∗
and Jac(C)[2] ∼= Z/2Z. The only partial normalization is the normalization
map. There is one invertible theta characteristic θ1 with h0(θ1) = 0 and one
non-invertible theta characteristic θ2

∼= p∗OC̄(−1) with h0(θ2) = 0. It is iso-
morphic to the conductor ideal sheaf on C. Thus there are two isomorphism
classes of symmetric determinant representations for C. Without loss of gen-
erality we may assume that C = V (t0t

2
2 + t31 + t0t

2
1). The theta characteristic

θ1 defines the symmetric determinantal representation

t0t
2
2 + t31 + t0t

2
1 = det

 0 t2 t1
t2 −t0 − t1 0

t1 0 −t0

 .

Observe that rank A(x) = 2 for all points x ∈ C. The theta characteristic θ2

defines the symmetric determinantal representation

t0t
2
2 + t31 + t0t

2
1 = det

−t0 0 −t1
0 −t1 −t2
−t1 −t2 t1

 .

The rank of A(x) is equal to 1 for the singular point x = [1, 0, 0] and equals 2
for other points on C.

Assume now that C is a cuspidal cubic with equation V (t0t
2
2 + t31). There

are no invertible theta characteristics and there is only one non-invertible. It is
isomorphic to the conductor ideal sheaf on C. It defines the symmetric linear
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determinantal representation

t0t
2
2 + t31 = det

 0 −t2 −t1
−t2 −t1 0

−t1 0 −t0

 .

Remark 4.2.19 We restricted ourselves with irreducible curves. The case of
reducible nodal curves was studied in [71].

4.2.5 Linear determinantal representations of surfaces

Let S be a normal surface of degree d in P3. We are looking for an an aCM
sheafF on P3 with scheme-theoretical support equal to S. We also require that
F is of rank 1 and satisfies the additional assumption (4.23)

H0(P3,F(−1)) = H2(P3,F(−2)) = 0. (4.37)

Every such F will define a linear determinantal representation f = detA

defined by the resolution (4.14) of F such that rankA(x) = d−1 for a general
point on S.

Since the exact sequence (4.14) implies that F is generated by its global
sections, we see that F ∼= OS(C) for some effective Weil divisor C. By taking
a general section of F and applying Bertini’s Theorem, we may assume that C
is an integral curve, nonsingular outside Sing(S).

Recall that, as an aCM sheaf, F satisfies the cohomological condition

H1(P3,F(j)) = 0, j ∈ Z. (4.38)

Let s be a nonzero section ofF whose zero subscheme is an integral curve such
that F ∼= OS(C). The dual of the map OS

s→ L defines an exact sequence

0→ F∨(j)→ OS(j)→ OC(j)→ 0. (4.39)

By Serre’s Duality,

H1(S,F∨(j)) ∼= H1(S,F(−j)⊗ ωS) ∼= H1(S,F(d− 4− j)) = 0.

Applying cohomology, we obtain that the restriction map

H0(S,OS(j))→ H0(C,OC(j)) (4.40)

is surjective for all j ∈ Z. Recall that, by definition, this means that C is
projectively normal in P3. Conversely, if C is projectively normal, we obtain
(4.38).

Before we state the next Theorem we have to remind ourselves some facts
about the intersection theory on a normal singular surface (see [401]).
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Let σ : S′ → S be a resolution of singularities that we always assume to be
minimal. Let E =

∑
i∈I Ei be its reduced exceptional locus. For any curve C

on S we denote by σ−1(C) the proper transform of C and define

σ∗(C) := π−1(C) +
∑
i∈I

niEi,

where ni are rational numbers uniquely determined by the system of linear
equations

0 = σ∗(C) · Ei = ·π−1(C) · Ej +
∑
i∈I

niEi · Ej = 0, j ∈ I.

Now we define the intersection number C · C ′ of two curves S by

C · C ′ := σ∗(C) · σ∗(C ′).

This can be extended by linearity to all Weil divisors on S. It coincides with
the usual intersection on the subgroup of Cartier divisors. Also it depends only
on the equivalence classes of the divisors.

Recall that S admits a dualizing sheaf ωS . It is a reflexive sheaf of rank 1,
hence determines the linear equivalence class of a Weil divisors denoted by
KS (the canonical class of S). It is a Cartier divisor class if and only if S is
Gorenstein (as it will be in our case when S is a hypersurface). We have

KS′ = σ∗(KS) + ∆,

where ∆ =
∑
i∈I aiEi is the discrepancy divisor. The rational numbers ai are

uniquely determined from linear equations

KS′ ·Rj =
∑
i∈I

aiEi · Ej , j ∈ I.

For any reduced irreducible curve C on S define

AS(C) := − 1
2 (σ∗(C)− σ−1(C))2 + 1

2σ
−1(C) ·∆− δ,

where δ = h0(p∗OC̄/OC) is our familiar invariant of the normalization of C.
The following results can be found in [44].

Proposition 4.2.20 For any reduced curve C on S and a Weil divisor D let
OC(D) be the cokernel of the natural injective map OS(D − C) → O(D)

extending the similar map on S \ Sing(S). Then

(i) C 7→ AS(C) extends to a homomorphism WDiv(S)/Div(S) → Q
which is independent of a resolution;

(ii) χ(OC(D)) = χ(OC) + C ·D − 2AS(C);
(iii) −2χ(OC) = C2 + C ·KS − 2AS(C).
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Example 4.2.21 Assume that S has only ordinary double points. Then a
minimal resolution σ : S′ → S has the properties that ∆ = 0 and E =

E1 + · · · + Ek, where k is the number of singular points and each Ei is a
smooth rational curves with Ei ·KS′ = 0 (see more about this in Chapter 8).
Let σ−1(C) · Ei = mi. Then easy computations show that

σ∗(C) = σ−1(C) + 1
2

n∑
i=1

miEi,

C2 = σ−1(C)2 + 1
2

n∑
i=1

m2
i ,

C ·KS = σ−1(C) ·KS′ ,

AS(C) =
1

4

k∑
i=1

m2
i − δ.

Now we are ready to state and to prove the following theorem.

Theorem 4.2.22 Let F be an aCM sheaf of rank 1. Then F defines a lin-
ear determinantal representation of S if and only if F ∼= OS(C) for some
projectively normal integral curve C with

degC = 1
2d(d− 1), pa(C) =

1

6
(d− 2)(d− 3)(2d+ 1).

Proof Suppose F defines a linear determinantal representation of S. Then it
is an aCM sheaf isomorphic to OS(C) for some integral projectively normal
curve C, and satisfies conditions (4.37) and (4.38).

We have

χ(F(−1)) = h0(F(−1))− h1(F(−1)) + h2(F(−1)).

By (4.37) and (4.38), the right-hand side is equal to h2(F(−1)). Let H be a
general plane section of S and

0→ OS(−H)→ OS → OH → 0 (4.41)

be the tautological exact sequence defining the ideal sheaf of H . Tensoring it
by F(−1), we obtain an exact sequence

0→ F(−2)→ F(−1)→ F(−1)⊗OH → 0.

It shows that the condition h2(F(−2)) = 0 from (4.37) implies h2(F(−1)) =

0, hence

χ(F(−1)) = 0. (4.42)
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Similar computation shows that

χ(F(−2)) = 0. (4.43)

Tensoring the exact sequence (4.41) by OS(C − H), we obtain an exact
sequence

0→ F(−2)→ F(−1)→ OH(C −H)→ 0.

Applying the Riemann-Roch Theorem to the sheaf OH(C −H) on H , we get

degOH(C −H) = degC − d = χ(OH(C −H))− χ(OH)

= χ(F(−1))− χ(F(−2))− χ(OH) = −χ(OH).

This gives

degC = d− χ(OH) = d− 1 + 1
2 (d− 1)(d− 2) = 1

2d(d− 1),

as asserted.
Applying Proposition 4.2.20 (ii), we get,

χ(OC) = −C · C + C ·H + χ(OC(C −H)) + 2AS(C)

= degC − C2 + χ(OC(C −H)) + 2AS(C).

By Proposition 4.2.20 (iii),

C2 = −C ·KS−2χ(OC)+2AS(C) = −(d−4) degC−2χ(OC)+2AS(C),

hence

−χ(OC) = (d− 3) degC + χ(OC(C −H)).

The exact sequence

0→ OS(−H)→ OS(C −H)→ OC(C −H)→ 0

gives

χ(OC(C −H)) = χ(F(−1))− χ(OS(−1)) = −χ(OS(−1)).

Easy computations of the cohomology of projective space gives

χ(OS(−1)) =

(
d

3

)
.

Combining all together, we obtain

pa(C) = 1− χ(OC) = 1 + 1
2d(d− 1)(d− 3)− 1

6
d(d− 1)(d− 2)
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=
1

6
(d− 2)(d− 3)(2d+ 1),

as asserted. We leave it to the reader to reverse the arguments and prove the
converse.

Example 4.2.23 We will study the case of cubic surfaces in more detail in
Chapter 9. Let us consider the case of quartic surfaces. Assume first that S
is nonsingular. Then F ∼= OS(C), where C is a projectively normal smooth
curve of degree 6 and genus 3. The projective normality is equivalent to the
condition thatC is not hyperelliptic (Exercise 4.10). We also have h0(OX(C))

= 4. According to Noether’s Theorem, the Picard group of a general surface of
degree ≥ 4 is generated by a plane section. Since a plane section of a quartic
surface is of degree 4, we see that a general quartic surface does not admit
a determinantal equation. The condition that X contains a curve C as in the
above imposes one algebraic condition on the coefficients of a quartic surface
(one condition on the moduli of quartic surfaces).

Suppose now that S contains such a curve. By (4.18), the transpose deter-
minantal representation C = det tA is defined by the sheaf G ∼= F∨(3) ∼=
OS(3H − C), where H is a plane section of S. We have two maps l : S →
P3, r : S → P3 defined by the complete linear systems |C| and |3H − C|.
Since C2 = −C ·KS − 2χ(OC) = 4, the images are quartic surfaces. We will
see later, in Chapter 7, that the two images are related by a Cremona transfor-
mation from |U∨| = |C|∨ to |V ∨| = |3H − C|∨.

We will find examples with singular surface S in the next Subsection.

4.2.6 Symmetroid surfaces

These are surfaces in P3 which admit a linear determinantal representation
S = V (detA) with symmetric matrix A. The name was coined by A. Cayley.

According to our theory the determinantal representation is given by an aCM
sheaf F satisfying

F ∼= F∨(d− 1). (4.44)

For example, if S is a smooth surface of degree d, we haveF ∼= OS(C) and we
must have C ∼ (d− 1)H −C, where H is a plane section. Thus, numerically,
C = 1

2 (d−1)H , and we obtain C2 = 1
4d(d−1)2, C ·KS = 1

2d(d−1)(d−4),
and pa(C) = 1 + 3

8d(d − 1)(d − 3). It is easy to see that it disagrees with
the formula for pa(C) for any d > 1. A more obvious reason why a smooth
surface cannot be a symmetroid is the following. The codimension of the locus
of quadrics in Pd of corank ≥ 2 is equal to 3. Thus each three-dimensional
linear system of quadrics intersects this locus, and hence at some point x ∈ S
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we must have rank A(x) ≤ d− 2. Since our sheaf F is an invertible sheaf, this
is impossible.

So we have to look for singular surfaces. Let us state the known analog of
Theorem 4.2.1 in the symmetric case.

The proof of the following theorem can be found in [278] or [322]).

Theorem 4.2.24 Let Symm be the space of symmetric matrices of sizem and
Symm(r) be the subvariety of matrices of rank 1 ≤ r < m. Then

• Symm(r) is an irreducible Cohen-Macaulay subvariety of codimension
1
2 (m− r)(m− r + 1);

• Sing(Symm(r)) = Symm(r − 1);

• deg Sing(Symm(r)) =
∏

0≤i≤m−r−1

(
i+m
m−r−i

)(
2i+1
i

) .

For example, we find that

degQ2(2) = 4, degQd−1(2) =

(
d+ 1

3

)
. (4.45)

Thus, we expect that a general cubic symmetroid has four singular points, a
general quartic symmetroid has 10 singular points, and a general quintic sym-
metroid has 20 singular points.

Note that a symmetroid surface of degree d is the Jacobian hypersurface of
the web of quadrics equal to the image of the map φ : P3 → Qd−1 defined by
the determinantal representation. We identify |E| with a web W of quadrics
in P(U). The surface S is the discriminant hypersurface D(|E|) of W . The
left kernel map l : S 99K Pd−1 given by |OS(C)| maps S onto the Jacobian
surface Jac(|E|) in P(U). |E| is a regular web of quadrics if |E| intersects the
discriminant hypersurface of quadrics in P(U) transversally. In this case we
have the expected number of singular points on S, and all of them are ordinary
nodes. The surface S admits a minimal resolution σ : S̃ := D̃(|E|)→ S. The
map l = l̃ ◦ σ−1, where l̃ : S̃ → Jac(|E|). The map is given by the linear
system |σ−1(C)|. The Jacobian surface is a smooth surface of degree equal to
σ−1(C)2.

Proposition 4.2.25 Let S′ be the Jacobian surface of |E|, the image of S
under the right kernel map r. Assume that |E| is a regular web of quadrics.
Then Pic(S′) contains two divisor classes η, h such that h2 = d, η2 =

(
d
3

)
,

and

2η = (d− 1)h−
k∑
i=1

Ei,
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where Ei are exceptional curves of the resolution σ : S̃ → S.

Proof We identify S′ with the resolution S̃ by means of the map r̃. We take
h = σ∗(O|E|(1)) and η to be r̃∗(OS′(1)). We follow the proof of Proposition
4.1.7 to show that, under the restriction |OP(U)(2)| → |OS′(2)|, the web of
quadrics |E| in |OP(U)(2)| is identified with the linear system of polars of S.
This is a sublinear system in |OS(d − 1)|. Its preimage in S̃ is contained in
the linear system |(d − 1)h −

∑k
i=1Ei|. It is clear that h2 = d. It follows

from Proposition 4.2.24, that 4η2 = (d− 1)2d− 2
(
d+1

3

)
. This easily gives the

asserted value of η2.

Corollary 4.2.26

degS′ = η2 =
(
d
3

)
.

Using the adjunction formula, we find

2pa(η)−2 = η2
S +η ·KS′ = η2 + 1

2d(d−1)(d−4) =
(
d
3

)
+ 1

2d(d−1)(d−4)

=
1

3
d(d− 1)(2d− 7).

This agrees with the formula for pa(C) in Theorem 4.2.22.
It follows from the Proposition that the theta characteristic θ defining the

symmetric determinantal representation of S is isomorphic to OS(C), where
C = σ∗(D) for D ∈ |η|. We have OS(C)⊗2 ∼= OS(d − 1) outside Sing(S).
This gives θ[2] ∼= OS(d− 1).

Remark 4.2.27 Suppose d is odd. Let

ξ := 1
2 (d− 1)h− η.

Then
∑k
i=1Ei ∼ 2ξ. If d is even, we let

ξ := 1
2dh− η.

The h +
∑k
i=1Ei ∼ 2ξ. So, the set of nodes is even in the former case and

weakly even in the latter case (see [69]). The standard construction gives a
double cover of S′ ramified only over nodes if the set is even and over the
union of nodes and a member of |h| if the set is weakly even.

The bordered determinant formula (4.10) for the family of contact curves
extends to the case of surfaces. It defines a (d − 1)-dimensional family of
contact surfaces of degree d− 1. The proper transform of a contact curve in S′

belongs to the linear system |η|.



204 Determinantal equations

Example 4.2.28 We will consider the case d = 3 later. Assume d = 4 and
the determinantal representation is transversal, i.e. S has the expected number
10 of nodes. Let S′ be its minimal resolution. The linear system η consists
of curves of genus 3 and degree 6. It maps S′ isomorphically onto a quartic
surface in P3, the Jacobian surface of the web of quadrics defined by the de-
terminantal representation. The family of contact surfaces is a 3-dimensional
family of cubic surfaces passing through the nodes of S and touching the sur-
face along some curve of genus 3 and degree 6 passing through the nodes. The
double cover corresponding to the divisor class ξ is a regular surface of general
type with pg = 1 and c21 = 2.

Consider the linear system |2h − E1| on S′. Since (h − E1)2 = 2, it de-
fines a degree 2 map onto P2. Since (2h − Ei) · Ej = 0, i > 10, the curves
Ei, i 6= 1, are blown down to points. The curve R1 is mapped to a conic K on
the plane. One can show that the branch curve of the cover is the union of two
cubic curves and the conic K is tangent to both of the curves at each intersec-
tion point. Conversely, the double cover of the plane branched along the union
of two cubics, which both everywhere are tangent to a nonsingular conic, is
isomorphic to a quartic symmetroid (see [131]). We refer to Chapter 1 where
we discussed the Reye varieties associated to n-dimensional linear systems of
quadrics in Pn. In the case of the quartic symmetroid parameterizing singular
quadrics in a web of quadrics in P3, the Reye variety is an Enriques surface.

Assume d = 5 and S has expected number 20 of nodes. The linear system
η consists of curves of genus 11 and degree 10. It maps S′ isomorphically
onto a surface of degree 10 in P4, the Jacobian surface of the web of quadrics
defined by the determinantal representation. The family of contact surfaces
is a 4-dimensional family of quartic surfaces passing through the nodes of S
and touching the surface along some curve of genus 11 and degree 10 passing
through the nodes. The double cover X of S branched over the nodes is a
regular surface of general type with pg = 4 and c21 = 10. It is easy to see
that the canonical linear system on X is the preimage of the canonical linear
system on S. This gives an example of a surface of general type such that the
canonical linear system maps the surface onto a canonically embedded normal
surface, a counter-example to Babbage’s conjecture (see [69]).

Exercises

4.1 Find explicitly all equivalence classes of linear determinantal representations of a
nodal or a cuspidal cubic.
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4.2 Show that a general binary form admits a unique equivalence class of symmetric
determinantal representations.
4.3 The following problems lead to a symmetric determinantal expression of a plane
rational curve [346].

(i) Show that, for any two degree d binary forms p(u0, u1) and q(u0, u1), there
exists a unique d×d symmetric matrixB(p, q) = (bij) whose entries are bilinear
functions of the coefficients of p and q such that

p(u0, u1)q(v0, v1)−q(u0, u1)p(v0, v1) = (u0v1−u1v0)
∑

biju
i
0u
d−jvj0v

d−j
1 .

(ii) Show that the determinant ofB(p, q) (the bezoutiant of p, q) vanishes if and only
if the two binary forms have a common zero.

(iii) Let p0, p1, p2 be three binary forms of degree dwithout common zeros andC be
the image of the map P1 → P2, [u0, u1] 7→ [p0(u0, u1), p1(u0, u1), p2(u0, u1)].
Show that C is given by the equation f(t0, t1, t2) = |B(t0p1 − t1p0, t0p2 −
t2p0)| = 0.

(iv) Prove that f = |t0B(p1, p2) − t1B(t0, t2) − t2B(t0, t1)| and any symmetric
determinantal equation of C is equivalent to this.

4.4 Let C = V (f) be a nonsingular plane cubic, p1, p2, p3 be three non-collinear
points. Let (A0, A1, A2) define a quadratic Cremona transformation with fundamental
points p1, p2, p3. Let q1, q2, q3 be another set of three points such that the six points
p1, p2, p3, q1, q2, q3 are cut out by a conic. Let (B0, B1, B2) define a quadratic Cre-
mona transformation with fundamental points q1, q2, q3. Show that

F−3 det adj

A0B0 A0B1 A0B2

A1B0 A1B1 A1B2

A2B0 A2B1 A2B2


is a determinantal equation of C.
4.5 Find determinantal equations for a nonsingular quadric surface in P3.
4.6 Let E ⊂ Matd be a linear subspace of dimension 3 of the space of d× d matrices.
Show that the locus of points x ∈ Pd−1 such that there exists A ∈ E such that Ax = 0
is defined by

(
d
3

)
equations of degree 3. In particular, for any determinantal equation of

a curve C, the images of C under the maps r : P2 → Pd−1 and l : P2 → Pd−1 are
defined by such a system of equations.
4.7 Show that the variety of nets of quadrics in Pn whose discriminant curve is singular
is reducible.
4.8 Let C = V (detA) be a linear determinantal representation of a plane curve C
of degree d defiined by a rank 1 torsion-free sheaf F of global type π : C′ → C.
Show that the rational map l : C → Pd−1, x 7→ |N(A(x))| extends to a regular map
C′ → Pd−1.
4.9 Let C be a non-hyperelliptic curve of genus 3 and degree 6 in P3.

(i) Show that the homogeneous ideal of C in P3 is generated by four cubic polyno-
mials f0, f1, f2, f3.

(ii) Show that the equation of any quartic surface containing C can be written in the
form

∑
lifi = 0, where li are linear forms.

(iii) Show that (f0, f1, f2, f3) define a birational map f from P3 to P3. The image
of any quartic containing C is another quartic surface.
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4.10 Show that a curve of degree 6 and genus 3 in P3 is projectively normal if and only
if it is not hyperelliptic.
4.11 Let C be a nonsingular plane curve of degree d and L0 ∈ Picg−1(C) with
h0(L0) 6= 0. Show that the image of C under the map given by the complete linear
system L0(1) is a singular curve.
4.12 Let θ be a theta characteristic on a nonsingular plane curve of degree d with
h0(θ) = 1. Show that the corresponding aCM sheaf on P2 defines an equation of C
expressed as the determinant of a symmetric (d− 1)× (d− 1) matrix (aij(t)), where
aij(t) are of degree 1 for 1 ≤ i, j ≤ d − 3, a1j(t) are of degree 2, and ad−1d−1(t) is
of degree 3 [37].
4.13 Let S = V (detA) be a linear determinantal representation of a nonsingular quar-
tic surface in P3. Show that the four 3× 3 minors of the matrix B obtained from A by
deleting one row define the equations of a projectively normal curve of degree 6 and
genus 3 lying on S.
4.14 Show that any quartic surfaces containing a line and a rational normal cubic not
intersecting the line admits a determinantal representation.
4.15 Show that the Hessian hypersurface of a general cubic hypersurface in P4 is hyper-
surface of degree 5 whose singular locus is a curve of degree 20. Show that its general
hyperplane section is a quintic symmetroid surface.
4.16 Let C be a curve of degree N(d) = d(d − 1)/2 and arithmetic genus G(d) =
1
6
(d − 2)(d − 3)(2d + 1) on a smooth surface of degree d in P3. Show that the linear

system |OS(−C)(d)| consists of curves of degree N(d + 1) and arithmetic genus
G(d+ 1).
4.17 Let S be a general symmetroid quintic surface in P3 and |L| be the linear system
of projectively normal curves of degree 10 and genus 11 that defines a symmetric linear
determinantal representation of S and let S′ be the image of S under the rational map
Φ : P3 → Pd = |OC |∨. Let W be the web of quadrics defining the linear representa-
tion of S. Consider the rational map T : P4 99K P4 defined by sending a point x ∈ P4

to the intersection of polar hyperplanes Px(Q), Q ∈W . Prove the following assertions
(see [569].

(i) The fundamental locus of T (where T is not defined) is equal to S′.
(ii) The image of a general hyperplane H is a quartic hypersurface XH .
(iii) The intersection of two such quartics XH and XH′ is equal to the union of the

surface S′ and a surface F of degree 6.
(iv) Each 4-secant line of C contained in H (there are 20 of them) is blown down

under T to 20 nodes of XH .

4.18 Let p1, . . . , p5 be five points in P3 in general linear position. Prove the following
assertions (see [570]).

(i) Show that one can choose a point qij on the line pipj such that the lines p1q34,
p2q45, p3q25, p4q12, p5q23 form a closed space pentagon.

(ii) Show that the union of five lines pipj and five lines defined in (i) is a curve of
arithmetic genus 11.

(ii) Show that the linear system of quartic surfaces containing the 10 lines maps P3

to a quartic hypersurface in P4 with 45 nodes (the Burhardt quartic threefold).

4.19 Show that the equivalence classes of determinantal representations of plane curve
C of degree 2k with quadratic forms as entries correspond to aCM sheaves on C satis-
fying h0(F(−1)) = 0 and F(− 1

2
d− 2)∨ ∼= F(− 1

2
(d− 2)).
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4.20 Show that the union of d different hyperplanes in Pn always admits a unique
equivalence class of symmetric linear determinant representations.

Historical Notes

Apparently, O. Hesse was the first to state clearly the problem of representation
of the equation of a hypersurface as a symmetric determinant of linear forms
[290]. He was able to do it for plane curves of order 4 [291]. He also showed
that it can be done in 36 different ways corresponding to 36 families of contact
cubics. For cubic curves the representation follows from the fact that any cubic
curve can be written in three ways as the Hessian curve. This fact was also
proven by Hesse [287], p. 89. The fact that a general plane curve of degree d
can be defined by the determinant of a symmetric d × d matrix with entries
as homogeneous linear forms was first proved by A. Dixon [168]. Dixon’s
result was reproved later by J. Grace and A. Young[257]. Modern expositions
of Dixon’s theory were given by A. Beauville [33] and A. Tyurin [564], [565].

The first definition of non-invertible theta characteristics on a singular curve
was given by W. Barth. It was studied for nodal planes curves by A. Beauville
[33] and F. Catanese [71], and for arbitrary singular curves of degree ≤ 4, by
C.T.C. Wall [591].

It was proved by L. Dickson [165] that any plane curve can be written as
the determinant of not necessarily symmetric matrix with linear homogeneous
forms as its entries. The relationship between linear determinantal represen-
tations of an irreducible plane curve of degree d and line bundles of degree
d(d− 1)/2 was first established in [125]. This was later elaborated by V. Vin-
nikov [589]. A deep connection between linear determinantal representations
of real curves and the theory of colligations for pairs of commuting operators
in a Hilbert space was discovered by M. Lifs̆ic [362] and his school (see [363]).

The theory of linear determinantal representation for cubic surfaces was de-
veloped by L. Cremona [143]. Dickson proves in [165] that a general homo-
geneous form of degree d > 2 in r variables cannot be represented as a linear
determinant unless r = 3 or r = 4, d ≤ 3. The fact that a determinantal repre-
sentations of quartic surfaces is possible only if the surface contains a projec-
tively normal curve of genus 3 and degree 6 goes back to F. Schur [504]. How-
ever, it was A. Coble who was the first to understand the reason: by Noether’s
theorem, the Picard group of a general surface of degree ≥ 4 is generated by
a plane section [120], p. 39. The case of quartic surfaces was studied in de-
tail in a series of papers of T. Room [473]. Quartic symmetroid surfaces were
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first studied by A. Cayley [89]. They appear frequently in algebraic geome-
try. Coble’s paper [118] studies (in a disguised form) the group of birational
automorphisms of such surfaces. There is a close relationship between quartic
symmetroids and Enriques surfaces (see [131]. M. Artin and D. Mumford [17]
used quartic symmetroids in their celebrated constru ction of counter-examples
to the Lüroth Problem. A modern theory of symmetroid surfaces can be found
in papers of A. Beauville [37] and F. Catanese [69].

We refer to [37] for a comprehensive survey of modern theory of determi-
nantal representations of hypersurfaces based on the theory of aCM sheaves.
One can find numerous special examples of determinantal representations in
this paper. We followed this exposition in many places.

In classical algebraic geometry, a determinantal representation was consid-
ered as a special case of a projective generation of subvarieties in a projective
space. It seems that the geometric theory of determinantal varieties started from
the work of H. Grassmann in 1856 [261], where he considers the projective
generation of a cubic surface by three collinear nets of planes. Grassmann’s
construction was greatly generalized in a series of papers of T. Reye [465]. In
the last paper of the series he studies curves of degree 10 and genus 11 which
lead to linear determinantal representation of quintic surfaces.

Algebraic theory of determinantal varieties started from the work of F. S.
Macaulay [371], where the fact that the loci of rank ≤ r square matrices are
Cohen-Macaulay varieties can be found. The classical account of the theory
of determinantal varieties is T. Room’s monograph [474]. A modern treatment
of determinantal varieties can be found in several books [10], [230], [266].
The book by W. Bruns and U. Vetter [58] gives a rather complete account of
the recent development of the algebraic theory of determinantal ideals. The
formula for the dimensions and the degrees of determinantal varieties in the
general case of m × n matrices and also symmetric matrices goes back to C.
Segre [520] and G. Giambelli [243], [244].
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Theta characteristics

5.1 Odd and even theta characteristics

5.1.1 First definitions and examples

We have already dealt with theta characteristics on a plane curves in the previ-
ous Chapter. Here we will study theta characteristics on any nonsingular pro-
jective curve in more detail.

It follows from the definition that two theta characteristics, considered as
divisor classes of degree g − 1, differ by a 2-torsion divisor class. Since the
2-torsion subgroup Jac(C)[2] is isomorphic to (Z/2Z)2g , there are 22g theta
characteristics. However, in general, there is no canonical identification be-
tween the set TChar(C) of theta characteristics on C and the set Jac(C)[2].
One can say only that TChar(C) is an affine space over the vector space of
Jac(C)[2] ∼= F2g

2 .
There is one more structure on TChar(C) besides being an affine space over

Jac(C)[2]. Recall that the subgroup of 2-torsion points Jac(C)[2] is equipped
with a natural symmetric bilinear form over F2, called the Weil pairing. It is
defined as follows (see [10], Appendix B). Let ε, ε′ be two 2-torsion divi-
sor classes. Choose their representatives D,D′ with disjoint supports. Write
div(φ) = 2D, div(φ′) = 2D′ for some rational functions φ and φ′. Then
φ(D′)
φ′(D) = ±1. Here, for any rational function φ defined at points xi, φ(

∑
i xi) =∏

i φ(xi). Now we set

〈ε, ε′〉 =

{
1 if φ(D′)/φ′(D) = −1,

0 otherwise.

Note that the Weil pairing is a symplectic form, i.e. satisfies 〈ε, ε〉 = 0. One
can show that it is a nondegenerate symplectic form (see [404]).
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For any ϑ ∈ TChar(C), define the function

qϑ : Jac(C)[2]→ F2, ε 7→ h0(ϑ+ ε) + h0(ϑ).

The proof of the following Theorem can be found in [10], p. 290).

Theorem 5.1.1 (Riemann-Mumford Relation) The function qϑ is a quadratic
form on Jac(C)[2] whose associated symmetric bilinear form is equal to the
Weil pairing.

Later we shall see that there are two types of quadratic forms associated to
a fixed nondegenerate symplectic form: even and odd. They agree with our
definition of an even and odd theta characteristic. The number of even (odd)
theta characteristics is equal to 2g−1(2g + 1) (2g−1(2g − 1)).

An odd theta characteristic ϑ is obviously effective, i.e. h0(ϑ) > 0. If C is a
canonical curve, then divisor D ∈ |ϑ| satisfies the property that 2D is cut out
by a hyperplane H in the space |KC |∨, where C is embedded. Such a hyper-
plane is called a contact hyperplane. It follows from the above that a canonical
curve either has 2g−1(2g−1) contact hyperplanes or infinitely many. The latter
case happens if and only if there exists a theta characteristic ϑ with h0(ϑ) > 1.
Such a theta characteristic is called a vanishing theta characteristic. An exam-
ple of a vanishing odd theta characteristic is the divisor class of a line section
of a plane quintic curve. An example of a vanishing even theta characteristic is
the unique g1

3 on a canonical curve of genus 4 lying on a singular quadric.
The geometric interpretation of an even theta characteristic is more subtle.

In the previous Chapter we related theta characteristics, both even and odd,
to determinantal representations of plane curves. The only known geometrical
construction related to space curves that I know is the Scorza construction of a
quartic hypersurface associated to a canonical curve and a non-effective theta
characteristic. We will discuss this construction in Section 5.5.

5.1.2 Quadratic forms over a field of characteristic 2

Recall that a quadratic form on a vector space V over a field K is a map q :

V → K such that q(av) = a2q(v) for any a ∈ K and any v ∈ V , and the map

bq : V × V → K, (v, w) 7→ q(v + w)− q(v)− q(w)

is bilinear (it is called the polar bilinear form). We have bq(v, v) = 2q(v) for
any v ∈ V . In particular, q can be reconstructed from bq if char(K) 6= 2. In
the case when char(K) = 2, we get bq(v, v) ≡ 0, hence bq is a symplectic
bilinear form. Two quadratic forms q, q′ have the same polar bilinear form if
and only if q − q′ = l, where l(v + w) = l(v) + l(w), l(av) = a2l(v) for any
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v, w ∈ V, a ∈ K. If K is a finite field of characteristic 2,
√
l is a linear form on

V , and we obtain

bq = bq′ ⇐⇒ q = q′ + `2 (5.1)

for a unique linear form ` : V → K.
Let e1, . . . , en be a basis in V and A = (aij) = (bq(ei, ej)) be the matrix

of the bilinear form bq . It is a symmetric matrix with zeros on the diagonal if
char(K) = 2. It follows from the definition that

q(

n∑
i=1

xiei) =

n∑
i=1

x2
i q(ei) +

∑
1≤i<j≤n

xixjaij .

The rank of a quadratic form is the rank of the matrix A of the polar bilinear
form. A quadratic form is called nondegenerate if the rank is equal to dimV .
In coordinate-free way this is the rank of the linear map V → V ∨ defined by
bq . The kernel of this map is called the radical of bq . The restriction of q to the
radical is identically zero. The quadratic form q arises from a nondegenerate
quadratic form on the quotient space. In the following we assume that q is
nondegenerate.

A subspace L of V is called singular if q|L ≡ 0. Each singular subspace is
an isotropic subspace with respect to bq , i.e. bq(v, w) = 0 for any v, w ∈ E.
The converse is true only if char(K) 6= 2.

Assume char(K) = 2. Since bq is a nondegenerate symplectic form, n = 2k,
and there exists a basis e1, . . . , en in V such that the matrix of bq is equal to

Jk =

(
0k Ik
Ik 0k

)
. (5.2)

We call such a basis a standard symplectic basis. In this basis

q(

n∑
i=1

xiei) =

n∑
i=1

x2
i q(ei) +

k∑
i=1

xixi+k.

Assume, additionally, that K∗ = K∗2, i.e., each element in K is a square (e.g.
K is a finite or algebraically closed field). Then, we can further reduce q to the
form

q(

2k∑
i=1

xiei) = (

n∑
i=1

αixi)
2 +

k∑
i=1

xixi+k, (5.3)

where q(ei) = α2
i , i = 1, . . . , n. This makes (5.1) more explicit. Fix a non-

degenerate symplectic form 〈, 〉 : V × V → K. Each linear function on V is
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given by `(v) = 〈v, η〉 for a unique η ∈ V . By (5.1), two quadratic forms q, q′

with the polar bilinear form equal to 〈, 〉 satisfy

q(v) = q′(v) + 〈v, η〉2

for a unique η ∈ V . Choose a standard symplectic basis. The quadratic form
defined by

q0(

2k∑
I=1

xiei) =

k∑
i=1

xixi+k

has the polar bilinear form equal to the standard symplectic form. Any other
form with the same polar bilinear form is defined by

q(v) = q0(v) + 〈v, ηq〉2,

where

ηq =

2k∑
i=1

√
q(ei)ei.

From now on, K = F2, the field of two elements. In this case a2 = a for any
a ∈ F2. Formula (5.1) shows that the setQ(V ) of quadratic forms associated to
the standard symplectic form is an affine space over V with addition q+η, q ∈
Q(V ), η ∈ V , defined by

(q + η)(v) = q(v) + 〈v, η〉 = q(v + η) + q(η). (5.4)

The number

Arf(q) =

k∑
i=1

q(ei)q(ei+k) (5.5)

is called the Arf invariant of q. One can show that it is independent of the
choice of a standard symplectic basis (see [267], Proposition 1.11). A quadratic
form q ∈ Q(V ) is called even (resp. odd) if Arf(q) = 0 (resp. Arf(q) = 1).

If we choose a standard symplectic basis for bq and write q in the form
q0 + ηq , then we obtain

Arf(q) =

k∑
i=1

αiαi+k = q0(ηq) = q(ηq). (5.6)

In particular, if q′ = q + v = q0 + ηq + v,

Arf(q′) + Arf(q) = q0(ηq + v) + q0(ηq) = q0(v) + 〈v, ηq〉 = q(v). (5.7)
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It follows from (5.6) that the number of even (resp. odd) quadratic forms is
equal to the cardinality of the set q−1

0 (0) (resp. q−1
0 (1)). We have

|q−1
0 (0)| = 2k−1(2k + 1), |q−1

0 (1)| = 2k−1(2k − 1). (5.8)

This is easy to prove by using induction on k.
Let Sp(V ) be the group of linear automorphisms of the symplectic space V .

If we choose a standard symplectic basis then

Sp(V ) ∼= Sp(2k,F2) = {X ∈ GL(2k)(F2) : tX · Jk ·X = Jk}.

It is easy to see by induction on k that

|Sp(2k,F2)| = 2k
2

(22k − 1)(22k−2 − 1) · · · (22 − 1). (5.9)

The group Sp(V ) has two orbits in Q(V ), the set of even and the set of odd
quadratic forms. An even quadratic form is equivalent to the form q0 and an
odd quadratic form is equivalent to the form

q1 = q0 + ek + e2k,

where (e1, . . . , e2k) is the standard symplectic basis. Explicitly,

q1(

2k∑
i=1

xiei) =

k∑
i=1

xixi+k + x2
k + x2

2k.

The stabilizer subgroup Sp(V )+ (resp. Sp(V )−) of an even quadratic form
(resp. an odd quadratic form) is a subgroup of Sp(V ) of index 2k−1(2k +

1) (resp. 2k−1(2k − 1)). If V = F2k
2 with the symplectic form defined by

the matrix Jk, then Sp(V )+ (resp. Sp(V )−) is denoted by O(2k,F2)+ (resp.
O(2k,F2)−).

5.2 Hyperelliptic curves

5.2.1 Equations of hyperelliptic curves

Let us first describe explicitly theta characteristics on hyperelliptic curves. Re-
call that a hyperelliptic curve of genus g is a nonsingular projective curve X
of genus g > 1 admitting a degree 2 map ϕ : C → P1. By Hurwitz formula,
there are 2g + 2 branch points p1, . . . , p2g+2 in P1. Let f2g+2(t0, t1) be a bi-
nary form of degree 2g+ 2 whose zeros are the branch points. The equation of
C in the weighted projective plane P(1, 1, g + 1) is

t22 + f2g+2(t0, t1) = 0. (5.10)
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Recall that a weighted projective space P(q) = P(q0, . . . , qn) is defined as the
quotient Cn+1 \ {0}/C∗, where C∗ acts by

t : [z0, . . . , zn] 7→ [tq0z0, . . . , t
qnzn].

A more general definition of P(q) which works over Z is

P(q) = Proj Z[T0, . . . , Tn],

where the grading is defined by setting deg Ti = qi. Here q = (q0, . . . , qn) are
integers ≥ 1. We refer to [174] or [310] for the theory of weighted projective
spaces and their subvarieties. Note that a hypersurface in P(q) is defined by
a homogeneous polynomial where the unknowns are homogeneous of degree
qi. Thus Equation (5.10) defines a hypersurface of degree 2g+ 2. Although, in
general, P(q) is a singular variety, it admits a canonical sheaf

ωP(q) = OP(q)(−|q|),

where |q| = q0+· · ·+qn. Here the Serre sheaves are understood in the sense of
theory of projective spectrums of graded algebras. There is also the adjunction
formula for a hypersurface X ⊂ P(q) of degree d

ωX = OX(d− |q|). (5.11)

In the case of a hyperelliptic curve, we have

ωC = OC(g − 1).

The morphism ϕ : C → P1 corresponds to the projection [t0, t1, t2] 7→ [t0, t1]

and we obtain that

ωC = ϕ∗OP1(g − 1).

The weighted projective space P(1, 1, g + 1) is isomorphic to the projective
cone in Pg+2 over the Veronese curve vg+1(P1) ⊂ Pg+1. The hyperelliptic
curve is isomorphic to the intersection of this cone and a quadric hypersurface
in Pg+1 not passing through the vertex of the cone. The projection from the
vertex to the Veronese curve is the double cover ϕ : C → P1. The canonical
linear system |KC | maps C to Pg with the image equal to the Veronese curve
vg−1(P1).

5.2.2 2-torsion points on a hyperelliptic curve

Let c1, . . . , c2g+2 be the ramification points of the map ϕ. We assume that
ϕ(ci) = pi. Obviously, 2ci − 2cj ∼ 0, hence the divisor class of ci − cj is of
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order 2 in Pic(C). Also, for any subset I of the set Bg = {1, . . . , 2g + 2}, we
have

αI =
∑
i∈I

ci −#Ic2g+2 =
∑
i∈I

(ci − c2g+2) ∈ Pic(C)[2].

Now observe that

αBg =
∑
i∈Bg

ci − (2g + 2)c2g+2 = div(φ) ∼ 0, (5.12)

where φ = t2/(bt0 − at1)g+1 and p2g+2 = [a, b] (we consider the fraction
modulo Equation (5.10) defining C). Thus

ci − cj ∼ 2ci +
∑

k∈Bg\{j}

ck − (2g + 2)c2g+2 ∼ αBg\{i,j}.

Adding to αI the zero divisor c2g+2 − c2g+2, we can always assume that #S

is even. Also adding the principal divisor αBg , we obtain that αI = αĪ , where
Ī denotes Bg \ I .

Let FBg2
∼= F2g+2

2 be the F2-vector space of functions Bg → F2, or, equiva-
lently, subsets of Bg . The sum is defined by the symmetric sum of subsets

I + J = I ∪ J \ (I ∩ J).

The subsets of even cardinality form a hyperplane. It contains the subsets ∅ and
Bg as a subspace of dimension 1. Let Eg denote the quotient space. Elements
of Eg are represented by subsets of even cardinality up to the complementary
set (bifid maps in terminology of A. Cayley). We have

Eg ∼= F2g
2 ,

hence the correspondence I 7→ αI defines an isomorphism

Eg ∼= Pic(C)[2]. (5.13)

Note that Eg carries a natural symmetric bilinear form

e : Eg × Eg → F2, e(I, J) = #I ∩ J mod 2. (5.14)

This form is symplectic (i.e. e(I, I) = 0 for any I) and nondegenerate. The
subsets

Ai = {2i− 1, 2i}, Bi = {2i, 2i+ 1}, i = 1, . . . , g, (5.15)

form a standard symplectic basis.
Under isomorphism (5.13), this bilinear form corresponds to the Weil pair-

ing on 2-torsion points of the Jacobian variety of C.
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Remark 5.2.1 The symmetric group S2g+2 acts on Eg via its action on Bg
and preserves the symplectic form e. This defines a homomorphism

sg : S2g+2 → Sp(2g,F2).

If g = 1, Sp(2,F2) ∼= S3, and the homomorphism s1 has the kernel isomor-
phic to the group (Z/2Z)2. If g = 2, the homomorphism s2 is an isomorphism.
If g > 2, the homomorphism sg is injective but not surjective.

5.2.3 Theta characteristics on a hyperelliptic curve

For any subset T of Bg set

ϑT =
∑
i∈T

ci + (g − 1−#Tc2g+2) = αT + (g − 1)c2g+2.

We have

2ϑT ∼ 2αT + (2g − 2)c2g+2 ∼ (2g − 2)c2g+2.

It follows from the proof of the Hurwitz formula that

KC = ϕ∗(KP1) +
∑
i∈Bg

ci.

Choose a representative of KP1 equal to −2p2g+2 and use (5.12) to obtain

KC ∼ (2g − 2)c2g+2.

This shows that ϑT is a theta characteristic. Again adding and subtracting
c2g+2 we may assume that #T ≡ g + 1 mod 2. Since T and T̄ define the
same theta characteristic, we will consider the subsets up to taking the com-
plementary set. We obtain a set Qg which has a natural structure of an affine
space over Eg , the addition is defined by

ϑT + αI = ϑT+I .

Thus all theta characteristics are uniquely represented by the divisor classes
ϑT , where T ∈ Qg .

An example of an affine space over V = F2g
2 is the space of quadratic forms

q : F2g
2 → F2 whose associated symmetric bilinear form bq coincides with the

standard symplectic form defined by (5.2). We identify V with its dual V ∨ by
means of b0 and set q + l = q + l2 for any l ∈ V ∨.

For any T ∈ Qg , we define the quadratic form qT on Eg by

qT (I) = 1
2 (#(T + I)−#T ) = #T ∩ I + 1

2#I = 1
2#I + e(I, T ) mod 2.
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We have (all equalities are modulo 2)

qT (I + J) + qT (I) + qT (J)

= 1
2 (#(I + J) + #I + #J) + e(I + J, T ) + e(I, T ) + e(J, T ) = #I ∩ J.

Thus each theta characteristic can be identified with an element of the space
Qg = Q(Eg) of quadratic forms on Eg with polar form e.

Also notice that

(qT + αI)(J) = qT (J) + e(I, J) = 1
2#J + e(T, J) + e(I, J)

= 1
2#J + e(T + I, J) = qT+I(J).

Lemma 5.2.2 Let ϑT be a theta characteristic on a hyperelliptic curve C of
genus g identified with a quadratic form on Eg . Then the following properties
are equivalent:

(i) #T ≡ g + 1 mod 4;
(ii) h0(ϑT ) ≡ 0 mod 2;
(iii) qT is even.

Proof Without loss of generality, we may assume that p2g+2 is the point
(0, 1) at infinity in P1. Then the field of rational functions on C is generated
by the functions y = t2/t0 and x = t1/t0. We have

ϑT =
∑
i∈T

ci + (g − 1−#T )c2g+2 ∼ (g − 1 + #T )c2g+2 −
∑
i∈T

ci.

Any function φ from the space L(ϑT ) = {φ : div(φ) + ϑT ≥ 0} has a unique
pole at c2g+2 of order < 2g + 1. Since the function y has a pole of order
2g + 1 at c2g+2, we see that φ = ϕ∗(p(x)), where p(x) is a polynomial of
degree ≤ 1

2 (g − 1 + #T ) in x. Thus L(ϑT ) is isomorphic to the linear space
of polynomials p(x) of degree ≤ 1

2 (g − 1 + #T ) with zeros at pi, i ∈ T . The
dimension of this space is equal to 1

2 (g+1−#T ). This proves the equivalence
of (i) and (ii).

Let

U = {1, 3, . . . , 2g + 1} ⊂ Bg (5.16)

be the subset of odd numbers in Bg . If we take the standard symplectic basis
in Eg defined in (5.15), then we obtain that qU = q0 is the standard quadratic
form associated to the standard symplectic basis. It follows from (5.6) that qT
is an even quadratic form if and only if T = U + I , where qU (I) = 0. Let
I consists of k even numbers and s odd numbers. Then qU (I) = #U ∩ I +
1
2#I = m+ 1

2 (k +m) = 0 mod 2. Thus #T = #(U + S) = #U + #I −
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2#U ∩ S = (g+ 1) + (k+m)− 2m = g+ 1 + k−m. Then m+ 1
2 (k+m)

is even, hence 3m+ k ≡ 0 mod 4. This implies that k −m ≡ 0 mod 4 and
#T ≡ g + 1 mod 4. Conversely, if #T ≡ g + 1 mod 4, then k −m ≡ 0

mod 4 and qU (I) = 0. This proves the assertion.

5.2.4 Families of curves with odd or even theta characteristic

Let X → S be a smooth projective morphism whose fiber Xs over a point s ∈
S is a curve of genus g > 0 over the residue field κ(s) of s. Let PicnX/S → S

be the relative Picard scheme of X/S. It represents the sheaf in étale topol-
ogy on S associated to the functor on the category of S-schemes defined by
assigning to a S-scheme T the group Picd(X ×S T ) of isomorphism classes
of invertible sheaves on X ×S T of relative degree n over T modulo tensor
product with invertible sheaves coming from T . The S-scheme PicnX/S → S

is a smooth projective scheme over S. Its fiber over a point s ∈ S is isomor-
phic to the Picard variety PicnXs/κ(s) over the field κ(s). The relative Picard
scheme comes with a universal invertible sheaf U on X ×S PicnX/S (locally in
étale topology). For any point y ∈ PicnX/S over a point s ∈ S, the restriction
of U to the fiber of the second projection over y is an invertible sheaf Uy on
Xs ⊗κ(s) κ(y) representing a point in Picn(Xs ⊗ κ(y)) defined by y.

For any integerm, raising a relative invertible sheaf intom-th power defines
a morphism

[m] : PicnX/S → PicmnX/S .

Taking n = 2g − 2 and m = 2, the preimage of the section defined by the
relative canonical class ωX/S is a closed subscheme of Picg−1

X/S . It defines a
finite cover

T CX/S → S

of degree 22g . The pull-back of U to T CX/S defines an invertible sheaf T
over P = X ×S T CX/S satisfying T ⊗2 ∼= ωP/T CX/S . By a theorem of
Mumford [404], the parity of a theta characteristic is preserved in an algebraic
family, thus the function T CX/S → Z/2Z defined by y 7→ dimH0(Uy, Ty)

mod 2 is constant on each connected component of T CX/S . Let T Cev
X/S (resp.

T Codd
X/S) be the closed subset of T CX/S , where this function takes the value 0

(resp. 1). The projection T Cev
X/S → S (resp. T Codd

X/S → S) is a finite cover of
degree 2g−1(2g + 1) (resp. 2g−1(2g − 1)).

It follows from the above that T CX/S has at least two connected compo-
nents.

Now take S = |OP2(d)|ns to be the space of nonsingular plane curves C
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of degree d and X → |OP2(d)|ns be the universal family of curves defined by
{(x,C) : x ∈ C}. We set

T Cd = T CX/S , T C
ev/odd
d = T Cev/odd

X/S .

The proof of the following Proposition can be found in [34].

Proposition 5.2.3 If d is even or d = 3, T Cd consists of two irreducible
components T Cevd and T Coddd . If d ≡ 1 mod 4, then T Cevd is irreducible
but T Coddd has two irreducible components, one of which is the section of
T Cd → |OP2(d)| defined by OP2((d − 3)/2). If d ≡ 3 mod 4, then T Coddd

is irreducible but T Cevd has two irreducible components, one of which is the
section of T Cd → |OP2(d)| defined by OP2((d− 3)/2).

Let T C0
d be the open subset of T Cev

d corresponding to the pairs (C, ϑ) with
h0(ϑ) = 0. It follows from the theory of symmetric determinantal represen-
tations of plane curves that T C0

d/PGL(3) is an irreducible variety covered by
an open subset of a Grassmannian. Since the algebraic group PGL(3) is con-
nected and acts freely on a Zariski open subset of T C0

d, we obtain that T C0
d is

irreducible. It follows from the previous Proposition that

T C0
d = T Cev

d if d 6≡ 3 mod 4. (5.17)

Note that there exist coarse moduli spacesMev
g andModd

g of curves of genus
g together with an even (odd) theta characteristic. We refer to [129] for the
proof of irreducibility of these varieties and for construction of a certain com-
pactifications of these spaces.

5.3 Theta functions

5.3.1 Jacobian variety

Recall the definition of the Jacobian variety of a nonsingular projective curve
C of genus g over C. We consider C as a compact oriented 2-dimensional
manifold of genus g. We view the linear space H0(C,KC) as the space of
holomorphic 1-forms on C. By integration over 1-dimensional cycles, we get
a homomorphism of Z-modules

ι : H1(C,Z)→ H0(C,KC)∨, ι(γ)(ω) =

∫
γ

ω.



220 Theta characteristics

The image of this map is a lattice Λ of rank 2g in H0(C,KC)∨. The quotient
by this lattice

Jac(C) = H0(C,KC)∨/Λ

is a complex g-dimensional torus. It is called the Jacobian variety of C.
Recall that the cap product

∩ : H1(C,Z)×H1(C,Z)→ H2(C,Z) ∼= Z

defines a nondegenerate symplectic form on the group H1(C,Z) ∼= Z2g . Let
α1, . . . , αg, β1, . . . , βg be a standard symplectic basis. We choose a basis ω1, . . . , ωg
of holomorphic 1-differentials on C such that∫

αi

ωj = δij . (5.18)

Let

τij =

∫
βi

ωi.

The complex matrix τ = (τij) is called the period matrix. The basis ω1, . . . , ωg
identifies H0(C,KC)∨ with Cg and the period matrix identifies the lattice Λ

with the lattice Λτ = [τ Ig]Z2g , where [τ Ig] denotes the block-matrix of size
g × 2g. The period matrix τ = <(τ) +

√
−1=(τ) satisfies

tτ = τ, =(τ) > 0.

As is well-known (see [266]) this implies that Jac(C) is a projective algebraic
group, i.e. an abelian variety. It is isomorphic to the Picard scheme Pic0

C/C.
We consider any divisorD =

∑
nxx onC as a 0-cycle onC. The divisors of

degree 0 are boundaries, i.e.D = ∂γ for some 1-chain β. By integrating over β
we get a linear function onH0(C,KC) whose coset modulo Λ = ι(H1(C,Z))

does not depend on the choice of β. This defines a homomorphism of groups
p : Div0(C) → Jac(C). The Abel-Jacobi Theorem asserts that p is zero on
principal divisors (Abel’s part), and surjective (Jacobi’s part). This defines an
isomorphism of abelian groups

a : Pic0(C)→ Jac(C) (5.19)

which is called the Abel-Jacobi map. For any positive integer d let Picd(C)

denote the set of divisor classes of degree d. The group Pic0(C) acts simply
transitively on Picd(C) via addition of divisors. There is a canonical map

ud : C(d) → Picd(C), D 7→ [D],

where we identify the symmetric product with the set of effective divisors of



5.3 Theta functions 221

degree d. One can show that Picd(C) can be equipped with a structure of a
projective algebraic variety (isomorphic to the Picard scheme PicdC/C) such
that the map ud is a morphism of algebraic varieties. Its fibres are projective
spaces, the complete linear systems corresponding to the divisor classes of
degree d. The action of Pic0(C) = Jac(C) on Picd(C) is an algebraic action
equipping Picd(C) with a structure of a torsor over the Jacobian variety.

Let

W r
g−1 = {[D] ∈ Picg−1(C) : h0(D) ≥ r + 1}.

In particular, W 0
g−1 was denoted by Θ in Theorem 4.1.4, where we showed

that the invertible sheaves L0 ∈ Picg−1(C) defining a determinantal equation
of a plane curve of genus g belong to the set Picg−1(C) \W 0

g−1. The funda-
mental property of the loci W r

g−1 is given by the following Riemann-Kempf
Theorem.

Theorem 5.3.1

W r
g−1 = {x ∈W 0

g−1 : multxW 0
g−1 ≥ r + 1}.

Here multx denotes the multiplicity of a hypersurface at the point x.

In particular, we get

W 1
g−1 = Sing(W 0

g−1).

From now on we will identify Pic0(C) with the set of points on the Jacobian
variety Jac(C) by means of the Abel-Jacobi map. For any theta characteristic
ϑ the subset

Θ = W 0
g−1 − ϑ ⊂ Jac(C)

is a hypersurface in Jac(C). It has the property that

h0(Θ) = 1, [−1]∗(Θ) = Θ, (5.20)

where [m] is the multiplication by an integer m in the group variety Jac(C).
Conversely, any divisor on Jac(C) satisfying these properties is equal to W 0

g−1

translated by a theta characteristic. This follows from the fact that a divisor D
on an abelian variety A satisfying h0(D) = 1 defines a bijective map A →
Pic0(A) by sending a point x ∈ A to the divisor t∗xD − D, where tx is the
translation map a 7→ a + x in the group variety, and Pic0(A) is the group of
divisor classes algebraically equivalent to zero. This fact implies that any two
divisors satisfying properties (5.20) differ by translation by a 2-torsion point.

We call a divisor satisfying (5.20) a symmetric theta divisor. An abelian
variety that contains such a divisor is called a principally polarized abelian
variety.
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Let Θ = W 0
g−1 − θ be a symmetric theta divisor on Jac(C). Applying The-

orem 5.3.1 we obtain that, for any 2-torsion point ε ∈ Jac(C), we have

multεΘ = h0(ϑ+ ε). (5.21)

In particular, ε ∈ Θ if and only if θ + ε is an effective theta characteristic.
According to ϑ, the symmetric theta divisors are divided into two groups: even
and odd theta divisors.

5.3.2 Theta functions

The preimage of Θ under the quotient map Jac(C) = H0(C,KC)∨/Λ is a
hypersurface in the complex linear space V = H0(C,KC)∗ equal to the zero
set of some holomorphic function φ : V → C. This function φ is not invariant
with respect to translations by Λ. However, it has the property that, for any
v ∈ V and any γ ∈ Λ,

φ(v + γ) = eγ(v)φ(v), (5.22)

where eγ is an invertible holomorphic function on V . A holomorphic function
φ satisfying (5.22) is called a theta function with theta factor {eγ}. The set of
zeros of φ does not change if we replace φ with φα, where α is an invertible
holomorphic function on V . The function eγ(v) will change into the function
eγ′(v) = eγ(v)φ(v + γ)φ(v)−1. One can show that, after choosing an appro-
priate α, one may assume that

eγ(v) = exp(2πi(aγ(v) + bγ)),

where aγ is a linear function and bγ is a constant (see [403], Chapter 1, §1).
We will assume that such a choice has been made.

It turns out that the theta function corresponding to a symmetric theta divisor
Θ from (5.20) can be given in coordinates defined by a choice of a normalized
basis (5.18) by the following expression

θ [ εη ] (z; τ) =
∑
r∈Zg

expπi
[
(r+ 1

2ε)·τ ·(r+ 1
2ε)+2(z+ 1

2η)·(r+ 1
2ε)
]
, (5.23)

where ε,η ∈ {0, 1}g considered as column or raw vectors from Fg2. The func-
tion defined by this expression is called a theta function with characteristic.
The theta factor eλ(z1, . . . , zg) for such a function is given by the expression

eγ(z) = exp−πi(m · τ ·m− 2z ·m− ε · n + η ·m),

where we write γ = τ ·m + n for some m,n ∈ Zg . One can check that

θ [ εη ] (−z; τ) = exp(πiε · η)θ [ εη ] (z; τ). (5.24)
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This shows that θ [ εη ] (−z; τ) is an odd (resp. even) function if and only if
ε · η = 1 (resp. 0). In particular, θ [ εη ] (0; τ) = 0 if the function is odd. It
follows from (5.21) that θ [ εη ] (0; τ) = 0 if θ is an odd theta characteristic or
an effective even theta characteristic.

Taking ε,η = 0, we obtain the Riemann theta function

θ(z; τ) =
∑
r∈Zg

expπi(r · τ · r + 2z · r).

All other theta functions with characteristic are obtained from θ(z; τ) by a
translate

θ [ εη ] (z; τ) = expπi(ε · η + ε · τ · ε)θ(z + 1
2τ · η + 1

2ε; τ).

In this way points on Cg of the form 1
2τ · ε+ 1

2η are identified with elements
of the 2-torsion group 1

2Λ/Λ of Jac(C). The theta divisor corresponding to the
Riemann theta function is equal to W 0

g−1 translated by a certain theta char-
acteristic κ called the Riemann constant. Of course, there is no distinguished
theta characteristic; the definition of κ depends on the choice of a symplectic
basis in H1(C,Z).

The multiplicity m of a point on a theta divisor Θ = W 0
g−1 − ϑ is equal

to the multiplicity of the corresponding theta function defined by vanishing
partial derivatives up to order m− 1. Thus the quadratic form defined by θ can
be redefined in terms of the corresponding theta function as

qϑ( 1
2τ · ε

′ + 1
2η
′) = mult0θ

[
ε+ε′

η+η′

]
(z, τ) + mult0θ [ εη ] (z, τ).

It follows from (5.24) that this number is equal to

ε · η′ + η · η′ + η′ · η′. (5.25)

A choice of a symplectic basis inH1(C,Z) defines a standard symplectic basis
in H1(C,F2) ∼= 1

2Λ/Λ = Jac(C)[2]. Thus we can identify 2-torsion points
1
2τ · ε

′ + 1
2η
′ with vectors (ε′,η′) ∈ F2g

2 . The quadratic form corresponding
to the Riemann theta function is the standard one

q0((ε′,η′)) = ε′ · η′.

The quadratic form corresponding to θ [ εη ] (z; τ) is given by (5.25). The Arf
invariant of this quadratic form is equal to

Arf(qϑ) = ε · η.
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5.3.3 Hyperelliptic curves again

In this case we can compute the Riemann constant explicitly. Recall that we
identify 2-torsion points with subsets of even cardinality of the set Bg =

{1, . . . , 2g + 2} which we can identify with the set of ramification or branch
points. Let us define a standard symplectic basis in C by choosing the 1-cycle
αi to be the path which goes from c2i−1 to c2i along one sheet of the Riemann
surface C and returns to c2i−1 along the other sheet. Similarly, we define the
1-cycle βi by choosing the points c2i and c2i+1. Choose g holomorphic forms
ωj normalized by the condition (5.18). Let τ be the corresponding period ma-
trix. Notice that each holomorphic 1-form changes sign when we switch the
sheets. This gives

1
2δij = 1

2

∫
αi

ωj =

∫ c2i

c2i−1

ωj =

∫ c2g+2

c2i−1

ωj −
∫ c2g+2

c2i

ωj

=

∫ c2g+2

c2i−1

ωj +

∫ c2g+2

c2i

ωj − 2

∫ c2g+2

c2i

ωj .

Since

2
(∫ c2g+2

c2i

ω1, . . . ,

∫ c2g+2

c2i

ωg

)
= a(2c2i − 2c2g+2) = 0,

we obtain

ι(c2i−1 + c2i − 2c2g+2) = 1
2ei mod Λτ ,

where, as usual, ei denotes the i-th unit vector. Let Ai, Bi be defined as in
(5.15). We obtain that

a(αAi) = 1
2ei mod Λτ .

Similarly, we find that

a(αBi) = 1
2τ · ei mod Λτ .

Now we can match the set Qg with the set of theta functions with characteris-
tics. Recall that the set U = {1, 3, . . . , 2g + 1} plays the role of the standard
quadratic form. We have

qU (Ai) = qU (Bi) = 0, i = 1, . . . , g.

Comparing it with (5.25), we see that the theta function θ [ εη ] (z; τ) corre-
sponding to ϑU must coincide with the function θ(z; τ). This shows that

ιg−1
c2g+2

(ϑU ) = ιc2g+2(ϑU − kc2g+2) = 0.
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Thus the Riemann constant κ corresponds to the theta characteristic ϑU . This
allows one to match theta characteristics with theta functions with theta char-
acteristics.

Write any subset I of Eg in the form

I =

g∑
i=1

εiAi +

g∑
i=1

ηiBi,

where ε = (ε1, . . . , εg), η = (η1, . . . , ηg) are binary vectors. Then

ϑU+I ←→ θ [ εη ] (z; τ).

In particular,

ϑU+I ∈ TChar(C)ev ⇐⇒ ε · η = 0 mod 2.

Example 5.3.2 We give the list of theta characteristics for small genus. We
also list 2-torsion points at which the corresponding theta function vanishes.
g = 1

3 even “thetas”:

ϑ12 = θ [ 1
0 ] (α12),

ϑ13 = θ [ 0
0 ] (α13),

ϑ14 = θ [ 0
1 ] (α14).

1 odd theta:

ϑ∅ = θ [ 1
1 ] (α∅).

g = 2

10 even thetas:

ϑ123 = θ [ 01
10 ] (α12, α23, α13, α45, α46, α56),

ϑ124 = θ [ 00
10 ] (α12, α24, α14, α35, α36, α56),

ϑ125 = θ [ 00
11 ] (α12, α25, α15, α34, α36, α46),

ϑ126 = θ [ 11
11 ] (α12, α16, α26, α34, α35, α45),

ϑ234 = θ [ 10
01 ] (α23, α34, α24, α15, α56, α16),

ϑ235 = θ [ 10
00 ] (α23, α25, α35, α14, α16, α46),
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ϑ236 = θ [ 01
00 ] (α23, α26, α36, α14, α45, α15),

ϑ245 = θ [ 11
00 ] (α24, α25, α13, α45, α16, α36),

ϑ246 = θ [ 00
00 ] (α26, α24, α13, α35, α46, α15),

ϑ256 = θ [ 00
01 ] (α26, α25, α13, α14, α34, α56).

6 odd thetas:

ϑ1 = θ [ 01
01 ] (α∅, α12, α13, α14, α15, α16),

ϑ2 = θ [ 11
01 ] (α∅, α12, α23, α24, α25, α26),

ϑ3 = θ [ 11
01 ] (α∅, α13, α23, α34, α35, α36),

ϑ4 = θ [ 10
10 ] (α∅, α14, α24, α34, α45, α46),

ϑ5 = θ [ 10
11 ] (α∅, α15, α35, α45, α25, α56),

ϑ6 = θ [ 01
11 ] (α∅, α16, α26, α36, α46, α56).

g = 3

36 even thetas ϑ∅, ϑijkl,
28 odd thetas ϑij .

g = 4

136 even thetas ϑi, ϑijklm,
120 odd thetas ϑijk.

5.4 Odd theta characteristics

5.4.1 Syzygetic triads

We have already remarked that effective theta characteristics on a canonical
curve C ⊂ Pg−1 correspond to contact hyperplanes, i.e. hyperplanes every-
where tangent to C. They are also called bitangent hyperplanes (not to be
confused with hyperplanes tangent at ≥ 2 points).

An odd theta characteristic is effective and determines a contact hyperplane,
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a unique one if it is nonvanishing. In this Section we will study the configura-
tion of contact hyperplanes to a canonical curve. Let us note here that a general
canonical curve is determined uniquely by the configuration of its contact hy-
perplanes [63].

From now on we fix a nondegenerate symplectic space (V, ω) of dimension
2g over F2. Let Q(V ) be the affine space of quadratic forms with associated
symmetric bilinear form equal to ω. The Arf invariant divides Q(V ) into the
union of two sets Q(V )+ and Q(V )−, of even or odd quadratic forms. Recall
that Q(V )− is interpreted as the set of odd theta characteristics when V =

Pic(C) and ω is the Weil pairing. For any q ∈ Q(V ) and v ∈ V , we have

q(v) = Arf(q + v) + Arf(q).

Thus the function Arf is a symplectic analog of the function h0(ϑ) mod 2

for theta characteristics.
The set Ṽ = V

∐
Q(V ) is equipped with a structure of a Z/2Z-graded

vector space over F2. It combines the addition on V (the 0-th graded piece)
and the structure of an affine space on Q(V ) (the 1-th graded piece) by setting
q + q′ := v, where q′ = q + v. One can also extend the symplectic form on V
to Ṽ by setting

ω(q, q′) = q(q + q′), ω(q, v) = ω(v, q) = q(v).

Definition 5.4.1 A set of three elements q1, q2, q3 inQ(V ) is called a syzygetic
triad (resp. azygetic triad) if

Arf(q1) + Arf(q2) + Arf(q3) + Arf(q1 + q2 + q3) = 0 (resp. = 1).

A subset of k ≥ 3 elements in Q(V ) is called an azygetic set if any subset of
three elements is azygetic.

Note that a syzygetic triad defines a set of four quadrics inQ(V ) that add up
to zero. Such a set is called a syzygetic tetrad. Obviously, any subset of three
elements in a syzygetic tetrad is a syzygetic triad.

Another observation is that three elements in Q(V )− form an azygetic triad
if their sum is an element in Q(V )+.

For any odd theta characteristic ϑ, any divisor Dη ∈ |ϑ| is of degree g − 1.
The condition that four odd theta characteristics ϑi form a syzygetic tetrad
means that the sum of divisors Dϑi are cut out by a quadric in Pg−1. The
converse is true if C does not have a vanishing even theta characteristic.

Let us now compute the number of syzygetic tetrads.
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Lemma 5.4.2 Let q1, q2, q3 be a set of three elemenst inQ(V ). The following
properties are equivalent:

(i) q1, q2, q3 is a syzygetic triad;
(ii) q1(q2 + q3) = Arf(q2) + Arf(q3);
(iii) ω(q1 + q2, q1 + q3) = 0.

Proof The equivalence of (i) and (ii) follows immediately from the identity

q1(q2 + q3) = Arf(q1) + Arf(q1 + q2 + q3).

We have

ω(q1 + q2, q1 + q3) = q1(q1 + q3) + q2(q1 + q3)

= Arf(q1) + Arf(q3) + Arf(q2) + Arf(q1 + q2 + q3).

This shows the equivalence of (ii) and (iii).

Proposition 5.4.3 Let q1, q2 ∈ Q(V )−. The number of ways in which the
pair can be extended to a syzygetic triad of odd theta characteristics is equal
to 2(2g−1 + 1)(2g−2 − 1).

Proof Assume that q1, q2, q3 is a syzygetic triad in Q(V )−. By the previous
lemma, q1(q2 + q3) = 0. Also, we have q2(q2 + q3) = Arf(q3) + Arf(q2) = 0.

Thus q1 and q2 vanish at v0 = q2 + q3. Conversely, assume v ∈ V satisfies
q1(v) = q2(v) = 0 and v 6= q1 + q2 so that q3 = q2 + v 6= q1, q2. We
have Arf(q3) = Arf(q2) + q2(v) = 1, hence q3 ∈ Q(V )−. Since q1(v) =

q1(q2 + q3) = 0, by the previous Lemma q1, q2, q3 is a syzygetic triad.
Thus the number of the ways in which we can extend q1, q2 to a syzygetic

triad q1, q2, q3 is equal to the cardinality of the set

Z = q−1
1 (0) ∩ q−1

2 (0) \ {0, v0},

where v0 = q1 + q2. It follows from (5.6) that v ∈ Z satisfies ω(v, v0) =

q2(v) + q1(v) = 0. Thus any v ∈ Z is a representative of a nonzero element
in W = v⊥0 /v0

∼= F2g−2
2 on which q1 and q2 vanish. It is clear that q1 and q2

induce the same quadratic form q on W . It is an odd quadratic form. Indeed,
we can choose a symplectic basis in V by taking as a first vector the vector
v0. Then computing the Arf invariant of q1 we see that it is equal to the Arf
invariant of the quadratic form q. Thus we get

#Z = 2(#Q(W )−−1) = 2(2g−2(2g−1−1)−1) = 2(2g−1 + 1)(2g−2−1).
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Corollary 5.4.4 Let tg be the the number of syzygetic tetrads of odd theta
characteristics on a nonsingular curve of genus g. Then

tg =
1

3
2g−3(22g − 1)(22g−2 − 1)(2g−2 − 1).

Proof Let I be the set of triples (q1, q2, T ), where q1, q2 ∈ Q(V )− and T is
a syzygetic tetrad containing q1, q2. We count #I in two ways by projecting
I to the set P of unordered pairs of distinct elements Q(V )− and to the set of
syzygetic tetrads. Since each tetrad contains 6 pairs from the set P , and each
pair can be extended in (2g−1 + 1)(2g−2 − 1) ways to a syzygetic tetrad, we
get

#I = (2g−1 + 1)(2g−2 − 1)
(

2g−1(2g−1)
2

)
= 6tg.

This gives

tg =
1

3
2g−3(22g − 1)(22g−2 − 1)(2g−2 − 1).

Let V be a vector space with a symplectic or symmetric bilinear form. Recall
that a linear subspace L is called isotropic if the restriction of the bilinear form
to L is identically zero.

Corollary 5.4.5 Let {q1, q2, q3, q4} be a syzygetic tetrad in Q(V )−. Then
P = {q1 + qi, . . . , q4 + qi} is an isotropic 2-dimensional subspace in (V, ω)

that does not depend on the choice of qi.

Proof It follows from Lemma 5.4.2 (iii) that P is an isotropic subspace. The
equality q1 + · · ·+ q4 = 0 gives

qk + ql = qi + qj , (5.26)

where {i, j, k, l} = {1, 2, 3, 4}. This shows that the subspace P of V formed
by the vectors qj + qi, j = 1, . . . , 4, is independent on the choice of i. One of
its bases is the set (q1 + q4, q2 + q4).

5.4.2 Steiner complexes

LetP be the set of unordered pairs of distinct elements inQ(V )−. The addition
map in Q(V )− ×Q(V )− → V defines a map

s : P → V \ {0}.

Definition 5.4.6 The union of pairs from the same fiber s−1(v) of the map s
is called a Steiner compex. It is denoted by Σ(v).
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It follows from (5.26) that any two pairs from a syzygetic tetrad belong to
the same Steiner complex. Conversely, let {q1, q

′
1}, {q2, q

′
2} be two pairs from

Σ(v). We have (q1 + q′1) + (q2 + q′2) = v + v = 0, showing that the tetrad
(q1, q

′
1, q2, q

′
2) is syzygetic.

Proposition 5.4.7 There are 22g−1 Steiner complexes. Each Steiner complex
consists of 2g−1(2g−1 − 1) elements paired by translation q 7→ q + v. An odd
quadratic form q belongs to a Steiner complex Σ(v) if and only if q(v) = 0.

Proof Since 22g − 1 = #(V \ {0}), it suffices to show that the map s :

P → V \ {0} is surjective. The symplectic group Sp(V, ω) acts transitively on
V \ {0} and on P , and the map s is obviously equivariant. Thus its image is a
non-empty G-invariant subset of V \ {0}. It must coincide with the whole set.

By (5.7), we have q(v) = Arf(q + v) + Arf(q). If q ∈ Σ(v), then q + v ∈
Q(V )−, hence Arf(q + v) = Arf(q) = 1 and we get q(v) = 0. Conversely, if
q(v) = 0 and q ∈ Σ(v), we get q + v ∈ Q(V )− and hence q ∈ Σ(v). This
proves the last assertion.

Lemma 5.4.8 Let Σ(v),Σ(v′) be two Steiner complexes. Then

#Σ(v) ∩ Σ(v′) =

{
2g−1(2g−2 − 1) if ω(v, v′) = 0,

2g−2(2g−1 − 1) if ω(v, v′) 6= 0.

Proof Let q ∈ Σ(v)∩Σ(v′). Then we have q+ q′ = v, q+ q′′ = v′ for some
q′ ∈ Σ(v), q′′ ∈ Σ(v′). This implies that

q(v) = q(v′) = 0. (5.27)

Conversely, if these equalities hold, then q+ v, q+ v′ ∈ Q(V )−, q, q′ ∈ Σ(v),

and q, q′′ ∈ Σ(v′). Thus we have reduced our problem to linear algebra. We
want to show that the number of elements in Q(V )− which vanish at two
nonzero vectors v, v′ ∈ V is equal to 2g−1(2g−2 − 1) or 2g−2(2g−1 − 1)

depending on whether ω(v, v′) = 0 or 1. Let q be one such quadratic form.
Suppose we have another q′ with this property. Write q′ = q+ v0 for some v0.
We have q(v0) = 0 since q′ is odd and

ω(v0, v) = ω(v0, v
′) = 0.

Let L be the plane spanned by v, v′. Assume ω(v, v′) = 1, then we can include
v, v′ in a standard symplectic basis. Computing the Arf invariant, we find that
the restriction of q to L⊥ is an odd quadratic form. Thus it has 2g−2(2g−1−1)

zeros. Each zero gives us a solution for v0. Assume ω(v, v′) = 0. Then L
is a singular plane for q since q(v) = q(v′) = q(v + v′) = 0. Consider
W = L⊥/L ∼= F2g−4

2 . The form q has 2g−3(2g−2 − 1) zeros in W . Any
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representative v0 of these zeros defines the quadratic form q + v0 vanishing
at v, v′. Any quadratic form we are looking for is obtained in this way. The
number of such representatives is equal to 2g−1(2g−2 − 1).

Definition 5.4.9 Two Steiner complexes Σ(v) and Σ(v′) are called syzygetic
(resp. azygetic) if ω(v, v′) = 0 (resp. ω(v, v′) = 1).

Theorem 5.4.10 The union of three mutually syzygetic Steiner complexes
Σ(v), Σ(v′) and Σ(v + v′) is equal to Q(V )−.

Proof Since

ω(v + v′, v) = ω(v + v′, v′) = 0,

we obtain that the Steiner complex Σ(v + v′) is syzygetic to Σ(v) and Σ(v′).
Suppose q ∈ Σ(v) ∩ Σ(v′). Then q(v + v′) = q(v) + q(v′) + ω(v, v′) = 0.

This implies that Σ(v)∩Σ(v′) ⊂ Σ(v+ v′) and hence Σ(v),Σ(v′),Σ(v+ v′)

share the same set of 2g−1(2g−2 − 1) elements. This gives

#Σ(v) ∪ Σ(v′) ∪ Σ(v + v′) = 6 · 2g−2(2g−1 − 1)− 2 · 2g−1(2g−2 − 1)

= 2g−1(2g − 1) = #Q(V )−.

Definition 5.4.11 A set of three mutually syzygetic Steiner complexes is called
a syzygetic triad of Steiner complexes. A set of three Steiner complexes corre-
sponding to vectors forming a non-isotropic plane is called azygetic triad of
Steiner complexes.

Let Σ(vi), i = 1, 2, 3 be a azygetic triad of Steiner complexes. Then

#Σ(v1) ∩ Σ(v2) = 2g−2(2g−1 − 1).

Each set Σ(v1) \ (Σ(v1) ∩ Σ(v2)) and Σ(v2) \ (Σ(v1) ∩ Σ(v2)) consists of
2g−2(2g−1 − 1) elements. The union of these sets forms the Steiner com-
plex Σ(v3). The number of azygetic triads of Steiner complexes is equal to
1
322g−2(22g − 1) (= the number of non-isotropic planes). We leave the proofs
to the reader.

Let S4(V ) denote the set of syzygetic tetrads. By Corollary 5.4.5, each T ∈
S4(V ) defines an isotropic plane PT in V . Let Isok(V ) denote the set of k-
dimensional isotropic subspaces in V .
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Proposition 5.4.12 Let S4(V ) be the set of syzygetic tetrads. For each tetrad
T let PT , denote the corresponding isotropic plane. The map

S4(V )→ Iso2(V ), T 7→ PT ,

is surjective. The fiber over a plane T consists of 2g−3(2g−2 − 1) tetrads
forming a partition of the intersection of the Steiner complexes Σ(v), where
v ∈ P \ {0}.

Proof The surjectivity of this map is proved along the same lines as we
proved Proposition 5.4.7. We use the fact that the symplectic group Sp(V, ω)

acts transitively on the set of isotropic subspaces of the same dimension. Let
T = {q1, . . . , q4} ∈ S4(V ). By definition, PT \ {0} = {q1 + q2, q1 + q3, q1 +

q4}. Suppose we have another tetrad T ′ = {q′1, . . . , q′4} with PT = PT ′ . Sup-
pose T ∩ T ′ 6= ∅. Without loss of generality, we may assume that q′1 = q1.
Then, after reindexing, we get q1 + qi = q1 + q′i, hence qi = q′i and T = T ′.
Thus the tetrads T with PT = P are disjoint. Obviously, any q ∈ T belongs to
the intersection of the Steiner complexes Σ(v), v ∈ P \ {0}. It remains for us
to apply Lemma 5.4.8.

A closer look at the proof of Lemma 5.4.8 shows that the fiber over P can
be identified with the set Q(P⊥/P )−.

Combining Proposition 5.4.12 with the computation of the number tg of
syzygetic tetrads, we obtain the number of isotropic planes in V :

#Iso2(V ) =
1

3
(22g − 1)(22g−2 − 1). (5.28)

Let Iso2(v) be the set of isotropic planes containing a nonzero vector v ∈ V .
The set Iso2(v) is naturally identified with nonzero elements in the symplectic
space (v⊥/v, ω′), where ω′ is defined by the restriction of ω to v⊥. We can
transfer the symplectic form ω′ to Iso2(v). We obtain ω′(P,Q) = 0 if and
only if P +Q is an isotropic 3-subspace.

Let us consider the set S4(V, v) = α−1(Iso2(v)). It consists of syzygetic
tetrads that are invariant with respect to the translation by v. In particular, each
tetrad from S4(V, v) is contained in Σ(v). We can identify the set S4(V, v)

with the set of cardinality 2 subsets of Σ(v)/〈v〉.
There is a natural pairing on S4(V, v) defined by

〈T, T ′〉 = 1
2#T ∩ T ′ mod 2. (5.29)
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Proposition 5.4.13 For any T, T ′ ∈ S4(V, v),

ω′(PT , PT ′) = 〈T, T ′〉.

Proof Let X = {{T, T ′} ⊂ S4(V ) : αv(T ) 6= αv(T
′)}, Y = {{P, P ′} ⊂

Iso2(v)}. We have a natural map α̃v : X → Y induced by αv . The pairing ω′

defines a function φ : Y → F2. The corresponding partition of Y consists of
two orbits of the stabilizer group G = Sp(V, ω)v on Y . Suppose {T1, T2} and
{T ′1, T ′2} are mapped to the same subset {P, P ′}. Without loss of generality,
we may assume that T1, T

′
1 are mapped to P . Thus

〈T1 + T ′2, T2 + T ′1〉 = 〈T1, T2〉+ 〈T ′1, T ′2〉+ 〈T1, T
′
1〉+ 〈T2, T

′
2

= 〈T1, T2〉+ 〈T ′1, T ′2〉.

This shows that the function X → F2 defined by the pairing (5.29) is constant
on fibres of α̃v . Thus it defines a map φ′ : Y → F2. Both functions are in-
variant with respect to the group G. This immediately implies that their two
level sets either coincide or are switched. However, #Iso2(v) = 22g−2 − 1

and hence the cardinality of Y is equal to (22g−2 − 1)(22g−3 − 1). Since this
number is odd, the two orbits are of different cardinalities. Since the map α̃v
is G-equivariant, the level sets must coincide.

5.4.3 Fundamental sets

Suppose we have an ordered set S of 2g+1 vectors (u1, . . . , u2g+1) satisfying
ω(ui, uj) = 1 unless i = j. It defines a standard symplectic basis by setting

vi = u1 + · · ·+u2i−2 +u2i−1, vi+g = u1 + · · ·+u2i−2 +u2i, i = 1, . . . , g.

Conversely, we can solve the ui’s from the vi’s uniquely to reconstruct the set
S from a standard symplectic basis.

Definition 5.4.14 A set of 2g+1 vectors (u1, . . . , u2g+1) with ω(ui, uj) = 1

unless i = j is called a normal system in (V, ω).

We have established a bijective correspondence between normal systems
and standard symplectic bases.

Recall that a symplectic form ω defines a nondegenerate null-system in V ,
i.e. a bijective linear map f : V → V ∨ such that f(v)(v) = 0 for all v ∈ V . Fix
a basis (e1, . . . , e2g) in V and the dual basis (t1, . . . , t2g) in V ∨ and consider
vectors ui = e1 + · · ·+ e2g − ei, i = 1, . . . , 2g and u2g+1 = e1 + · · ·+ e2g .
Then there exists a unique null-system V → V ∨ that sends ui to ti and u2g+1
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to t2g+1 = t1 + · · ·+ t2g . The vectors u1, . . . , u2g+1 form a normal system in
the corresponding symplectic space.

Let (u1, . . . , u2g+1) be a normal system. We will identify nonzero vectors
in V with points in the projective space |V |. Denote the points corresponding
to the vectors ui by εi2g+2. For any i, j 6= 2g + 2, consider the line spanned
by εi2g+2 and εj2g+2. Let εij be the third nonzero point in this line. Now do
the same with points εij and εkl with the disjoint sets of indices. Denote this
point by εijkl. Note that the residual point on the line spanned by εij and εjk
is equal to εik. Continuing in this way, we will be able to index all points
in |V | with subsets of even cardinality (up to complementary sets) of the set
Bg = {1, . . . , 2g + 2}. This notation will agree with the notation of 2-torsion
divisor classes for hyperelliptic curves of genus g. For example, we have

ω(pI , pJ) = #I ∩ J mod 2.

It is easy to compute the number of normal systems. It is equal to the num-
ber of standard symplectic bases in (V, ω). The group Sp(V, ω) acts simply
transitively on such bases, so their number is equal to

#Sp(2g,F2) = 2g
2

(22g − 1)(22g−2 − 1) · · · (22 − 1). (5.30)

Now we introduce the analog of a normal system for quadratic forms in
Q(V ).

Definition 5.4.15 A fundamental set in Q(V ) is an ordered azygetic set of
2g + 2 elements in Q(V ).

The number 2g + 2 is the largest possible cardinality of a set such that any
three elements are azygetic. This follows from the following immediate corol-
lary of Lemma 5.4.2.

Lemma 5.4.16 Let B = (q1, . . . , qk) be an azygetic set. Then the set (q1 +

q2, . . . , q1 + qk) is a normal system in the symplectic subspace of dimension
k − 2 spanned by these vectors.

The Lemma shows that any fundamental set in Q(V ) defines a normal sys-
tem in V , and hence a standard symplectic basis. Conversely, starting from a
normal system (u1, . . . , u2g+1) and any q ∈ Q(V ) we can define a fundamen-
tal set (q1, . . . , q2g+2) by

q1 = q, q2 = q + u1, . . . , q2g+2 = q + u2g+1.

Since elements in a fundamental system add up to zero, we get that the
elements of a fundamental set also add up to zero.
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Proposition 5.4.17 There exists a fundamental set with all or all but one
quadratic forms are even or odd. The number of odd quadratic forms in such
a set is congruent to g modulo 4.

Proof Let (u1, . . . , u2g+1) be a normal system and (t1, . . . , t2g+1) be its im-
age under the map V → V ∨ defined by ω. Consider the quadratic form

q =
∑

1≤i<j≤2g+1

titj .

It is immediately checked that

q(uk) ≡
(

2g
2

)
= g(2g − 1) ≡ g mod 4.

Passing to the associated symplectic basis, we can compute the Arf invariant
of q to get

Arf(q) =

{
1 if g ≡ 1 mod 2

0 otherwise.

This implies that

Arf(q + t2k) = Arf(q) + q(uk) =

{
0 if g ≡ 0, 3 mod 4,

1 otherwise.

Consider the fundamental set of quadrics q, q+ t2k, k = 1, . . . , 2g+ 1. If g ≡ 0

mod 4, the set consists of all even quadratic forms. If g ≡ 1 mod 4, the
quadratic form q is odd, all other quadratic forms are even. If g ≡ 2 mod 4,
all quadratic forms are odd. Finally, if g ≡ 3 mod 4, then q is even, all other
quadratic forms are odd.

Definition 5.4.18 A fundamental set with all or all but one quadratic forms
are even or odd is called a normal fundamental set.

One can show (see [115], p. 271) that any normal fundamental set is ob-
tained as in the proof of the previous proposition.

Choose a normal fundamental set (q1, . . . , q2g+2) such that the first 2g + 1

quadrics are of the same type. Any quadratic form q ∈ Q(V ) can be written in
the form

q2g+2 +
∑
i∈I

t2i = q +
∑
i∈I

t2i ,

where I is a subset of [1, 2g + 1] := {1, . . . , 2g + 1}. We denote such a
quadratic form by qS , where S = I ∪ {2g + 2} considered as a subset of
[1, 2g+2] modulo the complementary set. We can and will always assume that

#S ≡ g + 1 mod 2.
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The quadratic form qS can be characterized by the property that it vanishes on
points pij , where i ∈ S and j ∈ {1, . . . , 2g + 2}.

The following properties can be checked.

Proposition 5.4.19 • qS + qT = εS+T ;
• qS + εI = qS+I ;
• qS(εT ) = 0 if and only if #S ∩ T + 1

2#S ≡ 0 mod 2;
• qS ∈ Q(V )+ if and only if #S ≡ g + 1 mod 4.

Again we see that a choice of a fundamental set defines the notation of
quadratic forms that agrees with the notation of theta characteristics for hy-
perelliptic curves.

Since fundamental sets are in a bijective correspondence with normal sys-
tems their number is given by (5.30).

5.5 Scorza correspondence

5.5.1 Correspondences on an algebraic curve

A correspondence of degree d between nonsingular curvesC1 andC2 is a non-
constant morphism T from C1 to the d-th symmetric product C(d)

2 of C2. A
correspondence can be defined by its graph ΓT ⊂ C1 ×C2. If Z ⊂ C(d)

2 ×C2

is the incidence variety (the projection Z → C
(d)
2 is the universal family for

the functor represented by C(d)
2 ), then ΓT is the inverse image of Z under the

morphism T × id : C1 × C2 → C
(d)
2 × C2. Set-theoretically,

ΓT = {(x, y) ∈ C1 × C2 : y ∈ T (x)}.

We have

T (x) = ΓT ∩ ({x} × C2), (5.31)

where the intersection is scheme-theoretical.
One can extend the map (5.31) to any divisors on C1 by setting T (D) =

p∗1(D)∩ΓT . It is clear that a principal divisor goes to a principal divisor. Taking
divisors of degree 0, we obtain a homomorphism of the Jacobian varieties

φT : Jac(C1)→ Jac(C2).

The projection ΓT → C1 is a finite map of degree d. Since T is not constant,
the projection to C2 is a finite map of degree d′. It defines a correspondence
C2 → C

(d′)
1 which is denoted by T−1 and is called the inverse correspondence.

Its graph is equal to the image of T under the switch map C1×C2 → C2×C1.
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We will be dealing mostly with correspondences T : C → C(d) and will
identify T with its graph ΓT . If d is the degree of T and d′ is the degree of
T−1 we say that T is the correspondence of type (d, d′). A correspondence
is symmetric if T = T−1. We assume that T does not contain the diagonal
∆ of C × C. A united point of a correspondence is a common point with the
diagonal. It comes with the multiplicity.

A correspondence T : C → C(d) has valence ν if the divisor class of
T (x) + νx does not depend on x.

Proposition 5.5.1 The following properties are equivalent:

(i) T has valence ν;
(ii) the cohomology class [T ] in H2(C × C,Z) is equal to

[T ] = (d′ + ν)[{x} × C] + (d+ ν)[C × {x}]− ν[∆],

where x is any point on C;
(iii) the homomorphism φT is equal to homomorphism [−ν] : Jac(C) →

Jac(C) of the multiplication by −ν.

Proof (i) ⇒ (ii). We know that there exists a divisor D on C such that the
restriction T + ν∆ − p∗2(D) to any fiber of p1 is linearly equivalent to zero.
By the seesaw principle ([403] Chapter 2, Corollary 6), T + ν∆ − p∗2(D) ∼
p∗1(D′) for some divisor D′ on C. This implies that [T ] = degD′[{x} ×C] +

degD[C×{x}]−ν[∆]. Taking the intersections with fibres of the projections,
we find that d′ = degD′ − ν and d = degD − ν.

(ii)⇒ (i) Let p1, p2 : C×C → C be the projections. We use the well-known
fact that the natural homomorphism of the Picard varieties

p∗1(Pic0(C))⊕ p∗2(Pic0(C))→ Pic0(C × C)

is an isomorphism (see [281], Chapter 3, Exercise 12.6). Fix a point x0 ∈ C
and consider the divisor T + ν∆− (d′+ ν)({x0}×C)− (d+ ν)(C ×{x0}).
By assumption, it is algebraically equivalent to zero. Thus

T + ν∆ ∼ p∗1(D1) + p∗2(D2)

for some divisors D1, D2 on C. Thus the divisor class T (x) + νx is equal to
the divisor class of the restriction of p∗2(D2) to {x}×C. Obviously, it is equal
to the divisor class of D2, hence is independent on x.

(i)⇔ (iii) This follows from the definition of the homomorphism φT .
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Note that for a general curve C of genus g > 2

End(Jac(C)) ∼= Z

(see [341]), so any correspondence has valence. An example of a correspon-
dence without valence is the graph of an automorphism of order > 2 of C.

Observe that the proof of the Proposition shows that for a correspondenceR
with valence ν

T ∼ p∗1(D′) + p∗2(D)− ν∆, (5.32)

where D is the divisor class of T (x) + νx and D′ is the divisor class of
T−1(x) + νx. It follows from the Proposition that the correspondence T−1

has valence ν.
The next result is known as the Cayley-Brill formula.

Corollary 5.5.2 Let T be a correspondence of type (a, b) on a nonsingular
projective curve C of genus g. Assume that T has valence equal to ν. Then the
number of united points of T is equal to

d+ d′ + 2νg.

This immediately follows from (5.32) and the formula ∆ ·∆ = 2− 2g.

Example 5.5.3 Let C be a nonsingular complete intersection of a nonsingular
quadric Q and a cubic in P3. In other words, C is a canonical curve of genus
4 curve without vanishing even theta characteristic. For any point x ∈ C, the
tangent plane Tx(Q) cuts out the divisor 2x+D1 +D2, where |x+D1| and
|x + D2| are the two g1

3’s on C defined by the two rulings of the quadric.
Consider the correspondence T on C×C defined by T (x) = D1 +D2. This is
a symmetric correspondence of type (4, 4) with valence 2. Its 24 united points
correspond to the ramification points of the two g1

3’s.

For any two correspondences T1 and T2 on C one defines the composition
of correspondences by considering C ×C ×C with the projections pij : C ×
C × C → C × C onto two factors and setting

T1 ◦ T2 = (p13)∗
(
p∗12(T1) ∩ p∗23(T2)

)
.

Set-theoretically

T1 ◦ T2 = {(x, y) ∈ C × C : ∃z ∈ C : (x, z) ∈ T1, (z, y) ∈ T2}.

Also T1 ◦ T2(x) = T1(T2(x)). Note that if T1 = T−1
2 and T2 is of type (d, d′)

we have T1(T2(x)) − dx > 0. Thus the graph of T1 ◦ T2 contains d∆. We
modify the definition of the composition by setting T1♦T2 = T1 ◦ T2 − s∆,
where s is the largest positive multiple of the diagonal component of T1 ◦ T2.
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Proposition 5.5.4 Let T1 ◦ T2 = T1♦T2 + s∆. Suppose that Ti is of type
(di, d

′
i) and valence νi. Then T1♦T2 is of type (d1d2−s, d′1d′2−s) and valence

−ν1ν2 + s.

Proof Applying Proposition 5.5.1, we can write

[T1] = (d′1 + ν1)[{x} × C] + (d1 + ν1)[C × {x}]− ν1[∆],

[T2] = (d′2 + ν2)[{x} × C] + (d2 + ν2)[C × {x}]− ν2[∆].

Easy computation with intersections gives

[T1♦T2] = (d′1d
′
2−ν1ν2)[{x}×C]+(d1d2−ν1ν2)[C×{x}]+(ν1ν2−s)[∆]

= (d′1d
′
2 − s+ ν)[{x} × C] + (d1d2 − s+ ν)[C × {x}] + ν[∆],

where ν = −ν1ν2 + s. This proves the assertion.

Example 5.5.5 In Baker’s book [21], vol. 6, p. 11, the symmetric correspon-
dence T♦T−1 is called the direct lateral correspondence. If (r, s) is the type
of T and γ is its valence, then it is easy to see that T ◦T = T♦T−1 + s∆, and
we obtain that the type of T♦T−1 is equal to (s(r− 1), s(r− 1)) and valence
s− γ2. This agrees with Baker’s formula.

Here is one application of a direct lateral correspondence. Consider a corre-
spondence of valence 2 on a plane nonsingular curve C of degree d such that
T (x) = Tc(C)∩C−2x. In other words, T (x) is equal to the set of the remain-
ing d−2 intersection points of the tangent at xwithC. For any point y ∈ C the
inverse correspondence assigns to y the divisor Py(C) − 2y, where Py(C) is
the first polar. A united point of T♦T−1 is one of the two points of the intersec-
tion of a bitangent with the curve. We have s = d(d−1)−2, r = d−2, ν = 2.
Applying the Cayley-Brill formula, we find that the number b of bitangents is
expressed by the following formula

2b = 2(d(d−1)−2)(d−3)+(d−1)(d−2)(d(d−1)−6) = d(d−2)(d2−9).

(5.33)
As in the case of bitangents to the plane quartic, there exists a plane curve of

degree (d − 2)(d2 − 9) (a bitangential curve which cuts out on C the set of
tangency points of bitangents (see [490], pp. 342-357).

There are many other applications of the Cayley-Brill formula to enumera-
tive geometry. Many of them go back to Cayley and can be found in Baker’s
book. Modern proofs of some of these formulas are available in the literature
and we omit them.

Recall that a k-secant line of an irreducible space curve C ⊂ P3 of degree
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d is a line ` such that a general plane contaning ` intersects C at d − k points
outside `. Equivalently, the projection from ` defines a finite map C → P1 of
degree d− k.

The proof of the following formula can be found in [266], Chapter 2, §5.

Proposition 5.5.6 Let C be a general space curve of genus g and degree d.
Then the number of 4-secant lines of C is given by the following formula:

q =
1

12
(d− 2)(d− 3)2(d− 4)− 1

2g(d2 − 7d+ 13− g). (5.34)

There is a precise meaning of generality of a curve. We refer to loc. cit. or
[356] for the explanation.

The set of trisecant lines is infinite and parameterized by a curve of degree

t = (d− 2)
(d− 1)(d− 3)− 3g

3
. (5.35)

(see [356]).

5.5.2 Scorza correspondence

Let C be a nonsingular projective curve of genus g > 0 and ϑ be a non-
effective theta-characteristic on C.

Let

d1 : C × C → Jac(C), (x, y) 7→ [x− y] (5.36)

be the difference map. Let Θ = W 0
g−1 − ϑ be the symmetric theta divisor

corresponding to ϑ. Define

Rϑ = d−1
1 (Θ).

Set-theoretically,

(Rϑ)red = {(x, y) ∈ C × C : h0(x+ ϑ− y) > 0}.

Lemma 5.5.7 Rϑ is a symmetric correspondence of type (g, g), with valence
equal to −1 and without united points.

Proof Since Θ is a symmetric theta divisor, the divisor d−1
1 (Θ) is invariant

with respect to the switch of the factors of X × X . This shows that Rϑ is
symmetric.

Fix a point x0 and consider the map i : C → Jac(C) defined by i(x) =

[x− x0]. It is known (see [43], Chapter 11, Corollary (2.2)) that

Θ · ι∗(C) = (C × {t0}) · d∗1(Θ) = g.
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This shows that Rϑ is of type (g, g). Also it shows that Rϑ(x0) − x0 + ϑ ∈
Wg−1. For any point x ∈ C, we have h0(ϑ+x) = 1 because ϑ is non-effective.
Thus Rϑ(x) is the unique effective divisor linearly equivalent to x + ϑ. By
definition, the valence ofRϑ is equal to−1. Applying the Cayley-Brill formula
we obtain that Rϑ has no united points.

Definition 5.5.8 The correspondence Rϑ is called the Scorza correspon-
dence.

Example 5.5.9 Assume g = 1 and fix a point on C equipping C with a
structure of an elliptic curve. Then ϑ is a nontrivial 2-torsion point. The Scorza
correspondence Rϑ is the graph of the translation automorphism defined by ϑ.

In general, Rϑ could be neither reduced nor irreducible correspondence.
However, for general curve X of genus g everything is as expected.

Proposition 5.5.10 Assume C is general in the sense that End(Jac(C)) ∼= Z.
Then Rϑ is reduced and irreducible.

Proof The assumption that End(Jac(C)) ∼= Z implies that any correspon-
dence on C × C has valence. This implies that the Scorza correspondence is
an irreducible curve and is reduced. In fact, it is easy to see that the valence of
the sum of two correspondences is equal to the sum of valences. Since Rϑ has
no united points, it follows from the Cayley-Brill formula that the valence of
each part must be negative. Since the valence of Rϑ is equal to −1, we get a
contradiction.

It follows from (5.32) that the divisor class of Rϑ is equal to

Rϑ ∼ p∗1(ϑ) + p∗2(ϑ) + ∆. (5.37)

Since KC×C = p∗1(KC) + p∗2(KC), applying the adjunction formula and
using that ∆ ∩R = ∅ and the fact that p∗1(ϑ) = p∗2(ϑ), we easily find

ωRϑ = 3p∗1ωC . (5.38)

In particular, the arithmetic genus of Rϑ is given by

pa(Rϑ) = 3g(g − 1) + 1. (5.39)

Note that the curve Rϑ is very special, for example, it admits a fixed-point
free involution defined by the switching the factors of X ×X .

Proposition 5.5.11 Assume that C is not hyperelliptic. Let R be a symmet-
ric correspondence on C × C of type (g, g), without united points and some
valence. Then there exists a unique non-effective theta characteristic ϑ on C
such that R = Rϑ.



242 Theta characteristics

Proof It follows from the Cayley-Brill formula that the valence ν of R is
equal to −1. Thus the divisor class of R(x) − x does not depend on x. Since
R has no united points, the divisor class D = R(x) − x is not effective, i.e.
h0(R(x) − x) = 0. Consider the difference map d1 : C × C → Jac(C). For
any (x, y) ∈ R, the divisor R(x) − y ∼ D + x − y is effective and of degree
g − 1. Thus d1(R) +D ⊂ W 0

g−1. Let σ : X ×X → X ×X be the switch of
the factors. Then

φ(R) = d1(σ(R)) = [−1](d1(R)) ⊂ [−1](W 0
g−1 −D) ⊂W 0

g−1 +D′,

whereD′ = KC−D. SinceR∩∆ = ∅ and C is not hyperelliptic, the equality
d1(x, y) = d1(x′, y′) implies (x, y) = (x′, y′). Thus the difference map d1 is
injective on R. This gives

R = d−1
1 (W 0

g−1 −D) = d−1
1 (W 0

g−1 −D′).

Restricting to {x} × C we see that the divisor classes D and D′ are equal.
Hence D is a theta characteristic ϑ. By assumption, h0(R(x)− x) = h0(ϑ) =

0, hence ϑ is non-effective. The uniqueness of ϑ follows from formula (5.37).

Let x, y ∈ Rϑ. Then the sum of two positive divisors (Rϑ(x)−y)+(Rϑ(y)−
x) is linearly equivalent to x+ ϑ− y + y + ϑ− x = 2ϑ = KC . This defines
a map

γ : Rϑ → |KC |, (x, y) 7→ (Rϑ(x)− y) + (Rϑ(y)− x). (5.40)

Recall from [266], p. 360, that the theta divisor Θ defines the Gauss map

G : Θ0 → |KC |,

where Θ0 is the open subset of nonsingular points of Θ. It assigns to a point z
the tangent space Tz(Θ) considered as a hyperplane in

Tz(Jac(C)) ∼= H1(C,OC) ∼= H0(C,OC(KC))∨.

More geometrically, G assigns to D− ϑ the linear span of the divisor D in the
canonical space |KC |∨ (see [10], p. 246). Since the intersection of hyperplane
γ(x, y) with the canonical curve C contains the divisorsR(x)−y (andR(y)−
x), and they do not move, we see that

γ = G ◦ d1.

Lemma 5.5.12

γ∗(O|KC |(1)) ∼= ORϑ(Rϑ) ∼= p∗1(KC).
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Proof The Gauss map G is given by the normal line bundleOΘ(Θ). Thus the
map γ is given by the line bundle

d∗1(OΘ(Θ)) = ORϑ(d∗1(Θ)) ∼= ORϑ(Rϑ).

It remains for us to apply formula (5.37).

The Gauss map is a finite map of degree
(

2g−2
g−1

)
. It factors through the map

Θ0 → Θ0/(ι), where ι is the negation involution on Jac(C). The map γ also
factors through the involution of X × X . Thus the degree of the map Rϑ →
γ(Rϑ) is equal to 2d(ϑ), where d(ϑ) is some numerical invariant of the theta
characteristic ϑ. We call it the Scorza invariant. Let

Γ(ϑ) := γ(Rϑ).

We considered it as a curve embedded in |KC |. Applying Lemma 5.5.12, we
obtain the following.

Corollary 5.5.13

deg Γ(ϑ) =
g(g − 1)

d(ϑ)
.

Remark 5.5.14 LetC be a canonical curve of genus g andRϑ be a Scorza cor-
respondence on C. For any x, y ∈ C consider the degree 2g divisor D(x, y) =

Rϑ(x)+Rϑ(y) ∈ |KC +x+y|. Since |2KC−(KC +x+y)| = |KC−x−y|,
we obtain that the linear system of quadrics through D(x, y) is of dimension
1
2g(g + 1) − 2g = dim |OPg−1(2)| − 2g + 1. This shows that the set D(x, y)

imposes one less condition on quadrics passing through this set. For example,
when g = 3 we get that D(x, y) is on a conic. If g = 4 it is the base set of
a net of quadrics. We refer to [175] and [208] for projective geometry of sets
imposing one less condition on quadrics (called self-associated sets).

5.5.3 Scorza quartic hypersurfaces

The following construction due to G. Scorza needs some generality assumption
on C.

Definition 5.5.15 A pair (C, ϑ) is called Scorza general if the following prop-
erties are satisfied

(i) Rϑ is a connected nonsingular curve;
(ii) d(ϑ) = 1;
(iii) Γ(ϑ) is not contained in a quadric.
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We will see in the next chapter that a general canonical curve of genus 3 is
Scorza general. For higher genus this was proven in [555].

We continue to assume that C is non-hyperelliptic. Consider the canonical
embedding C ↪→ |KC |∨ ∼= Pg−1 and identify C with its image (the canonical
model of C). For any x ∈ C, the divisor Rϑ(x) consists of g points yi. If all
of them are distinct we have g hyperplanes γ(x, yi) = 〈Rϑ(x) − yi〉, or, g
points on the curve Γ(ϑ). More generally, we have a map C → C(g) defined
by the projection p1 : Rϑ → C. The composition of this map with the map
γ(g) : C(g) → Γ(ϑ)(g) is a regular map φ : C → Γ(ϑ)(g). Let H ∩ C =

x1 + · · · + x2g−2 be a hyperplane section of C. Adding up the images of the
points xi under the map φ we obtain g(2g − 2) points on Γ(ϑ).

Proposition 5.5.16 Let D = x1 + · · ·+ x2g−2 be a canonical divisor on C.
Assume (C, ϑ) is Scorza general. Then the divisors

φ(D) =

2g−2∑
i=1

φ(xi), D ∈ |KC |,

span a linear system of divisors on Γ(ϑ) which are cut out by quadrics.

Proof First note that the degree of the divisor is equal to 2 deg Γ(ϑ). Let
(x, y) ∈ Rϑ and Dx,y = γ(x, y) = (Rϑ(x) − y) + (Rϑ(y) − x) ∈ |KC |.
For any xi ∈ Rϑ(x) − y, the divisor γ(x, xi) contains y. Similarly, for any
xj ∈ Rϑ(y) − x, the divisor γ(y, xj) contains x. This means that φ(Dx,y)

is cut out by the quadric Qx,y equal to the sum of two hyperplanes Ȟx, Ȟy

corresponding to the points x, y ∈ C ⊂ |KC |∨ via the duality. The image of
|KC | in Γ(ϑ)(g(2g−2)) spans a linear system L (since any map of a rational
variety to Jac(Γ(ϑ)) is constant). Since Γ(ϑ) is not contained in a quadric, it
generates |KC |. This shows that all divisors in L are cut out by quadrics. The
quadrics Qx,y span the space of quadrics in |KC | since otherwise there exists
a quadric in |KC |∨ apolar to all quadrics Qx,y . This would imply that for a
fixed x ∈ C, the divisor Rϑ(x) lies in a hyperplane, the polar hyperplane of
the quadric with respect to the point x. However, because ϑ is non-effective,
〈Rϑ(x)〉 spans Pg−1. Thus dimL ≥ g(g + 1)/2, and, since no quadrics con-
tains Γ(ϑ), L coincides with the linear system of divisors on Γ(ϑ) cut out by
quadrics.

Let E = H0(C,ωC)∨. We can identify the space of quadrics in |E| with
P(S2(E)). Using the previous Proposition, we obtain a map |E∨| → |S2(E)|.
The restriction of this map to the curve Γ(ϑ) is given by the linear system
|OΓ(ϑ)(2)|. This shows that the map is given by quadratic polynomials, so
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defines a linear map

α : S2(E∨)→ S2(E).

The proof of the Proposition implies that this map is bijective.

Theorem 5.5.17 Assume (C, ϑ) is Scorza general. Then there exists a unique
quartic hypersurface V (f) in |E| = Pg−1 such that the inverse linear map
α−1 is equal to the polarization map ψ 7→ Dψ(f).

Proof Consider α−1 : S2(E) → S2(E∨) as a tensor U ∈ S2(E∨) ⊗
S2(E∨) ⊂ (E∨)⊗4 viewed as a 4-multilinear map E4 → C. It is enough to
show that U is totally symmetric. Then α−1 is defined by the apolarity map as-
sociated to a quartic hypersurface. Fix a reduced divisorRϑ(x) = x1+· · ·+xg .
Let Hi be the hyperplane in |E| spanned by Rϑ(x) − xi. Choose a basis
(t1, . . . , tg) in E∨ such that Hi = V (ti). It follows from the proof of Propo-
sition 5.5.16 that the quadratic map P(E∨)→ P(S2(E)) assigns to the hyper-
plane Hi the quadric Qx,xi equal to the union of two hyperplanes associated
to x and xi via the duality. The corresponding linear map α satisfies

α(t2j ) = ξj(

g∑
i=1

biξi), j = 1, . . . , g, (5.41)

where (ξ1, . . . , ξg) is the dual basis to (t1, . . . , tg), and (b1, . . . , bg) are the
coordinates of the point x. This implies that

U(ξj ,

g∑
i=1

biξi, ξk, ξm) =

{
1 if j = k = m,

0 otherwise
= U(ξk,

g∑
i=1

biξi, ξj , ξm).

This shows that U is symmetric in the first and the third arguments when
the second argument belongs to the curve Γ(ϑ). Since the curve Γ(ϑ) spans
P(E∨), this is always true. It remains for us to use that U is symmetric in
the first and the second arguments, as well as in the third and the fourth argu-
ments.

Definition 5.5.18 Let (C, ϑ) be Scorza general pair consisting of a canoni-
cal curve of genus g and a non-effective theta characteristic ϑ. Then the quar-
tic hypersurface V (f) is called the Scorza quartic hypersurface associated to
(C, ϑ).

We will study the Scorza quartic plane curves in the case g = 3. Very little is
known about Scorza hypersurfaces for general canonical curves of genus > 3.
We do not even know whether they are nonsingular. However, it follows from
the construction that the hypersurface is given by a nondegenerate homoge-
neous form.
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The Scorza correspondence has been recently extended to pairs (C, θ), where
C is a curve of genus g > 1 and θ is an effective even theta characteristic [316],
[269].

5.5.4 Contact hyperplanes of canonical curves

LetC be a nonsingular curve of genus g > 0. Fixing a point c0 onC allows one
to define an isomorphism of algebraic varieties Picd(C) → Jac(C), [D] 7→
[D− dc0]. Composing this map with the map ud : C(d) → Picd(C) we obtain
a map

ud(c0) : C(d) → Jac(C). (5.42)

If no confusion arises, we drop c0 from this notation. For d = 1, this map
defines an embedding

u1 : C ↪→ Jac(C).

For the simplicity of the notation, we will identify C with its image. For any
c ∈ C the tangent space of C at a point c is a 1-dimensional subspace of
the tangent space of Jac(C) at c. Using a translation automorphism, we can
identify this space with the tangent space T0Jac(C) at the zero point. Under
the Abel-Jacobi map, the space of holomorphic 1-forms on Jac(C) is identified
with the space of holomorphic forms on C. Thus we can identify T0Jac(C)

with the space H0(C,KC)∨. As a result, we obtain the canonical map of C

ϕ : C → P(H0(C,KC)∨) = |KC |∨ ∼= Pg−1.

If C is not hyperelliptic, the canonical map is an embedding.
We continue to identify H0(C,KC)∨ with T0Jac(C). A symmetric odd

theta divisor Θ = W 0
g−1 − ϑ contains the origin of Jac(C). If h0(ϑ) = 1,

the origin is a nonsingular point on Θ, and hence Θ defines a hyperplane in
T0(Jac(C)), the tangent hyperplane T0Θ. Passing to the projectivization we
have a hyperplane in |KC |∨.

Proposition 5.5.19 The hyperplane in |KC |∨ defined by Θ is a contact hy-
perplane to the image ϕ(C) under the canonical map.

Proof Consider the difference map (5.36) d1 : C ×C → Jac(C). In the case
when Θ is an even divisor, we proved in (5.37) that

d∗1(Θ) ∼ p∗1(θ) + p∗2(θ) + ∆. (5.43)

Since two theta divisors are algebraically equivalent the same is true for an odd
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theta divisor. The only difference is that d∗1(Θ) contains the diagonal ∆ as the
preimage of 0. It follows from the definition of the map u1(c0) that

u1(c0)(C) ∩Θ = d−1
1 (Θ) ∩ p−1

1 (c0) = c0 +Dϑ,

whereDϑ is the unique effective divisor linearly equivalent to ϑ. Let G : Θ →
P(T0Jac(C)) be the Gauss map defined by translation of the tangent space at
a nonsingular point of Θ to the origin. It follows from the proof of Torelli
Theorem [10] that the Gauss map ramifies at any point where Θ meets u1(C).
So, the image of the Gauss map intersects the canonical image with multiplicity
≥ 2 at each point. This proves the assertion.

More explicitly, the equation of the contact hyperplane corresponding to
Θ is given by the linear term of the Taylor expansion of the theta function
θ [ εη ] corresponding to Θ. Note that the linear term is a linear function on
H0(C,KC)∨, hence can be identified with a holomorphic differential

hΘ =

g∑
i=1

∂θ [ εη ] (z, τ)

∂zi
(0)ωi,

where (z1, . . . , zg) are coordinates in H0(C,KC)∨ defined by a normalized
basis ω1, . . . , ωg of H0(C,KC). A nonzero section of OJac(C)(Θ) can be
viewed as a holomorphic differential of order 1

2 . To make this more precise,
i.e. describe how to get a square root of a holomorphic 1-form, we use the
following result (see [216], Proposition 2.2).

Proposition 5.5.20 Let Θ be a symmetric odd theta divisor defined by the
theta function θ [ εη ]. Then, for all x, y ∈ C,

θ [ εη ] (d1(x− y))2 = hΘ(ϕ(x))hΘ(ϕ(y))E(x, y)2,

where E(x, y) is a certain section of OC×C(∆) (the prime-form).

An attentive reader should notice that the equality is not well-defined in
many ways. First, the vector ϕ(x) is defined only up to proportionality and the
value of a section of a line bundle is also defined only up to proportionality. To
make sense of this equality we pass to the universal cover of Jac(C) identified
with H0(C,KC)∨ and to the universal cover U of C × C and extend the
difference map and the map ϕ to the map of universal covers. Then the prime-
form is defined by a certain holomorphic function on U and everything makes
sense. As the equality of the corresponding line bundles, the assertion trivially
follows from (5.43).

Let

r [ εη ] (x, y) =
θ [ εη ] (d1(x− y))

E(x, y)
.



248 Theta characteristics

SinceE(x, y) = −E(y, x) and θ [ εη ] is an odd function, we have r [ εη ] (x, y) =

r [ εη ] (y, x) for any x, y ∈ C × C \∆. It satisfies

r [ εη ] (x, y)2 = hΘ(ϕ(x))hΘ(ϕ(y)). (5.44)

Note thatE(x, y) satisfiesE(x, y) = −E(y, x), since θ [ εη ] is an odd function,
we have r [ εη ] (x, y) = r [ εη ] (y, x) for any x, y ∈ C × C \∆.

Now let us fix a point y = c0, so we can define the root function on C. It is
a rational function on the universal cover of C defined by r [ εη ] (x, c0).

Thus every contact hyperplane of the canonical curve defines a root function.
Suppose we have two odd theta functions θ [ εη ] , θ

[
ε′

η′

]
. Then the ratio of the

corresponding root functions is equal to θ [ εη ] (d1(x−c0))/θ
[
ε′

η′

]
(d1(x−c0))

and its square is a rational function onC, defined uniquely up to a constant fac-
tor depending on the choice of c0. Its divisor is equal to the difference 2ϑ−2ϑ′.

Thus we can view the ratio as a section of K
1
2
X with divisor θ−θ′. This section

is not defined onC but on the double cover ofC corresponding to the 2-torsion
point ϑ−ϑ′. If we have two pairs ϑ1, ϑ

′, ϑ2, ϑ
′
2 of odd theta characteristics sat-

isfying ϑ1−ϑ′ = ϑ2−ϑ′2 = ε, i.e. forming a syzygetic tetrad, the product of the
two ratios is a rational function onC with divisor ϑ1 +ϑ′2−ϑ′1−ϑ2. Following
Riemann [469] and Weber [592], we denote this function by (ϑ1ϑ

′
1/ϑ2ϑ

′
2)1/2.

By Riemann-Roch, h0(ϑ1 + ϑ′2) = h0(KC + ε) = g − 1, hence any g pairs
(ϑ1, ϑ

′
1), . . . , (ϑg, ϑ

′
g) of odd theta characteristics in a Steiner complex define

g linearly independent functions (ϑ1ϑ
′
1/ϑgϑ

′
g)

1/2, . . . , (ϑg−1ϑ
′
g−1/ϑgϑ

′
g)

1/2.

After scaling, and getting rid of squares by using (5.44), we obtain a polyno-
mial in hΘ1

(ϕ(x)), . . . , hΘg (ϕ(x)) vanishing on the canonical image of C.

Example 5.5.21 Let g = 3. We take three pairs of odd theta functions and get
the equation √

ϑ1ϑ′1 +
√
ϑ2ϑ′2 +

√
ϑ3ϑ′3 = 0. (5.45)

After getting rid of square roots, we obtain a quartic equation of C

(lm+ pq − rs)2 − 4lmpq = 0, (5.46)

where l,m, p, q, rs are the linear functions in z1, z2, z3 defining the linear
terms of the Taylor expansion at 0 of the odd theta functions corresponding
to three pairs in a Steiner complex. The number of possible ways to write the
equation of a plane quartic in this form is equal to 63 · 20 = 1260.

Remark 5.5.22 For any nonzero 2-torsion point, the linear system |KC + ε|
maps C to Pg−2, the map is called the Prym canonical map. We have seen that
the root functions (ϑ1ϑ

′
1/ϑ2ϑ

′
2)1/2 belong to H0(C,KC + ε) and can be used
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to define the Prym canonical map. For g = 3, the map is a degree 4 cover of
P1 and we express the quartic equation of C as a degree 4 cover of P1.

Exercises

5.1 Let C be an irreducible plane curve of degree d with a (d−2)-multiple point. Show
that its normalization is a hyperelliptic curve of genus g = d − 2. Conversely, show
that any hyperelliptic curve of genus g admits such a plane model.
5.2 Show that a nonsingular curve of genus 2 has a vanishing theta characteristic but a
nonsingular curve of genus 3 has a vanishing theta characteristic if and only if it is a
hyperelliptic curve.
5.3 Show that a nonsingular non-hyperelliptic curve of genus 4 has a vanishing theta
characteristic if and only if its canonical model lies on a quadratic cone.
5.4 Find the number of vanishing theta characteristics on a hyperelliptic curve of genus
g.
5.5 Show that a canonical curve of genus 5 has 10 vanishing even theta characteristics
if and only if it is isomorphic to the intersection of three simultaneously diagonalized
quadrics in P4.
5.6 Compute the number of syzygetic tetrads contained in a Steiner complex.
5.7 Show that the composition of two correspondences (defined as the composition of
the multi-valued maps defined by the correspondences) with valences ν and ν′ is a
correspondence with valence −νν′.
5.8 Let f : X → P1 be a non-constant rational function on a nonsingular projective
curve X . Consider the fibered product X ×P1 X as a correspondence on X × X .
Show that it has valence and compute the valence. Show that the Cayley-Brill formula
is equivalent to the Hurwitz formula.
5.9 Suppose that a nonsingular projective curveX admits a non-constant map to a curve
of genus > 0. Show that there is a correspondence on X without valence.
5.10 Show that any correspondence on a nonsingular plane cubic has valence unless the
cubic is harmonic or equianharmonic.
5.11 Describe all symmetric correspondences of type (4, 4) with valence 1 on a canon-
ical curve of genus 4.
5.12 LetRϑ be the Scorza correspondence on a curveC. Prove that a point (x, y) ∈ Rϑ
is singular if and only if x and y are ramification points of the projections Rϑ → C.

Historical Notes

It is too large a task to discuss the history of theta functions. We mention
only that the connection between odd theta functions with characteristics and
bitangents to a quartic curves goes back to Riemann [469], [592]. There are
numerous expositions of the theory of theta functions and Jacobian varieties
(e.g. [10], [113], [404]). The theory of fundamental sets of theta characteristics



250 Theta characteristics

goes back to A. Göpel and J. Rosenhein. A good exposition can be found
in Krazer’s book [347]. As an abstract symplectic geometry over the field of
two elements it is presented in Coble’s book [120], which we followed. Some
additional material can be found in [115] (see also a modern exposition in
[482]).

The theory of correspondences on an algebraic curve originates from Charles’
Principle of Correspondence [94] which is the special case of the Cayley-Brill
formula in the case g = 0. However, the formula was known and used ear-
lier by E. de Jonquières [158], and later but before Chasles, by L. Cremona
in [140]. We refer to C. Segre [519] for a careful early history of this discov-
ery and the polemic between Chasles and de Jonquières on the priority of this
discovery.

We have already encountered with the application of Chasles’ Principles to
Poncelet polygons in Chapter 2. This application was first found by A. Cay-
ley [85]. He was also the first to extend Chasles’ Principle to higher genus
[85] although with incomplete proof. The first proof of the Cayley-Brill for-
mula was given by A. Brill [55]. The notion of valence (die Werthigeit) was
introduced by Brill. The fact that only correspondences with valence exist on
a general curve was first pointed out by A. Hurwitz [308]. He also showed
the existence of correspondences without valence. A good reference to many
problems solved by the theory of correspondences is Baker’s book [21], vol. 6.
We refer to [533] for a fuller history of the theory of correspondences.

The number of bitangents to a plane curve was first computed by J. Plücker
[446], [447]. The equations of bitangential curves were given by A. Cayley
[79], G. Salmon [490] and O. Dersch [164].

The study of correspondences of type (g, g) with valence −1 was initiated
by G. Scorza [509], [510]. His construction of a quartic hypersurface associ-
ated to a non-effective theta characteristic on a canonical curve of genus g was
given in [511]. A modern exposition of Scorza’ theory was first given in [176].



6
Plane Quartics

6.1 Bitangents

6.1.1 28 bitangents

A nonsingular plane quartic C is a non-hyperelliptic genus 3 curve embedded
in P2 by its canonical linear system |KC |. It has no vanishing theta character-
istics, so the only effective theta characteristics are odd ones. The number of
them is 28 = 22(23 − 1). Thus C has exactly 28 contact lines, which in this
case coincide with bitangents. Each bitangent is tangent to C at two points that
may coincide. In the latter case the bitangent is called a inflection bitangent.

We can apply the results from Section 5.4 to the case g = 3. Let V =

Pic(C)[2] ∼= F6
2 with the symplectic form ω defined by the Weil pairing. The

elements of Q(V )−, i.e. quadratic forms of odd type on V , will be identified
with bitangents.

The union of four bitangents forming a syzygetic tetrad cuts out in C an ef-
fective divisor of degree 8 equal to the intersection ofC with some conic V (q).
There are t3 = 315 syzygetic tetrads which are in a bijective correspondence
with the set of isotropic planes in Pic(C)[2].

Since a syzygetic tetrad of bitangents and the conic V (q) cuts out the same
divisor, we obtain the following.

Proposition 6.1.1 A choice of a syzygetic tetrad of bitangents V (li), i =

1, . . . , 4, puts the equation of C in the form

C = V (l1l2l3l4 + q2). (6.1)

Conversely, each such equation defines a syzygetic tetrad of bitangents. There
are 315 ways to write f in this form.

There are 63 Steiner complexes of bitangents. Each complex consists of six
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pairs of bitangents `i, `′i such that the divisor class of `i ∩C− `′i ∩C is a fixed
nonzero 2-torsion divisor class.

Proposition 6.1.2 Let (l,m), (p, q), (r, s) be three pairs of linear forms defin-
ing three pairs of bitangents from a Steiner complex. Then, after scaling the
forms, one can write the equation of C in the form

4lmpq − (lm+ pq − rs)2 = 0, (6.2)

which is equivalent to the equation
√
lm+

√
pq +

√
rs = 0 (6.3)

after getting rid of square roots. Conversely, an equation of this form is defined
by three pairs of bitangents from a Steiner complex. The number of ways in
which the equation can be written in this form is equal to 1260 =

(
6
3

)
· 63.

Proof By (6.1), we can write

C = V (lmpq − a2) = V (lmrs− b2)

for some quadratic forms a, b. After subtracting the equations, we get

lm(pq − rs) = (a+ b)(a− b).

If l divides a + b and m divides a − b, then the quadric V (a) passes through
the point l ∩ m. But this is impossible since no two bitangents intersect at a
point on the quartic. Thus, we obtain that lm divides either a + b or a − b.
Without loss of generality, we get lm = a+ b, pq− rs = a− b, and hence a =
1
2 (lm+pq−rs). Therefore, we can define the quartic by the equation 4lmpq−
(lm + pq − rs)2 = 0. Conversely, Equation (6.2) defines a syzygetic tetrad
V (l), V (m), V (p), V (q). By the symmetry of Equation (6.3), we obtain two
other syzygetic tetrads V (l), V (m), V (r), V (s) and V (p), V (q), V (r), V (s).
Obviously, the pairs (l,m), (p, q), (r, s) define the same 2-torsion divisor class,
so they belong to a Steiner hexad.

In the previous Chapter we found this equation by using theta functions (see
(5.45)).

Remark 6.1.3 Consider the 4-dimensional algebraic torus

T = {(z1, z2, z3, z4, z5, z6) ∈ (C∗)6 : z1z2 = z3z4 = z5z6} ∼= (C∗)4.

It acts on 6-tuples of linear forms (l1, . . . , l6) ∈ (C3)6 ∼= C18 by scalar mul-
tiplication. The group G = F3

2 o S3 of order 48 acts on the same space by
permuting two forms in each pair (li, li+1), i = 1, 3, 5, and permuting the three
pairs. This action commutes with the action of T and defines a linear action of
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the group T×G on P17 = C18\{0}/C∗. The GIT-quotientX = P17/(T×G)

is a projective variety of dimension 14. A rational map X 99K |OP2(4)| which
assigns to a general orbit of T ×G the quartic curve V (

√
lll2 +

√
l3l4 +

√
l5l6)

is a SL(3)-equivariant and of degree 48·1260. I do not know whetherX/SL(3)

is a rational variety; the orbit space |OP2(4)|/SL(3) is known to be a rational
variety [329], [46].

We know that two Steiner complexes have either four or six common bitan-
gents, depending on whether they are syzygetic or not. Each isotropic plane
in Pic(C)[2] defines three Steiner complexes with common four bitangents.
Two azygetic Steiner complexes have 6 common bitangents. The number of
azygetic triads is equal to 336.

The projection from the intersection point of two bitangents defines a g1
4

with two members of the form 2p+ 2q. It is possible that more than two bitan-
gents are concurrent. However, we can prove the following.

Proposition 6.1.4 No three bitangents forming an azygetic triad can intersect
at one point.

Proof Let ϑ1, ϑ2, ϑ3 be the corresponding odd theta characteristics. The 2-
torsion divisor classes εij = ϑi − ϑj form a non-isotropic plane. Let ε be a
nonzero point in the orthogonal complement. Then qηi(ε)+qηj (ε)+ 〈ηij , ε〉 =

0 implies that qηi take the same value at ε. We can always choose ε such that
this value is equal to 0. Thus the three bitangents belong to the same Steiner
complex Σ(ε). Obviously, no two differ by ε, hence we can form 3 pairs from
them. These pairs can be used to define Equation (6.2) of C. It follows from
this equation that the intersection point of the three bitangents lies on C. But
this is impossible because C is nonsingular.

Remark 6.1.5 A natural question is whether the set of bitangents determines
the quartic, i.e. whether two quartics with the same set of bitangents coincide.
Surprizingly it has not been answered by the ancients. Only recently it was
proven that the answer is yes: [62] (for a general curve), [354] (for any nonsin-
gular curve).

6.1.2 Aronhold sets

We know that in the case g = 3 a normal fundamental set of eight theta charac-
teristics contains seven odd theta characteristics. The corresponding unordered
set of seven bitangents is called an Aronhold set. It follows from (5.30) that the
number of Aronhold sets is equal to #Sp(6,F2)/7! = 288.

A choice of an ordered Aronhold set defines a unique fundamental set that
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contains it. The eighth theta characteristic is equal to the sum of the charac-
teristics from the Aronhold set. Thus an Aronhold set can be defined as an
azygetic set of seven bitangents.

A choice of an ordered Aronhold set allows one to index all 2-torsion divisor
classes (resp. odd theta characteristics) by subsets of even cardinality (resp. of
cardinality 2) of {1, . . . , 8}, up to complementary set. Thus we have 63 2-
torsion classes εab, εabcd and 28 bitangents `ij corresponding to 28 odd theta
characteristics ϑij . The bitangents from the Aronhold set correspond to the
subsets (18, 28, . . . , 78).

We also know that ϑA − ϑB = εA+B . This implies, for example, that four
bitangents `A, `B , `C , `D form a syzygetic tetrad if and only if A+ B + C +

D = 0.
Following Cayley, we denote a pair of numbers from the set {1, . . . , 8} by

a vertical line |. If two pairs have a common number we make them intersect.
For example, we have the following.

• Pairs of bitangents: 210 of type || and 168 of type ∨.
• Triads of bitangents:

1. (syzygetic) 420 of type t, 840 azygetic of type |||;
2. (azygetic) 56 of type4, 1680 of type ∨ |, and 280 of type .

• Tetrads of bitangents:

1. (syzygetic) 105 azygetic of types ||||, 210 of type �;
2. (asyzygetic) 560 of types | 4, 280 of type , 1680 of type , 2520 of

type ∨∨;
3. (non syzygetic but containing a syzygetic triad) 2520 of type || ∨, 5040

of type | t, 3360 of type , 840 of type , 3360 of type .

There are two types of Aronhold sets: , 4. They are represented by
the sets (12, 13, 14, 15, 16, 17, 18) and (12, 13, 23, 45, 46, 47, 48). The number
of the former type is 8, the number of the latter type is 280. Note that the
different types correspond to orbits of the subgroup of Sp(6,F2) isomorphic to
the permutation group S8. For example, we have two orbits of S8 on the set
of Aronhold sets consisting of 8 and 280 elements.

Lemma 6.1.6 Three odd theta characteristics ϑ1, ϑ2, ϑ3 in a Steiner complex
Σ(ε), no two of which differ by ε, are azygetic.

Proof Let ϑ′i = ϑi+ε, i = 1, 2, 3. Then {ϑ1, ϑ
′
1, ϑ2, ϑ

′
2} and {ϑ1, ϑ

′
1, ϑ3, ϑ

′
3}

are syzygetic and have two common theta characteristics. By Proposition 5.4.13,
the corresponding isotropic planes do not span an isotropic 3-space. Thus
〈ϑ1 − ϑ2, ϑ3 − ϑ1〉 = 1, hence ϑ1, ϑ2, ϑ3 is an azygetic triad.
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The previous Lemma suggests a way to construct an Aronhold set from a
Steiner set Σ(ε). Choose another Steiner set Σ(η) azygetic to the first one.
They intersect at six odd theta characteristics ϑ1, . . . , ϑ6, no two of which
differ by ε. Consider the set {ϑ1, . . . , ϑ5, ϑ6 + ε, ϑ6 + η}. We claim that this
is an Aronhold set. By the previous Lemma all triads ϑi, ϑj , ϑk, i, j, k ≤ 5 are
azygetic. Any triad ϑi, ϑ6 + ε, ϑ6 + η, i ≤ 5, is azygetic too. In fact ϑi((ϑ6 +

ε) + (ϑ6 + η)) = ϑi(ε+ η) 6= 0 since ϑi /∈ Σ(ε+ η). So the assertion follows
from Lemma 5.4.2. We leave it to the reader to check that remaining triads
{ϑi, ϑj , ϑ6 + ε}, {ϑi, ϑj , ϑ6 + η}, i ≤ 5, are azygetic.

Proposition 6.1.7 Any six lines in an Aronhold set are contained in a unique
Steiner complex.

We use that the symplectic group Sp(6,F2) acts transitively on the set of
Aronhold sets. So it is enough to check the assertion for one Aronhold set. Let
it correspond to the index set (12, 13, 14, 15, 16, 17, 18). It is enough to check
that the first six are contained in a unique Steiner complex. By Proposition
5.4.7, it is enough to exhibit a 2-torsion divisor class εij such that ϑ1k(εij) = 0

for k = 2, 3, 4, 5, 6, 7, and show its uniqueness. By Proposition 5.4.19, ε18

does the job.
Recall that a Steiner subset of theta characteristics on a genus 3 curve con-

sists of 12 elements. A subset of six elements will be called a hexad.

Corollary 6.1.8 Any Steiner complex contains 26 azygetic hexads. Half of
them are contained in another Steiner complex, necessarily azygetic to the first
one. Any other hexad can be extended to a unique Aronhold set.

Proof Let Σ(ε) be a Steiner complex consisting of six pairs of odd theta
characteristics. Consider it as G-set, where G = (Z/2Z)6 whose elements,
identified with subsets I of [1, 6], act by switching elements in i-th pairs, i ∈
I. It is clear that G acts simply transitively on the set of azygetic sextuples
in Σ(ε). For any azygetic complex Σ(η), the intersection Σ(ε) ∩ Σ(η) is an
azygetic hexad. Note that two syzygetic complexes have only four bitangents
in common. The number of such hexads is equal to 26 − 25 = 25. Thus the set
of azygetic hexads contained in a unique Steiner complex is equal to 25 · 63.
But this number is equal to the number 7 · 288 of subsets of cardinality 6 of
Aronhold sets. By the previous Proposition, all such sets are contained in a
unique Steiner complex.

Let (ϑ18, . . . , ϑ78) be an Aronhold set. By Proposition 6.1.7, the hexad ϑ28,

. . . , ϑ78 is contained in a unique Steiner complex Σ(ε). Let ϑ′28 = ϑ28 +

ε. By Proposition 5.4.19, the only 2-torsion point εij at which all quadrics
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ϑ28, . . . , ϑ78 vanish is the point ε18. Thus ϑ′28 = ϑ28 + ε18 = ϑ12. This shows
that the bitangent defined by ϑ′28 coincides with ϑ12. Similarly, we see that the
bitangents corresponding to ϑi8 + ε, i = 3, . . . , 7, coincide with the bitangents
ϑ1i.

6.1.3 Riemann’s equations for bitangents

Here we show how to write equations of all bitangents knowing the equations
of an Aronhold set of bitangents.

Let `1 = V (l1), . . . , `7 = V (l7) be an Aronhold set of bitangents of C. By
Proposition 6.1.4, any three lines are not concurrent. We may assume that

`1 = V (t0), `2 = V (t1), `3 = V (t2), `4 = V (t0 + t1 + t2)

and the remaining ones are `4+i = V (a0it0 + a1it1 + a2it2), i = 1, 2, 3.

Theorem 6.1.9 There exist linear forms u0, u1, u2 such that, after rescaling
the linear forms,

C = V (
√
t0u0 +

√
t1u1 +

√
t2u2).

The forms ui can be found from equations

u0 + u1 + u2 + t0 + t1 + t2 = 0,
u0

a01
+
u1

a11
+
u2

a21
+ k1a01t0 + k1a11t1 + k1a21t2 = 0,

u0

a02
+
u1

a12
+
u2

a22
+ k2a02t0 + k2a12t1 + k2a22t2 = 0,

u0

a03
+
u1

a13
+
u2

a23
+ k3a03t0 + k3a13t1 + k3a23t2 = 0,

where k1, k2, k3 can be found from solving first linear equations: 1
a01

1
a02

1
a03

1
a11

1
a12

1
a13

1
a21

1
a22

1
a23

 ·
λ1

λ2

λ3

 =

−1

−1

−1

 ,

and then solving the equationsλ0a01 λ1a11 λ2a21

λ0a02 λ1a12 λ2a22

λ0a03 λ1a13 λ2a23

 ·
k1

k2

k3

 =

−1

−1

−1

 .

The equations of the remaining 21 bitangents are:

(1) u0 = 0, u1 = 0, u2 = 0,
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(2) t0 + t1 + u2 = 0, t0 + t2 + u1 = 0, t1 + t2 + u0 = 0,
(3) u0

a01
+ ki(a1it1 + a2it2) = 0, i = 1, 2, 3,

(4) u1

a11
+ ki(a0it0 + a2it2) = 0, i = 1, 2, 3,

(5) u2

a21
+ ki(a0it0 + a1it1) = 0, i = 1, 2, 3,

(6) u0

1−kia1ia2i + u1

1−kia0ia2i + u2

1−kia01a1i = 0, i = 1, 2, 3,
(7) u0

a0i(1−kia1ia2i) + u1

a1i(1−kia0ia2i) + u2

a2i(1−kia01a1i) = 0, i = 1, 2, 3.

Proof By Proposition 6.1.7, six bitangents in our set of seven bitangents
`1, . . . , `7 are contained in a unique Steiner complex. Throwing away `1, `2, `3,
we find three Steiner complexes partitioned in pairs

(`2, ξ3), (`3, ξ2), (`4, ξ41), . . . , (`7, ξ71), (6.4)

(`3, ξ1), (`1, ξ3), (`4, ξ42), . . . , (`7, ξ72),

(`1, ξ2), (`2, ξ1), (`4, ξ43), . . . , (`7, ξ73).

Since two Steiner complexes cannot contain more than six common bitangents,
the bitangents ξi = V (ui−1) and ξij = V (lij) are all different and differ from
`1, . . . , `7. We continue to identify bitangents with odd theta characteristics,
and the corresponding odd quadratic forms.

Now we have

`2 − ξ3 = `3 − ξ2, `3 − ξ1 = `1 − ξ3, `1 − ξ2 = `2 − ξ1.

This implies that `1 − ξ1 = `2 − ξ2 = `3 − ξ3, i.e. the pairs (`1, ξ1), (`2, ξ2),

and (`3, ξ3) belong to the same Steiner complex Σ. One easily checks that

〈`1 − ξ1, `1 − ξ2〉 = 〈`2 − ξ2, `2 − ξ3〉 = 〈`3 − ξ3, `3 − ξ1〉 = 0,

and hence Σ is syzygetic to the three complexes (6.4) and therefore it does not
contain `i, i ≥ 4.

By Proposition 6.1.2 and its proof, we can write, after rescaling u0, u1, u2,

C = V (4t0t1u0u1− q2
3) = V (4t0t2u0u2− q2

2) = V (4t1t2u1u2− q2
1), (6.5)

where

q1 = −t0u0 + t1u1 + t2u2, (6.6)

q2 = t0u0 − t1u1 + t2u2,

q3 = t0u0 + t1u1 − t2u2.

Next, we use the first Steiner complex from (6.4) to do the same by using
the first three pairs. We obtain

C = V (4t1u2l4l41 − q2).
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As in the proof of Proposition (6.1.2), we find that

q1 − q = 2λ1t1u2, q1 + q =
2(t2u2 − l4l41)

λ1
.

Hence

q1 = λ1t1u2 +
t2u1 − l4l41

λ1
= −t0u0 + t1u1 + t2u3,

and we obtain

l4l41 = t2u1 − λ1(−t0u0 + t1u1 + t2u3) + λ2
1t1u2, (6.7)

l4l42 = t1u0 − λ2(t0u0 − t1u1 + t2u3) + λ2
2t2u0,

l4l43 = t0u2 − λ3(t0u0 + t1u1 − t2u3) + λ2
3t0u1.

The last two equations give

l4
( l42

λ2
+
l43

λ3

)
= t0

(
−2u0 + λ3u1 +

u2

λ3

)
+ u0

(
λ2t2 +

t1
λ3

)
. (6.8)

The lines `4, `1, and ξ1 belong to the third Steiner complex (6.4), and by
Lemma 6.1.6 form an azygetic triad. By Proposition 6.1.4, they cannot be con-
current. This implies that the line V (λ2t2 + t1

λ3
) passes through the intersection

point of the lines ξ1 and `4. This gives a linear dependence between the linear
functions l4 = a0t0 + a1t1 + a2t2, l1 = t0 and λ2t2 + t1

λ3
(we can assume that

a0 = a1 = a2 = 1 but will do it later). This can happen only if

λ2 = c1a2,
1

λ3
= c1a1,

for some constant c1. Now λ2t2 + 1
λ3
t1 = c1(a2t2 + a1t1) = c1(l4 − a0t0),

and we can rewrite (6.8) in the form

c1l4
( l42

λ2
+
l43

λ3
− c1u0

)
= t0

(
−c1(2 + a0c1)u0 +

u1

a1
+
u2

a2

)
.

This implies that
l42

λ2
+
l43

λ3
= c1u0 +

k1

c1
t0, (6.9)

k1l4 = −c1(2 + c1a0)u0 +
u1

a1
+
u2

a2
, (6.10)

for some constant k1. Similarly, we get

k2l4 = −c2(2 + c2a1)u1 +
u0

a0
+
u2

a2
,

k3l4 = −c3(2 + c3a2)u2 +
u1

a0
+
u2

a1
.
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It is easy to see that this implies that

k1 = k2 = k3 = k, c1 = −a0, c2 = −a1, c3 = −a2.

Equations (6.9) and (6.10) become

l42

λ2
+
l43

λ3
= −a0u0 −

k

a0
t0, (6.11)

kl4 =
u0

a0
+
u1

a1
+
u2

a2
. (6.12)

At this point, we can scale the coordinates to assume

a1 = a2 = a2 = 1 = −k = 1,

and obtain our first equation

t0 + t1 + t2 + u0 + u1 + u2 = 0.

Replacing l41 with l51, l61, l71 and repeating the argument, we obtain the re-
maining three equations relating u0, u1, u2 with t0, t1, t2.

Let us find the constants k1, k2, k3 for `5, `6, `7. We have found four linear
equations relating six linear functions t0, t1, t2, u0, u1, u2. Since three of them
form a basis in the space of linear functions, there must be one relation. We
may assume that the first equation is a linear combination of the last three with
some coefficients λ1, λ2, λ3. This leads to the system of linear equations from
the statement of the Theorem.

Finally, we have to find the equations of the 21 bitangents. The equations
(6.5) show that the lines ξ1, ξ2, ξ3 are bitangents. Equation (6.11) and similar
equations

l43

λ3
+
l41

λ1
= −u1 + t1,

l41

λ1
+
l42

λ2
= −u2 + t2,

after adding up, give

l41

λ1
+
l42

λ2
+
l43

λ3
= t0 + t1 + t2,

and then
l41

λ1
= u0 + t1 + t2,

l42

λ1
= u1 + t0 + t2,
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l43

λ1
= u2 + t0 + t1.

This gives us three equations of type (2). Similarly, we get the expressions for
l5i, l6i, l7i which are the nine equations of types (3), (4), and (5).

Let us use the Aronhold set (`1, . . . , `7) to index bitangents by subsets (ij)

of {1, . . . , 8}. As we explained at the end of the previous section, we have

ξ1 = ϑ23, ξ2 = ϑ13, ξ3 = ϑ12,

ξ4k = ϑk4, ξ5k = ϑk5, ξ6k = ϑk6, ξ7k = ϑk7, k = 1, 2, 3.

The remaining bitangents are ϑ56, ϑ57, ϑ67, ϑ45, ϑ46, ϑ47. The first three look
like ϑ23, ϑ13, ϑ12, they are of type4. The second three look like ϑ5k, ϑ6k, ϑ7k,
they are of type . To find the equations of triples of bitangents of type4, we
interchange the roles of the lines `1, `2, `3 with the lines `5, `6, `7. Our lines
will be the new lines analogous to the lines ξ1, ξ2, ξ3. Solving the system, we
find their equations. To find the equations of the triple of bitangents of type ,
we delete `4 from the original Aronhold set, and consider the Steiner complex
containing the remaining lines as we did in (6.4). The lines making the pairs
with `5, `6, `7 will be our lines. We find their equations in the same manner as
we found the equations for ξ5k, ξ6k, ξ7k.

Remark 6.1.10 The proof of the Theorem implies the following result, which
can be found in [270]. Let (`1, ξ1), be three pairs of bitangents from the same
Steiner complex. Let (`4, ξ4) be a fourth pair of bitangents from the Steiner
complex given by pairs (`1, ξ2), (`2, ξ1) as in (6.4) (where ξ4 = ξ43). Choose
some linear forms li,mi representing `i, ξi. Then the equation of C can be
given by(
(l4l2l3)(l4m2m3)l1m1 +(l1l4l3)(m1l4m3)l2m2− (l1l2l4)(m1m2l4)l3m3

)2
−4(l4l2l3)(l4m2m3)(l1l4l3)(m1l4m3)l1m1l2m2 = 0,

where the brackets denote the determinants of the matrix formed by the coeffi-
cients of the linear forms. In fact, this is Equation (6.5), where the determinants
take care of scaling of the forms u0, u1, u2 (use that, V (l4) can be taken to be
V (l1 + l2 + l3) and we must keep the relation l1 + l2 + l3 +u1 +u2 +u3 = 0).

One can also find in loc. cit. paper of J. Guàrdia the expressions for li,mi in
terms of the period matrix of C.

Remark 6.1.11 We will see later in Subsection 6.3.3 that any seven lines in
a general linear position can be realized as an Aronhold set for a plane quartic
curve. Another way to see it can be found in [593], p. 447.
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6.2 Determinant equations of a plane quartic

6.2.1 Quadratic determinantal representations

Suppose an aCM invertible sheaf F on a nonsingular plane curve C of degree
d = 2k defines a resolution

0→ U∨(−2)
φ→ V → F → 0, (6.13)

where dimU = dimV = k. Taking the cohomology, we obtain

H0(C,F) ∼= V, H0(C,F(−1)) ∼= U, (6.14)

H0(C,F(−1)) = H1(C,F) = 0, (6.15)

The map φ is defined by a linear map S2 → U⊗V . In coordinates, it is defined
by a k× k-matrix A = (aij) with quadratic forms as its entries. The transpose
matrix defines a resolution

0→ V ∨(−2)
φ→ U → G → 0, (6.16)

where

G ∼= Ext1OP2
(F ,OP2)(−2) ∼= F∨(d− 2).

If we set L = F(1 − k),M = G(1 − k), then L ⊗M ∼= OC and conditions
(6.15) can be rephrased in terms of L. They are

H0(C,L(k − 2)) = H1(C,L(k − 1)) = 0. (6.17)

Twisting the exact sequence (6.13) by OP2(1 − k), and applying Riemann-
Roch, we obtain, after easy calculation,

degL = g − 1 + χ(L) = g − 1 + k(χ(OP2(1− k))− χ(OP2(−1− k)) = 0.

Conversely, given an aCM invertible sheaf L satisfying (6.17), then F =

L(k − 1) admits a resolution of the form (4.20). Taking cohomology, one can
easily show that a1 = . . . = ak = 0, b1 = . . . = bk = 2. This gives the
following.

Theorem 6.2.1 The equivalence classes of quadratic determinantal repre-
sentations of a nonsingular plane curve C of degree d = 2k are in a bijective
correspondence with invertible sheaves L on C of degree 0 satisfying

H0(C,L(k − 2)) = H1(C,L(k − 1)) = 0.

Changing L to L−1 corresponds to the transpose of the matrix defining the
determinantal representation.
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As we know, resolutions (6.13) and (6.16) define the two maps

l : C → P(U), r : C → P(V ),

given by the left and right kernels of the matrix A, considered as a bilinear
form on U ⊗ V . These maps are given by the linear systems |(k − 1)h + a|,
|(k − 1)h− a|, where L ∼= OC(a) and OC(1) ∼= OC(h).

Consider the map

(l, r) : C → P(U)× P(V )

with the image S. We identify the product of the projective spaces with its
image in P(U ⊗ V ) under the Segre embedding. Consider the restriction map

ν : H0(P(U ⊗ V ),OP(U⊗V )(1)) = U ⊗ V → H0(S,OS(1))

= H0(C,L(k − 1)⊗M(k − 1)) = H0(C,OC(2k − 2)), (6.18)

Passing to the projectivizations, and composing it with the Segre map P(U)×
P(V )→ P(U ⊗ V ), it corresponds to the multiplication map

µ : |(k− 1)h+ a| × |(k− 1)h− a| → |OP2(2k− 2)|, (D1, D2) 7→ 〈D1, D2〉,

where 〈D1, D2〉 is the unique curve of degree 2k − 2 that cuts out the divisor
D1 + D2 on C. Composing the linear map (6.18) with the linear map φ :

S2E → U ⊗ V , we get a linear map

ν′ : S2(E)
φ→ H0(P2,OP2(2)) = S2k−2(E∨). (6.19)

A similar proof as used in the case of linear determinantal representations
shows that this map coincides with the apolarity map corresponding to C.

For any x ∈ C, consider the tensor l(x)⊗ r(x) as a hyperplane in |U ⊗ V |.
It intersects |U | × |V | at the subvariety of points whose image under the map
µ vanishes at x. Choose a basis (s1, . . . , sk) in U and a basis (s′1, . . . , s

′
k) in

V . The map φ is given by φ(x) =
∑
aijsi⊗ sj . It follows from the above that

the matrix (ν(si⊗sj)) and the matrix adj((aij)) coincide when restricted at C
(up to a multiplicative factor). Since its entries are polynomials of degree less
than degC, we see that they coincide for all x. This shows that the map ν can
be written by the formula

(
∑

uisi,
∑

vjs
′
j) 7→ −det


a11(t) . . . a1k(t) v1

...
...

...
...

ak1(t) . . . akk(t) vk
u1 . . . uk 0

 . (6.20)

Under the composition of the map, the zero set of the bordered determinant
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is a curve of degree 2k − 2. Consider the discriminant hypersurface Dd−2(2)

of curves of degree d − 2 = 2k − 2. The preimage of Dd−2(2) under the
map (6.18) is a hypersurface X in P(U) × P(V ) ∼= Pk−1 × Pk−1 given by a
bihomogeneous equation of bidegree (3(d− 3)2, 3(d− 3)2). Here we use that
degDd(2) = 3(d− 1)2.

Now it is time to specialize to the case d = 4. In this case, the map |ν| is the
map

|ν| : |KC + a| × |KC − a| → |OP2(2)|.

In coordinates, the map ν is given by

(u1s1 + u2s2, v1s
′
1 + v2s

′
2) 7→ −u0v0a11 + u0v1a12 − u1v0a21 − u1v1a22.

(6.21)
The map φ is given by

φ(x) =
∑

aij(x)s∗i ⊗ s′j∗,

where (s∗1, s
∗
2), (s′1

∗, s′2
∗) are the dual bases in U∨ and V ∨. One can also ex-

plicitly see the kernel maps l and r:

l(x) = [−a21(x), a11(x)] = [−a22(x), a12(x)], (6.22)

r(x) = [−a12(x), a11(x)] = [−a22(x), a21(x)]. (6.23)

The intersection of the conics V (a21(t))∩V (a21(t)) lies on C, so l is given by
a pencil of conics with four base points x1, . . . , x4 on C. The map r is given by
another pencil of conics whose base points y1, . . . , y4 together with the base
points x1, . . . , x4 are cut out by a conic.

The hypersurface X ⊂ P(U)× P(V ) is of type (3, 3). It is a curve of arith-
metic genus 4. Its image under the Segre map is a canonical curve equal to
the intersection of a nonsingular quadric and a cubic surface. The cubic sur-
face is the preimage of the determinantal cubic. It is a cubic symmetroid. We
will discuss such cubics in Chapter 8. As we explained in Subsection 4.2.6,
a cubic symmetroid surface admits a unique double cover ramified along the
nodes. The restriction of this cover to X is an irreducible unramified cover
r : X̃ → X . Let τ be the nontrivial 2-torsion divisor class onX corresponding
to this cover (it is characterized by the property that r∗(τ) = 0). The linear
system |KX + τ | maps X to P2. The image is a Wirtinger plane sextic with
double points at the vertices of a complete quadrilateral. Conversely, we will
explain in Chapter 9 that a cubic symmetroid with 4 nodes is isomorphic to
the image of the plane under the linear system of cubics passing through the
six vertices of a complete quadrilateral. This shows that any Wirtinger sextic is
isomorphic to the intersection of a quadric and a cubic symmetroid. In this way
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we see that any general curve of genus 4 is isomorphic to the curve X arising
from a quadratic determinantal representation of a nonsingular plane quartic.
We refer for this and for more of the geometry of Wirtinger sextics to [70].

The map (6.19) is just the apolarity map ap2 : S2(E) → S2(E∨) defined
by the quartic C. It is bijective if the quartic C is nondegenerate. Under the
composition |E| → |S2(E)| → |S2(E∨)|, the preimage of the discriminant
cubic hypersurface is the Hessian sextic of C.

Consider the hypersurface W of type (1, 1, 2) in |U | × |V | × |E| defined by
the section of OP(U)(1) � OP(V )(1) � OP(E)(2) corresponding to the tensor
defining the linear map φ : S2E → U ⊗ V . It is immediate that

W = {(D1, D2, x) ∈ |KC + a| × |KC − a| × P2 : x ∈ 〈D1, D2〉}. (6.24)

In coordinates, the equation of W is given by the bordered determinant (6.20).
Consider the projections

pr1 : W → P1 × P1, pr2 : W → P1. (6.25)

The fibres of pr1 are isomorphic (under pr2) to conics.The discriminant curve
is the curve X . The fibre of pr2 over a point x ∈ P2 is isomorphic, under
pr1, to a curve on P1 × P1 of degree (1, 1). In the Segre embedding, it is a
conic. The discriminant curve is the curve C. Thus W has two structures of a
conic bundle. The two discriminant curves, X and C, come with the natural
double cover parameterizing irreducible components of fibres. In the first case,
it corresponds to the 2-torsion divisor class τ and X is a nontrivial unramified
double cover. In the second case, the cover splits (since the factors of P1 × P1

come with an order).

Remark 6.2.2 Recall that, for any unramified double cover of nonsingular
curves π : S̃ → S, the Prym variety Prym(S̃/S) is defined to be the connected
component of the identity of Jac(S̃)/ π∗Jac(S). It has a structure of a prin-
cipally polarized abelian variety (see [405]). In our case, when S = X , the
Prym variety is isomorphic to the intermediate Jacobian of W . On the other
hand, since the second conic structure defines the split cover of the discrim-
inant curve C, the intermediate Jacobian is isomorphic to Jac(C). Thus we
obtain an isomorphism of principally polarized abelian varieties

Prym(X̃/X) ∼= Jac(C).

This is a special case of the trigonal construction applied to trigonal curves
(like ours X) discovered by S. Recillas [453] (see a survey of R. Donagi [188]
about this and more general constructions of this sort). Note that, in general,
the curve X could be singular even when C is not. However, the Prym variety
is still defined.
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Let Rg be the coarse moduli space of isomorphism classes of pairs (S, S̃),
where S is a nonsingular curve of genus g and S̃ → S is its unramified double
cover. There is a Prym map

pg : Rg → Ag−1, (S, S̃) 7→ Prym(S̃/S),

where Ag−1 is the coarse moduli space of principally polarized abelian va-
rieties of dimension g − 1. In our case g = 4, the quadratic determinantal
constructions allows us to describe the fiber over the Jacobian variety of a non-
singular canonical curve of genus 3. It is isomorphic to the Kummer variety
Kum(C) = Jac(C)/(ι), where ι is the negation involution a 7→ −a.

The map pg is known to be generically injective for g ≥ 7 [226], a finite map
of degree 27 for g = 6 [191], and dominant for g ≤ 5 with fibres of dimension
3g − 3− 1

2g(g − 1). We refer to [189] for the description of fibres.
The varietiesRg are known to be rational ([185] for g = 2, [185], [329] for

g = 3, [70] for g = 4) and unirational for g = 5 [315], [586], g = 6 [190],
[584] and g = 7 [586]). It is known to be of general type for g > 13 and
g 6= 15 [215].

6.2.2 Symmetric quadratic determinants

By Theorem 6.2.1, the equivalence classes of symmetric quadratic determinan-
tal representations of a nonsingular plane curveC of degree d = 2k correspond
bijectively to nontrivial 2-torsion divisors ε ∈ Jac(C) such that

H0(C,OC(ε)(k − 2)) = H1(C,OC(ε)(k − 2)) = 0.

Each such ε defines a quadratic determinantal representation

C := det

a11 . . . a1k

...
...

...
ak1 . . . akk

 = 0,

where aij = aji are homogeneous forms of degree 2. It comes with the maps,

φ : |E| → |S2(U∨)|, x 7→ (aij(x)),

l : C → P(U) ∼= Pk−1, x 7→ |N(A(x))|.

It is given by the linear system |(k − 1)h + ε|. The map (6.18) becomes the
restriction map of quadrics in P(U) to the image S of C under the map l

ν : S2(U)→ H0(C,OC(2k − 2)) = H0(P2,OP2(2k − 2)).
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The map µ is the composition of the map U × U → |S2(U)| given by the
complete linear system of quadrics in |U | and the map ν. It factors through the
symmetric square of |U |, and defines a map

|U |(2) → |OP2(2k − 2)|. (6.26)

Recall that |U |(2) is isomorphic to the secant variety of v2(|U |) in |S2(U)|.
The preimage X(ε) of the determinantal hypersurface D2k−2(2) of curves of
degree 2k−2 in |S2(U)| is a hypersurface of degree 3(d−3)2. Its intersection
with |U | × |U |, embedded by Segre, is a hypersurface of bidegree (3(d −
3)2, 3(d−3)2). It is invariant with respect to the switch involution of |U |×|U |
and descends to a hypersurface in the quotient. Its preimage under the Veronese
map is a hypersurface B(ε) of degree 6(d− 3)2 in P(U).

In coordinates, the multiplication map is given by the bordered determinant
(6.20). Since A is symmetric, we have D(A;u, v) = D(A; v, u), and the bor-
dered determinantal identity (4.11) gives

D(A;u, v)2 −D(A;u, u)D(A; v, v) = |A|P (t;u, v),

where P (t;u, v) is of degree 2k − 4 in (t0, t1, t2) and of bidegree (2, 2) in
u, v. The curves V (D(A;u, u)) define a quadratic family of contact curves of
degree 2k − 2. So, we have 22g − 1 of such families, where g is the genus of
C.

Now let us specialize to the case k = 2. The determinantal equation of C
corresponding to ε must be given by a symmetric quadratic determinant∣∣∣∣a11 a12

a12 a22

∣∣∣∣ = a11a22 − a2
12. (6.27)

Thus we obtain the following.

Theorem 6.2.3 An equation of a nonsingular plane quartic can be written in
the form ∣∣∣∣a1 a2

a2 a3

∣∣∣∣ = 0,

where a1, a2, a3 are homogeneous forms of degree 2. The set of equivalence
classes of such representations is in a bijective correspondence with the set of
63 nontrivial 2-torsion divisor classes in Pic(C).

The bordered determinant

D(A;u, u) =

∣∣∣∣∣∣
a11 a12 u0

a21 a22 u1

u0 u1 0

∣∣∣∣∣∣ = −(a11u
2
0 + 2a12u0u1 + a22u

2
1)
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defines a family of contact conics of C. Each conic from the family touches C
along a divisor from |KC + ε|.

Also identity (4.12) between the bordered determinants becomes in our case

det

(
D(A;u, u) D(A;u, v)

D(A;u, v) D(A; v, v)

)
= |A|P (u, v), (6.28)

where P (u, v) is a bihomogeneous polynomial in u, v of bidegree (2, 2). Note
that P (u, v) is symmetric in u, v and P (u, u) = 0. This shows that P (u, v)

can be written in the form

P (u, v) = (u0v1 − u1v0)(αu0v0 + β(u0v1 + u1v0) + γu1v1),

where α, β, γ are some constants.
The variety X(ε) in |U | × |U | ∼= P1 × P1 is a curve of bidegree (3, 3). The

difference from the general case of quadratic determinantal representations of
C is that the curve X(ε) is defined by a symmetric bihomogeneous form. The
symmetric product |U |(2) is isomorphic to |S2(U)| ∼= P2. The image of X(ε)

in the plane is a curve F (ε) of degree 3. In intersects the Veronese curve |E| ↪→
|S2(U)| at 6 points. They are the images of the hypersurfaceB(ε) ⊂ |U | under
the Veronese map |E| ↪→ |S2(U)|. So, we see another special property of
X(ε). If it is nonsingular, it is a canonical bielliptic curve of genus 4. One can
easily compute the number of moduli of such curves. It is equal to six instead
of nine for a general curve of genus 4. This agrees with our construction since
we have 6 moduli for pairs (C, ε).

It follows from the definition that the curve F (ε) parameterizes unordered
pairs D1, D2 of divisors D ∈ |KC + ε| such that the conic 〈D1, D2〉 is equal
to the union of two lines.

Let Π(ε) be the plane in |OP2(2)| equal to the image of the map (6.26). It is
a net of conics in |E| = P2. It is spanned by the contact conics to C. We can
take for the basis of the net the conics

V (a11) = 〈2D1〉, V (a12) = 〈D1, D2〉, V (a22) = 〈2D2〉,

whereD1, D2 span |KC +ε|. In particular, we see that Π(ε) is base-point-free.
Its discriminant curve is equal to the curve F (ε).

Proposition 6.2.4 The cubic curve F (ε) is nonsingular if and only if the
linear system |KC + ε| does not contain a divisor of the form 2a+ 2b.

Proof Let D = D2(2) ⊂ |OP2(2)| be the discriminant cubic. The plane sec-
tion Π(ε)∩D2(2) is singular if and only if Π(ε) contains a singular point of D
represented by a double line, or if it is tangent to D at a nonsingular point. We
proved in Example 1.2.3 that the tangent hypersurface of D at a nonsingular
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point represented by a reducible conicQ is equal to the space of conics passing
through the singular point q of Q. If L is contained in the tangent hyperplane,
then all conics from Π(ε) pass through q. But, as we saw earlier, the net of
conics Π(ε) is base-point-free. This shows that Π(ε) intersects D transversally
at each nonsingular point.

In particular, F (ε) is singular if and only if Π(ε) contains a double line.
Assume that this happens. Then we get two divisors D1, D2 ∈ |KC + ε| such
that D1 +D2 = 2A, where A = a1 + a2 + a3 + a4 is cut out by a line `. Let
D1 = p1 +p2 +p3 +p4, D2 = q1 + q2 + q3 + q4. Then the equality of divisors
(not the divisor classes)

p1 + p2 + p3 + p4 + q1 + q2 + q3 + q4 = 2(a1 + a2 + a3 + a4)

implies that either D1 and D2 share a point x, or D1 = 2p1 + 2p2, D2 =

2q1+2q2. The first case is impossible, since |KC+ε−x| is of dimension 0. The
second case happens if and only if |KC + ε| contains a divisor D1 = 2a+ 2b.
The converse is also true. For each such divisor the line ab defines a residual
pair of points c, d such that D2 = 2c + 2d ∈ |KC + ε| and ϕ(D1, D2) is a
double line.

Remark 6.2.5 By analyzing possible covers of a plane cubic unramified out-
side the singular locus, one can check that F (ε) is either nonsingular or a nodal
cubic, maybe reducible.

From now on we assume that F (ε) is a nonsingular cubic. Since it param-
eterizes singular conics in the net Π(ε), it comes with a natural nontrivial 2-
torsion point η. Recall that the corresponding unramified double cover of F (ε)

is naturally isomorphic to the Cayleyan curve in the dual plane Π(ε)∨ which
parameterizes irreducible components of singular conics in the net.

Theorem 6.2.6 Let Σ(ε) = {(`1, `′1), . . . , (`6, `
′
6)} be a Steiner complex of

12 bitangents associated to the 2-torsion divisor class ε. Each pair, considered
as a divisorDi = `i+`′i ∈ |KC +ε| = |U | is mapped under the Veronese map
|U | → |S2(U)| to a point in F (ε). It belongs to the setB(ε) of six ramification
points of the cover X(ε) → F (ε). The 12 bitangents, considered as points in
the dual plane |S2(U∨)|, lie on the cubic curve F̃ (ε).

Proof Let (ϑi, ϑ
′
i) be a pair of odd theta characteristics corresponding to a

pair (`i, `
′
i) of bitangents from Σ(ε). They define a divisor D = ϑi + ϑ′i ∈

|KC + ε| such that D is the divisor of contact points of a reducible contact
conic, i.e. the union of two bitangents. This shows that ϑi, ϑ′i ∈ F̃ (ε). The
point (D,D) ∈ |KC + ε| × |KC + ε| belongs to the diagonal in |U | × |U |.
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These are the ramification points of the cover X(ε) → F (ε). They can be
identified with the branch points of the cover X(ε)→ F (ε).

So, we have a configuration of 63 cubic curves F̃ (ε) in the plane |S2(U∨)|
(beware that this plane is different from the plane |E| containing C). Each
contains 12 bitangents from a Steiner complex. Let S1, S2, S3 be a syzygetic
(resp. azygetic) triad of Steiner complexes. They define three cubic curves
F̃ (ε), F̃ (η), F̃ (η + ε) which have four (resp. six) points in common.

Let us see what happens in the symmetric case with the two-way conic bun-
dle W ⊂ P1 × P1 × P2 from (6.24) which we discussed in the previous Sub-
section. First, its intersection with the product of the diagonal ∆ of P1 × P1

with P2 defines the universal family U(ε) of the contact conics. It is isomor-
phic to a surface in P1×P2 of bidegree (2, 2). The projection to P2 is a double
cover branched along the quartic C. As we will see later, U(ε) is isomorphic
to a del Pezzo surface of degree 2. Its isomorphism class does not depend on ε.
The projection U(ε) → P1 is a conic bundle. It has six singular fibres that lie
over six points at which the diagonal intersects the curve X(ε), i.e. the ramifi-
cation points of the cover X(ε) → F (ε). The six branch points lie on a conic,
the image of the diagonal ∆ in P2. We will see later that a del Pezzo surface
of degree 2 has 126 conic bundle structures; they divided into 63 pairs which
correspond to nonzero 2-torsion divisor classes on C.

The threefold W is invariant with respect to the involution of P1 × P1 × P2

which switches the first two factors. The quotient W s = W/(ι) is a hypersur-
face of bidegree (2, 2) in (P1×P1)/(ι)×P2 ∼= P2×P2. The projection to the
first factor is a conic bundle with the discriminant curve B(ε). The projection
to the second factor is no longer a conic bundle. It is isomorphic to the pull-
back of the universal family of lines X(ε) → P2 under the map of the base
P2 → P2 given by the net of conics Π(ε).

Remark 6.2.7 One can easily describe the Prym map p3 : R3 → A2 restricted
to the open subset of canonical curves of genus 3. A pair (C, η) defines an el-
liptic curve F (ε) and six branch points of the cover X(ε) → F (ε). The six
points lie on the Veronese conic |E| ↪→ |S2(U)|. The cover C̃ → C defined
by ε is a curve of genus 5. The Prym variety Prym(C̃/C) is a principally polar-
ized abelian variety of dimension 2. One can show that it is isomorphic to the
Jacobian variety of the hyperelliptic curve of genus 2 which is isomorphic to
the branch cover of the Veronese conic with the branch locus B(ε) (see [354],
[355]). Other description of the Prym map p3 can be found in [585].
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6.3 Even theta characteristics

6.3.1 Contact cubics

Recall that each even theta characteristic ϑ on a nonsingular quarticC defines a
3-dimensional family of contact cubics. The universal family of contact cubics
is a hypersurface Wϑ ⊂ |E|×P(U) ∼= P2×P3 of bidegree (2, 3). If we choose
coordinates (t0, t1, t2) in |E| and coordinates u0, u1, u2, u3 in P(U), then the
equation of the contact family is∣∣∣∣∣∣∣∣∣∣

a11 a12 a13 a14 u0

a21 a22 a23 a24 u1

a31 a32 a33 a34 u2

a41 a42 a43 a44 u3

u0 u1 u2 u3 0

∣∣∣∣∣∣∣∣∣∣
= 0, (6.29)

where (aij) is the symmetric matrix defining the net Nϑ of quadrics defined by
ϑ. The first projection Wϑ → |E| is a quadric bundle with discriminant curve
equal to C. Its fiber over a point x 6∈ C is the dual of the quadric Qx = φ(x).
Its fiber over a point x ∈ C is the double plane corresponding to the vertex of
the quadric cone φ(x). Scheme-theoretically, the discriminant hypersurface of
the quadric bundle is the curve C taken with multiplicity 3.

The second projection Wϑ → P3 is a fibration with fibres equal to contact
cubics. Its discriminant surface Dϑ is the preimage of the discriminant hyper-
surfaceD3(2) of plane cubic curves in |OP2(3)| under the map P3 → |OP2(3)|
given by quadrics. This implies that Dϑ is of degree 24 and its equation is of the
form F 3

8 +G2
12 = 0, where F8 and G12 are homogeneous forms in u0, . . . , u3

of the degrees indicated by the subscript.

Proposition 6.3.1 The discriminant surface Dϑ of the contact family of cu-
bics is reducible and non-reduced. It consists of the union of 8 planes and a
surface of degree 8 taken with multiplicity 2.

Proof Let Nθ be the net of quadrics in P3 defined by ϑ. We know that the
contact cubic V (D(A; ξ, ξ)) is isomorphic to the discriminant curve of the net
of quadrics obtained by restricting Nϑ to the plane Hξ defined by the point ξ
in the dual space. The contact cubic is singular if and only if the restricted net
has either a base point or contains a conic of rank 1, i.e. a double line. The first
case occurs if and only if the plane contains one of the base points of the net
Nϑ. There are eight of them (see the next Subsection). This gives eight plane
components of Dϑ. The second case occurs if and only if the plane is tangent
to a singular quadric in Nϑ along a line. It is easy to compute the degree of
the surface in (P3)∨ parameterizing such planes. Fix a general line ` in P3, the
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quadrics in Nϑ which are tangent to ` are parameterized by a conic in Nϑ. The
conic intersects the discriminant curve C of Nϑ at eight points. Thus there are
eight cones in Nϑ that are tangent to `. Let `′i be the line on the cone intersecting
`. Then the plane spanned by the lines ` and `′ is tangent to the cone. Thus we
see that the degree of the surface parameterizing planes which are tangent to
some cone in Nϑ is of degree 8. The assertion about the multiplicity of the
surface entering in the discriminant is proved in [246], Theorem 7.2.

Let Fξ be a contact nodal cubic represented by a general point ξ in one of
the eight plane components. It is tangent to C at 6 nonsingular points. On the
other hand, if Fξ is a general point of the other component of Dϑ, then it is a
nodal cubic with a node at C.

We can see other singular contact cubics too. For example, 56 planes through
three base points of the pencil Nϑ correspond to the union of three asyzygetic
bitangents. Another singular contact cubic is a biscribed triangle. It is the
union of three lines such that C is tangent to the sides and also passes through
the three vertices of the triangle. It is proved in [399] that the number of bis-
cribed triangles in each of 36 families of contact cubics is equal to 8.

Remark 6.3.2 Note that each cubic curve F in the family of contact cu-
bics comes with a distinguished 2-torsion point defined by the divisor class
η = d − 2h, where C ∩ F = 2d, and h is the intersection of F with a line.
One can show that the 2-torsion point is nontrivial. The locus of zeros of the
invariant surface V (G12) of degree 12 parameterizes harmonic contact cubics
F together with a nontrivial 2-torsion divisor class η. The group µ4 of com-
plex multiplications of Jac(F ) acts on the set of 2-torsion divisor classes with
two fixed points. If η is invariant with respect to µ4, then the Cayleyan curve
of the cubic is also harmonic. Thus the surface V (G12) is reducible. One of
its irreducible component describes the locus of harmonic contact cubics with
harmonic Cayleyan. It is shown in [272](see a modern discussion of this sur-
face in [246]) that the degree of this component is equal to 4. Thus each pair
(C, ϑ) defines a quartic surface Θ in |KC + ϑ|. It can be also described as the
locus of planes Π in |KC + ϑ|∨ such that the restriction of Nϑ to Π is a net of
conics with harmonic discriminant curve and the Steinerian curve. The resid-
ual surface is of degree 8. It belongs to the pencil of octavic surfaces generated
by V (F8) and 2Θ.

6.3.2 Cayley octads

Let Nϑ be the net of quadrics defined by the pair (C, ϑ) and Q1, Q2, Q3 be its
basis. The base locus of Nϑ is the complete intersection of these quadrics. One
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expects that it consists of eight distinct points. Let us see that this is indeed
true.

Proposition 6.3.3 The set of base points of the net of quadrics Nϑ consists of
eight distinct points, no three of which are collinear, no four are coplanar.

Proof If we have fewer than eight base points, then all nonsingular quadrics
share the same tangent plane at this point. This implies that Nϑ contains a
pencil of quadrics which are all singular at this point. This pencil corresponds
to a line component of C, a contradiction.

Suppose three points are on a line `. This includes the case when two points
coincide. This implies that ` is contained in all quadrics from N . Take a point
x ∈ `. For any quadric Q ∈ Nϑ, the tangent plane of Q at x contains the line
`. Thus the tangent planes form a pencil of planes through `. Since Nϑ is a
net, there must be a quadric which is singular at x. Thus each point of ` is a
singular point of some quadric from Nϑ. However, the set of singular points of
quadrics from Nϑ is equal to the nonsingular sextic S, the image of C under
the map given by the linear system |ϑ(1)|. This shows that no three points are
collinear.

Suppose that four points lie in a plane Π. The restriction of Nϑ to Π defines a
linear system of conics through four points no three of which are collinear. It is
of dimension 1. Thus, there exists a quadric in Nϑ which contains Π. However,
since C is nonsingular, all quadrics in Nϑ are of corank ≤ 1.

Definition 6.3.4 A set of eight distinct points in P3 which is a complete in-
tersection of three quadrics is called a Cayley octad.

From now on we assume that a Cayley octad satisfies the properties from
Proposition 6.3.3.

Let S be the sextic model of C defined by the linear system |KC + ϑ|.

Theorem 6.3.5 Let q1, . . . , q8 be a Cayley octad. Each line qiqj intersects
the sextic curve S at two points ϕ(pi), ϕ(pj). The line pipj is a bitangent of
C.

Proof The quadrics containing the line `ij = qiqj form a pencil P in Nϑ. Its
base locus consists of the line `ij and a rational normal cubic curve R which
intersects the line at two points (they could be equal). Note that the locus of
singular quadrics in the net of quadrics containingR is a conic. Thus the pencil
P contains two (or one) singular quadric with singular points at the intersection
of R and `ij . In the net Nϑ this pencil intersects the discriminant curve C at
two points. Suppose one of these two points is an ordinary cusp. It is easy
to check that the multiplicity of a zero of the discriminant polynomial of the
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pencil of quadrics is equal to the corank of the corresponding quadric. Since
our pencil does not contain reducible quadrics, we see that this case does not
occur. Hence the pencil P in Nϑ is a bitangent.

We can also see all even theta characteristics.

Theorem 6.3.6 Let q1, . . . , q8 be the Cayley octad associated to an even
theta characteristic ϑ. Let ϑij be the odd theta characteristic corresponding
to the lines qiqj . Then any even theta characteristic different from ϑ can be
represented by the divisor class

ϑi,jkl = ϑij + ϑik + ϑil −KC

for some distinct i, j, k, l.

Proof Suppose that ϑi,jkl is an odd theta characteristic ϑmn. Consider the
plane π which contains the points qi, qj , qk. It intersects S at six points cor-
responding to the theta characteristics ϑij , ϑik, ϑjk. Since the planes cut out
divisors from |KC + ϑ|, we obtain

ϑij + ϑik + ϑjk ∼ KC + ϑ.

This implies that

ϑjk + ϑil + ϑmn ∼ KC + ϑ.

Hence the lines qjqk and qiql lie in a plane π′. The intersection point of the
lines qjqk and qiql is a base point of two pencils inN and hence is a base point
of N . However, it does not belong to the Cayley octad. This contradiction
proves the assertion.

Remark 6.3.7 Note that

ϑi,jkl = ϑj,ikl = ϑk,ijl = ϑl,ijk.

Thus ϑi,jkl depends only on the choice of a subset of four elements in {1, . . . , 8}.
Also it is easy to check that the complementary set defines the same theta char-
acteristic. This gives 35 =

(
8
4

)
/2 different even theta characteristics. Together

with ϑ = ϑ∅ we obtain 36 even theta characteristics. Observe now that the
notation ϑij for odd thetas and ϑi,jkl, ϑ∅ agrees with the notation we used
for odd even theta characteristics on curves of genus 3. For example, any set
ϑ18, . . . , ϑ78 defines an Aronhold set. Or, a syzygetic tetrad corresponds to
four chords forming a spatial quadrangle, for example p1p3, p2p4, p2p3, p1p4.

Here is another application of Cayley octads.
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Proposition 6.3.8 There are 1008 azygetic hexads of bitangents of C such
that their 12 contact points lie on a cubic.

Proof Let `1, `2, `3 be an azygetic triad of bitangents. The corresponding odd
theta characteristics add up to KC +ϑ, where ϑ is an even theta characteristic.
Let O be the Cayley octad corresponding to the net of quadrics for which C is
the Hessian curve and let S ⊂ P3 = |KC + ϑ|∨ be the corresponding sextic
model of C. We know that the restriction map

|OP3(2)| → |OS(2)| = |OC(3KC)| = |OP2(3)|

is a bijection. We also know that the double planes in |OP3(2)| are mapped to
contact cubics corresponding to ϑ. The cubic curve `1 +`2 +`3 is one of them.
Using the interpretation of bitangents as chords of the Cayley octad given in
Theorem 6.3.5, we see that the union of the three chords corresponding to
`1, `2, `3 cut out on S six coplanar points.This means that the three chords
span a plane in P3. Obviously, the chords must be of the form qiqj , qiqk, qjqk,
where 1 ≤ i < j < k ≤ 8. The number of such triples is

(
8
3

)
= 56. Fixing

such a triple of chords, we can find
(

5
3

)
= 10 triples disjoint from the fixed

one. The sum of the six corresponding odd theta characteristics is equal to 3K

and hence the contact points are on a cubic. We can also see it by using the
determinantal identity (4.11). Other types of azygetic hexads can be found by
using the previous Remark.

Altogether we find (see [490]) the following possible types of such hexads.

• 280 of type (12, 23, 31, 45, 56, 64);
• 168 of type (12, 34, 35, 36, 37, 38);
• 560 of type (12, 13, 14, 56, 57, 58).

Recall that the three types correspond to three orbits of the permutation group
S8 on the set of azygetic hexads whose contact points are on a cubic. Note
that not every azygetic hexad has this property. For example, a subset of an
Aronhold set does not have this property.

For completeness sake, let us give the number of not azygetic hexads whose
contact points are on a cubic.The number of them is equal 5040. Here is the
list.

• 840 of type (12, 23, 13, 14, 45, 15);
• 1680 of type (12, 23, 34, 45, 56, 16);
• 2520 of type (12, 34, 35, 36, 67, 68).
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6.3.3 Seven points in the plane

Let P = {p1, . . . , p7} be a set of seven distinct points in P2. We assume that
the points satisfy the following condition:

(∗) no three of the points are collinear and no six lie on a conic.

Consider the linear system L of cubic curves through these points. The con-
ditions on the points imply that L is of dimension 2 and each member of L
is an irreducible cubic. A subpencil in L has two base points outside the base
locus of L. The line spanned by these points (or the common tangent if these
points coincide) is a point in the dual plane P(E). This allows us to identify
the net L with the plane P2 where the seven points lie. Nets of curves with
this special property are Laguerre nets which we will discuss later in Example
7.3.12.

Proposition 6.3.9 The rational map L 99K L∨ given by the linear system L

is of degree 2. It extends to a regular degree 2 finite map π : X → L∨ ∼= P2,
where X is the blow-up of the set P . The branch curve of φ is a nonsingular
plane quartic C in L∨. The ramification curve R is the proper transform of
a curve B ⊂ L of degree 6 with double points at each pi. Conversely, given
a nonsingular plane quartic C, the double cover of P2 ramified over C is a
nonsingular surface isomorphic to the blow-up of 7 points p1, . . . , p7 in the
plane satisfying the condition above.

We postpone the proof of this Proposition until Chapter 8. The surface X is
a del Pezzo surface of degree 2 .

Following our previous notation, we denote the plane L∨ by |E| for some
vector space E of dimension 3. Thus L can be identified with P(E). Let σ :

X → P2 be the blowing up map. The curves Ei = σ−1(pi) are exceptional
curves of the first kind, (−1)-curves for short. We will often identify L with its
proper transform in S equal to

| −KX | = |3h− E1 − · · · − E7|,

where h = c1(σ∗OP2(1)) is the divisor class of the preimage of a line in P2.
The preimage of a line ` ⊂ |E| in P(E) = L is a nonsingular member of L

if and only if ` intersects transversally C. In this case, it is a double cover of
` branched over ` ∩ C. The preimage of a tangent line is a singular member,
the singular points lie over the contact points. Thus, the preimage of a general
tangent line is an irreducible cubic curve with a singular point at σ(R). The
preimage of a bitangent is a member of |−KX | with two singular points (they
may coincide if the bitangent is an inflection bitangent). It is easy to see that
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its image in the plane is either an irreducible cubic Fi with a double point at pi
or the union of a line pipj and the conic Kij passing through the point pk, k 6=
i, j. In this way we can account for all 28 = 7+21 bitangents. If we denote
the bitangents corresponding to Fi by `i8 and the bitangents corresponding to
pipj +Kij by `ij , we can accommodate the notation of bitangents by subsets
of cardinality 2 of [1, 8]. We will see below that this notation agrees with the
previous notation. In particular, the bitangents corresponding to the curves Fi’s
form an Aronhold set.

Let `′ ∈ |h|. Its image π(`′) in |L|∨ = |E| is a plane cubic G. The preimage
ofG inX is the union of `′ and a curve `′′ in the linear system 3(3h−

∑
Ei)−

h| = |8h− 3
∑
Ei|. The curves `′ and `′′ intersect at 6 points. Since the cubic

G splits in the cover π, it must touch the branch curve C at each intersection
point with it. Thus it is a contact cubic and hence the divisor D = φ(`′ ∩ `′′)
belongs to |KC + ϑ| for some even theta characteristic ϑ. This shows that `′

cuts out in R the divisor from the linear system |KR + ϑ|. In other words,
the inverse of the isomorphism π|R : R → C is given by a 2-dimensional
linear system contained in |KC + ϑ|. The image B of R in the plane |L| is a
projection of a sextic model of C in P3 defined by the linear system |KC +ϑ|.

We can easily locate an Aronhold set defined by θ. The full preimage of a
curve Fi onX cuts out onR the divisor 2ai+2bi, where ai, bi ∈ Ei correspond
to the branches of Fi at pi. Thus the full preimage of the divisor Fi − Fj cuts
out on Ei the divisor

(2ai + 2bi)− (ai + bi) + (aj + bj)− 2(aj + bj) = ai + bi − aj − bj .

But Fi − Fj is the divisor of a rational function on P2. This shows that the
images of the Fi’s in the plane |E| are seven bitangents defined by odd theta
characteristics ϑi such that ϑi − ϑj is the same 2-torsion divisor class. Thus,
the seven bitangents form an Aronhold set.

Let us record what we have found so far.

Proposition 6.3.10 A choice of seven unordered points p1, . . . , p7 in the
plane P(E) satisfying condition * defines a nonsingular plane quartic C in
the dual plane |E| and even theta characteristic ϑ on C. The linear system
of cubic curves through the seven points maps each its member with a double
point at pi to a bitangent ϑi of C. The seven bitangents ϑ1, . . . , ϑ7 form an
Aronhold set of bitangents.

Let us now see the reverse construction of a set of 7 points defined by a pair
(C, ϑ) as above.

Let Nϑ be the linear system of quadrics in |KC+ϑ| ∼= P3 defined by an even
theta characteristic ϑ on C. Let X → P3 be the blow-up of the Cayley octad
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O = {q1, . . . , q8} of its base points. The linear system Nϑ defines an elliptic
fibration f : X → N∨ϑ . If we identify Nϑ with |E| by using the determinantal
representation φ : |E| → |OP3(2)|, then Nϑ can be identified with P(E). The
images of fibres of f in P3 are quartic curves passing through O. The projection
map from P3 from q8 ∈ O is defined by a 2-dimensional linear subsystemH of
|KC + ϑ|. The projections of quartic curves are cubic curves passing through
the set P = {p1, . . . , p7}, where pi is the projection of qi. In this way we get
a set of seven points that defines (C, ϑ). The Aronhold set of bitangents ϑi8
obtained from the Cayley octad corresponds to the Aronhold set ϑ1, . . . , ϑ7

defined by the cubic curves Fi. They are the projections of the rational curve
of degreeRi which together with the line qjq8 form the base locus of the pencil
of quadrics with singular points on the line qjq8.

So, we have proved the converse.

Proposition 6.3.11 A nonsingular plane quartic curveC ⊂ |E| together with
an even theta characteristic defines a unique Cayley octad O ⊂ |KC + ϑ| =

P3 such that the linear system of quadrics through O is the linear system of
quadrics associated to (C, ϑ). The projection of O from one of its points to P2

plus a choice of an isomorphism P2 ∼= |E∨| defines a net of cubics through
seven points p1, . . . , p7. The blow-up of the seven points is a del Pezzo surface
and its anticanonical linear system defines a degree 2 finite map X → |E|
branched over C. The ramification curve R of the map is the projection of the
image of C under the linear system |KC + ϑ|.

Note that in this way we account for all 288 = 8 × 36 Aronhold sets of
seven bitangents. They are defined by a choice of an even theta characteristic
and a choice of a point in the corresponding Cayley octad. We also obtain the
following.

Corollary 6.3.12 The moduli space U7
2 of projective equivalence classes of

unordered seven points in the plane is birationally isomorphic to the moduli
space Mar

3 of curves of genus 3 together with an Aronhold set of bitangents.
It is (birationally) a 8 : 1-cover of the moduli spaceMev

3 of curves of genus
3 together with an even theta characteristic. The latter space is birationally
isomorphic to the moduli space of projective equivalence classes of Cayley
octads.

Remark 6.3.13 Both of the moduli spaces Mar
3 and Mev

3 are known to be
rational varieties. The rationality of U7

2 was proven by P. Katsylo in [328]. The
rationality ofMev

3 follows from the birational isomorphism betweenMev
3 and

M3 (see Theorem 6.3.19 below) and the rationality ofM3, also proven by P.
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Katsylo [330]. Also known, and much easier to prove, that the moduli space
Modd of curves of genus 3 with an odd theta characteristic is rational [23].

Remark 6.3.14 The elliptic fibration f : X → P(E) defined by the linear
system Nϑ has 8 sections corresponding to the exceptional divisors over the
points qj . Its discriminant locus consists of lines in |E| tangent to C, that is,
the dual curve C∨ of C. If we fix one section, say the exceptional divisor over
q8, then all nonsingular fibres acquire a group structure. The closure of the
locus of nontrivial 2-torsion points is a smooth surface W in X . Its image in
P3 is a surface of degree 6 with triple points at q1, . . . , q8, called the Cayley
dianode surface. It is a determinantal surface equal to the Jacobian surface
of the linear system of quartic surfaces with double points at q1, . . . , q7. The
linear system of quartics defines a map X → P6 whose image is the cone
over a Veronese surface in a hyperplane. The map is a double cover onto the
image. The exceptional divisor over q8 is mapped to the vertex of the cone.
The surface W is the ramification locus of this map. Its image in P6 is the
complete intersection of the cone and a cubic hypersurface. It is a surface of
degree 12 with 28 nodes, the images of the lines qiqj . The surface W is a
minimal surface of general type with pg = 3 and K2

W = 3. It is birationally
isomorphic to the quotient of a symmetric theta divisor in Jac(C) modulo the
involution x 7→ −x. All of this is discussed in [120] and [175].

There is another similar elliptic fibration over P(E). Consider the universal
family of the net L:

U = {(x, F ) ∈ |E| × L : x ∈ F}.

The fiber of the first projection π1 : U → X over a point x ∈ X can be
identified, via the second projection, with the linear subsystem L(x) ⊂ L of
curves passing through the point x. If x 6∈ P , L(x) is a pencil, otherwise it is
the whole L. The second projection π2 : U→ L is an elliptic fibration, its fiber
over the point {F} is isomorphic to F . It has seven regular sections

si : L→ U, F 7→ (pi, F ).

There is another natural rational section s8 : L → U defined as follows. We
know from 3.3.2 that any g1

2 on a nonsingular cubic curve F is obtained by
projection from the coresidual point p ∈ F to a line. Take a curve F ∈ L

and restrict L to F . This defines a g1
2 on F , and hence defines the coresidual

point cF . The section s8 maps F to c8. Although the images Si of the first
sections are disjoint in U, the image S8 of s8 intersects each Sj , j 6= 8, at the
point (pj , Fj) (in this case the g1

2 on Fi has a base point pi, which has to be
considered as the coresidual point of Fj). The universal family U is singular
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because the net Nϑ has base points. The singular points are the intersection
points of the sections Sj and S8, j 6= 8. The variety X is a small resolution of
the singular points. The exceptional curves are the proper transforms of lines
qjq8.

6.3.4 The Clebsch covariant quartic

Here we shall specialize the Scorza construction in the case of plane quartic
curves. Consider the following symmetric correspondence on P2

R = {(x, y) ∈ P2 × P2 : rankPyx(C) = 1}.

We know that a cubic curve has a polar quadric of rank 1 if and only if it lies
in the closure of the projective equivalence class of the Fermat cubic. Equiva-
lently, a cubic curve G = V (g) has this property if and only if the Aronhold
invariant S vanishes on g. We write in this case S(G) = 0.

Consider the projection of R to one of the factors. It is equal to

C(C) := {x ∈ P2 : S(Px(C)) = 0}.

By symmetry of polars, if x ∈ C(C), then R(x) ⊂ C(C). Thus S = C(C)

comes with a symmetric correspondence

RC := {(x, y) ∈ S × S : rankPxy(C) = 1}.

Since the Aronhold invarariant S is of degree 4 in coefficients of a ternary
quartic, we obtain that C(C) is a quartic curve or the whole P2. The case when
C(C) = P2 happens, for example, when C is a Fermat quartic. For any point
x ∈ P2 and any vertex y of the polar triangle of the Fermat cubic Px(C), we
obtain Pyx(C) = P2.

The assignment C → C(C) lifts to a covariant

C : S4(E∨)→ S4(E∨)

which we call the Scorza covariant of quartics. We use the same notation for
the associated rational map

C : |OP2(4)| 99K |OP2(4)|.

Example 6.3.15 Assume that the equation of C is given in the form

at40 + bt41 + ct42 + 6ft21t
2
2 + 6gt20t

2
2 + 6ht20t

2
1 = 0.

Then the explicit formula for the Aronhold invariant S (see [490], p. 270) gives

C(C) := a′t40 + b′t41 + c′t42 + 6f ′t21t
2
2 + 6g′t20t

2
2 + 6h′t20t

2
1 = 0,
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where

a′ = 6e2h2, b′ = 6h2f2, c′ = 6f2g2,

d′ = bcgh− f(bg2 + ch2)− ghf2,

e′ = acfh− g(ch2 + af2)− fhg2,

h′ = abfg − h(af2 + bg2)− fgh2.

For a general f the formula for C is too long.
Consider the pencil of quartics defined by the equation

t40 + t41 + t42 + 6α(t20t
2
1 + t20t

2
2 + t21t

2
2) = 0, α 6= 0. (6.30)

Then C(C) is given by the equation

t40 + t41 + t42 + 6β(t20t
2
1 + t20t

2
2 + t21t

2
2) = 0,

where

6βα2 = 1− 2α− α2.

We find that C(C) = C if and only if α satisfies the equation

6α3 + α2 + 2α− 1 = 0.

One of the solutions is α = 1/3; it gives a double conic. Two other solutions
are α = 1

4 (−1 ±
√
−7). They give two curves isomorphic to the Klein curve

V (t30t1 +t31t2 +t32t0) with 168 automorphisms. We will discuss this curve later
in the Chapter.

We will be interested in the open subset of |OP2(4)| where the map C is
defined and its values belong to the subset of nonsingular quartics.

Proposition 6.3.16 Suppose C(C) is a nonsingular quartic. Then C is either
nondegenerate, or it has a unique irreducible apolar conic.

Proof Suppose C does not satisfy the assumption. Then C admits either a
pencil of apolar conics or one reducible apolar conic. In any case there is a
reducible conic, hence there exist two points x, y such that Pxy(C) = P2. This
implies that Px(C) is a cone with triple point y. It follows from the explicit
formula for the Aronhold invariant S that the curve Px(C) is a singular point
in the closure of the variety of Fermat cubics. Thus the image of the polar
map x 7→ Px(C) passes through the singular point. The preimage of this point
under the polar map is a singular point of C.

Theorem 6.3.17 Let C = V (f) be a general plane quartic. Then S = C(C)

is a nonsingular curve and there exists an even theta characteristic ϑ on S
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such that RC coincides with the Scorza correspondence Rϑ on S. Every non-
singular S together with an even theta characteristic is obtained in this way.

Proof To show that C(C) is nonsingular for a general quartic, it suffices to
give one example when it happens. The Klein curve from Example 6.3.15 will
do.

Let S be a nonsingular quartic and Rϑ be the Scorza correspondence on S
defined by a theta characteristic ϑ. It defines the Scorza quartic C. It follows
immediately from (5.41) in the proof of Theorem 5.5.17 that for any point
(x, y) ∈ Rϑ the second polar Px,y(C) is a double line (in notation in the proof
of the loc. cit. Theorem, (x, y) = (x, xi) and V (t2i ) is the double line). This
shows that Px(C) is a Fermat cubic, and hence C(C) = S. Thus, we obtain that
the Clebsch covariant C is a dominant map whose image contains nonsingular
quartics. Moreover, it inverts the Scorza rational map which assigns to (S, ϑ)

the Scorza quartic. Thus a general quartic curve C is realized as the Scorza
quartic for some (S, ϑ), the correspondence RC coincides with Rϑ and S =

C(C).

Suppose C is plane quartic with nonsingular S = C(C). Suppose RC = Rθ
for some even theta characteristic on S. Let C ′ be the Scorza quartic assigned
to (S, ϑ). Then, for any x ∈ S, Px(C) = Px(C ′). Since S spans P2, this
implies that C = C ′. The generality condition in order that RC = Rϑ happens
can be made more precise.

Proposition 6.3.18 Suppose S = C(C) satisfies the following conditions

• S is nonsingular;
• the Hessian of C is irreducible;
• S does not admit nonconstant maps to curves of genus 1 or 2.

Then RC = Rθ for some even theta characteristic θ and C is the Scorza
quartic associated to (S, θ).

Proof It suffices to show that RC is a Scorza correspondence on S. Obvi-
ously, RC is symmetric. As we saw in the proof of Proposition 6.3.16, the first
condition shows that no polar Px(C), x ∈ S, is the union of three concurrent
lines. The second condition implies that the Steinerian of C is irreducible and
hence does not contain S. This shows that, for any general point x ∈ S, the
first polar Px(C) is projectively equivalent to a Fermat cubic. This implies that
RC is of type (3, 3). Since C is nonsingular, Px2(C) is never a double line or
P2. Thus RC has no united points.

By Proposition 5.5.11, it remains for us to show that RC has valence −1.
Take a general point x ∈ S. The divisor RC(x) consists of the three vertices
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of its unique polar triangle. For any y ∈ RC(x), the side λ = V (l) opposite
to y is defined by Py(Px(C)) = Px(Py(C)) = V (l2). It is a common side of
the polar triangles of Px(C) and Py(C). We have ` ∩ S = y1 + y2 + x1 + x2,
where RC(x) = {y, y1, y2} and RC(y) = {x, x1, x2}. This gives

y1 + y2 + x1 + x2 = (RC(x)− x) + (RC(y)− y) ∈ |KS |.

Consider the map α : S → Pic2(S) given by x→ [R(x)−x]. AssumeRC has
no valence, i.e. the map α is not constant. If we replace in the previous formula
y with y1 or y2, we obtain that α(y) = α(y1) = α(y2) = KS − α(x). Thus
α : S → α(S) = S′ is a map of degree ≥ 3. It defines a finite map of degree
≥ 3 from S to the normalization S̃′ of S′. Since a rational curve does not admit
non-constant maps to an abelian variety, we obtain that S̃′ is of positive genus.
By assumption, this is impossible. Hence RC has valence v = −1.

Let |OP2(4)|snd be the open subset of plane quartics C such that C(C) is
a nonsingular quartic and the correspondence RC is a Scorza correspondence
Rϑ. The Clebsch covariant defines a regular map

C̃ : |OP2(4)|snd → T Cev
4 , C 7→ (C(C), RC). (6.31)

By Proposition 5.2.3 the variety T Cev
4 is an irreducible cover of degree 36 of

the variety |OP2(4)| of nonsingular quartics. By Proposition 5.2.3 the variety
T Cev

4 is an irreducible cover of degree 36 of the variety |OP2(4)| of nonsin-
gular quartics. The Scorza map defines a rational section of C̃. Since both the
source and the target of the map are irreducible varieties of the same dimen-
sion, this implies that (6.31) is a birational isomorphism.

Passing to the quotients by PGL(3), we obtain the following.

Theorem 6.3.19 LetMev
3 be the moduli space of curves of genus 3 together

with an even theta characteristic. The birational map S : |OP2(4)| → T C4 has
the inverse defined by assigning to a pair (C, ϑ) the Scorza quartic. It induces
a birational isomorphism

M3
∼=Mev

3 .

The composition of this map with the forgetting mapMev
3 →M3 is a rational

self-map ofM3 of degree 36.

Remark 6.3.20 The Corollary generalizes to genus 3 the fact that the map
from the space of plane cubics |OP2(3)| to itself defined by the Hessian is a
birational map to the cover |OP2(3)|ev, formed by pairs (X, ε), where ε is a
nontrivial 2-torsion divisor class (an even characteristic in this case). Note that
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the Hessian covariant is defined similarly to the Clebsch invariant. We compose
the polarization map V × S3(E∨)→ S2(E∨) with the discriminant invariant
S2(E∨)→ C.

6.3.5 Clebsch and Lüroth quartics

Since five general points in the dual plane lie on a singular quartic (a double
conic), a general quartic does not admit a polar pentagon, although the count
of constants suggests that this is possible. This remarkable fact was first dis-
covered by J. Lüroth in 1868. Suppose a quartic C admits a polar pentagon
{[l1], . . . , [l5]} (or the polar pentalateral V (l1), . . . , V (l5)). Let Q = V (q) be
a conic in P(E) passing through the points [l1], . . . , [l5]. Then q ∈ AP2(f). The
space AP2(f) 6= {0} if and only if det Cat2(f) = 0. Thus the set of quartics
admitting a polar pentagon is the locus of zeros of the catalecticant invariant
on the space P(S4(E∨)). It is a polynomial of degree 6 in the coefficients of a
ternary form of degree 4.

Definition 6.3.21 A plane quartic admitting a polar pentagon is called a
Clebsch quartic.

Lemma 6.3.22 LetC = V (f) be a Clebsch quartic. The following properties
are equivalent.

(i) C admits polar pentagon {[l1], . . . , [l5]} such that l21, . . . , l
2
5 ∈ S2(E∨)

are linearly independent;
(ii) dim AP2(f) = 1;
(iii) for any polar pentagon {[l1], . . . , [l5]} of C, l21, . . . , l

2
5 are linearly

independent;
(iv) for any polar pentagon {[l1], . . . , [l5]} of C, no four of the points [li]

are collinear.

Proof (i)⇒ (ii) For any ψ ∈ AP2(f), we have

0 = Dψ(f) =
∑

Dψ(l2i )l
2
i .

Since l2i are linearly independent, this implies Dψ(l2i ) = 0, i = 1, . . . , 5. This
means that V (ψ) is a conic passing through the points [l1], . . . , [l5]. Five points
in the plane determine unique conic unless four of the points are collinear.
It is easy to see that in this case the quadratic forms l21, . . . , l

2
5 are linearly

dependent. Thus dim AP2(f) = 1.
(ii)⇒ (ii) Suppose {[l1], . . . , [l5]} is a polar pentagon of C with linearly de-

pendent l21, . . . , l
2
5. Then there exist two linearly independent functions ψ1, ψ2
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in S2(E∨)∨ = S2(E) vanishing at l21, . . . , l
2
5. They are apolar to f , contradict-

ing the assumption.
(iii)⇒ (iv) Suppose {[l1], . . . , [l4]} are collinear. Then, we can choose coor-

dinates to write l1 = t0, l1 = t1, l3 = at0+bt1, l4 = ct0+dt1. Taking squares,
we see that the five l2i are linear combinations of four forms t20, t

2
1, t0t1, l5. This

contradicts the assumption.
(iv) ⇒ (i) Let {[l1], . . . , l5]} be a polar pentagon with no four collinear

points. It is easy to see that it implies that we can choose four of the points
such that no three among them are collinear. Now change coordinates to as-
sume that the corresponding quadratic forms are t20, t

2
1, t

2
2, a(t0 + t1 + t2)2.

Suppose l21, . . . , l
2
5 are linearly dependent. Then we can write

l25 = α1t
2
0 + α2t

2
1 + α3t

2
2 + α4(t0 + t1 + t2)2.

If two of the coefficients αi are not zero, then the quadratic form in the right-
hand side is of rank ≥ 2. The quadratic form in the left-hand side is of rank 1.
Thus, three of the coefficients are zero, but the two of the points [li] coincide.
This contradiction proves the implication.

Definition 6.3.23 A Clebsch quartic is called weakly nondegenerate if it sat-
isfies one of the equivalent conditions from the previous Lemma. It is called
nondegenerate if the unique polar conic is irreducible.

This terminology is somewhat confusing since a quartic was earlier called
nondegenerate if it does not admit an apolar conic. I hope the reader can live
with this.

It follows immediately from the definition that each polar pentalateral of a
nondegenerate Clebsch quartic consists of five sides, no three of which pass
through a point (a complete pentalateral). Considered as a polygon in the dual
plane, this means that no three vertices are collinear. On the other hand, the
polar pentalateral of a weakly nondegenerate Clebsch quartic may contain one
or two triple points.

Let C = V (
∑
l4i ) be a Clebsch quartic. If x lies in the intersection of two

sides V (li) and V (lj) of the polar pentalateral, then

Px(C) = V (
∑
k 6=i,j

lk(x)l3k),

hence it lies in the closure of the locus of Fermat cubics. This means that the
point x belongs to the quartic C(C). When C is a general Clebsch quartic,
C(C) passes through each of 10 vertices of the polar complete pentalateral.
In other words, C(C) is a Darboux plane curve of degree 4 in sense of the
definition below.
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Let `1, . . . , `N be a set of N distinct lines in the planes, the union of which
is called a N -lateral, or an arrangement of lines. A point of intersection xij of
two of the lines `i and `j is called a vertex of theN -lateral. The number of lines
intersecting at a vertex is called the multiplicity of the vertex. An N -lateral
with all vertices of multiplicity 2 is called a complete N -lateral (or a general
arrangement). Considered as a divisor in the plane, it is a normal crossing
divisor. The dual configuration of an N -lateral (the dual arrangement) consists
of a set of N points corresponding to the lines and a set of lines corresponding
to points. The number of points lying on a line is equal to the multiplicity of
the line considered as a vertex in the original N -lateral.

Let J be the ideal sheaf of functions vanishing at each vertex xij with mul-
tiplicity ≥ νij − 1, where νij is the multiplicity of xij . A nonzero section of
J (k) defines a plane curve of degree k that has singularities at each xij of
multiplicity ≥ νij − 1.

Lemma 6.3.24 Let A = {`1, . . . , `N} be an N -lateral. Then

h0(P2,J (N − 1)) = N.

Proof Let ` be a general line in the plane. It defines an exact sequence

0→ J (N − 2)→ J (N − 1)→ J (N − 1)⊗O` → 0.

Since the divisor of zeros of a section of J (N − 2) contains the divisor `i ∩
(
∑
j 6=i `j) of degree N − 1, it must be the whole `i. Thus h0(J (N − 2)) = 0.

Since J (N − 1) ⊗ O` ∼= OP1(N − 1), we have h0(J (N − 1) ⊗ O`) = N .
This shows that h0(J (N − 1)) ≤ N . On the other hand, we can find N

linear independent sections by taking the products fj of linear forms defining
`i, j 6= i. This proves the equality.

Definition 6.3.25 A Darboux curve of degree N − 1 is a plane curve defined
by a nonzero section of the sheaf J (N − 1) for some N -lateral of lines in the
plane. A Darboux curve of degree 4 is called a Lüroth quartic curve.

Obviously, any conic (even a singular one) is a Darboux curve. The same is
true for cubic curves. The first case where a Darboux curve must be a special
curve is the case N = 5.

It follows from the proof of Lemma 6.3.24 that a Darboux curve can be
given by an equation

N∑
i=1

∏
j 6=i

lj =

N∏
i=1

li(

N∑
i=1

1

li
) = 0 (6.32)

where `i = V (li).
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From now on, we will be dealing with the case N = 5, i.e with Lüroth
quartics. The details for the next computation can be found in the original
paper by Lüroth [370], p. 46.

Lemma 6.3.26 Let C = V (
∑
l2i ) be a Clebsch quartic in P2 = |E|. Choose

a volume form on E to identify li ∧ lj ∧ lk with a number |lilj lk|. Then

C(C) = V (

5∑
s=1

ks
∏
i 6=s

li),

where

ks =
∏

i<j<k,r 6∈{i,j,k}

|lilj lk|.

Proof This follows from the known symbolic expression of the Aronhold
invariant

S = (abc)(abd)(acd)(bcd).

If we polarize 4Da(f) =
∑
li(a)l3i , we obtain a tensor equal to the tensor∑

li(a)li ⊗ li ⊗ li ∈ (E∨)⊗3. The value of S is equal to the sum of the deter-
minants li(a)lj(a)lk(a)|lilj lk|. When [a] runs P2, we get the formula from the
assertion of the Lemma.

Looking at the coefficients k1, . . . , k5, we observe that

• k1, . . . , k5 6= 0 if and only if C is nondegenerate;
• two of the coefficients k1, . . . , k5 are equal to zero if and only if C is weakly

degenerate and the polar pentalateral of C has one triple point;
• three of the coefficients k1, . . . , k5 are equal to zero if and only if C is

weakly nondegenerate and the polar pentalateral of C has two triple points;
• C(C) = P2 if the polar pentalateral has a point of multiplicity 4.

It follows from this observation, that a Lüroth quartic of the form C(C) is
always reducible if C admits a degenerate polar pentalateral. Since C(C) does
not depend on a choice of a polar pentalateral, we also see that all polar penta-
laterals of a weakly nondegenerate Clebsch quartic are complete pentalaterals
(in the limit they become generalized polar 5-hedra).

Thus we see that, for any Clebsch quartic C, the quartic C(C) is a Lüroth
quartic. One can prove that any Lüroth quartic is obtained in this way from a
unique Clebsch quartic (see [176]).

Let C = V (f) be a nondegenerate Clebsch quartic. Consider the map

c : VSP(f, 5)o → |OP2(2)| (6.33)
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defined by assigning to {`1, . . . , `5} ∈ V SP (f, 5)o the unique conic passing
through these points in the dual plane. This conic is nonsingular and is apolar
to C. The fibres of this map are polar pentagons of f inscribed in the apolar
conic. We know that the closure of the set of Clebsch quartics is defined by
one polynomial in coefficients of quartic, the catalecticant invariant. Thus the
varierty of Clebsch quartics is of dimension 13.

Let E5 be the variety of 5-tuples of distinct nonzero linear forms on E.
Consider the map E5 → |OP2(4)| defined by (l1, . . . , l5) 7→ V (l41 + · · · +
l45). The image of this map is the hypersurface of Clebsch quartics. A general
fiber must be of dimension 15 − 13 = 2. However, scaling the li by the same
factor, defines the same quartic. Thus the dimension of the space of all polar
pentagons of a general Clebsch quartic is equal to 1. Over an open subset of
the hypersurface of Clebsch quartics, the fibres of c are irreducible curves.

Proposition 6.3.27 Let C = V (f) be a nondegenerate Clebsch quartic and
Q be its apolar conic. Consider any polar pentagon of C as a positive divisor
of degree 5 on Q. Then VSP(f, 5)o is an open non-empty subset of a g1

5 on Q.

Proof Consider the correspondence

X = {(x, {`1, . . . , `5}) ∈ Q× VSP(f, 5)o : x = [li] for some i = 1, . . . , 5}.

Let us look at the fibres of the projection to Q. Suppose we have two polar
pentagons of f with the same side [l]. We can write

f − l4 = l41 + · · ·+ l44,

f − λl4 = m4
1 + · · ·+m4

4.

For any ψ ∈ S2(E) such that ψ(li) = 0, i = 1, . . . , 4, we get Dψ(f) =

12ψ(l)l2. Similarly, for any ψ′ ∈ S2(E) such that ψ′(mi) = 0, i = 1, . . . , 4,
we get Dψ′(f) = 12λψ′(l)l2. This implies that V (ψ(l)ψ′ − ψ′(l)ψ) is an
apolar conic toC. SinceC is a general Clebsch quartic, there is only one apolar
conic. The set of V (ψ)’s is a pencil with base points V (li), the set of V (ψ′)

is a pencil with base points V (li). This gives a contradiction unless the two
pencils coincide. But then their base points coincide and the two pentagons are
equal. This shows that the projection to Q is a one-to-one map. In particular,
X is an irreducible curve.

Now it is easy to finish the proof. The set of degree 5 positive divisors on
Q ∼= P1 is the projective space |OP1(5)|. The closure P of our curve of polar
pentagons lies in this space. All divisors containing one fixed point in their
support form a hyperplane. Thus the polar pentagons containing one common
side [l] correspond to a hyperplane section of P . Since we know that there is
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only one such pentagon and we take [l] in an open Zariski subset of Q, we
see that the curve is of degree 1, i.e. a line. So our curve is contained in a
1-dimensional linear system of divisors of degree 5.

Remark 6.3.28 The previous Proposition shows why Lüroth quartics are spe-
cial among Darboux curves. By Lemma 6.3.24, the variety of pairs consisting
of an N -lateral and a curve of degree N − 1 circumscribing it is of dimension
3N − 1. This shows that the dimension of the variety of Darboux curves of
degreeN−1 is equal to 3N−1−k, where k is the dimension of the variety of
N -laterals inscribed in a general Darboux curve. We can construct a Darboux
curve by considering an analog of a Clebsch curve, namely a curve C admit-
ting a polar N -gon. Counting constants shows that the expected dimension of
the locus of such curves is equal to 3N − 1 −m, where m is the dimension
of the variety of polar N -gons of C. Clearly every such C defines a Darboux
curve as the locus of x ∈ P2 such that Px(C) admits a polar (N − 2)-gon.
The equation of a general Darboux curve shows that it is obtained in this way
from a generalized Clebsch curve. In the case N = 5, we have k = m = 1.
However, already for N = 6, the variety of Darboux quintics is known to be
of dimension 17, i.e. k = 0 [24]. This shows that there are only finitely many
N -laterals that a general Darboux curve of degree 5 could circumscribe.

Suppose C is an irreducible Lüroth quartic. Then it comes from a Clebsch
quartic C ′ if and only if it circumscribes a complete pentalateral and C ′ is a
nondegenerate Clebsch quartic. For example, an irreducible singular Lüroth
quartic circumscribing a pentalateral with a triple point does not belong to
the image of the Clebsch covariant. In any case, a Darboux curve of degree
N−1 given by Equation (6.32), in particular, a Lüroth quartic, admits a natural
symmetric linear determinantal representation:1

det


l1 + l2 l1 l1 . . . l1
l1 l1 + l3 l1 . . . l1
...

...
...

...
...

l1 . . . . . . l1 l1 + lN

 = 0. (6.34)

It is clear that, if l1(x) = l2(x) = l3(x) = 0, the corank of the matrix at the
point x is greater than 1. Thus, if the N -lateral is not a complete N -lateral, the
theta characteristic defining the determinantal representation is not an invert-
ible one. However, everything goes well if we assume that the Lüroth quar-
tic comes from a nondegenerate Clebsch quartic. Before we state and prove
the next Theorem, we have to recall some facts about cubic surfaces which
1 This was communicated to me by B. van Geemen, but also can be found in Room’s book

[474], p. 178.
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we will prove and discuss later in Chapter 9. A cubic surface K always ad-
mits a polar pentahedron, maybe a generalized one. Suppose that K is gen-
eral enough so that it admits a polar pentahedron V (L1), . . . , V (L5) such
that no four of the forms Li are linearly dependent. In this case K is called
a Sylvester nondegenerate cubic and the polar pentahedron is unique. If we
write K = V (L3

1 + · · ·+L3
5), then the Hessian surface of K can be written by

the equation
5∑
i=1

∏
i 6=j

Li(z) = 0. (6.35)

Obviously, a general plane section of the Hessian surface is isomorphic to a
Lüroth quartic.

Theorem 6.3.29 Let N be a net of quadrics in P3. The following properties
are equivalent.

(i) There exists a basis (Q1, Q2, Q3) of N such that the quadrics Qi can
be written in the form

Qj = V (

5∑
i=1

aijL
2
i ), j = 1, 2, 3, (6.36)

where Li are linear forms with any four of them being linearly indepen-
dent.

(ii) There exists a Sylvester nondegenerate cubic surfaceK in P3 such that
N is equal to a net of polar quadrics of K.

(iii) The discriminant curve C of N is a Lüroth quartic circumscribing
a complete pentalateral {V (l1), . . . , V (l5)} and N corresponds to the
symmetric determinantal representation (6.34) of C.

Proof (i)⇒ (ii) Consider the Sylvester nondegenerate cubic surface K given
by the Sylverster equation

K = V (L3
1 + · · ·+ L3

5).

For any point x = [v] ∈ P3, the polar quadric Px(K) is given by the equation
V (
∑
Li(v)L2

i ). Let A = (aij) be the 5 × 3 matrix defining the equations of
the three quadrics. Let

Li =

3∑
j=0

bijzj , i = 1, . . . , 5,

and let B = (bij) be the 5 × 4-matrix of the coefficients. By assumption,
rankA = 4. Thus we can find a 4× 3-matrix C = (cij) such that B · C = A.
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If we take the points x1, x2, x3 with coordinate vectors v1, v2, v3 equal to the
columns of the matrix C, then we obtain that Li(vj) = aij . This shows that
Qi = Pxi(K), i = 1, 2, 3.

(ii) ⇒ (i) Suppose we can find three non-collinear points xi = [vi] and a
Sylvester nondegenerate cubic surface K such that Qi = Pxi(K), i = 1, 2, 3.
Writing K as a sum of 5 cubes of linear forms Li, we obtain (i).

(i)⇒ (iii) Consider the five linear forms li = ai1t0 + ai2t1 + ai3t2. Our net
of quadrics can be written in the form

Q(t0, t1, t2) = V (

5∑
i=1

li(t0, t1, t2)Li(z0, z1, z2, z3)2).

By scaling coordinates ti and zj , we may assume that the forms li and Lj
satisfy

l1 + l2 + l3 + l4 + l5 = 0, (6.37)

L1 + L2 + L3 + L4 + L5 = 0.

The quadric Q(a) is singular at a point x if and only if

rank
(
l1(a)L1(x) . . . l5(a)L5(x)

1 . . . 1

)
= 1.

This is equivalent to that

l1(a)L1(x) = . . . = L5(a)l5(x). (6.38)

Taking into account (6.37), we obtain

5∑
i=1

1

li(a)
= 0,

or
5∑
i=1

∏
i 6=j

li(a) = 0. (6.39)

This shows that the discriminant curve is a Lüroth quartic given by the deter-
minantal Equation (6.34).

(iii)⇒ (ii) Computing the determinant, we find the equation ofC in the form
(6.39). Then we linearly embed C3 in C4 and find five linear formsLi such that
restriction of Li to the image is equal to li. Since no four of the li are linearly
dependent, no four of the Li are linearly dependent. Thus K = V (

∑
L3
i ) is

a Sylvester nondegenerate cubic surface. This can be chosen in such a way
that

∑
Li = 0 generates the space of linear relations between the forms. By
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definition, the image of C in P3 given by the forms li is the discriminant curve
of the net of polars of K.

Definition 6.3.30 The even theta characteristic on a Lüroth curve defined by
the determinantal representation (5.5.11) is called a pentalateral theta charac-
teristic.

By changing the pentalateral inscribed in a weakly nondegenerate Lüroth
quartic C, we map P1 to the variety of nets of quadrics in P3 with the same
discriminant curve C. Its image in the moduli space of nets of quadrics mod-
ulo projective transformations of P3 is irreducible. Since there are only finitely
many projective equivalence classes of nets with the same discriminant curve,
we obtain that the pentalateral theta characteristic does not depend on the
choice of the pentalateral.

Suppose C is a nondegenerate Lüroth quartic equal to C(C ′) for some Cleb-
sch quartic C ′. It is natural to guess that the determinantal representation of C
given by determinant (6.34) corresponds to the pentalateral theta characteris-
tic defined by the Scorza correspondence RC′ on C. The guess is correct. We
refer for the proof to [176], Theorem 7.4.1.

Remark 6.3.31 Since the locus of Clebsch quartics is a hypersurface (of de-
gree 6) in the space of all quartics, the locus of Lüroth quartics is also a hy-
persurface. Its degree is equal to 54 ([391]). Modern proofs of this fact can be
found in [357], [568], and in [420]. We also refer to a beautiful paper of H.
Bateman which discusses many aspects of the theory of Lüroth quartics, some
of this was revised in [420] and [421]. For example, in the second paper, G.
Ottaviani and E. Sernesi study the locus of singular Lüroth quartics and prove
that it consists of two irreducible components. One of them is contained in the
image of the Clebsch covariant. The other component is equal to the locus of
Lüroth quartics circumscribing a pentalateral with a double point.

Note that the degree of the locus of three quadrics (Q1, Q2, Q3) with dis-
criminant curve isomorphic to a Lüroth quartic is equal to 4 · 54 = 216. It con-
sists of one component of degree 6, the zero set of the Toeplitz invariant, and
the other component of degree 210. The component of degree 6 corresponds to
a choice of a pentagonal theta characteristic, the other component corresponds
to other 35 theta characteristics, for which the monodromy is irreducible.

6.3.6 A Fano model of VSP(f, 6)

Recall that a nondegenerate ternary quartic f ∈ S4(E∨) is one of the special
cases from Theorem 1.3.19 where Corollary 1.4.13 applies. So, the variety
VSP(f, 6)o embeds in the Grassmann variety G(3,AP3(f)∨) ∼= G(3, 7). The



292 Plane Quartics

image is contained in the subvariety G(3,AP3(f))σ of isotropic subspaces of
the skew-symmetric linear map σ : Λ2E →

∧2 AP3(f). Choosing a basis in
E and identifying Λ2E with E∨, we can view this map as a skew-symmetric
7× 7-matrix M whose entries are linear functions on E. Let L ⊂ AP3(f)∨ be
an isotropic subspace of σ. In appropriate coordinates (t0, t1, t2), we can write
M in the block-form

M =

(
B A

−tA 0

)
,

where B is a square skew-symmetric 4 × 4 matrix and A is a 4 × 3 matrix.
The maximal minors of the matrix A generate an ideal in C[t0, t1, t2] defining
a closed 0-dimensional subscheme Z of length 6. This defines the map

G(3,AP3(f))σ → VSP(f, 6)

which is the inverse of the map VSP(f, 6)o → G(3,AP3(f))σ (see [452]).
The following Theorem is originally due to S. Mukai [398] and was reproved

by a different method by K. Ranestad and F.-O. Schreyer [452], [500].

Theorem 6.3.32 Let f ∈ S4(E∨) be a nondegenerate quartic form in three
variables. Then the map V SP (f, 6)o → G(3,AP3(f)∨)σ extends to an iso-
morphism

µ : VSP(f, 6)→ G(3,AP3(f)∨)σ.

If f is a general quartic, the variety G(3,AP3(f)∨)σ is a smooth threefold.
Its canonical class is equal to −H , where H is a hyperplane section in the
Plücker embedding of the Grassmannian.

Recall that a Fano variety of dimension n is a projective variety X with
ample −KX . If X is smooth, and Pic(X) ∼= Z and −KX = mH , where H is
an ample generator of the Picard group, then X is said to be of index m. The
degree of X is the self-intersection number Hn . The number g = 1

2K
n
X + 1

is called the genus.
In fact, in [397] S. Mukai announced a more precise result. The variety

VSP(f, 6) is a Gorenstein Fano variety if f is not a Lüroth quartic and it is
smooth, if V (f) is nondegenerate and does not admit complete quadrangles as
its a polar 6-side (a complete quadrangle is the union of six lines joining two
out of four general points in the plane).

Remark 6.3.33 A Fano variety V22 of degree 22 (genus 12) and index 1 was
omitted in the original classification of Fano varieties with the Picard num-
ber 1 due to Gino Fano. It was discovered by V. Iskovskikh. It has the same
Betti numbers as the P3. It was proven by S. Mukai that every such variety is
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isomorphic to VSP(f, 6) for a unique quartic for F = V (f). He also makes
the relation between VSP(f, 6) and the corresponding V22 very explicit. The
Clebsch quartic curve C = C(F ) of F can be reconstructed from V22 as the
Hilbert scheme of lines on V22 (in the anticanonical embedding). The Scorza
correspondence defining the corresponding even theta characteristic is the inci-
dence relation of lines. The quartic is embedded in the plane of conics on V22.
In this way Mukai gets another proof of Corollary 6.3.19. Also he shows that
through each point on V22 passes 6 conics taken with multiplicities. In the dual
plane they correspond to a generalized polar hexagon of f (see [398], [399]).

By the same method, Ranestad and Schreyer extended the previous result to
all exceptional cases listed in Subsection 1.4.3, where n = 2. We have

Theorem 6.3.34 Let f be a general ternary form of degree 2k. Then

• k = 1: VSP(f, 3) ∼= G(2, 5)σ is isomorphic to a Fano variety of degree 5
and index 2;

• k = 2: VSP(f, 6) ∼= G(3, 7)σ is isomorphic to the Fano variety V22 of
degree 22 and index 1;

• k = 3: VSP(f, 10) ∼= G(4, 9)σ is isomorphic to a K3 surface of degree 38

in P20;
• k = 4: VSP(f, 15) ∼= G(5, 11)σ is a set of 16 points.

In the two remaining cases (n, k) = (1, k) and (n, k) = (3, 2), the variety
VSP(f, k+1) is isomorphic to P1 (see 1.5.1) in the first case and, in the second
case, the birational type of the variety VSP(f, 10) is unknown at present.

Let C = V (f) be a nonsingular plane quartic and θ is an even theta charac-
teristic on C. Let Nϑ be the corresponding net of quadrics in P(H0(C, θ(1))).
Let N⊥ϑ be the apolar linear system of quadrics in the dual projective space
P̌3. Its dimension is equal to 6. We say that a rational normal cubic R in P̌3

is associated to Nϑ if the net of quadrics |JR(2)| vanishing on R is contained
in N⊥ϑ . In [500] F.-O. Schreyer constructs a linear map α :

∧2 N⊥ϑ → Nϑ and
shows that the nets of quadrics defining the associated rational normal curves
is parameterized by the subvarietyG(3,N⊥ϑ )α of isotropic subspaces of α. This
reminds us of the construction of G(3,AP3(f)∨)σ . In fact, consider the trans-
pose map tα : N∨ϑ →

∧2
(E⊥)∨ and pass to the third symmetric power to get

a linear map

S3(N∨ϑ)→ S3
2∧

(N⊥ϑ )∨ →
6∧

(N⊥ϑ )∨ → N⊥ϑ .

Its kernel can be identified with AP3(g), where V (g) is the quartic such V (f)
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is its Scorza quartic. This gives another proof of the Scorza birational isomor-
phism between M3 and Mev

3 . A similar construction was announced earlier
by S. Mukai [397].

6.4 Invariant theory of plane quartics

Let I(d) denote the space of SL(3)-invariants of degree d in the linear action of
SL(3) on the space of quartic ternary forms. We have already encountered an
invariant F6 of degree 6, the catalecticant invariant. It vanishes on the space of
Clebsch quartics. Another familiar invariant is the discriminant invariant F27 of
degree 27. There is also an invariant F3 of degree 3 with symbolic expression
(abc)4. We will explain its geometric meaning a little later.

Let us introduce the generating function

P (T ) =

∞∑
d=0

dimC I(d)T d.

It has been computed by T. Shioda [531], and the answer is

P (T ) =
N(T )∏6

i=1(1− T 3i)(1− T 27)
, (6.40)

where

N(T ) = 1 + T 9 + T 12 + T 15 + 2T 18 + 3T 21 + 2T 24 + 3T 27 + 4T 30 + 3T 33 + 4T 36

+4T 39 + 3T 42 + 4T 45 + 3T 48 + 2T 51 + 3T 54 + 2T 57 + T 60 + T 63 + T 66 + T 75.

It was proven by J. Dixmier [167] that the algebra of invariants is finite over the
free subalgebra generated by seven invariants of degrees 3, 6, 9, 12, 15, 18, 27.

This was conjectured by Shioda. He also conjectured that one needs six more
invariants of degrees 9, 12, 15, 18, 21, 21 to generate the whole algebra of in-
variants. This is still open. We know some of the covariants of plane quartics.
These are the Hessian He of order 6 and degree 3, and the Clebsch covariant
C4 of order 4 and degree 3. Recall that it assigns to a general quartic the clo-
sure of the locus of points whose polar is equianharmonic cubic. There is a
similar covariant C6 of degree 4 and order 6 that assigns to a general quartic
curve the closure of the locus of points whose polars are harmonic cubics. The
Steinerian covariant of degree 12 and order 12 is a linear combination of C3

4

and C2
6.

The dual analogs of the covariants C4 and C6 are the harmonic contravariant
Φ6 of class 6 and degree 3 and the equianharmonic contravariant Φ4 of class
4 and degree 2. The first (resp. the second) assigns to a general quartic the
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closure of the locus of lines which intersect the quartic at a harmonic (resp.
equianharmonic) set of four points.

The invariant A3 vanishes on the set of curves C such that the quartic en-
velope Φ4(C) is apolar to C. One can generate a new invariant by using
the polarity pairing between covariants and contravariants of the same or-
der. The obtained invariant, if not zero, is of degree equal to the sum of de-
grees of the covariant and the contravariant. For example, (Φ4(C),C4(C))

or (Φ6(C),He(C)) give invariants of degree 6. It follows from (6.40) that
all invariants of degree 6 are linear combinations of A2

3 and A6. However,
(Φ6(C),C6(C)) is a new invariant of degree 9. Taking here the Hessian co-
variant instead of C6(C), one obtains an invariant of degree 6.

There is another contravariant Ω of class 4 but of degree 5. It vanishes on the
set of lines ` such that the unique anti-polar conic of ` contains ` (see [176],
p. 274). The contravariant A3Φ4 is of the same degree and order, but the two
contravariants are different.

We can also generate new covariants and contravariants by taking the polar
pairing at already known covariants and contravariants. For example, one gets
a covariant conic σ of degree 5 by operating Φ4(C) on He(C). Or we may
operate C on Φ6(C) to get a contravariant conic of degree 4.

Applying known invariants to covariants or contravariants gets a new invari-
ant. However, they are of large degrees. For example, taking the discriminant
of the Hessian, we get an invariant of degree 215. However, it is reducible, and
contains a component of degree 48 representing an invariant that vanishes on
the set of quartics which admit a polar conic of rank 1 [561]. There are other
known geometrically meaningful invariants of large degree. For example, the
Lüroth invariant of degree 54 vanishing on the locus of Lüroth quartics and
the Salmon invariant of degree 60 vanishing on the locus of quartics with an
inflection bitangent (see [121]).

The GIT-quotient of |OP2(4)| by SL(3) and other compactifications of the
moduli space of plane quartic curves were studied recently from different as-
pects. Unfortunately, it is too large a topic to discuss it here. We refer to [13],
[15],[283], [345], [365], [366].
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6.5 Automorphisms of plane quartic curves

6.5.1 Automorphisms of finite order

Since an automorphism of a nonsingular plane quartic curve C leaves the
canonical class KC invariant, it is defined by a projective transformation. We
first describe all possible cyclic groups of automorphisms of C.

Lemma 6.5.1 Let σ be an automorphism of order n > 1 of a nonsingular
plane quartic C = V (f). Then one can choose coordinates in such a way that
a generator of the cyclic group (σ) is represented by the diagonal matrix

diag[1, ζan, ζ
b
n], 0 ≤ a < b < n,

where ζn is a primitive n-th root of unity, and f is given in the following list.

(i) (n = 2), (a, b) = (0, 1),

t42 + t22g2(t0, t1) + g4(t0, t1);

(ii) (n = 3), (a, b) = (0, 1),

t32g1(t0, t1) + g4(t0, t1);

(iii) (n = 3), (a, b) = (1, 2),

t40 + αt20t1t2 + t0t
3
1 + t0t

3
2 + βt21t

2
2;

(iv) (n = 4), (a, b) = (0, 1),

t40 + g4(t1, t2);

(v) (n = 4), (a, b) = (1, 2),

t40 + t41 + t42 + αt20t
2
2 + βt0t

2
1t2;

(vi) (n = 6), (a, b) = (2, 3),

t40 + t42 + αt20t
2
2 + t0t

3
1;

(vii) (n = 7), (a, b) = (1, 3),

t30t2 + t32t1 + t0t
3
1;

(viii) (n = 8), (a, b) = (3, 7),

t40 + t31t2 + t1t
3
2;

(ix) (n = 9), (a, b) = (2, 3),

t40 + t0t
3
2 + t31t2;
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(x) (n = 12), (a, b) = (3, 4),

t40 + t41 + t0t
3
2.

Here the subscripts in the polynomials gi indicate their degree.

Proof Let us first choose coordinates such that σ acts by the formula

σ : [x0, x1, x2] 7→ [x0, ζ
a
nx1, ζ

b
nx2],

where a ≤ b < n. If a = b, we can scale the coordinates by ζ−a, and then
permute the coordinates to reduce the action to the case, where 0 ≤ a < b.

We will often use that f is of degree≥ 3 in each variable. This follows from
the assumption that f is nonsingular. A form f is invariant with respect to the
action if all monomials entering in f with nonzero coefficients are eigenvectors
of the action of σ on the space of quartic ternary forms. We denote by p1, p2, p3

the points [1, 0, 0], [0, 1, 0], [0, 0, 1].

Case 1: a = 0.
Write f in the form:

f = αt42 + t32g1(t0, t1) + t22g2(t0, t1) + t2g3(t0, t1) + g4(t0, t1). (6.41)

Assume α 6= 0. Since g4 6= 0, if α 6= 0, we must have 4b ≡ 0 mod n. This
implies that n = 2 or 4. In the first case g1 = g3 = 0, and we get case (i). If
n = 4, we must have g1 = g2 = g3 = 0, and we get case (iv).

If α = 0, then 3b = 0 mod n. This implies that n = 3 and g2 = g3 = 0.
This gives case (ii).

Case 2: a 6= 0.
The condition a < b < n implies that n > 2.

Case 2a: The points p1, p2, p3 lie on C.
This implies that no monomial t4i enters f . We can write f in the form

f = t30a1(t1, t2) + t31b1(t0, t2) + t32c1(t0, t1)

+t20a2(t1, t2) + t21b2(t0, t2) + t22c2(t0, t1),

where ai, bi, ci are homogeneous forms of degree i. If one of them is zero,
then we are in Case 1 with α = 0. Assume that all of them are not zeros. Since
f is invariant, it is clear that no ti enters two different coefficients a1, b1, c1.
Without loss of generality, we may assume that

f = t30t2 + t32t1 + t31t0 + t20a2(t2, t3) + t21b2(t0, t2) + t22c2(t0, t1).

Now we have b ≡ a + 3b ≡ 3a mod n. This easily implies 7a ≡ 0 mod n

and 7b ≡ 0 mod n. Since n|g.c.m(a, b), this implies that n = 7, and (a, b) =
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(1, 3). By checking the eigenvalues of other monomials, we verify that no other
monomials enters f . This is case (vii).

Case 2b: Two of the points p1, p2, p3 lie on the curve.
After scaling and permuting the coordinates, we may assume that the point

p1 = [1, 0, 0] does not lie on C. Then we can write

f = t40 + t20g2(t1, t2) + t0g3(t1, t2) + g4(t1, t2),

where t41, t
4
2 do not enter in g4.

Without loss of generality, we may assume that t31t2 enters g4. This gives
3a+ b ≡ 0 mod n. Suppose t1t32 enters g4. Then a+ 3b ≡ 0 mod n. Then
8a ≡ n, 8b ≡ 0 mod n. As in the previous case this easily implies that n = 8.
This gives case (viii). If t1t32 does not enter in g4, then t32 enters g3. This gives
3b ≡ 0 mod n. Together with 3a + b ≡ 0 mod n this gives n = 3 and
(a, b) = (1, 2), or n = 9 and (a, b) = (2, 3). These are cases (iii) and (ix).

Case 2c: Only one point pi lies on the curve.
Again we may assume that p1, p3 do not lie on the curve. Then we can write

f = t40 + t41 + t20g2(t1, t2) + t0g3(t1, t2) + g4(t1, t2),

where t41, t
4
2 do not enter in g4. This immediately gives 4a ≡ 0 mod n. We

know that either t32 enters g3, or t1t32 enters g4. In the first case, 3b ≡ 0 mod n

and together with 4a ≡ 0 mod n, we get n = 12 and (a, b) = (3, 4). Looking
at the eigenvalues of other monomials, this easily leads to case (x). If t32t1
enters g4, we get 3b+a ≡ 0 mod n. Together with 4a ≡ 0 mod n, this gives
12b ≡ 0 mod 12. Hence n = 12 or n = 6. If n = 12, we get a = b = 3,
this has been considered before. If n = 6, we get a = 3, b = 1. This leads
to the equation t40 + t41 + αt20t

2
1 + t1t

3
2 = 0. After permutation of coordinates

(t0, t1, t2) 7→ (t2, t0, t1), we arrive at case (vi).

Case 2d: None of the reference point lies on the curve.
In this case we may assume that

f = t40 + t41 + t42 + t20g2(t1, t2) + t0g3(t1, t2) + t1t2(αt21 + βt22 + γt1t2).

Obviously, 4a = 4b = 0 mod n. If n = 2, we are in case (i). If n = 4, we
get (a, b) = (1, 2), (1, 3), or (2, 3). Permuting (t0, t1, t2) 7→ (t2, t0, t1), and
multiplying the coordinates by ζ2

4 , we reduce the case (1, 2) to the case (2, 3).
The case (1, 3) is also reduced to the case (1, 2) by multiplying coordinates
by ζ4 and then permuting them. Thus, we may assume that (a, b) = (1, 2).
Checking the eigenvalues of the monomials entering in f , we arrive at case
(v).
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6.5.2 Automorphism groups

We employ the notation from [124]: a cyclic group of order n is denoted by
n, the semi-direct product A o B is denoted by A : B, a central extension of
a group A with kernel B is denoted by B.A. We denote by Ln(q) the group
PSL(n,Fq).

Theorem 6.5.2 The following Table is the list of all possible groups of auto-
morphisms of a nonsingular plane quartic.

Type Order Structure Equation
I 168 L2(7) t30t2 + t0t

3
1 + t1t

3
2

II 96 42 : S3 t40 + t41 + t42
III 48 4.A4 t40 + t41 + 2

√
−3t21t

2
2 + t42

IV 24 S4 t40 + t41 + t42 + a(t20t
2
1 + t20t

2
2 + t21t

2
2)

V 16 4.22 t40 + t41 + at21t
2
2 + t42

VI 9 9 t40 + t0t
3
2 + t31t2

VII 8 D8 t40 + t41 + t42 + at20t
2
2 + bt21t0t2

VIII 6 6 t40 + t42 + t0t
3
1 + at20t

2
2

IX 6 S3 t40 + t0(t31 + t32) + at20t1t2 + bt21t
2
2

X 4 22 t40 + t41 + t42 + at20t
2
2 + bt20t

2
1 + ct21t

2
2

XI 3 3 t32t1 + t0(t31 + at21t0 + bt1t
2
0 + ct30)

XII 2 2 t42 + t22g2(t0, t1) + t40 + at20t
2
1 + t41

Table 6.1 Automorphisms of plane quartics

Before we prove the theorem, let us comment on the parameters of the equa-
tions. First of all, their number is equal to the dimension of the moduli space of
curves with the given automorphism group. The equations containing param-
eters may acquire additional symmetry for special values of parameters. Thus
in Type IV, one has to assume that a 6= 3

2 (−1 ±
√
−7), otherwise the curve

becomes isomorphic to the Klein curve (see [225], vol. 2, p. 209, or [471]). In
Type V, the special values are a = 0,±2

√
−3,±6. If a = 0, we get the Fermat

quartic, if a = ±6, we again get Type II (use the identity

x4 + y4 =
1

8
((x+ y)4 + (x− y)4 + 6(x+ y)2(x− y)2).

If a = ±2
√
−3, we get Type III (the identity

x4 + y4 + ax2y2 =
e−πi/4

4
((x+ iy)4 + (x− y)4 + a(x+ iy)2(x− iy)2)

exhibits an additional automorphism of order 3). In Type VII, we have to as-
sume b 6= 0, otherwise the curve is of Type V. In Type VIII, a 6= 0, otherwise
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the curve is of type III. In Type IX, a 6= 0, otherwise the curve acquires an
automorphism of order 4. In Type X, all the coefficients a, b, c are different.
We leave the cases XI and XII to the reader.

Proof Suppose G contains an element of order n ≥ 6. Applying Lemma
6.5.1, we obtain that C is isomorphic to a quartic of Type VIII (n = 6), I
(n = 7), II (n = 8), VI (n = 9), and III (n = 12). Here we use that, in the case
n = 8 (resp. n = 12) the binary form t31t2+t1t

3
2 (resp. t41+t0t

3
2) can be reduced

to the binary forms t41 + t42 (resp. t41 + 2
√
−3t21t + t42) by a linear change of

variables. It corresponds to a harmonic (resp. equianharmonic) elliptic curve.
Assume n = 8. Then C is a Fermat quartic. Obviously, G contains a sub-

group G′ = 42 : S3 of order 96. If it is a proper subgroup, then the order
of G is larger than 168. By Hurwitz’s Theorem, the automorphism group of a
nonsingular curve of genus g is of order ≤ 84(g − 1) (see [281], Chapter 5,
Exercise 2.5). This shows that G ∼= 42 : S3, as in Type II.

Assume n = 7. Then the curve is projectively isomorphic to the Klein curve,
which we will discuss in the next Subsection and will show that its automor-

phism group is isomorphic to L2(7). This deals with Type I.
Now we see that G may contain only Sylow 2-subgroups or 3-subgroups.

Case 1: G contains a 2-group.

First of all, the order N = 2m of G is less than or equal to 16. Indeed, by
the above, we may assume that G does not contain cyclic subgroups of order
2a with a > 2. By Hurwitz’s formula

4 = N(2g′ − 2) +N
∑

(1− 1

ei
).

If N = 2m,m > 4, then the right-hand side is divisible by 8.
So N = 2m,m ≤ 4. As is well-known, and is easy to prove, the center Z

of G is not trivial. Pick up an element σ of order 2 in the center and consider
the quotient C → C/(σ) = C ′. Since any projective automorphism of order 2
fixes pointwisely a line `, g has a fixed point on C. By Hurwitz’s formula, C ′

is a curve of genus 1, and the cover is ramified at four points. By choosing the
coordinates such that σ = diag[−1, 1, 1], the equation of C becomes

t42 + t22g2(t0, t1) + g4(t0, t1) = 0. (6.42)

IfG = (σ), we get Type XII. SupposeG = 22 and τ is another generator. After
a linear change of variables t1, t2, we may assume that τ acts as [t0, t1, t2] 7→
[t0, t1,−t2]. This implies that g2 does not contain the monomial t1t2 and g4

does not contain the monomials t31t2, t1t
3
2. This leads to Type X.

If G = (τ) ∼= Z/4Z, there are two cases to consider corresponding to
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items (iv) and (v) in Lemma 6.5.1. In the first case, we may assume that τ :

[t0, t1, t2] 7→ [t0, t1, it2]. This forces g2 = 0. It is easy to see that any binary
quartic without multiple zeros can be reduced to the form t41 +at21t

2
2 + t42. Now

we see that the automorphism group of the curve

V (t40 + t41 + at21t
2
2 + t42), a 6= 0,

contains a subgroup generated by the transformations

g1 : [t0, t1, t2] 7→ [it0, t1, t2],

g2 : [t0, t1, t2] 7→ [t0, it1,−it2],

g3 : [t0, t1, t2] 7→ [it0, it2, it1].

The element g1 generates the center, and the quotient is isomorphic to 22 :=

(Z/2Z)2. We denote this group by 4.22. It is one of nine non-isomorphic non-
abelian groups of order 16. Other way to represent this group is D8 : 2. The
dihedral subgroup D8 is generated by g2 and g1g3. If a = 0, it is the Fermat
curve of Type II.

In the second case we may assume that τ : [t0, t1, t2] 7→ [t0, it1,−t2]. In
this case, we can reduce the equation to the form (v) from Lemma 6.5.1. It
is easy to see that G contains the dihedral group D8. If there is nothing else,
we get Type VII. There are two isomorphism classes of group of order 16 that
contain D8. They are D8 × 2 or 4.22 from above. In the first case, the group
contains a subgroup isomorphic to 23 := (Z/2Z)3. This group does not embed
in PGL(3). In the second case, the center is of order 4, hence commutes with
τ but does not equal to (τ). The equation shows that this is possible only if the
coefficient b = 0. Thus we get a curve of Type V .

Case 2: G contains a Sylow 3-subgroup.
Let Q be a Sylow 3-subgroup of G. Assume Q contains a subgroup Q′ iso-

morphic to 32. By Hurwitz’s formula, the quotient of C by a cyclic group of
order 3 is either an elliptic curve or a rational curve. In the first case, the quo-
tient map has two ramification points, in the second case it has five ramification
points. In any case, the second generator of Q′ fixes one of the ramification
points. However, the stabilizer subgroup of any point on a nonsingular curve is
a cyclic group. This contradiction shows that Q must be cyclic of order 3 or 9.

Case 2a: Q is of order 9.
If Q = G, we are getting Type VI. Thus, we may assume that G contains

a Sylow 2-subgroup P of some order 2m,m ≤ 4. By Sylow’s Theorem, the
number s3 of Sylow 3-subgroups is equal to 1 + 3k and it divides 2m. This
gives s3 = 1, 4, 16. If m = 1, the subgroup Q is normal. The cover C → C/Q

is ramified at five points with ramification indices (9, 9, 3). If Q 6= G, then P
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contains a subgroup isomorphic to 9 : 2. It does not contain elements of order
6. An element of order 2 in this group must fix one of the five ramification
points and gives a stabilizer subgroup of order 6 or 18. Both is impossible.

Suppose Q is not a normal subgroup. The number n3 of Sylow 3-subgroups
is equal to 4 if m = 2, 3, or 16 if m = 4. Consider the action of G on the set of
28 bitangents. It follows from the normal form of an automorphism of order 9
in Lemma 6.5.1 that Q fixes a bitangent. Thus, the cardinality of each orbit of
G on the set of bitangents divides 2m and the number of orbits is equal to 4 or
16. It easy to see that this is impossible.

Case 2a: Q is of order 3.
If P contains an element of order 4 of type (v), then, by the analysis from

Case 1, we infer that G contains D8. If P ∼= D8, by Sylow’s Theorem, the in-
dex of the normalizer NG(P ) is equal to the number s2 of Sylow 2-subgroups.
This shows that s2 = 1, hence P is normal in G. An element of order 4 in P
must commute with an element of order 3, thusG contains an element of order
12, hence the equation can be reduced to the Fermat equation of Type II. Thus
P must be of order 16. This leads to Type III.

So, we may assume that P does not contain an element of order 4 of type
(v). If it contains an element of order 4, then it must have equation of Type V
with a = 0. This leads again to the Fermat curve.

Finally, we arrive at the case when P has no elements of order 4. Then P
is an abelian group (Z/2Z)m, where m ≤ 2 (the group 23 does not embed in
Aut(P2). If m = 0, we get Type XI, if m = 1, we get Type IX, if m = 2, we
get Type IV.

6.5.3 The Klein quartic

Recall that a quartic curve admitting an automorphism of order 7 is projectively
equivalent to the quartic

C = V (t0t
3
1 + t1t

3
2 + t30t2). (6.43)

The automorphism S of order 7 acts by the formula

S : [t0, t1, t2] 7→ [εt0, ε
2t1, ε

4t2], ε = e2πi/7,

where we scaled the action to represent the transformation by a matrix from
SL(3).

As promised, we will show that the group of automorphisms of such a quar-
tic is isomorphic to the simple group L2(7) of order 168. By Hurwitz’s Theo-
rem, the order of this group is the largest possible for curves of genus 3.
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Observe that Equation (6.43) has a symmetry given by a cyclic permutation
U of the coordinates. It is easy to check that

USU−1 = S4, (6.44)

so that the subgroup generated by S,U is a group of order 21 isomorphic to
the semi-direct product 7 : 3.

By a direct computation one checks that the following unimodular matrix
defines an automorphism T of C of order 2:

i√
7

ε2 − ε5 ε4 − ε3 ε− ε6
ε− ε6 ε2 − ε5 ε4 − ε3
ε4 − ε3 ε− ε6 ε2 − ε5

 . (6.45)

We have

TUT−1 = U2, (6.46)

so that the subgroup generated by U, T is the dihedral group of order 6. One
checks that the 49 products SaTSb are all distinct. In particular, the cyclic
subgroup (S) is not normal in the group G generated by S, T, U . Since the
order of G is divisible by 2 · 3 · 7 = 42, we see that #G = 42, 84, 126 or 168.
It follows from Sylow’s Theorem that the subgroup (S) must be normal in the
first three cases, so #G = 168, and by Hurwitz’s Theorem

Aut(C) = G = 〈S,U, T 〉.

One checks that V = (TS)−1 satisfies V 3 = 1 and the group has the presen-
tation

G = 〈S, T, V : S7 = V 3 = T 2 = STV = 1〉.

Proposition 6.5.3 The group Aut(C) is a simple group G168 of order 168.

Proof Suppose H is a nontrivial normal subgroup of G. Assume that its or-
der is divisible by 7. Since its Sylow 7-subgroup cannot be normal in H , we
see that H contains all Sylow 7-subgroups of G. By Sylow’s Theorem, their
number is equal to 8. This shows that #H = 56 or 84. In the first case H
contains a Sylow 2-subgroup of order 8. Since H is normal, all its conjugates
are in H , and, in particular, T ∈ H . The quotient group G/H is of order 3. It
follows from (6.46) that the coset of U must be trivial. Since 3 does not divide
56, we get a contradiction. In the second case, H contains S, T, U and hence
coincides with G. So, we have shown that H cannot contain an element of or-
der 7. Suppose it contains an element of order 3. Since all such elements are
conjugate, H contains U . It follows from (6.44) that the coset of S in G/H is
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trivial, hence S ∈ H , contradicting the assumption. It remains for us to con-
sider the case when H is a 2-subgroup. Then #G/H = 2a · 3 · 7, with a ≤ 2.
It follows from Sylow’s Theorem that the image of the Sylow 7-subgroup in
G/H is normal. Thus its preimage in G is normal. This contradiction finishes
the proof that G is simple.

Remark 6.5.4 One can show that

G168
∼= PSL(2,F7) ∼= PSL(3,F2).

The first isomorphism has a natural construction via the theory of automorphic
functions. The Klein curve is isomorphic to a compactification of the modular
curve X(7), corresponding to the principal congruence subgroup of full level
7. The second isomorphism has a natural construction via considering a model
of the Klein curve over a finite field of two elements (see [209]). We can see
an explicit action of G on 28 bitangents via the geometry of the projective line
P1(F7) (see [135], [320]).

The group Aut(C) acts on the set of 36 even theta characteristics with orbits
of cardinality 1, 7, 7, 21 (see [176]. The unique invariant even theta characteris-
tic θ gives rise to a uniqueG-invariant in P3 = P(V ), where V = H0(C, θ(1)).
Using the character table, one can decompose the linear representation S2(V )

into the direct sum of the 3-dimensional representation E = H0(C,OC(1))∨

and a 7-dimensional irreducible linear representation. The linear map E →
S2(V ) defines the unique invariant net of quadrics. This gives another proof
of the uniqueness of an invariant theta characteristic. The corresponding rep-
resentation of C as a symmetric determinant is due to F. Klein [337] (see also
[200]). We have

det


−t0 0 0 −t2
0 t2 0 −t2
0 0 t2 −t0
t2 −t2 −t0 0

 = t30t2 + t32t0 + t31t0. (6.47)

The group Aut(C) has 3 orbits on C with nontrivial stabilizers of orders
2, 3, 7. They are of cardinality 84, 56 and 24, respectively.

The orbit of cardinality 24 consists of inflection points of C. They are the
vertices of the eight triangles with inflection tangents as its sides. These are
eight contact cubics corresponding to the unique invariant theta characteristic.
The eight inflection triangles coincide with eight biscribed triangles. The group
acts on the eight triangles with stabilizer subgroup of order 21. In fact, the
coordinate triangle is one of the eight triangles. The subgroup generated by
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S and U leaves it invariant. The element T of order 2 sends the coordinate
triangle to the triangle with sides whose coordinates are the rows of the matrix
(6.45). In fact, this is how the element T was found (see [337] or [225], vol. 2,
p. 199).

We know that the inflection points are the intersection points of C and its
Hessian given by the equation

He(f) = 5t20t
2
2t

2
2 − t0t52 − t50t1 − t1t51 = 0.

So the orbit of 24 points is cut out by the Hessian.
The orbit of cardinality 56 consists of the tangency points of 28 bitangents of

C. An example of an element of order 3 is a cyclic permutation of coordinates.
It has 2 fixed points [1, η3, η

2
3 ] and [1, η2

3 , η3] on C. They lie on the bitangent
with equation

4t0 + (3η2
3 + 1)t1 + (3η3 + 1)t2 = 0.

Define a polynomial of degree 14 by

Ψ = det


∂2f
∂t20

∂2f
∂t0t1

∂2f
∂t0t2

∂f
∂t0

∂2f
∂t1t0

∂2f
∂t21

∂2f
∂t1t2

∂f
∂t1

∂2f
∂t2t0

∂2f
∂t2t1

∂2f
∂t22

∂f
∂t2

∂f
∂t0

∂f
∂t1

∂f
∂t2

0

 .

One checks that it is invariant with respect to G168 and does not contain f as a
factor. Hence it cuts out in V (f) a G-invariant positive divisor of degree 56. It
must consists of a G168-orbit of cardinality 56.

One can compute it explicitly (see [593], p. 524) to find that

Ψ = t14
0 + t14

1 + t14
2 − 34t0t1t2(t10

0 t1 + · · · )− 250t0t1t2(t30t
8
2 + · · · )+

375t20t
2
1t

2
2(t60t

2
1 + · · · ) + 18(t70t

7
2 + · · · )− 126t30t

3
2t

3
1(t30t

2
2 + · · · ).

Here the dots mean monomials obtained from the first one by permutation of
variables.

The orbit of cardinality 84 is equal to the union of 21 sets, each consisting
of four intersection points of C with the line of fixed points of a transformation
of order 2. An example of such a point is

[(ε4 − ε3)(ε− ε6)ε4, (ε2 − ε5)(ε− ε6)ε, (ε4 − ε3)(ε2 − ε5)ε2].

The product ξ of the equations defining the 21 lines defines a curve of degree
21 which coincides with the curve V (J(f,H,Ψ)), where J(f,H,Ψ) is the
Jacobian determinant of f , the Hesse polynomial, and Ψ. It is a G168-invariant
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polynomial of degree 21. Its explicit expression was given by P. Gordan in
[253], p. 372:

Ξ = t21
0 + t21

1 + t21
2 − 7t0t1t2(t17

0 t1 + · · · ) + 217t0t1t2(t30t
15
2 + · · · )−

308t20t
2
1t

2
2(t13

0 t
2
1 + · · · )− 57(t14

0 t
7
1 + · · · )− 289(t70t

14
2 + · · · )+

4018t30t
3
1t

3
2(t20t

10
2 + · · · ) + 637t30t

3
2t

3
1(t90t

3
2 + · · · )+

1638t0t1t2(t10
0 t

8
2 + · · · )− 6279t20t

2
1t

2
2(t60t

9
2 + · · · )+

7007t50t
5
1t

5
2(t0t

5
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The group G168 admits a central extension 2.L2(7) ∼= SL(2,F7). It has
a linear representation in C3 where it acts as a complex reflection group. The
algebra of invariants is generated by the polynomial f defining the Klein curve,
the Hesse polynomial H , and the polynomials Ψ. The polynomial Ξ is a skew
invariant, it is not invariant but its square is. We have (see [253],[225], vol. 2,
p. 208)

Ξ2 = Φ3 − 88f2HΨ2 + 16(63fH4Ψ + 68f4H2Ψ− 16f7Ψ

+108H7 − 3752f3H5 + 1376f6H3 − 128f9H). (6.48)

(note that there is some discrepancy of signs in the formulas of Gordan and
Fricke).

We have already mentioned that the Scorza quartic of the Klein quartic C
coincides with C. The corresponding even theta characteristic is the unique
invariant even theta characteristic θ. One can find all quartic curves X such
that its Scorza quartic is equal to C (see [?], [176]).

The groupG acts on the set of 63 Steiner complexes, or, equivalently, on the
set of nontrivial 2-torsion divisor classes of the Jacobian of the curve. There is
one orbit of length 28, an orbit of length 21, and two orbits of length 7. Also
the group G168 acts on Aronhold sets with orbits of length 8, 168, 56 and 56

[320]. In particular, there is no invariant set of seven points in the plane which
defines C.

The variety VSP(C, 6) is a Fano threefold V22 admitting G168 as its group
of automorphisms. It is studied in [381].

Exercises
6.1 Show that two syzygetic tetrads of bitangents cannot have two common bitangents.
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6.2 LetCt = V (tf+q2) be a family of plane quartics over C depending on a parameter
t. Assume that V (f) is nonsingular and V (f) and V (q) intersect transversally at eight
points p1, . . . , p8. Show that Ct is nonsingular for all t in some open neighborhood of
0 in usual topology and the limit of 28 bitangents when t → 0 is equal to the set of 28
lines pipj .
6.3 Show that the locus of nonsingular quartics that admit an inflection bitangent is a
hypersurface in the space of all nonsingular quartics.
6.4 Consider the Fermat quartic V (t40 + t41 + t42). Find all bitangents and all Steiner
complexes. Show that it admits 12 inflection bitangents.
6.5 An open problem: what is the maximal possible number of inflection bitangents on
a nonsingular quartic?
6.6 Let S = {(`1, `′1), . . . , (`6, `

′
6)} be a Steiner complex of 12 bitangents. Prove that

the six intersection points `i ∩ `′i lie on a conic and all
(

28
2

)
= 378 intersection points

of bitangents lie on 63 conics.
6.7 Show that the pencil of conics passing through the four contact points of two bi-
tangents contains five members each passing through the contact points of a pair of
bitangents.
6.8 Show that a choice of ε ∈ Jac(C)[2] \ {0} defines a conic Q and a cubic B such
that C is equal to the locus of points x such that the polar Px(B) is touching Q.
6.9 Let C = V (a11a22 − a2

12) be a representation of a nonsingular quartic C as a
symmetric quadratic determinant corresponding to a choice of a 2-torsion divisor class
ε. Let C̃ be the unramified double cover of C corresponding to ε. Show that C̃ is iso-
morphic to a canonical curve of genus 5 given by the equations

a11(t0, t1, t2)− t23 = a12(t0, t1, t2)− t3t4 = a22(t0, t1, t2)− t24 = 0

in P4.
6.10 Show that the moduli space of bielliptic curves of genus 4 is birationally isomor-
phic to the moduli space of isomorphism classes of genus 3 curves together with a
nonzero 2-torsion divisor class.
6.11 A plane quartic C = V (f) is called a Caporali quartic if VSP(f, 4)o 6= ∅.

(i) Show that the C admits a pencil of apolar conics.
(ii) Show that the Clebsch covariant quartic C(C) is equal to the union of four lines.
(iii) Show that any Caporali quartic is projectively isomorphic to the curve

at0(t31 − t32) + bt1(t32 − t31) + ct2(t30 − t31) = 0

([61]).
6.12 Let q be a nondegenerate quadratic form in three variables. Show that VSP(q2, 6)o

is a homogeneous space for the group PSL(2,C).
6.13 Show that the locus of lines ` = V (l) such that the anti-polar conic of l2 with
respect to a quartic curve V (f) is reducible is a plane curve of degree 6 in the dual
plane.
6.14 Classify automorphism groups of irreducible singular plane quartics.
6.15 For each nonsingular plane quartic curve C with automorphism group G describe
the ramification scheme of the cover C → C/G.
6.16 Let C be the Klein quartic. For any subgroup H of Aut(C) determine the genus
of H and the ramification scheme of the cover C → C/H .
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6.17 Show that a smooth plane quartic admits an automorphism of order 2 if and only
if among its 28 bitangents four form a syzygetic set of bitangents intersecting at one
point.
6.18 Show that the set of polar conics Px2(C) of a plane quartic C, where x belongs to
a fixed line, form a family of contact conics of another plane quartic C′.
6.19 Show that the description of bitangents via the Cayley octad can be stated in the
following way. LetC = detA be the symmetric determinantal representation ofC with
the Cayley octad O. Let P be the 8 × 4-matrix with columns equal to the coordinates
of the points in O. The matrix M = tPAP is a symmetric 8× 8-matrix, and its entries
are the equations of the bitangents (the bitangent matrix, see [441]).
6.20 Show that the bitangents participating in each principal 4×4-minor of the bitangent
matrix from the previous exercise is a syzygetic tetrad, and the minor itself defines the
equation of the form (6.1).
6.21 Let C and K be a general conic and a general cubic. Show that the set of points a
such that Pa(C) is tangent to Pa(K) is a Lüroth quartic. Show that the set of polar lines
Pa(C) which coincide with polar lines Pa(K) is equal to the set of seven Aronhold
bitangents of the Lüroth quartic ([28]).
6.22 Show that the set of 28 bitangents of the Klein quartic contains 21 subsets of four
concurrent bitangents and each bitangent has 3 concurrency points.
6.23 Let v3 : |E| → |S3(E∨)| be the Veronese embedding corresponding to the apo-
larity map ap1

f : E → S3(E∨) for a general plane quartic V (f) ⊂ |E|. Show that the
variety VSP(f, 6) is isomorphic to the variety of 6-secant planes of the projection of
the Veronese surface ν3(|E|) to |S3(E∨)/ap1

f (E)| ∼= P6 ([381]).

6.24 Find a symmetric determinant expression for the Fermat quartic V (t40 + t41 + t42).

Historical Notes

The fact that a general plane quartic curve has 28 bitangents was first proved
in 1850 by C. Jacobi [317] although the number was apparently known to J.
Poncelet. The proof used Plücker formulas and so did not apply to any non-
singular curve. Using contact cubics, O. Hesse extended this result to arbitrary
nonsingular quartics [290].

The first systematic study of the configuration of bitangents began by O.
Hesse [290],[291] and J. Steiner [542]. Steiner’s paper does not contain proofs.
They considered azygetic and syzygetic sets and Steiner complexes of bi-
tangents although the terminology was introduced later by Frobenius [227].
Hesse’s approach used the relationship between bitangents and Cayley octads.
The notion of a Steiner group of bitangents was introduced by A. Cayley in
[86]. Weber [592] changed it to a Steiner complex in order not to be confused
with the terminology of group theory.

The fact that the equation of a nonsingular quartic could be brought to the
form (6.1) was first noticed by J. Plücker [447]. Equation (6.2), arising from
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a Steiner complex, appears first in Hesse’s paper [291], §9. The determinan-
tal identity for bordered determinants (6.29) appears in [290]. The number of
hexads of bitangents with contact points on a cubic curve was first computed
by O. Hesse [290] and by G. Salmon [490].

The equation of a quartic as a quadratic determinant appeared first in Plücker
[444], p. 228, and in Hesse [291], §10, [292]. Both of them knew that it can
be done in 63 different ways. Hesse also proves that the 12 lines of a Steiner
complex, consider as points in the dual plane, lie on a cubic. More details
appear in Roth’s paper [479] and later, in Coble’s book [120].

The relationship between bitangents of a plane quartic and seven points in
the dual projective plane was first discovered by S. Aronhold [12]. The fact
that Hesse’s construction and Aronhold’ construction are equivalent via the
projection from one point of a Cayley octad was first noticed by A. Dixon
[170].

The relation of bitangents to theta functions with odd characteristics goes
back to B. Riemann [469] and H. Weber [592] and was developed later by
A. Clebsch [107] and G. Frobenius [227], [229]. In particular, Frobenius had
found a relationship between the sets of seven points or Cayley octads with
theta functions of genus 3. Coble’s book [120] has a nice exposition of Frobe-
nius’s work. The equations of bitangents presented in Theorem 6.1.9 were first
found by Riemann, with more details explained by H. Weber. A modern treat-
ment of the theory of theta functions in genus 3 can be found in many papers.
We refer to [234], [248] and the references there.

The theory of covariants and contravariants of plane quartics was initiated by
A. Clebsch in his fundamental paper about plane quartic curves [104]. In this
paper he introduces his covariant quartic C(C) and the catalecticant invariant.
He showed that the catalecticant vanishes if and only if the curve admits an
apolar conic. Much later G. Scorza [508] proved that the rational map S on the
space of quartics is of degree 36 and related this number with the number of
even theta characteristics. The interpretation of the apolar conic of a Clebsch
quartic as the parameter space of inscribed pentagons was given by G. Lüroth
[370]. In this paper (the first issue of Mathematische Annalen), he introduced
the quartics that now bear his name. Darboux curves were first introduced by
G. Darboux in [155]. They got a modern incarnation in a paper of W. Barth
[24], where it was shown that the curves of jumping lines of a rank 2 vector
bundle with trivial determinant is a Darboux curve. The modern exposition
of works of F. Morley [391] and H. Bateman [28] on the geometry of Lüroth
quartics can be found in papers of G. Ottaviani and E. Sernesi [418], [420],
[421].

The groups of automorphisms of nonsingular plane quartic curves were clas-
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sified by S. Kantor [326] and A. Wiman [599]. The first two curves from our
table were studied earlier by F. Klein [337] and W. Dyck [196]. Of course, the
Klein curve is the most famous of those and appears often in modern literature
(see, for example, [532]).

The classical literature about plane quartics is enormous. We refer to Ciani’s
paper [97] for a nice survey of classical results, as well as to his own contribu-
tions to the study of plane quartics which are assembled in [99]. Other surveys
can be found in [430] and [214].



7
Cremona transformations

7.1 Homaloidal linear systems

7.1.1 Linear systems and their base schemes

Recall that a rational map f : X 99K Y of algebraic varieties over a field K
is a regular map defined on a dense open Zariski subset U ⊂ X . The largest
such set to which f can be extended as a regular map is denoted by dom(f).
A point x 6∈ dom(f) is called an indeterminacy point. Two rational maps
are considered to be equivalent if their restrictions to an open dense subset
coincide. A rational map is called dominant if f : dom(f)→ Y is a dominant
regular map, i.e. the image is dense in Y . Algebraic varieties form a category
with morphisms taken to be equivalence classes of dominant rational maps.

From now on we restrict ourselves to rational maps of irreducible varieties
over C. We use fd to denote the restriction of f to dom(f), or to any open sub-
set of dom(f). A dominant map fd : dom(f) → Y defines a homomorphism
of the fields of rational functions f∗ : R(Y )→ R(X). Conversely, any homo-
morphism R(Y )→ R(X) arises from a unique equivalence class of dominant
rational maps X 99K Y . If f∗ makes R(X) a finite extension of R(Y ), then
the degree of the extension is the degree of f . A rational map of degree 1 is
called a birational map. It cam also be defined as an invertible rational map.

We will further assume that X is a smooth projective variety. It follows
that the complement of dom(f) is of codimension ≥ 2. A rational map f :

X 99K Y is defined by a linear system. Namely, we embed Y in a projec-
tive space Pr by a complete linear system |V ′| := |H0(Y,L′)|. Its divisors
are hyperplane sections of Y . The invertible sheaf f∗d L′ on dom(f) can be
extended to a unique invertible sheaf L on all of X . Also we can extend the
sections f∗d (s), s ∈ V ′, to sections of L on all of X . The obtained homo-
morphism f∗ : V ′ → H0(X,L) is injective and its image is a linear subspace
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V ⊂ H0(X,L). The associated projective space |V | ⊂ |L| is the linear system
defining a morphism fd : dom(f)→ Y ↪→ Pr.

The rational map f is given in the usual way. Evaluating sections of V at a
point, we get a map dom(f)→ P(V ) and,, by restriction, the map dom(f)→
P(V ′), which factors through the map Y ↪→ P(V ′). A choice of a basis
(s0, . . . , sr) in V and a basis in V ′ defines a rational map f : X 99K Y ⊂ Pr.
It is given by the formula

x 7→ [s0(x), . . . , sr(x)].

For any rational map f : X 99K Y and any closed reduced subvariety Z of
Y we denote by f−1(Z) the closure of f−1

d (Z) in X . It is called the inverse
transform of Z under the rational map f . Thus the divisors from |V | are the
inverse transforms of hyperplane sections of Y in the embedding ι : Y ↪→ Pr.
More generally, this defines the inverse transform of any linear system on Y .

Let L be a line bundle and V ⊂ H0(X,L). Consider the natural evaluation
map of sheaves

ev : V ⊗OX → L

defined by restricting global sections to stalks of L. It is equivalent to a map

ev : V ⊗ L−1 → OX

whose image is a sheaf of ideals in OX . This sheaf of ideals is denoted b(|V |)
and is called the base ideal of the linear system |V |. The closed subscheme
Bs(|V |) of X defined by this ideal is called the base scheme of |V |. The re-
duced scheme is called the base locus. In classical terminology, the base locus
is the F -locus; its points are called fundamental points. We have

Bs(|V |) = ∩D∈|V |D = D0 ∩ . . . ∩Dr (scheme-theoretically),

where D0, . . . , Dr are the divisors of sections forming a basis of V . The
largest positive divisor F contained in all divisors from |V | (equivalently, in
the divisors D0, . . . , Dr) is called the fixed component of |V |. The linear sys-
tem without fixed component is sometimes called irreducible. Each irreducible
component of its base scheme is of codimension ≥ 2.

If F = div(s0) for some s0 ∈ OX(F ), then the multiplication by s0 defines
an injective map L(−F ) → L. The associated linear map H0(X,L(−F )) →
H0(X,L) defines an isomorphism from a subspaceW ofH0(X,L(−F )) onto
V . The linear system |W | ⊂ |L(−F )| is irreducible and defines a rational map
f ′ : X 99K P(W ) ∼= P(V ).

The linear system is called base-point-free, or simply free if its base scheme
is empty, i.e. b(|V |) ∼= OX . The proper transform of such a system under a
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rational map is an irreducible linear system. In particular, the linear system |V |
defining a rational map X 99K Y as described in above, is always irreducible.

Here are some simple properties of the base scheme of a linear system.

(i) |V | ⊂ |L ⊗ b(|V |)| := |H0(X, b(|V |)⊗ L)|.
(ii) Let φ : X ′ → X be a regular map, and V ′ = φ∗(V ) ⊂ H0(X ′, φ∗L). Then

φ−1(b(|V |)) = b(f−1(|V |)). Recall that, for any ideal sheaf a ⊂ OX , its
inverse image φ−1(a) is defined to be the image of φ∗(a) = a⊗OX OX′ in
OX′ under the canonical multiplication map.

(iii) If b(|V |) is an invertible ideal (i.e. isomorphic to OX(−F ) for some effec-
tive divisor F ), then dom(f) = X and f is defined by the linear system
|L(−F )|.

(iv) If dom(f) = X , then b(|V |) is an invertible sheaf and Bs(|V |) = ∅.

7.1.2 Resolution of a rational map

Definition 7.1.1 A resolution of a rational map f : X 99K Y of projective
varieties is a pair of regular projective morphisms π : X ′ → X and σ : X ′ →
Y such that f = σ ◦ π−1 and π is an isomorphism over dom(f):

X ′

π

~~

σ

  
X

f // Y.

(7.1)

We say that a resolution is smooth (normal) if X ′ is smooth (normal).

Let Z = V (a) be the closed subscheme of a scheme X defined by an ideal
sheaf a ⊂ OX . We denote by

σ : BlX(Z) = Proj
∞⊕
k=0

ak → X

the blow-up of Z (see [281], Chapter II, §7). We will also use the notation
BlX(a) for the blow up of V (a). The invertible sheaf σ−1(a) is isomorphic to
OBlX(Z)(−E), where E is the uniquely defined effective divisor on BlX(Z).
We call E the exceptional divisor of σ. Any birational morphism u : X ′ → X

such that u−1(a) is an invertible sheaf of ideals factors through the blow-up
of a. This property uniquely determines the blow-up, up to isomorphism. The
morphism u is isomorphic to the morphism BlX(Z ′) → X for some closed
subscheme Z ′ ⊂ Z. The exceptional divisor of this morphism contains the
preimage of the exceptional divisor of σ. For any closed subscheme i : Y ↪→
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X , the blow-up of the ideal i−1(a) in Y is isomorphic to a closed subscheme of
BlX(Z), called the proper transform of Y under the blow-up. Set-theoretically,
it is equal to the closure of σ−1(Y \Y ∩Z) in BlX(Z). In particular, it is empty
if Y ⊂ Z.

Let ν : Bl+X(Z)→ X denote the normalization of the blow-up BlX(Z) and
E+ be the scheme-theoretical inverse image of the exceptional divisor. It is the
exceptional divisor of ν. We have

ν∗OBl+X(Z)(−E
+) = ā,

where ā denotes the integral closure of the ideal sheaf a (see [353], II, 9.6). A
local definition of the integral closure of an ideal I in an integral domain A is
the set of elements x in the fraction field of A such that xn + a1x

n−1 + · · ·+
an = 0 for some n > 0 and ak ∈ Ik (pay attention to the power of I here).
If E+ =

∑
riEi, considered as a Weil divisor, then locally elements in ā are

functions φ such that ordEi(ν
∗(φ)) ≥ ri for all i.

An ideal sheaf a is called integrally closed (or complete) if ā = a. We have
Bl+X(Z) = BlX(Z) if and only am is integrally closed for m � 0. If X is
nonsingular, and dimX = 2, then m = 1 suffices [605], Appendix 5.

Proposition 7.1.2 Let f : X 99K Y be a rational map of irreducible varieties
defined by a linear system |V | with base ideal b. Let π : BlX(b) → X be the
blow-up scheme of b. Then there exists a unique regular map σ : BlX(b)→ Y

such that (π, σ) is a resolution of f . For any resolution (π′, σ′) of f there exists
a unique morphism α : X ′ → BlX(b) such that π′ = π ◦ α, σ′ = σ ◦ α.

Proof By properties (ii) and (iii) from above, the linear system π−1(|V |) =

|π∗(L)⊗ π−1(b)| defines a regular map σ : BlX(b)→ Y . It follows from the
definition of maps defined by linear systems that f = σ ◦ π−1. For any res-
olution, (X ′, π′, σ′) of f , the base scheme of the inverse transform π−1(|V |)
on X ′ is equal to π−1(b). The morphism σ′ is defined by the linear system
π′−1(|V |) and hence its base sheaf is invertible. This implies that π′ factors
through the blow-up of Bs(|V |).

Note that we also obtain that the exceptional divisor of π′ is equal to the
preimage of the exceptional divisor of the blow-up of Bs(|V |).

Theorem 7.1.3 Assume that f : X 99K Y is a birational map of normal pro-
jective varieties and f is given by a linear system |V | ⊂ |L| equal to the inverse
transform of a very ample complete linear system |L′| on Y . Let (X ′, π, σ) be
a resolution of f and let E be the exceptional divisor of π. Then the canonical
map

V → H0(X ′, π∗L(−E))
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is an isomorphism.

Proof Set b = b(|V |). We have natural maps

V → H0(X,L ⊗ b)→ H0(X ′, π∗L ⊗ π−1(b))

∼=→ H0(X ′, (π∗L)(−E))
∼=→ H0(X ′, σ∗OY (1))

∼=→ H0(Y, σ∗σ
∗L′)

∼=→ H0(Y,L′ ⊗ σ∗OX′)
∼=→ H0(Y,L′).

Here we used the Main Zariski Theorem that asserts that σ∗OX′ ∼= OY be-
cause σ is a birational morphism and Y is normal [281], Chapter III, Corollary
11.4. By definition of the linear system defining f , the composition of all these
maps is a bijection. Since each map here is injective, we obtain that all the maps
are bijective. One of the compositions is our map V → H0(X ′, π∗L(−E)),
hence it is bijective.

Corollary 7.1.4 Assume, additionally, that the resolution (X,π, σ) is nor-
mal. Then the natural maps

V → H0(X,L ⊗ b(|V |))→ H0(X ′, π∗(L)(−E))→ H0(X,L ⊗ b(|V |))

are bijective.

We apply Theorem 7.1.3 to the case when f : Pn 99K Pn is a birational
map, a Cremona transformation. In this case L = OPn(d) for some d ≥ 1,
called the (algebraic) degree of the Cremona transformation f . We take |L′| =
|OPn(1)|. The linear system |V | = |b(|V |)(d)| defining a Cremona transfor-
mation is called a homaloidal linear system. Classically, members of |V | were
called homaloids. More generally, a k-homaloid is a proper transform of a k-
dimensional linear subspace in the target space. They were classically called
Φ-curves, Φ-surfaces, etc.

Proposition 7.1.5

H1(Pn,L ⊗ b(|V |)) = 0.

Proof Let (X,π, σ) be the resolution of f defined by the normalization of
the blow-up of Bs(HX). Let E be the exceptional divisor of π : X → Pn. We
know that π∗(π∗L(−E)) = L⊗ b(|V |) and π∗L(−E) ∼= σ∗OPn(1). The low
degree exact sequence defined by the Leray spectral sequence, together with
the projection formula, gives an exact sequence

0→ H1(Pn,OPn(1))→ H1(X,σ∗OPn(1))→ H0(Pn, R1σ∗OX′⊗OPn(1)).

(7.2)
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Let ν : X ′ → X be a resolution of singularities of X . Then, we have the
spectral sequence

Epq2 = Rpσ∗(R
qν∗OX′)⇒ Rp+q(π ◦ ν)∗OX′ .

It gives the exact sequence

0→ R1π∗(ν∗OX′)→ R1(π ◦ ν)∗OX′ → π∗R
1ν∗OX′ .

Since X is normal, ν∗OX′ = OX . Since the composition π ◦ ν : X ′ → Pn
is a birational morphism of nonsingular varieties, R1(π ◦ ν)∗OX′ = 0. This
shows that

R1π∗(ν∗OX′) = 0.

Together with vanishing of H1(Pn,OPn(1)), (7.2) implies that

H1(X,π∗(L)(−E)) = 0.

It remains for us to use that the canonical map

H1(Pn,L ⊗ b(|V |)) ∼= H1(Pn, π∗(π∗(L)(−E)))→ H1(X,π∗(L)(−E))

is injective (use Čech cohomology, or the Leray spectral sequence).

Using the exact sequence

0→ b(HX)→ OPn → OPn/b(HX)→ 0,

and tensoring it by OPn(d), we obtain the following result, classically known
as the Postulation formula.

Corollary 7.1.6 Let |V | be a homaloidal linear system. Then

h0(O
V (b(|V |))(d)) =

(
n+ d

d

)
− n− 1.

7.1.3 The graph of a Cremona transformation

We define the graph Γf of a rational map f : X 99K Y as the closure in
X×Y of the graph Γfd of fd : dom(f)→ Y . Clearly, the graph, together with
its projections to X and Y , defines a resolution of the rational map f .

By the universal property of the graph, we obtain that, for any resolution
(X ′, π, σ) of f , the map (π, σ) : X ′ → X × Y factors through the closed
embedding Γf ↪→ X × Y . Thus the first projection Γf → X has the univer-
sal property for morphisms which invert b(|V |), hence it is isomorphic to the
blow-up scheme BlX(b((|V |)).

Let us consider the case of a Cremona transformation f : Pn 99K Pn. If
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(F0, . . . , Fn) is a basis of V defining the homaloidal linear system, then the
graph is a closed subscheme of Pn × Pn which is an irreducible component of
the closure of the subvariety of dom(f) × Pn defined by 2 × 2-minors of the
matrix (

F0(x) F1(x) . . . Fn(x)

y0 y1 . . . yn

)
, (7.3)

where x = (t0, . . . , tn) are projective coordinates in the first factor, and y =

(y0, . . . , yn) are projective coordinates in the second factor.
In the usual way, the graph Γf defines the linear maps of cohomology

f∗k : H2k(Pn,Z)→ H2k(Pn,Z), γ 7→ (pr1)∗([Γf ] ∩ (pr2)∗(γ)),

where pri : Pn × Pn → Pn are the projection maps. Since H2k(Pn,Z) ∼= Z,
these maps are defined by some numbers dk, the vector (d0, . . . , dn) is called
the multidegree of f . In more details, we write the cohomology class [Γf ] in
H∗(Pn × Pn,Z) as

[Γf ] =

n∑
k=0

dih
k
1h

n−k
2 ,

where hi = pr∗i (h) and h is the class of a hyperplane in Pn. Then

f∗k (hk) = (pr1)∗([Γf ]) · (pr∗2(hk)) = (pr1)∗(dkh
k
1) = dkh

k.

The multidegree vector has a simple interpretation. The number dk is equal
to the degree of the proper transform under f of a general linear subspace of
codimension k in Pn. Since f is birational, d0 = dn = 1. Also d1 = d is the
algebraic degree of f . Inverting f , we obtain that

Γf−1 = Γ̃f ,

where Γ̃f is the image of Γf under the self-map of Pn × Pn that switches the
factors. In particular, we see that (dr, dr−1, . . . , d0) is the multidegree of f−1.

In the case when f is a birational map, we have d0 = dn = 1. We shorten
the definition by saying that the multidegree of a Cremona transformation is
equal to (d1, . . . , dn−1).

The next result due to L. Cremona puts some restrictions on the multidegree
of a Cremona transformation.

Proposition 7.1.7 (Cremona’s inequalities) For any n ≥ i, j ≥ 0,

1 ≤ di+j ≤ didj , dn−i−j ≤ dn−idn−j .
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Proof It is enough to prove the first inequality. The second one follows from
the first one by considering the inverse transformation. Write a general linear
subspace Li+j of codimension i + j as the intersection of a general linear
subspace Li of codimension i and a general linear subspace Lj of codimension
j. Then, we have f−1(Li+j) is an irreducible component of the intersection
f−1(Li) ∩ f−1(Lj). By Bezout’s Theorem,

di+j = deg f−1(Li+j) ≤ deg f−1(Li) deg f−1(Lj) = didj .

Remark 7.1.8 There are more conditions on the multidegree which follow
from the irreducibility of Γf . For example, by using the Hodge type inequality
(see [353], Corollary 1.6.3), we get the inequality

d2
i ≥ di−1di+1 (7.4)

for the multidegree of a Cremona transformation f . For example, if n = 3, the
only nontrivial inequality following from the Cremona inequalities is d0d2 =

d2 ≤ d2
1, and this is the same as the Hodge-type inequality. However, if n = 4,

we get new inequalities besides the Cremona ones. For example, (1, 2, 3, 5, 1)

satisfies the Cremona inequalities, but does not satisfy the Hodge type inequal-
ity.

The following are natural questions related to the classification of possible
multidegrees of Cremona transformations.

• Let (1, d1, . . . , dn−1, 1) be a sequence of integers satisfying the Cremona
inequalities and the Hodge-type inequalities: Does there exist an irreducible
reduced close subvariety Γ of Pn × Pn with [Γ] =

∑
dkh

k
1h

n−k
2 ?

• What are the components of the Hilbert scheme of this class containing an
integral scheme?

Note that any irreducible reduced closed subvariety of Pn × Pn with multide-
gree (1, d1, . . . , dn−1, 1) is realized as the graph of a Cremona transformation.

7.1.4 F-locus and P-locus

The F-locus of a Cremona transformation f is the base locus of the linear sys-
tem defining f . Its points are called the fundamental points or indeterminacy
points (F-points, in classical language).

The P-locus of f is the union of irreducible hypersurfaces that are blown
down to subvarieties of codimension≥ 2. One can make this more precise and
also give it a scheme-theoretical structure.
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Let (X,π, σ) be any normal resolution of a Cremona transformation f :

Pn 99K Pn given by a homaloidal linear system |V |. The morphism π factors
through the blow-up B(f) of the integral closure of b(|V |). The morphism σ

factors through the blow-up B(f−1) of the integral closure of the base ideal
of the inverse transformation f−1. So we have a commutative diagram, as fol-
lows.

X

||

		

##

��

��

B(f)

!!
ν

��

// B(f−1)

{{
ν′

��

Γf
p1

||

p2

##
Pn

f // Pn

Let E =
∑
i∈I riEi be the exceptional divisor of ν : B(f) → Pn and let

F =
∑
j∈J mjFj be the exceptional divisor of ν′ : B(f−1) → Pn. Let J ′ be

the largest subset of J such that the proper transform of Fj , j ∈ J ′, in X is
not equal to the proper transform of some Ei in X . The image of the divisor∑
j∈J′ Fj under the composition map B(f−1) → Γf

p1→ Pn is classically
known as the P -locus of f . It is a hypersurface in the source Pn. The image
of any irreducible component of the P -locus is blown down under f (after we
restrict ourselves to dom(f)) to an irreducible component of the base locus of
f−1.

Let f be given by homogeneous polynomials (F0, . . . , Fn). The same col-
lection of polynomials defines a regular map f̃ : Cn+1 → Cn+1. Then the
P -locus is the image in Pn of the locus of critical points of f̃ . It is equal to the
set of zeros of the determinant of the Jacobian matrix of f̃

J =
(∂Fi
∂tj

)
i,j=0,...,n

.

So we expect that the P -locus is a hypersurface of degree (d − 1)n+1. Some
of its components may enter with multiplicities.

Example 7.1.9 Consider the standard quadratic transformation given by

Tst : [t0, t1, t2] 7→ [t1t2, t0t2, t0t1]. (7.5)

It has three fundamental points p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1]. The
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E1 L1

E2L3

L2 E3

Figure 7.1 A resolution of Tst

P -locus is the union of three coordinate lines V (ti). The Jacobian matrix is

J =

 0 t2 t1
t2 0 t0
t1 t0 0

 .

Its determinant is equal to 2t0t1t2. We may take X = BlP2({p1, p2, p3})
as a smooth resolution of Tst (see Figure 7.1). Let E1, E2, E3 be the excep-
tional divisors over the fundamental points p1, p2, p3, and let Li, i = 1, 2, 3,

be the proper transform of the coordinate lines V (t0), V (t1), V (t2), respec-
tively. Then the morphism σ : X → P2 blows down L1, L2, L3 to the points
p1, p2, p3, respectively. Note that T−1

st = Tst, so there is no surprise here. Re-
call that the blow-up of a closed subscheme is defined uniquely only up to an
isomorphism. The isomorphism τ between the blow-ups of the base scheme of
Tst and T−1

st that sends Ei to Li is a lift of the Cremona transformation T−1
st .

The surface X is a del Pezzo surface of degree 6, a toric Fano variety of di-
mension 2. We will study such surfaces in the next Chapter. The complement
of the open torus orbit is the hexagon of lines E1, E2, E3, L1, L2, L3 inter-
secting each other as in the picture. We call them lines because they become
lines in the embedding X ↪→ P6 given by the anticanonical linear system. The
automorphism τ of the surface is the extension of the inversion automorphism
z → z−1 of the open torus orbit to the whole surface. It defines the symmetry
of the hexagon which exchanges its opposite sides.

Now let us consider the first degenerate standard quadratic transformation
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given by

T ′st : [t0, t1, t2] 7→ [t22, t0t1, t0t2]. (7.6)

It has two fundamental points p1 = [1, 0, 0] and p2 = [0, 1, 0]. The P -locus
consists of the line V (t0) blown down to the point p1 and the line V (t2) blown
down to the point p2.

The Jacobian matrix is

J =

 0 0 2t2
t1 t0 0

t2 0 t0

 .

Its determinant is equal to −2t0t
2
2. Thus the line V (t2) enters with multi-

plicity 2. Let us see what is the resolution in this case. The base scheme
is smooth at p1 and locally isomorphic to V (y2, x) at the point p2, where
y = t2/t1, x = t0/t1. The blow-up B(f) is singular over p2 with the sin-
gular point p′2 corresponding to the tangent direction t0 = 0. The singular
point is locally isomorphic to the singularity of the surface V (uv +w2) ⊂ C3

(a singularity of type A1, see Example 1.2.3). Thus the exceptional divisor of
B(f) → P2 is the sum of two irreducible components E1 and E2, both iso-
morphic to P1, with the singular point p′2 lying on E1 (see also Figure 7.2).
The exceptional divisor of B(f) = B(f−1)→ P2 is the union of two compo-
nents, the proper transform L1 of the line V (t1) and the proper transform L2 of
the line V (t0). When we blow-up p′2, we get a smooth resolution X of f . The
exceptional divisor of π : X → P2 is the union of the proper transforms of E1

and E2 on X and the exceptional divisor E′1 of the blow-up X → B(f). The
exceptional divisor of σ : X → P2 is the union of the proper transforms of L1

and L2 on X and the exceptional divisor E′1. Note that the proper transforms
of E1, E2 and L1, L2 are (−1)-curves and the curve E′1 is a (−2)-curve.1

Finally, we can consider the second degenerate standard quadratic transfor-
mation given by the formula

T ′′st : [t0, t1, t2] 7→ [t22 − t0t1, t21, t1t2]. (7.7)

Its unique base point is p1 = [1, 0, 0]. In affine coordinates x = t1/t0, y =

t2/t0, the base ideal is (x2, xy, y2 − x) = (y3, x − y2). The blow-up of this
ideal is singular. It has a singular point p′1 locally isomorphic to the singular
point of the affine surface V (uv + w3) in C3 (an A2-singularity, see Example
1.2.3). The P -locus consists of one line t1 = 0. A smooth resolution of the
transformation is obtained by blowing up twice the singular point. The excep-
tional divisor of the morphism π : X → P2 consists of three curvesE,E′, E′′,

1 A (−n)-curve is a smooth rational curve with self-intersection −n.
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E1 −2 E2−1

E′1
−1

L1

−1

L2

−1

Figure 7.2 A resolution of T ′st

E′′

−2

E

−1

L

−1

E′ −2

Figure 7.3 A resolution of T ′′st

where E is the proper transform of the exceptional divisor of BlP2(p1) → P2

and E′ + E′′ is the exceptional divisor of the resolution of the singularity p′1.
The self-intersections of the exceptional curves are indicated on Figure 7.3.

Here L denotes the proper transform of the line V (t1). The Jacobian matrix
of transformation T ′′st is equal to−t1 −t0 2t2

0 2t1 0

0 t2 t1

 .

Its determinant is equal to −2t31. So the P-locus consists of one line V (t1)

taken with multiplicity 3.
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7.1.5 Computation of the multidegree

The multidegree (d1, . . . , dn−1) of a Cremona transformation can be computed
using the intersection theory on algebraic varieties (see [230], [281], Appendix
A). For any closed subscheme Z of a scheme X of finite type over a field, the
theory assigns the Segre class s(Z,X) in the Chow group A∗(X) of algebraic
cycles on X .

One of the most frequently used properties of the Segre classes is the fol-
lowing one. Let π : X̃ = BlX(Z) → X be the blow-up of X and E be the
exceptional divisor. Then

s(Z,X) =
∑
i≥1

(−1)i−1π∗([E]i), (7.8)

where π∗ : A∗(X̃)→ A∗(X) is the push-forward homomorphism.
The Segre classes are notoriously difficult to compute. However, in the spe-

cial case when the embedding j : Z ↪→ X is a regular embedding with locally
free normal sheaf NZ/X , they can be expressed in terms of the Chern classes
of the normal sheaf NZ/X . We have

s(Z,X) = c(NZ/X)−1,

where c(E) =
∑
ci(E) denote the total Chern class of a locally free sheaf E .

In the case of a regular embedding, Chern classes ofNZ/X are computed by
using the standard exact sequence of the sheaves of differentials

0→ IZ/I2
Z → j∗Ω1

X → ΩZ → 0. (7.9)

By definition, the normal sheaf NZ/X is (IZ/I2
Z)∨. We have

c(NZ/X) = j∗c((Ω1
X)∨)/c(Ω∨Z). (7.10)

For example, when Z is a point on a smooth n-dimensional variety X , we
have s(Z,X) = [Z] ∈ A0(X). Formula (7.8) gives

[E]n = (−1)n−1. (7.11)

Of course, this can be computed without using Segre classes. We embed X in
a projective space, take a smooth hyperplane section H passing through the
point Z. Its full transform on BlX(Z) is equal to the union of E and the proper
transform H0 intersecting E along a hyperplane L inside E identified with
Pn−1. Replacing H with another hyperplane H ′ not passing through Z, we
obtain

[H ′] · [E] = [H0 + E] · [E] = e+ [E]2 = 0,

where e is the class of a hyperplane in E. Thus [E]2 = −e. This of course
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agrees with the general theory. The line bundle O(1) on the blow-up is iso-
morphic to O(−E). The normal sheaf OE(E) is isomorphic OE(−1).

We also have [H0] · [E]2 = −[H0] · e = −e2, hence

0 = [E]2 · [H ′] = [E]2 · [H0 + E] = [E]2 · [H0] + [E]3

gives [E]3 = e3. Continuing in this way, we find

[E]k = (−1)n−1ek. (7.12)

Another easy case is when we take X = Pn and Z be a linear subspace of
codimension k > 1. We denote by h the class of a hyperplane section in Pn.
Since Z is a complete intersection of k hyperplanes,

NZ/Pn ∼= OZ(1)⊕k,

hence

s(Z,X) =
1

(1 + h)k
=

1

(k − 1)!

( 1

1− x

)(k−1)

|x=−h
=

n−1∑
m=k−1

(
m
k−1

)
(−h)m−k+1.

(note that hi = 0, i > dimY = n− k). In particular, we obtain

[E]n = (−1)k−1
(
n−1
k−1

)
. (7.13)

For example, the self-intersection of the exceptional divisor of the blow-up of
a line in Pn is equal to (−1)n(n− 1).

Let us apply the intersection theory to compute the multidegree of a Cre-
mona transformation.

Let (X,π, σ) be a resolution of a Cremona transformation f : Pn 99K Pn.
Consider the map ν = (π, σ) : X → Pn × Pn. We have ν∗[X] = [Γf ], and,
by the projection formula,

ν∗(hk1h
n−k
2 ) ∩ [X] = [Γf ] · (hk1hn−k2 ) = dk.

Let s(Z,Pn) ∈ A∗(Z) be the Segre class of a closed subscheme of Pn. We
write its image in A∗(Pn) under the canonical map i∗ : A∗(Z) → A∗(Pn) in
the form

∑
s(Z,Pn)mh

n−m, where h is the class of a hyperplane.

Proposition 7.1.10 Let (d0, d1, . . . , dn) be the multidegree of a Cremona
transformation. Let (X,π, σ) be its resolution and Z be the closed subscheme
of Pn such that π : X → Pn is the blow-up of a closed subscheme Z of Pn.
Then

dk = dk −
k∑
i=1

dk−i
(
k
i

)
s(Z,Pn)n−i.
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Proof We know that σ∗OPn(1) = π∗OPn(d)(−E) = OX′(dH −E), where
OX(H) = π∗OPn(1) and E is the exceptional divisor of π. We have h =

c1(OPn(1)) for each copy of Pn. Thus

dk = π∗[dH − E]k · hn−k =

k∑
i=0

((−1)idk−i
(
k
i

)
π∗([H]k−i · [E]i)) · hn−k

=

k∑
i=0

(−1)idk−i
(
k
i

)
hk−i ·π∗([E]i)·hn−k =

k∑
i=0

(−1)idk−i
(
k
i

)
·π∗([E]i)·hn−i

= dk +

k∑
i=1

(−1)idk−i
(
k
i

)
· π∗([E]i) · hn−i = dk −

k∑
i=1

dk−i
(
k
i

)
s(Z,Pn)n−i.

Example 7.1.11 Assume Z is a smooth connected subscheme of Pn. A Cre-
mona transformation with a smooth connected base scheme is called special
Cremona transformation. There are no such transformations in the plane and
they are rather rare in higher-dimensional spaces and maybe classifiable. We
start from 1-dimensional base schemes. In this case, (7.10) gives

c1(NZ/Pn) = j∗c1((Ω1
Pn)∨)− c1((Ω1

Z)∨) = (n+ 1) degZ + 2g − 2,

where g is the genus of Z. Thus s(Z,Pn) = degZh− ((n+ 1) degZ + 2g−
2)[point]. We have

dn = dn − dn degZ + (n+ 1) degZ + 2g − 2 = 1, (7.14)

dn−1 = dn−1 − degC, (7.15)

dk = dk, k = 0, . . . , n− 2. (7.16)

To get a Cremona transformation, we must have dn = 1. Let n = 3. One uses
the postulation formula and Riemann-Roch on Z to obtain

h0(OZ(d)) =

(
d+ 3

3

)
− 4 = ddegC + 1− g.

Together with the previous equality d3−3ddegZ+4 degZ+2g−2 = 1, this
easily gives d ≤ 3, and then degZ = 6, g = 3. This is an example of a bilinear
cubo-cubic transformation, which we will discuss later in this Chapter.

If n = 4, g = 1,degC = 5, d = 2, the formula gives d3 = 1. This
transformation is given by the homaloidal linear system of quadrics with base
scheme equal to an elliptic curve of degree 5. The multidegree must be equal to
(2, 4, 3). This is an example of a quadro-cubic transformation in P4 discussed
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in Semple and Roth’s book [524]. It turns out that these two cases are the only
possible cases with dimZ = 1 (see [137], Theorem 2.2).

In the same paper [137], Theorem 3.3, one can find the classification in the
case dimZ = 2.

Theorem 7.1.12 A Cremona transformation with 2-dimensional smooth con-
nected base scheme Z is one of the following:

(i) n = 4, d = 3, Z is an elliptic scroll of degree 5, the base scheme of the
inverse of the quadro-cubic transformation from above;

(ii) n = 4, d = 4, Z is a determinantal variety of degree 10 given by
4×4-minors of a 4×5-matrix of linear forms (a bilinear transformation,
see later);

(iii) n = 5, d = 2, Z is a Veronese surface;
(iv) n = 6, d = 2, Z is an elliptic scroll of degree 7;
(v) n = 6, d = 2, Z is an octavic surface, the image of the projective

plane under a rational map given by the linear system of quartics through
eight points.

In cases (ii) and (iii) the inverse transformation is similar, with isomorphic
base scheme.

Example 7.1.13 There is no classification for higher-dimensional Z. How-
ever, we have the following nice results of L. Ein and N. Shepherd-Barron
[206].

Recall that a Severi-Zak variety is a closed a subvariety Z of Pn of dimen-
sion 1

3 (2n− 4) such that the secant variety is a proper subvariety of Pn+1. All
such varieties are classified by F. Zak (see [352]). The list is as follows:

(i) Z is a Veronese surface in P5;
(ii) Z is the Grassmann variety G1(P5) embedded in the Plücker space
P14;

(iii) Z is the Severi variety s(P2 × P2) ⊂ P8;
(iv) Z is the E6-variety, a 16-dimensional homogeneous variety in P26.

In all these cases the secant variety of the Severi variety Z is a cubic hyper-
surface X with the singular locus equal to Z.

A theorem of Ein and Shepherd-Barron asserts that a simple Cremona trans-
formation T : Pn 99K Pn with base scheme of codimension 2 of degree 2
equal to the degree of T−1 is given by the linear system of the first polars of
the cubic hypersurface X .
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7.2 First examples

7.2.1 Quadro-quadratic transformations

Let us show that any vector (2, . . . , 2) is realized as the multidegree of a Cre-
mona transformation. For n = 2, we can take the homaloidal linear system
of conics through three non-collinear points. We can view a pair of the funda-
mental points as a 0-dimensional quadric in the line spanned by these points.
This admits an immediate generalization to higher-dimensional spaces.

Consider the linear system of quadrics in Pn containing a fixed smooth
quadric Q0 of dimension n − 2. It maps Pn to a quadric Q in Pn+1. We may
choose coordinates such that

Q0 = V (z0) ∩ V (
∑
i=1

z2
i ),

so that the hyperplane H = V (z0) is the linear span of Q0. Then the linear
system is spanned by the quadrics V (

∑
z2
i ), V (z0zi), i = 0, . . . , n. It maps the

blow-up BlPn(Q0) to the quadricQ in Pn+1 with equation t0tn+1−
∑n
i=1 t

2
i =

0. The rational map g : Pn 99K Q defined by a choice of a basis of the linear
system, can be given by the formula

[t0, . . . , tn] 7→ [

n∑
i=1

t2i , t0t1, . . . , t0tn, t
2
0].

Observe that the image ofH is equal to the point a = [1, 0, . . . , 0]. The inverse
of g is the projection map

pa : Q 99K Pn, [z0, . . . , zn+1]→ [z0, . . . , zn]

from the point a. It blows down the hyperplane V (zn+1) ⊂ Pn+1 to the
quadric Q0. Now consider the projection map pb : Q 99K Pn from a point
b 6= a not lying in the hyperplane V (tn+1). Note that this hyperplane is equal
to the embedded tangent hyperplane Ta(Q) of Q at the point a. The compo-
sition f = pb ◦ p−1

a of the two rational maps is a quadratic transformation
defined by the homaloidal linear system of quadrics with the base locus equal
to the union of Q0 and the point pa(b). If we choose b = [0, . . . , 0, 1] so that
pa(b) = [1, 0, . . . , 0], then the Cremona transformation f : Pn 99K Pn can be
given by the formula

[t0, . . . , tn] 7→ [

n∑
i=1

t2i , t0t1, . . . , t0tn]. (7.17)

Note that f−1 = pa ◦ p−1
b must be given by similar quadratic polynomials.
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So the degree of f−1 is equal to 2. This is the reason for the name quadro-
quadratic transformation.

For example, if n = 2, if we rewrite the equation of Q0 in the form z0 =

z1z2 = 0 and obtain the formula (7.5) for the standard quadratic transforma-
tion.

Let us compute the multidegree. For any general linear subspace L of codi-
mension k > 0, its preimage under the projection pb : Q 99K Pn is the inter-
section of Q with the subspace L′ = 〈L, b〉 spanned by L′ and b. It is a quadric
in this subspace. Since the point a does not belong to L′, the projection of this
quadric from the point a is a quadric in the projection of L′ from the same
point. Thus dk = 2. This shows that the multidegree of the transformation is
equal to (2, . . . , 2).

Let us consider some degenerations of the transformation given by (7.17).
Let us take two nonsingular points a, b on an arbitrary irreducible quadricQ ⊂
Pn+1. We assume that b does not lie in the intersection ofQwith the embedded
tangent space Ta(Q) of Q at a. Let f = pa ◦ p−1

b . The projection pa blows
down the intersection Ta(Q) ∩ Q to a quadric Q0 in the hyperplane H =

pa(Ta(Q)). If r = rank Q (i.e. n + 1 − r is the dimension of the singular
locus of Q), then rank Q ∩ Ta(Q) = r − 1. Its singular locus is spanned by
the singular locus of Q and the point a. The projection Q0 of Q ∩ Ta(Q) is a
quadric with singular locus of dimension n+ 1− r, thus, it is a quadric of rank
equal to n− 1− (n+ 1− r) = r − 2 in H . The inverse transformation p−1

a :

Pn 99K Q is given by the linear system of quadrics in Pn which pass through
Q0. So, taking a = [1, 0, . . . , 0] and b = [0, . . . , 0, 1] as in the nondegenerate
case, we obtain that f is given by

f : [t0, . . . , tn] 7→ [

r−2∑
i=1

t2i , t0t1, . . . , t0tn]. (7.18)

Note the following special cases. If n = 2, and Q is an irreducible quadric
cone, then r = 3 and we get the formula for the first degenerate standard
quadratic transformation (7.6). To get the second degenerate standard quadratic
transformation, we should abandon the condition that b 6∈ Ta(Q). We leave the
details to the reader.

Remark 7.2.1 A Cremona transformation T such that the degree of T and
of T−1 is equal to 2 is called a quadro-quadratic transformation. It is not
true that the multidegree of a quadro-quadratic transformation is always of the
form (2, . . . , 2). For example, if n = 4, applying Cremona’s inequalities, we
obtain d2 ≤ 4. A transformation of multidegree (2, 3, 2) can be obtained by
taking the homaloidal linear system of quadrics with the base scheme equal
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to a plane and two lines intersecting the plane at one point. A transformation
of multi degree (2, 4, 2) is given by the homaloidal linear system of quadrics
with rather complicated base scheme. The reduced base scheme consists of the
union of a conic and a line intersecting at one point. The line supports a non-
reduced scheme. All quadro-quadratic transformations in P4 were classified by
A. Bruno and A. Verra.

7.2.2 Bilinear Cremona transformations

Here we encounter again the aCM sheaves that we use in Chapter 4.

Definition 7.2.2 A closed subscheme Z of Pn of pure dimension r is called
arithmetically Cohen-Macaulay (aCM for short) if its ideal sheaf JZ is an
aCM sheaf.

Assume that codim Z = 2. Then, as in Chapter 4, we obtain a locally free
resolution

0→
m⊕
i=1

OPn(−ai)→
m+1⊕
j=1

OPn(−bj)→ JZ → 0 (7.19)

for some sequences of integers (ai) and (bj).
The numbers (ai) and (bj) are determined from the Hilbert polynomials of

Z.
We will consider a special case of resolution of the form (4.14) which we

used in the theory of linear determinantal representations of hypersurfaces:

0→ U∨(−n− 1)→ V (−n)→ JZ → 0, (7.20)

where U, V are linear susbspaces of dimensions n and n+ 1, respectively. By
twisting the exact sequence, and taking cohomology, we obtain natural iso-
morhisms

U ∼= Hn−1(Pn,JZ), V ∼= H0(Pn,JZ(n)).

The resolution of JZ allows one to compute the Hilbert polynomial of the
subscheme Z. We get

χ(OZ(k)) = χ(OPn(k))− χ(JZ(k)) =
(
n+k
n

)
−
(
k
n

)
− n

(
k−1
n−1

)
. (7.21)

It also defines an isomorphism between Z and the determinantal variety given
by the linear map

φ : E → U ⊗ V, (7.22)
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where Pn = |E|. In coordinates, it is given by n × (n + 1) matrix A with
linear functions on E as its entries. The maximal minors of A generate the
homogeneous ideal of Z. Let

r : E → V ∨

be the right kernel maps. It defines the rational maps of projective spaces

|r| : |E| 99K P(V ).

Remark 7.2.3 The Hilbert scheme of an aCM subscheme Z of Pn admitting
a resolution (7.20) is isomorphic to an open subset of the projective space of
(n+1)×nmatricesA(t) of linear forms such that the rank ofA(t) is equal to n
for an open non-empty subset of Pn. Modulo the action by GL(n+1)×GL(n)

by left and right multiplication. It is a connected smooth variety of dimension
n(n2 − 1) (see [434] or [210]).

Theorem 7.2.4 The map Tφ = |r| : |E| 99K P(V ) is a birational map with
base scheme Z. Its multidegree is equal to (dk) = (

(
n
k

)
).

Proof In coordinates, the map |r| is defined by n×n minors of the matrix A.
The subscheme Z is given scheme-theoretically by these minors. In particular,
we already see that the degree of the map is equal to n. Let us view the linear
map φ as an element of the tensor product E∨⊗U ⊗V . Consider it as a linear
map

ψ : E ⊗ V ∨ → U. (7.23)

It may be considered as a collection of n bilinear forms on E ⊗ V ∨. It is
immediate that v∗ = r(e) for some v∗ ∈ V ∨ and e ∈ E if and only if ψ(e ⊗
v∗) = 0. This relation is symmetric, so v∗ = r(e) if and only if e = r′(v∗),
where r′ : V ∨ → E is the right kernel map for the linear map φ′ : V ∨ →
U ⊗E∨ defined by applying to the tensor φ the isomorphism E∨ ⊗U ⊗ V →
V ∨ ⊗ U ⊗ E. Thus, the map Tφ′ = r′ defines the inverse of Tφ.

In coordinates, if choose a basis e0, . . . , en+1 in E, a basis u1, . . . , un in U
and a basis v0, . . . , vn in V , then the linear map φ can be written as a tensor

φ = akij :=

n∑
0≤k,j≤n;1≤i≤n

akijtk ⊗ ui ⊗ vj .

The matrix A is equal to t0A0 + · · ·+ tnAn, where Ak = (akij). The bilinear
map ψ is given by n square matrices Xi = (akij) of size n + 1, where k is
the index for the columns, and j is the index for the rows. The graph of the
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Cremona map |r| is given by n bilinear equations in |E| × P(V )

n∑
j,k=0

tkvja
k
ij = 0, i = 1, . . . , n. (7.24)

These equations define the graph of the transformation Tφ. Also note that the
matrix B defining the linear map φ′ : V ∨ → U ⊗E∨ is equal to v0B0 + · · ·+
vnBn, where Bj = (akij). Here k is now the row index, and i is the column
index.

It is easy to compute the cohomology class of the graph (7.24) of Tφ. It is
equal to

(h1 + h2)n =

n∑
k=0

(
n

k

)
hi1h

n−i
2 .

We can also see another determinantal variety, this time defined by the trans-
pose of (7.23)

tψ : U∨ → E∨ ⊗ V. (7.25)

Let Dk ⊂ P(U) be the preimage of the determinantal variety of bilinear
forms on E ⊗ V ∨ (or linear maps E∨ → V ) of rank ≤ k. We have regular
kernel maps

lψ : Dn \ Dn−1 → |E|, rψ : Dn \ Dn−1 → P(V ).

By definition, the image of the first map is equal to the base scheme Z of the
rational map |r| considered in the previous Theorem. The image of the second
map is of course the base scheme of the inverse map. In particular, we see that
the base schemes of Tφ and T−1

φ are birationally isomorphic to the variety Dn.
Note the special case when E = V ∨ and the image of tψ is contained in the

space of symmetric bilinear maps E × V ∨ → C. In this case

Tφ = T−1
φ .

Example 7.2.5 Consider the standard Cremona transformation of degree n
in Pn given by

Tst : [t0, . . . , tn] 7→ [
t0 · · · tn
t0

, . . . ,
t0 · · · tn
tn

]. (7.26)

In affine coordinates, zi = ti/t0, it is given by the formula

(z1, . . . , zn) 7→ (z−1
1 , . . . , z−1

n ).
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The transformation Tst is an analog of the standard quadratic transformation of
the plane in higher dimension.

The base ideal of Tst is generated by t1 · · · tn, . . . , t0 · · · tn−1. It is equal to
the ideal generated by the maximal minors of the n× n matrix

A(t) =


t0 0 · · · 0

0 t1 . . . 0
...

...
. . .

...
0 0 . . . tn−1

−tn −tn . . . −tn

 .

The base scheme of Tst equal to the union of the coordinate subspaces of codi-
mension 2.

It follows from the proof of Theorem 7.2.4 that the graph of Tst is isomorphic
to the closed subvariety X of Pn × Pn given by n bilinear equations

tiyi − tnyn = 0, i = 0, . . . , n− 1.

It is a smooth subvariety of Pn × Pn isomorphic to the blow-up of the union
of coordinate subspaces of codimension 2. The action of the torus (C∗)n+1

on Pn (by scaling the coordinates) extends to a biregular action on X . The
corresponding toric variety is a special case of a toric variety defined by a
fan formed by fundamental chambers of a root system of a semi-simple Lie
algebra. In our case the root system is of typeAn, and the varietyX is denoted
byX(An). In the case n = 2, the toric surfaceX(A2) is a del Pezzo surface of
degree 6 isomorphic to the blow-up of 3 points in the plane, no three of which
are collinear.

Example 7.2.6 Let α : U∨ → E∨ ⊗ V be a linear determinantal representa-
tion of a nonsingular plane quartic C ⊂ P(U) ∼= P2 given by the linear system
|KC + a|. The image Z of C in |E| under the right kernel map r is a curve
Z of degree 6 and genus 3. Let φ : E → U ⊗ V be the linear map obtained
from the tensor φ ∈ U ⊗ E∨ ⊗ V . Then the bilinear Cremona transformation
|E| → P(V ) defined by this map is given by cubic polynomials generating
the ideal of Z. Note that Z is an aCM subscheme of |E| ∼= P3. Its Hilbert
polynomial is 6t−2 in agreement with (7.21). Conversely, any irreducible and
reduced curve of degree 6 and arithmetic genus 3 not lying on a quadric is arith-
metically Cohen-Macaulay and admits a resolution of type (7.20) (see [210],
p. 430). Assume Z is arithmetically Cohen-Macaulay. The bilinear Cremona
transformation defined by such a curve is classically known as a cubo-cubic
transformations (see [524]).

In fact, an example of a standard Cremona transformation in P3 shows that
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one can often drop the assumption that Z is an integral curve. In this example,
Z is the union of 6 coordinate lines, and is a curve of degree 6 and of arithmetic
genus 3, and it does not lie on a quadric. Another example of this sort is whenZ
is the union of 4 skew lines and two lines intersecting them. There are examples
when Z is not reduced, e.g. with the reduced scheme equal to a rational normal
curve. I do not know whether any closed subscheme Z of degree 6 (in the sense
that [Z] = 6[line]) with h0(OZ) = 1, h1(OZ) = 3, and not lying on a quadric
surface, admits a resolution of type (7.20).

Assume Z is a smooth curve and let us describe the P -locus of the corre-
sponding Cremona transformation. Obviously, any line intersecting Z at three
distinct points (a trisecant line) must be blown down to a point (otherwise a
general cubic in the linear system intersects the line at more than 3 points).
Consider the surface Tri(Z) of Z, the closure in P3 of the union of lines in-
tersecting Z at three points. Note that no line intersects Z at > 3 points be-
cause the ideal of Z is generated by cubic surfaces. Consider the linear sys-
tem of cubics through Z. If all of them are singular, by Bertini’s Theorem,
there will be a common singular point at the base locus, i.e. at Z. But this
easily implies that Z is singular, contradicting our assumption. Choose a non-
singular cubic surface S containing Z. By the adjunction formula, we have
Z2 = −KS · Z + degKZ = 6 + 4 = 10. Take another cubic S′ containing
Z. The intersection S ∩ S′ is a curve of degree 9, the residual curve A is of
degree 3 and Z +A ∼ −3KS easily gives Z ·A = 18− 10 = 8. Note that the
curves A are the proper transforms of lines under the Cremona transformation.
So they are rational curves of degree 3. We know that the base scheme of the
inverse transformation T−1 is a curve of degree 6 isomorphic to Z. Replacing
T with T−1, we obtain that the image of a general line ` under T is a rational
curve of degree 3 intersecting Z ′ at eight points. These points are the images
of eight trisecants intersecting `. This implies that the degree of the trisecant
surface Tri(Z) is equal to 8. Since the degree of the determinant of the Jaco-
bian matrix of a transformation of degree 3 is equal to 8, we see that there is
nothing else in the P -locus.

The linear system of planes containing a trisecant line ` cuts out on Z a
linear series of degree 6 with moving part of degree 3. It is easy to see, by
using Riemann-Roch, that any g1

3 on a curve of genus 3 must be of the form
|KZ − x| for a unique point x ∈ Z. Conversely, for any point x ∈ Z, the
linear system |OZ(1) − KZ + x| is of dimension 0 and of degree 3 (here
we use that |OZ(1)| = |KZ + a|, where a is not effective divisor class of
degree 2). Thus it defines a trisecant line (maybe tangent at some point). This
shows that the curve R parameterizing trisecant lines is isomorphic to Z. This
agrees with the fact that R must be isomorphic to the base curve of the inverse
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transformation. The Cremona transformation can be resolved by blowing up
the curve Z and then blowing down the proper transform of the surface Tri(Z).
The exceptional divisor is isomorphic to the minimal ruled surface with the
base curve equal to Z. It is the universal family of lines parameterized by Z.
Its image in the target P3 is surface Tri(Z ′), where Z ′ is the base locus of the
inverse transformation (the same curve only re-embedded by the linear system
|KZ + a′|, where a′ ∈ |KZ − a|).
Remark 7.2.7 Let Z be a closed aCM subscheme of codimension 2 in P5

defined by a resolution

0→ OP5(−4)3 → OP5(−3)4 → IZ → 0.

It is a determinantal variety in P5 with the right kernel map r : Z → P2

isomorphic to a projective bundle P(E), where E is a rank 2 bundle on P2 with
c1(E) = 0 and c2(E) = 6 (see [415], [417]). Thus Z is a scroll of lines in P5,
called a Bordiga scroll. A general hyperplane section of Z is a surface S of
degree 6 in P4 with ideal sheaf defined by a resolution

0→ OP4(−4)3 → OP4(−3)4 → IS → 0.

It is a determinantal surface in P4 with the right kernel map r : S → P2

isomorphic to the blow-up of 10 points in P2. The embedding of S in P4 is
given by the linear system of quartic curves passing through the ten points. The
surface S is of degree 6, classically known as a Bordiga surface [47]. Finally,
a general hyperplane section of S is a sextic of genus 3 in P3 discussed in
Example 7.2.6.

7.2.3 de Jonquières transformations

Let X be a reduced irreducible hypersurface of degree m in Pn that contains a
linear subspace of points of multiplicity m − 2. Such a hypersurface is called
submonoidal (a monoidal hypersurface is a hypersurface of degree m which
contains a linear subspace of points multiplicity m − 1). For example, every
smooth hypersurface of degree ≤ 3 is submonoidal.

Let X be a submonoidal hypersurface with a singular point o of multiplicity
m − 2. Let us choose the coordinates such that o = [1, 0, . . . , 0]. Then X is
given by an equation

Fm = t20am−2(t1, . . . , tn) + 2t0am−1(t1, . . . , tn) + am(t1, . . . , tn) = 0,

(7.27)
where the subscripts indicate the degrees of the homogeneous forms. For a
general point x ∈ X , let us consider the intersection of the line `x = ox with
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X . It contains o with multiplicity m − 2 and the residual intersection is a set
of two points a, b in `x. Define T (x) to be the point on `x such that the pairs
{a, b} and {x, T (x)} are harmonically conjugate. We call it a de Jonquières
involution (observe that T = T−1).

Let us find an explicit formula for the de Jonquières involution which we
have defined. Let x = [α0, . . . , αn] and let [u + vα0, vα1, . . . , vαn] be the
parametric equation of the line `x. Plugging in (7.27), we find

(u+ vα0)2vm−2am−2(α1, . . . , αn) + 2(u+ vα0)vm−1am−1(α1, . . . , αn)

+vmam(α1, . . . , αn) = 0.

Canceling vm−2, we see that the intersection points of the line `x with X are
the two points corresponding to the zeros of the binary form Au2 + 2Buv +

Cv2, where

(A,B,C) = (am−2(x), α0am−2(x) + am−1(x), Fm(x)).

The points x and T (x) correspond to the parameters satisfying the quadratic
equation A′u2 + 2B′uv+C ′v2 = 0, where AA′+CC ′− 2BB′ = 0. Since x
corresponds to the parameters [0, 1], we have C ′ = 0. Thus T (x) corresponds
to the parameters [u, v] = [−C,B], and

T (x) = [−C +Bα0, Bα1, . . . , Bαn].

Plugging in the expressions for C and B, we obtain the following formula for
the transformation T

t′0 = −t0am−1(t1, . . . , tn)− am(t1, . . . , tn),

t′i = ti(am−2(t1, . . . , tn)t0 + am−1(t1, . . . , tn)), i = 1, . . . , n.

In affine coordinates zi+1 = ti/tn, i = 0, . . . , n− 1, the formulas are

z′1 = − am−1(z2, . . . , zn)′z1 + am(z2, . . . , zn)′

am−2(z2, . . . , zn)′z1 + am−1(z2, . . . , zn)′
,

z′i = zi, i = 2, . . . , n.

A de Jonquières involution is an example of a dilated Cremona transforma-
tion. Starting from a Cremona transformation T in Pn−1 we seek to extend it
to a Cremona transformation in Pn. More precisely, if po : Pn 99K Pn−1 is
a projection map from a point o, we want to find a Cremona transformation
T : Pn 99K Pn−1 such that po ◦ T̄ = T ◦ po. Suppose that T is given by
a sequence of degree d homogeneous polynomials (G1, . . . , Gn). Composing
with a projective transformation in Pn, we may assume that o = [1, 0, . . . , 0].
Thus the transformation T must be given by (F0, QG1, . . . , QGn), where Q
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and F0 are coprime polynomials of degrees r and d + r. The following result
can be found in [426].

Proposition 7.2.8 Let (G1, . . . , Gn) be homogeneous polynomials of degree
d in t1, . . . , tn. Let F0 = t0A1 + A2, Q = t0B1 + B2, where A1, A2, B1, B2

are homogeneous polynomials in t1, . . . , tn of degrees d+r−1, d+r, r−1, r,
respectively. Assume that F0 and Q are coprime and A1B2 6= A2B1. Then the
polynomials (F0, QG1, . . . , QGn) define a Cremona transformation of Pn if
and only if (G1, . . . , Gn) define a Cremona transformation of Pn−1.

Proof Let F ′(z1, . . . , zn) denote the dehomogenization of a homogeneous
polynomial F (t0, . . . , tn) in the variable t1. It is obvious that (F0, . . . , Fn)

defines a Cremona transformation if and only if the field

C(F1/F0, . . . , Fn/F0) := C(F ′1/F
′
0, . . . , F

′
n/F

′
0) = C(z1, . . . , zn).

Consider the ratio F0/QG1 = t0A1+A2

t0GB1+GB2
. Dehomogenizing with respect to

t1, we can write the ratio in the form az1+b
cz1+d , where a, b, c, d ∈ C(z2, . . . , zn).

By our assumption, ad− bc 6= 0. Then

C(F1/F0, . . . , Fn/F0) = C(F0/QG1, G2/G1, . . . , Gn/G1)

= C(G2/G1, . . . , Gn/G1)(F0/QG1) = C(G2/G1, . . . , Gn/G1)(
az1 + b

cz1 + d
).

This field coincides with C(z1, . . . , zn) if and only if C(G2/G1, . . . , Gn/G1)

coincides with C(z2, . . . , zn).

Taking Gi = ti, i = 1, . . . , n, and

F0 = −t0am−1(t1, . . . , tn)− am(t1, . . . , tn),

Q = am−2(t1, . . . , tn)t0 + am−1(t1, . . . , tn),

we see that a de Jonquières involution is dilated from the identity transfor-
mation of Pn−1. If we replace F0 with t0bm−1(t1, . . . , tn) + bm(t1, . . . , bm),
where bm−1, bm are any polynomials of indicated degrees such that F0 and
Q still satisfy the assumptions of Proposition 7.2.8, then we get a Cremona
transformation, not necessarily involutive. In fact, one defines a general de
Jonquières transformation as follows.

Definition 7.2.9 A Cremona transformation T : Pn 99K Pn is called a de
Jonquières transformation if there exists a rational map f : Pn 99K Pk bi-
rationally isomorphic to the projection map pr2 : Pn−k × Pk → Pk and a
Cremona transformation T ′ : Pk 99K Pk such that f ◦ T = T ′ ◦ f .
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In algebraic language, this definition is equivalent to T defining an automor-
phism Φ of the field of rational functions in z1, . . . , zn of the form

(z1, . . . , zn) 7→ (R1, . . . , Rk, Rk+1, . . . , Rn),

where R1, . . . , Rk are rational functions in variables z1, . . . , zk with coeffi-
cients in C and Rk+1, . . . , Rn are rational functions in variables zk+1, . . . , zn
with coefficients in the field C(z1, . . . , zk).

A de Jonquières transformation obtained by dilating the identity map of
Pn−1 is the special case when k = n−1 and T ′ is the identity. It is easy to com-
pute its multidegree. Take a general linear k-codimensional subspace L of Pn.
We can writeL as the intersection of k−1 hyperplanesHi = V (li(t1, . . . , tn))

containing the point o and one hyperplaneHk = V (lk(t0, . . . , tn)) which does
not contain o. The preimage of the first k−1 hyperplanes Hi are reducible hy-
persurfaces Di = V (tiQ) of degree m. The preimage of Hk is a hypersurface
Dk of degree m. The intersection of the hypersurface V (Q) with Dk is con-
tained in the base scheme of T . Thus the degree of the intersection D1 · · ·Dk

outside the base locus is equal to m. This shows that the multidegree of T
is equal to (m, . . . ,m). Note that the case m = 2 corresponds to quadratic
transformations we studied in Subsection 7.2.1. In the notation from this Sub-
section, the point o is the isolated base point and the submonoidal hypersurface
in this case is a quadric hypersurface Q such that the quadric component Q0

of the base locus is equal to the intersection Q ∩ Po(Q).

7.3 Planar Cremona transformations

7.3.1 Exceptional configurations

From now on we will study birational maps between algebraic surfaces. We
know (see [281], Chapter V, §5) that any birational morphism π : Y → X of
nonsingular projective surfaces can be factored into a composition of blow-ups
with centers at closed points. Let

π : Y = YN
πN−→ YN−1

πN−1−→ . . .
π2−→ Y1

π1−→ Y0 = X (7.28)

be such a factorization. Here πi : Yi → Yi−1 is the blow-up of a point xi ∈
Yi−1. Set

πki := πi+1 ◦ . . . ◦ πk : Yk → Yi, k > i.

Let

Ei = π−1
i (xi), Ei = π∗Ni(Ei). (7.29)
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The divisors Ei are called the exceptional configurations of the birational
morphism π : Y → X . Note that Ei should be considered as an effective
divisor, not necessarily reduced.

For any effective divisor D 6= 0 on X let multxiD be defined inductively in
the following way. We set multx1

D to be the usual multiplicity ofD at x1. It is
defined as the largest integer m such that the local equation of D at x1 belongs
to the m-th power of the maximal ideal mX,x1

. So, the multiplicity multxiD
is defined. Next, we take the proper inverse transform π−1

i (D) of D in Xi and
define multxi+1

(D) = multxi+1
π−1
i (D). It follows from the definition that

π−1(D) = π∗(D)−
N∑
i=1

miEi,

where mi = multxiD. Now suppose π : Y → X is a resolution of a rational
dominant map f : X → X ′ of algebraic surfaces given by the linear system
|V | ⊂ |L|, the inverse image of the complete linear system |L′| defining a
closed embedding X ′ ↪→ Pr. Let

mi = min
D∈|V |

multxiD, i = 1, . . . , N.

If D0, . . . , Dk are divisors corresponding to a basis of V , then

mi = min{multxiD0, . . . ,multxiDk}, i = 1, . . . , N.

It is clear that

π−1(|V |) = π∗(|V |)−
N∑
i=1

miEi. (7.30)

Let

E =

N∑
i=1

miEi.

Then π−1(|V |) ⊂ |π∗(L)(−E)|. Let b = b(|V |). The ideal sheaf π−1(b) =

b · OY is the base locus of π−1(|V |) and hence coincides with OY (−E). The
complete linear system |π∗(L) ⊗ OY (−E)| has no base points and defines a
morphism σ : Y → X ′. The preimage of a general m − 2-dimensional linear
space in Y consists of m degX ′ points, where m is the degree of the rational
map f : X → X ′ and degX ′ is the degree of X ′ in the embedding X ′ ↪→ Pr.
It is also equal to the self-intersection [D − E]2, where L ∼= OX(D). Thus,
we obtain that f is a birational map onto X ′ if and only if

D2 − E2 = degX ′. (7.31)
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From now on we use the intersection theory on smooth surfaces and use the
notation D ·D′ for the intersection of the divisor classes [D] · [D′].

Lemma 7.3.1 Let π : Y → X be a birational morphism of nonsingular
surfaces and let Ei, i = 1, . . . , N, be its exceptional configurations. Then

Ei · Ej = −δij ,

Ei ·KY = −1.

Proof This follows from the standard properties of the intersection theory on
surfaces. For any morphism of nonsingular projective surfaces φ : X ′ → X

and two divisors D,D′ on X , we have

φ∗(D) · φ∗(D′) = deg(φ)D ·D′. (7.32)

Also, if C is a curve such that φ(C) is a point, we have

C · φ∗(D) = 0. (7.33)

Applying (7.32), we have

−1 = E2
i = π∗Ni(Ei)

2 = E2
i .

Assume i < j. Applying (7.33) by taking C = Ej and D = Ei, we obtain

0 = Ej · π∗ji(Ei) = π∗Nj(Ej) · π∗Ni(Ei) = Ej · Ei.

This proves the first assertion.
To prove the second assertion, we use that

KYi+1
= π∗i (KYi) + Ei.

By induction, this implies that

KY = π∗(KY0
) +

N∑
i=1

Ei. (7.34)

Intersecting with both sides and using (7.33), we get

KY · Ej =
( N∑
i=1

Ei
)
·Ej = E2

j = −1.

Assume now that f : X 99K X ′ is a birational map of nonsingular projective
algebraic surfaces. By Bertini’s Theorem ([281], Chapter II, Theorem 8.18), a
general hyperplane sectionH ′ ofX ′ is a nonsingular irreducible curve of some
genus g. Since f−1(|V |) has no base points, by another Bertini’s Theorem
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([281], Chapter II, Corollary 10.9), its general member H is a nonsingular
irreducible curve. Since H ∈ |σ∗(H ′)|, we obtain that H is of genus g and
the map σ : H → σ(H) is an isomorphism. Using the adjunction formula, we
obtain

H ·KY = 2g − 2−H2 = H ′2 +H ′ ·KX′ −H2.

Write H = π∗(D)− E and apply the projection formula, to obtain

H ·KY = D ·KX − E ·KY .

Applying (7.31) and the previous Lemma, we obtain the following.

Proposition 7.3.2 Suppose f : X 99K X ′ is a birational rational map of
nonsingular projective algebraic surfaces. Let D ∈ |L|. Then

(i) D2 −
∑N
i=1m

2
i = H ′2 = degX ′;

(ii) D ·KX −
∑N
i=1mi = H ′ ·KX′ .

Let us apply all of this to the case of a Cremona transformation T : P2 99K
P2. Let L = OP2(d). Of course, we take L′ = OP2(1), then L = OP2(d),
where d is the algebraic degree of T . By the previous Proposition,

1 = d2 −
N∑
i=1

m2
i , (7.35)

3 = 3d−
N∑
i=1

mi.

Let b be the base ideal of |V |. We know that π∗(OY (−E)) is equal to the
integral closure b̄ of b, and we have a bijection

H0(P2,L ⊗ b) ∼= H0(Y, π∗OP2(d)(−E)) ∼= H0(Y, σ∗OP2(1)) ∼= C3.

Subtracting the two equalities from (7.35), and applying the Postulation for-
mula from Corollary 7.1.6, we find

h0(OP2/b̄) = 1
2

N∑
i=1

mi(mi + 1). (7.36)

This also follows from the Hoskin-Deligne formula (see [157], Th’eorème 2.13
and [302]). The vector (d;m1, . . . ,mN ) is called the characteristic of the
homaloidal net, or, of a Cremona transformation defined by this net.

Of course, not every vector (d;m1, . . . ,mN ) satisfying equalities (7.35) is
realized as the characteristic vector of a homaloidal net. There are other neces-
sary conditions for a vector to be realized as the characteristic (d;m1, . . . ,mN )
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for a homaloidal net. For example, if m1,m2 correspond to points of largest
multiplicity, a line through the points should intersect a general member of the
net non-negatively. This gives the inequality

d ≥ m1 +m2.

Next we take a conic through five points with maximal multiplicities. We get

2d ≥ m1 + · · ·+m5.

Then we take cubics through none points, quartics through 14 points and so
on. The first case that can be ruled out in this way is (5; 3, 3, 1, 1, 1, 1, 1). It
satisfies the equalities from the Theorem but does not satisfy the condition
m ≥ m1 + m2. We will discuss the description of characteristic vectors later
in this Chapter.

7.3.2 The bubble space of a surface

Consider a factorization (7.28) of a birational morphism of nonsingular sur-
faces. Note that, if the morphism π1 ◦ · · · ◦ πi : Yi → X is an isomorphism on
a Zariski open neighborhood of the point xi+1, the points xi can be identified
with its image in X . Other points are called infinitely near points in X . To
make this notion more precise one introduces the notion of the bubble space
of a surface X .

Let BX be the category of birational morphisms π : X ′ → X of nonsingular

projective surfaces. Recall that a morphism from (X ′
π′→ X) to (X ′′

π′′→ X) in
this category is a regular map φ : X ′ → X ′′ such that π′′ ◦ φ = π′.

Definition 7.3.3 The bubble space Xbb of a nonsingular surface X is the
factor set

Xbb =
( ⋃

(X′
π′→X)∈BX

X ′
)
/R,

where R is the following equivalence relation: x′ ∈ X ′ is equivalent to x′′ ∈
X ′′ if the rational map π′′−1 ◦ π′ : X ′ 99K X ′′ maps isomorphically an open
neighborhood of x′ to an open neighborhood of x′′.

It is clear that for any π : X ′ → X from BX we have an injective map iX′ :

X ′ → Xbb. We will identify points of X ′ with their images. If φ : X ′′ → X ′

is a morphism in BX which is isomorphic in BX′ to the blow-up of a point
x′ ∈ X ′, any point x′′ ∈ φ−1(x′) is called a point infinitely near x′ of the
first order. This is denoted by x′′ �1 x

′. By induction, one defines an infinitely
near point of order k, denoted by x′′ �k x′. This puts a partial order on Xbb,
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where x > y if x is infinitely near y. When we do not specify the order of an
infinitely near point we write x′ � x.

We say that a point x ∈ Xbb is of height k, if x �k x0 for some x0 ∈ X .
This defines the height function on the bubble space

ht : Xbb → N.

Clearly, X = ht−1(0). Points of height zero are called proper points of the
bubble space. They will be identified with points inX . They are minimal points
with respect to the partial order on Xbb.

Let ZXbb
be the free abelian group generated by the setXbb. Its elements are

integer valued functions on Xbb with finite support. They added up as func-
tions with values in Z. We write elements of ZXbb

as finite linear combinations∑
m(x)x, where x ∈ Xbb and m(x) ∈ Z (similar to divisors on curves). Here

m(x) is the value of the corresponding function at x.

Definition 7.3.4 A bubble cycle is an element η =
∑
m(x)x of ZXbb

satis-
fying the following additional properties:

(i) m(x) ≥ 0 for any x ∈ Xbb;
(ii)

∑
x′�xmx′ ≤ mx.

We denote the subgroup of bubble cycles by Z+(Xbb).

Clearly, any bubble cycle η can be written in a unique way as a sum of
bubble cycles Zk such that the support of ηk is contained in ht−1(k).

We can describe a bubble cycle by a weighted oriented graph, called the
Enriques diagram, by assigning to each point from its support a vertex, and
joining two vertices by an oriented edge if one of the points is infinitely near
another point of the first order. The arrow points to the vertex of lower height.
We weight each vertex by the corresponding multiplicity.

Let η =
∑
mxx be a bubble cycle. We order the points from the support of

η such that xi � xj implies j < i. We refer to such an order as an admissible
order. We write η =

∑N
i=1mixi. Then we represent x1 by a point on X and

define π1 : X1 → X to be the blow-up of X with center at x1. Then x2 can
be represented by a point on X1 as either infinitely near of order 1 to x1 or as
a point equivalent to a point on X . We blow up x2. Continuing in this way, we
get a sequence of birational morphisms:

π : Yη = YN
πN−→ YN−1

πN−1−→ . . .
π2−→ Y1

π1−→ Y0 = X, (7.37)

where πi+1 : Yi+1 → Yi is the blow-up of a point xi ∈ Yi−1. Clearly, the
bubble cycle η is equal to the bubble cycle

∑N
i=1mixi.
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Let Ei = π∗Ni(Ei) be the exceptional configurations and E =
∑
miEi.

The ideal a = π∗(OY (−E)) is an integrally closed ideal associated to η. The
Deligne-Hoskin formula we mentioned before asserts that

h0(OX/a) = 1
2

∑
mi(mi + 1). (7.38)

Conversely, any integrally closed ideal a defining a 0-dimensional closed sub-
scheme of X defines a bubble cycle ηa as follows. First we blow-up a to get
a morphism X ′ → X . By a result of O. Zariski (see [605], Appendix 5), the
blow-up of an integrally closed ideal on a smooth surface is a normal surface
(this is specific to the 2-dimensional case). Then we take a minimal resolution
of singularities Y → X ′. Then we factor the composition π : Y → X ′ → X

as in (7.28). The corresponding bubble cycle is aη .

Definition 7.3.5 The bubble cycle η corresponding to the integral closure
of the base ideal of the linear system |V | defining a Cremona transformation
T : P2 → P2 is called the fundamental bubble cycle. Its points are called
fundamental points of T .

Let η be the bubble cycle corresponding to b(|V |). We set

|dh− η| := |OP2(d)⊗ b(|V |)|.

Example 7.3.6 Suppose η =
∑
mixi, where all points xi are proper. Then

the integrally closed ideal corresponding to η is equal to the product of the
ideal sheaves mmixi . In fact, the blow-up of this ideal has the exceptional divisor∑
miEi, and the same exceptional divisor is defined by η. One immediately

checks the Deligne-Hoskin formula in this case. If η is the fundamental bubble
cycle of a homaloidal linear system |V |, then b = b(|V |) is generated at each
point xi by three elements g1, g2, g3, the local equations of a basis of the linear
system. Certainly, b is not integrally closed if mi ≥ 3, and its integral closure
is equal to mmixi .

Remark 7.3.7 An ideal I in the formal power series ring C[[x, y]] of length
n such that I is not contained in the square of the maximal ideal can be all ex-
plicitly described (see [311]). Every such ideal has one or both of the following
forms:

I = (x+ a0y + · · ·+ an−1y
n−1, yn),

or,

I = (y + b0x+ · · ·+ an−1x
n−1, xn).

If x is a base point of a homaloidal linear system of multiplicity 1, then the
completion of the localization bx of the base ideal is an ideal of the above
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form. The number n is equal to the number of irreducible components in the
exceptional curve over x. The coefficients (ai, bi) determine the correspond-
ing pointt of the bubble cycle. Thus the first point x1 �1 x infinitely near x
corresponds to the tangent direction defined by the ideal (x+a0y) or (y+ b0).
The next infinitely near point x1 �1 x1 is determined by the coefficient a1 or
b1, and so on.

It follows from this that the blow-up of the ideal I is a normal surface with
one singularity locally isomorphic to the singularity at the origin of the surface
V (uv + wn) ⊂ C3.

7.3.3 Nets of isologues and fixed points

Let T : P2 99K P2 be a Cremona transformation. Let p be a point in the
plane. Consider the locus of points CT (p) such that x, φ(x), p are collinear.
This locus is called the isologue of p, the point p is called its center. In terms
of equations, if T is given by polynomials (f0(t), f1(t), f2(t)) of degree d and
p = [a0, a1, a2], then CT (p) is given by equation

det

 a0 a1 a2

t0 t1 t2
f0(t) f1(t) f2(t)

 = 0. (7.39)

It follows immediately that degCT (p) = d + 1 unless CT (p) = P2. This
always happens for de Jonquières transformation if we take p to be the base
point o of maximal multiplicity.

From now on we assume that CT (p) 6= P2 for any point p. Then CT (p) is a
curve of degree d+ 1. It passes through the fundamental points of T (because
the last row in the determinant is identically zero for such point) and it passes
through the fixed points of T , i.e. points x ∈ dom(T ) such that T (x) = x

(because the last two rows are proportional). Also CT (p) contains its center p
(because the first two rows are proportional).

One more observation is that

CT (p) = CT−1(p).

When p varies in the plane we obtain a net of isologues. IfF is the 1-dimensional
component of the set of fixed points, then F is a fixed component of the net of
isologues.

Remark 7.3.8 It follows from the definition that the isologue curve CT (p)

is projectively generated by the pencil of lines ` through p and the pencil of
curves T−1(`). Recall that given two pencils P and P ′ of plane curves of



7.3 Planar Cremona transformations 345

degree d1 and d2 and a projective isomorphism α : P → P ′, the union of
points Q ∩ α(Q), Q ∈ P, is a plane curve C. Assuming that the pencils have
no common base points, C is a plane curve of degree d1 + d2. To see this we
take a general line ` and restrict P and P ′ to it. We obtain two linear series
g1
d and g1

d′ on `. The intersection C ∩ ` consists of points common to divisors
from g1

d and g1
d′ . The number of such points is equal to the intersection of the

diagonal of P1×P1 with a curve of bidegree (d, d′), hence it is equal to d+d′. It
follows from the definition that C contains the base points of the both pencils.

Proposition 7.3.9 Assume that T has no infinitely near fundamental points.
Then the multiplicity of a general isologue curve at a fundamental point x of
multiplicity m is equal to m.

Proof Let u, v be local affine parameters at x. For each homogeneous polyno-
mial φ(t0, t1, t2) vanishing at x with multiplicity ≥ m, let [φ]k := [φ]k(u, v)

be the degree k homogeneous term in the Taylor expansion at x. If V (f) is a
general member of the homaloidal net, then [f ]k = 0 for k < m and [fm] 6= 0.
Let Bm be the space of binary forms of degree m in variables u, v. Consider
the linear map α : C3 → Bm defined by

(a, b, c) 7→ [(bt2 − ct1)f0(t) + (ct0 − at2)f1(t) + (at1 − bt0)f2(t)]m.

The map is the composition of the linear map C3 → C3 defined by (a, b, c) 7→
([bt2 − ct1]0, [ct0 − at2]0, [at1 − bt0]0) and the linear map C3 → Bm defined
by (a, b, c) 7→ [af0 + bf1 + cf2]m. The rank of the first map is equal to 2, the
kernel is generated by [t0]0, [t1]0, [t2]0). Since no infinitely near point is a base
point of the homaloidal net, the rank of the second map is greater than or equal
to 2. This implies that the map α is not the zero map. Hence there exists an
isologue curve of multiplicity equal to m.

Remark 7.3.10 Coolidge claims in [128], p. 460, that the assertion is true
even in the case of infinitely near points. By a direct computation, one checks
that the multiplicity of isologue curves of the degenerate standard Cremona
transformation (7.7) at the unique base point is equal to 2.

Corollary 7.3.11 Assume that the homaloidal net has no infinitely near base
points and the net of isologues has no fixed component. Then the number of
fixed points of T is equal to d+ 2.

Proof Take two general points p, q in the plane. In particular, we may assume
that the line ` = pq does not pass through the base points of the homaloidal
net and the fixed points. Also p 6∈ CT (q) and q 6∈ CT (p). Consider a point
x in the intersection CT (p) ∩ Cφ(q). Assume that it is neither a base point
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nor a fixed point. Then p, q ∈ xT (x), hence x, T (x), p, q lie on `. Conversely,
if x ∈ ` ∩ CT (p) and x 6= p, then the points x, T (x), p are collinear and,
since q ∈ `, we get that x, T (x), q are collinear. This implies that x ∈ CT (q).
This shows that the base points of the pencil of isologue curves CT (p), p ∈ `,
consists of base points of the homaloidal net, fixed points and d points on `
(counted with multiplicities). The base points of the homaloidal net contribute∑N
i=1m

2
i to the intersection. Applying Proposition 7.3.9, we obtain that fixed

points contribute d+ 2 = (d+ 1)2 − d−
∑N
i=1m

2
i to the intersection.

Note that the transformation from Remark 7.3.10 has no fixed points.

Remark 7.3.12 The assumption that T has no infinitely near points implies
that the graph Γ of T is a nonsingular surface in P2 × P2 isomorphic to the
blow-up of the base scheme of the homaloidal net. Let h1, h2 be the preimages
of the cohomology classes of lines under the projections. They generate the
cohomology ring H∗(P2 × P2,Z). Let [Γ] be the cohomology class of Γ and
[∆] be the cohomology class of the diagonal ∆. Write [Γ] = ah2

1+bh1h2+ch2
2.

Since the preimage of a general point under T is a point, we have [Γ] · h2
2 = 1.

Replacing φ with T−1, we get [Γ] · h2
1 = 1. Since a general line intersects the

preimage of a general line at d points we get [Γ] · h1 · h2 = d. This gives

[Γ] = h2
1 + dh1h2 + h2

2. (7.40)

Similarly, we get

[∆] = h2
1 + h1h2 + h2

2. (7.41)

This implies that

[Γ] · [∆] = d+ 2.

This confirms the assertion of the previous Corollary. In fact, one can use the
argument for another proof of the Corollary if we assume (that follows from
the Corollary) that no point in the intersection Γ ∩ ∆ lies on the exceptional
curves of the projections.

The net of isologue curves without fixed component is a special case of a
Laguerre net. It is defined by one of the following three equivalent properties.

Theorem 7.3.13 Let |V | be an irreducible net of plane curves of degree d.
The following properties are equivalent.

(i) There exists a basis f0, f1, f2 such that

t0f0(t) + t1f1(t) + t2f2(t) = 0. (7.42)



7.3 Planar Cremona transformations 347

(ii) For any basis f0, f1, f2 of V , there exist three linearly independent
linear forms l1, l2, l3 such that

l0f0 + l1f1 + l2f2 = 0.

(iii) There exists a basis f0, f1, f2 of V such that

f0 = t1g2 − t2g1, f1 = t2g0 − t0g2, f2 = t0g1 − t1g0,

where g0, g1, g2 are homogeneous forms of degree d− 1.
(iv) The base locus of a general pencil in |V | is the union of the base locus

of |V | and a set of d− 1 collinear points.

Proof The equivalence of the fist two properties is obvious. Also property
(iii) obviously implies property (i). Suppose (i) holds. The Koszul complex in
the ring of polynomials S = C[t0, t1, t2] is an exact sequence

0→ S
α→ S3 β→ S3 γ→ S → S/(t0, t1, t2)→ 0,

where α is defined by a 7→ a(t0, t1, t2). The map β is defined by the matrix 0 −t2 t1
t2 0 −t0
−t1 t0 0

 ,

and the map γ is defined by (a, b, c) 7→ at0 + bt1 + ct2 (see [207], 17.2).
Property (i) says that (f0, f1, f2) belongs to the kernel of γ. Thus it belongs to
the image of β, and hence (iii) holds.

(i) ⇒ (iv) Take two general curves Cλ = V (λ0f0 + λ1f1 + λ2f2) and
Cµ = V (µ0f0 + µ1f1 + µ2f2) from the net. They intersect with multiplicity
≥ 2 at a point x if and only if x belongs to the Jacobian curve of the net.
This shows that the set of pencils which intersect non-transversally outside the
base locus is a proper closed subset of |V ∨|. So, we may assume that C(µ)

and C(ν) intersect transversally outside the base locus of the net. Let p =

[a] belong to Cλ ∩ Cµ but does not belong to the base locus of |V |. Then
(f0(a), f1(a), f2(a)) is a nontrivial solution of the system of linear equations
with the matrix of coefficients equal toλ0 λ1 λ2

µ0 µ1 µ2

a0 a1 a2

 .

This implies that the line spanned by the points λ = [λ0, λ1, λ2] and µ =
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[µ0, µ1, µ2] contains the point p. Thus all base points of the pencil differ-
ent from the base points of the net are collinear. Conversely, suppose a non-
base point [a] 6= λ, µ lies on a line λµ and belongs to the curve Cλ. Then
(f0(a), f1(a), f2(a)) is a nontrivial solution of

λ0t0 + λ1t1 + λ2t2 = 0, a0t0 + a1t1 + a2t2 = 0,

and hence satisfies the third equation µ0t0 +µ1t1 +µ2t2 = 0. This shows that
a ∈ Cλ ∩ Cµ. Thus we see that the intersection Cλ ∩ Cµ consists of d − 1

non-base points.
(iv)⇒ (ii) We follow the proof from [128], p. 423. Let V (f0), V (f1) be two

general members intersecting at d−1 points on a line V (l) not passing through
the base points. Let pi be the residual point on V (fi). Choose a general line
V (l0) passing through p2 and a general line V (l1) passing through p1. Then
V (l0f0) and V (l1f1) contain the same set of d + 1 points on the line V (l),
hence we can write

l0f0 + cl1f1 = lf2 (7.43)

for some polynomial f2 of degree d and some constant c. For any base point
q of the net, we have l0(q)f0(q) + cl1(q)f1(q) = l(q)f2(q). Since l(q) 6= 0

and f0(q) = f1(q) = 0, we obtain that f2(q) = 0. Thus the curve V (f2)

passes through each base point and hence belongs to the net |V |. This shows
that f0, f1 and f2 define a basis of |V | satisfying property (ii).

Corollary 7.3.14 Let b be the base ideal of a Laguerre net of curves of degree
d. Then h0(OP2/b) = d2 − d+ 1.

Proof It is clear that, any base-point, b is generated by two general members
of the net. By Bezout’s Theorem h0(OP2/b) = d2 − (d− 1).

Example 7.3.15 Take an irreducible net of cubic curves with seven base
points. Then it is a Laguerre net since two residual intersection points of any
two general members are on a line. Thus it is generated by the minors of the
matrix (

t0 t1 t2
g0 g1 g2

)
,

where g0, g1, g2 are quadratic forms. Recall that the linear system of cubics
with seven base points satisfying the conditions in Section 6.3.3 define a non-
singular quartic curve. It is known that the quartic curve is a Lüroth quartic if
and only if there exists a cubic curve V (f) such that gi = ∂f

∂ti
(see [28], [420]).
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7.3.4 Quadratic transformations

Take d = 2. Formulas (7.35) give m1 = m2 = m3 = 1, N = 3. The bi-
rational transformation of this type is called a quadratic transformation. We
have already encountered these transformations before, the standard quadratic
transformations Tst, T

′
st, T

′′
st .

The homaloidal linear system is the net of conics |2h − η|. Since the net is
irreducible |h−η| = ∅. Assume first that η consists of proper points x1, x2, x3.
Let g : P2 99K P2 be a projective automorphism which sends the points
p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1] to the points x1, x2, x3. Then the
composition T ◦ g has base points at p1, p2, p3. The linear system of conics
through these points consists of conics V (at0t1 + bt0t1 + ct1t2). If we choose
a basis formed by the conics V (t1t2), V (t0t2), V (t0t1), this amounts to com-
posing T ◦ g with some g′ ∈ Aut(P2) on the left, and we obtain the standard
quadratic transformation Tst from Example 7.1.9. It has the special property
that Tst = T−1

st .
Next we assume that the bubble cycle η has two proper points x1, x2 and an

infinitely near point x3 � x2. The base ideal b of the homaloidal linear system
is integrally closed and coincides with the ideal mx1 ∩ a2, where ax2 ⊂ mx2

with dimmx2
/ax2

= 1. If we choose local parameters u, v at x2, then ax2
=

(au + bv, v2), where au + bv = 0 is the tangent direction defining the point
x3. Let g be an automorphism of P2 which sends p1 to x1, p2 to x2 and the
tangent direction t1 = 0 at p2 to the tangent direction au + bv = 0 at p2.
Then the composition T ◦ g is given by the linear system of conics passing
through the points p1 and p2 and tangent to the line V (t0) at the point p2. The
equation of a conic from this linear system is at22 +bt0t1 +ct0t2 = 0. A choice
of a basis of this linear system defines a quadratic Cremona transformation.
The special choice of a basis formed by V (t21), V (t0t1), V (t0t2) defines the
standard quadratic transformation T ′st from Example 7.1.9 with T ′st = T ′st

−1.
Assume now that x3 � x2 � x1. Let b be the ideal of the base scheme.

Applying a linear transformation g, we obtain that the base point of T ◦ g is
equal to p1. Let x = t1/t0, y = t2/t0 be local parameters at x1. By Remark
7.3.7, we may assume that b = (x + ay + by2, y3) or (y + ax + bx2, x3). It
is easy to see that one can find another linear transformation g′ which fixes p1

such that the base ideal of T ◦ g ◦ g′ is equal to (−x+ y2, y3). The homaloidal
linear system generated by conics V (t22 − t0t1), V (t21), V (t1t2). In this basis,
the transformation coincides with the involutorial standard quadratic transfor-
mation T ′′st from Example 7.1.9.

Example 7.3.16 The first historical example of a Cremona transformation is
the inversion map. Recall the inversion transformation from the plane geome-
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try. Given a circle of radius R, a point x ∈ R2 with distance r from the center
of the circle is mapped to the point on the same ray at the distance R/r (as in
the picture below).

Rr

R
r

•

•

In the affine plane C2 the transformation is given by the formula

(x, y) 7→
( Rx

x2 + y2
,

Ry

x2 + y2

)
.

In projective coordinates, the transformation is given by the formula

(t0, t1, t2) 7→ (t21 + t22, Rt1t0, Rt2t0).

Note that the transformation has three fundamental points [1, 0, 0], [0, 1, i], and
[0, 1,−i]. It is an involution and transforms lines not passing through the fun-
damental points to conics (circles in the real affine plane). The lines passing
though one of the fundamental points are transformed to lines. The lines pass-
ing through the origin (1, 0, 0) are invariant under the transformation. The
conic t21 + t22 −Rt20 = 0 is the closure of the set of fixed points.

Example 7.3.17 Let C1 and C2 be two conics intersecting at four distinct
points. For each general point x in the plane let T (x) be the intersection of
the polar lines Px(C1) and Px(C2). Let us see that this defines an involutorial
quadratic transformation with fundamental points equal to the singular points
of three reducible conics in the pencil generated by C1 and C2. It is clear that
the transformation T is given by three quadratic polynomials. Since Px(C1)∩
Px(C2) is equal to Px(C) ∩ Px(C ′) for any two different members of the
pencil, takingC to be a reducible conic and x to be its singular point, we obtain
that T is not defined at x. Since the pencil contains three reducible members,
we obtain that T has three base points, hence T is given by a homaloidal net
and hence is a birational map. Obviously, x ∈ PT (x)(C1) ∩ PT (x)(C2), hence
T is an involution.
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7.3.5 Symmetric Cremona transformations

Assume that the fundamental bubble cycle η of a Cremona transformation T
consists of points taken with equal multiplicity m. In this case the Cremona
transformations is called symmetric. We must have

d2 −Nm2 = 1, 3d−Nm = 3.

Multiplying the second equality by m and subtracting from the first one, we
obtain d2− 3dm = 1− 3m. This gives (d− 1)(d+ 1) = 3m(d− 1). The case
d = 1 corresponds to a projective transformation. Assume d > 1. Then we get
d = 3m− 1 and hence 3(3m− 1)−Nm = 3. Finally, we obtain

(9−N)m = 6, d = 3m− 1.

This gives us four cases:

(1) m = 1, N = 3, d = 2;
(2) m = 2, N = 6, d = 5;
(3) m = 3, N = 7, d = 8;
(4) m = 6, N = 8, d = 17.

The first case is obviously realized by a quadratic transformation with three
fundamental points.

The second case is realized by the linear system of plane curves of degree 5
with six double points. Take a bubble cycle η = 2x1 + · · · + 2x6, where the
points xi in the bubble space do not lie on a proper transforms of a conic and
no three lie on the proper transforms of a line. I claim that the linear system
|V | = |OP2(2)− η| is homaloidal. The space of plane quintics is of dimension
20. The number of conditions for passing through a point with multiplicity≥ 2

is equal to 3. Thus dim |OP2(2)−η| ≥ 2. It is easy to see that the linear system
does not have fixed components. For example, if the fixed component is a line,
it cannot pass through more than two points, hence the residual components
are quartics with four double points, obviously reducible. If the fixed compo-
nent is a conic, then it passes through at most five points, hence the residual
components are cubics with at least one double point and passing through the
remaining points. It is easy to see that the dimension of such linear system is
at most 1. If the fixed component is a cubic, then by the previous analysis we
may assume that it is irreducible. Since it has at most one singular point, the
residual conics pass through at least five points and the dimension of the linear
system is equal to zero (or it is empty). Finally, if the fixed component is a
quartic, then the residual components are lines passing through three points,
again a contradiction.
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Applying Bezout’s Theorem, we see that two general members of our linear
system intersect at one point outside the base locus, also their genus is equal
to 0. Thus the linear system is a homaloidal.

Assume that all base points are proper points in the plane. Then the P -locus
of the transformation consists of six conics, each passing through five of the
six base points.

The third case is realized by a Geiser involution. We consider an irreducible
net N of cubic curves through seven points x1, . . . , x7 in the plane. The ex-
istence of such a net puts some conditions on the seven points. For example,
no four points must be collinear, and no seven points lie on a conic. We leave
it to the reader to check that these conditions are sufficient that such a net ex-
ists. Now consider the transformation G that assigns to a general point x in the
plane the base point of the pencil of cubics from the net which pass through x.
If points x1, . . . , x7 satisfy condition (∗) from Subsection 6.3.3, then the net
of cubics defines a rational map of degree 2 to the plane with a nonsingular
quartic curve as the branch curve. The Geiser involution G is the rational deck
transformation of this cover. Under weaker conditions on the seven points, the
same is true. The only difference is that the branch curve may acquire simple
singularities.

Let us confirm that the degree of the transformation G is equal to 8. The
image of a general line ` under the map given by N is a cubic curve L. Its
preimage is a curve of degree 9 passing through the points xi with multiplic-
ity 3. Thus the union ` + L is invariant under T , hence T (`) = L. Since
T = T−1, this shows that the degree of T is equal to 8. It also shows that the
homaloidal linear system consists of curves of degree 8 passing through the
base points with multiplicities ≥ 3. In other words, the homaloidal linear sys-
tem is |8h−3η|, where η = x1 + · · ·+x7. If one composes G with a projective
transformation we obtain a transformation given by the same homaloidal lin-
ear system but not necessarily involutorial. Also, the bubble cycle η may not
consist of only proper points, as soon as we continue to require that the linear
system |3h− η| has no fixed components. All admissible η’s will be classified
in the next Chapter.

The last case is realized by a Bertini involution. We consider an irreducible
pencil of cubic curves through a general set of 8 points x1, . . . , x8. Let q be
its ninth base point (it could be infinitely near one of the points xi). For any
general point x in the plane, let F (x) be the member of the pencil containing
x. Let B(x) be the residual point in the intersection of F (x) with the line
xq (it could be the tangent line to F (x) if q � xi). The transformation x →
B(x) is the Bertini involution. If we take q as the origin in the group law on a
nonsingular cubic F (p), then B(x) = −x.
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Consider the webN of curves of degree 6 and genus 2 whose general mem-
ber passes through each point xi with multiplicity 2. The restriction of N to
any F (x) is a pencil with a fixed part 2x1 + · · · + 2x8 and a moving part g1

2 .
One of the members of this g1

2 is the divisor 2q cut out by 2F (x′), x 6= x′. As
we have seen in Subsection 6.3.3, the members of this pencil are cut out by
lines through the coresidual point on F (x). This point must coincide with the
point q. Thus members of the g1

2 are divisors x+B(x). We will see in the next
Chapter that the net N defines a degree 2 rational map f : P2 99K Q ⊂ P3,
where Q is a singular irreducible quadric in P3. The image of q is the vertex
of the cone. The images of the curves F (x) are lines on Q. Consider a general
line ` in the plane. It is mapped to a curve of degree 6 onQ not passing through
the vertex of Q. A curve on Q not passing through the vertex is always cut out
by a cubic surface. In our case the curve f(`) is cut out by a cubic surface. The
preimage of this curve is a curve of degree 18 passing through the points xi
with multiplicities 6. As in the case of the Geiser involution, this shows that
B(`) is a curve of degree 17 with 6-tuple points x1, . . . , x8. Thus the homa-
loidal linear system defining the Bertini involution is equal to |17h−6η|, where
η = x1 + · · · + x8. Again, we may consider η not necessarily consisting of
proper points. All admissible η’s will be classified in the next Chapter.

7.3.6 de Jonquières transformations and hyperelliptic curves

A planar de Jonquières transformation J is obtained by dilation from the iden-
tity transformation of P1. It follows from Subsection 7.2.3 that such a transfor-
mation is given by the formulae

t′0 = t0bm−1(t1, t2) + bm(t1, t2), (7.44)

t′1 = t1(t0am−2(t1, t2) + am−1(t1, t2)),

t′2 = t2(t0am−2(t1, t2) + am−1(t1, t2)).

Here it is assumed that the polynomials Fm = t0bm−1 + bm and Qm−1 =

t0am−2 + am−1 are coprime and bm−1am−1 6= bmam−2.
In affine coordinates x = t1/t2, y = t0/t2, the transformation is given by

(x′, y′) =
(
x,

yb′m−1(x) + b′m(x)

ya′m−2(x) + a′m−1(x)

)
. (7.45)

Let us consider the closure of fixed points of this transformation. It is given by
the affine equation

yb′m−1(x) + b′m(x) = y(ya′m−2(x) + a′m−1(x)).
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Going back to our projective coordinates, the equation becomes

t20am−2(t1, t2) + t0(am−1(t1, t2)− bm−1(t1, t2))− bm(t1, t2) = 0. (7.46)

This a plane curve Hm of degree m with the point o = [1, 0, 0] of multiplicity
m− 2. The pencil of lines through x1 defines a g1

2 on the curve. So, if Hm has
no other singularities, it must be a rational curve if m = 2, an elliptic curve if
m = 3, and a hyperelliptic curve of genus m− 2 if m ≥ 4.

The homaloidal linear system defining the de Jonquières transformation J
is generated by the curves D1, D2, D3 whose equations are given by the right-
hand sides in (7.44). The point o = [1, 0, 0] is a base point of multiplicity
m− 2. Let us find other base points. Let x = [α, β, γ] be a base point different
from o. Then either β or γ is not zero. Hence

αbm−1(β, γ) + bm(β, γ) = αam−2(β, γ) + am−1(β, γ) = 0.

If α 6= 0 this happens if and only if

(bm−1am−1 − bmam−2)(β, γ) = 0.

If α = 0, then the condition is bm(β, γ) = am−1(β, γ) = 0, hence the point
still satisfies the previous equation. Under some generality condition, this gives
2m− 2 base points x1, . . . , x2m−2. Obviously, the points xi lie on Hm. They
also lie on the curve

Γ = V (t0am−2(t1, t2) + am−1(t1, t2)). (7.47)

This is a monoidal curve of degree m− 1 with singular point o of multiplicity
m− 1. It has the same tangent cone at o as the curve Hm. Thus one expects to
find m(m− 1)− (m− 2)2− (m− 2) = 2m− 2 points of intersection outside
o.

Note that a general member D of the homaloidal linear system intersects
the line xio with multiplicity m− 1 at o and multiplicity 1 at xi. This implies
that each line belongs to the P-locus of J . Also D intersects the curve Γ at
o with multiplicity (m − 1)2 and at the points xi with multiplicity 1. Since
D · Γ = m(m− 1) = (m− 1)2 + 2m− 2, this implies that Γ belongs to the
P-locus two. The degree of the Jacobian is equal to 3(m−1) = m−1+2m−2,
thus there is nothing more in the P-locus.

Let us record what we have found so far.

Proposition 7.3.18 Let J be the de Jonquières transformation given by (7.44).
Assume that the binary form bm−1am−1 − bmam−2 of degree 2m − 2 has no
multiple roots. Then J has 2m−1 proper fundamental points o, x1, . . . , x2m−2.
The point o is of multiplicity m − 2, the remaining ones are of multiplicity 1.
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The characteristic vector is (m,m − 2, 1, . . . , 1). The P -locus consists of a
monoidal curve Γ given by Equation (7.47) and 2m− 2 lines xio.

If we drop the condition on the binary form bm−1am−1− bmam−2, some of
the fundamental points become infinitely near.

Let us see when J satisfies J = J−1. The affine equation shows that this

happens if and only if the trace of the matrix
(
b′m−1 b′m
a′m−2 a′m1

)
is equal to 0.

Thus the condition is

am−1(t1, t2) + bm−1(t1, t2) = 0. (7.48)

In this case the hyperelliptic curve has the equation

t20am−2(t1, t2) + 2t0am−1(t1, t2)− bm(t1, t2) = 0. (7.49)

The curve Γ coincides with the first polar of Hm. The fundamental points are
the ramification points of the projection of Hm from the point o. The trans-
formation J is the de Jonquières involution described in Subsection 7.2.3. It is
clear that the curve Hm is nonsingular if and only if we have 2m − 2 distinct
fundamental points of multiplicity 1.

A space construction of a de Jonquières transformation is due to L. Cremona
[142]. Consider a rational curve R of bidegree (1,m − 2) on a nonsingular
quadric Q in P3. Let ` be a line on Q which intersects R at m − 2 distinct
points. For each point x in the space, there exists a unique line joining a point
on ` and on R. In fact, the plane spanned by x and ` intersects R at a unique
point r outside R ∩ ` and the line xr intersects ` at a unique point s. Take two
general planes Π and Π′ and consider the following birational transformation
f : Π 99K Π′. Take a general point p ∈ Π, find the unique line joining a point
r ∈ R and a point s ∈ `. It intersects Π′ at the point f(p). For a general line
` in Π the union of lines rs, r ∈ R, s ∈ L, that intersect ` is a ruled surface
of degree m. Its intersection with Π′ is a curve of degree m. This shows that
the transformation f is of degree m. It has 2m − 2 simple base points. They
are m − 1 points in Π′ ∩ R and m − 1 points which are common to the line
Π ∩ Π′ and the m − 1 lines joining the point ` ∩ Π with the points in the
intersection Π ∩ R. Finally, the point ` ∩ Π′ is a base point of multiplicity
m − 1. Identifying Π and Π′ by means of an isomorphism, we obtain a de
Jonquières transformation.
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7.4 Elementary transformations

7.4.1 Minimal rational ruled surfaces

First let us recall the definition of a minimal rational ruled surface Fn. If n = 0

this is the surface P1×P1. If n = 1 it is isomorphic to the blow-up of one point
in P2 with the ruling π : F1 → P1 defined by the pencil of lines through the
point. If n > 1, we consider the cone in Pn+1 over a Veronese curve V1

n ⊂ Pn,
i.e. we identify Pn−1 with a hyperplane in Pn and consider the union of lines
joining a fixed point p0 not on the hyperplane with all points in V1

n. The surface
Fn is a minimal resolution of the vertex p0 of the cone. The exceptional curve
of the resolution is a smooth rational curve En with E2

n = −n. The projection
from the vertex of the cone extends to a morphism p : Fn → P1 which defines
a ruling. The curve En is its section, called the exceptional section. In the case
n = 1, the exceptional curve E1 of the blow-up F1 → P2 is also a section of
the corresponding ruling p : F1 → P1. It is also called the exceptional section.

Recall from [281] some facts about vector and projective bundles that we
will need next and later on. For any locally free sheaf E of rank r + 1 over a
scheme S one defines the vector bundle V(E) as the scheme Spec(Sym(E)).
A local section U → V(E) is defined by a homomorphism Sym(E) → O(U)

of O(U)-algebras, and hence by a linear map E|U → O(U). Thus the sheaf
of local sections of the vector bundle V(E) is isomorphic to the sheaf E∨. The
fiber V(E)x over a point x ∈ X is equal to Spec Sym(E(x)) = E(x)∨, where
E(x) = E ⊗OX,x κ(x) is the fiber of E at x considered as a vector space over
the residue field κ(x) of the point x.

The projective bundle associated with a vector bundle V(E) (or a locally
free sheaf E) is the scheme P(E) = Proj(Sym(E)). It comes with the natural
morphism p : P(E)→ S. In the same notation as above,

P(E)|U ∼= Proj(Sym(Or+1
U )) ∼= Proj(O(U)[t0, . . . , tr]) ∼= PrU .

For any point x ∈ X , the fiber P(E)x over x is equal to P(E(x)).
By definition of the projective spectrum, it comes with an invertible sheaf
OP(E)(1). Its sections over p−1(U) are homogeneous elements of degree 1 in
Sym(Or+1

U ). This gives, for any k ≥ 0,

p∗OP(E)(k) ∼= Symk(E).

Note that, for any invertible sheaf L over S, we have P(E ⊗ L) ∼= P(E) as
schemes; however, the sheafOP(E)(1) has to be replaced withOP(E)(1)⊗p∗L.

For any scheme π : X → S over S, a morphism of S-schemes f : X →
P(E) is defined by an invertible sheaf L over X and a surjection φ : π∗E → L.
When we trivialize P(E) over U , the surjection φ defines r + 1 sections of
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L|π−1(U). This gives a local map x 7→ [s0(x), . . . , sr(x)] from π−1(U) to
p−1(U) = PrU . These maps are glued together to define a global map. We have
L = f∗OP(E)(1).

Example 7.4.1 Let us take X = S. Then an S-morphism S → P(E) is a
section s : S → P(E). It is defined by an invertible sheaf L on S and a
surjection φ : E → L. We have L = s∗OP(E)(1).

Another special case is when we take i : x = Spec(κ(x)) ↪→ S to be a
closed point in S. Then an invertible sheaf on a point is the constant sheaf κx
and i∗E = Ex = E/mxE = E(x) is the fiber of the sheaf E . The corresponding
morphism x → P(E) is defined by a surjection E(x) → κx, i.e. by a point in
the projective space P(E(x)). This agrees with the description of fibres of a
projective bundle from above.

Lemma 7.4.2 Let s : S → P(E) be a section, L = s∗OP(E)(1) and let
K = Ker(E → L). Let us identify S with s(S). Then K∨ ⊗ L is isomorphic to
the normal sheaf of s(S) in P(E).

Proof We use exact sequence (7.9) to compute the normal sheaf. Recall that
the sheaf Ω1

Pn of regular 1-forms on projective space can be defined by the
exact sequence (the Euler exact sequence)

0→ Ω1
Pn → OPn(−1)n+1 → OPn → 0.

More generally, we have a similar exact sequence on any projective bundle
P(E) over a scheme S:

0→ Ω1
P(E)/S → p∗E ⊗ OP(E)(−1)→ OP(E) → 0. (7.50)

Here the homomorphism p∗E ⊗ OP(E)(−1) → OP(E) is equal to the homo-
morphism p∗E → OP(E)(1) after twisting by −1. Thus

Ω1
P(E)/S(1) ∼= Ker(p∗E → OP(E)(1)). (7.51)

Applying s∗ to both sides we get

K ∼= s∗Ω1
P(E)/S(1).

Since Ω1
s(S)/S = {0}, we get from (7.9)

s∗(N∨s(S)/P(E))
∼= s∗Ω1

P(E)/S
∼= K ⊗ L−1.

Passing to the duals, we get the formula for the normal sheaf of the section.

Let us apply this to minimal ruled surfaces Fn. It is known that any locally
free sheaf over P1 is isomorphic to the direct sum of invertible sheaves. Sup-
pose E is of rank 2. Then E ∼= OP1(a) ⊕ OP1(b) for some integers a, b. Since
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the projective bundle P(E) does not change if we tensor E with an invertible
sheaf, we may assume that a = 0 and b = −n ≤ 0 (this corresponds to the
normalization taken in [281], Chapter V, §2, Proposition 2.8).

Proposition 7.4.3 Let π : X → P1 be a morphism of a nonsingular surface
such that all fibres are isomorphic to P1. Suppose π has a section whose image
E satisfies E2 = −n for some n ≥ 0. Then X ∼= Fn.

Proof Let f be the divisor class of a fiber of π and let e be the divisor class
of the section E. For any divisor class D on X such that D · f = a, we obtain
(D−ae) · f = 0. If D represents an irreducible curve C, this implies that π(C)

is a point, and hence C is a fibre. Writing every divisor as a linear combination
of irreducible curves, we obtain that any divisor class is equal to af + be for
some integers a, b. Let us write KX = af + be. By the adjunction formula,
applied to a fiber and the section E, we get

−2 = (af + be) · f, −2 + n = (af + be) · e = a− 2nb.

This gives

KX = (−2− n)f− 2e. (7.52)

Assume n > 0. Consider the linear system |nf + e|. We have

(nf + e)2 = n, (nf + e) · ((−2− n)f− 2e) = −2− n.

By Riemann-Roch, dim |nf + e| ≥ n + 1. The linear system |nf + e| has no
base points because it contains the linear system |nf| with no base points. Thus
it defines a regular map P(E)→ Pn. Since (nf + e) · e = 0, it blows down the
section E to a point p. Since(nf + e) · f = a, it maps fibres to lines passing
through p. The degree of the image is (nf + e)2 = n. Thus the image of the
map is a surface of degree n equal to the union of lines through a point. It must
be a cone over the Veronese curve V1

n if n > 1 and P2 if n = 1. The map is its
minimal resolution of singularities. This proves the assertion in this case.

Assume n = 0. We leave it to the reader to check that the linear system
|f + e| maps X isomorphically to a quadric surface in P3.

Corollary 7.4.4

P(OP1 ⊕OP1(−n)) ∼= Fn.

Proof The assertion is obvious if E = OP1 ⊕OP1 . Assume n > 0. Consider
the section of P(E) defined by the surjection

φ : E = OP1 ⊕OP1(−n)→ L = OP1(−n), (7.53)
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corresponding to the projection to the second factor. Obviously,N = Ker(φ) ∼=
OP1 . Applying Lemma 7.4.2, we get

Ns(P1)/P(E)
∼= OP1(−n).

Now, ifC is any curve on a surfaceX , its ideal sheaf is isomorphic toOX(−C)

and hence the conormal sheaf is isomorphic to OX(−C)/OX(−2C). This
easily implies that

NC/X = OX(C)⊗OC . (7.54)

In particular, we see that the degree of the invertible sheaf NC/X on the curve
C is equal to the self-intersection C2.

Thus we obtain that the self-intersection of the section s defined by the sur-
jection (7.53) is equal to −n. It remains for us for us to apply the previous
Proposition.

7.4.2 Elementary transformations

Let π : Fn → P1 be a ruling of Fn (the unique one if n 6= 0). Let x ∈ Fn
and Fx be the fiber of the ruling containing x. If we blow up x, the proper
transform F̄x of Fx is an exceptional curve of the first kind. We can blow it
down to obtain a nonsingular surface X . The projection π induces a morphism
π′ : X → P1 with any fiber isomorphic to P1. Let S0 be the exceptional
section or any section with the self-intersection 0 if n = 0 (such a section is
of course equal to a fiber of the second ruling of F0). Assume that x 6∈ S0.
The proper transform S̄0 of S0 on the blow-up has the self-intersection equal
to −n, and its image in X has the self-intersection equal to −n+ 1. Applying
Proposition 7.4.3, we obtain that X ∼= Fn−1. This defines a birational map

elmx : Fn 99K Fn−1.

E

S̄0

F̄x
F̄x E

−1 −1

−1 −1

−n −n− 1S̄0

Figure 7.4 Elementary transformation

Here in Figure 7.4, on the left, we blow down F̄x to obtain Fn−1, and, on
the right, we blow down F̄x to obtain Fn+1.
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Assume that x ∈ En. Then the proper inverse transform of S0 on the blow-
up has self-intersection −n − 1 and its image in X has the self-intersection
equal to −n− 1. Applying Proposition 7.4.3, we obtain that X ∼= Fn+1. This
defines a birational map

elmx : Fn 99K Fn+1.

A birational map elmx is called an elementary transformation.

Remark 7.4.5 Let E be a locally free sheaf over a nonsingular curve B. As
we explained in Example 7.4.1, a point x ∈ P(E) is defined by a surjection
E(x) → κ(x), where κ(x) is considered as the structure sheaf of the closed
point x. Composing this surjection with the natural surjection E → E(x), we
get a surjective morphism of sheaves φx : E → κ(x). Its kernel Ker(φx) is a
subsheaf of E which has no torsion. Since the base is a regular 1-dimensional
scheme, the sheaf E ′ = Ker(φx) is locally free. Thus we have defined an oper-
ation on locally free sheaves. It is also called an elementary transformation.

Consider the special case when B = P1 and E = OP1 ⊕OP1(−n). We have
an exact sequence

0→ E ′ → OP1 ⊕OP1(−n)
φx−→ κx → 0.

The point x belongs to the exceptional section S0 if and only if φx factors
through OP1(−n)→ κx. Then E ′ ∼= OP1 ⊕OP1(−n− 1) and P(E ′) ∼= Fn+1.

The inclusion of sheaves E ′ ⊂ E gives rise to a rational map P(E) 99K P(E ′)
which coincides with elmx. If x 6∈ S0, then φx factors throughOP1 , and we ob-
tain E ′ ∼= OP1(−1)⊕OP1(−n). In this case P(E ′) ∼= P(OP1⊕OP1(−n+1)) ∼=
Fn−1 and again, the inclusion E ′ ⊂ E defines a rational map P(E) 99K P(E ′)
which coincides with elmx. We refer for this sheaf-theoretical interpretation
of elementary transformation to [280]. A more general definition applied to
projective bundles over any algebraic variety can be found in [25], [566].

Let x, y ∈ Fn. Assume that x ∈ S0, y 6∈ S0 and π(x) 6= π(y). Then the
composition

ex,y = elmy ◦ elmx : Fn 99K Fn

is a birational automorphism of Fn. Here we identify the point y with its image
in elmx(Fn). If n = 0, we have to fix one of the two structures of a projective
bundle on F0. Similarly, we get a birational automorphism ey,x = elmy ◦elmx

of Fn. We can also extend this definition to the case when y �1 x, where
y does not correspond to the tangent direction defined by the fiber passing
through x or the exceptional section (or any section with self-intersection 0).
We blow up x, then y, and then blow down the proper transform of the fiber
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through x and the proper inverse transform of the exceptional curve blown up
from x.

7.4.3 Birational automorphisms of P1 × P1

Let X be a rational variety and let φ : X 99K Pn be a birational isomorphism.
It defines a homomorphism of the groups of birational automorphisms

Bir(Pn)→ Bir(X), f 7→ φ−1 ◦ f ◦ φ

with the inverse

Bir(X)→ Bir(Pn), g 7→ φ ◦ g ◦ φ−1.

Here we realize this simple observation by taking X = P1 × P1, identified
with a nonsingular quadricQ in P3. We identify P2 with a plane in P3 and take
φ : Q 99K P2 to be the projection map px0 from a point x0. Let a, b be the
images of the two lines on Q containing the point x0. The inverse map φ−1 is
given by the linear system |2h − q1 − q2| of conics through the points q1, q2,
and a choice of an appropriate basis in the linear system. Let

Φx0
: Bir(Q)→ Bir(P2)

be the corresponding isomorphism of groups.
A birational automorphism of P1 × P1 is given by a linear system |mh1 +

kh2 − η|, where h1, h2 are the divisor classes of fibres of the projection maps
pri : P1 × P1 → P1, and η is a bubble cycle on Q. If we fix coordinates
(u0, u1), (v0, v1) on each factor of P1 × P1, then a birational automorphism
of the product is given by four bihomogeneous polynomials R0, R1, R

′
0, R

′
1 of

bidegree (m, k):

([a0, a1], [b0, b1]) 7→ ([R1(a, b), R2(a, b], [R′0(a, b), R′1(a, b)]).

Explicitly, let us use an isomorphism

P1 × P1 → Q, ([a0, a1], [b0, b1]) 7→ [a0b0, a0b1, a1b0, a1b1],

where Q = V (z0z3 − z1z2). Take x0 = [0, 0, 0, 1]. The projection map px0
is

given by [z0, z1, z2, z3] 7→ [z0, z1, z2]. The inverse map p−1
x0

can be given by
the formulas

[t0, t1, t2] 7→ [t20, t0t1, t0t2, t1t2].

It is not defined at the points q1 = [0, 1, 0] and q2 = [0, 0, 1].
If g is given by R0, R1, R

′
0, R

′
1, then Φx0

(g) is given by the formula

[z0, z1, z2] 7→ [R0(a, b)R′0(a, b), R0(a, b)R′1(a, b), R1(a, b)R′0(a, b)],
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where [z0, z1, z2] = [a0b0, a0b1, a1b0] for some [a0, b0], [b0, b1] ∈ P1.
If f : P2 99K P2 is given by the polynomials P0, P1, P2, then Φ−1

x0
(f) is

given by the formula

[z0, z1, z2, z3] 7→ [P0(z′)2, P0(z′)P1(z′), P0(z′)P2(z′), P1(z′)P2(z′)],

(7.55)
where Pi(z′) = Pi(z0, z1, z2).

Let Aut(Q) ⊂ Bir(Q) be the subgroup of biregular automorphisms of Q.
It contains a subgroup Aut(Q)o of index 2 that leaves invariant each family
of lines on Q. By acting on each factor of the product P1 × P1, it becomes
isomorphic to the product PGL(2)× PGL(2).

Lemma 7.4.6 Let σ ∈ Aut(Q)o. If σ(x0) 6= x0, then Φx0
(σ) is a quadratic

transformation with fundamental points a, b, px0(σ−1(x0)). If σ(x0) = x0,
then Φx0

(σ) is a projective transformation.

Proof If x = σ(x0) 6= x0, then the F-locus of f = Φx0(σ) consists of three
points q1, q2 and px0

(x). It follows from (7.35), that it must be a quadratic
transformation. If σ(x0) = x0, then the map f is not defined only at q1 and
q2. The rational map φ : P2 99K Q can be resolved by blowing up the two
points q1, q2 followed by blowing down the proper transform of the line q1q2.
It is clear that it does not have infinitely near fundamental points. Since any
non-projective planar Cremona transformation has at least three fundamental
points, we obtain that the map f extends to an automorphism of P2.

Remark 7.4.7 The image Φx0
(Aut(Q) consists of quadratic or projective

transformations which leave invariant the linear system of conics through two
points q1, q2. These are complex conics discussed in Subsection 2.2.3. Over
reals, when we deal with real conics through the ideal points in the line at in-
finity, the group Φx0

(Aut(Q)) is known as the Inversive group in dimension 2
(see [392]).

The subgroup Φx0
(Aut(Q)) of Cr(2) = Bir(P2) is an example of a linear

algebraic subgroup of the Cremona group Cr(2). All such subgroups in Cr(2)

were classified by F. Enriques [212]. In particular, he showed that any linear
algebraic subgroup of rank 2 in Cr(2) is contained in a subgroup isomorphic
to Aut(Fn) for some n. There is a generalization of this result to the group
Cr(n) = Bir(Pn) (see [163]). Instead of minimal ruled surfaces one considers
smooth toric varieties of dimension n.

Take two points x, y in Q which do not lie on a line and consider the bira-
tional transformation ex,y := elmx ◦ elmy defined in the previous Subsection.
Recall that to define ex,y , we have to fix one of the two structures of a projec-
tive bundle on Q. We do not exclude the case when there is only one proper
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point among x and y, say y � x. It is easy to see that the linear system defining
the transformation ex,y is equal to |2h1 + h2− x− y|, where h1 is the class of
a fiber of the projective bundle structure pr : Q→ P1.

Proposition 7.4.8 Φx0
(tx,y) is a product of quadratic transformations. More-

over, if x0 ∈ {x, y}, then Φx0(tx,y) is a quadratic transformation. Otherwise,
Φx0

(tx,y) is the product of two quadratic transformations.

Proof Let τ : X → Q be the blow-up of the bubble cycle x + y. It factors
into the composition of the blow-up τ1 : Qx → Q of x and the blow-up
τ2 : Q′ → Qx of y. Suppose x0 ∈ {x, y}. Without loss of generality, we
may assume that x0 = x. The composition of rational maps π = px0

◦ τ :

Q′ 99K P2 is a regular map. Let α : X → Q be the blowing-down of the
proper transforms of the fiber `x (resp. `y) of pr : Q→ P1 containing x (resp.
y). The composition σ = px0 ◦ α : Q′ → Q 99K P2 is also a regular map.
The two morphisms π, σ : X → P2 define a resolution of the birational map
Φx0(ex,y). It is immediate that this resolution coincides with a resolution of a
quadratic transformation with fundamental points q1, q2, px0

(y). Note that, if
y � x, then px0

(y) � q2, where the line `y is blown down to q2 under the map
Q′x → P2.

If x0 6= x, y, we compose ex,y with an automorphism g of Q such that
σ(x0) = x. Then

Φx0(ex,y ◦ g) = Φx0(ex0,g−1(y)) = Φx0(ex,y) ◦ Φx0(g).

By Lemma 7.4.6, Φx0
(g) is a quadratic transformation. By the previous case,

Φx0(ex0,σ−1(y)) is a quadratic transformation. Also the inverse of a quadratic
transformation is a quadratic transformation. Thus Φx0

(ex,y) is a product of
two quadratic transformations.

Proposition 7.4.9 Let T : Fn 99K Fm be a birational map. Assume that T
commutes with the projections of the minimal ruled surfaces to P1. Then T is
a composition of biregular maps and elementary transformations.

Proof Let (X,π, σ) be a resolution of T . The morphism π (resp. σ) is the
blow-up of an admissible ordered bubble cycle η = (x1, . . . , xN ) (resp. ξ =

(y1, . . . , yN )). Let p1 : Fn → P1 and p2 : Fm → P1 be the structure mor-
phisms of the projective bundles. The two composition p1 ◦ π and p2 ◦ σ coin-
cide and define a map

φ : X → P1.

Let a1, . . . , ak be points in P1 such that Fi = φ−1(ai) = π∗(p−1
1 (ai)) is a
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reducible curve. We have π∗(Fi) = p−1
1 (ai) and σ∗(Fi) = p−1

2 (ai). Let Ei be
the unique component of Ri which is mapped surjectively to p−1

1 (ai) and E′i
be the unique component of Fi which is mapped surjectively to p−1

2 (ai). The
preimages inX of the maximal points in η and ξ (with respect to the admissible
order) are (−1)-curves E1, . . . , Ek and E′1, . . . , E

′
k′ . Let E be a (−1)-curve

component of Fi that is different from E1, . . . , Ek and E′1, . . . , E
′
k′ . We can

reorder the order of the blow-ups to assume that π(E) = xN and σ(E) = yN .
Let πN : X → XN−1 be the blow-up of xN and σN : X → YN−1 be the
blow-up of yN . Since πN and σN blow down the same curve, there exists
an isomorphism φ : XN−1

∼= YN−1. Thus, we can replace the resolution
(X,π, σ) with

(XN−1, π1 ◦ . . . ◦ πN−1, σ1 ◦ . . . ◦ σN−1 ◦ φ).

Continuing in this way, we may assume that xN and yN are the only maximal
points of π and σ such that p1(xN ) = p2(yN ) = ai. Let E = π−1(xN ) and
E′ = σ−1(yN ). Let R 6= E′ be a component of φ−1(ai) which intersects E.
Let x = π(R). Since xN � x, and no other points is infinitely near x, we get
R2 = −2. Blowing down E, we get that the image of R has self-intersection
−1. Continuing in this way, we get two possibilities:

(1)

Fi = Ei + E′i, E2
i = E′i

2 = −1, Ei · E′i = 1,

(2)

Fi = Ei +R1 + · · ·+Rk + E′i, E2
i = E′i

2 = −1,

R2
i = −1, Ei ·R1 = . . . = Ri ·Ri+1 = Rk · E′i = 1,

and all other intersections are equal to zero.
In the first case, T = elmxN . In the second case, let g : X → X ′ be the

blow-down of Ei, let x = π(R1∩Ei). Then T = T ′ ◦ elmx, where T ′ satisfies
the assumption of the proposition. Continuing in this way, we write T as the
composition of elementary transformations.

Let J be a de Jonquières transformation of degree m with fundamental
points o, x1, . . . , x2m−2. We use the notation from Subsection 7.3.6. Let π :

X → P2 be the blow-up of the base points. We factor π as the composi-
tion of the blow-up π1 : X1 → X0 = P2 of the point o and the blow-ups
πi : Xi+1 → Xi of the points xi. Let p : X1 → P1 be the map given by the
pencil of lines through the point o. The composition φ : X → X1 → P1 is a
conic bundle. This means that its general fiber is isomorphic to P1 and it has
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2m−2 singular fibres Fi over the points ai corresponding to the lines `i = oxi.
Each singular fiber is equal to the union of two (−1)-curves F ′i +F ′′i intersect-
ing transversally at one point x′i. The curve F ′i is the proper transform of the
line `i, and the curve F ′′i is the proper transform of the exceptional curve Ei
of the blow-up Xi+1 → Xi, i ≥ 1. The proper transform E of the exceptional
curve of X1 → X0 is a section of the conic bundle φ : X → P1. It intersects
the components F ′i . The proper transform Γ of the curve Γ is another section.
It intersects the components F ′′i . Moreover, it intersects E at 2m − 2 points
z1, . . . , z2m−2 corresponding to the common branches of Γ and the proper
transform H ′m of the hyperelliptic curve Hm at the point o. The curve H ′m is
a 2-section of the conic bundle (i.e. the restriction of the map φ to H ′m is of
degree 2).

Recall that the curve Γ and the lines `i form the P-locus of J . Let σ : X →
P2 be the blow-down of the curves F ′i , . . . , F

′
2m−2 and Γ. The morphisms

π, σ : X → P2 define a resolution of the transformation J . We may assume
that σ is the composition of the blow-downs X → Y2m−3 → . . . → Y1 →
Y0 = P2, where Y1 → Y0 is the blow-down of the image of Γ under the
composition X → . . . → Y1, and Y2 → Y1 is the blow-down of the image of
F ′1 in Y2.

The surfaces X1 and Y1 are isomorphic to F1. The morphisms X → X1

and X → Y1 define a resolution of the birational map T ′ : F1 99K F1 equal to
the composition of 2m− 2 elementary transformations

F1

elmx′2
99K F0 99K F1 99K . . . 99K F0

elmx′
2m−2

99K F1.

If we take x0 to be the image of `1 under elmx′2
, and use it to define the iso-

morphism Φx0 : Bir(F0) → Bir(P2), then we obtain that T = Φx0(T ′),
where T ′ is the composition of transformations ex′i,x′i+1

∈ Bir(F0), where
i = 3, 5, . . . , 2m− 3. Applying Proposition 7.4.8, we obtain the following.

Theorem 7.4.10 A de Jonquières transformation is equal to a composition
of quadratic transformations.
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7.5 Noether’s Factorization Theorem

7.5.1 Characteristic matrices

Consider a resolution (7.1) of a Cremona transformation T of degree d

X

π

~~

σ

  
P2 T // P2.

Obviously, it gives a resolution of the inverse transformation T−1. The roles
of π and σ are interchanged. Let

σ : X = XM
σM−→ XM−1

σM−1−→ . . .
σ2−→ X1

σ1−→ X0 = P2 (7.56)

be the factorization into a sequence of blow-ups similar to the one we had for
π. It defines a bubble cycle ξ and the homaloidal net |d′h − ξ| defining T−1

(it follows from Subsection 7.13 that d′ = d). Let E ′1, . . . , E ′M be the corre-
sponding exceptional configurations. We will always take for X a minimal
resolution. It must be isomorphic to the minimal resolution of the graph of φ.

Lemma 7.5.1 Let E1, . . . , EN be the exceptional configurations for π and
E ′1, . . . , E ′M be the exceptional configurations for σ. Then

N = M.

Proof Let S be a nonsingular projective surface and π : S′ → S be a blow-
up of a point. Then the Picard group Pic(S′) is generated by the preimage
π∗(Pic(S)) and the divisor class [E] of the exceptional curve. Also we know
that [E] is orthogonal to any divisor class from π∗(Pic(S)) and this implies
that

Pic(S′) = Z[E]⊕ π∗(Pic(S)).

In particular, taking S = P2, we obtain, by induction that

Pic(X) = π∗(Pic(P2))
⊕ N⊕

i=1

[Ei].

This implies that Pic(X) is a free abelian group of rank N + 1. Replacing π
with σ, we obtain that the rank is equal to 1 +M . Thus N = M .

It could happen that all exceptional configurations of π are irreducible (i.e.
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no infinitely points are used to define π) but some of the exceptional configu-
rations of σ are reducible. This happens in the case of the transformation given
in Exercise 7.2.

Definition 7.5.2 An ordered resolution of a Cremona transformation is the
diagram (7.1) together with an order of a sequence of the exceptional curves
for σ and π (equivalently, a choice of an admissible order on the bubble cycles
defining π and σ).

Any ordered resolution of T defines two bases in Pic(X). The first basis is

e′ : e′0 = σ∗(h), e′1 = [E ′1], . . . , e′N = [E ′N ].

The second basis is

e : e0 = π∗(h), e1 = [E1], . . . , eN = [EN ].

Here, as always, h denotes the class of a line in the plane.
We say that a resolution is minimal if e′j 6= ei for any i, j. If e′j = ei,

then the exceptional configurations Ei and E ′j are equal. We can change the
admissible orders on the bubble cycles defining the maps π and σ to assume
that i = j = n − b, where b is the number of irreducible components in Ei,
the exceptional divisor of πN−i : X → Xi is equal to Ei and the exceptional
divisor of σNi : X → Yi is equal to E ′i . By the universal property of the
blow-up, this implies that there exists an isomorphism φ : Xi → Yi such that
φ ◦ πNi = σNj . Thus, we can replace X with Xi and define a new resolution
πi0 : Xi → P2, σi0 ◦φ : Xi → P2 of T . The old resolution factors through the
new one.

From now on, we assume that we chose a minimal resolution of T . Write

e′0 = de0 −
N∑
i=1

miei, e′j = dje0 −
N∑
i=1

mijei, j > 0.

By the minimality property, we may assume that d, d1, . . . , dN > 0. The ma-
trix

A =


d d1 . . . dN
−m1 −m11 . . . −m1N

...
...

...
...

−mN −mN1 . . . −mNN

 (7.57)

is called the characteristic matrix of T with respect to an ordered resolution. It
is the matrix of change of basis from e to e′.
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Here (d;m1, . . . ,mN ) is the characteristic of T . In other columns the vec-
tors (dj ,m1j , . . . ,mNj) describe the divisor classes of the exceptional con-
figurations E ′j of σ. The image of E ′j in P2 is a curve in the linear system
|djh −

∑N
i=1mijxi|. Its degree is equal to dj . It may not be irreducible or

reduced. Let E be a unique (−1)-component of the exceptional configuration
E ′j . It corresponds to a minimal point in the bubble cycle η′ infinitely near xj of
order equal to the number of irreducible components of E ′j minus one. By the
minimality assumption, the image π(E) is an irreducible curve, and the image
π(Ej) contains π(E) with multiplicity equal to bj .

The image of Ej under the map π is called a total principal curve of T . Its
degree is equal to dj . The reduced union of total principal curves is equal to
the P-locus of T .

The characteristic matrix defines a homomorphism of free abelian groups

φA : Z1+N → Z1+N .

We equip Z1+N with the standard hyperbolic inner product, where the norm
v2 of a vector v = (a0, a1, . . . , aN ) is defined by

v2 = a2
0 − a2

1 − · · · − a2
N .

The group Z1+N equipped with this integral quadratic form is customary de-
noted by I1,N . It is an example of a quadratic lattice, a free abelian group
equipped with an integral valued quadratic form. We will discuss quadratic
lattices in Chapter 8. Since both bases e and e′ are orthonormal with respect
to the inner product, we obtain that the characteristic matrix is orthogonal, i.e.
belongs to the group O(I1,N ) ⊂ O(1, N), where O(1, N) is the real orthog-
onal group of the hyperbolic space R1,N with the hyperbolic norm defined by
the quadratic form x2

0 − x2
1 − · · · − x2

n.
Recall that the orthogonal group O(1, N) consists of (N + 1) × (N + 1)

matrices M such that

M−1 = JN+1
tMJN+1, (7.58)

where JN+1 is the diagonal matrix diag[1,−1, . . . ,−1].
In particular, the characteristic matrix A−1 of T−1 satisfies

A−1 = J tAJ =


d m1 . . . mN

−d1 −m11 . . . −mN1

...
...

...
...

−dN −m1N . . . −mNN

 . (7.59)

It follows that the vector (d; d1, . . . , dN ) is equal to the characteristic vector
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of T−1. In particular, we obtain again that the degree of T is equal to the degree
of T−1, the fact specific to dimension 2. Also, (7.35) implies that d1 + · · · +
dN = d−3. This shows that the sum of the degrees of total principal curves of
T is equal to the degree of the Jacobian J of the polynomials defining T . This
explains the multiplicities of irreducible components of V (J). They are larger
than one when not all fundamental points are proper.

Let f : X ′ → X be a rational map of irreducible varieties. For any closed
irreducible subvariety Z of X ′ with X ′ ∩ dom(f) 6= ∅, we denote by f(Z) the
closure of the image of Z ∩ dom(f) under f .

Proposition 7.5.3 Let T : P2 99K P2 be a Cremona transformation with
fundamental points x1, . . . , xN and fundamental points y1, . . . , yN of T−1.
Let A be the characteristic matrix of T . Let C be an irreducible curve on P2

of degree n which passes through the points yi with multiplicities ni. Let n′ be
the degree of T (C) and let n′i be the multiplicity of T (C) at xi. Then the vector
v = (n′,−n′1, . . . ,−n′N ) is equal to A−1 · v, where v = (n,−n1, . . . ,−nN ).

Proof Let (X,π, σ) be a minimal resolution of T . The divisor class of the
proper inverse transform π−1(C) in X is equal to v = ne0 −

∑
niei. If we

rewrite it in terms of the basis (e′0, e
′
1, . . . , e

′
N ) we obtain that it is equal to

v′ = n′e0 −
∑
n′iei, where v′ = Av. Now the image of π−1(C) under σ

coincides with φ(C). By definition of the curves Ei, the curve φ−1(C) is a
curve of degree n′ passing through the fundamental points yi of T−1 with
multiplicities n′i.

Let C be a total principal curve of T and ce0 −
∑N
i=1 ciei be the class of

π−1(C). Let v = (c,−c1, . . . ,−cN ). Since T (C) is a point, A · v = −e′j for
some j.

Example 7.5.4 The following matrix is a characteristic matrix of the standard
quadratic transformation Tst or its degenerations Tst, T

′′
st .

A =


2 1 1 1

−1 0 −1 −1

−1 −1 0 −1

−1 −1 −1 0

 . (7.60)

This follows from Example 7.1.9.
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The following is a characteristic matrix of a de Jonquières transformation

A =



m m− 1 1 . . . 1

−m+ 1 −m+ 2 −1 . . . −1

−1 −1 −1 . . . 0

−1 −1 0 . . . 0
...

...
...

...
...

−1 −1 0 . . . 0

−1 −1 0 . . . −1


. (7.61)

Observe that the canonical class KX is an element of Pic(X) which can be
written in both bases as

KX = −3e0 +

N∑
i=1

ei = −3e′0 +

n∑
i=1

e′i.

This shows that the matrix A considered as an orthogonal transformation of
I1,N leaves the vector

kN = −3e0 + e1 + · · ·+ eN = (−3, 1, . . . , 1)

invariant. Here, ei denotes the unit vector in Z1+N with (i+ 1)-th coordinate
equal to 1 and other coordinates equal to zero.

The matrix A defines an orthogonal transformation of the orthogonal com-
plement (ZkN )⊥.

Lemma 7.5.5 The following vectors form a basis of (ZkN )⊥.

N ≥ 3 : α1 = e0 − e1 − e2 − e3, αi = ei−1 − ei, i = 2, . . . , N,

N = 2 : α1 = e0 − 3e1, α2 = e1 − e2,

N = 1 : α1 = e0 − 3e1.

Proof Obviously, the vectors αi are orthogonal to the vector kN . Suppose a
vector v = (a0, a1, . . . , aN ) ∈ (ZkN )⊥. Thus 3a0 +

∑N
i=1 ai = 0, hence

−aN = 3a0 +
∑N−1
i=1 ai. Assume N ≥ 3. We can write

v = a0(e0− e1− e2− e3) + (a0 + a1)(e1− e2) + (2a0 + a1 + a2)(e2− e3)

+

N−1∑
i=3

(3a0 + a1 + · · ·+ ai)(ei − ei+1).

If N = 2, we write v = a0(e0 − 3e1) + (3a0 + a1)(e1 − e2). If N = 1,
v = a0(e0 − 3e1).
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It is easy to compute the matrix QN = (aij) of the restriction of the inner
product to (ZkN )⊥ with respect to the basis (α0, αN−1). We have

(−8), if N = 1,

(
−8 3

3 −2

)
, if N = 2.

If N ≥ 3, we have

aij =


−2 if i = j,

1 if |i− j| = 1 and i, j ≥ 1,

1 if i = 0, j = 3,

0 otherwise.

ForN ≥ 3 the matrixA+2IN is the incidence matrix of the graph from Figure
7.5 (the Coxeter-Dynkin diagram of type T2,3,N−3).

• • • • • •

•

· · ·
α2 α3 α4 α4 αN−2 αN

α1

Figure 7.5 Coxeter-Dynkin diagram of type T2,3,N−3

For 3 ≤ N ≤ 8 this is the Coxeter-Dynkin diagram of the root system of
the semi-simple Lie algebra sl3⊕ sl2 of type A2 +A1 if N = 3, of sl5 of type
A4 if N = 4, of so10 of type D5 if N = 5 and of the exceptional simple Lie
algebra of type EN if N = 6, 7, 8.

We have

k2
N = 9−N.

This shows that the matrix QN is negative definite if N < 9, semi-negative
definite with 1-dimensional null-space for N = 9, and of signature (1, N − 1)

for N ≥ 10. By a direct computation one checks that its determinant is equal
to N − 9.

Proposition 7.5.6 AssumeN ≤ 8. There are only finitely many possible char-
acteristic matrices. In particular, there are only finitely many possible charac-
teristics of a homaloidal net with ≤ 8 base points.

Proof Let

G = {M ∈ GL(N) : tMQNM = QN}.

Since QN is negative definite for N ≤ 8, the group G is isomorphic to the
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orthogonal group O(N). The latter group is a compact Lie group. A character-
istic matrix belongs to the subgroup O(QN ) = G∩GL(N,Z). Since the latter
is discrete, it must be finite.

There are further properties of characteristic matrices for which we refer to
[2] for the modern proofs. The most important of these is the following Clebsch
Theorem.

Theorem 7.5.7 Let A be the characteristic matrix. There exists a bijection
β : N → N such that for any set I of columns with di = n, i ∈ I , there exists
a set of rows J with #I = #J such that µj = β(a), j ∈ J .

Note that subtracting two columns (or rows) with the same first entry, and
taking the inner product square, we easily get that they differ only at two en-
tries by ±1. This implies a certain symmetry of the matrix if one reorders the
columns and rows according to Clebsch’s Theorem. We refer for the details to
[2].

7.5.2 The Weyl groups

Let EN = (ZkN )⊥ ∼= ZN equipped with the quadratic form obtained by
the restriction of the inner product in I1,N . Assume N ≥ 3. For any vector
α ∈ EN with α2 = −2, we define the following element in O(EN ):

rα : v 7→ v + (v, α)α.

It is called a reflection with respect to α. It leaves the orthogonal complement
to α pointwisely fixed, and maps α to −α.

Definition 7.5.8 The subgroup W (EN ) of O(EN ) generated by reflections
rαi is called the Weyl group of EN .

The following Proposition is stated without proof. It follows from the theory
of groups generated by reflections (see, for example, [186], 4.3).

Proposition 7.5.9 The Weyl group W (EN ) is of infinite index in O(EN ) for
N > 10. For N ≤ 10,

O(EN ) = W (EN ) o (τ),

where τ2 = 1 and τ = 1 if N = 7, 8, τ = −1 if N = 9, 10 and τ is induced
by the symmetry of the Coxeter-Dynkin diagram for N = 4, 5, 6.

Note that any reflection can be extended to an orthogonal transformation of
the lattice I1,N (use the same formula). The subgroup generated by reflections
rαi , i 6= 1, acts as the permutation group SN of the vectors e1, . . . , eN .



7.5 Noether’s Factorization Theorem 373

Lemma 7.5.10 (Noether’s inequality) Let v = (d,m1, . . . ,mN ). Assume
d > 0,m1 ≥ . . . ≥ mN > 0, and

(i)
∑n
i=1m

2
i = d2 + a;

(ii)
∑N
i=1mi = 3d− 2 + a,

where a ∈ {−1, 0, 1}. Then

m1 +m2 +m3 ≥ d.

Proof We have

m2
1 + · · ·+m2

N = d2 − 1, m1 + · · ·+mN = 3d− 3.

Multiplying equality (ii) by m3 and subtracting it from equality (i), we obtain

m1(m1−m3)+m2(m2−m3)−
∑
i≥4

mi(m3−mi) = d2 +a−3m3(d− 2−a
3 ).

We can rewrite the previous equality in the form

(d− 2−a
3 )(m1 +m2 +m3 − d− 2−a

3 ) = (m1 −m3)(d− 2−a
3 −m1)+

(m2 −m3)(d− 2−a
3 −m2) +

∑
i≥4

mi(m3 −mi) + a+ ( 2−a
3 )2.

Note that 2−a
3 < 1 ≤ d unless a = −1 when 2−a

3 = 1. In any case, (i)
and (ii) give that d − 2−a

3 − mi > 0. Thus all summands in the right-hand
side are positive. In the left-hand side, the factor d − 2−a

3 is positive unless
d = 1, a = −1. In the latter case, allmi = 0 contradicting our assumption that
mN > 0. Thus we obtain m1 + m2 + m3 > d + 2−a

3 . Since 2−a
3 = − 1

3 if it
is not positive, this implies m1 +m2 +m3 > d.

Corollary 7.5.11

m1 > d/3.

We can apply Noether’s Lemma to the case when v = (d,m1, . . . ,mN ) is
the characteristic vector of a homaloidal net or when de0−

∑
miei is the class

of an exceptional configuration.

Definition 7.5.12 Let v = de0 −
∑N
i=1miei ∈ I1,N . We say that v is of

homaloidal type (resp.conic bundle type, exceptional type) if it satisfies condi-
tions (i) and (ii) from the above with a = −1 (resp. a = 0, resp. a = 1). We
say that v is of proper homaloidal (exceptional type) if there exists a Cremona
transformation whose characteristic matrix has v as the first (resp. second col-
umn).
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Lemma 7.5.13 Let v = de0−
∑n
i=1miei belong to the W (EN )-orbit of e1.

Then d ≥ 0. Let η =
∑N
i=1 xi be a bubble cycle and αη : I1,N → Pic(Yη)

be an isomorphism of lattices defined by choosing some admissible order of η.
Then αη(v) is an effective divisor.

Proof The assertion is true for v = e1. In fact, αη(v) is the divisor class
of the first exceptional configuration E1. Let w = sk ◦ · · · ◦ s1 ∈ W (EN )

be written as the product of simple reflections with minimal possible k. One
can show that k is uniquely defined by w. It is called the length of w. Let
v = w(e1) = (d′,m′1, . . . ,m

′
N ). We prove the assertion by using induction on

the length of w. The assertion is obvious if k = 1 since v′ = e0 − ei − ej or
differs from v by a permutation of the mi’s. Suppose the assertion is true for
all w of length≤ k. Let w has length k+1. Without loss of generality, we may
assume that sk+1 is the reflection with respect to some root e0− e1− e2− e3.
Then d′ = 2d − m1 − m2 − m3 < 0 implies 4d2 < (m1 + m2 + m3)2 ≤
3(m2

1+m2
2+m2

3), hence d2−m2
1−m2

2−m2
3 < −d

2

3 . If d ≥ 2, this contradicts
condition (i) of the exceptional type. If d = 1, we check the assertion directly
by listing all exceptional types.

To prove the second assertion, we use the Riemann-Roch Theorem applied
to the divisor class αη(v). We have αη(v)2 = −1, αη(v) ·KYη = −1, hence
h0(αη(v))+h0(KYη −αη(v)) ≥ 1. Assume h0(KYη −αη(v)) > 0. Intersect-
ing KY − αη(v) with e0 = αη(e0), we obtain a negative number. However,
the divisor class e0 is nef on Yη . This shows that h0(αη(v)) > 0 and we are
done.

Lemma 7.5.14 Let v be a proper homaloidal type. Then it belongs to the
W (EN )-orbit of the vector e0.

Proof Let v = de0 −
∑N
i=1miei be a proper homaloidal type and η be the

corresponding homaloidal bubble cycle. Let w ∈ W (EN ) and v′ = w(v) =

d′e0 −
∑N
i=1m

′
iei. We have m′i = ei · v′ = w−1(ei) · v. Since w−1(ei)

represents an effective divisor on Yη and v is the characteristic vector of the
corresponding homaloidal net, we obtain w−1(ei) · v ≥ 0, hence mi ≥ 0.

Obviously, mi ≥ 0. We may assume that v 6= e0, i.e. the homaloidal
net has at least three base points. Applying the Noether inequality, we find
mi,mj ,mk such that mi + mj + mk > d. We choose the maximal possi-
ble such mi,mj ,mk. After reordering, we may assume that m1 ≥ m2 ≥
m3 ≥ . . . ≥ mN . Note that this preserves the properness of the homaloidal
type since the new order on η is still admissible. Applying the reflection s with
respect to the vector e0 − e1 − e2 − e3, we obtain a new homaloidal type
v′ = d′e0 −

∑N
i=1m

′
iei with d′ = 2d − m1 − m2 − m3 < d. As we saw
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above, each mi ≥ 0. So, we can apply Noether’s inequality again until we get
w ∈W (EN ) such that the number of nonzero coefficients m′i of v′ = w(v) is
at most 2 (i.e. we cannot apply Noether’s inequality anymore). A straightfor-
ward computation shows that such vector must be equal to e0.

Remark 7.5.15 Observe that the characteristic matrix of a quadratic transfor-
mation with fundamental points x1, x2, x3 is the matrix of the reflection sα0

with respect to the vector α1 = e0−e1−e2−e3. So, the previous Proposition
seems to prove that by applying a sequence of quadratic transformation we ob-
tain a Cremona transformation with characteristic vector (1, 0, . . . , 0). It must
be a projective transformation. In other words, any Cremona transformation is
the composition of quadratic and projective transformations. This is the content
of Noether’s Factorization Theorem, which we will prove later in this section.
The original proof by Noether was along these lines, where he wrongly pre-
sumed that one can always perform a standard quadratic transformation with
fundamental points equal to the highest multiplicities, say m1,m2,m3. The
problem here is that the three points x1, x2, x3 may not represent the funda-
mental points of a standard Cremona transformation when one of the following
cases happens for the three fundamental points x1, x2, x3 of highest multiplic-
ities:

(i) x2 � x1, x3 � x1;
(ii) the base ideal in an affine neighborhood of x1 is equal to (u2, v3) (cus-

pidal case).

Theorem 7.5.16 Let A be a characteristic matrix of a homaloidal net. Then
A belongs to the Weyl group W (EN ).

Proof Let A1 = (d,−m1, . . . ,−mN ) be the first column of A. Applying the
previous lemma, we obtain w ∈W (EN ), identified with a (N +1)× (N +1)-
matrix, such that the w · A1 = e0. Thus the matrix A′ = w · A has the first
column equal to the vector (1, 0, . . . , 0). SinceA′ is an orthogonal matrix (with
respect to the hyperbolic inner product), it must be the block matrix of the unit
matrix I1 of size 1 and an orthogonal matrix O of size n−1. Since O has integer
entries, it is equal to the product of a permutation matrix P and the diagonal
matrix with ±1 at the diagonal. Since A · kN = kN and tw · kN = kN ,
this easily implies that O is the identity matrix IN . Thus w · A = IN+1 and
A ∈W (EN ).

Proposition 7.5.17 Every vector v in the W (EN )-orbit of e0 is a proper
homaloidal type.

Proof Let v = w(e0) for some w ∈ W (EN ). Write w as the composition of
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simple reflections sk ◦ · · · ◦ s1. Choose an open subset U of (P2)N such that
an ordered set of points (x1, . . . , xN ) ∈ U satisfies the following conditions:

(i) xi 6= xj for i 6= j;
(ii) if s1 = se0−ei−ej−ek , then xi, xj , xk are not collinear;
(iii) let T be the involutive quadratic transformation with the fundamental

points xi, xj , xk and let (y1, . . . , yN ) be the set of points with yi = xi, yj =

xj , yk = xk and yh = T (xh) for h 6= i, j, k. Then (y1, . . . , yN ) satisfies
conditions (i) and (ii) for s1 is replaced with s2. Next do it again by taking s3

and so on.
It is easy to see that in this way U is a non-empty Zariski open subset of

(P2)N such that w(e0) represents the characteristic vector of a homaloidal
net.

Corollary 7.5.18 Every vector v in the W (EN )-orbit of e1 can be realized
as a proper exceptional type.

Proof Let v = w(e1) for some w ∈ W (EN ). Then let η be a bubble cy-
cle realizing the homaloidal type w(e0) and T be the corresponding Cremona
transformation with characteristic matrix A. Then v is its second column, and
hence corresponds to the first exceptional configuration E ′1 for φ−1.

7.5.3 Noether-Fano inequality

First we generalize Corollary 7.5.11 to birational maps of any rational surfaces.
The same idea works even for higher-dimensional varieties. Let T : S 99K S′

be a birational map of surfaces. Let π : X → S, σ : X → S′ be its resolution.
LetH′ be a linear system onX ′ without base points. For anyH ′ ∈ H′, H ∈ H,

σ∗(H ′) ∼ π∗(H)−
∑
i

miEi

where Ei are the exceptional configurations of the map π. Since H′ has no
base points, σ∗(H′) has no base points. Thus any divisor σ∗(H ′) intersects
non-negatively any curve on X . In particular,

σ∗(H ′) · Ei = −miE2
i = mi ≥ 0. (7.62)

This can be interpreted by saying that T−1(H ′) belongs to the linear system
|H − η|, where η =

∑
mixi is the bubble cycle on S defined by π.

Theorem 7.5.19 (Noether-Fano inequality) Assume that there exists some
integer m0 ≥ 0 such that |H ′ + mKS′ | = ∅ for m ≥ m0. For any m ≥ m0

such that |H +mKS | 6= ∅ there exists i such that

mi > m.
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Moreover, we may assume that xi is a proper point in S.

Proof We know that KX = π∗(KS) +
∑
i Ei. Thus we have the equality in

Pic(X)

σ∗(H ′) +mKX = (π∗(H +mKS)) +
∑

(m−mi)Ei.

Applying σ∗ to the left-hand side we get the divisor class H ′ +mKS′ which,
by assumption cannot be effective. Since |π∗(H+mKS)| 6= ∅, applying σ∗ to
the right-hand side, we get the sum of an effective divisor and the image of the
divisor

∑
i(m −mi)Ei. If all m −mi are non-negative, it is also an effective

divisor, and we get a contradiction. Thus there exists i such that m−mi < 0.
The last assertion follows from the fact that mi ≥ mj if xj � xi.

Example 7.5.20 Assume S = S′ = P2, [H] = dh and [H ′] = h. We have
|H + KS′ | = | − 2h| = ∅. Thus we can take m0 = 1. If d ≥ 3, we have for
any 1 ≤ a ≤ d/3, |H ′ + aKS | = |(d − 3a)h| 6= ∅. This gives mi > d/3 for
some i. This is Corollary 7.5.11.

Example 7.5.21 Let S = Fn and S′ = Fr be the minimal rational ruled
surfaces. Let H′ = |f′|, where f′ is the divisor class of a fiber of the fixed
projective bundle structure on S′. The linear system |f′| is a pencil without
base points. So we can write σ∗(H′) = |π∗(af + be) − η| for some bubble
cycle, where f, e are the divisor classes of a fiber and the exceptional section
on S. Here (X,π, σ) is a resolution of T . ThusH ⊂ |af + be|.

By (??),

KS = −(2 + n)f− 2e,KS′ = −(2 + r)f′ − 2e′. (7.63)

Thus |H ′ +KS′ | = |(−1− n)f− 2e| = ∅. We take m0 = 1. We have

|af + be +mKS | = |(a−m(2 + n))f + (b− 2m)e|.

Assume that

1 < b ≤ 2a

2 + n
.

If m = [b/2], then m ≥ m0 and both coefficients a −m(2 + n) and b − 2m

are non-negative. Thus we can apply Theorem 7.5.19 to find an index i such
that mi > m ≥ b/2.

In the special case, when n = 0, i.e. S = P1 × P1, the inequality b ≤ a

implies that there exists i such that mi > b/2.
Similar argument can be also applied to the case S = P2, S′ = Fr. In this

case,H = |ah| and |h+mKS | = |(a− 3m)h|. Thus, we can take m = [a/3]

and find i such that mi > a/3.
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7.5.4 Noether’s Factorization Theorem

We shall prove the following.

Theorem 7.5.22 The group Bir(F0) is generated by biregular automorphisms
and a birational automorphism ex,y for some pair of points x, y.

Applying Proposition 7.4.8, we obtain the following Noether’s Factorization
Theorem.

Corollary 7.5.23 The group Bir(P2) is generated by projective automor-
phisms and quadratic transformations.

Now let us prove Theorem 7.5.22. Let T : Fn 99K Fm be a birational map.
Let

Pic(Fn) = Zf + Ze, Pic(Fm) = Zf′ + Ze′,

where we use the notation from the previous Subsection. We have two bases in
Pic(X)

e : π∗(f), π∗(e), ei = [Ei], i = 1, . . . , N,

e′ : π∗(f′), π∗(e′), e′i = [E ′i ], i = 1, . . . , N.

For simplicity of notation, let us identify f, e, f′, e′ with their inverse transforms
in Pic(X). Similar to the case of birational maps of projective plane, we can
use an ordered resolution (X,π, σ) of T to define its characteristic matrix A.

Lemma 7.5.24 Let T be a quadratic transformation with two (resp. one)
proper base points. Then T is equal to the composition of two (resp. four or
less) quadratic transformations with proper base points.

Proof Composing the transformation T with a projective transformation, we
may assume that T is either T ′st or T = T ′′st (see Example 7.1.9). In the first
case, we compose T with the quadratic transformation T ′ with fundamental
points [1, 0, 0], [0, 1, 0], [1, 0, 1] given by the formula:

[t′0, t
′
1, t
′
2] = [t1t2, t1(t0 − t2), t2(t0 − t2)].

The composition T ′ ◦ T ′st is given by the formula

[t′0, t
′
1, t
′
2] = [t20t1t2, t0t

2
2(t2 − t0), t0t1t2(t2 − t0)] = [t0t1, t2(t2 − t0), t1(t2 − t0)].

It is a quadratic transformation with three fundamental points [0, 1, 0], [1, 0, 0],

and [1, 0, 1].
In the second case, we let T ′ be the quadratic transformation

[t′0, t
′
1, t
′
2] = [t0t1, t1t2, t

2
2]
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with two proper fundamental points [1, 0, 0], [0, 1, 0]. The composition T ′ ◦T ′′st
is given by

[t′0, t
′
1, t
′
2] = [t21(t22 − t0t1), t21t

2
2, t

3
1t2] = [t22 − t0t1, t1t2, t22].

It is a quadratic transformation with two proper base points. By the above,
T ′ and T ′ ◦ T are equal to the composition of two quadratic transformations
with three proper points. Thus T is a composition of four, or less, quadratic
transformations with three proper base points.

Lemma 7.5.25 Let T : F0 99K F0 be a birational automorphism equal to a
composition of elementary transformations. Then T is equal to a composition
of biregular automorphisms of F0 and a transformation ex,y for a fixed pair of
points x, y, where y is not infinitely near x.

Proof It follows from Proposition 7.4.8 and the previous Lemma that ex,y ,
where y �1 x can be written as a composition of two transformations of type
ex′,y′ with no infinitely near points. Now notice that the transformations ex,y
and ex′,y′ for different pairs of points differ by an automorphism of F0 which
sends x to x′ and y to y′. Suppose we have a composition T of elementary
transformations

F0

elmx1
99K F1

elmx2
99K . . .

elmxk−1

99K F1

elmxk
99K F0.

If no F0 occurs among the surfaces Fn here, then T is a composition of even
number k of elementary transformations preserving the projections to P1. It
is clear that not all points xi are images of points in F0 lying on the same
exceptional section as x1. Let xi be such a point (maybe infinitely near x1).
Then we compose T with exi,x1

to obtain a birational map T ′ : F0 99K F0

which is a composition of k−2 elementary transformations. Continuing in this
way we write T as a composition of transformations ex′,y′ .

If F1

elmxi−1

99K F0

elmxi
99K F1 occurs, then elmxi may be defined with respect to

another projection to P1. Then we write this as a composition of the automor-
phism τ of P1×P1 which switches the factors and the elementary transforma-
tion with respect to the first projection. Then we repeat this if such (F0, elmxj )

occurs again.

Let T : F0 99K F0 be a birational transformation. Assume the image of |f| is
equal to |af+ be−

∑
mxx|. Applying the automorphism τ , if needed, we may

assume that b ≤ a. Thus, by using Example 7.5.21, we can find a point x with
mx > b/2. Composing T with elmx, we obtain that the image of |f| in F1 is the
linear system |a′f′+ be′−mx′x

′−
∑
y 6=x′ myy|, where mx′ = b−mx < mx.

Continuing in this way, we get a map T ′ : F0 99K Fq such that the image of
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|f| is the linear system |a′f′+ be′−
∑
mxx|, where all mx ≤ b/2. If b = 1, we

get all mi = 0. Thus T ′ is everywhere defined and hence q = 0. The assertion
of the Theorem is verified.

Assume b ≥ 2. Since all mi ≤ b/2, we must have, by Example 7.5.21,

b >
2a′

2 + q
.

Since the linear system |a′f ′ + bs′| has no fixed components, we get

(a′f′ + be′) · e′ = a′ − bq ≥ 0.

Thus q ≤ a′/b < (2 + q)/2, and hence q ≤ 1. If q = 0, we get b > a′.
Applying τ , we will decrease b and will start our algorithm again until we
either arrive at the case b = 1, and we are done, or arrive at the case q = 1, and
b > 2a′/3 and all mx′ ≤ b/2.

Let π : F1 → P2 be the blowing down the exceptional section to a point q.
Then the image of a fiber |f| on F1 under π is equal to |h−q|. Hence the image
of our linear system in P2 is equal to |a′h−(a′−b)q−

∑
p 6=qm

′
pp|. Obviously,

we may assume that a′ ≥ b, hence the coefficient at q is non-negative. Since
b > 2a′/3, we get a′ − b < a′/3. By Example 7.5.21, there exists a point
p 6= q such that m′p > a′/3. Let π(x) = p and E1 be the exceptional curve
corresponding to x and s be the exceptional section in F1. If x ∈ S, the divisor
class e− e1 is effective and is represented by the proper inverse transform of s
in the blow-up of x. Then

(a′f + be−m′xe1 −
∑
i>1

m′iei) · (e− e1) ≤ a′ − b−m′x < 0.

This is impossible because the linear system |a′f + be −mxx −
∑
y 6=x y| on

F1has no fixed part. Thus x does not lie on the exceptional section. If we apply
elmx, we arrive at F0 and may assume that the new coefficient at f ′ is equal
to a′ −m′x. Since m′x > a′/3 and a′ < 3b/2, we see that a′ −m′x < b. Now
we apply the switch automorphism τ to decrease b. Continuing in this way,
we obtain that T is equal to a product of elementary transformations and auto-
morphisms of F0. We finish the proof of Theorem 7.5.22 by applying Lemma
7.5.25.

Applying Lemma 7.4.6, Proposition 7.4.8 and Lemma 7.5.25, we obtain the
following.

Corollary 7.5.26 The group Cr(2) of Cremona transformations of P2 is gen-
erated by projective automorphisms and the standard Cremona transformation
Tst.
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Remark 7.5.27 It is known that for n > 2, the Cremona groups Cr(n) :=

Bir(Pn) cannot be generated by the subgroup of projective transformations
and a countable set of other transformations. For n = 3, this is a classical
result of Hilda Hudson [306]. A modern, and different, proof for n ≥ 3 can be
found in [426].

Exercises

7.1 Show that Cremona transformations with reduced 0-dimensional base scheme exist
only in dimension 2.
7.2 Find all possible Cremona transformations of P3 with base scheme equal to the
union of skew lines. Describe their P-loci.
7.3 Prove that the base scheme of a Cremona transformation is not a complete intersec-
tion of hypersurfaces.
7.4 Let Z be the union of four 4 skew lines in P3 and two lines intersecting them. Show
that the linear system of cubic surfaces through Z defines a Cremona transformation.
Find its P -locus, as well as the base scheme and the P -locus of the inverse Cremona
transformation.
7.5 A Cremona transformation T of Pn is called regularizable if there exists a rational
variety X , a birational morphism φ : X → Pn, and an automorphism g of X such that
T = φ◦g ◦φ−1. Show that any T of finite order in Cr(n) is regularizable. On the other
hand, a general quadratic transformation is not regularizable.
7.6 Consider a minimal resolution X of the standard quadratic transformation Tst with
three proper base points. Show that Tst lifts to an automorphism σ of X . Show that σ
has four fixed points and the orbit space X/(σ) is isomorphic to the cubic surface with
four nodes given by the equation t0t1t2 + t0t1t3 + t1t2t3 + t0t2t3 = 0.
7.7 Consider the rational map defined by

[t0, t1, t2] 7→ [t1t2(t0− t2)(t0−2t1), t0t2(t1− t2)(t0−2t1), t0t1(t1− t2)(t0− t2)].

Show that it is a Cremona transformation and find the Enriques diagram of the corre-
sponding bubble cycle.
7.8 Let C be a plane curve of degree d with a singular point p. Let π : X → P2 be a
sequence of blow-ups which resolves the singularity. Define the bubble cycle η(C, p) =∑
mixi as follows: x1 = p and m1 = multpC, x2, . . . , xk are infinitely near points

to p of order 1 such that the proper transform C′ of C under the blow-up at p contains
these points, mi = multxiC

′, i = 2, . . . , k, and so on.

(i) Show that the arithmetic genus of the proper transform of C in X is equal to
1
2
(d− 1)(d− 2)− 1

2

∑
imi(mi − 1).

(ii) Describe the Enriques diagram of η(C, p), where C = V (tb−a0 ta1 + tb2), p =
[1, 0, 0], and a ≤ b are positive integers.

7.9 Show that two hyperelliptic plane curvesHm andH ′m of degreem and genusm−2
are birationally isomorphic if and only if there exists a de Jonquières transformation
which transforms one curve to another.
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7.10 Consider a set of five points o, x1, x2, x3, x4 such that the last three points are
collinear. Consider a de Joinquières transformation of degreee 3 with fundamental point
o of multiplicity 2 and simple fundamental points at the points xi. Show that one of five
total principal curves is reducible.
7.11 Let Hg+2 be a hyperelliptic curve given by Equation (7.46). Consider the linear
system of hyperelliptic curvesHq+2 = V (t22gq(t0, t1)+2t2gq+1(t0, t1)+gq+2(t0, t1))
such that fggq+2 − 2fg+1gq+1 + fg+2gq = 0. Show that

(i) the curves Hq+2 exist if q ≥ (g − 2)/2;
(ii) the branch points of Hg+2 belong to Hq+2 and vice versa;
(iii) the curve Hq+2 is invariant with respect to the de Jonquières involution IHg+2

defined by the curve Hg+2 and the curve Hg+2 is invariant with respect to the de
Jonquières involution IHq+2 defined by the curve Hq+2;

(iv) the involutions IHg+2 and IHq+2 commute with each other;
(v) the fixed locus of the composition Hg+2 ◦Hq+2 is given by the equation

fg+q+3 = det

fg fg+1 fg+2

gq gq+1 gq+2

1 −t2 t22

 = 0;

(vi) the de Jonquières transformations that leave the curve Hg+2 invariant form a
group. It contains an abelian subgroup of index 2 that consists of transformations
which leave Hg+2 pointwisely fixed.

7.12 Consider the linear system La,b = |af + bs| on Fn, where s is the divisor class
of the exceptional section, and f is the divisor class of a fibre. Assume a, b ≥ 0. Show
that

(i) La,b has no fixed part if and only if a ≥ nb;
(ii) La,b has no base points if and only if a ≥ nb;
(iii) Assume b = 1 and a ≥ n. Show that the linear system La,1 maps Fn in

P2a−n+1 onto a surface Xa,n of degree 2a− n;
(iv) show that the surface Xa,n is isomorphic to the union of lines va(x)va−n(x),

where va : P1 → Pa, v2a−n : P1 → Pa−n are the Veronese maps, and Pa and
Pa−n are identified with two disjoint projective subspaces of P2a−n+1.

7.13 Find the automorphism group of the surface Fn.
7.14 Compute characteristic matrices of symmetric Cremona transformations of degree
5,8 and 17.
7.15 Let C be an irreducible plane curve of degree d > 1 passing through the points
x1, . . . , xn with multiplicities m1 ≥ . . . ≥ mn. Assume that its proper inverse trans-
form under the blowing up the points x1, . . . , xn is a smooth rational curve C̄ with
C̄2 = −1. Show that m1 +m2 +m3 > d.
7.16 Let (m,m1, . . . ,mn) be the characteristic vector of a Cremona transformation.
Show that the number of fundamental points with mi > m/3 is less than 9.
7.17 Compute the characteristic matrix of the composition T ◦ T ′ of a de Jonquières
transformation T with fundamental points o, x1, x2, . . . , x2d−2 and a quadratic trans-
formation T ′ with fundamental points o, x1, x2.
7.18 Let σ : A2 → A2 be an automorphism of the affine plane given by a formula
(x, y)→ (x+P (y), y), where P is a polynomial of degree d in one variable. Consider
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σ as a Cremona transformation. Compute its characteristic matrix. In the case d = 3
write as a composition of projective transformations and quadratic transformations.
7.19 Show that every Cremona transformation is a composition of the following maps
(“links”):

(i) the switch involution τ : F0 → F0;
(ii) the blow-up σ : F1 → P2;
(iii) the inverse σ−1 : P2 99K F1;
(iv) an elementary transformation elmx : Fq 99K Fq±1.

7.20 Show that any planar Cremona transformation is a composition of de Jonquières
transformations and projective automorphisms.
7.21 Let x0 = [0, 1] × [1, 0] ∈ P1 × P1, y0 = τ(t0), where τ : P1 → P1 is the
switch of the factors. Show that ey0,x0 is given by the formula [u0, u1] × [v0, v1] 7→
[u0, u1]× [u0v1, u2v0]. Check that the composition T = τ ◦ ey0,x0 satisfies T 3 = id.
7.22 Let P be a linear pencil of plane curves whose general member is a curve of
geometric genus 1 and f : P2 99K P1 be a rational map it defines.

(i) Show that there exist birational morphisms π : X → P2, φ : X → P1 with
f = φ ◦ π−1 such that φ : X → P1 is a relatively minimal rational elliptic
surface.

(ii) Use the formula for the canonical class of an elliptic surface to show that the
divisor class of a fiber is equal to −mKX for some positive integer m.

(iii) Show that there exists a birational morphism σ : X → P2 such that the image of
the elliptic fibration is an Halphen pencil of index m, i.e. a linear pencil of curves
of degree 3m with nine m-multiple base points (including infinitely near).

(iv) Conclude by deducing Bertini’s Theorem, which states that any linear pencil
of plane elliptic curves can be reduced by a plane Cremona transformation to an
Halphen pencil.

7.23 Find all possible characteristic vectors of planar Cremona transformations with
N ≤ 8 base points.

Historical Notes

A comprehensive history of the theory of Cremona transformations can be
found in several sources [127], [306], and [533]. Here we give only a brief
sketch.

The general study of plane Cremona transformations was first initiated by L.
Cremona in his two papers [141] and [142] published in 1863 and 1864. How-
ever, examples of birational transformations have been known since the an-
tiquity, for example, the inversion transformation. The example of a quadratic
transformation, which we presented in Example 7.3.17 goes back to Poncelet
[450], although the first idea of a general quadratic transformation must be
credited to C. MacLaurin [372]. It was generally believed that all birational
transformations must be quadratic and much work was done in developing
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the general theory of quadratic transformations. The first transformation of ar-
bitrary degree was constructed in 1859 by E. de Jonquières in [160], the de
Jonquières transformations. His memoir remained unpublished until 1885 al-
though an abstract was published in 1864 [159]. In his first memoir [141] Cre-
mona gives a construction of a general de Jonquières transformation without
reference to de Jonquières. We reproduced his construction in Section 7.3.6.
Cremona gives the credit to de Jonquières in his second paper. Symmetric
transformations of order 5 were first studied by R. Sturm [548], of order 8 by C.
Geiser [237], and of order 17 much later by E. Bertini [40]. In his second paper
Cremona lays the foundation of the general theory of plane birational transfor-
mations. He introduces the notion of fundamental points and principal curves,
establishes the equalities (7.35), proves that the numbers of fundamental points
of the transformation and its inverse coincide, proves that principal curves are
rational and computes all possible characteristic vectors up to degree 10. The
notion of a homaloidal linear system was introduced by Cremona later, first
for space transformations in [145] and then for plane transformations in [146].
The word “homaloid” means flat and was used by J. Sylvester to mean a linear
subspace of a projective space. More generally, it was applied by A. Cayley to
rational curves and surfaces. Cremona also introduced the net of isologues and
proved that the number of fixed points of a general transformation of degree d
is equal to d + 2. In the special case of de Jonquière transformations this was
also done by de Jonquière in [160]. The notion of isologue curves belongs to
him as well as the formula for the number of fixed points.

Many special Cremona transformations in P3 are discussed in Hudson’s
book [306]. In her words, the most interesting space transformation is the bi-
linear cubo-cubic transformation with base curve of genus 3 and degree 6. It
was first obtained by L. Magnus in 1837 [374]. In modern times bilinear trans-
formations, under the name determinantal transformations, were studied by I.
Pan [428], [427] and by G. Gonzales-Sprinberg [250].

The first major result in the theory of plane Cremona transformations af-
ter Cremona’s work was Noether’s Theorem. The statement of the Theorem
was guessed by W. Clifford in 1869 [114]. The original proof of M. Noether
in [413] based on Noether’s inequality contained a gap which we explained
in Remark 7.5.15. Independently, J. Rosanes found the same proof and made
the same mistake [475]. In [414] Noether tried to correct his mistake, taking
into account the presence of infinitely near fundamental points of highest mul-
tiplicities where one cannot apply a quadratic transformation. He took into
account the case of infinitely near points with different tangent direction but
overlooked the cuspidal case. The result was accepted for thirty years, until in
1901, C. Segre pointed out that the cuspidal case was overlooked [514]. In the
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same year, G. Castelnuovo [67] gave a complete proof along the same lines
as used in this chapter. In 1916, J. Alexander [4] raised objections to Castel-
nuovo’s proof and gives a proof without using de Jonquières transformations
[4]. This seems to be a still accepted proof. It is reproduced, for example, in
[3].

The characteristic matrices of Cremona transformation were used by S. Kan-
tor [326] and later by P. Du Val [194]. The latter clearly understood the connec-
tion to reflection groups. The description of proper homaloidal and exceptional
types as orbits of the Weyl groups were essentially known to H. Hudson. There
are numerous modern treatments; these started from M. Nagata [406] and cul-
minated in the monograph of M. Alberich-Carramiñana [2]. A modern account
of Clebsch’s Theorem and its history can be also found there. Theorem 7.5.16
is usually attributed to Nagata, although it was known to S. Kantor and A.
Coble.

The original proof of Bertini’s Theorem on elliptic pencils discussed in Ex-
ercise 7.20 can be found in [40]. The Halphen pencils were studied by G.
Halphen in [275]. A modern proof of Bertini’s Theorem can be found in [173].
A survey of results about reducing other linear system of plane curves by pla-
nar Cremona transformation to linear systems of curves of lower degree can
be found in [533] and in [249]. The formalism of bubble spaces originated
from the classical notion of infinitely near points first introduced by Yu. Manin
[375].

The theory of decomposition of Cremona transformation via composition
of elementary birational isomorphisms between minimal ruled surfaces has a
vast generalization to higher dimensions under the name Sarkisov program
(see [130]).

We intentionally omitted the discussion of finite subgroups of the Cremona
group Cr(2); the modern account of this classification and the history can be
found in [187].
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Del Pezzo surfaces

8.1 First properties

8.1.1 Surfaces of degree d in Pd

Recall that a subvariety X ⊂ Pn is called nondegenerate if it is not contained
in a proper linear subspace. All varieties we consider here are assumed to be
reduced. Let d = deg(X). We have the following well-known (i.e., can be
found in modern text-books, e.g. [266], [277]) result.

Theorem 8.1.1 Let X be an irreducible nondegenerate subvariety of Pn of
dimension k and degree d. Then d ≥ n− k+ 1, and the equality holds only in
one of the following cases:

(i) X is a quadric hypersurface;
(ii) X is a Veronese surface V4

2 in P5;
(iii) X is a cone over a Veronese surface V4

2 in P5;
(iv) X is a rational normal scroll.

Recall that a rational normal scroll is defined as follows. Choose k disjoint
linear subspaces L1, . . . , Lk in Pn which together span the space. Let ai =

dimLi. We have
∑k
i=1 ai = n−k+1. Consider Veronese maps sfvai : P1 →

Li and define Sa1,...,ak;n to be the union of linear subspaces spanned by the
points va1(x), . . . , vak(x), where x ∈ P1. It is clear that dimSa1,...,ak;n = k

and it is easy to see that degSa1,...,ak;n = a1 + · · ·+ak and dimSa1,...,ak;n =

k. In this notation, it is assumed that a1 ≤ a2 ≤ . . . ≤ ak.
A rational normal scroll Sa1,a2,n of dimension 2 with a1 = a, a2 = n−1−a

will be redenoted by Sa,n. Its degree is n − 1 and it lies in Pn. For example,
S1,3 is a nonsingular quadric in P3 and S0,3 is an irreducible quadric cone.

Corollary 8.1.2 Let S be an irreducible nondegenerate surface of degree d
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in Pn. Then d ≥ n − 1 and the equality holds only in one of the following
cases:

(i) X is a nonsingular quadric in P3;
(ii) X is a quadric cone in P3;
(iii) X is a Veronese surface v2(P2) in P5;
(iv) X is a rational normal scroll Sa,n ⊂ Pn.

The del Pezzo surfaces come next. Let X be an irreducible nondegenerate
surface of degree d in Pd. A general hyperplane section H of X is an irre-
ducible curve of degree d. Let pa = h1(X,OX) denote its arithmetic genus.
There are two possibilities: pa = 0 or pa = 1. In fact, projecting to P3 from
a general set of d − 3 nonsingular points, we get an irreducible curve H ′

of degree 4 in P3. Taking nine general points in H ′, we find an irreducible
quadric surface Q containing H ′. If Q is singular, then its singular point lies
outside H ′. We assume that Q is nonsingular, the other case is considered sim-
ilarly. Let f1 and f2 be the divisor classes of the two rulings generating Pic(Q).
Then H ′ ∈ |af1 + bf2| with a, b ≥ 0 and a + b = degH ′ = 4. This gives
(a, b) = (3, 1), (1, 3), or (2, 2). In the first two cases pa(H ′) = 0, in the third
case pa(H ′) = 1.

Proposition 8.1.3 An irreducible nondegenerate surface X of degree d in
Pd with hyperplane sections of arithmetic genus equal to 0 is isomorphic to a
projection of a surface of degree d in Pd+1.

Proof Obviously, X is a rational surface. Assume that X is embedded in Pd
by a complete linear system, otherwise it is a projection from a surface of the
same degree in PN+1. A birational map f : P2 99K X is given by a linear
system |mh − η| for some bubble cycle η =

∑
mixi. By Proposition 7.3.2,

we have

d = degX = m2 −
N∑
i=1

m2
i ,

r = dim |mh− η| ≥ 1
2 (m(m+ 3)−

n∑
i=1

mi(mi + 1)).

Since hyperplane sections of X are curves of arithmetic genus 0, we get

(m− 1)(m− 2) =

N∑
i=1

mi(mi − 1).
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Combining all this together, we easily get

r ≥ d+ 1.

Since X is nondegenerate, we must get the equality r = d + 1. Thus X is a
surface of degree d in Pd+1, and we get a contradiction.

Recall that an irreducible reduced curve of arithmetic genus pa = 0 is a
nonsingular rational curve. It follows from the Proposition that every surfaceX
embedded in Pn by a complete linear system with rational hyperplane sections
has degree n + 1. By Corollary 8.1.2, it must be either a scroll or a Veronese
surface. For example, if we take m = 4, N = 3,m1 = m2 = m3 = 2, we
obtain a surface of degree 4 in P5. It is a Veronese surface in disguise. Indeed, if
we compose the map with a quadratic transformation with fundamental points
at x1, x2, x3, we obtain the result that the image is given by the linear system
of conics in the plane, so the image is a Veronese surface. On the hand, if we
take m = 3, N = 1,m1 = 2, we get a surface X of degree 5 in P6. The family
of lines through the point x1 is mapped to a ruling of lines on X , so X is a
scroll.

Proposition 8.1.4 Suppose X is a scroll of degree d in Pd, d > 3, that is not
a cone. Then X is a projection of a scroll of degree d in Pd+1.

Proof Projecting a scroll from a point on the surface we get a surface of
degree d′ in Pd−1 satisfying

d = kd′ + 1, (8.1)

where k is the degree of the rational map defined by the projection. Since the
image of the projection is a nondegenerate surface, we obtain d′ ≥ d − 2, the
only solution is k = 1 and d′ = d − 1. Continuing in this way, we arrive at
a cubic surface in P3. By Proposition 8.1.6, it is a cone, hence it is a rational
surface. We will see later, in Chapter 10, that a rational scroll is a projection of
a normal rational scroll Sq,n of degree n− 1 in Pn.

The classical definition of a del Pezzo surface is the following.

Definition 8.1.5 A del Pezzo surface is a nondegenerate irreducible surface
of degree d in Pd that is not a cone and not isomorphic to a projection of a
surface of degree d in Pd+1.

According to a classical definition (see [524], 4.5.2), a subvarietyX is called
normal subvariety if it is not a projection of a subvariety of the same degree.
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Recall that a closed nondegenerate subvariety X of degree d in Pn is called
linearly normal if the restriction map

r : H0(Pn,OX(1))→ H0(X,OX(1)) (8.2)

is bijective.
The relation between the two definitions is the following one.

Proposition 8.1.6 Suppose X is a normal nondegenerate subvariety in Pn.
Then X is linearly normal. Conversely, if X is linearly normal and normal
(i.e. coincides with its normalization), then it is a normal subvariety.

Proof It is clear that X is nondegenerate if and only if r is injective. If it is
not surjective, then linear system |OX(1)| embeds X in Pm with m > n with
the image X ′ of the same degree, and X is a projection of X .

Conversely, suppose the restriction map r is surjective and X is a projection
of X ′ of the same degree. The center of the projection does not belong to X ′,
so the projection is a regular map p : X ′ → X . We have p∗OX(1) ∼= OX′(1).
By the projection formula p∗p∗OX′(1) ∼= OX(1)⊗π∗OX′ . SinceX is normal,
p∗OX′ ∼= OX (see [281]). Thus the canonical homomorphism

H0(X,OX(1))→ H0(X ′,OX′(1)) ∼= H0(X, p∗p
∗OX(1)) (8.3)

is bijective. Since r is bijective,

dimH0(X,OX(1)) = dimH0(X ′,OX′(1)) = n+ 1.

Since X ′ is nondegenerate, dimH0(X ′,OX′(1)) ≥ n+ 2. This contradiction
proves the assertion.

Let Sd ⊂ Pd be a del Pezzo surface. Assume d ≥ 4. As in the proof of
Proposition 8.1.4, we project Sd from a general subset of d − 3 nonsingular
points to obtain a cubic surface S3 in P3. Suppose S3 is a cone over a cubic
curve with vertex x0. A general plane section of S3 is the union of three con-
current lines. Its preimage in S4 is the union of four lines passing through the
preimage x′0 of x0. This means that the point x′0 is a singular point of multi-
plicity 4 equal to the degree of S4. Clearly, it must be a cone. Proceeding in
this way back to Sd, we obtain that Sd is a cone, a possibility which we have
excluded. Next assume that S3 is not a normal surface. We will see later that it
must be a scroll. A general hyperplane section of S4 passing through the center
of the projection S4 99K S3 is a curve of degree 4 and arithmetic genus 1. Its
image in S3 is a curve of degree 3 and arithmetic genus 1. So, it is not a line.
The preimage of a general line on S3 must be a line on S4. Thus S4 is a scroll.
Going back to Sd, we obtain that Sd is a scroll. This has been also excluded.
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Thus, we obtain that a general projection of Sd from a set of d− 3 nonsingular
points is a normal cubic surface.

Let us derive immediate corollaries of this.

Proposition 8.1.7 The degree d of a del Pezzo surface Sd is less than or equal
to 9.

Proof We follow the original argument of del Pezzo. Let Sd 99K Sd−1 be the
projection from a general point p1 ∈ Sd. It extends to a regular map S′d →
Sd−1, where S′d is the blow-up of p1. The image of the exceptional curve E1

of the blow-up is a line `1 in S′d. Let Sd−1 → Sd−2 be the projection from a
general point in Sd−1. We may assume that the projection map Sd 99K Sd−1

is an isomorphism over p2 and that p2 does not lie on `1. Continuing in this
way, we arrive at a normal cubic surface S3, and the images of lines `1, and so
on, will be a set of disjoint lines on S3. We will see later that a normal cubic
surface does not have more than six skew lines. This shows that d ≤ 9.

Proposition 8.1.8 A del Pezzo surface Sd is a normal surface (i.e. coincides
with its normalization in the field of rational functions).

Proof We follow the same projection procedure as in the previous proof. The
assertion is true for d = 3. The map S′4 → S3 is birational map onto a normal
surface. Since we may assume that the center p of the projection S4 99K S3

does not lie on a line, the map is finite and of degree 1. Since S3 is normal, it
must be an isomorphism. In fact, the local ring A of a point x ∈ S′4 is integral
over the local ringA′ point of its image x′ and both rings have the same fraction
field Q. Thus the integral closure of A in Q is contained in the integral closure
of A′ equal to A′. This shows that A coincides with A′. Thus we see that S4

is a normal surface. Continuing in this way, we get that S5, . . . , Sd are normal
surfaces.

8.1.2 Rational double points

Here we recall without proofs some facts about rational double points (RDP)
singularities which we will often use later. The proofs can be found in many
sources [16], [456], [439].

Recall that we say that a variety X has rational singularities if there exists
a resolution of singularities π : Y → X such that Riπ∗OY = 0, i > 0. One
can show that, if there exists one resolution with this property, any resolution
of singularities satisfies this property. Also, one can give a local definition of a
rational singularity x ∈ X by requiring that the stalk (Riπ∗OY )x vanishes for
i > 0. Note that a nonsingular points is, by definition, a rational singularity.
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We will be interested in rational singularities of normal algebraic surfaces.
Let π : Y → X be a resolution of singularities. We can always choose it to be
minimal in the sense that it does not factor nontrivially through another reso-
lution of singularities. This is equivalent to that the fibres of π do not contain
(−1)-curves. A minimal resolution always exists and is unique, up to isomor-
phism. A curve in the fiber π−1(x) is called an exceptional curve.

Let Z =
∑
niEi, where ni ≥ 0 and Ei are irreducible components of

π−1(x), called exceptional components. We say that Z is a fundamental cycle
ifZ ·Ei ≤ 0 for allEi andZ is minimal (in terms of order on the set of effective
divisors) with this property. A fundamental cycle always exists unique.

Proposition 8.1.9 The following properties are equivalent:

(i) x is a rational singularity;
(ii) the canonical maps π∗ : Hi(X,OX)→ Hi(Y,OY ) are bijective;
(iii) for every curve (not necessarily reduced) Z supported in π−1(x), one

has H1(Z,OZ) = 0;
(iv) for every curveZ supported in π−1(x), pa(Z) := 1+ 1

2Z ·(Z+KY ) ≤
0.

Recall that the multiplicity of a point x on a variety X is the multiplicity
of the maximal ideal mX,x defined in any text-book in Commutative Algebra.
If X is a hypersurface, then the multiplicity is the degree of the first nonzero
homogeneous part in the Taylor expansion of the affine equation of X at the
point x.

If x is a rational surface singularity, then −Z2 is equal to its multiplicity,
and −Z2 + 1 is equal to the embedding dimension of x (the dimension of
mX,x/m

2
X,x) [16], Corollary 6. It follows that a rational double point is locally

isomorphic to a hypersurface singularity, and hence is a Gorenstein singularity.
The converse is also true, a rational Gorenstein singularity has multiplicity 2.

Suppose now that x is a rational double point of a normal surface X . Then
each exceptional component E satisfies H1(E,OE) = 0. This implies that
E ∼= P1. Since the resolution is minimal,E2 ≤ −2. By the adjunction formula,
E2 + E ·KY = −2 implies E ·KY ≥ 0. Let Z =

∑
niEi be a fundamental

cycle. Then, by (iii) from above,

0 = 2 + Z2 ≤ −Z ·KY = −
∑

ni(Ei ·KY ).

This gives Ei ·KY = 0 for every Ei. By the adjunction formula, E2
i = −2.

Let KX be a canonical divisor on X . This is a Weyl divisor, the closure of a
canonical divisor on the open subset of nonsingular points. Let π∗(KX) be its
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preimage on Y . We can write

KY = π∗(KX) + ∆,

where ∆ is a divisor supported in π−1(x). Suppose x is a Gorenstein singular-
ity. This means that ωX is locally free at x, i.e. one can choose a representative
of KX which is a Cartier divisor in an open neighborhood of x. Thus, we can
choose a representative of π∗(KX) which is disjoint from π−1(x). For any
exceptional component Ei, we have

0 = KY · Ei = Ei · π∗(KX) + Ei ·∆ = Ei ·∆.

It is known that the intersection matrix (Ei ·Ej) of exceptional components is
negative definite [401]. This implies that ∆ = 0.

To sum up, we have the following.

Proposition 8.1.10 Let π : Y → X be a minimal resolution of a rational
double point x on a normal surface X . Then each exceptional component of π
is a (−2)-curve and KY = π∗(KX).

8.1.3 A blow-up model of a del Pezzo surface

Let us show that a del Pezzo surface satisfies the following properties that we
will take for a more general definition of a del Pezzo surface.

Theorem 8.1.11 Let S be a del Pezzo surface of degree d in Pd. Then all its
singularities are rational double points and ω−1

S is an ample invertible sheaf.

Proof The assertion is true if d = 3. It follows from the proof of Proposition
8.1.8 that S is isomorphic to the blow-up of a cubic surface at d − 3 nonsin-
gular points. Thus the singularities of S are isomorphic to singularities of a
cubic surface which are RDP. In particular, the canonical sheaf ωS of S is an
invertible sheaf.

Let C be a general hyperplane section. It defines an exact sequence

0→ OS → OS(1)→ OC(1)→ 0.

Tensoring by ωS , and applying the adjunction formula for C, we obtain an
exact sequence

0→ ωS → ωS(1)→ ωC → 0.

Applying Serre’s duality and Proposition 8.1.9, we obtain

H1(S, ωS) ∼= H1(S,OS) = 0.

Since C is an elliptic curve, ωC ∼= OC . The exact sequence implies that
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H0(S, ωS(1)) 6= 0. Let D be an effective divisor defined by a nonzero sec-
tion of ωS(1). By the adjunction formula, its restriction to a general hyper-
plane section is zero. Thus D is zero. This shows that ωS(1) ∼= OS , hence
ωS ∼= OS(−1). In particular, ω−1

S
∼= OS(1) is ample (in fact, very ample).

Definition 8.1.12 A normal algebraic surface S is called a del Pezzo surface
if its canonical sheaf ωS is invertible, ω−1

S is ample and all singularities are
rational double points.

By the previous Theorem and by Propositions 8.1.8, a del Pezzo surface
of degree d in Pd is a del Pezzo surface in this new definition. Note that one
takes a more general definition of a del Pezzo surface without assuming the
normality property (see [457]). However, we will not pursue this.

Let π : X → S be a minimal resolution of singularities of a del Pezzo
surface. Our goal is to show that X is a rational surface isomorphic either to
a minimal rational surface F0, or F2, or is obtained from P2 by blowing up a
bubble cycle of length ≤ 8.

Lemma 8.1.13 Any irreducible reduced curve C on X with negative self-
intersection is either a (−1)-curve or (−2)-curve.

Proof By the adjunction

C2 + C ·KS = degωC = 2 dimH1(C,OC)− 2 ≥ −2.

By Proposition 8.1.10, the assertion is true if C is an exceptional curve of
the resolution of singularities π : X → S. Suppose π(C) = C ′ is a curve.
Since −KS is ample, there exists some m > 0 such that | −mKS | defines an
isomorphism of S onto a surface S′ in Pn. Thus |−mKX | defines a morphism
X → S′ which is an isomorphism outside the exceptional divisor of π. Taking
a general section in Pn, we obtain that −mKX · C > 0. By the adjunction
formula, the only possibility is C2 = −1, and H1(C,OC) = 0.

Recall that a divisor class D on a nonsingular surface X is called nef if
D · C ≥ 0 for any curve C on X . It is called big if D2 > 0. It follows from
the proof of the previous Lemma that −KX is nef and big.

Lemma 8.1.14 LetX be a minimal resolution of a del Pezzo surface S. Then

Hi(X,OX) = 0, i 6= 0.

Proof Since S has rational double points, by Proposition 8.1.10, the sheaf ωS
is an invertible ample sheaf and

ωX ∼= π∗(ωS). (8.4)
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Since, ωS ∼= OS(−A) for some ample divisor A, we have ωX ∼= OX(−A′),
where A′ = π∗(A) is nef and big. We write 0 = KX +A and apply Ramanu-
jam’s Vanishing Theorem ([451], [353], vol. I, Theorem 4.3.1): for any nef
and big divisor D on a nonsingular projective variety X

Hi(X,OX(KX +D)) = 0, i > 0.

Theorem 8.1.15 Let X be a minimal resolution of a del Pezzo surface. Then,
either X ∼= F0, or X ∼= F2, or X is obtained from P2 by blowing up N ≤ 8

points in the bubble space.

Proof Let f : X → X ′ be a morphism onto a minimal model of X . Since
−KX is nef and big, KX′ = f∗(KX) is not nef but big. It follows from the
classification of algebraic surfaces that X ′ is a minimal ruled surface. Assume
X ′ is not a rational surface. By Lemma 8.1.14, H1(X ′,OX′) = 0. If p :

X ′ → B is a ruling of X ′, we must have B ∼= P1 (use that the projection
p : X ′ → B satisfies p∗OX′ ∼= OB and this defines a canonical injective map
H1(B,OB) → H1(X ′,OX′)). Thus X ′ = Fn or P2. Assume X ′ = Fn. If
n > 2, the proper transform in X of the exceptional section of X ′ has self-
intersection −r ≤ −n < −2. This contradicts Lemma 8.1.13. Thus n ≤ 2.
If n = 1, then composing the map X ′ = F1 → P2, we obtain a birational
morphism X → X ′ → P2, so the assertion is verified.

Assume n = 2, and the birational morphism f : X → X ′ = F2 is not
an isomorphism. Then it is an isomorphism over the exceptional section (oth-
erwise we get a curve on X with self-intersection < −2). Thus, it factors
through a birational morphism f : X → Y → F2, where Y is the blow-
up of a point y ∈ F2 not on the exceptional section. Let Y → Y ′ be the
blow-down morphism of the proper transform of a fiber of the ruling of F2

passing through the point y. Then Y ′ is isomorphic to F1, and the composition
X → X ′ → Y → Y ′ → P2 is a birational morphism to P2.

Assume n = 0 and f : X → F2 is not an isomorphism. Again, we factor f
as the composition X → Y → F0, where Y → F0 is the blow-up of a point
y ∈ F0. Blowing down the proper transforms of the lines through y, we get a
morphism Y → P2 and the composition X → Y → P2.

The last assertion follows from the known behavior of the canonical class
under a blow-up. If π : S → P2 is a birational morphism which is a composi-
tion of N blow-ups, then

K2
X = K2

P2 −N = 9−N. (8.5)

Since K2
X > 0, we obtain N < 9.
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Definition 8.1.16 The number d = K2
X is called the degree of a del Pezzo

surface.

It is easy to see that it does not depend on a minimal resolution of S. Note
that this definition agrees with the definition of the degree of a del Pezzo sur-
face S ⊂ Pd in its classical definition. Indeed, let H be a hyperplane section
of S, the intersection theory of Cartier divisors show that

d = H2 = π∗(H)2 = p∗(−KS)2 = (−KX)2 = K2
X .

Suppose S is a nonsingular del Pezzo surface. Since KF2
is not ample, we

obtain the following.

Corollary 8.1.17 Assume that S is a nonsingular del Pezzo surface. Then
S ∼= F0 or is obtained by blowing-up of a bubble cycle in P2 of ≤ 8 points.

Definition 8.1.18 A weak del Pezzo surface is a nonsingular surface S with
−KS nef and big.

So, we see that a minimal resolution of a singular del Pezzo surface is a
weak del Pezzo surface. The proof of Theorem 8.1.15 shows that a weak del
Pezzo surface is isomorphic to F0,F2 or to the blow-up of a bubble cycle on
P2 that consists of ≤ 8 points.

Remark 8.1.19 Recall that a Fano variety is a nonsingular projective variety
X with−KX ample. A quasi-Fano variety is a nonsingular variety with−KX

big and nef. Thus a nonsingular del Pezzo surface is a Fano variety of dimen-
sion 2, and a weak del Pezzo surface is a quasi-Fano variety of dimension 2.

Definition 8.1.20 A blowing down structure on a weak del Pezzo surface S
is a composition of birational morphisms

π : S = SN
πN−→ SN−1

πN−1−→ . . .
π2−→ S1

π1−→ P2,

where each π : Si → Si−1 is the blow-up a point xi in the bubble space of P2.

Recall from Section 7.5.1 that a blowing-down structure of a weak del Pezzo
surface defines a basis (e0, e1, . . . , eN ) in Pic(S), where e0 is the class of the
full preimage of a line and ei is the class of the exceptional configurations Ei
defined by the point xi. We call it a geometric basis. As we explained in the
previous Chapter, a blowing-down structure defines an isomorphism of free
abelian groups

φ : ZN+1 → Pic(S) such that φ(kN ) = KS ,
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where kN = −3e0 + e1 + · · · + eN . The class e0 is the full preimage of
the class h of a line in the plane, and the classes ei are the divisor classes of
the exceptional configurations Ei. We call such an isomorphism a geometric
marking.

Definition 8.1.21 A pair (S, φ), where S is a weak del Pezzo surface and φ
is a marking (resp. geometric marking) ZN+1 → Pic(S) is called a marked
(resp. geometrically marked) weak del Pezzo surface.

The bubble cycle η appearing in a blowing-up model of a weak del Pezzo
surface must satisfy some restrictive conditions. Let us find them.

Lemma 8.1.22 LetX be a nonsingular projective surface withH1(X,OX) =

0. Let C be an irreducible curve on X such that | − KX − C| 6= ∅ and
C 6∈ | −KX |. Then C ∼= P1.

Proof We have −KX ∼ C + D for some nonzero effective divisor D, and
henceKX+C ∼ −D 6∼ 0. This shows that |KX+C| = ∅. By Riemann-Roch,

0 = h0(OX(KX + C)) = 1
2 ((KX + C)2 − (KX + C) ·KX) + 1

−h1(OX) + h2(OX) ≥ 1 + 1
2 (C2 +KX · C) = h1(OC).

Thus H1(C,OC) = 0, and, as we noted earlier, this implies that C ∼= P1.

Proposition 8.1.23 Let S be a weak del Pezzo surface.

(i) Let f : S → S̄ be a blowing down of a (−1)-curve E. Then S̄ is a
weak del Pezzo surface.

(ii) Let π : S′ → S be the blowing-up with center at a point x not lying on
any (−2)-curve. Assume K2

S > 1. Then S′ is a weak del Pezzo surface.

Proof (i) We have KS = f∗(KS̄) +E, and hence, for any curve C on S̄, we
have

KS̄ · C = f∗(KS̄) · f∗(C) = (KS − E) · f∗(C) = KS · f∗(C) ≤ 0.

Also K2
S̄

= K2
S + 1 > 0. Thus S̄ is a weak del Pezzo surface.

(ii) Since K2
S > 1, we have K2

S′ = K2
S − 1 > 0. By Riemann-Roch,

dim | −KS′ | ≥ 1
2 ((−KS′)

2 − (−KS′ ·KS′)) = K2
S′ ≥ 0.

Thus | − KS′ | 6= ∅, and hence, any irreducible curve C with −KS′ · C <

0 must be a proper component of some divisor from | − KS′ | (it cannot be
linearly equivalent to −KS′ because (−KS′)

2 > 0). Let E = π−1(x). We
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have −KS′ · E = 1 > 0. So we may assume that C 6= E. Let C̄ = f(C). We
have

−KS′ · C = π∗(−KS) · C − E · C = −KS · C̄ −multx(C̄).

Since f∗(KS′) = KS and C 6= E, the curve C̄ is a proper irreducible com-
ponent of some divisor from | − KS |. By Lemma 8.1.22, C̄ ∼= P1. Thus
multxC̄ ≤ 1 and hence 0 > −KS′ ·C ≥ −KS ·C̄−1. This gives−KS ·C̄ = 0

and x ∈ C̄ and hence C̄ is a (−2)-curve. Since x does not lie on any (−2)-
curve we get a contradiction.

Corollary 8.1.24 Let η =
∑r
i=1 xi be a bubble cycle on P2 and Sη be its

blow-up. Then Sη is a weak del Pezzo surface if and only if

(i) r ≤ 8;
(ii) the Enriques diagram of η is the disjoint union of chains;
(iii) |OP2(1)− η′| = ∅ for any η′ ⊂ η consisting of four points;
(iv) |OP2(2)− η′| = ∅ for any η′ ⊂ η consisting of seven points.

Proof The necessity of condition (i) is clear. We know that S does not contain
curves with self-intersection < −2. In particular, any exceptional cycle Ei of
the birational morphism π : S → P2 contains only smooth rational curves E
with E2 = −1 or−2. This easily implies that the bubble points corresponding
to each exceptional configuration Ei represent a totally ordered chain. This
checks condition (ii).

Suppose (iii) does not hold. Let D be an effective divisor from the linear
system |OP2(1)− η′|. We can change the admissible order on η to assume that
η′ = x1 + x2 + x3 + x4. Then the divisor class of the proper transform of D
in Yη is equal to e0 − e1 − e2 − e3 − e4 −

∑
i≥4miei. Its self-intersection is

obviously ≤ −3.
Suppose (iv) does not hold. Let D ∈ |OP2(2) − η′|. Arguing as above,

we find that the divisor class of the proper transform of D is equal to 2e0 −∑7
i=1 ei −

∑
i≥7miei. Its self-intersection is again ≤ −3.

Let us prove the sufficiency. Let EN = π−1
N (xN ) be the last exceptional

configuration of the blow-down Yη → P2. It is an irreducible (−1)-curve.
Obviously, η′ = η− xN satisfies conditions (i)-(iv). By induction, we may as-
sume that S′ = Sη′ is a weak del Pezzo surface. Applying Proposition 8.1.23,
we have to show that xN does not lie on any (−2)-curve on S′. Condition
(ii) implies that it does not lie on any irreducible component of the exceptional
configurations Ei, i 6= N . We will show in the next section that any (−2)-curve
on a week del Pezzo surface S′ of degree ≤ 7 is either blown down to a point
under the canonical map Sη′ → P2 or equal to the proper inverse transform
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of a line through three points, or a conic through five points. If xN lies on
the proper inverse transform of such a line (resp. a conic), then condition (iii)
(resp. (iv)) is not satisfied. This proves the assertion.

A set of bubble points satisfying conditions (i)-(iv) above is called a set of
points in almost general position.

We say that the points are in general position if the following hold:

(i) all points are proper points;
(ii) no three points are on a line;
(iii) no six points on a conic;
(iv) no cubic passes through the points with one of the point being a singular

point.

Proposition 8.1.25 The blow-up ofN ≤ 8 points in P2 is a del Pezzo surface
if and only if the points are in general position.

8.2 The EN -lattice

8.2.1 Quadratic lattices

A (quadratic) lattice is a free abelian group M ∼= Zr equipped with a sym-
metric bilinear form M × M → Z. A relevant example of a lattice is the
second cohomology group modulo torsion of a compact smooth 4-manifold
(e.g. a nonsingular projective surface) with respect to the cup-product. An-
other relevant example is the Picard group modulo numerical equivalence of a
nonsingular projective surface equipped with the intersection pairing.

The values of the symmetric bilinear form will be often denoted by (x, y) or
x · y. We write x2 = (x, x). The map x 7→ x2 is an integer valued quadratic
form onM . Conversely, such a quadratic form q : M → Z defines a symmetric
bilinear form by the formula (x, y) = q(x + y) − q(x) − q(y). Note that
x2 = 2q(x).

Let M∨ = HomZ(M,Z) and

ιM : M →M∨, ιM (x)(y) = x · y.

We say that M is nondegenerate if the homomorphism ιM is injective. In this
case the group

Disc(M) = M∨/ιM (M)

is a finite abelian group. It is called the discriminant group of M . If we choose
a basis to represent the symmetric bilinear form by a matrix A, then the order
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of Disc(M) is equal to |det(A)|. The number disc(M) = det(A) is called the
discriminant of M . A different choice of a basis changes A to tCAC for some
C ∈ GL(n,Z), so it does not change det(A). A lattice is called unimodular if
|disc(M)| = 1.

TensoringM with reals, we get a real symmetric bilinear form onMR ∼= Rr.
We can identify M with an abelian subgroup of the inner product space Rr
generated by a basis in Rr. The Sylvester signature (t+, t−, t0) of the in-
ner product space MR is called the signature of M . We write (t+, t−) if
t0 = 0. For example, the signature of H2(X,Z)/Torsion ∼= Zb2 for a non-
singular projective surface X is equal to (2pg + 1, b2 − 2pg − 1), where
pg = dimH0(X,OX(KX)). This follows from the Hodge Theory (see [266]).
The signature on the lattice of divisor classes modulo numerical equivalence
Num(X) = Pic(X)/≡ ∼= Zρ is equal to (1, ρ − 1) (this is called the Hodge
Index Theorem, see [281], Chapter 5, Theorem 1.9).

Let N ⊂ M be a subgroup of M . The restriction of the bilinear form to N
defines a structure of a lattice on N . We say that N together with this form is
a sublattice of M . We say that N is of finite index m if M/N is a finite group
of order m. Let

N⊥ = {x ∈M : x · y = 0,∀y ∈ N}.

Note that N ⊂ (N⊥)⊥ and the equality takes place if and only if N is a
primitive sublattice (i.e. M/N is torsion-free).

We will need the following Lemmas.

Lemma 8.2.1 Let M be a nondegenerate lattice and let N be its nondegen-
erate sublattice of finite index m. Then

|disc(N)| = m2|disc(M)|.

Proof SinceN is of finite index inM , the restriction homomorphismM∨ →
N∨ is injective. We will identify M∨ with its image in N∨. We will also
identify M with its image ιM (M) in M∨. Consider the chain of subgroups

N ⊂M ⊂M∨ ⊂ N∨.

Choose a basis in M, a basis in N, and the dual bases in M∨ and N∨. The
inclusion homomorphism N → M is given by a matrix A and the inclusion
N∨ → M∨ is given by its transpose tA. The order m of the quotient M/N is
equal to |det(A)|. The order ofN∨/M∨ is equal to |det(tA)|. They are equal.
Now the chain of lattices from the above has the first and the last quotient of
order equal to m, and the middle quotient is of order |disc(M)|. The total
quotient N∨/N is of order |disc(N)|. The assertion follows.
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Lemma 8.2.2 Let M be a unimodular lattice and N be its nondegenerate
primitive sublattice. Then

|disc(N⊥)| = |disc(N)|.

Proof Consider the restriction homomorphism r : M → N∨, where we
identify M with M∨ by means of ιM . Its kernel is equal to N⊥. Composing r
with the projection N∨/ιN (N) we obtain an injective homomorphism

M/(N +N⊥)→ N∨/ιN (N).

Notice that N⊥ ∩ N = {0} because N is a nondegenerate sublattice. Thus
N⊥+N = N⊥⊕N is of finite index i inM . Also the sum is orthogonal, so that
the matrix representing the symmetric bilinear form onN⊕N⊥ can be chosen
to be a block matrix. We denote the orthogonal direct sum of two lattices M1

and M2 by M1 ⊕M2. This shows that disc(N ⊥ N⊥) = disc(N)disc(N⊥).
Applying Lemma 8.2.1, we get

#(M/N ⊥ N⊥) =
√
|disc(N⊥)||disc(N)| ≤ #(N∨/N) = |disc(N)|.

This gives |disc(N⊥)| ≤ |disc(N)|. Since N = (N⊥)⊥, exchanging the roles
of N and N⊥, we get the opposite inequality.

Lemma 8.2.3 Let N be a nondegenerate sublattice of a unimodular lattice
M . Then

ιM (N⊥) = Ann(N) := Ker(r : M∨ → N∨) ∼= (M/N)∨.

Proof Under the isomorphism ιM : M → M∨ the image of N⊥ is equal to
Ann(N). Since the functor HomZ(−,Z) is left exact, applying it to the exact
sequence

0→ N →M →M/N → 0,

we obtain an isomorphism Ann(N) ∼= (M/N)∨.

A morphism of lattices σ : M → N is a homomorphism of abelian groups
preserving the bilinear forms. If M is a nondegenerate lattice, then σ is nec-
essarily injective. We say in this case that σ is an embedding of lattices. An
embedding is called primitive if its image is a primitive sublattice. An invert-
ible morphism of lattices is called an isometry. The group of isometries of a
lattice M to itself is denoted by O(M) and is called the orthogonal group of
M .

Let MQ := M ⊗Q ∼= Qn with the symmetric bilinear form of M extended
to a symmetric Q-valued bilinear form onMQ. The groupM∨ can be identified
with the subgroup of MQ consisting of vectors v such that (v,m) ∈ Z for any
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m ∈ M . Suppose that M is nondegenerate lattice. The finite group Disc(M)

can be equipped with a quadratic form defined by

q(x̄) = (x, x) mod Z,

where x̄ denotes a coset x+ ιM (M). If M is an even lattice, i.e. m2 ∈ 2Z for
all m ∈ M , then we take values modulo 2Z. The group of automorphisms of
Disc(M) leaving the quadratic form invariant is denoted by O(Disc(M)).

The proof of the next Lemma can be found in [412].

Lemma 8.2.4 Let M ⊂ N be a sublattice of finite index. Then the inclusion
M ⊂ N ⊂ N∨ ⊂ M∨ defines the subgroup N/M in Disc(M) = M∨/M

such that the restriction of the quadratic form of Disc(M) to it is equal to
zero. Conversely, any such subgroup defines a lattice N containing M as a
sublattice of finite index.

The group O(M) acts naturally on the dual group M∨ preserving its bilin-
ear form and leaving the subgroup ιM (M) invariant. This defines a homomor-
phism of groups

αM : O(M)→ O(Disc(M)).

Lemma 8.2.5 Let N be a primitive sublattice in a nondegenerate lattice M .
Then an isometry σ ∈ O(N) extends to an isometry of M acting identically on
N⊥ if and only if σ ∈ Ker(αN ).

8.2.2 The EN -lattice

Let I1,N = ZN+1 equipped with the symmetric bilinear form defined by the
diagonal matrix diag(1,−1, . . . ,−1) with respect to the standard basis

e0 = (1, 0, . . . , 0), e1 = (0, 1, 0, . . . , 0), . . . , eN = (0, . . . , 0, 1)

of ZN+1. Any basis defining the same matrix will be called an orthonormal
basis. The lattice I1,N is a unimodular lattice of signature (1, N).

Consider the special vector in I1,N defined by

kN = (−3, 1, . . . , 1) = −3e0 +

N∑
i=1

ei. (8.6)

We define the EN -lattice as a sublattice of I1,N given by

EN = (ZkN )⊥.

Since k2
N = 9 − N , it follows from Lemma 8.2.2, that EN is a negative
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definite lattice for N ≤ 8. Its discriminant group is a cyclic group of order
9−N . Its quadratic form is given by the value on its generator equal to− 1

9−N
mod Z (or 2Z if N is odd).

Lemma 8.2.6 Assume N ≥ 3. The following vectors form a basis of EN

α1 = e0 − e1 − e2 − e3, αi = ei−1 − ei, i = 2, . . . , N.

The matrix of the symmetric bilinear form of EN with respect to this basis is
equal to

CN =



−2 0 0 1 0 0 0 0 . . . 0

0 −2 1 0 0 0 0 0 . . . 0

0 1 −2 1 0 0 0 0 . . . 0

1 0 1 −2 1 0 0 0 . . . 0

0 0 0 1 −2 1 0 0 . . . 0

0 0 0 0 1 −2 1 0 . . . 0
...

...
...

...
...

...
...

...
...

...
0 0 0 . . . . . . 0 0 0 −2 1


. (8.7)

Proof By inspection, eachαi is orthogonal to kN . Suppose (a0, a1, . . . , aN )

is orthogonal to kN . Then

3a0 + a1 + · · ·+ aN = 0. (8.8)

We can write this vector as follows

(a0, a1, . . . , aN ) = a0α1 + (a0 + a1)α2 + (2a0 + a1 + a2)α3

+(3a0 + a1 + a2 + a3)α4 + · · ·+ (3a0 + a1 + · · ·+ aN−1)αN .

We use here that (8.8) implies that the last coefficient is equal to −aN . We
leave the computation of the matrix to the reader.

One can express the matrix CN by means of the incidence matrix AN of the
following graph with N vertices.

• • • • • •

•

· · · N ≥ 4

1

2 3 4 5 N − 1 N

Figure 8.1 Coxeter-Dynkin diagram of type EN

We have CN = −2IN +AN .
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8.2.3 Roots

A vector α ∈ EN is called a root if α2 = −2. A vector (d,m1, . . . ,mN ) ∈
I1,N is a root if and only if

d2 −
N∑
i=1

m2
i = −2, 3d−

N∑
i=1

mi = 0. (8.9)

Using the inequality (
∑N
i=1mi)

2 ≤ N
∑N
i=1m

2
i , it is easy to find all solu-

tions.

Proposition 8.2.7 Let N ≤ 8 and

αij = ei − ej , 1 ≤ i < j ≤ N,
αijk = e0 − ei − ej − ek, 1 ≤ i < j < k ≤ N.

Any root in EN is equal to ±α, where α is one of the following vectors:

N= 3 : αij ,α123. Their number is 8.
N= 4 :αij ,αijk. Their number is 20.
N= 5 : αij ,αijk. Their number is 40.
N= 6 :αij ,αijk, 2e0 − e1 − · · · − e6. Their number is 72.
N= 7 : αij ,αijk, 2e0 − e1 − · · · − e7 − ei. Their number is 126.
N= 8 :αij ,αijk, 2e0− e1− · · ·− e8− ei− ej , 3e0− e1− · · ·− e8− ei.

Their number is 240.

For N ≥ 9, the number of roots is infinite. From now on we assume

3 ≤ N ≤ 8.

An ordered setB of roots {β1, . . . , βr} is called a root basis if they are linearly
independent over Q and

βi · βj ≥ 0.

A root basis is called irreducible if it is not equal to the union of non-empty
subsets B1 and B2 such that βi · βj = 0 if βi ∈ B1 and βj ∈ B2. The
symmetric r × t-matrix C = (aij), where aij = βi · βj is called the Cartan
matrix of the root basis.

Definition 8.2.8 A Cartan matrix is a symmetric integer matrix (aij) with
aii = −2 and aij ≥ 0, or such a matrix multiplied by −1.

We will deal only with Cartan matricesC with aii = −2. The matrixC+2I ,
where I is the identity matrix of the size equal to the size of C, can be taken as
the incidence matrix of a non-oriented graph ΓC with an ordered set of vertices
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in which we put the number aij − 2 at the edge corresponding to vertices i and
j if this number is positive. The graph is called the Coxeter-Dynkin diagram of
C. The Cartan matrixCN forN = 6, 7, 8 has the corresponding graph pictured
in Figure 8.2.

Cartan matrix is called irreducible if the graph ΓC is connected.
If C is negative definite irreducible Cartan matrix, then its Coxeter-Dynkin

diagram is one of the types indicated in Figure 8.2 (see [52]). A lattice with
quadratic form defined by a negative (positive) definite Cartan matrix is called
a root lattice. Thus the lattice EN , N ≤ 8, is an example of a root lattice.

An • • • •· · ·
1 2 n− 1 n

Dn • • • • •

•

. . .

1

2 3 4 n− 1 n

E6 • • • • •

••1

2 3 4 5 6

E7 • • • • • •

••1

2 3 4 5 6 7

E8 • • • • • • •

••1

2 3 4 5 6 7 8

Figure 8.2 Coxeter-Dynkin diagrams of types A,D, E

For 3 ≤ n ≤ 5, we will use En to denote the Coxeter-Dynkin diagrams of
types A2 +A1(N = 3), A4(N = 4) and D5(N = 5).

Example 8.2.9 We know that exceptional components Ei of a minimal reso-
lution of a RDP are (−2)-curves. We have already used the fact that the inter-
section matrix (Ei · Ej) is negative definite. This implies that the intersection
matrix is a Cartan matrix.

Proposition 8.2.10 The Cartan matrix C of an irreducible root basis in EN
is equal to an irreducible Cartan matrix of type Ar, Dr, Er with r ≤ N .

Definition 8.2.11 A canonical root basis in EN is a root basis with Cartan
matrix (8.7) and the Coxeter-Dynkin diagram from Figure 8.1.

An example of a canonical root basis is the basis (α1, . . . ,αN ).
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Theorem 8.2.12 Any canonical root basis is obtained from a unique or-
thonormal basis (v0, v1, . . . , vn) in I1,N such that kN = −3v0 +v1 +· · ·+vN
by the formula

β1 = v0 − v1 − v2 − v3, βi = vi−1 − vi, i = 2, . . . , N. (8.10)

Proof Given a canonical root basis (β1, . . . , βN ) we solve for vi in the system
of equations (8.10). We have

vi = vN +

N∑
i=2

βi, i = 1, . . . , N − 1,

v0 = β1 + v1 + v2 + v3 = β1 + 3vN + 3

N∑
i=4

βi + 2β3 + β2,

−kN = 3v0 − v1 − · · · − vN = 9vN + 9

N∑
i=4

βi + 6β3 + 3β2

−(vN +

N∑
i=2

βi)− (vN +

N∑
i=3

βi)− · · · − (vN + βN )− vN .

This gives

vN = − 1

9−N
(kN + 3β1 + 2β2 + 4β3 +

N∑
i=3

(9− i)βi+1).

Taking the inner product of both sides with βi, we find (vN , βi) = 0, i =

1, . . . , N − 1, and (vN , βN ) = 1. Thus all vi belong to (kN ⊥ EN )∨. The
discriminant group of this lattice is isomorphic to (Z/(9−N)Z) and the only
isotropic subgroup of order 9 − N is the diagonal subgroup. This shows that
E∨N is the only sublattice of (kN ⊥ EN )∨ of index 9−N , hence vi ∈ E∨N for
all i. It is immediately checked that (v0, v1, . . . , vN ) is an orthonormal basis
and kN = −3v0 + v1 + · · ·+ vN .

Corollary 8.2.13 Let O(I1,N )kN be the stabilizer subgroup of kN . Then
O(I1,N )kN acts simply transitively on the set of canonical root bases in EN .

Each canonical root basis β = (β1, . . . , βN ) defines a partition of the set of
rootsR

R = R+

∐
R−,

whereR+ is the set of non-negative linear combinations of βi. The roots from
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R+ (R−) are called positive (negative) roots with respect to the root basis β.
It is clear thatR− = {−α : α ∈ R+}.

For any canonical root basis β, the subset

Cβ = {x ∈ I1,N ⊗ R : (x, βi) ≥ 0}

is called a Weyl chamber with respect to β. A subset of a Weyl chamber that
consists of vectors such that (v, βi) = 0 for some subset I ⊂ {1, . . . , N} is
called a face. A face corresponding to the empty set is equal to the interior of
the Weyl chamber. The face corresponding to the subset {1, . . . , N} is spanned
by the vector kN .

For any root α, let

rα : I1,N → I1,N , v 7→ v + (v, α)α.

It is immediately checked that rα ∈ O(I1,N )kN , rα(α) = −α and rα(v) = v

if (v, α) = 0. The isometry rα is called the reflection in the root α. By linearity,
rα acts as an orthogonal transformation of the real inner product space R1,N :=

I1,N ⊗ R.
The following is a basic fact from the theory of finite reflection groups. We

refer for the proof to numerous text-books on this subject (e.g. [52], [325]).

Theorem 8.2.14 Let C be a Weyl chamber defined by a canonical root basis
β. Let W (EN ) be the subgroup of O(EN ) generated by reflections rβi . For
any x ∈ R1,N there exists w ∈ W (EN ) such that w(x) ∈ C. If x,w(x) ∈ C,
then x = w(x) and x belongs to a face of C. The union of Weyl chambers is
equal to R1,N . Two Weyl chambers intersect only along a common face.

Corollary 8.2.15 The group W (EN ) acts simply transitively on canonical
root bases, and Weyl chambers. It coincides with the group O(I1,N )kN .

The first assertion follows from the Theorem. The second assertion follows
from Corollary 8.2.13 since W (EN ) is a subgroup of O(I1,N )kN .

Corollary 8.2.16
O(EN ) = W (EN )× 〈τ〉,

where τ is an isometry of EN , which is realized by a permutation of roots in a
canonical basis leaving invariant the Coxeter-Dynkin diagram. We have τ = 1

for N = 7, 8 and τ2 = 1 for N 6= 7, 8.

Proof By Lemma 8.2.5, the image of the restriction homomorphism

O(I1,N )kN → O(EN )

is equal to the kernel of the homomorphism α : O(EN ) → O(Disc(EN )). It
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is easy to compute O(Disc(EN )) and find that it is isomorphic to Z/τZ. Also
it can be checked that α is surjective and the image of the symmetry of the
Coxeter-Dynkin diagram is the generator of O(Disc(EN )). It remains for us to
apply the previous Corollary.

The definition of the group W (EN ) does not depend on the choice of a
canonical basis and hence coincides with the definition of Weyl groupsW (EN )

from Chapter 7. Note that Corollary 8.2.15 also implies that W (EN ) is gener-
ated by reflections rα for all roots α in EN . This is true for N ≤ 10 and is not
true for N ≥ 11.

Proposition 8.2.17 If N ≥ 4, the group W (EN ) acts transitively on the set
of roots.

Proof Let (β1, . . . , βN ) be a canonical basis from (8.10). Observe that the
subgroup of W (EN ) generated by the reflections with respect to the roots
β2, . . . , βN is isomorphic to the permutation group SN . It acts on the set
{e1, . . . , eN} by permuting its elements and leaves e0 invariant. This implies
that SN acts on the roots αij , αijk, via its action on the set of subsets of
{1, . . . , N} of cardinality 2 and 3. Thus it acts transitively on the set of roots
αij and on the set of roots αijk. Similarly, we see that it acts transitively on
the set of roots 2e0 − ei1 − · · · − ei6 and −k8 − ei if N = 8. Also applying
rα to α we get−α. Now the assertion follows from the following computation

rβ1
(−k8 − e8) = 2e0 − e1 − e4 − · · · − e8,

rβ1(2e0 − e1 − · · · − e6) = α456,

rβ1
(α124) = α34.

A sublattice R of EN isomorphic to a root lattice is called a root sublattice.
By definition, it has a root basis (β1, . . . , βr) such that the matrix (βi · βj) is
a Cartan matrix. Each such sublattice is isomorphic to the orthogonal sum of
root lattices with irreducible Cartan matrices.

The types of root sublattices in the lattice EN can be classified in terms of
their root bases by the following procedure due to A. Borel and J. de Siebenthal
[48] and, independently by E. Dynkin [197].

Let D be the Coxeter-Dynkin diagram. Consider the extended diagram by
adding one more vertex which is connected to other edges as shown on the
following extended Coxeter-Dynkin diagrams. Consider the following set of
elementary operations over the diagrams D and their disconnected sums D1 +
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· · ·+Dk. Extend one of the components Di to get the extended diagram. Con-
sider its subdiagram obtained by deleting subset of vertices. Now all possible
root bases are obtained by applying recursively the elementary operations to
the initial Coxeter-Dynkin diagram of type EN and all its descendants.

Ãn • • • •
F

· · ·

D̃n • • • • • •

• F

· · ·

Ẽ6 • • • • •

•

F

Ẽ7 • • • • • •

•

F

•

Ẽ8 • • • • • • •

•

F

•

Figure 8.3 Extended Coxeter-Dynkin diagrams of types Ã, D̃, Ẽ

8.2.4 Fundamental weights

Let β = (β1, β2, . . . , βN ) be a canonical root basis (8.10) in EN . Consider
its dual basis (β∗1 , . . . , β

∗
N ) in E∨N ⊗ Q. Its elements are called fundamental

weights. We use the expressions for βi from Theorem 8.2.12. Let us identify
E∨N with (k⊥N )∨ = I1,N/ZkN . Then we can take for representatives of β∗j the
following vectors from I1,N :

β∗1 = v0,

β∗2 = v0 − v1,

β∗3 = 2v0 − v1 − v2,

β∗i = vi + · · ·+ vN , i = 4, . . . , N.

Definition 8.2.18 A vector in I1,N is called an exceptional vector if it belongs
to the W (EN )-orbit of β∗N .
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Proposition 8.2.19 A vector v ∈ I1,N is exceptional if and only if kN · v =

−1 and v2 = −1. The set of exceptional vectors is the following

N = 3, 4 : ei, e0 − ei − ej ;

N = 5 : ei, e0 − ei − ej , 2e0 − e1 − · · · − e5;

N = 6 : ei, e0 − ei − ej , 2e0 − e1 − · · · − e6 + ei;

N = 7 : ei, e0 − ei − ej , 2e0 − e1 − · · · − e7 + ei + ej ;−k7 − ei;

N = 8 : ei, e0 − ei − ej , 2e0 − e1 − · · · − e8 + ei + ej + ek;−k8 + ei − ej ;

−k8 + e0 − ei − ej − ek,−k8 + 2e0 − ei1 − · · · − ei6 ,−2k8 − ei.

The number of exceptional vectors is given by Table 8.1.

N 3 4 5 6 7 8
# 6 10 16 27 56 240

Table 8.1 Number of exceptional vectors

Proof Similarly to the case of roots, we solve the equations

d2 −
N∑
i=1

m2
i = −1, 3d−

N∑
i=1

mi = 1.

First we immediately get the inequality (3d − 1)2 ≤ N(d2 + 1) which gives
0 ≤ d ≤ 4. If d = 0, the condition

∑
m2
i = d2 + 1 and kN · v = −1 gives the

vectors ei. If d = 1, this gives the vectors e0−ei−ej , and so on. Now we use
the idea of Noether’s inequality from Chapter 7 to show that all these vectors
(d,m1, . . . ,mN ) belong to the same orbit of W (EN ). We apply permutations
from SN to assume m1 ≥ m2 ≥ m3, then use the reflection rα123 to decrease
d.

Corollary 8.2.20 The orders of the Weyl groups W (EN ) are given by Table
8.2.

N 3 4 5 6 7 8
#W (EN ) 12 5! 24 · 5! 23 · 32 · 6! 26 · 32 · 7! 27 · 33 · 5 · 8!

Table 8.2 Orders of the Weyl groups

Proof Observe that the orthogonal complement of eN in I1,N is isomorphic
to IN−1. Since e2

N = −1, by Lemma 8.2.5, the stabilizer subgroup of eN in
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O(I1,N ) is equal to O(I1,N−1). This implies that the stabilizer subgroup of
eN in W (EN ) is equal to W (EN−1). Obviously, W (E3) ∼= S3 × S2 and
W (E3) ∼= S5. Thus

#W (E5) = 16 ·#W (E4) = 24 · 5!,

#W (E6) = 27 ·#W (E5) = 23 · 32 · 6!,

#W (E7) = 56 ·#W (E6) = 26 · 32 · 7!,

#W (E8) = 240 ·#W (E7) = 27 · 33 · 5 · 8!.

Proposition 8.2.21 Let N ≤ 8. For any two different exceptional vectors
v, w ∈ EN , such that v + w + 2k8 6= 0,

(v, w) ∈ {0, 1, 2}.

Proof This can be seen directly from the list, however we prefer to give a
proof independent of the classification. Obviously, we may assume that n = 8.
It is immediately seen that all vectors ei are exceptional. Because (v,k8) =

(w,k8), we have v − w ∈ E8. Because E8 is a negative definite even lattice
we have (v−w, v−w) = −2−2(v, w) ≤ −2. This gives (v, w) ≥ 0. Assume
(v, w) > 2. Let h = 2k8 + v+w. We have (v+w)2 = −2 + 2(v, w) ≥ 4 and
h2 = 4−8+(v+w)2 ≥ 0, h·k8 = 0. Thus I1,8 contains two non-proportional
orthogonal nonzero vectors h and k8 with non-negative norm square. Since the
signature of I1,N is equal to (1, N), we get a contradiction.

8.2.5 Gosset polytopes

Consider the real vector space RN,1 = RN+1 with the inner product 〈, 〉 de-
fined by the quadratic form on I1,N multiplied by −1. All exceptional vectors
lie in the affine space VN = {x ∈ RN,1 : (kN , x) = 1} and belong to the
unit sphere SN . Let ΣN be the convex hull of the exceptional vectors. For any
two vectors w,w′ ∈ SN , the vector w − w′ belongs to the even quadratic lat-
tice EN , hence 2 ≤ 〈w − w′, w − w′〉 = 2 − 2〈w,w′〉. This shows that the
minimal distance 〈w − w′, w − w′〉1/2 between two vertices is equal to

√
2

and occurs only when the vectors w and w′ are orthogonal. This implies that
the edges of ΣN correspond to pairs of orthogonal exceptional vectors. The
difference of such vectors is a root α = w − w′ such that 〈α,w〉 = 1. The re-
flections sα : x 7→ x− 〈x, α〉α sends w to w′. Thus the reflection hyperplane
Hα = {x ∈ VN : 〈x, α〉 = 0} intersects the edge at the midpoint. It permutes
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two adjacent vertices. The Weyl groupW (EN ) acts on ΣN with the set of ver-
tices forming one orbit. The edges coming out of a fixed vertex correspond to
exceptional vectors orthogonal to the vertex. For example, if we take the ver-
tex corresponding to the vector eN , then the edges correspond to exceptional
vectors for the root system EN−1. Thus the vertex figure at each vertex (i.e.
the convex hull of midpoints of edges coming from the vertex) is isomorphic
to ΣN−1. A convex polytope with isomorphic vertex figures is called a semi-
regular polytope (a regular polytope satisfies the additional property that all
facets are isomorphic).

The polytopes ΣN are Gosset polytopes discovered by T. Gosset in 1900
[256]. Following Gosset they are denoted by (N − 4)21. We refer to [134],
p. 202, for their following facts about their combinatorics. Each polytope ΣN
has two W (EN )-orbits on the set of facets. One of them is represented by the
convex hull of exceptional vectors e1, . . . , eN orthogonal to the vector e0. It
is a (N − 1)-simplex αN−1. The second one is represented by the convex hull
of exceptional vectors orthogonal to e0 − e1. It is a cross-polytope βN−1 (a
cross-polytope βi is the bi-pyramide over βi−1 with β2 being a square). The
number of facets is equal to the index of the stabilizer group of e0 or e0−e1 in
the Weyl group. The rest of faces are obtained by induction on N . The number
of k-faces in ΣN is given in Table 8.3 (see [134], 11.8).

k/N 3 4 5 6 7 8
0 6 10 16 27 56 240
1 3α+ 6α 30 80 216 756 6720
2 2α+ 3β 10α+ 20α 160 720 4032 60480
3 5α+ 5β 40α+ 80α 1080 10080 241920
4 16α+ 10β 432α+ 12096 483840

216α
5 72α5+ 2016α+ 483840

27β 4032α
6 576α+ 69120α+

126β 138240α
7 17280α+

+2160β

Table 8.3 Gosset polytopes

The Weyl group W (EN ) acts transitively on the set of k-faces when k ≤
N − 2. Othwerwise there are two orbits, their cardinality can be found in the
table. The dual (reciprocal) polytopes are not semi-regular anymore since the
group of symmetries has two orbits on the set of vertices. One is represented
by the vector e0 and another by e0 − e1.



412 Del Pezzo surfaces

8.2.6 (−1)-curves on del Pezzo surfaces

Let φ : I1,N → Pic(S) be a geometric marking of a weak del Pezzo surface S.
The intersection form on Pic(S) equips it with a structure of a lattice. Since φ
sends an orthonormal basis of I1,N to an orthonormal basis of Pic(S), the iso-
morphism φ is an isomorphism of lattices. The imageK⊥S of EN is isomorphic
to the lattice EN .

The image of an exceptional vector is the divisor class E such that E2 =

E ·KS = −1. By Riemann-Roch, E is an effective divisor class. Write it as a
sum of irreducible components E = R1 + · · ·+Rk. Intersecting with KS , we
obtain that there exists a unique component, say R1 such that R1 ·KS = −1.
For all other components we have Ri ·KS = 0. It follows from the adjunction
formula that any such component is a (−2)-curve. So, if S is a nonsingular
del Pezzo surface, the image of any exceptional divisor is a (−1)-curve on
S, and we have a bijection between the set of exceptional vectors in EN and
(−1)-curves on S. If S is a weak del Pezzo surface, we use the following.

Lemma 8.2.22 Let D be a divisor class with D2 = D · KS = −1. Then
D = E +R, where R is a non-negative sum of (−2)-curves, and E is either a
(−1)-curve orK2

S = 1 andE ∈ |−KS | andE ·R = 0, R2 = −2. MoreoverD
is a (−1)-curve if and only if for each (−2)-curveRi on S we haveD ·Ri ≥ 0.

Proof Fix a geometric basis e0, e1, . . . , eN in Pic(S). We know that e2
0 =

1, e0 ·KS = −3. Thus ((D · e0)KS + 3D) · e0 = 0 and hence(
(D · e0)KS + 3D

)2
= −6D · e0 − 9 + (D · e0)2K2

S < 0.

Thus −6D · e0 − 9 < 0 and hence D · e0 > −9/6 > −2. This shows that
(KS − D) · e0 = −3 − D · e0 < 0, and since e0 is nef, we obtain that
|KS − D| = ∅. Applying Riemann-Roch, we get dim |D| ≥ 0. Write an
effective representative of D as a sum of irreducible components and use that
D · (−KS) = 1. Since −KS is nef, there is only one component E entering
with coefficient 1 and satisfying E ·KS = −1, all other components are (−2)-
curves. IfD ∼ E, thenD2 = E2 = −1 andE is a (−1)-curve. Let π : S′ → S

be a birational morphism of a weak del Pezzo surface of degree 1 (obtained by
blowing up 8− k points on S in general position not lying on E). We identify
E with its preimage in S′. Then (E + KS′) ·KS′ = −1 + 1 = 0, hence, by
Hodge Index Theorem, either S′ = S and E ∈ | −KS |, or

(E +KS′)
2 = E2 + 2E ·KS′ +K2

S′ = E2 − 1 < 0.

Since E · KS = −1, E2 is odd. Thus, the only possibility is E2 = −1. If
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E ∈ | − KS |, we have E · Ri = 0 for any (−2)-curve Ri, hence E · R =

0, R2 = −2.
Assume R 6= 0. Since −1 = E2 + 2E ·R+R2 and E2 ≤ 1, R2 ≤ −2, we

get E ·R ≥ 0, where the equality take place only if E2 = 1. In both cases we
get

−1 = (E +R)2 = (E +R) ·R+ (E +R) · E ≥ (E +R) ·R.

Thus if D 6= E, we get D ·Ri < 0 for some irreducible component of R. This
proves the assertion.

The number of (−1)-curves on a nonsingular del Pezzo surface is given in
Table 8.1. It is also can be found in Table 8.3. It is the number of vertices of
the Gosset polytope. Other faces give additional information about the combi-
natorics of the set of (−1)-curves. For example, the number of k-faces of type
α is equal to the number of sets of k non-intersecting (−1)-curves.

We can also see the geometric realization of the fundamental weights:

w1 = e0, w2 = e0−e1, w3 = 2e0−e1−e2, wi = e1+· · ·+eN , i = 4, . . . , N.

The image of w1 under a geometric marking represents the divisor class e0.
The image of w2 represents e0−e1. The image of w3 is 2e0−e1−e2. Finally,
the images of the remaining fundamental weights represent the classes of the
sums of disjoint (−1)-curves.

Recall the usual attributes of the minimal model program. Let Eff(S) be
the effective cone of a smooth projective surface S, i.e. the open subcone in
Pic(S)⊗R spanned by effective divisor classes. Let Eff(S) be its closure. The
Cone Theorem [342] states that

Eff(S) = Eff(S)KS≥0 +
∑
i

R[Ci],

where Eff(S)KS≥0 = {x ∈ Eff(S) : x ·KS ≥ 0} and [Ci] are extremal rays
spanned by classes of smooth rational curves Ci such that −Ci ·KX ≤ 3.

Recall that a subcone τ of a cone K is extremal if there exists a linear func-
tion φ such that φ(K) ≥ 0 and φ−1(0) ∩ K = τ . In the case when K is a
polyhedral cone, an extremal subcone is a face of K.

Theorem 8.2.23 Let S be a nonsingular del Pezzo surface of degree d. Then

Eff(S) =

k∑
i=1

R[Ci],

where the set of curves Ci is equal to the set of (−1)-curves if d 6= 8, 9. If
d = 8 and S is isomorphic to P1 × P1, then k = 2, and the [Ci]’s are the



414 Del Pezzo surfaces

classes of the two rulings on S. If d = 8 and S ∼= F1, then k = 2 and [C1] is
the class of the exceptional section, and [C2] is the class of a fibre. If d = 9,
then k = 1 and [C1] is the class of a line.

Proof Since S is a del Pezzo surface, Eff(S)KS≥0 = {0}, so it suffices to find
the extremal rays. It is clear that E · KS = −1 implies that any (−1)-curve
generates an extremal ray. Choose a geometric marking on S to identify Pic(S)

with I1,N . Let C be a smooth rational curve such that c = −C ·KS ≤ 3. By
the adjunction formula, C2 = −2 + c. If c = 1, C is a (−1)-curve. If c = 2,
applying Lemma 7.5.10, we follow the proof of Proposition 8.2.19 to obtain
that all vectors with v ∈ I1,N satisfying v ·kN = −2 and (v, v) = 0 belong to
the same orbit of W (EN ). Thus, if d < 8, we may assume that v = e0 − e1,
but then v = (e0 − e1 − e2) + e2 is equal to the sum of two exceptional
vectors, hence [C] is not extremal. If c = 3, then C2 = 1, C · KS = −3.
Again, we can apply Noether’s inequality and the proof of Lemma 7.5.14 to
obtain that all such vectors belong to the same orbit. Take v = e0 and write
e0 = (e0 − e1 + e2) + e1 + e2 to obtain that [C] is not extremal if d < 8. We
leave the cases d = 8, 9 to the reader.

Corollary 8.2.24 Assume d < 8. Let φ : I1,N → Pic(S) be a geometric
marking of a nonsingular del Pezzo surface. Then φ−1(Eff(S)) is equal to the
Gosset polytope.

Recall from [342] that any extremal face F of Eff(S) defines a contraction
morphism φF : S → Z. The two types of extremal faces of a Gosset polytope
define two types of contraction morphisms: αk-type and βk-type. The contrac-
tion of the αk-type blows down the set of disjoint (−1)-curves that are the
vertices of the set. The contraction of the βk-type defines a conic bundle struc-
ture on S. It is a morphism onto P1 with general fiber isomorphic to P1 and
singular fibres equal to the union of two (−1)-curves intersecting transversally
at one point. Thus the number of facets of type β of the Gosset polytope is
equal to the number of conic bundle structures on S.

Another attribute of the minimal model program is the nef cone Nef(S) in
Pic(S)⊗R spanned by divisor classes D such that D ·C ≥ 0 for any effective
divisor class C. The nef cone is the dual of Eff(S). Under a geometric marking
it becomes isomorphic to the dual of the Gosset polytope. It has two types of
vertices represented by the normal vectors to facets. One type is represented
by the Weyl group orbit of the vector e0 and another by the vector e0 − e1.
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8.2.7 Effective roots

Let φ : I1,N → Pic(S) be a geometric marking of a weak del Pezzo surface
of degree d = 9 − N . The image of a root α ∈ EN is a divisor class D such
that D2 = −2 and D · KS = 0. We say that α is an effective root if φ(α)

is an effective divisor class. An effective root representing a (−2)-curve will
be called a nodal root. Let

∑
i∈I niRi be its effective representative. Since

−KS is nef, we obtain that Ri ·KS = 0. Since K2
S > 0, we also get R2

i < 0.
Together with the adjunction formula this implies that eachRi is a (−2)-curve.
Since a (−2)-curve does not move, we will identify it with its divisor class.

Proposition 8.2.25 Let S be a weak del Pezzo surface of degree d = 9−N .
The number r of (−2)-curves on S is less than or equal to N . The sublattice
NS of Pic(S) generated by (−2)-curves is a root lattice of rank r.

Proof Since each nodal curve is contained in K⊥S and Ri ·Rj ≥ 0 for i 6= j,
it suffices to prove that the set of (−2)-curves is linearly independent over
Q. Suppose that this is not true. Then we can find two disjoint sets of curves
Ri, i ∈ I, and Rj , j ∈ J, such that∑

i∈I
niRi ∼

∑
j∈J

mjRj ,

where ni,mj are some non-negative rational numbers. Taking the intersection
of both sides with Ri we obtain that

Ri ·
∑
i∈I

niRi = Ri ·
∑
j∈J

mjRj ≥ 0.

This implies that

(
∑
i∈I

niRi)
2 =

∑
i∈I

niRi ·
(∑
i∈I

niRi
)
≥ 0.

Since (ZKS)⊥ is negative definite, this could happen only if
∑
i∈I niRi ∼ 0.

Since all coefficients are non-negative, this happens only if all ni = 0. For the
same reason each mi is equal to 0.

Let η = x1 + · · · + xN be the bubble cycle defined by the blowing down
structure S = SN → SN−1 → . . . S1 → S0 = P2 defining the geometric
marking. It is clear that φ(αij) = ei− ej is effective if and only if xi �i−j xj .
It is a nodal root if and only if i = j + 1.

A root αijk is effective if and only if there exists a line whose proper trans-
form on the surfaces Si−1, Sj−1, Sk−1 pass through the xi, xj , xk. It is a nodal
root if and only if all roots αi′,j′,k′ with xi′ � xi, xj′ � xj , xk′ � xk are not
effective.
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The root 2e0−ei1−· · ·−ei6 is nodal if and only if its image in Pic(S) is the
divisor class of the proper transform of an irreducible conic passing through
the points xi1 , . . . , xi6 .

The root 3e0− e1− · · · − e8− ei is nodal if and only if its image in Pic(S)

is the divisor class of the proper transform of an irreducible cubic with double
points at xi and passing through the rest of the points.

Definition 8.2.26 A Dynkin curve is a reduced connected curve R on a pro-
jective nonsingular surfaceX such that its irreducible componentsRi are−2-
curves and the matrix (Ri ·Rj) is a Cartan matrix. The type of a Dynkin curve
is the type of the corresponding root system.

Under a geometric marking a Dynkin curve on a weak del Pezzo surface S
corresponds to an irreducible root base in the lattice EN . We use the Borel-de
Siebenthal-Dynkin procedure to determine all possible root bases in EN .

Theorem 8.2.27 LetR be a Dynkin curve on a projective nonsingular surface
X . There is a birational morphism f : X → Y , where Y is a normal surface
satisfying the following properties:

(i) f(R) is a point;
(ii) the restriction of f to X \R is an isomorphism;
(iii) f∗ωY ∼= ωX .

Proof Let H be a very ample divisor on X . Since the intersection matrix of
components of R =

∑n
i=1Ri has nonzero determinant, we can find rational

numbers ri such that

(

n∑
i=1

riRi) ·Rj = −H ·Rj , j = 1, . . . , n.

It is known and that the entries of the inverse of a Cartan matrix are non-
positive. Thus all ri’s are non-negative numbers. Replacing H by some mul-
tiple mH , we may assume that all ri are non-negative integers. Let D =∑
riRi. Since H +D is an effective divisor and (H +D) ·Ri = 0 for each i,

we have OX(H +D)⊗ORi = ORi . Consider the standard exact sequence

0→ OX(H)→ OX(H +D)→ OD → 0.

Replacing H by mH , we may assume, by Serre’s Duality, that h1(OX(H)) =

0 and OX(H) is generated by global sections. Let s0, . . . , sN−1 be sections
of OX(H) which define an embedding of X in PN−1. Consider them as sec-
tions of OX(H + D). Let sN be a section of OX(H + D) which maps to
1 ∈ H0(X,OD). Consider the map f ′ : X → PN defined by the sections
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(s0, . . . , sN ). Then f ′(D) = [0, . . . , 0, 1] and f ′|X ⊂ D is an embedding. So
we obtain a map f : X → PN satisfying properties (i) and (ii). Since X is
normal, f ′ factors through a map f : X → Y , where Y is normal. Let ωY
be the canonical sheaf of Y (it is defined to be equal to the sheaf j∗ωY \f ′(R),
where j : Y \ f ′(R)→ Y is the natural open embedding). We have

ωX = f∗ωY ⊗OX(A)

for some divisor A. Since KX · Ri = 0 for each i, and f∗ωY ⊗ ORi = ORi
we get A · Ri = 0. Since the intersection matrix of R is negative definite we
obtain A = 0.

Applying the projection formula and property (iii), we obtain

ωY ∼= f∗ωX .

Since f is a resolution of singularities and Y is a normal surface, and hence
Cohen-Macaulay, this property is equivalent to that Y has rational singularities
[342], Lemma 5.12. For any canonical root basis β1, . . . , βN in a root system
of type EN , N ≤ 8, there exists a positive root βmax satisfying the property
βmax · βi ≤ 0, i = 1, . . . , N . For an irreducible root system, it is equal to the
following vector

An : βmax = β1 + · · ·+ βn;

Dn : βmax = β1 + β2 + 2β3 + · · ·+ 2βn−1 + βn;

E6 : βmax = 2β1 + β2 + 2β3 + 3β4 + 2β5 + β6;

E7 : βmax = 2β1 + 2β2 + 3β3 + 4β4 + 3β5 + 2β6 + β7;

E8 : βmax = 3β1 + 2β2 + 4β3 + 6β4 + 5β5 + 4β6 + 3β7 + 2β8.

In the root sublattice defined by a Dynkin curve it represents the fundamental
cycle Z. Since β2

max = −2, we see that there the singular point f(R) admits a
fundamental cycle Z with Z2 = −2. Thus f(R) is a RDP. As we already ob-
served in Example 8.2.9 the exceptional components of a RDP form a Dynkin
curve.

An example of a RDP is the singularity of the orbit of the origin of the orbit
space V = C2/Γ, where Γ is a finite subgroup of SL(2). The orbit space is
isomorphic to the affine spectrum of the algebra of invariant polynomials A =

C[X,Y ]Γ. It has been known since F. Klein that the algebra A is generated
by three elements u, v, w with one single basic relation F (u, v, w) = 0. The
origin (0, 0, 0) of the surface V (F ) ⊂ C3 is a RDP with the Dynkin diagram
of type An, Dn, En dependent on Γ in the following way. A nontrivial cyclic
group of order n+ 1 corresponds to type An, a binary dihedral group of order
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4n, n ≥ 2, corresponds to type Dn+2, a binary tetrahedral group of order 24
corresponds to type E6, a binary octahedron group of order 48 corresponds to
type E7, and binary icosahedral group of order 120 corresponds to type E8. It
is known that the local analytic isomorphism class of a RDP is determined by
the Dynkin diagram (see [438]). This gives the following.

Theorem 8.2.28 A RDP is locally analytically isomorphic to one of the fol-
lowing singularities

An : z2 + x2 + yn+1 = 0, n ≥ 1, (8.11)

Dn : z2 + y(x2 + yn−2) = 0, n ≥ 4,

E6 : z2 + x3 + y4 = 0,

E7 : z2 + x3 + xy3 = 0,

E8 : z2 + x3 + y5 = 0.

The corresponding Dynkin curve is of respective type An, Dn, En.

Comparing this list with the list of simple singularities of plane curves from
definition 4.2.16, we find that a surface singularity is a RDP if and only if it is
locally analytically isomorphic to a singularity at the origin of the double cover
of C2 branched along a curve F (x, y) with simple singularity at the origin. The
types match.

Remark 8.2.29 A RDP is often named an ADE-singularity for the reason clear
from above. Also it is often called a Du Val singularity in honor of P. Du Val
who was the first to characterize them by property (iii) from Theorem 8.2.2.
They are also called Klein singularities for the reason explained in above.

8.2.8 Cremona isometries

Definition 8.2.30 Let S be a weak del Pezzo surface. An orthogonal transfor-
mation σ of Pic(S) is called a Cremona isometry if σ(KS) = KS and σ sends
any effective class to an effective class. The group of Cremona isometries will
be denoted by Cris(S).

It follows from Corollary 8.2.15 that Cris(S) is a subgroup of W (S).

Lemma 8.2.31 Let

Cn = {D ∈ Pic(S) : D ·R ≥ 0 for any (−2)-curve R}.

For any D ∈ Pic(S) there exists w ∈ W (S)n such that w(D) ∈ Cn. If
D ∈ Cn and w(D) ∈ Cn for some w ∈ W (S)n, then w(D) = D. In other
words, Cn is a fundamental domain for the action of W (S)n in Pic(S).
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Proof The set of (−2)-curves form a root basis in the Picard lattice Pic(S)

and W (S)n is its Weyl group. The set Cn is a chamber defined by the root ba-
sis. Now the assertion follows from the theory of finite reflection groups which
we have already employed for a similar assertion in the case of a canonical
root basis in EN .

Proposition 8.2.32 An isometry σ of Pic(S) is a Cremona isometry if and
only if it preserves the canonical class and sends a (−2)-curve to a (−2)-
curve.

Proof Clearly, any Cremona isometry sends the class of an irreducible curve
to the class of an irreducible curve. Since it also preserves the intersection
form, it sends a (−2)-curve to a (−2)-curve.

Let us prove the converse. Let D be an effective class in Pic(S) with D2 ≥
0. Then −KS · D > 0 and (KS − D) · D < 0. This gives −KS · σ(D) >

0, σ(D)2 ≥ 0. Since (KS − σ(D)) · (−KS) = −K2
S + σ(D) ·KS < 0, we

have |KS − σ(D)| = ∅. By Riemann-Roch, |σ(D)| 6= ∅.
So it remains to show that σ sends any (−1)-curve E to an effective divisor

class. By the previous Lemma, for any (−2)-curve R, we have 0 < E · R =

σ(E) · σ(R). Since σ(R) is a (−2)-curve, and any (−2) curve is obtained in
this way, we see that σ(E) ∈ Cn. Hence σ(E) is a (−1)-curve.

Corollary 8.2.33 Let R be the set of effective roots of a marked del Pezzo
surface (S, φ). Then the group of Cremona isometries Cris(S) is isomorphic
to the subgroup of the Weyl group of EN that leaves the subsetR invariant.

Let W (S)n be the subgroup of W (S) generated by reflections with respect
to (−2)-curves. It acts on a marking ϕ : I1,N → Pic(S) by composing on the
left.

By Lemma 8.2.22, a divisorD withD2 = D·KS = −1 belongs toCn if and
only if it is a (−1)-curve. This and the previous Lemma imply the following.

Proposition 8.2.34 Let φ : W (S) → W (EN ) be an isomorphism of groups
defined by a geometric marking on S. There is a natural bijection

(−1)-curves on S ←→W (S)n\φ−1(ExcN ),

where ExcN is the set of exceptional vectors in I1,N .

Theorem 8.2.35 For any marked weak del Pezzo surface (S, ϕ), there exists
w ∈ W (S)n such that (S,w ◦ ϕ) is geometrically marked weak del Pezzo
surface.
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Proof We use induction onN = 9−K2
S . Let ei = φ(ei), i = 0, . . . , N . It fol-

lows from the proof of Lemma 8.2.22, that each ei is an effective class. Assume
eN is the class of a (−1)-curve E. Let πN : S → SN−1 be the blowing down
of E. Then e0, e1, . . . , eN−1 are equal to the preimages of the divisor classes
e′0, e

′
1, . . . , e

′
N−1 on SN−1 which define a marking of SN−1. By induction,

there exists an elementw ∈W (SN−1)n such thatw(e′0), w(e′1), . . . , w(e′N−1)

defines a geometric marking. Since πN (eN ) does not lie on any (−2)-curve
(otherwise S is not a weak del Pezzo surface), we see that for any (−2)-curve
R on SN−1, π∗N (R) is a (−2)-curve on S. Thus, under the canonical isomor-
phism Pic(S) ∼= π∗N (Pic(SN−1)) ⊥ ZeN , we can identify W (SN−1)n with a
subgroup of W (S)n. Applying w to (e0, . . . , eN−1) we get a geometric mark-
ing of S.

If eN is not a (−1)-curve, then we apply an element w ∈ W (S)n such that
w(eN ) ∈ Cn. By Lemma 8.2.22, w(eN ) is a (−1)-curve. Now we have a basis
w(e0), . . . , w(eN ) satisfying the previous assumption.

Corollary 8.2.36 There is a bijection from the set of geometric markings on
S and the set of left cosets W (S)/W (S)n.

Proof The group W (S) acts simply transitively on the set of markings. By
Theorem 8.2.35, each orbit of W (S)n contains a unique geometric marking.

Corollary 8.2.37 The group Cris(S) acts on the set of geometric markings
of S.

Proof Let (e0, . . . , eN ) defines a geometric marking, and σ ∈ Cris(S). Then
there exists w ∈W (S)n such that ω(σ(e0)), . . . , ω(σ(eN )) defines a geomet-
ric marking. By Proposition 8.2.32, σ(eN ) is the divisor class of a (−1)-curve
E, hence it belongs to Cn. By Lemma 8.2.31, we get w(σ(eN )) = σ(e1). This
shows that w ∈Wn(S̄), where S → S̄ is the blow-down σ(E). Continuing in
this way, we see that w ∈ W (P2)n = {1}. Thus w = 1 and we obtain that σ
sends a geometric marking to a geometric marking.

Let ϕ : I1,N → Pic(S) and ϕ′ : I1,N → Pic(S) be two geometric markings
corresponding to two blowing-down structures π = π1 ◦ . . . ◦ πN and π′ =

π′1 ◦ . . . ◦ π′N . Then T = π′ ◦ π−1 is a Cremona transformation of P2 and
w = ϕ ◦ ϕ′−1 ∈ W (EN ) is its characteristic matrix. Conversely, if T is a
Cremona transformation with fundamental points x1, . . . , xN such that their
blow-up is a weak del Pezzo surface S, a characteristic matrix of T defines a
pair of geometric markings ϕ,ϕ′ of S and an element w ∈W (EN ) such that

ϕ = ϕ′ ◦ w.
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Example 8.2.38 Let S be a nonsingular del Pezzo surface of degree 3 and let
π : S → P2 be the blow-up of six points. Let e0, e1, . . . , e6 be the geometric
marking and α = 2e0−e1−· · ·−e6. The reflectionw = sα transforms the ge-
ometric marking e0, e1, . . . , e6 to the geometric marking e′0, e

′
1, . . . , e

′
6, where

e′0 = 5e0−2(e1 + · · ·+e6), e′i = 2e0− (e1 + · · ·+e6)+ei, i = 1, . . . , 6. The
corresponding Cremona transformation is the symmetric involutorial transfor-
mation of degree 5 with characteristic matrix equal to

5 2 2 2 2 2 2

−2 0 −1 −1 −1 −1 −1

−2 −1 0 −1 −1 −1 −1

−2 −1 −1 0 −1 −1 −1

−2 −1 −1 −1 0 −1 −1

−2 −1 −1 −1 −1 0 −1

−2 −1 −1 −1 −1 −1 0


. (8.12)

Let S be a weak del Pezzo surface of degree d and Aut(S) be its group of
biregular automorphisms. By functoriality Aut(S) acts on Pic(S) leaving the
canonical class KS invariant. Thus Aut(S) acts on the lattice K⊥X = (ZKS)⊥

preserving the intersection form. Let

ρ : Aut(S)→ O(K⊥X), σ 7→ σ∗,

be the corresponding homomorphism.

Proposition 8.2.39 The image of ρ is contained in the group Cris(S). If S is
a nonsingular del Pezzo surface, the kernel of ρ is trivial if d ≤ 5. If d ≥ 6,
then the kernel is a linear algebraic group of dimension 2d− 10.

Proof Clearly, any automorphism induces a Cremona isometry of Pic(S). We
know that it is contained in the Weyl group. An element in the kernel does not
change any geometric basis of Pic(S). Thus it descends to an automorphism
of P2 which fixes an ordered set of k = 9− d points in general linear position.
If k ≥ 4 it must be the identity transformation. Assume k ≤ 3. The assertion
is obvious when k = 0.

If k = 1, the surface S is the blow-up of one point. Each automorphism
leaves the unique exceptional curve invariant and acts trivially on the Picard
group. The group Aut(S) is the subgroup of Aut(P2) fixing a point. It is a
connected linear algebraic group of dimension 6 isomorphic to the semi-direct
product C2 o GL(2).

If k = 2, the surface S is the blow-up of two distinct points p1, p2. Each
automorphism leaves the proper inverse transform of the line p1p2 invariant.
It either leaves the exceptional curves E1 and E2 invariant, or switches them.
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The kernel of the Weyl representation consists of elements that do not switch
E1 and E2. It is isomorphic to the subgroup of Aut(P2) which fixes two points
in P2 and is isomorphic to the group G of invertible matrices of the form1 0 ∗

0 ∗ ∗
0 0 ∗

 .

Its dimension is equal to 4. The image of the Weyl representation is a group of
order 2. So Aut(S) = Go C2.

If k = 3, the surface S is the blow-up of three, non-collinear points. The
kernel of the Weyl representation is isomorphic to the group of invertible diag-
onal 3×3 matrices modulo scalar matrices. It is isomorphic to the 2-dimension
torus (C∗)2.

Corollary 8.2.40 Let S be a nonsingular del Pezzo surface of degree d ≤ 5,
then Aut(S) is isomorphic to a subgroup of the Weyl group W (E9−d).

We will see later examples of automorphisms of weak del Pezzo surfaces of
degree 1 or 2 which act trivially on Pic(S).

8.3 Anticanonical models

8.3.1 Anticanonical linear systems

In this Section we will show that any weak del Pezzo surface of degree d ≥ 3

is isomorphic to a minimal resolution of a del Pezzo surface of degree d in Pd.
In particular, any nonsingular del Pezzo surface of degree d ≥ 3 is isomorphic
to a nonsingular surface of degree d in Pd.

Lemma 8.3.1 Let S be a weak del Pezzo surface with K2
S = d. Then

dimH0(S,OS(−rKS)) = 1 + 1
2r(r + 1)d.

Proof By Ramanujam’s Vanishing Theorem, which we already used, for any
r ≥ 0 and i > 0,

Hi(S,OS(−rKS)) = Hi(S,OS(KS + (−r − 1)KS)) = 0. (8.13)

The Riemann-Roch Theorem gives

dimH0(S,OS(−rKS)) = 1
2 (−rKS −KS) · (−rKS) + 1 = 1 + 1

2r(r+ 1)d.
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Theorem 8.3.2 Let S be a weak del Pezzo surface of degree d and R be the
union of (−2)-curves on S. Then we have the following.

(i) | −KS | has no fixed part.
(ii) If d > 1, then | −KS | has no base points.
(iii) If d > 2, | −KS | defines a regular map φ to Pd which is an isomor-

phism outside R. The image surface S̄ is a del Pezzo surface of degree d
in Pd. The image of each connected component ofR is a RDP of φ(S).

(iv) If d = 2, | −KS | defines a regular map φ : S → P2. It factors as a
birational morphism f : S → S̄ onto a normal surface and a finite map
π : S̄ → P2 of degree 2 branched along a curveB of degree 4. The image
of each connected component of N is a RDP of S̄. The curve B is either
nonsingular or has only simple singularities.

(v) If d = 1, | − 2KS | defines a regular map φ : S → P3. It factors as a
birational morphism f : S → S̄ onto a normal surface and a finite map
π : S̄ → Q ⊂ P3 of degree 2, whereQ is a quadric cone. The morphism π

is branched along a curve B of degree 6 cut out on Q by a cubic surface.
The image of each connected component of N under f is a RDP of S̄.
The curve B either nonsingular or has only simple singularities.

Proof The assertions are easily verified if S = F0 or F2. So we assume that
S is obtained from P2 by blowing up k = 9− d points ti.

(i) Assume there is a fixed part F of | − KS |. Write | − KS | = F + |M |,
where |M | is the mobile part. If F 2 > 0, by Riemann-Roch,

dim |F | ≥ 1
2 (F 2 − F ·KS) ≥ 1

2 (F 2) > 0,

and hence F moves. Thus F 2 ≤ 0. If F 2 = 0, we must also have F ·KS = 0.
Thus F =

∑
niRi, where Ri are (−2)-curves. Hence [f ] ∈ (ZKS)⊥ and

hence F 2 ≤ −2 (the intersection form on (ZKS)⊥ is negative definite and
even). Thus F 2 ≤ −2. Now

M2 = (−KS − F )2 = K2
S + 2KS · F + F 2 ≤ K2

S + F 2 ≤ d− 2,

−KS ·M = K2
S +KS · F ≤ d.

Suppose |M | is irreducible. Since dim |M | = dim | − KS | = d, the linear
system |M | defines a rational map to Pd whose image is a nondegenerate irre-
ducible surface of degree ≤ d − 3 (strictly less if |M | has base points). This
contradicts Theorem 8.1.1.

Now assume that |M | is reducible, i.e. defines a rational map to a nonde-
generate curve W ⊂ Pd of some degree t. By Theorem 8.1.1, we have t ≥ d.
Since S is rational, W is a rational curve, and then the preimage of a general
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hyperplane section is equal to the disjoint sum of t linearly equivalent curves.
Thus M ∼ tM1 and

d ≥ −KS ·M = −tKS ·M1 ≥ d(−KS ·M1).

Since−KS ·M = 0 impliesM2 < 0 and a curve with negative self-intersection
does not move, this gives−KS ·M1 = 1, d = t. But thenM2 = d2M2

1 ≤ d−2

gives a contradiction.

(ii) Assume d > 1. We have proved that | − KS | is irreducible. A general
member of |−KS | is an irreducible curve C with ωC = OC(C+KS) = OC .
If C is smooth, then it is an elliptic curve and the linear system |OC(C)| is of
degree d > 1 and has no base points. The same is true for a singular irreducible
curve of arithmetic genus 1. This is proved in the same way as in the case of a
smooth curve. Consider the exact sequence

0→ OS → OS(C)→ OC(C)→ 0.

Applying the exact sequence of cohomology, we see that the restriction of the
linear system |C| = |−KS | toC is surjective. Thus we have an exact sequence
of groups

0→ H0(S,OS)→ H0(S,OS(C))→ H0(S,OC(C))→ 0.

Since |OC(C)| has no base points, we have a surjection

H0(S,OC(C))⊗OC → OC(C).

This easily implies that the homomorphism

H0(S,OS(C))⊗OC → OS(C)

is surjective. Hence |C| = | −KS | has no base points.

(iii) Assume d > 2. Let x, y ∈ S be two points outsideR. Let f : S′ → S be
the blowing up of x and y with exceptional curves Ex and Ey . By Proposition
8.1.23, blowing them up, we obtain a weak del Pezzo surface S′ of degree
d− 2. We know that the linear system | −KS′ | has no fixed components. Thus

dim | −KS − x− y| = dim | −KS′ − Ex − Ey| ≥ 1.

This shows that |−KS | separates points. Also, the same is true if y �1 x and x
does not belong to any (−1)-curveE on S or x ∈ E and y does not correspond
to the tangent direction defined byE. Since−KS ·E = 1 and x ∈ E, the latter
case does not happen.

Since φ : S 99K S̄ is a birational map given by a complete linear system
| − KS |, its image is a nondegenerate surface of degree d = (−KS)2. Since
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−KS · R = 0 for any (−2)-curve, we see that φ blows down R to a point
p. If d = 3, then S̄ is a cubic surface with isolated singularities (the images
of connected components of N ). It is well known that a hypersurface with no
singularities in codimension 1 is a normal variety. Thus S̄ is a normal surface.
If d = 4, then S is obtained by a blow-up one point on a weak del Pezzo surface
S′ of degree 3. This point does not lie on a (−2)-curve. Thus, S̄′ is obtained
from S̄ by a linear projection from a nonsingular point. We have explained
already in Proposition 8.1.8 that this implies that S̄ is a normal surface.

The fact that singular points of S̄ are RDP is proven in the same way as we
have proved assertion (iii) of Theorem 8.2.27.

(iv) Assume d = 2. By (ii), the linear system | −KS | defines a regular map
φ : S → P2. Since K2

S = 2, the map is of degree 2. Using Stein’s factorization
[281], Chapter 3, Corollary 11.5, it factors through a birational morphism onto
a normal surface f : S → S̄ and a finite degree 2 map π : S̄ → P2. Also we
know that f∗OS = OS̄ . A standard Hurwitz’s formula gives

ωS̄
∼= π∗(ωP2 ⊗ L), (8.14)

where s ∈ H0(P2,L⊗2) vanishes along the branch curve W of π. We have

OS(KS) = ωS = (π ◦ f)∗OP2(−1) = f∗(π∗OP2(−1)).

It follows from the proof of Theorem 8.2.27 (iii) that singular points of S̄ are
RDP. Thus f∗ωS̄ = ωS , and hence

f∗ωS̄
∼= f∗(π∗OP2(−1)).

Applying f∗ and using the projection formula and the fact that f∗OX = OY ,
we get ωS̄ ∼= π∗OP2(−1). It follows from (8.14) that L ∼= OP2(2) and hence
degW = 4.

Proof of (v). Let π : S → P2 be the blow-up of 8 points x1, . . . , x8. Then
| − KS | is the proper inverse transform of the pencil |3h − x1 − · · · − x8|
of plane cubics passing through the points x1, . . . , x8. Let x9 be the ninth
intersection point of two cubics generating the pencil. The point x′9 = π−1(x9)

is the base point of | − KS |. By Bertini’s Theorem, all fibres except finitely
many, are nonsingular curves (the assumption that the characteristic is zero is
important here). Let F be a nonsingular member from | −KS |. Consider the
exact sequence

0→ OS(−KS)→ OS(−2KS)→ OF (−2KS)→ 0. (8.15)

The linear system |OF (−2KS)| on F is of degree 2. It has no base points. We
know from (8.13) that H1(S,OS(−KS)) = 0. Thus the restriction map

H0(S,OS(−2KS))→ H0(F,OF (−2KS))
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is surjective. By the same argument as we used in the proof of (ii), we obtain
that | − 2KS | has no base points. By Lemma 8.3.1, dim | − 2KS | = 3. Let
φ : S → P3 be a regular map defined by | − 2KS |. Its restriction to any
nonsingular member F of | − KS | is given by the linear system of degree 2
and hence is of degree 2. Therefore, the map f is of degree t > 1. The image of
φ is a surface of some degree k. Since (−2KS)2 = 4 = kt, we conclude that
k = t = 2. Thus the image of φ is a quadric surface Q in P3 and the images
of members F of | −KS | are lines lF on Q. I claim that Q is a quadric cone.
Indeed, all lines lF intersect at the point φ(t′9). This is possible only if Q is a
cone.

Let S π→ S′
φ′→ Q be the Stein factorization. Note that a (−2)-curve R does

not pass through the base point x′9 of | −KS | (because −KS · R = 0). Thus
π(x′9) is a nonsingular point q′ of S′. Its image in Q is the vertex q of Q. Since
φ′ is a finite map, the local ring OS′,q′ is a finite algebra over OQ,q of degree
2. After completion, we may assume thatOS′,q′ ∼= C[[u, v]]. If u ∈ OQ,q , then
v satisfies a monic equation v2 + av+ b with coefficients inOQ,q , where after
changing v to v + 1

2a we may assume that a = 0. Then OQ,q is equal to the
ring of invariants in C[[u, v]] under the automorphism u 7→ u, v 7→ −v which
as easy to see isomorphic to C[[u, v2]]. However, we know that q is a singular
point so the ringOQ,q is not regular. Thus we may assume that u2 = a, v2 = b

and then OQ,q is the ring of invariants for the action (u, v) 7→ (−u,−v). This
action is free outside the maximal ideal (u, v). This shows that the finite map φ′

is unramified in a neighborhood of q′ with q′ deleted. In particular, the branch
curve Q of φ′ does not pass through q. We leave it to the reader to repeat the
argument from the proof of (iv) to show that the branch curve W of φ belongs
to the linear system |OQ(3)|.

Let X be a weal del Pezzo surface of degree d ≤ 3. The image of a (−1)-
curve on X under the antticanonical map is a line on the anti canonical model
S of X in Pd. Conversely, any line ` on a del Pezzo surface S of degree d
in Pd is the image of a (−1)-curve E on its minimal resolution X . It passes
through a singular point if and only if E intersects a component of a Dynkin
curve blown down to this singular point. By Proposition 8.2.34, the set of lines
on S is in a bijective correspondence to the set of orbits of exceptional vectors
in the lattice K⊥X ∼= E9−d with respect to the Weyl group of the root sublattice
of generated by (−2)-curves. This justifies calling a (−1)-curve on a weak del
Pezzo surface a line.
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8.3.2 Anticanonical model

Let X be a normal projective algebraic variety and let D be a Cartier divisor
on X . It defines the graded algebra

R(X,D) =

∞⊕
r=0

H0(S,OS(rD)),

which depends only (up to isomorphism) on the divisor class of D in Pic(X).
Assume R(X,D) is finitely generated, then XD = Proj R(X,D) is a projec-
tive variety. If s0, . . . , sn are homogeneous generators of R(X,D) of degrees
q0, . . . , qn there is a canonical closed embedding into the weighted projective
space

XD ↪→ P(q0, . . . , qn).

Also, the evaluation homomorphism of sheaves of graded algebras

R(X,D)⊗OX → S(L) =

∞⊕
r=0

OS(rD)

defines a morphism

ϕcan : X = Proj(S(L))→ XD.

For every r > 0, the inclusion of subalgebras

S(H0(X,OX(rD)))→ R(X,D)

defines a rational map

τr : XD 99K P(H0(X,OX(rD))).

The rational map φ|rD| : X 99K P(H0(X,OX(rD))) is given by the complete
linear system |rD| factors through ϕ

φ|rd| : X
ϕ
99K XD

τr
99K P(H0(X,OX(rD))).

A proof of the following Proposition can be found in [156], 7.1.

Proposition 8.3.3 Suppose |rD| has no base points for some r > 0 and
DdimX > 0. Then

(i) R(X,D) is a finitely generated algebra;
(ii) XD is a normal variety;
(iii) dimXD = maxr>0 dimφ|rD|(X);
(iv) if dimXD = dimX , then ϕ is a birational morphism.
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We apply this to the case when X = S is a weak del Pezzo surface and
D = −KS . Applying the previous Proposition, we easily obtain that

X−KS
∼= S̄,

where we use the notation of Theorem 8.3.2. The variety S̄ is called the anti-
canonical model of S. If S is of degree d > 2, the map τ1 : S̄ → Pd is a closed
embedding, hence R(S,−KS) is generated by d + 1 elements of order 1. If
d = 2, the map τ1 is the double cover of P2. This shows that R(S,−KS) is
generated by three elements s0, s1, s2 of degree 1 and one element s3 of degree
2 with a relation s2

3 + f4(s0, s1, s2) = 0 for some homogeneous polynomial
f4 of degree 2. This shows that S̄ is isomorphic to a hypersurface of degree 4
in P(1, 1, 1, 2) given by an equation

t23 + f4(t0, t1, t2) = 0. (8.16)

In the case d = 1, by Lemma 8.3.1 we obtain that

dimR(S,−KS)1 = 2, dimR(S,−KS)2 = 4, dimR(S,−KS)3 = 7.

Let s0, s1 be generators of degree 1, let s2 be an element of degree 2 that is
not in S2(R(S,−KS)1) and let s3 be an element of degree 3 that is not in the
subspace generated by s3

0, s0s
2
1, s

2
0s1, s

3
1, s2s0, s2s1. The subring R(S,−KS)′

generated by s0, s1, s2, s3 is isomorphic to C[t0, t1, t2, t3]/(F (t0, t1, t2, t3)),
where

F = t23 + t32 + f4(t0, t1)t2 + f6(t0, t1),

and f4(t0, t1) and f6(t0, t1) are binary forms of degrees 4 and 6. The projec-
tion [t0, t1, t2, t3] 7→ [t0, t1, t2] is a double cover of the quadratic coneQ ⊂ P3

which is isomorphic to the weighted projective plane P(1, 1, 2). Using The-
orem 8.3.2, one can show that the rational map S̄ 99K Proj R(S,−KS)′ is
an isomorphism. This shows that the anticanonical model S̄ of a weak del
Pezzo surface of degree 1 is isomorphic to a hypersurface V (F ) of degree 6 in
P(1, 1, 2, 3).

Recall that a nondegenerate subvariety X of a projective space Pn is called
projectively normal if X is normal and the natural restriction map

H0(Pn,OPn(m))→ H0(X,OX(m))

is surjective for all m ≥ 0. This can be restated in terms of vanishing of coho-
mology

H1(Pn, IX(m)) = 0, m > 0 (resp. m = 1),

where IX is the ideal sheaf of X . If X is a normal surface, this is equivalent to
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that the ideal sheaf IX is an aCM sheaf. As we saw earlier, in our discussion of
aCM sheaves, this is also equivalent to the ring⊕∞m=0H

0(X,OX(m)) being a
Cohen-Macaulay ring, and in dimension 2, this the same as a normal ring.

Theorem 8.3.4 Let S be a weak del Pezzo surface, then the anticanonical
ring R(S,−KS) is a normal domain. In particular, a del Pezzo surface of
degree d in Pd is projectively normal.

Proof For d ≤ 2, this follows from the explicit description of the ring. It is
quotient of a ring of polynomials by a principal ideal, and it has singularities
in codimension ≥ 2. By Serre’s criterion, it is a normal domain (see [207],
11.2). For d ≥ 3, we have to show that a del Pezzo surface of degree d in Pd is
projectively normal.

Let H be a general hyperplane. Tensoring the exact sequence

0→ OPn(m− 1)→ OPn(m)→ OH(m)→ 0

with IX we get an exact sequence

0→ IX(m− 1)→ IX(m)→ IH∩X(m)→ 0. (8.17)

We know that a general hyperplane section C = S ∩H is an elliptic curve of
degree d in H which is a projectively normal curve in H . Thus

H1(C, IC(m)) = 0, m > 0.

We know that S is linearly normal surface in Pd. This implies that

H1(Pd, IX(1)) = 0.

The exact sequence gives thatH1(Pd, IX(2)) = 0. Continuing in this way, we
get that H1(Pd, IX(m)) = 0,m > 0.

8.4 Del Pezzo surfaces of degree ≥ 6

8.4.1 Del Pezzo surfaces of degree 7, 8, 9

A weak del Pezzo surface of degree 9 is isomorphic to P2. Its anticanonical
model is a Veronese surface V2

3. It does not contain lines.
A weak del Pezzo surface is isomorphic to either F0, or F1, or F2. In the

first two cases it is a del Pezzo surface isomorphic to its anticanonical model in
P8. If S ∼= F0, the anticanonical model is a Veronese-Segre surface embedded
by the complete linear system of divisors of type (2, 2). It does not contain
lines. If S ∼= F1, the anticanonical model is isomorphic to the projection of
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the Veronese surface V2
2 from one point on the surface. It contains one line.

If S ∼= F2, the anticanonical model is isomorphic to the quadratic cone Q
embedded in P8 by the complete linear system |OQ(2)|. It does not contain
lines.

A weak del Pezzo surface of degree 7 is isomorphic to the blow-up of two
points x1, x2 in P2. If the points are proper, the anticanonical model of S is a
nonsingular surface which contains three lines representing the divisor classes
e1, e2, e0 − e1 − e2. If only one point is proper, then it has one singular point
of type A1 and contains two intersecting lines representing the classes e1 and
e0 − e1 − e2. In both cases the surface is isomorphic to a projection of the
Veronese surface V2

3 from a secant line of the surface. In the second case, the
secant line is tangent to the Veronese surface.

The automorphism groups of a nonsingular del Pezzo surfaces of degree≥ 7

were described in Subsection 8.2.8.

8.4.2 Del Pezzo surfaces of degree 6

A weak del Pezzo surface S of degree 6 is isomorphic to the blow-up of a
bubble cycle η = x1 + x2 + x3. Up to a change of an admissible order, we
have the following possibilities:

(i,i’) x1, x2, x3 are three proper non-collinear (collinear) points;
(ii, ii’) x2 � x1, x3 are non-collinear (collinear) points;
(iii, iii’) x3 � x2 � x1 are non-collinear (collinear) points.

In cases (i), (ii) and (iii) the net of conics |OP2(2) − η| is homaloidal and the
surface S is isomorphic to a minimal resolution of the graph of the Cremona
transformation T defined by this net. Since a quadratic Cremona transforma-
tion is a special case of a bilinear Cremona transformation, its graph is a com-
plete intersection of two hypersurfaces of bidegree (1, 1) in P2 × P2. Under
the Segre map, the graph embeds in P6 and the composition of the maps

Φ : S → ΓT ↪→ P2 × P2 s
↪→ P6,

is the map given by the anticanonical linear system. Its image is a del Pezzo
surface of degree 6 embedded in P6. It is a nonsingular surface in case (i) and it
has one singular point of type A1 in case (ii) and type A2 in case (iii). The two
maps S → P2 are defined by the linear systems |e0| and |2e0 − e1 − e2 − e3|.

The set of (−1)-curves and (−2)-curves on a weak del Pezzo surface of
types (i) (resp. (ii), resp. (iii)) is pictured in Figure 7.1 (resp. Figure 7.2, resp.
Figure 7.3).
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In the cases where the points x1, x2, x3 are collinear, S has only one map to
P2 defined by the linear system |e0| and is not related to Cremona transforma-
tions.

Surfaces of types (i), (ii), (ii’), (iii’) are examples of toric surfaces. They
contain an algebraic torus as its open Zariski set U , and the action of U on
itself by translations extends to a biregular action of U on S. The complement
of U is the union of orbits of dimension 0 and 1. It supports an anticanonical
divisor. For example, in case (i), the complement of U is the union of six lines
on the surface.

The anticanonical model of a weak toric del Pezzo surface is a toric del
Pezzo surface of degree 6 in P6. It is nonsingular only in case (i).

The types of singular points and the number of lines on a del Pezzo surface
of degree 6 is given in Table 8.4.

Bubble cycle (i) (ii) (iii) (i’) (ii’) (iii’)
Singular points ∅ A1 A2 A1 2A1 A1 +A2

Lines 6 4 2 3 2 1

Table 8.4 Lines and singular points on a del Pezzo surface of degree 6

The secant variety of a nonsingular del Pezzo surface of degree 6 in P6 is
of expected dimension 5. In fact, projecting from a general point, we obtain
a nonsingular surface of degree 6 in P5. It follows from Zak’s classification
of Severi varieties that a surface in P5 with secant variety of dimension 4 is
a Veronese surface. More precisely, we have the following description of the
secant variety.

Theorem 8.4.1 Let S be a nonsingular del Pezzo surface of degree 6 in P6.
Then S is projectively equivalent to the subvariety given by equations express-
ing the rank condition

rank

t0 t1 t2
t3 t0 t4
t5 t6 t0

 ≤ 1.

The secant variety Sec(X) is the cubic hypersurface defined by the determi-
nant of this matrix.

Proof We know that S is isomorphic to the intersection of the Segre vari-
ety S2,2

∼= P2 × P2 ↪→ P8 by a linear subspace L of codimension 2. If we
identify P8 with the projectivization of the space of 3 × 3-matrices, then the
Segre variety S2,2 is the locus of matrices of rank 1, hence given, even scheme-
theoretically, by the 2 × 2-matrices. A secant of S is contained in L and is a
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secant of S2,2. It represents a matrix equal to the sum of matrices of rank 1.
Hence each secant is contained in the determinantal cubic hypersurface. Thus
the secant variety of S is the intersection of the cubic by the linear subspace L,
so it is a cubic hypersurface in P6.

Explicitly, we find the linear space L as follows. The map S → P2 × P2

is given by the map (π1, π2), where πi : S → P2 are given by the linear
systems |e0| and |2e0 − e1 − e2 − e3|. Choose a basis z0, z1, z2 in |e0| and a
basis z1z2, z0z1, z0z1 in |2e0 − e1 − e2 − e3| corresponding to the standard
quadratic transformation Tst. Then the graph of Tst is equal to the intersection
of S2,2 ⊂ |Mat3,3| with equal diagonal entries a11 = a22 = a33 corresponding
to the relations z0(z1z2) = z1(z0z2) = z2(z0z1). This gives the equations
from the assertion of the Theorem.

Let us describe the group of automorphisms of a nonsingular del Pezzo sur-
face of degree 6. The surface is obtained by blowing up three non-collinear
points x1, x2, x3. We may assume that their coordinates are [1, 0, 0], [0, 1, 0], [0, 0, 1].
We know from Section 8.2.8 that the kernel of the representation ρ : Aut(S)→
O(Pic(S)) is a 2-dimensional torus. The root system is of type A2 +A1, so the
Weyl group is isomorphic to 2×S3

∼= D12, where D12 is the dihedral group
of order 12. Let us show that the image of the Weyl representation is the whole
Weyl group.

We choose the standard generators s1, s2, s3 of W (S) ∼= W (E3) defined
by the reflections with respect to the roots e0 − e1 − e2, e1 − e2, e2 − e3. The
reflection s1 acts as the standard quadratic transformation Tst, which is lifted
to an automorphism of S. It acts on the hexagon of lines on S by switching the
opposite sides. The reflection s2 (resp. s3) acts as a projective transformations
which permutes the points x1, x2 and fixes x3 (resp. permutes x2 and x3 and
fixes x1). The subgroup 〈s2, s3〉 ∼= D6

∼= S3 acts on the hexagon of lines by
natural embedding D6 ↪→ O(2).

We leave it to the reader to verify the following.

Theorem 8.4.2 Let S be a del Pezzo surface of degree 6. Then

Aut(S) ∼= (C∗)2 oS3 ×S2.

If we represent the torus as the quotient group of (C∗)3 by the diagonal sub-
group ∆ ∼= C∗, then the subgroup S3 acts by permutations of factors, and the
cyclic subgroup S2 acts by the inversion automorphism z 7→ z−1.

Finally, we mention that the Gosset polytope Σ3 = −121 corresponding
to a nonsingular del Pezzo surface of degree 6 is an octahedron. This agrees
with the isomorphism W (E3) ∼= D12. The surface has two blowing-down
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morphisms S → P2 corresponding to two α-facets and three conic bundle
structures corresponding to the pencils of lines through three points on the
plane.

8.5 Del Pezzo surfaces of degree 5

8.5.1 Lines and singularities

A weak del Pezzo surface S of degree 5 is isomorphic to the blow-up of a
bubble cycle η = x1 + x2 + x3 + x4. The only assumption on the cycle is that
|h−η| = ∅. Let e0, e1, e2, e3, e4 be a geometric basis defined by an admissible
order of η. There are the following four possibilities:

(i) x1, x2, x3, x4 are proper points;
(ii) x2 � x1, x3, x4;
(iii) x3 � x2 � x1, x4;
(iv) x2 � x1, x4 � x3;
(v) x4 � x3 � x2 � x1.

There are the following root sublattices in a root lattice of type A4:

A1, A1 +A1, A2, A1 +A2, A3, A4.

In case (i), S is a del Pezzo surface or has one Dynkin curve of typeA1 if three
points are collinear.

In case (ii), we have three possibilities for Dynkin curves: A1 if no three
points are collinear, A1 + A1 if x1, x2, x3 are collinear, A2 if x1, x3, x4 are
collinear.

In case (iii), we have three possibilities: A2 if no three points are collinear,
A3 if x1, x2, x3 are collinear, A1 +A2 if x1, x2, x4 are collinear.

In case (iv), we have two possibilities: A1 + A1 if no three points are
collinear, A2 +A1 if x2, x3, x4 or x1, x2, x3 are collinear,

In case (v), we have two possibilities: A3 if x1, x2, x3 are not collinear, A4

otherwise.
It can be checked that the cases with the same root bases are obtained from

each other by Cremona isometries. So, they lead to isomorphic surfaces.
Table 8.5 gives the possibilities of lines and singular points on the anticanon-

ical model of a del Pezzo surface of degree 5 in P5.
From now on we will study nonsingular del Pezzo surfaces of degree 5.

Since any set of four points in general position is projectively equivalent to
the set of reference points [1, 0, 0], [0, 1, 0], [0, 0, 1], [1, 1, 1], we obtain that
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Singular points ∅ A1 2A1 A2 A1 +A2 A3 A4

Lines 10 7 5 4 3 2 1

Table 8.5 Lines and singular points on a del Pezzo surface of degree 5

all nonsingular del Pezzo surfaces of degree 5 are isomorphic. A nonsingular
del Pezzo surface of degree 5 has 10 lines. The union of them is a divisor in
| − 2KS |. The incidence graph of the set of 10 lines is the famous Petersen
graph.

•

•

••

••

•

••

•

•

•

•

Figure 8.4 Petersen graph

The Gosset polytope Σ4 = 021 has five facets of type α corresponding to
contractions of five disjoint lines on S and five pencils of conics corresponding
to the pencils of lines through a point in the plane and the pencil of conics
through the four points.

8.5.2 Equations

In this Subsection we use some elementary properties of Grassmann varieties
Gk(Pn) = G(k + 1, n + 1) of k-dimensional subspaces in Pn (equivalently,
(k+ 1)-dimensional linear subspaces of Cn+1). We refer to Chapter 10 for the
proof of all properties we will use.

Proposition 8.5.1 Let S be a nonsingular del Pezzo surface of degree 5 in
P5. Then S is isomorphic to a linear section of the Grassmann variety G1(P4)

of lines in P4.

Proof It is known that the degree of G = G1(P4) in the Plücker embedding
is equal to 5 and dimG = 6. It is also known is that the canonical sheaf
is equal to OG(−5). By the adjunction formula, the intersection of G with
a general linear subspace of codimension 4 is a nonsingular surface X with
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ωX ∼= OX(−1). This must be a del Pezzo surface of degree 5. Since all del
Pezzo surfaces of degree 5 are isomorphic, the assertion follows.

Corollary 8.5.2 Let S be a nonsingular del Pezzo surface of degree 5 in P5.
Then its homogeneous ideal is generated by five linearly independent quadrics.

Proof Since S is projectively normal, applying Lemma 8.3.1, we obtain that
the linear system of quadrics containing S has dimension equal to 4. It is
known that the homogeneous ideal of the Grassmannian G(2, 5) is generated
by five quadrics. In fact, the Grassmannian is defined by five pfaffians of prin-
cipal 4 × 4 minors of a general skew-symmetric 5 × 5-matrix. So, restricting
this linear system to the linear section of the Grassmannian, we obtain that the
quadrics containing S define S scheme-theoretically.

Let P4 = |E| for some linear space E of dimension 5. For any line ` = |U |
in |E|, the dual subspace U⊥ in E∨ defines a plane |U⊥| in P(E). This gives
a natural isomorphism between the Grassmannians G1(|E|) and G2(P(E)).
Dually, we get an isomorphism G2(|E|) ∼= G1(P(E)).

Fix an isomorphism
∧5

E ∼= C, and consider the natural pairing

2∧
E ×

3∧
E →

5∧
E ∼= C

defined by the wedge product. It allows one to identify (
∧2

E)∨ =
∧2

E∨

with
∧3

E. The corresponding identification of the projective spaces does not
depend on the choice of an isomorphism

∧5
E ∼= C. A point U ∈ G(2, E)

is orthogonal to a point V ∈ G(3, E) if and only if |U | ∩ |V | 6= ∅. We know
that a quintic del Pezzo surface S is contained in the base locus of a web W of
hyperplanes in |

∧2
E|. The web of hyperplanes, considered as a 3-dimensional

subspace of |
∧2

E∨| ∼= |
∧3

E| intersects G3(|E|) at 5 points Λ1, . . . ,Λ5.
Thus any point in S intersects Λ1, . . . ,Λ5.

Conversely, let Λ1, . . . ,Λ5 be five planes in |E| such that, considered as
points in the space |

∧3
E|, they span a general 3-dimensional subspace W .

Then W∨ ∩ G2(|E|) is a general 5-dimensional subspace in |
∧2

E| which
cuts G2(|E|) along a quintic del Pezzo surface.

Let us record this.

Proposition 8.5.3 A nonsingular del Pezzo quintic is isomorphic to the va-
riety of lines in P4 that intersect five planes in P4 that span a general 3-
dimensional subspace in the Plücker space P9. Via duality, it is also isomorphic
to the variety of planes in P4 that intersect five lines in P4 that span a general
3-dimensional subspace of the Plücker space.



436 Del Pezzo surfaces

8.5.3 OADP varieties

Let S be a del Pezzo surface of degree 5 in P5. The linear system of cubics
in P5 containing S has dimension 24. Let us see that any nonsingular cubic
fourfold containing X is rational (the rationality of a general cubic fourfold is
unknown at the moment).

Lemma 8.5.4 Let S be a nonsingular del Pezzo surface S of degree 5 in P5.
For any point x outside S there exists a unique secant of S containing x.

Proof It is known that Sec(X) = P5 since any nondegenerate nonsingular
surface in P5 with secant variety of dimension 4 is a Veronese surface. Let
a, b ∈ S such that x ∈ ` = ab. Consider the projection p` : X 99K P3 from the
line `. Its image is a cubic surface S3 isomorphic to the anticanonical model
of the blow-up of S at a, b. If a = b, the line ` is tangent to S, and one of the
points is infinitely near the other. In this case the cubic surface is singular. The
map p` : S \ ` is an isomorphism outside a, b. Suppose x belongs to another
secant `′ = cd. Then the projection of the plane 〈`, `′〉 spanned by ` and `′ is a
point on the cubic surface whose preimage contains c, d. This shows that p` is
not an isomorphism outside `∩S. This contradiction proves the assertion.

Theorem 8.5.5 Let F be an irreducible cubic fourfold containing a nonsin-
gular del Pezzo surface S of degree 5 in P5. Then F is a rational variety.

Proof Consider the linear system |IS(2)| of quadrics containingX . It defines
a morphism map Y → P4, where Y is the blow-up of S. Its fibres are proper
transforms of secants of X . This shows that the subvariety of G1(P5) param-
eterizing secants of S is isomorphic to P4. Let take a general point z in F .
By the previous Lemma, there exists a unique secant of X passing through z.
By Bezout’s Theorem, no other point outside S lies on this secant. This gives
a rational injective map F 99K P4 defined outside S. Since a general secant
intersects F at three points, with two of them on S, we see that the map is
birational.

Remark 8.5.6 According to a result of A. Beauville [37], Proposition 8.2,
any smooth cubic fourfold containing S is a pfaffian cubic hypersurface, i.e.
is given by the determinant of a skew-symmetric matrix with linear forms as
its entries. Conversely, any pfaffian cubic fourfold contains a nondegenerate
surface of degree 5, i.e. an anticanonical weak del Pezzo surface or a scroll.

Remark 8.5.7 A closed subvariety X of Pn is called a subvariety with one
apparent double point (OADP subvariety, for short) if a general point in Pn
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lies on a unique secant of X . Thus we see that a nonsingular del Pezzo surface
of degree 5 is an OADP variety of dimension 2.

An OADP subvariety X of Pn defines a Cremona involution of Pn in a
way similar to the definition of a de Jonquières involution. For a general point
x ∈ Pn we find a unique secant of X intersecting X at two points (a, b),
and then define the unique T (x) such that the pair {x, T (x)} is harmonically
conjugate to {a, b}.

An infinite series of examples of OADP subvarietes was given by D. Bab-
bage [19] and W. Edge [204]. They are now called the Edge varieties. The
Edge varieties are of two kinds. The first kind is a general divisor En,2n+1 of
bidegree (1, 2) in P1 × Pn embedded by Segre in P2n+1. Its degree is equal to
2n + 1. For example, when n = 1, we obtain a twisted cubic in P3. If n = 2,
we obtain a del Pezzo surface in P5. The second type is a general divisor of
bidegree (0, 2) in P1 × Pn. For example, when n = 1, we get the union of
two skew lines. When n = 2, we get a quartic ruled surface S2,5 in P5 isomor-
phic to P1 × P1 embedded by the linear system of divisors of bidegree (1, 2).
A smooth OADP surface in P5 is either an Edge variety of dimension 2, or a
scroll S1,5 of degree 4 [481].

We refer to [101] for more information about OADP subvarieties.

8.5.4 Automorphism group

Let us study automorphisms of a nonsingular del Pezzo surface of degree 5.
Recall that the Weyl group W (E4) is isomorphic to the Weyl group W (A4) ∼=
S5. By Proposition 8.2.39, we have a natural injective homomorphism

ρ : Aut(S) ∼= S5.

Theorem 8.5.8 Let S be a nonsingular del Pezzo surface of degree 5. Then

Aut(S) ∼= S5.

Proof We may assume that S is isomorphic to the blow-up of the reference
points x1 = [1, 0, 0], x2 = [0, 1, 0], x3 = [0, 0, 1] and x4 = [1, 1, 1]. The group
S5 is generated by its subgroup isomorphic to S4 and an element of order
5. The subgroup S4 is realized by projective transformations permuting the
points x1, . . . , x4. The action is realized by the standard representation of S4

in the hyperplane z1 + · · ·+ z4 = 0 of C4 identified with C3 by the projection
to the first three coordinates. An element of order 5 is realized by a quadratic
transformation with fundamental points x1, x2, x3 defined by the formula

T : [t0, t1, t2] 7→ [t0(t2 − t1), t2(t0 − t1), t0t2]. (8.18)
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It maps the line V (t0) to the point x2, the line V (t1) to the point x4, the line
V (x2) to the point x1, the point x4 to the point x3.

Note that the group of automorphisms acts on the Petersen graph of 10 lines
and defines an isomorphism with the group of symmetries of the graph.

Let S be a del Pezzo surface of degree 5. The group Aut(S) ∼= S5 acts
linearly on the space V = H0(S,OS(−KS)) ∼= C6. Let us compute the char-
acter of this representation. Choose the following basis in the space V :

(t20t1− t0t1t2, t20t2− t0t1t2, t21t0− t0t1t2, t21t2− t0t1t2, t22t0− t0t1t2, t22t1− t0t1t2).
(8.19)

Let s1 = (12), s2 = (23), s3 = (34), s4 = (45) be the generators of S5. It
follows from the proof of Theorem 8.5.8 that s1, s2, s3 generate the subgroup
of Aut(S) which is realized by projective transformations permuting the points
x1, x2, x3, x4, represented by the matrices

s1 =

0 1 0

1 0 0

0 0 1

 , s2 =

1 0 0

0 0 1

0 1 0

 , s3 =

1 0 −1

0 1 −1

0 0 −1

 .

The last generator s4 is realized by the standard quadratic transformation Tst.
Choose the following representatives of the conjugacy classes in S5 different
from the conjugacy class of the identity element id:

g1 = (12), g2 = (123) = s2s1, g3 = (1234) = s3s2s1,

g4 = (12345) = s4s3s2s1, g5 = (12)(34) = s1s3, g6 = (123)(45) = s3s2s1s4.

The subgroup generated by s1, s2 acts by permuting the coordinates t0, t1, t2.
The generator s3 acts as the projective transformation

(y1, . . . , y6) 7→ (y1−y2 +y5,−y2 +y5−y6, y3−y4 +y6,−y4−y5 +y6,−y6,−y5),

where (y1, . . . , y6) is the basis from (8.19). Finally, s4 acts by

(y1, y2, y3, y4, y5, y6) 7→ (y6, y4, y5, y2, y3, y1).

Simple computation gives the character vector of the representation

χ = (χ(1), χ(g1), χ(g2), χ(g3), χ(g4), χ(g5), χ(g6)) = (6, 0, 0, 0, 1,−2, 0).

Using the character table of S5, we find that χ is the character of an irre-
ducible representation isomorphic to E =

∧2
V , where V is the standard

4-dimensional irreducible linear representation of S5 with character vector
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(4, 2, 1, 0,−1, 0,−1) (see [231], p. 28). The linear system | −KS | embeds S
in P(E). SinceE is isomorphic to its dual representation we can identify P(E)

with |E|.
We will see later in Chapter 10 that G1(P4), embedded in P9, is defined

by five pfaffians of principal minors of a skew-symmetric 5 × 5-matrix (pij),
where pji = −pij , i < j, are the Plücker coordinates. The group S5 acts on P9

via it natural representations on
∧2 C5, where C5 = C[1,5] is the permutation

representation of S5. The permutation representation decomposes as V ⊕ U ,
and

∧2 C5 decomposes as
∧2

V ⊕ U ∧ V ∼= E ⊕ V . Let e1, . . . , e5 be the
standard basis in C5 and e1− e5, . . . , e4− e5 be a basis of V . The linear space∧2

V has a basis formed by

(ei − e5) ∧ (ej − e5) = ei ∧ ej − ei ∧ e5 + ej ∧ e5, 1 ≤ i < j ≤ 4.

The Plücker coordinates pij is the dual basis of the basis ei∧ej , 1 ≤ i < j ≤ 5,

of
∧2 C5. This shows that S is cut out S5-equivariantly by the linear subspace

defined by the equations

pk5 −
4∑

i 6=k,i=1

pi5 = 0, k = 1, 2, 3, 4. (8.20)

Now let us consider the linear representation of S5 on the symmetric square
S2(V ). Using the formula

χS2(V )(g) = 1
2 (χ(g)2 + χ(g2)),

we get

χS2(V ) = (21, 3, 0,−1, 1, 5, 0).

Taking the inner product with the character of the trivial representation, we
get 1. This shows that the subspace of invariant vectors U = S2(V )S5 is
one-dimensional. Similarly, we find that dimS2(V ) contains one copy of the
1-dimensional sign representation U ′ of S5. The equation of the union of ten
lines, considered as an element of S2(V ), is represented by the equation of the
union of six lines xixj , where x1, . . . , x4 are the reference points. It is

F = t0t1t2(t0 − t1)(t0 − t2)(t1 − t2) = 0.

It is easy to check that F transforms under S5 as the sign representation.
It is less trivial, but straightforward, to find a generator of the vector space
S2(V )S5 . It is equal to

G = 2
∑

t4i t
2
j − 2

∑
t4i tjtk −

∑
t3i t

2
j tk + 6t20t

2
1t

2
2. (8.21)
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Its singular points are the reference points x1, . . . , x4. In another coordinate
system, the equation looks even better:

t60 + t61 + t62 + (t20 + t21 + t22)(t40 + t41 + t42)− 12t20t
2
1t

2
2 = 0.

(see [202]). The singular points here are the reference points x1, . . . , x4. The
equation G = 0 reveals obvious symmetry with respect to the group generated
by the permutation of the coordinates corresponding to the generators s1 and
s2. It is also obviously invariant with respect to the standard quadratic trans-
formation Tst which we can write in the form [t0, t1, t2] 7→ [1/t0, 1/t1, 1/t2].
Less obvious is the invariance with respect to the generator s3.

The S5-invariant plane sextic W = V (G) is called the Wiman sextic. Its
proper transform on S is a smooth curve of genus 6 in | − 2KS |. All curves
in the pencil of sextics spanned by V (λF + µG) (the Wiman pencil) are A5-
invariant. It contains two S5-invariant members V (F ) and V (G).

Remark 8.5.9 It is known that a del Pezzo surface of degree 5 is isomorphic
to the GIT-quotient P 5

1 of the space (P1)5 by the group SL(2) (see [175]).
The group S5 is realized naturally by the permutation of factors. The isomor-
phism is defined by assigning to any point x on the surface the five ordered
points (x1, . . . , x4, x5 = x), where p1, . . . , p4 are the tangent directions of
the conic in the plane passing through the points x1, x2, x3, x4, x. The iso-
morphism from P 5

1 onto a quintic surface in P5 is given by the linear system
of bracket-functions (ab)(cd)(ef)(hk)(lm), where a, b, c, d, e, f, h, k, l,m be-
long to the set {1, 2, 3, 4, 5} and each number from this set appears exactly 2
times.

Remark 8.5.10 Let S be a weak del Pezzo surface and D be a smooth divi-
sor in | − 2KS |. The double cover X of S branched over D is a K3 surface.
If we take S to be a nonsingular del Pezzo surface of degree 5 and D to be
the proper transform of the Wiman sextic, we obtain a K3 surface with auto-
morphism group containing the group S5 × 2. The cyclic factor here acts on
the cover as the deck transformation. Consider the subgroup of S5 × 2 iso-
morphic to S5 that consists of elements (σ, ε(σ)), where ε : S5 → {±1} is
the sign representation. This subgroup acts on X symplectically, i.e. leaves a
nonzero holomorphic 2-form onX invariant. The list of maximal groups of au-
tomorphisms of K3 surfaces which act symplectically was given by S. Mukai
[396]. We find the group S5 in this list (although the example in the paper is
different).

Remark 8.5.11 If we choose one of the nonsingular quadrics containing a
nonsingular del Pezzo quintic surface S to represent the GrassmannnianG1(P3),
then S can be viewed as a congruence of lines in P3 of order 2 and class 3. It is
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equal to one of the irreducible components of the variety of bitangent lines of a
quartic surface X with 15 nodes and 10 tropes (planes which touch the quartic
along a conic). Each ray of the congruence contains two tangency points with
X . This defines a double cover of S ramified along a curve Γ cut out by a
quadric. This curve is touching all ten lines. Their pre-images split into the set
of 20 lines on X . The image of Γ in the plane is a curve of degree 6 with four
cusps. For each line joining two cusps, the two residual points coincide.

8.6 Quartic del Pezzo surfaces

8.6.1 Equations

Here we study in more details del Pezzo surfaces of degree 4. Their minimal
resolutions of singularities are obtained by blowing up five points in P2 and
hence vary in a 2-dimensional family.

Lemma 8.6.1 LetX be the complete intersection of two quadrics in Pn. Then
X is nonsingular if and only if it is isomorphic to the variety

n∑
i=0

ti =

n∑
i=0

ait
2
i = 0

where the coefficients a0, . . . , an are all distinct.

Proof The pencil of quadrics has the discriminant hypersurface ∆ defined by
a binary form of degree n + 1. If all quadrics are singular, then, by Bertini’s
Theorem they share a singular point. This implies that X is a cone, and hence
singular. Conversely, ifX is a cone, then all quadrics in the pencil are singular.
Suppose ∆ consists of less than n + 1 points. The description of the tangent
space of the discriminant hypersurface of a linear system of quadrics (see Ex-
ample 1.2.3) shows that a multiple point corresponds to either a quadric of
corank ≥ 2 or to a quadric of corank 1 such that all quadrics in the pencil con-
tain its singular point. In both cases, X contains a singular point of one of the
quadrics in the pencil causingX to be singular. Conversely, ifX has a singular
point, all quadrics in the pencil are tangent at this point. One of them must be
singular at this point causing ∆ to have a multiple point.

So, we see that X is nonsingular if and only if the pencil contains exactly
n + 1 quadrics of corank 1. It is a standard fact from linear algebra that in
this case the quadrics can be simultaneously diagonalized (see, for example,
[232] or [301], vol. 2, Chapter XIII). Thus we see that, after a linear change
of coordinates, X can be given by equations from the assertion of the Lemma.
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If two coefficients ai are equal, then the pencil contains a quadrics of corank
≥ 2, and hence ∆ has a multiple point.

Theorem 8.6.2 Let S be a del Pezzo surface S of degree 4. Then S is a
complete intersection of two quadrics in P4. Moreover, if S is nonsingular,
then the equations of the quadrics can be reduced, after a linear change of
variables, to the diagonal forms:

4∑
i=0

t2i =

4∑
i=0

ait
2
i = 0,

where ai 6= aj for i 6= j.

Proof By Theorem 8.3.4, S is projectively normal in P4. This gives the exact
sequence

0→ H0(P4, IS(2))→ H0(P4,OP4)→ H0(S,OS(2))→ 0.

By Lemma 8.3.1,

dimH0(S,OS(2)) = dimH0(S,OS(−2KS)) = 13.

This implies that S is the base locus of a pencil of quadrics. Now the assertion
follows from the previous Lemma.

Following the classical terminology, a del Pezzo surface of degree 4 in P4 is
called a Segre quartic surface.

One can say more about equations of singular del Pezzo quartics. LetQ be a
pencil of quadrics in Pn. We view it as a line in the space of symmetric matrices
of size n+1 spanned by two matrices A,B. Assume thatQ contains a nonsin-
gular quadric, so that we can chooseB to be a nonsingular matrix. Consider the
λ-matrix A+ λB and compute its elementary divisors. Let det(A+ λB) = 0

have r distinct roots α1, . . . , αr. For every root αi we have elementary divisors
of the matrix A+ λB

(λ− αi)e
(1)
i , . . . , (λ− αi)e

(si)

i , e
(1)
i ≤ . . . ≤ e

(si)
i .

The Segre symbol of the pencil Q is the collection

[(e
(1)
1 . . . e

(s1)
1 )(e

(1)
2 . . . e

(s2)
2 ) . . . (e(1)

r . . . e(sr)
r )].

It is a standard result in linear algebra (see, the references in the proof of
Lemma 8.6.1) that one can simultaneously reduce the pair of matrices (A,B)

to the form (A′, B′) (i.e. there exists an invertible matrix C such that CACt =

A′, CBCt = B′) such that the corresponding quadratic forms Q′1, Q
′
2 have

the following form
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Q′1 =

r∑
i=1

si∑
j=1

p(αi, e
(j)
i ), Q′2 =

r∑
i=1

si∑
j=1

q(e
(j)
i ), (8.22)

where

p(α, e) = α

e∑
i=1

tite+1−i +

e−1∑
i=1

ti+1te+1−i,

q(e) =

e∑
i=1

tite+1−i.

It is understood here that each p(α, e) and q(e) are written in disjoint sets of
variables. This implies the following.

Theorem 8.6.3 Let X and X ′ be two complete intersections of quadrics
and P,P ′ be the corresponding pencils of quadrics. Assume that P and P ′
contains a nonsingular quadric. Let H and H ′ be the set of singular quadrics
inP andP ′ considered as sets marked with the corresponding part of the Segre
symbol. ThenX is projectively equivalent toX ′ if and only if the Segre symbols
of P and P ′ coincide and there exists a projective isomorphism φ : P → P ′
such that φ(H) = H ′ and the marking is preserved.

Applying this to our case n = 4, we obtain the following possible Segre
symbols:

r = 5 : [11111];
r = 4 : [(11)111], [2111];
r = 3 : [(11)(11)1], [(11)21], [311], [221], [(12)11];
r = 2 : [14], [(31)1], [3(11)], [32], [(12)2], [(12)(11)];
r = 1 : [5], [(14)].

Here r is the number of singular quadrics in the pencil. Note that the case
[(1, 1, 1, 1, 1)] leads to linearly dependent matrices A,B, so it is excluded for
our purpose. Also in cases [(111)11], [(1111)1], [(112)1], [(22)1], there is a
reducible quadric in the pencil, so the base locus is a reducible. Finally, the
cases [(23)], [(113)], [(122)], and [(1112)] correspond to cones over a quartic
elliptic curve.

8.6.2 Cyclid quartics

Let S be a nonsingular del Pezzo quartic surface in P4. Let us project S to P3.
First assume that the center of the projection p lies on S. Then the image of
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the projection is a cubic surface S3 in P3. It is nonsingular if the center of the
projection does not belong to a line on S, has one node if it lies on one line,
and has an A2 singularity if it lies on two lines. Note that no three lines on S
are coplanar because otherwise the pencil of hyperplanes through this line cuts
out, residually, a pencil of lines on S. So, no point lies on three lines.

Now let us assume that the center of the projection p does not lie on S. Let
Qp be the unique quadric from the pencil which contains p.

Theorem 8.6.4 Assume that the quadric Qp is nonsingular. Then the projec-
tion X of S from p is a quartic surface in P3 which is singular along a non-
singular conic. Any irreducible quartic surface in P3 which is singular along
a nonsingular conic arises in this way from a Segre quartic surface S in P4.
The surface S is nonsingular if and only if X is nonsingular outside the conic.

Proof First of all let us see that X is indeed a quartic surface. If not, the
projection is a finite map of degree 2 onto a quadric. In this case, the preimage
of the quadric in P4 is a quadratic cone containing S with the vertex at the
center of the projection. This is excluded by the assumption.

LetH be the tangent hyperplane ofQp at p andC = H∩S. The intersection
H∩Qp is an irreducible quadric inH with singular point at p. The curveC lies
on this quadric and is cut out by a quadric Q′ ∩H for some quadric Q′ 6= Q

from the pencil. Thus the projection from p defines a degree 2 map from C to
a nonsingular conic K equal to the projection of the cone H ∩Qp. It spans the
plane in P3 equal to the projection of the hyperplane H . Since the projection
defines a birational isomorphism from S to X that is not an isomorphism over
the conic K, we see that X is singular along K. It is also nonsingular outside
K (since we assume that S is nonsingular).

Conversely, let K be a nonsingular conic in P3. As we saw in Subsection
7.2.1, the linear system |IK(2)| of quadrics throughK maps P3 onto a quadric
Q1 in P4. The preimage of a quadric Q2 6= Q1 under this rational map is
a quartic surface X containing K as a double curve. The intersection S =

Q1 ∩ Q2 is a Segre quartic surface. The image of the plane Π containing K
is a point p on Q1. The inverse map S 99K X is the projection from p. Since
the rational map P3 99K Q1 is an isomorphism outside Π, the quartic X is
nonsingular outside K if and only if S is nonsingular.

In classical literature a quartic surface in P3 singular along a conic is called
a cyclide quartic surface.

Remark 8.6.5 If we choose the equation of the conic K in the form V (t20 +

t21 + t22), then formula (7.17) shows that the equation of the quartic can be writ-
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ten in the form V (
∑
aijzizj), where (z0, z1, z2, z3) = (t20, t0t1, t0t2, t0t3).

Since the quartic is irreducible, we may assume that a00 6= 0, hence the equa-
tion of a cyclide surface can be reduced to the form

(t21 + t22 + t23)2 + t20g2(t0, t1, t2, t3) = 0. (8.23)

Note that this can generalized to any dimension. We obtain a quartic hypersur-
face

(

n∑
i=1

t2i )
2 + t20g2(t0, . . . , tn) = 0

singular along the quadric V (t0) ∩ V (
∑n
i=1 t

2
i ). In dimension 1, we obtain a

quartic curve with two double points (a cyclide curve). Let ` be the line through
the nodes. We may assume that its equation is t0 = 0 and the coordinates of
the points are [0, 1, i], [0, 1,−i]. By definition, a complex n-sphere in Pn+1 is
a quadric containing a fixed nonsingular quadric Q0 in a fixed hyperplane in
Pn+1. We already discussed complex circles in Chapter 2. Thus we see that
complex spheres are preimages of quadrics in Pn+2 under a map given by the
linear system of quadrics in Pn+1 through Q0. The equation of a complex n-
ball in Pn+1 becomes a linear equation in Pn+2. Over reals, we obtain that the
geometry of real spheres is reduced to the geometry of hyperplane sections of
a fixed quadric in a higher-dimensional space (see [334]).

Next we consider the projection of a nonsingular Segre surface from a non-
singular point p on a singular quadric Q from the pencil containing S. The
tangent hyperplane H of Q at p intersects Q along the union of two planes.
Thus H intersects S along the union of two conics intersecting at two points.
This is a degeneration of the previous case. The projection is a degenerate
cyclide surface. It is isomorphic to the preimage of a quadric in P4 under a
map given by the linear system of quadrics in P3 containing the union of two
coplanar lines (a degeneration of the conic K from above). Its equation can be
reduced to the form

t21t
2
2 + t20g2(t0, t1, t2, t3) = 0.

Finally, let us assume that the center of the projection is the singular point
p of a cone Q from the pencil. In this case the projection defines a degree 2
map S → Q̄, where Q̄ is a nonsingular quadric in P3, the projection of Q.
The branch locus of this map is a nonsingular quartic elliptic curve of bidegree
(2, 2). If we choose the diagonal equations of S as in Theorem 8.6.2, and take
the point p = [1, 0, 0, 0, 0], then Q is given by the equation

(a2 − a1)t21 + (a3 − a1)t22 + (a3 − a1)t23 + (a4 − a1)t24 = 0.
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It is projected to the quadric with the same equations in coordinates [t1, . . . , t4]

in P3. The branch curve is cut out by the quadric with the equation

t21 + t22 + t23 + t24 = 0.

A more general cyclid quartic surfaces are obtained by projection from sin-
gular quartic surfaces in P3. They have been all classified by C. Segre [515].

8.6.3 Lines and singularities

Let S be a quartic del Pezzo surface and X be its minimal resolution of
singularities. The surface X is obtained by blowing up a bubble cycle η =

x1 + · · ·+ x5 of points in almost general position. Applying the procedure of
Borel-De Sibenthal-Dynkin, we obtain the following list of types of root bases
in the lattice K⊥X ∼= E5:

D5, A3+2A1, D4, A4, 4A1, A2+2A1, A3+A1, A3, 3A1, A2+A1, A2, 2A1, A1.

All of these types can be realized as the types of root bases defined by Dynkin
curves.

D5 : x5 � x4 � x3 � x2 � x1, and x1, x2, x3 are collinear;

A3 + 2A1 : x3 � x2 � x1, x5 � x4, x1, x4, x5 and x1, x2, x3 are collinear;

D4 : x4 � x3 � x2 � x1, and x1, x2, x5 are collinear;

A4 : x5 � x4 � x3 � x2 � x1;

4A1 : x2 � x1, x4 � x3, x1, x2, x5 and x3, x4, x5 are collinear;

2A1 +A2 : x3 � x2 � x1, x5 � x4 and x1, x2, x3 are collinear;

A1 +A3 : x3 � x2 � x1, x5 � x4, and x1, x4, x5 are collinear;

A3 : x4 � x3 � x2 � x1, or x3 � x2 � x1 and x1, x2, x4 are collinear;

A1 +A2 : x3 � x2 � x1, x5 � x4;

3A1 : x2 � x1, x4,� x3, and x1, x3, x5 are collinear;

A2 : x3 � x2 � x1;

2A1 : x2 � x1, x3 � x2, or x1, x2, x3 and x1, x3, x4 are collinear;

A1 : x1, x2, x3 are collinear.
This can be also stated in terms of equations indicated in the next table. The

number of lines is also easy to find by looking at the blow-up model. We have
the following table (see [563]).

Example 8.6.6 The quartic surfaces with singular points of type 4A1 or 2A1+

A3 have a remarkable property that they admit a double cover ramified only
at the singular points. We refer to [132] for more details about these quartic
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∅ A1 2A1 2A1 A2 3A1

[11111] [2111] [221] [(11)111] [311] [(11)21]
16 12 9 8 8 6

A1 +A2 A3 A3 A1 +A3 A2 + 2A1 4A1

[32] [41] [(21)11] [(21)2] [3(11)] [(11)(11)1]
6 5 4 3 4 4
A4 D4 2A1 +A3 D5

[5] [(31)1] [(21)(11)] [(41)]
3 2 2 1

Table 8.6 Lines and singularities on a weak del Pezzo surface of degree 4

surfaces. The projections of these surfaces to P3 are cubic symmetroid surfaces
which will be discussed in the next Chapter. The cover is the quadric surface
F0 in the first case and the quadric cone Q in the second case (see Figure
8.5.1).

The Gosset polytope Σ5 = 121 has 16 facets of type α and ten facets of type
β. They correspond to contractions of 5 disjoint lines and pencils of conics
arising from the pencils of lines through one of the five points in the plane and
pencils of conics through four of the five points.
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Figure 8.5 Lines on a del Pezzo quartic

8.6.4 Automorphisms

Let S be a nonsingular del Pezzo surface. We know that the natural homomor-
phism

Aut(S)→W (S) ∼= W (D5)

is injective.
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Proposition 8.6.7

W (D5) ∼= 24 oS5,

where 2k denotes the elementary abelian group (Z/2Z)k.

Proof This is a well-known fact from the theory of reflection groups. How-
ever, we give a geometric proof exhibiting the action of W (D5) on Pic(S).
Fix a geometric basis e0, . . . , e5 corresponding to an isomorphism S and the
blow-up of five points x1, . . . , x5 in general position. Consider five pairs of
pencils of conics defined by the linear systems

Li = |e0 − ei|, L′i = |2e0 −
5∑
i=1

ei|, i = 1, . . . , 5.

Let α1, . . . , α5 be the canonical root basis defined by the geometric basis and
ri = rαi be the corresponding reflections. Then r2, . . . , r5 generate S5 and
act by permuting Li’s and L′i. Consider the product r1 ◦ r5. It is immediately
checked that it switches L4 with L′4 and L5 with L′5 leaving Li, L′i invariant
for i = 1, 2, 3. Similarly, a conjugate of r1 ◦ r5 in W (D5) does the same
for some other pair of the indices. The subgroup generated by the conjugates
is isomorphic to 24. Its elements switch the Li with L′i in an even number of
pairs of pencils. This defines a surjective homomorphismW (D5)→ S5 with a
kernel containing 24. Comparing the orders of the groups we see that the kernel
is 24 and we have an isomorphism of groups asserted in the Proposition.

We know that the pencil of quadrics containing S has exactly five singular
membersQi of corank 1. Each quadricQi is a cone over a nonsingular quadric
in P3. It contains two rulings of planes containing the vertex of Qi. Since
S = Qi ∩ Q for some nonsingular quadric Q, we see that S contains two
pencils of conics |Ci| and |C ′i| such that Ci ∩ C ′i = 2. In the blow-up model
of S these are the pencils of conics |Li| and L′i| which we used in the proof
of the previous Proposition. The group W (S) acts on pairs of conics, and on
the set of five singular quadrics Qi. The subgroup 24 acts trivially on the set of
singular quadrics.

Theorem 8.6.8 Let S be a nonsingular del Pezzo surface of degree 4. The
image of the homomorphism

Aut(S)→ 24 oS5

contains the normal subgroup 24. The quotient group is isomorphic either to a
cyclic group of order 2 or 4, or to the dihedral group D6 or D10.
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Proof Consider the map

|Li| × |L′i| → | −KS |, (D,D′) 7→ D +D′.

Its image generates a 3-dimensional linear system contained in | −KS |. This
linear system defines the projection map ψi : S → P3. Since Di · D′i = 2

for Di ∈ Li, D
′
i ∈ L′i, the degree of the map is equal to 2. So the image of

ψ is a quadric in P3. This shows that the center of the projection is the vertex
of one of the five singular quadric cones in the pencil of quadrics containing
S. The deck transformation gi, i = 1, . . . , 5, of the cover is an automorphism
and these five automorphisms generate a subgroup H of Aut(S) isomorphic
to 24. One can come to the same conclusion by looking at the equations from
Theorem 8.6.2 of S. The group of projective automorphisms generated by the
transformations which switch ti to −ti realizes the subgroup 24.

Let G be the quotient of Aut(S) by the subgroup 24. The group Aut(S) acts
on the pencil |IS(2)| of quadrics containing S leaving invariant the subset of
five singular quadrics. The kernel of this action is the subgroup 24. Thus G is
isomorphic to a subgroup of Aut(P1) ∼= PGL(2) leaving a set of five points
invariant. It follows from the classification of finite subgroups of SL(2) and
their algebra of invariants that the only possible groups are the cyclic groups
C2, C3, C4, C5, the dihedral group D6

∼= S3, and the dihedral group D10 of
order 10. The corresponding binary forms are projectively equivalent to the
following binary forms:

(i) C2 : u1(u2
1 − u2

0)(u2
1 − a2u2

0), a2 6= 0, 1;
(ii) C4 : u1(u2

1 − u2
0)(u2

1 + u2
0);

(iii) C3, D6 : u1(u1 − u0)(2u1 − u0)(u1 + ηu0)(u1 + η2u2
0);

(iv) C5, D10 : (u1 − u0)(u1 − εu0)(u1 − ε2u0)(u1 − ε3u0)(u1 − ε4u0),

where η = e2πi/3, ε = e2πi/5. In case (iii) the zeros of the binary form
are [1, 0], [1, 1], [1, 2], [1,−η], [1,−η2] are projectively equivalent to the set
[1, 0], [0, 1], [1, 1], [1, η], [1, η2]. In all cases the symmetry becomes obvious;
it consists of multiplication of the affine coordinate u1/u0 by some roots of
unity, and, in cases (iii) and (iv), the additional symmetry [u0, u1] 7→ [u1, u0].

Using the equations of S from Theorem 8.6.2, we find that the singular
quadrics in the pencil of quadrics

u0

4∑
i=0

ait
2
i − u1

4∑
i=0

t2i = 0

correspond to the parameters [u0, u1] = [1, ai]. The corresponding surfaces
are projectively equivalent to the following surfaces:
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(i) C2 : t20 + t22 + t21 + t23 + t24 = t21 − t22 + at21 − at23 = 0, a 6= 0,±1;
(ii) C4 : t20 + t21 + t22 + t23 + t24 = t21 − t22 + it23 − it24 = 0;
(iii) S3 : t20 + t21 + t22 + t23 + t24 = t21 + 1

2 t
2
2 + ηt23 + η2t24 = 0;

(iv) D10 : t20 + t21 + t22 + t23 + t24 = t20 + εt21 + ε2t22 + ε3t23 + ε4t24 = 0.

Remark 8.6.9 In 1894 G. Humbert [304] discovered a plane sextic Γ with five
cusps that has an automorphism group isomorphic to 24. Its proper transform
on the blow-up of the five cusps is a nonsingular curve Γ′ of genus 5 on a del
Pezzo quartic surface S. It is embedded in P5 by its canonical linear system.
The curve Γ′ is cut out by a quadric V (

∑
a2
i t

2
i ), where we consider S given

by the equations from Theorem 8.6.2 (see [201]). The curve is tangent to all
16 lines on S. The double cover of S branched along this curve is a K3 surface
isomorphic to a nonsingular model of a Kummer quartic surface. The following
equation of Γ was found by W. Edge [204]

9t22(t22 − t20)(t22 − t21) + (t21 + 3t22 − 4t20)(t1 + 2t0)2(t21 − t20) = 0.

The curve has peculiar properties: the residual points of each line containing
two cusps coincide, and the two contact points are on a line passing through
a cusp; the residual points of the conic through the five cusps coincide and all
cuspidal tangents pass through the contact point (see loc.cit.). The five maps
S → P1 defined by the pencils of conics, restricted to Γ′, define five g1

4’s on Γ′.
The quotient by the involution defined by the negation of one of the coordinates
ti is an elliptic curve. This makes the 5-dimensional Jacobian variety of Γ′

isogenous to the product of five elliptic curves (this is how it was found by
Humbert). The quotient of Γ′ by the involution defined by the negation of two
coordinates ti is a curve of genus 3. It is isomorphic to the quartic curve with
automorphism group isomorphic to 23.

By taking special del Pezzo surfaces with isomorphism groups 24 oD6 and
24 oD10 we obtain curves of genus 5 with automorphism groups of order 96

and 160 (see [201]).
Let p1, . . . , p6 be six points in P3 in general linear position. A Humbert

curve can be also defined as the locus of tangency points of lines passing
through p6 with rational normal cubics passing through p1, . . . , p5 (see [21],
vol. 6, p. 24). It is also characterized by the property that it has ten effective
even theta characteristics (see [583]).

The double cover of S ramified over Γ′ is a K3 surface isomorphic to a
nonsingular model of a Kummer quartic surface with 16 nodes. The preimages
of the 16 lines on S split into 32 curves, the images of a subset of 16 of them
on the Kummer surface are 16 nodes, and the images of the remaining 16
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curves are the 16 conics cut by 16 tropes of the surface. The surface S admits
a nonsingular model as a surface in the Grassmannian G1(P3) of degree and
class equal to 2. It is one of irreducible components of the surface of bitangents
of a Kummer quartic surface (see [318]).

8.7 Del Pezzo surfaces of degree 2

8.7.1 Singularities

Let S be a weak del Pezzo surface of degree 2. Recall that the anticanonical
linear system defines a birational morphism φ′ : S → X , where X is the anti-
canonical model of S isomorphic to the double cover of P2 branched along a
plane quartic curve C with at most simple singularities (see Section 6.3.3). We
have already discussed nonsingular del Pezzo surfaces of degree 2 in Chap-
ter 6, in particularly the geometry associated with seven points in the plane in
general position. A nonsingular del Pezzo surface is isomorphic to the double
cover of the projective plane ramified over a nonsingular plane quartic. It has
56 lines corresponding to 28 bitangents of the branch curve.

Let φ : S → P2 be the composition of φ and the double cover map σ : X →
P2. The restriction of φ to a (−1)-curve E is a map of degree−KS ·E = 1. Its
image in the plane is a line `. The preimage of ` is the union of E and a divisor
D ∈ |−KS−E|. Since−KS ·D = 1, the divisorD is equal to E′+R, where
E′ is a (−1)-curve and R is the union of (−2)-curves. Also we immediately
find that E ·D = 2, D2 = −1. There are three possible cases:

(i) E 6= E′, E · E′ = 2;
(ii) E 6= E′, E · E′ = 1;
(iii) E 6= E′, E = E′.

In the first case, the image of E is a line ` tangent to C at two nonsingular
points. The image of D−E′ is a singular point of C. By Bezout’s Theorem, `
cannot pass through the singular point. Hence D = E′ and ` is a bitangent of
C.

In the second case, E · (D−E′) = 1. The line ` passes through the singular
point φ(D − E′) and is tangent to C at a nonsingular point.

Finally, in the third case, ` is a component of C.
Of course, when S is a del Pezzo surface, the quartic C is nonsingular, and

we have 56 lines paired into 28 pairs corresponding to 28 bitangents of C. Let
π : S → P2 be the blow-up of seven points x1, . . . , x7 in general position.
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Then 28 pairs of lines are the proper inverse transforms of the isolated pairs of
curves:

21 pairs: a line through xi, xj and the conic through the complementary five
points;

7 pairs: a cubic with a double point at xi and passing through other points
plus the exceptional curve π−1(xi).

We use the procedure of Borel-de Siebenthal-Dynkin to compile the list of
root bases in E7. It is convenient first to compile the list of maximal (by inclu-
sions) root bases of type A,D,E (see [325], §12).

Type rank n− 1 rank n
An Ak +An−k−1

Dn An−1, Dn−1 Dk +Dn−k, k ≥ 2
E6 D5 A1 +A5, A2 +A2 +A2

E7 E6 A1 +D6, A7, A2 +A5

E8 D8, A1 + E7, A8, A2 + E6, A4 +A4

Table 8.7 Maximal root bases

Here D2 = A1 +A1 and D3 = A3.
From this we easily find the following table of root bases in E7. Note that

r Types
7 E7, A1 +D6, A7, 3A1 +D4, A1 + 2A3, A5 +A2, 7A1

6 E6, D5 +A1, D6, A6, A1 +A5, 3A2, 2A1 +D4, 2A3,
3A1 +A3, 6A1, A1 +A2 +A3, A2 +A4

5 D5, A5, A1 +D4, A1 +A4, A1 + 2A2, 2A1 +A3,
3A1 +A2, A2 +A3, 5A1

≤ 4 D4, Ai1 + · · ·+Aik , i1 + · · ·+ ik ≤ 4

Table 8.8 Root bases in the E7-lattice

there are two root bases of types A1 +A5, A2 + 2A1, 3A1, A1 +A3 and 4A1

which are not equivalent with respect to the Weyl group.
The simple singularities of plane quartics were classified by P. Du Val [195],

Part III.

A1: one node;

2A1: two nodes;

A2: one cusp;

3A1: irreducible quartic with three nodes;

3A1: a cubic and a line;

A1 +A2: one node and one cusp;
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A3: one tacnode (two infinitely near ordinary double points);

4A1: a nodal cubic and a line;

4A1: two conics intersecting at 4 points;

2A1 +A2: two nodes and one cusp;

A1 +A3: a node and a tacnode;

A1 +A3: cubic and a tangent line;

A4: one rhamphoid cusp (two infinitely near cusps);

2A2: two cusps;

D4: an ordinary triple point;

5A1: a conic and two lines;

3A1 +A2: a cuspidal cubic and a line;

2A1 +A3: two conics tangent at one point;

2A1 +A3: a nodal cubic and its tangent line;

A1 +A4: a rhamphoid cusp and a node;

A1 + 2A2: a cusp and two nodes;

A2 +A3: a cusp and a tacnode;

A5: one oscnode (two infinitely near cusps);

A5: a cubic and its inflection tangent;

D5: nodal cubic and a line tangent at one branch;

A1 +D4: a nodal cubic and line through the node;

E6: an irreducible quartic with one e6-singularity;

D6: triple point with one cuspidal branch;

A1 +A5: two conics intersecting at two points with multiplicities 3 and 1;

A1 +A5: a nodal cubic and its inflection tangent;

6A1: four lines in general position;

3A2: a three-cuspidal quartic;

2A1 +D4: two lines and conic through their intersection point;

D5 +A1: cuspidal cubic and a line through the cusp;

2A3: two conics intersecting at two points with multiplicities 2;

3A1 +A3: a conic plus its tangent line plus another line;

A1 +A2 +A3: cuspidal cubic and its tangent;

A6: one oscular rhamphoid cusp (three infinitely near x1 � x2 � x1 cusps);

A2 +A4: one rhamphoid cusp and a cusp;
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E7: cuspidal cubic and its cuspidal tangent;

A1 +D6: conic plus tangent line and another line through point of contact;

D4 + 3A1: four lines with three concurrent;

A7: two irreducible conics intersecting at one point;

A5 +A2: cuspidal cubic and an inflection tangent;

2A3 +A1: conic and two tangent lines.
Note that all possible root bases are realized except 7A1 (this can be real-

ized in characteristic 2). One can compute the number of lines but this rather
tedious. For example, in the case A1 we have 44 lines and a one-nodal quartic
C has 22 proper bitangents (i.e. lines with two nonsingular points of tangency)
and six bitangents passing through the node.

The Gosset polytope Σ7 = 321 has 576 facets of type α and 126 facets
of type β. They correspond to contractions of seven disjoint (−1)-curves and
pencils of conics arising from seven pencils of lines through one of the seven
points in the plane, 35 pencils of conics through four points, 42 pencils of cubic
curves through six points with a node at one of these points, 35 pencils of 3-
nodal quartics through the seven points, and seven pencils of quintics through
the seven points with six double points.

8.7.2 Geiser involution

Let S be a weak del Pezzo surface of degree 2. Consider the degree 2 regular
map φ : S → P2 defined by the linear system | −KS |. In the blow-up model
of S, the linear system | − KS | is represented by the net of cubic curves N
with seven base bubble points x1, . . . , x7 in P2. It is an example of a Laguerre
net considered in Subsection 7.3.3. Thus we can view S as the blow-up of 7
points in the plane P2 which is canonically identified with | −KS |. The target
plane P2 can be identified with the dual plane | −KS |∨ of | −KS |. The plane
quartic curve C belongs to | −KS |∨.

If S is a del Pezzo surface, then φ is a finite map of degree 2 and any sub-
pencil of | −KS | has no fixed component. Any pencil contained in N has no
fixed components and has two points outside the base points of the net. As-
signing the line through these points, we will be able to identify the plane P2

with the net N , or with | − KS |. This is the property of a Laguerre net. The
inverse map is defined by using the coresidual points of Sylvester. For every
nonsingular member D ∈ N , the restriction of | −KS | to D defines a g1

2 real-
ized by the projection from the coresidual point on D. This map extends to an
isomorphism N → P2.

Let X ⊂ P(1, 1, 1, 2) be an anticanonical model of S. The map φ factors
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through a birational map σ : S → X that blows down the Dynkin curves
and a degree 2 finite map φ̄ : X → P2 ramified along a plane quartic curve
C with simple singularities. The deck transformation γ of the cover φ̄ is a
birational automorphism of S called the Geiser involution. In fact, the Geiser
involution is a biregular automorphism of S. Since σ is a minimal resolution
of singularities ofX , this follows from the existence of an equivariant minimal
resolution of singularities of surfaces [361] and the uniqueness of a minimal
resolution of surfaces.

Proposition 8.7.1 The Geiser involution γ has no isolated fixed points. Its
locus of fixed points is the disjoint union of smooth curvesW +R1 + · · ·+Rk,
where R1, . . . , Rk are among irreducible components of Dynkin curves. The
curve W is the normalization of the branch curve of the double cover φ : S →
P2. A Dynkin curve of type A2k has no fixed components, a Dynkin curve of
typeA2k+1 has one fixed component equal to the central component. A Dynkin
curve of type D4, D5, D6, E6, E7 have fixed components marked by square on
their Coxeter-Dynkin diagrams.

D4 • •

•

�

D5 • ••

•

•�

D6 • ••

•

• •� �

E6 • • • • •

•�

E7 • • • • •

•

�� �

Assume that S is a del Pezzo surface. Then the fixed locus of the Geiser
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involution is a smooth irreducible curve W isomorphic to the branch curve of
the cover. It belongs to the linear system | − 2KS | and hence its image in the
plane is a curve of degree 6 with double points at x1, . . . , x7. It is equal to the
Jacobian curve of the net of cubics, i.e. the locus of singular points of singular
cubics from the set. It follows from the Lefschetz Fixed-Point-Formula that the
trace of γ in Pic(S) ∼= H2(S,Z) is equal to e(W ) − 2 = −6. This implies
that the trace of σ on QS = (KS)⊥ is equal to −7. Since rank QS = 7 this
implies that γ acts as the minus identity on QS . It follows from the theory
of finite reflection groups that the minus identity isogeny of the lattice E7

is represented by the element w0 in W (E7) of maximal length as a word in
simple reflections. It generates the center of W (E7).

We can also consider the Geiser involution as a Cremona involution of the
plane. It coincides with the Geiser involution described in Chapter 7. The char-
acteristic matrix of a Geiser involution with respect to the bases e0, . . . , e7 and
σ∗(e0), . . . , σ∗(e7) is the following matrix:

8 3 3 3 3 3 3 3

−3 −2 −1 −1 −1 −1 −1 −1

−3 −1 −2 −1 −1 −1 −1 −1

−3 −1 −1 −2 −1 −1 −1 −1

−3 −1 −1 −1 −2 −1 −1 −1

−3 −1 −1 −1 −1 −2 −1 −1

−3 −1 −1 −1 −1 −1 −2 −1

−3 −1 −1 −1 −1 −1 −1 −2


. (8.24)

The elementw0 acts on the Gosset polytope 321 as the reflection with respect
to the center defined by the vector 1

2k7 = − 1
56

∑
vi, where vi are the excep-

tional vectors. The 28 orbits on the set of vertices correspond to 28 bitangents
of a nonsingular plane quartic.

8.7.3 Automorphisms of del Pezzo surfaces of degree 2

Let S be a del Pezzo surface of degree 2. We know that the natural homomor-
phism

Aut(S)→W (S) ∼= W (E7)

is injective. The Geiser involution γ belongs to the center of W (S). The quo-
tient group Aut(S)/〈γ〉 is the group of projective automorphisms that leaves
the branch curve C of the map invariant φ : S → P2. We use the classification
of automorphisms of plane quartic curves from Chapter 6. Let G′ be a group
of automorphisms of the branch curve C = V (f). Let χ : G′ → C∗ be the
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character of G′ defined by σ∗(f) = χ(σ)f . Let

G = {(g′, α) ∈ G′ × C∗ : χ(g′) = α2}.

This is a subgroup of the group G′ × C∗. The projection to G′ defines an
isomorphism G ∼= 2.G′. The extension splits if and only if χ is equal to the
square of some character of G′. In this case G ∼= G′ × 2. The group G acts on
S as given by Equation (8.16) by

(σ′, α) : [t0, t1, t2, t3] 7→ [σ′∗(t0), σ′∗(t1), σ′∗(t2), αt3].

Any group of automorphisms of S is equal to a group G as above. This easily
gives the classification of possible automorphism groups of del Pezzo surfaces
of degree 2 (see Table 8.9).

Type Order Structure Equation
I 336 2× L2(7) t23 + t30t1 + t31t2 + t32t0
II 192 2× (42 : S3) t23 + t40 + t41 + t42
III 96 2× 4A4 t23 + t42 + t40 + αt20t

2
1 + t41

IV 48 2×S4 t23 + t42 + t41 + t40 + +a(t20t
2
1 + t20t

2
2 + t21t

2
2)

V 32 2× 4.22 t23 + t42 + t40 + at20t
2
1 + t41

VI 18 18 t23 + t40 + t0t31 + t1t32
VII 16 2×D8 t23 + t42 + t40 + t41 + at20t

2
1 + bt22t0t1

VIII 12 2× 6 t23 + t32t0 + t40 + t41 + at20t
2
1

IX 12 2×S3 t23 + t42 + at22t0t1 + t2(t30 + t31) + bt20t
2
1

X 8 23 t23 + t42 + t41 + t40 + at22t
2
0 + bt21t

2
2 + ct20t

2
1

XI 6 6 t23 + t32t0 + f4(t0, t1)

XII 4 22 t23 + t42 + t22f2(t0, t1) + f4(t0, t1)

XIII 2 2 t23 + f4(t0, t1, t2)

Table 8.9 Groups of automorphisms of del Pezzo surfaces of degree 2

We leave it to a curious reader the task of classifying automorphism groups
of weak del Pezzo surfaces. Notice that in the action of Aut(S) in the Picard
group they correspond to certain subgroups of the group Cris(S). Also the ac-
tion is not necessarily faithful; for example, the Geiser involution acts trivially
on Pic(S) in the case of a weak del Pezzo surface with singularity of type E7.

8.8 Del Pezzo surfaces of degree 1

8.8.1 Singularities

Let S be a weak del Pezzo surface of degree 1. It is isomorphic to the blow-up
of a bubble cycle of eight points in almost general position. The anticanonical
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model X of S is a finite cover of degree 2 of a quadratic cone Q ramified over
a curve B in the linear system |OQ(3)|. It is nonsingular or has simple singu-
larities. The list of types of possible Dynkin curves is easy to compile. First
we observe that all diagrams listed for the case of the E7-lattice are included
in the list. Also all the diagrams A1 + T , where T is from the previous list are
included. We give only the new types.

r Types
8 E8, A8, D8, 2A4, A1 +A2 +A5, A3 +D5, 2D4,

A2 + E6, A3 +D5, 4A2

7 D7, A2 +D5, A3 +A4, A3 +D4

6 A2 +D4

Table 8.10 Root bases in the E8-lattice

Note that there are two root bases of types A7, 2A3, A1 + A5, 2A1 + A3

and 4A1, which are not equivalent with respect to the Weyl group.
The following result of P. Du Val [195] will be left without proof. Note that

Du Val uses the following notation:

A1 = [ ], An = [3n−1], n ≥ 2, Dn = [3n−3,1,1], n ≥ 4,

E6 = [33,2,1], E7 = [34,2,1], E8 = [35,2,1].

Theorem 8.8.1 All types of root bases in E8 can be realized by Dynkin curves
except the cases 7A1, 8A1, D4 + 4A1.

In fact, Du Val describes explicitly the singularities of the branch sextic
similarly to the case of weak del Pezzo surfaces of degree 2 (see also Table
8.10).

The number of lines on a del Pezzo surface of degree 1 is equal to 240. Note
the coincidence with the number of roots. The reason is simple, for any root
α ∈ E8, the sum −k8 + α is an exceptional vector. The image of a line under
the cover φ : S → Q is a conic. The plane spanning the conic is a tritangent
plane, i.e. a plane touching the branch sextic W at three points. There are
120 tritangent planes, each cut out a conic in Q which splits under the cover
in the union of two lines intersecting at three points. Note that the effective
divisor D of degree 3 on W such that 2D is cut out by a tritangent plane, is an
odd theta characteristic on W . This gives another explanation of the number
120 = 23(24 − 1).

The Gosset polytope Σ8 = 421 has 17280 facets of type α corresponding
to contractions of sets of eight disjoint (−1)-curves, and 2160 facets of type
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β corresponding to conic bundle structures arising from the pencils of conics
|de0 −m1e1 − · · · −m8| in the plane which we denote by (d;m1, . . . ,m8):

• 8 of type (1; 1, 07),
• 70 of type (2; 14, 05),
• 168 of type (3; 2, 15, 02),
• 280 of type (4; 23, 14, 0),
• 8 of type (4; 3, 17),
• 56 of type (5; 26, 1, 0),
• 280 of type (5; 3, 23, 14),
• 420 of type (6; 32, 24, 12),
• 280 of type (7; 34, 23, 1),
• 56 of type (7; 4, 3, 26),
• 8 of type (8; 37, 1),
• 280 of type (8; 4, 34, 23),
• 168 of type (9; 42, 35, 2),
• 70 of type (10; 44, 34),
• 8 of type (11; 47, 3),

Observe the symmetry (d;m1, . . . ,m8) 7→ −4k8 − (d;m1, . . . ,m8).

8.8.2 Bertini involution

Let S be a weak del Pezzo surface of degree 1. Consider the degree 2 regular
map φ : S → Q defined by the linear system | − 2KS |. In the blow-up model
of S, the linear system | − 2KS | is represented by the webW of sextic curves
with eight base bubble points x1, . . . , x8 in P2. If S is a del Pezzo surface, then
φ is a finite map of degree 2.

Let X ⊂ P(1, 1, 2, 3) be the anticanonical model of S. The map φ factors
through the birational map σ : S → X that blows down the Dynkin curves
and a degree 2 finite map φ̄ : X → Q ramified along a curve of degree 6 cut
out by a cubic surface. The deck transformation β of the cover φ̄ is a birational
automorphism of S called the Bertini involution. As in the case of the Geiser
involution, we prove that the Bertini involution is a biregular automorphism of
S.

Proposition 8.8.2 The Bertini involution β has one isolated fixed point, the
base point of | − KS |. The 1-dimensional part of the locus of fixed points is
the disjoint union of smooth curves W + R1 + · · · + Rk, where R1, . . . , Rk
are among irreducible components of Dynkin curves. The curve W is the nor-
malization of the branch curve of the double cover φ : S → Q. A Dynkin
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curve of type A2k has no fixed components, a Dynkin curve of type A2k+1 has
one fixed component equal to the central component. A Dynkin curve of types
D4, D7, D8, E8 have fixed components marked by square on their Coxeter-
Dynkin diagrams. The fixed components of Dynkin curves of other types given
in the diagrams from Proposition 8.7.1.

D7 • ••

•

• • •� �

D8 • ••

•

• • • •� � �

E8 • • • • • •

•

�� � �

Assume that S is a del Pezzo surface. Then the fixed locus of the Bertini
involution is a smooth irreducible curveW of genus 4 isomorphic to the branch
curve of the cover and the base point of |−KS |. It belongs to the linear system
| − 3KS | and hence its image in the plane is a curve of degree 9 with triple
points at x1, . . . , x8. It follows from the Lefschetz fixed-point-formula that the
trace of β in Pic(S) ∼= H2(S,Z) is equal to 1 + e(W )− 2 = −7. This implies
that the trace of σ on QS = (KS)⊥ is equal to −8. Since rank QS = 8 this
implies that γ acts as the minus identity on QS . It follows from the theory
of finite reflection groups that the minus identity isogeny of the lattice E8

is represented by the element w0 in W (E8) of maximal length as a word in
simple reflections. It generates the center of W (E8).

We can also consider the Bertini involution as a Cremona involution of the
plane. It coincides with a Bertini involution described in Chapter 7. The char-
acteristic matrix of a Bertini involution with respect to the bases e0, . . . , e8 and
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σ∗(e0), . . . , σ∗(e8) is the following matrix:

17 6 6 6 6 6 6 6 6

−6 −3 −2 −2 −2 −2 −2 −2 −2

−6 −2 −3 −2 −2 −2 −2 −2 −2

−6 −2 −2 −3 −2 −2 −2 −2 −2

−6 −2 −2 −2 −3 −2 −2 −2 −2

−6 −2 −2 −2 −2 −3 −2 −2 −2

−6 −2 −2 −2 −2 −2 −3 −2 −2

−6 −2 −2 −2 −2 −2 −2 −3 −2

−6 −2 −2 −2 −2 −2 −2 −2 −3


.

We can consider this matrix as the matrix of the element w0 ∈ O(I1,8) in
the basis e0, e1, . . . , e8. It is immediately checked that its restriction to E8 is
equal to the minus identity transformation. As an element of the Weyl group
W (E8), it is usually denoted by w0. This is element of maximal length as a
word in simple reflections. The group 〈w0〉 is equal to the center of W (E8).

The element w0 acts on the Gosset polytope 421 as the reflection with re-
spect to the center defined by the vector k8 = − 1

240

∑
vi, where vi are the

exceptional vectors. The 120 orbits on the set of vertices correspond to 120
tritangent planes of the branch curve of the Bertini involution.

8.8.3 Rational elliptic surfaces

We know that the linear system | −KS | is an irreducible pencil with one base
point x0. Let τ : F → S be its blow-up. The proper inverse transform of
| − KS | in F is a base-point-free pencil of curves of arithmetic genus 1. It
defines an elliptic fibration ϕ : F → P1. The exceptional curve E = τ−1(x0)

is a section of the fibration. Conversely, let ϕ : F → P1 be an elliptic fibration
on a rational surface F which admits a section E and is relative minimal in
the sense that no fiber contains a (−1)-curve. It follows from the theory of
elliptic surfaces that−KF is the divisor class of a fiber and E is a (−1)-curve.
Blowing down E, we obtain a rational surface S with K2

S = 1. Since KF is
obviously nef, we obtain that KS is nef, so S is a weak del Pezzo surface of
degree 1.

Let ϕ : F → P1 be a rational elliptic surface with a section E. The section
E defines a rational point e on a generic fiber Fη , considered as a curve over
the functional field K of the base of the fibration. It is a smooth curve of genus
1, so it admits a group law with the zero equal to the point e. It follows from
the theory of relative minimal models of surfaces that any automorphism of Fη
over K extends to a biregular automorphism of F over P1. In particular, the
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negation automorphism x → −x extends to an automorphism of F fixing the
curve E. Its descent to the blowing down of E is the Bertini involution.

Let D be a Dynkin curve on S. The point x0 cannot lie on D. In fact, other-
wise the proper transform R′ of a component of D that contains t0 is a (−3)-
curve on F . However, −KF is nef on F , hence KF · R′ ≤ 0 contradicting
the adjunction formula. This implies that the preimage τ∗(D) of D on F is
a Dynkin curve contained in a fibre. The whole fiber is equal to the union of
τ∗(D) + R, where R is a (−2)-curve intersecting the zero section E. Ko-
daira’s classification of fibres of elliptic fibrations shows that the intersection
graph of the irreducible components of each reducible fiber is equal to one of
the extended Coxeter-Dynkin diagrams.

The classification of Dynkin curves on a weak del Pezzo surfaces of degree
1 gives the classification of all possible collections of reducible fibres on a
rational elliptic surface with a section. The equation of the anticanonical model
in P(1, 1, 2, 3)

t23 + t32 + f4(t0, t1)t2 + f6(t0, t1) = 0, (8.25)

after dehomogenization t = t1/t0, x = t2/t
2
0, y = t3/t

3
0, becomes the Weier-

strass equation of the elliptic surface

y2 + x3 + a(t)x+ b(t) = 0.

The classification of all possible singular fibres of rational elliptic surfaces
(not necessarily reducible) in terms of the Weierstrass equation was done by
several people, e.g. [433].

8.8.4 Automorphisms of del Pezzo surfaces of degree 1

Let S be a nonsingular del Pezzo surface of degree 1. We identify it with its
anticanonical model (8.25). The vertex of Q has coordinates [0, 0, 1] and its
preimage in the cover consists of one point [0, 0, 1, a], where a2 + 1 = 0 (note
that [0, 0, 1, a] and [0, 0, 1,−a] represent the same point in P(1, 1, 2, 3)). This
is the base point of |−KS |. The members of |−KS | are isomorphic to genus 1
curves with equations y2 +x3 +f4(t0, t1)x+f6(t0, t1) = 0. Our group Ḡ acts
on P1 via a linear action on (t0, t1). The locus of zeros of ∆ = 4f3

4 + 27f2
6

is the set of points in P1 such that the corresponding genus 1 curve is singular.
It consists of a simple roots and b double roots. The zeros of f4 are either
common zeros with f6 and ∆, or represent nonsingular equianharmonic elliptic
curves. The zeros of f6 are either common zeros with f4 and ∆, or represent
nonsingular harmonic elliptic curves. The group Ḡ leaves both sets invariant.

Recall that Ḡ is determined up to conjugacy by its set of points in P1 with
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nontrivial stabilizers. If Ḡ is not cyclic, then there are three orbits in this set of
cardinalities n/e1, n/e2, n/e3, where n = #Ḡ and (e1, e2, e3) are the orders
of the stabilizers. Let Γ be a finite noncyclic subgroup of PGL(2). We have the
following possibilities:

(i) Γ = D2k, n = 2k, (e1, e2, e3) = (2, 2, k);
(ii) Γ = A4, n = 12, (e1, e2, e3) = (2, 3, 3);
(iii) Γ = S4, n = 24, (e1, e2, e3) = (2, 3, 4);
(iv) Γ = A5, n = 60, (e1, e2, e3) = (2, 3, 5).

If Γ̄ is a cyclic group of order n, there are 2 orbits of cardinality 1.
The polynomials f4 and f6 are projective invariants of Ḡ on P1, i.e. their

sets of zeros are invariant with respect to the group action. Each orbit defines
a binary form (the orbital form) with the set of zeros equal to the orbit. One
can show that any projective invariant is a polynomial in orbital forms. This
immediately implies that Ḡ 6∼= A5 and if Ḡ ∼= S4, then f4 = 0.

We choose to represent Ḡ by elements of SL(2), i.e. we consider Ḡ as a
quotient of a binary polyhedral subgroup G ⊂ SL(2) by its intersection with
the center of SL(2). A projective invariant of Ḡ becomes a relative invariant of
G, i.e. elements of G which leave the line spanned by the form invariant. Each
relative invariant defines a character of G defined by

σ∗(f) = χ(σ)f.

We use the description of relative invariants and the corresponding characters
of G from [537]. This allows us to list all possible polynomials f4 and f6.

The following is the list of generators of the groups Ḡ, possible relative
invariants f4, f6 and the corresponding character.

We use the fact that a multiple root of f6 is not a root of f4 (otherwise the
surface is singular). In the following εk will denote a primitive k-th root of
unity.

Case 1: Ḡ is cyclic of order n. If n is odd (even), we choose a generator
σ given by the diagonal matrix diag[εn, ε

−1
n ] (diag[ε2n, ε

−1
2n ]). Any monomial

ti0t
j
1 is a relative invariant with χ(σ) = εi−jn if n is odd and χ(σ) = εi−j2n if n

is even. In Table 8. 11 we list relative invariants which are not monomials.
Case 2: Ḡ = Dn is a dihedral group of order n = 2k. It is generated by two

matrices

σ1 =

(
ε2k 0

0 ε−1
2k

)
, σ2 =

(
0 i

i 0

)
.
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n f4 χ(σ) f6 χ(σ)
2 at40 + bt20t

2
1 + ct41 1 at60 + t20t

2
1(bt20 + ct21) + dt61 -1

t0t1(at20 + bt21) -1 t0t1(at40 + bt20t
2
1 + ct41) 1

3 t0(at30 + bt31) ε3 at60 + bt30t
3
1 + ct61 1

t1(at30 + bt31) ε23 t0t
2
1(at30 + bt31) ε23

t20t1(at30 + bt31) ε3
4 at40 + bt41 -1 t20(at40 + bt41) -i

t0t1(at40 + bt41) -1
t21(at40 + bt41) i

5 t0(at50 + bt51) ε5
t1(at50 + bt51) ε45

6 at60 + bt61 -1

Table 8.11 Relative invariants:cyclic group

k f4 χ(σ1) χ(σ2)
2 a(t40 + t41) + bt20t

2
1 1 1

t0t1(t20 − t21) -1 -1
t40 − t41 1 -1
t0t1(t20 + t21) -1 1

3 t20t
2
1 1 1

4 t40 ± t41 -1 ±1
6 t20t

2
1 1 1

Table 8.12 Relative invariants of degree 4:dihedral group

Case 3: Ḡ = A4. It is generated by matrices

σ1 =

(
i 0

0 −i

)
, σ2 =

(
0 i

i 0

)
, σ3 =

1√
2

(
ε−1
8 ε−1

8

ε58 ε8

)
.

Up to the variable change t0 → it0, t1 → t1, we have only one case

f4 = t40 + 2
√
−3t20t

2
1 + t41, (χ(σ1), χ(σ2), χ(σ3) = (1, 1, ε3), (8.26)

f6 = t0t1(t40 − t41), (χ(σ1), χ(σ2), χ(σ3) = (1, 1, 1). (8.27)

Case 4: Ḡ = S4. It is generated by matrices

σ1 =

(
ε8 0

0 ε−1
8

)
, σ2 =

(
0 i

i 0

)
, σ3 =

1√
2

(
ε−1
8 ε−1

8

ε58 ε8

)
.

There is only one, up to a change of variables, orbital polynomial of degree
≤ 6. It is

f6 = t0t1(t40 − t41).

It is an invariant of Ḡ. In this case f4 = 0.
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k f6 χ(σ1) χ(σ2)
2 t0t1

(
a(t40 + t41) + bt20t

2
1

)
1 -1

a(t60 + t61) + bt20t
2
1(t20 + t21) -1 -1

a(t60 − t61) + bt20t
2
1(t20 − t21) -1 1

t0t1(t40 − t41) 1 1
3 t60 + t61 + at30t

3
1 1 -1

t60 − t61 1 1
4 t0t1(t40 ± t41) -1 ∓1
6 t60 ± t61 -1 ∓1

Table 8.13 Relative invariants of degree 6:dihedral group

In the next Theorem we list all possible groups G′ = Aut(S)/〈β〉 and their
lifts G to subgroups of Aut(S). We extend the action of Ḡ on the coordinates
t0, t1 to an action on the coordinates t0, t1, t2. Note that not all combinations
of (f4, f6) admit such an extension. For example, a common root of f4 and f6

must be a simple root of f6 since otherwise the surface S is singular.
In the following list, the vector a = (a0, a1, a2, a3) will denote the transfor-

mation [t0, t1, t2, t3] 7→ [a0t0, a1t1, a2t2, a3t3]. The Bertini transformation β
corresponds to the vector (1, 1, 1,−1).

1. Cyclic groups G′

(i) G′ = 2, G = 〈(1,−1, 1, 1), β〉 ∼= 22,

f4 = at40 + bt20t
2
1 + ct41, f6 = dt60 + et40t

2
1 + ft20t

4
1 + gt61.

(ii) G′ = 2, G = 〈(1,−1,−1, i)〉,

f4 = at40 + bt20t
2
1 + ct41, f6 = t0t1(dt40 + et20t

2
1 + ft41).

(iii) G′ = 3, G = 〈(1, ε3, 1,−1)〉 ∼= 6,

f4 = t0(at30 + bt31), f6 = at60 + bt30t
3
1 + ct61.

(iv) G′ = 3, G = 〈(1, ε3, ε3,−1)〉,

f4 = t20t
2
1, at60 + bt30t

3
1 + ct61.

(v) G′ = 3, G = 6, a = (1, 1, ε3,−1),

f4 = 0.

(vi) G′ = 4, G = 〈(i, 1,−1, i), β〉 ∼= 4× 2,

f4 = at40 + bt41, f6 = t20(ct40 + dt41).
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(vii) G′ = 4, G = 〈(i, 1,−i,−ε8)〉 ∼= 8,

f4 = at20t
2
1, f6 = t0t1(ct40 + dt41),

(viii) G′ = 5, G = 〈(1, ε5, 1,−1)〉 ∼= 10,

f4 = at40, f6 = t0(bt50 + t51).

(ix) G′ = 6, G = 〈(1, ε6, 1, 1), β〉 ∼= 2× 6.

f4 = t40, f6 = at60 + bt61.

(x) G′ = 6, G = 〈(ε6, 1, ε23, 1), β〉 ∼= 2× 6,

f4 = t20t
2
1, f6 = at60 + bt61.

(xi) G′ = 6, G = 〈(−1, 1, ε3, 1), β〉 ∼= 2× 6,

f4 = 0, f6 = dt60 + et40t
2
1 + ft20t

4
1 + gt61,

(xii) G′ = 10, G = 〈(1, ε10,−1, i)〉 ∼= 20,

f4 = at40, f6 = t0t
5
1.

(xiii) G′ = 12, G = 〈(ε12, 1, ε
2
3,−1), β〉 ∼= 2× 12,

f4 = at40, f6 = t61.

(xiv) G′ = 12, G = 〈(i, 1, ε12, ε8)〉 ∼= 24,

f4 = 0, f6 = t0t1(t40 + bt41).

(xv) G′ = 15, G = 〈(1, ε5, ε3, ε30)〉 ∼= 30,

f4 = 0, f6 = t0(t50 + t51).

2. Dihedral groups

(i) G′ = 22, G = D8,

f4 = a(t40 + t41) + bt20t
2
1, f6 = t0t1[c(t40 + t41) + dt20t

2
1],

σ1 : [t0, t1, t2, t3] 7→ [t1,−t0, t2, it3],

σ2 : [t0, t1, t2, t3] 7→ [t1, t0, t2, t3],

σ4
1 = σ2

2 = 1, σ2
1 = β, σ2σ1σ

−1
2 = σ−1

2 .
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(ii) G′ = 22, G = 2.D4,

f4 = a(t40 + t41) + bt20t
2
1, f6 = t0t1(t40 − t41),

σ1 : [t0, t1, t2, t3] 7→ [t0,−t1,−t2, it3],

σ2 : [t0, t1, t2, t3] 7→ [t1, t0,−t2, it3],

σ2
1 = σ2 = (σ1σ2)2 = β.

(iii) G′ = D6, G = D12,

f4 = at20t
2
1, f6 = t60 + t61 + bt30t

3
1,

σ1 : [t0, t1, t2, t3] 7→ [t0, ε3t1, ε3t2,−t3],

σ2 : [t0, t1, t2, t3] 7→ [t1, t0, t2, t3],

σ3
1 = β, σ2

2 = 1, σ2σ3σ
−1
2 = σ−1

1 .

(v) G′ = D8, G = D16,

f4 = at20t
2
1, f6 = t0t1(t40 + t41),

σ1 : [t0, t1, t2, t3] 7→ [ε8t0, ε
−1
8 t1,−t2, it3],

σ2 : [t0, t1, t2, t3] 7→ [t1, t0, t2, t3],

σ4
1 = β, σ2

2 = 1, σ2σ1σ
−1
2 = σ−1

1 .

(vi) G′ = D12, G = 2.D12,

f4 = at20t
2
1, f6 = t60 + t61,

σ1 : [t0, t1, t2, t3] 7→ [t0, ε6t1, ε
2
3t2, t3],

σ2 : [t0, t1, t2, t3] 7→ [t1, t0, t2, t3], σ3 = β.

We have

σ6
1 = σ2

2 = σ3
3 = 1, σ2σ1σ

−1
2 = σ−1

1 σ3.

3. Other groups

(i) G′ = A4, G = 2.A4,

f4 = t40 + 2
√
−3t20t

2
1 + t42, f6 = t0t1(t40 − t41),
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σ1 =


i 0 0 0

0 −i 0 0

0 0 1 0

0 0 0 1

 , σ2 =


0 i 0 0

i 0 0 0

0 0 1 0

0 0 0 1

 ,

σ3 =
1√
2


ε−1
8 ε−1

8 0 0

ε58 ε8 0 0

0 0
√

2ε3 0

0 0 0
√

2

 .

(ii) G′ = 3×D4, G = 3×D8,

f4 = 0, f6 = t0t1(t40 + at20t
2
1 + t41).

(iii) G′ = 3×D6, G = 6.D6
∼= 2× 3.D6,

f4 = 0, f6 = t60 + at30t
3
1 + t61.

It is generated by

σ1 : [t0, t1, t2, t3] 7→ [t0, t1, ε3t2, t3],

σ2 : [t0, t1, t2, t3] 7→ [t0, ε3t1, t2, t3],

σ3 : [t0, t1, t2, t3] 7→ [t1, t0, t2, t3].

They satisfy σ3 · σ2 · σ−1
3 = σ−1

2 σ4
1 .

(iv) G′ = 3×D12, G = 6.D12,

f4 = 0, f6 = t60 + t61.

It is generated by

σ1 : [t0, t1, t2, t3] 7→ [t0, t1, ε3t2, t3],

σ2 : [t0, t1, t2, t3] 7→ [t0, ε6t1, t2, t3],

σ3 : [t0, t1, t2, t3] 7→ [t1, t0, t2, t3].

We have σ3 · σ2 · σ−1
3 = σ−1

2 σ1.
(v) G′ = 3×S4, G = 3× 2.S4,

f4 = 0, f6 = t0t1(t40 − t41),

σ1 =

ε8 0 0 0

0 ε−1
8 0

0 0 −1 0
0 0 0 i

 , σ2 =

0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 i

,
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σ3 =
1√
2

ε−1
8 ε−1

8 0 0
ε58 ε8 0 0

0 0
√

2 0

0 0 0
√

2

, σ4 =

1 0 0 0
0 1 0 0
0 0 ε3 0
0 0 0 1

.

The following Table gives a list of the full automorphism groups of del
Pezzo surfaces of degree 1.
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Type Order Structure f4 f6

I 144 3× (T : 2) 0 t0t1(t40 − t41)

II 72 3× 2D12 0 t60 + t61
III 36 6×D6 0 t60 + at30t

3
1 + t61

IV 30 30 0 t0(t50 + t51)

V 24 T a(t40 + 2
√
−3t20t

2
1 + t41) t0t1(t40 − t41)

VI 24 2D12 at20t
2
1 t60 + t61

VII 24 2× 12 t40 t61
VIII 20 20 t40 t0t51
IX 16 D16 at20t

2
1 t0t1(t40 + t41)

X 12 D12 t20t
2
1 t60 + at30t

3
1 + t61

XI 12 2× 6 0 g3(t20, t
2
1)

XII 12 2× 6 t40 at60 + t61
XIII 10 10 t40 t0(at50 + t51)

XIV 8 Q8 t40 + t41 + at20t
2
1 bt0t1(t40 − t41)

XV 8 2× 4 at40 + t41 t20(bt40 + ct41)

XVI 8 D8 t40 + t41 + at20t
2
1 t0t1(b(t40 + t41) + ct20t

2
1)

XVII 6 6 0 f6(t0, t1)

XVIII 6 6 t0(at30 + bt31) ct60 + dt30t
3
1 + t61

XIX 4 4 g2(t20, t
2
1) t0t1f2(t20, t

2
1)

XX 4 22 g2(t20, t
2
1) g3(t20, t

2
1)

XXI 2 2 f4(t0, t1) f6(t0, t1)

Table 8.14 Groups of automorphisms of del Pezzo surfaces of degree 1

The parameters here satisfy some conditions in order the different tips do
not overlap.

Exercises

8.1 Show that a del Pezzo surface of degree 8 in P8 isomorphic to a quadric is pro-
jectively isomorphic to the image of P2 defined by the linear system of plane quartic
curves with two fixed double points.

8.2 Let S be a weak del Pezzo surface of degree 6. Show that its anticanonical model is
isomorphic to a hyperplane section of the Segre variety s1,1,1(P1 × P1 × P1) in P7.

8.3 Show that a general point in P6 is contained in three secants of a del Pezzo surface
of degree 6.

8.4 Prove that a del Pezzo surface of degree 6 in P6 has the property that all hyperplanes
intersecting the surface along a curve with a singular point of multiplicity ≥ 3 have a
common point in P6. According to [574] this distinguishes this surface among all other
smooth projections of the Veronese surface V2

3 ⊂ P9 to P6 (see [581]).

8.5 Describe all weak del Pezzo surfaces which are toric varieties (i.e. contain an open
Zariski subset isomorphic to the torus (C∗)2 such that each translation of the torus
extends to an automorphism of the surface).
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8.6 Show that a del Pezzo surface of degree 5 embeds into P1 × P2 as a hypersurface
of bidegree (1, 2).
8.7 Show that a canonical curve of genus 6 in P5 lies on a unique del Pezzo quintic
surface [29], [530].
8.8 Consider a nonsingular del Pezzo surface S of degree 5 in P5 as the variety of lines
intersecting five planes spanning a 3-dimensional space in the Plücker space. Prove that
the pencil of hyperplanes through each of the planes cuts out on S a pencil of conics.
8.9 Show that the Petersen graph of ten lines on a del Pezzo quintic surface contains 12
pentagons and each pentagon represents five lines contained in a hyperplane.
8.10 Show that the union of tangent planes to a nonsingular del Pezzo surface S of
degree d ≥ 5 in Pd not isomorphic to a quadric is a hypersurface of degree 4(d − 3)
which is singular along S with multiplicity 4 [203],[21], vol. 6, p.275.
8.11 Show that the quotient of a nonsingular quadric by an involution with four isolated
fixed points is isomorphic to a quartic del Pezzo surface with four nodes.
8.12 A Dupont cyclide surface is a quartic cyclide surface with 4 isolated singular
points. Find an equation of such a surface.
8.13 Let S be a del Pezzo surface of degree 4 obtained by blowing up five points in the
plane. Show that there exists a projective isomorphism from the conic containing the
five points and the pencil of quadrics whose base locus is an anticanonical model of S
such that the points are sent to singular quadrics.
8.14 Show that the Wiman pencil of 4-nodal plane sextics contains two 10-nodal ratio-
nal curves [202].
8.15 Show that the linear system of quadrics in P3 with 8 − d base points in general
position maps P3 onto a 3-fold in Pd+1 of degree d. Show that a del Pezzo surface of
degree d ≤ 8 in Pd is projectively equivalent to a hyperplane section of this threefold.
8.16 Show that the projection of a del Pezzo surface of degree d in Pd from a general
point in the space is a surface of degree d in Pd−1 with the double curve of degree
d(d− 3)/2.
8.17 Compute the number of (−1)-curves on a weak del Pezzo surfaces of degree 1 or
2.
8.18 Let X be a Bordiga surface obtained by the blow-up of ten general points in the
plane and embedded in P4 by the linear system of quartic curves passing through the
ten points. Show that X is a OADP surface.

8.19 Let X be a rational elliptic surface. Show that any pair of two disjoint sections
defines an involution on X whose fixed locus is a nonsingular curve of genus 3 and the
quotient by the involution is isomorphic to the ruled surface F1.

Historical Notes

As the name suggests, P. del Pezzo was the first who laid the foundation of
the theory. In his paper of 1887 [161] he proves that a non-ruled nondegener-
ate surface of degree d in Pd can be birationally projected to a cubic surface
in P3 from d − 3 general points on it. He showed that the images of the tan-
gent planes at the points are skew lines on the cubic surface and deduced from
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this that d ≤ 9. He also gave a blow-up model of del Pezzo surfaces of de-
gree d ≥ 3, found the number of lines and studied some singular surfaces.
A realization of a del Pezzo surface of degree 5 as the variety of planes in
P4 intersecting five planes is due to C. Segre [518]. He called the five planes
the associated planes. The quartic cyclides in P3 with a nodal conic were first
studied in 1864 by G. Darboux [151] and M. Moutard [393] and a year later
by E. Kummer [350]. The detailed exposition of Darboux’s work can be found
in [153], [154]. Some special types of these surfaces were considered much
earlier by Ch. Dupin [192]. Kummer was the first to observe the existence of
five quadratic cones whose tangent planes cut out two conics on the surface
(the Kummer cones). They correspond to the five singular quadrics in the pen-
cil defining the corresponding quartic surface in P4. A. Clebsch finds a plane
representation of a quartic cyclide by considering a web of cubics through
five points in the plane [109]. He also finds in this way the configuration of 16
lines previously discovered by Darboux and proves that the Galois group of the
equation for the 16 lines is isomorphic to 24 o S5. An ‘epoch-making mem-
oir’ (see [524], p. 141) of C. Segre [515] finishes the classification of quartic
cyclides by considering them as projections of a quartic surface in P4. Jessop’s
book [319] contains a good exposition of the theory of singular quartic surfaces
including cyclides. At the same time Segre classified the anticanonical models
of singular del Pezzo surfaces of degree 4 in terms of the pencil of quadrics
they are defined by. The Segre symbol describing a pencil of quadratic forms
was introduced earlier by A. Weiler [595]. The theory of canonical forms of
pencils of quadrics was developed by K. Weierstrass [594] based an earlier
work of J. Sylvester [551]. J. Steiner was probably the first who related seven
points in the plane with curves of genus 3 by proving that the locus of singular
points of the net of cubic curves is a plane sextic with nodes at the seven points
[541]. A. Clebsch should be considered as a founder of the theory of del Pezzo
surfaces of degree 2. In his memoir [112] on rational double planes he consid-
ers a special case of double planes branched along a plane quartic curve. He
shows that the preimages of lines are cubic curves passing through a fixed set
of seven points. He identifies the branch curve with the Steiner sextic and re-
lates the Aronhold set of seven bitangents with the seven base points. Although
C. Geiser was the first to discover the involution defined by the double cover,
he failed to see the double plane construction.

E. Bertini, in [40], while describing his birational involution of the plane,
proves that the linear system of curves of degree 6 with eight double base
points has the property that any curve from the linear system passing through
a general point x must also pass through a unique point x′ (which are in the
Bertini involution). He mentions that the same result was proved independently
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by L. Cremona. This can be interpreted by saying that the linear system defines
a rational map of degree 2 onto a quadric surface. Bertini also shows that the
set of fixed points of the involution is a curve of degree 9 with triple points at
the base points.

The classification of double singular points on algebraic surfaces in P3 started
from the work of G. Salmon [483] who introduced the following notation C2

for an ordinary node, Bk for binode (the tangent cone is the union of two dif-
ferent planes), which depend on how the intersection of the planes intersect
the surface, and unode Uk with the tangent cone being a double plane. The
indices here indicates the difference k between the degree of the dual surface
and the dual of the nonsingular surface of the same degree. This nomenclature
can be applied to surfaces in spaces of arbitrary dimension if the singularity is
locally isomorphic to the above singularities. For del Pezzo surfaces the defect
k cannot exceed 8 and all corresponding singularities must be rational double
points of types A1 = C2, Ak−1 = Bk, Dk−2 = Uk, k = 6, 7, E6 = U8. Much
later, P. Du Val [195] characterized these singularities as ones which do not
affect the conditions on adjunctions, the conditions which can be applied to
any normal surface. He showed that each RDP is locally isomorphic to either a
node C2, or binode Bk, or unode Uk, or other unodes U∗8 = E6, U

∗
9 = E7 and

U∗10 = E8 (he renamed U8 with U∗8 ). A modern treatment of RDP singularities
was given by M. Artin [16].

In the same series of papers, P. Du Val classifies all possible singularities
of anticanonical models of weak del Pezzo surfaces of any degree and relates
them to Coxeter’s classification of finite reflection groups. The relationship of
this classification to the study of the singular fibres of a versal deformation
of a simple elliptic singularities was found by J. Mérindol [382], H. Pinkham
[437], [579], and E. Looijenga (unpublished).

In a fundamental paper by G. Timms [563] one can find a detailed study of
the hierarchy of del Pezzo surfaces obtained by projections from a Veronese
surface of degree 9. In this way he finds all possible configurations of lines and
singularities. Possible projections of a nonsingular del Pezzo surface from a
point outside the surface were studied by H. Baker [21], vol. 6, p. 275.

The Weyl groupW (E6) andW (E7) as the Galois group of 27 lines on a cu-
bic surface and the group of 28 bitangents on a plane quartic were first studied
by C. Jordan [321]. These groups are discussed in many classical text-books on
algebra (e.g. [593], B. II). S. Kantor [326] realized the Weyl groups W (En)

as groups of linear transformations preserving a quadratic form of signature
(1, n) and a linear form. A Coble [116], Part II, was the first who showed
that the group is generated by the group of permutations and one additional
involution. So we should credit him with the discovery of the Weyl groups
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as reflection groups. Apparently independently of Coble, this fact was redis-
covered by P. Du Val [194]. We refer to [52] for the history of Weyl groups,
reflection groups and root systems. These parallel directions of study of Weyl
groups have been reconciled only recently.

The Gosset polytopes were discovered in 1900 by T. Gosset [256]. The no-
tation n21 belongs to him. They were later rediscovered by E. Elte and H. S. M.
Coxeter (see [136]) but only Coxeter realized that their groups of symmetries
are reflection groups. The relationship between the Gosset polytopes n21 and
curves on del Pezzo surfaces of degree 5 − n was found by Du Val [194]. In
the case of n = 2, it goes back to [499]. The fundamental paper of Du Val is
the origin of a modern approach to the study of del Pezzo surfaces by means
of root systems of finite-dimensional Lie algebras [162], [375].

We refer to modern texts on del Pezzo surfaces [524], [375], [162], [343].



9
Cubic surfaces

9.1 Lines on a nonsingular cubic surface

9.1.1 More about the E6-lattice

Let us study the lattice I1,6 and its sublattice E6 in more details.

Definition 9.1.1 A sixer in I1,6 is a set of six mutually orthogonal exceptional
vectors in I1,6.

An example of a sixer is the set {e1, . . . , e6}.

Lemma 9.1.2 Let {v1, . . . , v6} be a sixer. Then there exists a unique root α
such that

(vi, α) = 1, i = 1, . . . , 6.

Moreover, (w1, . . . , w6) = (rα(v1), . . . , rα(v6)) is a sixer satisfying

(vi, wj) = 1− δij .

The root associated to (w1, . . . , w6) is equal to −α.

Proof The uniqueness is obvious since v1, . . . , v6 are linearly independent,
so no vector is orthogonal to all of them. Let

v0 =
1

3
(−k6 + v1 + · · ·+ v6) ∈ R1,6.

Let us show that v0 ∈ I1,6. Since I1,6 is a unimodular lattice, it suffices to
show that (v0, v) is an integer for all v ∈ I1,6. Consider the sublatticeN of I1,6

spanned by v1, . . . , v6,k6. We have (v0, vi) = 0, i > 0, and (v0,k6) = −3.
Thus (v0, I

1,6) ⊂ 3Z. By computing the discriminant of N , we find that it is
equal to 9. By Lemma 8.2.1 N is a sublattice of index 3 of I1,6. Hence for any
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x ∈ I1,6 we have 3x ∈ N . This shows that

(v0, x) =
1

3
(v0, 3x) ∈ Z.

Now let us set

α = 2v0 − v1 − · · · − v6. (9.1)

We check that α is a root, and (α, vi) = 1, i = 1, . . . , 6.
Since rα preserves the symmetric bilinear form, {w1, . . . , w6} is a sixer. We

have

(vi, wj) =
(
vi, rα(vj)

)
=
(
vi, vj + (vj , α)α

)
= (vi, vj) + (vi, α)(vj , α)

= (vi, vj) + 1 = 1− δij .

Finally, we check that

(rα(vi),−α) =
(
r2
α(vi),−rα(α)

)
= −(vi, α) = 1.

The two sixes with opposite associated roots form a double-six of excep-
tional vectors.

We recall the list of exceptional vectors in E6 in terms of the standard or-
thonormal basis in I1,6.

ai = ei, i = 1, . . . , 6; (9.2)

bi = 2e0 − e1 − · · · − e6 + ei, i = 1, . . . , 6; (9.3)

cij = e0 − ei − ej , 1 ≤ i < j ≤ 6. (9.4)

Theorem 9.1.3 The following is the list of 36 double-sixes with correspond-
ing associated roots.

1 of type D

a1 a2 a3 a4 a5 a6 αmax

b1 b2 b3 b4 b5 b6 −αmax
,

15 of type Dij

ai bi cjk cjl cjm cjn αij
aj bj cik cil cim cin −αij

,

20 of type Dijk

ai aj ak clm cmn cln αijk
cjk cik cij bn bl bm −αijk

.
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Here αmax is the maximal root of the root system α1, . . . ,α6 equal to 2e0 −
e1 − · · · − e6. The reflection with respect to the associated root interchanges
the rows, preserving the order.

Proof We have constructed a map from the set of sixes (resp. double-sixes)
to the set of roots (resp. pairs of opposite roots). Let us show that no two sixes
{v1, . . . , v6} and {w1, . . . , w6} can define the same root. Sincew1, . . . , w6,k6

span a sublattice of finite index in I1,6, we can write

vi =

6∑
j=1

ajwj + a0k6 (9.5)

with some aj ∈ Q. Assume that vi 6= wj for all j. Taking the inner product of
both sides with α, we get

1 = a0 + · · ·+ a6. (9.6)

Taking the inner product with −k6, we get 1 = a1 + · · · + a6 − 3a0, hence
a0 = 0. Taking the inner product withwj , we obtain−aj = (vi, wj). Applying
Proposition 8.2.21, we get aj ≤ −1. This contradicts (9.6). Thus each vi is
equal to some wj .

The verification of the last assertion is straightforward.

Proposition 9.1.4 The group W (E6) acts transitively on sixes and double-
sixes. The stabilizer subgroup of a sixer (resp. double-six) is of order 6! (2 ·6!).

Proof We know that the Weyl group W (EN ) acts transitively on the set of
roots and the number of sixes is equal to the number of roots. This shows that
all sixes form one orbit. The stabilizer subgroup of the sixer (a1, . . . ,a6) (and
hence of a root) is the group S6. The stabilizer of the double-six D is the
subgroup 〈S6, sα0

〉 of order 2.6!.

One can check that two different double-sixes can share either four or six
exceptional vectors. More precisely, we have

#D ∩Dij = 4, #D ∩Dijk = 6,

#Dij ∩Dkl =

{
4 if #{i, j} ∩ {k, l} = 0,

6 otherwise;

#Dij ∩Dklm =

{
4 if #{i, j} ∩ {k, l,m} = 0, 2,

6 otherwise;
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#Dijk ∩Dlmn =

{
4 if #{i, j} ∩ {k, l} = 1,

6 otherwise.

A pair of double-sixes is called a syzygetic duad (resp. azygetic duad) if they
have four (resp. six) exceptional vectors in common.

The next Lemma is an easy computation.

Lemma 9.1.5 Two double-sixes with associated roots α, β form a syzygetic
duad if and only if (α, β) ∈ 2Z.

This can be interpreted as follows. Consider the vector space

V = E6/2E6
∼= F6

2 (9.7)

equipped with the quadratic form

q(x+ 2E6) = 1
2 (x, x) mod 2.

Notice that the lattice E6 is an even lattice. So, the definition makes sense. The
associated symmetric bilinear form is the symplectic form

(x+ 2E6, y + 2E6) = (x, y) mod 2.

Each pair of opposite roots ±α defines a vector v in V with q(v) = 1. It
is easy to see that the quadratic form q has Arf-invariant equal to 1 and hence
vanishes on 28 vectors. The remaining 36 vectors correspond to 36 pairs of
opposite roots or, equivalently, double-sixes.

Note that we have a natural homomorphism of groups

W (E6) ∼= O(6,F2)− (9.8)

obtained from the action ofW (E6) on V . It is an isomorphism. This is checked
by verifying that the automorphism v 7→ −v of the lattice E6 does not belong
to the Weyl group W and then comparing the known orders of the groups.

It follows from the above that a syzygetic pair of double-sixes corresponds
to orthogonal vectors v, w. Since q(v+w) = q(v)+q(w)+(v, w) = 0, we see
that each nonzero vector in the isotropic plane spanned by v, w comes from a
double-six.

A triple of pairwise syzygetic double-sixes is called a syzygetic triad of
double-sixes. They span an isotropic plane. Similarly, we see that a pair of
azygetic double-sixes spans a non-isotropic plane in V with three nonzero vec-
tors corresponding to a triple of double-sixes which are pairwise azygetic. It is
called an azygetic triad of double-sixes.

We say that three azygetic triads form a Steiner complex of triads of double-
sixes if the corresponding planes in V are mutually orthogonal. It is easy to
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see that an azygetic triad contains 18 exceptional vectors and thus defines a
set of nine exceptional vectors (the omitted ones). The set of 27 exceptional
vectors omitted from three triads in a Steiner complex is equal to the set of
27 exceptional vectors in the lattice I1,6. There are 40 Steiner complexes of
triads:

10 of type

Γijk,lmn = (D,Dijk, Dlmn), (Dij , Dik, Djk), (Dlm, Dln, Dmn),

30 of type

Γij,kl,mn = (Dij , Dikl, Djkl), (Dkl, Dkmn, Dlmn), (Dmn, Dmij , Dnij).

Theorem 9.1.6 The Weyl group W (E6) acts transitively on the set of triads
of azygetic double-sixes with stabilizer subgroup isomorphic to the group S3×
(S3 oS2) of order 432. It also acts transitively on Steiner complexes of triads
of double-sixes. A stabilizer subgroup is a maximal subgroup of W (E6) of
order 1296 isomorphic to the wreath product S3 oS3.

Proof We know that a triad of azygetic double-sixes corresponds to a pair
of roots (up to replacing the root with its negative) α, β with (α, β) = ±1.
This pair spans a root sublattice Q of E6 of type A2. Fix a root basis. Since
the Weyl group acts transitively on the set of roots, we find w ∈ W such that
w(α) = αmax. Since (w(β),αmax) = (β, α) = 1, we see that w(β) =

±αijk for some i, j, k. Applying elements from S6, we may assume that
w(β) = −α123. Obviously, the roots α12,α23,α45,α56 are orthogonal to
w(α) and w(β). These roots span a root sublattice of type 2A2. Thus we ob-
tain that the orthogonal complement of Q in E6 contains a sublattice of type
2A2 ⊥ A2. Since |disc(A2)| = 3, it follows easily from Lemma 8.2.1 that Q⊥

is a root lattice of typeA2 +A2 (2A2, for short). Obviously, any automorphism
Wthe two roots α, β invariant leaves invariant the sublattice Q and its orthog-
onal complement Q⊥. Thus the stabilizer contains a subgroup isomorphic to
W (A2) ×W (A2) ×W (A2) and the permutation of order 2 which switches
the two copies of A2 in Q⊥. Since W (A2) ∼= S3 we obtain that a stabilizer
subgroup contains a subgroup of order 2 · 63 = 432. Since its index is equal to
120, it must coincide with the stabilizer group.

It follows from the above that a Steiner complex corresponds to a root sub-
lattice of type 3A2 contained in E6. The group W (A2) oS3 of order 3 · 432 is
contained in the stabilizer. Since its index is equal to 40, it coincides with the
stabilizer.

Remark 9.1.7 The notions of syzygetic (azygetic) pairs, triads and a Steiner
complex of triads of double-sixes is analogous to the notions of syzygetic



480 Cubic surfaces

(azygetic) pairs, triads, and a Steiner complex of bitangents of a plane quar-
tic (see Chapter 6). In both cases we deal with a 6-dimensional quadratic space
F6

2. However, they have different Arf invariants.

A triple v1, v2, v3 of exceptional vectors is called a tritangent trio if

v1 + v2 + v3 = −k6.

If we view exceptional vectors as cosets in I1,6/Zk6, this is equivalent to say-
ing that the cosets add up to zero.

It is easy to list all tritangent trios.

Lemma 9.1.8 There are 45 tritangent trios:
30 of type

ai,bj , cij , i 6= j,

15 of type

cij , ckl, cmn, {i, j} ∪ {k, l} ∪ {m,n} = {1, 2, 3, 4, 5, 6}.

Theorem 9.1.9 The Weyl group acts transitively on the set of tritangent trios.

Proof We know that the permutation subgroup S6 of the Weyl group acts on
tritangent trios by permuting the indices. Thus it acts transitively on the set of
tritangent trios of the same type. Now consider the reflection w with respect to
the root α123. We have

rα123
(a1) = e1 +α123 = e0 − e3 − e4 = c34,

rα123
(b2) = (2e0 − e1 − e3 − e4 − e5 − e6)−α123 = e0 − e5 − e6 = c56,

rα123(c12) = e0 − e1 − e2 = c12.

Thus w(a1,b2, c12) = (c34, c56, c12). This proves the assertion.

Remark 9.1.10 The stabilizer subgroup of a tritangent trio is a maximal sub-
group of W (E6) of index 45 isomorphic to the Weyl group of the root system
of type F4.

Let Π1 = {v1, v2, v3} and Π2 = {w1, w2, w3} be two tritangent trios with
no common elements. We have

(vi, w1 + w2 + w3) = −(vi,k6) = 1

and, by Proposition 8.2.21, (vi, wj) ≥ 0. This implies that there exists a unique
j such that (vi, wj) = 1. After reordering, we may assume j = i. Let ui =
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−k6 − vi −wi. Since u2
i = −1, (ui, k6) = −1, the vector ui is an exceptional

vector. Since

u1 + u2 + u3 =

3∑
i=1

(−k6 − vi − wi) = −3k6 −
3∑
i=1

vi −
3∑
i=1

wi = −k6,

we get a new tritangent trio Π3 = (u1, u2, u3). The union Π1 ∪ Π2 ∪ Π3

contains nine lines vi, wi, ui, i = 1, 2, 3. There is a unique triple of tritangent
trios that consists of the same nine lines. It is formed by tritangent trios Π′i =

(vi, wi, ui), i = 1, 2, 3. Any pair of triples of tritangent trios that consists of the
same set of nine lines is obtained in this way. Such a pair of triples of tritangent
trios is called a pair of conjugate triads of tritangent trios.

We can list all conjugate pairs of triads of tritangent trios:

(I)

ai bj cij
bk cjk aj
cik ak bi

, (II)

cij ckl cmn
cln cim cjk
ckm cjn cil

, (III)

ai bj cij
bk al ckl
cik cjl cmn

.

(9.9)
Here a triad is represented by the columns of the matrix and its conjugate triad
by the rows of the same matrix. Altogether we have 20 + 10 + 90 = 120

different triads.
There is a bijection from the set of pairs of conjugate triads to the set of

azygetic triads of double-sixes. The 18 exceptional vectors contained in the
union of the latter is the complementary set of the set of nine exceptional vec-
tors defined by a triad in the pair. Here is the explicit bijection.

ai bj cij
bk cjk aj
cik ak bi

↔ Dij , Dik, Djk;

cij ckl cmn
cln cim cjk
ckm cjn cil

↔ D,Dikn, Djlm;

ai bj cij
bk al ckl
cik cjl cmn

↔ Dmn, Djkm, Djkn.

Recall that the set of exceptional vectors omitted from each triad entering in a
Steiner complex of triads of azygetic double-sixes is the set of 27 exceptional
vectors. Thus a Steiner complex defines three pairs of conjugate triads of tri-
tangent trios which contains all 27 exceptional vectors. We have 40 such triples
of conjugate pairs.
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Theorem 9.1.11 The Weyl group acts transitively on the set of 120 conjugate
pairs of triads of tritangent trios. A stabilizer subgroup H is contained in the
maximal subgroup of W (E6) of index 40 realized as a stabilizer of a Steiner
complex. The quotient group is a cyclic group of order 3.

Proof This follows from the established bijection between pairs of conjugate
triads and triads of azygetic double-sixes and Theorem 9.1.6. In fact it is easy
to see directly the transitivity of the action. It is clear that the permutation
subgroup S6 acts transitively on the set of pairs of conjugate triads of the
same type. Since the Weyl group acts transitively on the set of tritangent trios,
we can send a tritangent trio (cij , ckl, cmn) to a tritangent trio (ai,bj , cij). By
inspection, this sends a conjugate pair of type III to a pair of conjugate triads
of type I. Also it sends a conjugate pair of type II to type I or III. Thus all pairs
are W -equivalent.

Remark 9.1.12 Note that each monomial entering into the expression of the
determinant of the matrix (9.9) expressing a conjugate pair of triads represents
three orthogonal exceptional vectors. If we take only monomials corresponding
to even (resp. odd) permutations we get a partition of the set of nine exceptional
vectors into the union of three triples of orthogonal exceptional vectors such
that each exceptional vector from one triple has a nonzero intersection with
two exceptional vectors from any other triple.

9.1.2 Lines and tritangent planes

Let S be an nonsingular cubic surface in P3. Fix a geometric marking φ :

I1,6 → Pic(S). We can transfer all the notions and the statements from the
previous Subsection to the Picard lattice Pic(S). The image of an exceptional
vector is the divisor class of a line on S. So, we will identify exceptional vec-
tors with lines on S. We have 27 lines. A tritangent trio of exceptional vectors
defines a set of three coplanar lines. The plane containing them is called a
tritangent plane. We have 45 tritangent planes.

Thus we have 72 sixes of lines, 36 double-sixes and 40 Steiner complexes
of triads of double-sixes. If e0, e1, . . . , e6 define a geometric marking, then we
can identify the divisor classes ei with the exceptional curves of the blow-up
S → P2 of six points x1, . . . , x6 in general position. They correspond to the
exceptional vectors ai. We identify the proper transforms of the conic through
the six points excluding the xi with the exceptional vector bi. Finally, we iden-
tify the line through the points xi and xj with the exceptional vector cij . Under
the geometric marking the Weyl group W (E6) becomes isomorphic to the in-
dex 2 subgroup of the isometry group of Pic(S) leaving the canonical class
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invariant (see Corollary 8.2.16). It acts transitively on the set of lines, sixes,
double-sixes, tritangent planes, and on the set of conjugate pairs of triples of
tritangent planes.

An elementary geometric proof of the fact that any nonsingular cubic sur-
face contains 27 lines can be found in [455]. The first proof of A. Cayley
applies only to general nonsingular cubic surfaces. For completeness sake, let
us reproduce the original proof of Cayley [74].

Theorem 9.1.13 A general nonsingular cubic surface contains 27 lines and
45 tritangent planes.

Proof First of all, let us show that any cubic surface contains a line. Consider
the incidence variety

X = {(S, `) ∈ |OP3(3)| ×G : ` ⊂ S}.

The assertion follows if we show that the first projection is surjective. It is
easy to see that the fibres of the second projections are linear subspaces of
codimension 4. Thus dimX = 4 + 15 = 19 = dim |OP3(3)|. To show the
surjectivity of the first projection, it is enough to find a cubic surface with only
finitely many lines on it. Let us consider the surface S given by the equation

t1t2t3 − t30 = 0.

Suppose a line ` lies on S. Let [a0, a1, a2, a3] ∈ `. If a0 6= 0, then ai 6= 0, i 6=
0. On the other hand, every line hits the planes ti = 0. This shows that ` is
contained in the plane t0 = 0. But there are only three lines on S contained in
this plane: ti = t0 = 0, i = 1, 2 and 3. Therefore S contains only three lines.
This proves the first assertion.

We already know that every cubic surface S = V (f) has at least one line.
Pick up such a line `0. Without loss of generality, we may assume that it is
given by the equation:

t2 = t3 = 0.

Thus

f = t2q0(t0, t1, t2, t3) + t3q1(t0, t1, t2, t3) = 0, (9.10)

where q0 and q1 are quadratic forms. The pencil of planes Πλ,µ = V (λt2−µt3)

through the line `0 cuts out a pencil of conics on S. The equation of the conic
in the plane Πλ,µ is

A00(λ, µ)t20 +A11(λ, µ)t21 +A22(λ, µ)t22+

2A01(λ, µ)t0t1 + 2A12(λ, µ)t1t2 + 2A02(λ, µ)t0t2 = 0,
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where A00, A11, A01 are binary forms of degree 1, A02, A12 are binary forms
of degree 2 and A22 is a binary form of degree 3. The discriminant equation of
this conic is equal to ∣∣∣∣∣∣

A00 A01 A02

A01 A11 A12

A02 A12 A22

∣∣∣∣∣∣ = 0.

This is a homogeneous equation of degree 5 in variables λ, µ. Thus we ex-
pect five roots of this equation which gives us five reducible conics. This is
the tricky point because we do not know whether the equation has five dis-
tinct roots. First, we can exhibit a nonsingular cubic surface and a line on it
and check that the equation indeed has five distinct roots. For example, let us
consider the cubic surface

2t0t1t2 + t3(t20 + t21 + t22 + t23) = 0.

The equation becomes λ(λ4 − µ4) = 0. It has five distinct roots. This implies
that, for general nonsingular cubic surface, we have five reducible residual
conics. Note that no conic is a double line since otherwise the cubic surface is
singular.

Thus each solution of the quintic equation defines a tritangent plane Πi of
S consisting of three lines, one of them is `0. Thus we found 11 lines on X:
the line `0 and five pairs of lines `i, `′i lying in the plane Πi. Pick up some
plane, say Π1. We have 3 lines `0, `1, `2 in Π1. Replacing `0 by `1, and then by
`2, and repeating the construction, we obtain four planes through `1 and four
planes through `2 not containing `0 and each containing a pair of additional
lines. Altogether we found 3 + 8 + 8 + 8 = 27 lines on S. To see that all lines
are accounted for, we observe that any line intersecting either `0, or `1, or `2
lies in one of the planes we have considered before. So it has been accounted
for. Now let ` be any line. We find a plane Π through ` that contains three
lines `, `′ and `′′ on S. This plane intersects the plane containing `,0 `1, and `′1
along a line. This line intersects S at some point on ` and on one of the lines
`0, `1, `

′
1. Thus ` intersects one of the lines `0, `1, `′1 and has been accounted

for.
It remains for us to count tritangent planes. Each line belongs to five tri-

tangent planes, each tritangent plane contains three lines. This easily gives the
number of tritangent planes as being equal to 45.

Remark 9.1.14 Reid’s extension of Cayley’s proof to any nonsingular sur-
face uses some explicit computations. Instead, we may use that the number of
singular conics in the pencil of conics residual to a line determines the topo-
logical Euler-Poincaré characteristic of the surface. Using the additivity of the
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Euler-Poincaré characteristic of a CW-complex, we obtain the formula

χ(X) = χ(B)χ(F ) +
∑
b∈B

(χ(Fb)− χ(F )), (9.11)

where f : X → B is any regular map of an algebraic variety onto a curve
B with general fiber F and fibres Fb over points b ∈ B. In our case χ(B) =

χ(F ) = 2 and χ(Fb) = 3 for a singular fibre. This gives χ(S) = 4 + s,
where s is the number of singular conics. Since any two nonsingular surfaces
are homeomorphic (they are parameterized by an open subset of a projective
space), we obtain that s is the same for all nonsingular surfaces. We know that
s = 5 for the example in above, hence s = 5 for all nonsingular surfaces. Also
we obtain χ(S) = 9, which of course agrees with the fact that S is the blow-up
of six points in the plane.

The closure of the effective cone Eff(S) of a nonsingular cubic surface is
isomorphic to the Gosset polytope Σ6 = 221. It has 72 facets corresponding
to sixes and 27 faces corresponding to conic bundles on S. In a geometric
basis e0, e1, . . . , e6 they are expressed by the linear systems of types |e0 −
e1|, |2e0 − e1 − e2 − e3 − e4|, |3e0 − 2e1 − e2 − · · · − e6|. The center of
Eff(S) is equal to O = − 1

3KS = (e1 + · · · + e27)/27, where e1, . . . , e27 are
the divisor classes of lines. A double-six represents two opposite facets whose
centers lie on a line passing through O. In fact, if we consider the double-six
(ei, e

′
i = 2e0 − e1 − · · · − e6 + ei), i = 1, . . . , 6, then

1

12
(

6∑
i=1

ei) +
1

12

6∑
i=1

e′i = −1

3
KS = O.

The line joining the opposite face is perpendicular to the facets. It is spanned by
the root corresponding to the double-six. The three lines ei, ej , ek in a tritan-
gent plane add up to −KS . This can be interpreted by saying that the center of
the triangle with vertices ei, ej , ek is equal to the center O. This easily implies
that the three lines joining the center O with ei, ej , ek are coplanar.

Remark 9.1.15 Let ai, bi, cij denotes the set of 27 lines on a nonsingular
cubic surface. Consider them as 27 unknowns. Let F be the cubic form in 27
variables equal to the sum of 45 monomials aibjcij , cijcklcmn corresponding
to tritangent planes. It was shown by E. Cartan that the group of projective
automorphisms of the cubic hypersurface V (F ) in P26 is isomorphic to the
simple complex Lie group of type E6. We refer to [369] for integer models of
this cubic.
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9.1.3 Schur’s quadrics

There are 36 double-sixes of lines on a nonsingular cubic surface S corre-
sponding to 36 double-sixes of exceptional vectors in I1,6. Let (`1, . . . , `6),

(`′1, . . . , `
′
6) be one of them. Choose a geometric marking φ : I1,6 → Pic(S)

such that φ(ei) = ei = [`i], i = 1, . . . , 6. Then the linear system |e0| defines a
birational map π1 : S → 1P2 = |e0|∨ which blows down the lines `i to points
x1, . . . , x6. The class of the line `′i is equal to 2e0 − (e1 + · · · + e6) + ei. Its
image in the plane 1P2 is the conic Ci passing through all pj except pi. Let
φ′ : I1,6 → Pic(S) be the geometric marking such that φ′(ei) = `′i. It is ob-
tained from φ by composing φ with the reflection s = sαmax ∈ O(I1,6). We
have

e′0 = s(e0) = e0 + 2(2e0 − e1 − · · · − e6) = 5e0 − 2e1 − · · · − 2e6.

The linear system |e′0| defines a birational map π′ : S → 2P2 = |e′0|∨ which
blows down the lines `′i to points x′i in 2P2. The Cremona transformation

T = π2 ◦ π−1
1 : 1P1 99K 2P2

is the symmetric Cremona transformation of degree 5. It is given by the homa-
loidal linear system |I2

x1,...,x6
(5)|. The P -locus of T consists of the union of

the conicsCi. Note that the ordered sets of points (x1, . . . , x6) and (x′1, . . . , x
′
6)

are not projectively equivalent.
Consider the map

1P2 × 2P2 = |e0| × |e′0| → |e0 + e′0| = | − 2KS | ∼= |OP3(2)| ∼= P9. (9.12)

It is isomorphic to the Segre map s2,2 : P2 × P2 → P8, and its image is a
hyperplane H in the space of quadrics in P3. Let Q be the unique quadric in
the dual space of quadrics which is apolar to H .

The following beautiful result belongs to F. Schur.

Theorem 9.1.16 (F. Schur) The quadric Q is nonsingular. The polar of each
line `i with respect to the dual quadric Q∨ is equal to `′i. The quadric Q∨ is
uniquely determined by this property.

Proof Let (`1, . . . , `6) and (`′1, . . . , `
′
6) form a double-six. We use the no-

tations ai, bj , cij (resp. (ai, b
′
j , c
′
ij)) for lines defined by the geometric ba-

sis (e0, . . . , e6) (resp. (e′0, . . . , e
′
6)). The divisor class of the sum of six lines

ai, aj , cij and a′i, b
′
k, c
′
ik is equal to

ei+ej+(e0−ei−ej)+2e0−(e1 +· · ·+e6−ej)+2e0−(e1 +· · ·+e6−ek)+

(e0 − ej − ek) = 6e0 − 2(e1 + · · ·+ e6) = −2KS .



9.1 Lines on a nonsingular cubic surface 487

The corresponding quadric Qijk cuts out six lines distributed into two triples
of coplanar lines ai, a′j , cjk and aj , a′k, c

′
jk. Thus Qijk consists of the union of

two planes Hij and Hjk (note that k here could be equal to i). This implies
that, considered as points in the dual space, the polar plane (Hij)

⊥
Q of Hij

with respect to Q contains Hjk. Let pij be the point in the original space P3

which corresponds to the hyperplane (Hij)
⊥
Q in the dual projective space. Then

Hij ⊂ (pij)
⊥
Q∨ , or, pij ∈ (Hij)

⊥
Q∨ . The inclusion Hij ∈ (Hjk)⊥Q means that

pij ∈ Hjk. Since Hbc ∈ (Hab)
⊥
Q for any three indices a, b, c, we get

pij ∈ Hjk ∩Hji∩Hki = {aj +a′k+ cjk}∩{aj +a′i+ cji}∩{ak+a′i+ cki}.

The point aj ∩ a′i belongs to the intersection. Since no three tritangent planes
intersect along a line, we obtain that pij = aj∩a′i, and, similarly, pji = ai∩a′j .
Now, we use that pji ∈ (Hji)

⊥
Q∨ and pij ∈ (Hij)

⊥
Q∨ . Since ai ∈ Hij , a

′
i ⊂

Hji, we obtain that the points pij and pji are orthogonal with respect to Q∨.
Similarly, we find that the pairs pki, pik and pjk, pjk are orthogonal. Since ai
contains pji, pki, and a′i contains pik, pij , we see that the lines ai and a′i are
orthogonal with respect to Q∨.

a′i

a′j

a′k

ai aj ak

cij

cjk

•

•

• •

pji

pki

pij pik

pkj

pjk

•

•

Let us show that Q is a nondegenerate quadric. Suppose Q is degenerate,
then its set of singular points is a non-empty linear space L0. Thus, for any
subspace L of the dual space of P3, the polar subspace L⊥Q contains L0. There-
fore, all the points pij lie in a proper subspace of P3. But this is obviously
impossible, since some of these points lie on a pair of skew lines and span P3.
Thus the dual quadricQ∨ is nonsingular and the lines `i, `′i are orthogonal with
respect to Q∨.

Let us show the uniqueness of Q∨. Suppose we have two quadrics Q1 and
Q2 such that `′i = (`i)

⊥
Qi
, i = 1, . . . , 6. Let Q be a singular quadric in the

pencil spanned by Q1 and Q2. Let K be its space of singular points. Then K
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is orthogonal to each subspace of P3. Hence, it is contained in `′i and `i. Since
these lines are skew, we get a contradiction.

Definition 9.1.17 Let (`1, . . . , `6), (`′1, . . . , `
′
6) be a double-six of lines on a

nonsingular cubic surface S. The unique quadric Q such that (`i)
⊥
Q = `′i is

called the Schur quadric with respect to the double-six.

Consider the bilinear map corresponding to the pairing (9.12)

H0(S,OS(e0))×H0(S,OS(5e0 − 2e1 − · · · − 2e6))

→ H0(S,OS(−2KS)) = H0(P3,OP3(2)).

A choice of an equation of the dual of the Schur quadric defines a linear map
H0(P3,OP3(2)) → C. Composing the pairing with this map, we obtain an
isomorphism

H0(S,OS(5e0 − 2e1 − · · · − 2e6)) ∼= H0(S,OS(e0))∨.

This shows that the Schur quadric allows us to identify the plane 1P2 and 2P2

as the dual to each other. Under this identification, the linear system |−2KS−
e0| defines an involutive Cremona transformation P2 99K P2.

Fix six points x1, . . . , x6 ∈ P2 in general positions. The linear system |6h−
2x1 − · · · − 2x6| is equal to the preimage of the linear system of quadrics in
P3 = |3e0−x1−· · ·−x6|∨ under the map P2 99K P3 given by the linear system
|3h− x1 − · · · − x6|. The preimage of the Schur quadric corresponding to the
double-six (e1, . . . , e6), (e′1, . . . , e

′
6) is a curve of degree 6 with double points

at x1, . . . , x6. It is called the Schur sextic associated with six points. Note that
it is defined uniquely by the choice of six points. The proper transform of
the Schur sextic under the blow-up of the points is a nonsingular curve of
arithmetic genus 4. In the anticanonical embedding, it is the intersection of the
Schur quadric with the cubic surface.

Proposition 9.1.18 The six double points of the Schur sextic are biflexes, i.e.
the tangent line to each branch is tangent to the branch with multiplicity ≥ 3.

Proof Let Q be the Schur quadric corresponding to the Schur sextic and `i
be the lines on the cubic surface S corresponding to the points x1, . . . , x6. Let
`i ∩Q = {a, b} and `′i ∩Q = {a′, b′}. We know that

Pa(Q) ∩Q = {x ∈ Q : a ∈ Tx(Q)}.

Since `′i = (`i)
⊥
Q, we have

`′i ∩Q = (Pa(Q) ∩ Pb(Q)) ∩Q = {a′, b′}.
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This implies that a′, b′ ∈ Ta(Q) and hence the lines aa′, ab′ span Ta(Q). The
tangent plane Ta(Q) contains the line `′i and hence intersects the cubic surface
S along `′i and some conic K(a). We have

Ta(K(a)) = Ta(S) ∩ Ta(Q) = Ta(Q∩ S).

Thus the conicK(a) and the curve C = Q∩S are tangent at the point a. Since
the line `′i is equal to the proper inverse transform of the conic C ′ in P2 passing
through the points xj , j 6= i, the conic K(a) is the proper inverse transform
of some line ` in the plane passing through xi. The point a corresponds to the
tangent direction at xi defined by a branch of the Schur sextic at xi. The fact
that K(a) is tangent to C at a means that the line ` is tangent to the branch
with multiplicity ≥ 3. Since the same is true, when we replace a with b, we
obtain that xi is a biflex of the Schur sextic.

Remark 9.1.19 A biflex is locally given by an equation whose Taylor expan-
sion looks like xy+ xy(ax+ by) + f4(x, y) + · · · . This shows that one has to
impose five conditions to get a biflex. To get six biflexes for a curve of degree 6
one has to satisfy 30 linear equations. The space of homogeneous polynomials
of degree 6 in three variables has dimension 28. So, one does not expect that
such sextics exist.

Also observe that the set of quadrics Q such that `⊥Q = `′ for a fixed pair
of skew lines (`, `′) is a linear (projective) subspace of codimension 4 of the
9-dimensional space of quadrics. So the existence of the Schur quadric is un-
expected!

I do not know whether, for a given set of six points on P2 defining a nonsin-
gular cubic surface, there exists a unique sextic with biflexes at these points.
We refer to [178], where the Schur sextic is realized as the curve of jumping
lines of the second kind of a rank 2 vector bundle on P2.

Example 9.1.20 Let S be the Clebsch diagonal surface given by two equa-
tions in P4:

5∑
i=1

ti =

5∑
i=1

t3i = 0. (9.13)

It exhibits an obvious symmetry defined by permutations of the coordinates.
Let a = 1

2 (1+
√

5), a′ = 1
2 (1−

√
5) be two roots of the equation x2−x−1 = 0.

One checks that the skew lines

` : t1 + t3 + at2 = at3 + t2 + t4 = at2 + at3 − t5 = 0

and

`′ : t1 + t2 + a′t4 = t3 + a′t1 + t4 = a′t1 + a′t4 − t5 = 0
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lie on S. Applying to each line even permutations we obtain a double-six. The
Schur quadric is

∑
t2i =

∑
ti = 0.

Let π1 : S → 1P2, π2 : S → 2P2 be two birational maps defined by
blowing down two sixes forming a double-six. We will see later in Section
9.3.2 that there exists a 3× 3-matrix A = (aij) of linear forms such that S =

V (detA). The map π1 (resp. π2) is given by the left (resp. right) kernel of A.
In coordinates, it is given by a row (resp. column) of adj(A). The composition
of the map (π1, π2) : S → 1P2 × 2P2 with the Segre map 1P2 × 2P2 → P8

is given by x 7→ [adj(A)(x)]. We immediately identify this map with the map
(9.12). Thus the entries of adj(A) define the quadrics in the image of this map.
They are apolar to the dual of the Schur quadrics.

Let x = [z0, . . . , z3] be any point in P3. The polar quadric of S with center
at x is given by the equation

∣∣∣∣∣∣
Da11 Da12 Da13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣+

∣∣∣∣∣∣
a11 a12 a13

Da21 Da22 Da23

a31 a32 a33

∣∣∣∣∣∣+

∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

Da31 Da32 Da33

∣∣∣∣∣∣ = 0,

where D is the linear differential operator
∑
zi

∂
∂ti

. It is clear that the left-
hand side this equation is a linear combination of the entries of adj(A). Thus
all polar quadrics of S are apolar to the duals of all 36 Schur quadrics. This
proves the following.

Proposition 9.1.21 The duals of the 36 Schur quadrics belong to the 5-
dimensional projective space of quadrics apolar to the 3-dimensional linear
system of polar quadrics of S.

This result was first mentioned by H. Baker in [20], its proof appears in his
book [21], Vol. 3, p. 187. In the notation of Theorem 9.1.3, let Qα is the Schur
quadric corresponding to the double-six defined by the root α (see Theorem
9.1.3). Any three of type Qαmax

, Qα123
, Qα456

are linearly dependent. Among
Qαij ’s at most five are linearly independent ([472]).

Remark 9.1.22 We refer to [178] for the relationship between Schur quadrics
and rank 2 vector bundles on P2 with odd first Chern class. The case of cubic
surfaces corresponds to vector bundles with c1 = −1 and c2 = 4. For higher
n values the Schur quadrics define some polarity relation for a configuration
of
(
n+1

2

)
lines and (n − 2)-dimensional subspaces in Pn defined by a White

surface X , the blow-up of a set Z of
(
n+1

2

)
points in the plane which do not

lie on a curve of degree n − 1 and no n points among them are collinear
[596]. The case n = 3 corresponds to cubic surfaces and the case n = 4

to Bordiga surfaces. The linear system |IZ(n)| embeds X in Pn. The images
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of the exceptional curves are lines, and the images of the curves through all
points in Z except one (for each point, there is a unique such curve) spans a
subspace of dimension n− 3. The configuration generalizes a double-six on a
cubic surface. The difference here is that, in the case n > 3, the polarity of the
configuration exists only for a non-general White surface.

9.1.4 Eckardt points

A point of intersection of three lines in a tritangent plane is called an Eckardt
point. As we will see later, the locus of nonsingular cubic surfaces with an
Eckardt point is of codimension 1 in the moduli space of cubic surfaces.

Recall that the fixed locus of an automorphism τ of order 2 of Pn is equal
to the union of two subspaces of dimensions k and n − k − 1. The number k
determines the conjugacy class of τ in the group Aut(Pn) ∼= PGL(n + 1). In
the terminology of classical projective geometry, a projective automorphism
with a hyperplane of fixed points is called a homology. A homology of order 2
was called a harmonic homology. The isolated fixed point is the center of the
homology.

Proposition 9.1.23 There is a bijective correspondence between the set of
Eckardt points on a nonsingular cubic surface S and the set of harmonic ho-
mologies in P3 with center in S.

Proof Let x = `1 ∩ `2 ∩ `3 ∈ S be an Eckardt point. Choose coordinates
such that x = [1, 0, 0, 0] and the equation of the tritangent plane is t1 = 0. The
equation of S is

t20t1 + 2t0g2 + g3 = 0, (9.14)

where g2, g3 are homogeneous forms in t1, t2, t3. The polar quadric Px(S)

contains the three coplanar lines `i passing through one point. This implies
that Px(S) is the union of two planes; one of them is V (t1). Since the equation
of Px(S) is t0t1 + g2 = 0, we obtain that g2 = t1g1(t1, t2, t3). Making one
more coordinate change t0 → t0 + g1, we reduce the equation to the form
t20t1 + g′3(t1, t2, t3). The intersection V (t0) ∩ S is isomorphic to the cubic
curve V (g3). Now we define the homology

τ : [t0, t1, t2, t3] 7→ [−t0, t1, t2, t3]. (9.15)

It obviously leaves S invariant and has x as its isolated fixed point. The other
component of the fixed locus is the cubic curve V (t0) ∩ V (S).

Conversely, assume S admits a projective automorphism τ of order 2 with
one isolated fixed point p on S. Choose projective coordinates such that τ is
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given by formula (9.15). Then S can be given by Equation (9.14). The surface
is invariant with respect to τ if and only if g2 = 0. The plane V (t0) is the
tritangent plane with Eckardt point [1, 0, 0, 0].

It is clear that the automorphism τ is defined by the projection from the
Eckardt point x. It extends to a biregular automorphism of the blow-up π :

S′ → S of the point x which fixes pointwisely the exceptional curve E of π.
The surface S′ is a weak del Pezzo surface of degree 2. It has three disjoint
(−2)-curves Ri equal to the proper transforms of the lines `i containing x.
The projection map S′ → P2 is equal to the composition of the birational
morphism S′ → X which blows down the curves Ri and a finite map of
degree 2 X → P2. The surface X is an anticanonical model of S′ with three
singular points of type A1. The branch curve of X → P2 is the union of a
line and a nonsingular cubic intersecting the line transversally. The line is the
image of the exceptional curve E.

Example 9.1.24 Consider a cyclic cubic surface S given by equation

f3(t0, t1, t2) + t33 = 0,

where C = V (f3) is a nonsingular plane cubic in the plane with coordinates
t0, t1, t2. Let ` be an inflection tangent of C. We can choose coordinates such
that ` = V (t1) and the tangency point is [1, 0, 0]. The equation of S becomes

t20t1 + t0t1g1(t1, t2) + t1g2(t1, t2) + t32 + t33 = 0.

The preimage of the line ` under the projection map [t0, t1, t2, t3] 7→ [t0, t1, t2]

splits into the union of three lines with equation t1 = t32 + t33 = 0. The point
[1, 0, 0, 0] is an Eckardt point. Because there are nine inflection points on a
nonsingular plane cubic, the surface contains nine Eckardt points. Note that
the corresponding 9 tritangent planes contain all 27 lines.

Example 9.1.25 Consider a cubic surface given by equations
4∑
i=0

ait
3
i =

4∑
i=0

ti = 0,

where ai 6= 0. We will see later that a general cubic surface is projectively
equivalent to such surface (but not the cyclic one). Assume a0 = a1. Then
the point p = [1,−1, 0, 0, 0] is an Eckardt point. In fact, the tangent plane at
this point is t0 + t1 = t2 + t3 + t4 = 0. It cuts out the surface along the
union of three lines intersecting at the point p. Similarly, we have an Eckardt
point whenever ai = aj for some i 6= j. Thus we may have 1, 2, 3, 4, 6 or 10
Eckardt points dependent on whether we have just two equal coefficients, or
two pairs of equal coefficients, or three equal coefficients, or a pair and a triple
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of equal coefficients, or four equal coefficients, or five equal coefficients. The
other possibilities for the number of Eckardt points are nine as in the previous
example, or 18 in the case when the surface is isomorphic to a Fermat cubic
surface. We will prove later that no other case occurs.

Let us prove the following, as it will be needed in the future.

Proposition 9.1.26 Let x and y be two Eckardt points on S such that the line
` = xy is not contained in S. Then ` intersects S in a third Eckardt point.
Moreover, no three Eckardt points lie on a line contained in the surface.

Proof Let τ be the harmonic homology involution of S defined by the Eckardt
point x. Then ` intersects S at the point z = τ(y). The points y and z are on the
line xy. If ` is not contained in S, then it is not contained in the polar quadric
Px(S), and hence does not intersect the 1-dimensional component F of the
fixed locus of τ . This shows that y 6= z. On the other hand, if ` is contained in
S, then it is one of the three lines in the tritangent plane containing x. Hence it
is tangent to S at x and intersects S at one additional point y on F .

Proposition 9.1.27 Let x1, x2, x3 be three collinear Eckardt points. Then the
involutions τi corresponding to these points generate a subgroup of automor-
phisms isomorphic to S3. If two Eckardt points x1, x2 lie on a line ` ⊂ S,
then the involutions commute, and the product fixes the line and the other line
which contains the tangency points of three tritangent planes through `.

Proof Suppose three Eckardt points lie on a line `. Obviously, each τi leaves
the line ` = x1x2 invariant. Thus the subgroup G generated by the three invo-
lutions leaves the line invariant and permutes three Eckardt points. This defines
a homomorphism G→ S3 which is obviously surjective. Let g be a nontrivial
element from the kernel. Then it leaves three points fixed, and hence leaves
all points on the line fixed. Without loss of generality, we may assume that
g = τ1τ2 or g = τ1τ2τ3. Since τ1 and τ2, and τ1τ2, τ3 act differently on `, we
get g = 1.

Now suppose that two Eckardt points lie on a line ` contained in the surface.
Obviously, τi fixes both points x1 and x2. Since a finite automorphism group
of P1 fixing two points is cyclic, the product τ = τ1τ2 is of order 2; it fixes `
pointwise, and also fixes the line `′ equal to intersection of the planes of fixed
points of τ1, τ2. This line intersects each tritangent plane through ` at some
point. Hence each such plane is invariant with respect to τ , and the tangency
points of the remaining three tritangent planes lie on `′.

Let us project S from a point x ∈ S that is not an Eckardt point. Suppose
x does not lie on any line in S. Then the blow-up S′ of S at x is a del Pezzo
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surface of degree 2. The projection map lifts to a finite double cover of P2

branched along a nonsingular quartic curve B. The 27 lines, together with the
exceptional curve E of the blow-up, map to the 28 bitangents of B. The image
of a sixer of lines and the curve E is an Aronhold set of seven bitangents. This
relationship between 27 lines on a cubic surface and 28 bitangents of a plane
quartic was first discovered by C. Geiser [236] in 1860.

If x lies on one line, S′ is a weak del Pezzo surface of degree 2 with one
(−2)-curveR. The projection map lifts to a degree map S′ → P2 which factors
through the blowing down map S → X of R and a finite map of degree 2
X → P2 branched over a 1-nodal quartic curve. If x lies on two lines, then we
have a degree 2 map S′ → X → P2, where X has two A1-singularities, and
the branch curve of X → P2 is a 2-nodal quartic.

9.2 Singularities

9.2.1 Non-normal cubic surfaces

Let X be an irreducible cubic surface in P3. Assume that X is not normal and
is not a cone over a singular cubic curve. Then its singular locus contains a
1-dimensional part C of some degree d. Let m be the multiplicity of a general
point of C. By Bertini’s Theorem, a general plane section H of X is an irre-
ducible plane cubic that contains d singular points of multiplicity m. Since an
irreducible plane cubic curve has only one singular point of multiplicity 2, we
obtain that the singular locus of X is a line.

Let us choose coordinates in such a way that C is given by the equations
t0 = t1 = 0. Then the equation of X must look like

l0t
2
0 + l1t0t1 + l2t

2
1 = 0,

where li, i = 0, 1, 2, are linear forms in t0, t1, t2. This shows that the left-hand
side contains t2 and t3 only in degree 1. Thus we can rewrite the equation in
the form

t2f + t3g + h = 0, (9.16)

where f, g, h are binary forms in t0, t1, the first two of degree 2, and the third
one of degree 3.

Suppose f, g are proportional. Then, the equation can be rewritten in the
form (at1 + bt2)f + h = 0, which shows that X is a cone. A pair of non-
proportional binary quadratic forms f, g can be reduced to the form t20 +

t21, at
2
0 +bt21, or t0t1, at20 + t0t1 (corresponding to the Segre symbol (2)). After
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making a linear change of variables t2, t3, we arrive at two possible equations

t2t
2
0 + t3t

2
1 + (at0 + bt1)t20 + (ct0 + dt1)t1 = 0,

t2t0t1 + t3t
2
0 + (at0 + bt1)t20 + (ct0 + dt1)t1 = 0.

Replacing t2 with t′2 = t2 + at0 + bt1 and t3 with t′3 = t3 + ct0 + dt1, we
obtain two canonical forms of non-normal cubic surfaces that are not cones.

The plane sections through the singular line of the surface define a structure
of a scroll on the surface.

Theorem 9.2.1 Let X be an irreducible non-normal cubic surface. Then,
eitherX is a cone over an irreducible singular plane cubic, or it is projectively
equivalent to one of the following cubic surfaces singular along a line:

(i) t20t2 + t21t3 = 0;

(ii) t2t0t1 + t3t
2
0 + t31 = 0.

The two surfaces are not projectively isomorphic.

The last assertion follows from considering the normalization X̄ of the sur-
face X . In both cases it is a nonsingular surface, however in (i), the preimage
of the singular line is irreducible, but in the second case it is reducible.

We have already seen two cubic scrolls in P3 in Subsection 2.1.1. They are
obtained as projections of the cubic scroll S1,4 in P4 isomorphic to the rational
minimal ruled surface F1 (a del Pezzo surface of degree 8). There are two
possible centers of the projection: on the exceptional (−1)-curve or outside
of this curve. Case (i) corresponds to the first possibility, and case (ii) to the
second one.

9.2.2 Lines and singularities

From now on we assume that S is a normal cubic surface that is not a cone.
Thus its singularities are rational double points, and S is a del Pezzo surface
of degree 3.

Let X be a minimal resolution of singularities of S. All possible Dynkin
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curves on X can be easily found from the list of root bases in E6.

(r = 6) E6, A6, D4 +A2,

s∑
k=1

Aik , i1 + · · ·+ is = 6,

(r = 5) D5, D4 +A1,

s∑
k=1

Aik , i1 + · · ·+ is = 5,

(r = 4) D4,

s∑
k=1

Aik , i1 + · · ·+ is = 4,

(r = 3) A3, A2 +A1, 3A1,

(r = 2) A2, A1 +A1,

(r = 1) A1.

The following Lemma is easily verified, and we omit its proof.

Lemma 9.2.2 Let x0 = (1, 0, 0, 0) be a singular point of S = V (f3). Write

f3 = t0g2(t1, t2, t3) + g3(t1, t2, t3),

where g2, g3 are homogeneous polynomials of degrees 2 and 3, respectively.
Let x = [a0, a1, a2, a3] ∈ S. If the line x0x is contained in S, then the point
q = [a1, a2, a3] is a common point of the conic V (g2) and the cubic V (g3). If,
moreover, x is a singular point of S, then the conic and the cubic intersect at
q with multiplicity > 1.

Corollary 9.2.3 V (f3) has at most four singular points. Moreover, if V (f3)

has four singular points, then each point is of type A1.

Proof Let x0 be a singular point which we may assume to be the point
[1, 0, 0, 0] and apply Lemma 9.2.2. Suppose we have more than 4 singular
points. The conic and the cubic will intersect at least in four singular points
with multiplicity > 1. Since they do not share an irreducible component (oth-
erwise f3 is reducible), this contradicts Bézout’s Theorem. Suppose we have
four singular points and x0 is not of type A1. Since x0 is not an ordinary dou-
ble point, the conic V (g2) is reducible. Then the cubic V (g3) intersects it at
three points with multiplicity > 1 at each point. It is easy to see that this also
contradicts Bézout’s Theorem.

Lemma 9.2.4 The cases, Ai1 + · · ·+Aik , i1 + · · ·+ ik = 6, except the cases
3A2, A5 +A1 do not occur.

Proof AssumeM = Ai1 +· · ·+Aik , i1 +· · ·+ik = 6. Then the discriminant
dM of the lattice M is equal to (i1 + 1) · · · (ik + 1). By Lemma 8.2.1, 3|dM ,
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one of the numbers, say i1 + 1, is equal either to 3 or 6. If i1 + 1 = 6, then
M = A5 +A1. If i1 + 1 = 3, then (i2 + 1) . . . (ik + 1) must be a square, and
i2 + · · ·+ik = 4. It is easy to see that the only possibilities are i2 = i3 = 2 and
i2 = i3 = i4 = i5 = 1. The last possibility is excluded by applying Corollary
9.2.3.

Lemma 9.2.5 The cases D4 +A1 and D4 +A2 do not occur.

Proof Let x0 be a singular point of S of type D4. Again, we assume that
x0 = [1, 0, 0, 0] and apply Lemma 9.2.2. As we have already noted, the sin-
gularity of type D4 is analytically (or formally) isomorphic to the singularity
z2 + xy(x + y) = 0. This shows that the conic V (g2) is a double line `.
The plane z = 0 cuts out a germ of a curve with 3 different branches. Thus
there exists a plane section of S = V (f3) passing through x0 which is a plane
cubic with 3 different branches at x0. Obviously, it must be the union of 3
lines with a common point at x0. Now the cubic V (g3) intersects the line `
at 3 points corresponding to the lines through x0. Thus S cannot have more
singular points.

Let us show that all remaining cases are realized. We will exhibit the corre-
sponding del Pezzo surface as the blow-up of six bubble points p1, . . . , p6 in
P2.

A1: 6 proper points in P2 on an irreducible conic;

A2: p3 �1 p1;

2A1: p2 �1 p1, p4 �1 p3;

A3: p4 �1 p3 �1 p2 �1 p1;

A2 +A1: p3 �1 p2 �1 p1, p5 �1 p4;

A4: p5 �1 p4 �1 p3 �1 p2 �1 p1;

3A1: p2 �1 p1, p4 �1 p3, p6 �1 p5;

2A2: p3 �1 p2 �1 p1, p6 �1 p5 �1 p4;

A3 +A1: p4 �1 p3 �1 p2 �1 p1, p6 �1 p5;

A5: p6 �1 p5 �1 p4 �1 p3 �1 p2 �1 p1;

D4: p2 �1 p1, p4 �1 p3, p6 �1 p5 and p1, p3, p5 are collinear;

A2 + 2A1: p3 �1 p2 �1 p1, p5 �1 p4, and |h− p1 − p2 − p3| 6= ∅;
A4 +A1: p5 �1 p4 �1 p3 �1 p2 �1 p1 and |2h− p1 − · · · − p6| 6= ∅;
D5: p5 �1 p4 �1 p3 �1 p2 �1 p1 and |h− p1 − p2 − p6| 6= ∅;
4A1: p1, . . . , p6 are the intersection points of 4 lines in a general linear posi-
tion;
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2A2 +A1: p3 �1 p2 �1 p1, p6 �1 p5 �1 p4 and |h− p1 − p2 − p3| 6= ∅;
A3 + 2A1: p4 �1 p3 �1 p2 �1 p1, p6 �1 p5 and |h− p1 − p2 − p3| 6= ∅;
A5 +A1: p6 �1 p5 �1 p4 �1 p3 �1 p2 �1 p1 and |2h− p1 − · · · − p6| 6= ∅;
E6: p6 �1 p5 �1 p4 �1 p3 �1 p2 �1 p1 and |h− p1 − p2 − p3| 6= ∅;
3A2: p3 �1 p2 �1 p1, p6 �1 p5 �1 p4, |h − p1 − p2 − p3| 6= ∅, |h − p4 −
p5 − p6| 6= ∅;

Projecting from a singular point and applying Lemma 9.2.2 we see that each
singular cubic surface can be given by the following equations.

A1: V (t0g2(t1, t2, t3) + g3(t1, t2, t3)), where V (g2) is a nonsingular conic
which intersects V (g3) transversally;

A2: V (t0t1t2 + g3(t1, t2, t3)),where V (t1t2) intersects V (g3) transversally;

2A1: V (t0g2(t1, t2, t3) + g3(t1, t2, t3)), where V (g2) is a nonsingular conic
which is simply tangent to V (g3) at one point;

A3: V (t0t1t2 + g3(t1, t2, t3)), where V (t1t2) intersects V (g3) at the point
[0, 0, 1] and at other 4 distinct points;

A2+A1: V (t0t1t2+g3(t1, t2, t3)), where V (g3) is tangent to V (t2) at [1, 0, 0];

A4: V (t0t1t2 + g3(t1, t2, t3)), where V (g3) is tangent to V (t1) at [0, 0, 1];

3A1: V (t0g2(t1, t2, t3) + g3(t1, t2, t3)), where V (g2) is nonsingular and is
tangent to V (g3) at 2 points;

2A2: V (t0t1t2+g3(t1, t2, t3)), where V (t1) intersects V (g3) transversally and
V (t2) is an inflection tangent to V (g3) at [1, 0, 0];

A3 + A1: V (t0t1t2 + g3(t1, t2, t3)), where V (g3) passes through [0, 0, 1] and
V (t1) is tangent to V (g3) at the point [1, 0, 0];

A5: V (t0t1t2 + g3(t1, t2, t3)), where V (t1) is an inflection tangent of V (g3)

at the point [0, 0, 1];

D4: V (t0t
2
1 + g3(t1, t2, t3)), where V (t1) intersects transversally V (g3);

A2 + 2A1: V (t0t1t2 + g3(t1, t2, t3)), where V (g3) is tangent V (t1t2) at two
points not equal to [0, 0, 1];

A4 +A1: V (t0t1t2 +g3(t1, t2, t3)), where V (g3) is tangent to V (t1) at [0, 0, 1]

and is tangent to V (t2) at [1, 0, 0];

D5: V (t0t
2
1 + g3(t1, t2, t3)), where V (t1) is tangent to V (g3) at [0, 0, 1];

4A1: V (t0g2(t1, t2, t3) + g3(t1, t2, t3)), where V (g2) is nonsingular and is
tangent to V (g3) at 3 points;

2A2 +A1: V (t0g2(t1, t2, t3)+g3(t1, t2, t3)), where V (g2) is tangent to V (g3)

at 2 points [1, 0, 0] with multiplicity 3;
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A3 + 2A1: V (t0t1t2 + g3(t1, t2, t3)), where V (g3) passes through [0, 0, 1] and
is tangent to V (t1) and to V (t2) at one point not equal to [0, 0, 1];

A5 + A1: V (t0t1t2 + g3(t1, t2, t3)), where V (t1) is an inflection tangent of
V (g3) at the point [0, 0, 1] and V (t2) is tangent to V (g3);

E6: V (t0t
2
1 + g3(t1, t2, t3)), where V (t1) is an inflection tangent of V (g3).

3A2: V (t0t1t2 + g3(t1, t2, t3)), where V (t1), V (t2) are inflection tangents of
V (g3) at points different from [0, 0, 1].

Remark 9.2.6 Applying a linear change of variables, one can simplify the
equations. For example, in type XXI (see Table 9.1), we may assume that
the inflection points are [1, 0, 0] and [0, 1, 0]. Then g3 = t33 + t1t2L(t1, t2, t3).
Replacing t0 with t′0 = t0 + L(t1, t2, t3), we reduce the equation to the form

t0t1t2 + t33 = 0. (9.17)

Another example is the E6-singularity (type XX). We may assume that the
inflection point is [0, 0, 1]. Then g3 = t32 + t1g2(t1, t2, t3). The coefficient at t23
is not equal to zero, otherwise the equation is reducible. After a linear change
of variables we may assume that g2 = t23 +at21 +bt1t2 +ct22. Replacing t0 with
t0 + at1 + bt2, we may assume that a = b = 0. After scaling the unknowns,
we get

t0t
2
1 + t1t

2
2 + t1t

2
3 + t32 = 0. (9.18)

Table 9.1 gives the classification of possible singularities of a cubic surface,
the number of lines and the class of the surface.

Type Singularity Lines Class Type Singularity Lines Class
I ∅ 27 12 XII D4 6 6
II A1 21 10 XIII A2 + 2A1 8 5
III A2 15 9 XIV A4 +A1 4 5
IV 2A1 16 8 XV D5 3 5
V A3 10 8 XVI 4A1 9 4
VI A2 +A1 11 7 XVII 2A2 +A1 5 4
VII A4 6 7 XVIII A3 + 2A1 5 4
VIII 3A1 12 6 XIX A5 +A1 2 4
IX 2A2 7 6 XX E6 1 4
X A3 +A1 7 6 XXI 3A2 3 3
XI A5 3 6

Table 9.1 Singularities of cubic surfaces

Note that the number of lines can be checked directly by using the equations.
The map from P2 to S is given by the linear system of cubics generated by
V (g3), V (t1g2), V (t2g2), V (t3g2). The lines are images of lines or conics that
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intersect a general member of the linear system with multiplicity 1 outside
base points. The class of the surface can be computed by applying the Plücker-
Teissier formula from Theorem 1.2.7. We use that the Milnor number of an
An, Dn, En singularity is equal to n, and the Milnor number of the singularity
of a general plane section through the singular point is equal to 1 if type is An
and 2 otherwise.

Example 9.2.7 The cubic surface with three singular points of type A2 given
by Equation (9.17) plays an important role in the Geometric Invariant The-
ory of cubic surfaces. It represents the unique isomorphism class of a strictly
semistable point in the action of the group SL(4) in the space of cubic surfaces.
Table 9.1 shows that it is the only normal cubic surface whose dual surface is
also a cubic surface. By the Reciprocity Theorem X ∼= (X∨)∨, the dual sur-
face cannot be a cone or a scroll. Thus the surface of type XXI is the only
self-dual cubic surface.

Another interesting special case is the surface with four A1-singularities. In
notation above, let us choose coordinates such that the three tangency points
of the conic V (g2) and the cubic V (g3) are [1, 0, 0], [0, 1, 0], [0, 0, 1]. After
scaling the coordinates, we may assume that g2 = t1t2 + t1t3 + t2t3. An
example of a cubic tangent to the conic at the three points is the union of three
tangent lines

h = (t1 + t2)(t1 + t3)(t2 + t3) = g2(t1 + t2 + t3)− t1t2t3.

Any other cubic can be given by equation lg2 +h = 0, where l is a linear form.
Replacing t0 with t′0 = −(t0 + l+ t1 + t2 + t3), we reduce the equation to the
form

t0(t1t2 + t1t3 + t2t3) + t1t2t3 = t0t1t2t3

( 1

t0
+

1

t1
+

1

t2
+

1

t3

)
= 0. (9.19)

A cubic surface with four nodes is called the Cayley cubic surface. As we see,
all Cayley cubics are projectively equivalent. They admit S4 as its group of
automorphisms.

Let us find the dual surface of a Cayley surface. Table 9.1 shows that it
must be a quartic surface. The equation of a tangent plane at a general point
[a, b, c, d] is

t0
a2

+
t1
b2

+
t2
c2

+
t3
d2

= 0.

Thus the dual surface is the image of S under the map

[t0, t1, t2, t3] 7→ [ξ0, ξ1, ξ2, ξ3] = [1/t20, 1/t
2
1, 1/t

2
2, 1/t

2
3].
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Write ti = 1/
√
ξi and plug in Equation (9.19). We obtain the equation

(
√
ξ0ξ1ξ2ξ3)−2(

√
ξ0 +

√
ξ1 +

√
ξ2 +

√
ξ3) = 0.

This shows that the equation of the dual quartic surface is obtained from the
equation √

ξ0 +
√
ξ1 +

√
ξ2 +

√
ξ3 = 0

by getting rid of the irrationalities. We get the equation

(

3∑
i=0

ξ2
i − 2

∑
0≤i<j≤3

ξiξj)
2 − 64ξ0ξ1ξ2ξ3 = 0.

The surface has three singular lines ti + tk = tl + tm = 0. They meet at
one point [1, 1, 1, 1]. The only quartic surface with this property is a Steiner
quartic surface from Subsection 2.1.1. Thus the dual of Cayley cubic surface
is a Steiner quartic surface.

9.3 Determinantal equations

9.3.1 Cayley-Salmon equation

Let S′ be a minimal resolution of singularities of a del Pezzo cubic surface S.
Choose a geometric marking φ : I1,6 → Pic(S′) and consider the image of
one of 120 conjugate pairs of triples of tritangent trios from (9.9). Write them
as a matrix:

e11 e12 e13

e21 e22 e23

e31 e32 e33

. (9.20)

Suppose the divisor classes eij are the classes of (−1)-curves on S′. Then their
images in S are lines `ij . The lines defined by the i-th row (the j-th column)
lie in a plane Λi (Λ′j), a tritangent plane of S. The union of the planes Λi
contains all nine lines `ij . The same is true for the planes Λ′j . The pencil of
cubic surfaces spanned by the cubics Λ1 + Λ2 + Λ3 and Λ′1 + Λ′2 + Λ′3 must
contain the cubic S. This shows that we can choose the equations li = 0 of Λi
and the equations mj = 0 of Λ′j such that S can be given by equation

l1l2l3 +m1m2m3 = det

 l1 m1 0

0 l2 m2

−m3 0 l3

 = 0. (9.21)
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The equation of a cubic surface of the form (9.21), where the nine lines de-
fined by the equations li = mj = 0 are all different, is called Cayley-Salmon
equation. Note that the lines `ii are skew (otherwise we have four lines in one
plane). We say that two Cayley-Salmon equations are equivalent if they define
the same unordered sets of three planes V (li) and V (mj).

Suppose a cubic surface can be given by a Cayley-Salmon equation. Each
plane V (li) contains three different lines `ij = V (li)∩V (mj), j = 1, 2, 3 and
hence is a tritangent plane. After reindexing, we may assume that the lines `ii
are skew lines. Let eij be the divisor classes of the preimages of the lines in
S′. Then they form the image of a conjugate pair of tritangent trios under some
geometric marking of S′.

Theorem 9.3.1 Let S be a normal cubic surface. The number of the equiv-
alence classes of Cayley-Salmon equations for S is equal to 120 (type I), 10
(type II), 1 (type III, IV, VIII), and zero otherwise.

Proof We know that the number of conjugate pairs of triads of tritangent trios
of exceptional vectors is equal to 120. Thus the number of conjugate triads of
triples of tritangent planes on a nonsingular cubic surface is equal to 120.

Suppose S has one node. We take a blow-up model of S′ as the blow-up of
six proper points on an irreducible conic. We have 10 matrices of type II in
(9.9) which give us 10 pairs of conjugate triples of tritangent planes.

Suppose S has three nodes. We take the blow-up model corresponding to a
bubble cycle x1 + · · · + x6 with x4 � x1, x5 � x2, x6 � x3. The set of lines
`ij are represented by the divisor classes of

e0−e1−e4, e0−e2−e5, e0−e3−e6, ek, 2e0−e1−· · ·−e6 +ek, k = 4, 5, 6.

It is easy to see that this is the only possibility.
We leave it to the reader to check the assertion in the remaining cases.

Suppose a normal cubic surface S contains three skew lines `1, `2, `3. Con-
sider the pencil of planes Pi through the line `i. For any general point x ∈ P3

one can choose a unique plane Πi ∈ Pi containing the point x. This defines a
rational map

f : P3 99K P1 × P2 × P3. (9.22)

Suppose the intersection of the planes Πi contains a line `. Then ` intersects
`1, `2, `3, and hence either belongs to S or does not intersect S at a point out-
side the three lines. This shows that the restriction of the map f to S is a
birational map onto its image X .
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The composition of map (9.22) with the Segre map defines a rational map

f : P3 99K S ⊂ P7,

where S is isomorphic to the Segre variety s(P1 × P1 × P1). Since the pencils
Pi generate the complete linear system |V | of cubic surfaces containing the
lines `i, the map f is given by |V |. Since our cubic S is a member of |V |, it
is equal to the preimage of a hyperplane section H of X . The Segre variety S
is of degree 6, so H is isomorphic to a surface S6 of degree 6 in P6 and the
restriction of f to S is a birational map onto S6. The hyperplane section H is
defined by a divisor of tridegree (1, 1, 1) on the Segre variety. This gives the
following.

Theorem 9.3.2 (F. August) Any cubic surface containing three skew lines
`1, `2, `3 can be generated by three pencils Pi of planes with base locus `i
in the following sense. There exists a correspondence R of degree (1, 1, 1) on
P1 × P2 × P3 such that

S = {x ∈ P3 : x ∈ Π1 ∩Π2 ∩Π3 for some (Π1,Π2,Π3) ∈ R}.

Note that a del Pezzo surface S6 of degree 6 containing in the Segre variety
s(P1×P1×P1) has three different pencils of conics. So, it is either nonsingular,
or has one node. In the first case, it is a toric surface which can be given by the
equation

u0v0w0 + u1v1w1 = 0,

where (u0, u1), (v0, v1), (w0, w1) are projective coordinates in each factor of
(P1)3. The equation can be considered as a linear equations in the space P7

with coordinates uivjwk. If S6 is singular, it is not a toric surface. The cor-
responding weak del Pezzo surface is the blow-up of three collinear points. It
contains only three lines.

Suppose S6 is a nonsingular surface. Then we can identify the coordinates
(u0, u1) with the coordinates in the pencil P1 of planes through `1 and, simi-
larly, for the other two pairs of coordinates. Thus the cubic surface is equal to
the set of solutions of the system of linear equations

u0l1(t0, t1, t2, t3) = u1m1(t0, t1, t2, t3),

v0l2(t0, t1, t2, t3) = v1m2(t0, t1, t2, t3),

w0l3(t0, t1, t2, t3) = w1m3(t0, t1, t2, t3),

where li,mi are linear forms and u0v0w0 + u1v1w1 = 0. This immediately
gives Cayley-Salmon equation of S. Conversely, the choice of Cayley-Salmon
equation gives August’s projective generation of S.
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Remark 9.3.3 The rational map f : P3 99K S ⊂ P7 is a birational map. To see
this, we take a general line `4 in P3. The image of this line is a rational curve
of degree 3 in X . The composition of f and the projection P7 99K P3 from
the subspace spanned by f(`4) is a rational map T : P3 99K P3. It is given by
the linear system of cubics passing through the lines `1, `2, `3, `4. Since four
skew lines in P3 have two transversals (i.e. lines intersecting the four lines),
the base locus of the linear system also contains the two transversal lines. The
union of the six lines is a reducible projectively normal curve of arithmetic
genus 3. The transformation T is a bilinear Cremona transformation. The P-
locus of T consists of the union of four quadrics Qk, each containing the lines
`i, i 6= k (since it must be of degree 8, there is nothing else). In particular,
the map f blows down the quadric Q4 to a curve parameterizing the ruling of
Q4 that does not contain the lines `1, `2, `3. If S6 is a nonsingular surface, we
must blow down exactly three lines on S, hence the lines `1, `2, `3 have three
transversals contained in S. Also, if S6 is nonsingular, the singular points of S
must lie on the lines `1, `2, `3. This can be checked in all cases where Cayley-
Salmon equation applies.

Corollary 9.3.4 Let S be a nonsingular cubic surface. Then S is projectively
equivalent to a surface

V (t0t1t2 + t3(t0 + t1 + t2 + t3)l(t0, . . . , t3)).

A general S can be written in this form in exactly 120 ways (up to projective
equivalence).

Proof We will prove later that a nonsingular cubic surface has at most 18
Eckardt points. Thus we can choose the linear forms m1,m2,m2 such that
the lines `1j , `2j , `3j , j = 1, 2, 3 do not intersect. This implies that the linear
forms l1, l2, l3,mj are linearly independent. Similarly, we may assume that
the linear forms m1,m2,m3, lj , j = 1, 2, 3 are linearly independent. Choose
coordinates such that l1 = t0, l2 = t1, l3 = t2,m1 = t3. The equation of S
can be written in the form t0t1t2 + t3m2m3 = 0. Let m2 =

∑
aiti. It follows

from the previous assumption, that the coefficients ai are all nonzero. After
scaling the coordinates, we may assume that m2 = t0 + t1 + t2 + t3 and we
take l = m3.

9.3.2 Hilbert-Burch Theorem

The Cayley-Salmon equation has a determinantal form and hence gives a de-
terminantal representation of a cubic surface. Unfortunately, it applies to only
a few of the 21 different types of cubics. By other methods we will see that a
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determinantal representation exists for any normal cubic surface of type differ-
ent from XX. We will use the following result from commutative algebra (see
[207]).

Theorem 9.3.5 (Hilbert-Burch) Let I be an ideal in a polynomial ring R
such that depth(I) = codimI = 2 (thus R/I is a Cohen-Macaulay ring).
Then there exists a projective resolution

0 −→ Rn−1 φ2−→ Rn
φ1−→ R −→ R/I −→ 0.

The i-th entry of the vector (a1, . . . , an) defining φ1 is equal to (−1)ici, where
ci is the complementary minor obtained from the matrixA defining φ2 by delet-
ing its i-th row.

We apply this Theorem to the case when R = C[t0, t1, t2] and I is the
homogeneous ideal of a closed 0-dimensional subscheme Z of P2 = Proj(R)

generated by four linearly independent homogeneous polynomials of degree 3.
Let IZ be the ideal sheaf ofZ. Then (IZ)m = H0(P2, IZ(m)). By assumption

H0(P2, IZ(2)) = 0. (9.23)

Applying the Hilbert-Burch Theorem, we find a resolution of the graded ring
R/I

0 −→ R(−4)3 φ2−→ R(−3)4 φ1−→ R −→ R/I → 0,

where φ2 is given by a 3 × 4-matrix A whose entries are linear forms in
t0, t1, t2. Passing to the projective spectrum, we get an exact sequence of
sheaves

0 −→ U ⊗OP2(−4)
φ2−→ V ⊗OP2(−3)

φ1−→ IZ −→ 0,

where U , V are vector spaces of dimension 3 and 4. Twisting by OP2(3), we
get the exact sequence

0 −→ U ⊗OP2(−1)
φ̃2−→ V ⊗OP2

φ̃1−→ IZ(3) −→ 0. (9.24)

Taking global sections, we obtain

V = H0(P2, IZ(3)).

Twisting fact sequence (9.24) by OP2(−2), and using the canonical trace iso-
morphism H2(P2,OP2(−3)) ∼= C, we obtain that

U = H1(P2, IZ(1)).
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The exact sequence

0→ IZ(1)→ OP2(1)→ OZ → 0

shows that

U ∼= Coker(H0(P2,OP2(1))→ H0(OZ)) ∼= Coker
(
C3 → Ch

0(OZ)
)
.

Since dimU = 3, we obtain that h0(OZ) = 6. Thus Z is a 0-cycle of length
6.

Now we see that the homomorphism φ̃2 of vector bundles is defined by a
linear map

φ : E → Hom(U, V ) = U∨ ⊗ V, (9.25)

where P2 = |E|. We can identify the linear map φ with the tensor t ∈ E∨ ⊗
U∨ ⊗ V . Let us now view this tensor as a linear map

ψ : V ∨ → Hom(E,U∨) = E∨ ⊗ U∨. (9.26)

The linear map (9.25) defines a rational map, the right kernel map,

f : |E| → |V ∨| = |IZ(3)|∨, [v] 7→ |φ(v)(U)⊥|.

It is given by the linear system |IZ(3)|. In coordinates, it is given by maximal
minors of the matrixA defining φ2. Thus S is contained in the locus of [α] such
that α belongs to the preimage of the determinantal locus in Hom(E,U∨). It
is a cubic hypersurface in the space Hom(E,U∨). Thus the image of f is con-
tained in a determinantal cubic surface S. Since the intersection scheme of two
general members C1, C2 of the linear system |IZ(3)| is equal to the 0-cycle
Z of degree 6, the image of f is a cubic surface. This gives a determinantal
representation of S.

Theorem 9.3.6 Assume S is a normal cubic surface. Then S admits k equiv-
alence classes of linear determinantal representations, where k depends on
type of S, and is given in the following Table.

I II III IV V VI VII VIII IX X XI
72 50 24 34 60 64 52 66 60 58 42
XII XIII XIV XV XVI XVII XVIII XIX XX XXI
48 62 50 32 64 58 56 40 0 54

Table 9.2 Number of determinantal representations
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Proof Let S′ be a minimal resolution of singularities of S. It follows from the
previous construction that a blowing-down structure defined by a bubble cycle
of six points not containing in a conic, gives a determinantal representation of
S. Conversely, suppose S ⊂ P(V ), and we have a linear map (9.26) for some
3-dimensional vector spaces E and U defining a determinantal representation
of S. Then ψ defines a map of vector bundles U ⊗OP2(−4)→ V ⊗OP2(−3),
and the cokernel of this map is the ideal sheaf of a 0-cycle of length 6. Its blow-
up is isomorphic to S. Since S is normal, the ideal sheaf is integrally closed,
and hence corresponds to a bubble cycle η whose blow-up is isomorphic to S′.

So, the number of equivalence classes of linear determinantal representa-
tions is equal to the number of nef linear systems |e0| on S′ which define a
birational morphism S′ → P2 isomorphic to the blow-up of bubble cycle η of
six points not lying on a conic. It follows from the proof of Lemma 9.1.1 that
there is a bijection between the set of vectors v ∈ I1,6 with v2 = 1, v ·k6 = −3

and the set of roots in E6. The corresponding root α can be written in the form
α = 2e − v1 − · · · − v6, where (v1, . . . , v6) is a unique sixer of exceptional
vectors. If we choose a geometric marking φ : I1,6 → Pic(S′) defined by
this sixer, then φ(α) is an effective root if and only if the bubble cycle corre-
sponding to this marking lies on a conic. Thus the number of determinantal
representations is equal to the number of non-effective roots in K⊥S′ modulo
the action of the subgroup W0 of W (E6) generated by the reflections in nodal
roots. In other words, this is the number of roots in E6 (equal to 72) minus
the number of roots in the root sublattice defining the types of singularities on
S. Now we use the known number of roots in root lattices and get the result.
Note the exceptional case of a surface with a E6-singularity. Here all roots are
effective, so S does not admit a determinantal representation.

Consider the left and right kernel maps for the linear map (9.26)

l : S 99K |E|, r : S 99K |U |.

The composition of these maps with the resolution of singularities S′ → S

is the blowing-down map l′ : S′ → |E| and r′ : S′ → |U |. When S is
nonsingular, these are two maps defined by a double-six. The correspond-
ing Cremona transformation |E| 99K |U | is given by the homaloidal linear
system |I2

Z(5)| = |5e0 − 2(e1 − · · · − e6)|. To identify the space U with
H0(|E|, I2

Z(5))∨, we consider the linear map

S2(ψ) : S2(V ∨)→ S2(E∨ ⊗ U∨)→
2∧
E∨ ⊗

2∧
U∨ ∼= E ⊗ V,

where the last isomorphism depends on a choice of volume forms on E∨ and
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U∨. Dualizing, we get a linear pairing

E∨ ⊗ U∨ → S2(V ).

If we identify H0(S,OS(−2KS)) with S2V , and E∨ with H0(S,OS(e0)),
then U∨ can be identified with H0(S,OS(−2KS − e0)). Note that we have
also identified U with the cokernel of the map r : E → H0(P2,OZ). Let
us choose a basis in E ∼= C3 and an order of points in Z, hence a basis in
H0(P2,OZ) ∼= C6. The map C6 → U = Coker(r) gives six vectors in U . The
corresponding six points in |U | is the bubble cycle defining the blowing-down
structure r : S → |U |. This is a special case of the construction of associated
sets of points (see [175], [208], [567]).

Remark 9.3.7 We can also deduce Theorem 9.3.6 from the theory of determi-
nantal equations from Chapter 4. Applying this theory we obtain that S admits
a determinantal equation with entries linear forms if it contains a projectively
normal curve C such that

H0(S,OS(C)(−1)) = H2(S,OS(C)(−2)) = 0. (9.27)

Moreover, the set of non-equivalent determinantal representations is equal to
the set of divisor classes of such curves. Let π : S′ → S be a minimal reso-
lution of singularities and C ′ = π∗(C). Since π∗OS(−1) = OS′(KS′), the
conditions (9.27) are equivalent to

H0(S′,OS′(C ′ +KS′)) = H2(S′,OS′(C ′ + 2KS′)) = 0. (9.28)

Since C ′ is nef, H1(S′,OS′(C ′ +KS′)) = 0. Also

H2(S′,OS′(C ′ +KXS
′)) = H0(S′,OS′(−C ′)) = 0.

By Riemann-Roch,

0 = χ(OS′(C ′ +KS′)) = 1
2 ((C ′ +KS′)

2 − (C ′ +KS′) ·KS′) + 1

= 1
2 (C ′2 + C ′ ·KS′) + 1.

Thus C ′ is a smooth rational curve, hence C is a smooth rational curve. It is
known that a rational normal curve in Pn must be of degree n. Thus −KS′ ·
C ′ = 3, hence C ′2 = 1. The linear system |C ′| defines a birational map
π : S′ 99K P2. Let e0 = [C ′], e1, . . . , e6 be the corresponding geometric basis
of Pic(S′). The condition

0 = H2(X,OS′(C ′ + 2KS′)) = H0(S′,OS′(−C ′ −KS′)) = 0

is equivalent to

|2e0 − e1 − · · · − e6| = ∅. (9.29)
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9.3.3 Cubic symmetroids

A cubic symmetroid is a hypersurface in Pn admitting a representation as a
symmetric (3×3)-determinant whose entries are linear forms in n+1 variables.
Here we will be interested in cubic symmetroid surfaces. An example of a
cubic symmetroid is the Cayley 4-nodal cubic surface

t0t1t2 + t0t1t3 + t0t2t3 + t1t2t3 = det

 t0 0 t2
0 t1 −t3
−t3 t3 t2 + t3

 ,

which we have already encounter before. By choosing the singular points to
be the reference points [1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1], it is easy
to see that cubic surfaces with 4 singularities of type A1 are projectively iso-
morphic. Since the determinantal cubic hypersurface in P5 is singular along a
surface, a nonsingular cubic surface does not admit a symmetric determinantal
representation.

Lemma 9.3.8 Let L ⊂ |OP2(2)| be a pencil of conics. Then it is projectively
isomorphic to one of the following pencils:

(i) λ(t0t1 − t0t2) + µ(t1t2 − t0t2) = 0;
(ii) λ(t0t1 + t0t2) + µt1t2 = 0;
(iii) λ(t0t1 + t22) + µt0t2 = 0;
(iv) λt22 + µt0t1 = 0;
(v) λt20 + µ(t0t2 + t21) = 0;
(vi) λt20 + µt21 = 0;
(vii) λt0t1 + µt0t2 = 0;
(viii) λt0t1 + µt20 = 0.

Proof The first five cases correspond to the Segre symbols [1, 1, 1], [(2)1], [(3)],

[(11)1], [(12)], respectively. For the future use, we chose different bases. The
last three cases correspond to pencils of singular conics.

Theorem 9.3.9 A cubic symmetroid is a del Pezzo surface if and only if it is
projectively isomorphic to one of the following determinantal surfaces:

(i) C3 = V (t0t1t2 + t0t1t3 + t0t2t3 + t1t2t3) with four RDP of type A1;
(ii) C′3 = V (t0t1t2 + t1t

2
3 − t2t23) with two RDP of type A1 and one RDP

of type A3;
(iii) C′′3 = V (t0t1t2 − t23(t0 + t2) − t1t22) with one RDP of type A1 and

one RDP of type A5.
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Proof Let A = (lij) be a symmetric 3 × 3 matrix with linear entries lij
defining the equation of S. It can be written in the formA(t) = t0A0 + t1A1 +

t2A2 + t3A3, where Ai, i = 1, 2, 3, 4, are symmetric 3× 3 matrices. Let W be
a linear system of conics spanned by the conics

Ci = [t0, t1, t2] ·A ·

t0t1
t2

 = 0.

Each web of conics is apolar to a unique pencil of conics. Using the previ-
ous Lemma, we find the following possibilities. We list convenient bases in
corresponding dual 4-dimensional spaces of quadratic forms.

(i) ξ2
0 , ξ

2
1 , ξ

2
2 , 2(ξ0ξ1 + ξ1ξ2 + ξ0ξ2);

(ii) ξ2
0 , ξ

2
1 , ξ

2
2 , 2(ξ0ξ1 − ξ0ξ2);

(iii) ξ2
0 , ξ

2
1 , 2ξ0ξ1 − ξ2, 2ξ1ξ2;

(iv) ξ2
0 , ξ

2
1 , 2ξ0ξ2, 2(ξ1ξ2 − ξ0ξ1);

(v) 2ξ0ξ2 − ξ2
1 , ξ

2
2 , 2ξ0ξ1, 2ξ1ξ2;

(vi) ξ2
2 , 2ξ0ξ1, 2ξ1ξ2, 2ξ0ξ2;

(vii) ξ2
0 , ξ

2
1 , ξ

2
2 , 2ξ0ξ1;

(viii) ξ2
1 , ξ

2
2 , 2ξ0ξ2, 2ξ1ξ2.

The corresponding determinantal varieties are the following.

(i)

det

t0 t3 t3
t3 t1 t3
t3 t3 t2

 = t0t1t2 + t23(−t0 − t2 − t1 + 2t3) = 0.

It has four singular points [1, 0, 0, 0], (0, 1, 0, 0], [0, 0, 1, 0], and [1, 1, 1, 1].
The surface is a Cayley 4-nodal cubic.

(ii)

det

 t0 t3 −t3
t3 t1 0

−t3 0 t2

 = t0t1t2 − t1t23 − t2t23 = 0.

It has two ordinary nodes [0, 1, 0, 0], [0, 0, 1, 0] and a RDP [1, 0, 0, 0] of
type A3.

(iii)

det

t0 t2 0
t2 t1 t3
0 t3 −t2

 = −t0t1t2 − t0t23 + t32 = 0.
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The surface has an ordinary node at [1, 0, 0, 0] and a RDP of type A5 at
[0, 1, 0].

(iv)

det

 t0 −t3 t2
−t3 t1 t3
t2 t3 0

 = t23(−t0 − 2t2)− t1t22 = 0.

It has a double line t3 = t2 = 0.
(v)

det

 0 t2 t0
t2 −t0 t3
t0 t3 t1

 = −t1t22 + 2t0t2t3 + t30 = 0.

The surface has a double line t0 = t2 = 0.

(vi)

det

 0 t1 t3
t1 0 t2
t3 t2 t0

 = −t0t21 + 2t1t2t3 = 0.

The surface is the union of a plane and a nonsingular quadric.
(vii)

det

t0 0 0

0 t1 t3
0 t3 t2

 = t0(t1t2 − t23) = 0.

The surface is the union of a plane and a quadratic cone.
(viii)

det

 0 0 t2
0 t0 t3
t2 t3 t1

 = t0t
2
2 = 0.

The surface is reducible.

Remark 9.3.10 Let S be a cone over a plane cubic curve C. We saw in Exam-
ple 4.2.18 that any irreducible plane cubic curve admits a symmetric determi-
nantal representation. This gives a symmetric determinantal representation of
the cone over the cubic; however, it is not defined by a web of conics. In fact,
we see from the list in the above that no irreducible cone is given by a web of
conics. I have not seen an a priori proof of this.

If S is irreducible non-normal surface, then S admits a symmetric determi-
nantal representation. This corresponds to cases (iv) and (v) from the proof of
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the previous Theorem. Case (iv) (resp. (v)) gives a surface isomorphic to the
surface from case (i) (resp. (ii)) of Theorem 9.3.9. We also see that a reducible
cubic surface that is not a cone admits a symmetric determinantal represen-
tation only if it is the union of an irreducible nonsingular (singular) quadric
and its tangent (non-tangent) plane. The plane is a tangent if the quadric is
nonsingular; it intersects the quadric transversally.

Remark 9.3.11 The three symmetroid del Pezzo cubic surfaces S can be char-
acterized among all del Pezzo cubics by the property that they admit a double
cover π : S̄ → S ramified only over the singular points. They can be obtained
by a projection of a quadric surface from Example 8.6.6.

9.4 Representations as sums of cubes

9.4.1 Sylvester’s pentahedron

Counting constants, we see that it is possible that a general homogeneous cubic
form in four variables can be written as a sum of five cubes of linear forms in
finitely many ways. Since there are no cubic surfaces singular at five general
points, the theory of apolarity tells us that the count of constants gives a correct
answer. The following result of J. Sylvester gives more.

Theorem 9.4.1 A general homogeneous cubic form f in four variables can
be written as a sum:

f = l31 + l32 + l33 + l34 + l35, (9.30)

where li are linear forms in four variables, no two are proportional. The forms
are defined uniquely, up to scaling by a cubic root of unity.

Proof The variety of cubic forms f ∈ S3(E∨) represented as a sum of
five cubes lies in the image of the dominant map of 20-dimensional spaces
(E∨)5 → S3(E∨). The subvariety of (E∨)5 that consists of 5-tuples of lin-
ear forms containing four linearly dependent forms is a hypersurface. Thus, we
may assume that in a representation of f as a sum of five cubes of linear forms,
any set of four linear forms are linearly independent.

Suppose

f =

5∑
i=1

l3i =

5∑
i=1

m3
i .

Let xi, yi be the points in the dual space (P3)∨ corresponding to the hyper-
planes V (li), V (mi). The first five and the last five are distinct points. Con-
sider the linear system of quadrics in (P3)∨ which pass through the points x5,
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y1, . . . , y5. Its dimension is larger than or equal 3. Choose a web |W | con-
tained in this linear system. Applying the corresponding differential operator
to f we find a linear relations between the linear forms l1, l2, l3, l4. Since we
assumed that they are linearly independent, we obtain that all quadrics in the
web contain x1, . . . , x4. Thus all quadrics in the web pass through xi, yj .

Suppose the union of the sets X = {x1, . . . , x5} and Y = {y1, . . . , y5}
contains nine distinct points. Since three quadrics intersect at≤ 8 points unless
they contain a common curve, the web |W | has a curve B in its base locus.
Because an irreducible nondegenerate curve of degree 3 is not contained in the
base locus of a web of quadrics, degB ≤ 2. Suppose B contains a line `0.
Since neither X nor Y is contained in a line, we can find a point xi outside `0.
Consider a plane Π spanned by `0 and xi. The restriction of quadrics to Π is a
pencil of conics with fixed line `0 and the base point xi. This implies that |W |
contains a pencil of quadrics of the form Π∪Π′, where Π′ belongs to a pencil
of planes containing a line ` passing through xi. Since X ∪ Y is contained in
the base locus of any pencil in |W |, we see that X ∪ Y ⊂ Π ∪ `. Now we
change the point xi to some other point yj not in Π. We find that X ∪ Y is
contained in Π′ ∪ `′. Hence the set is contained in (Π∪ `)∩ (Π′ ∪ `′). It is the
union of `0 and a set Z consisting of either the line xiyj or a set of ≤ 3 points.
This implies that one of the sets X and Y has four points on `0. Then X or Y
spans a plane, a contradiction.

Suppose B is a conic. Then we restrict |W | to the plane Π it spans, and
obtain that |W | contains a net of quadrics of the form Π ∪ Π′, where Π′ is
a net of planes. This implies that X ∪ Y is contained in Π ∪ Z, where Z is
either empty or consists of one point. Again this leads to contradiction with
the assumption on linear independence of the points.

We may now assume that m5 = λ5`5,m4 = λ4l4, for some nonzero con-
stants λ4, λ5, and get

3∑
i=1

l3i + (1− λ3
4)l34 + (1− λ3

5)l35 =

3∑
i=1

m3
i .

Take the linear differential operator of the second order corresponding to the
double plane containing the points y1, y2, y3. It gives a linear relation be-
tween l1, . . . , l5 which must be trivial. Since the points y1, y2, y3, y4 = x4

and y1, y2, y3, y5 = x5 are not coplanar, we obtain that λ3
4 = λ3

5 = 1. Taking
the differential operator of the first order corresponding to the plane through
y1, y2, y3, we obtain a linear relation between the quadratic forms l21, l

2
2, l

2
3.

Since no two of l1, l2, l3 are proportional, this is impossible. Thus all the coef-
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ficients in the linear relation are equal to zero, hence x1, x2, x3, y1, y2, y3 are
coplanar.

The linear system of quadrics through y1, . . . , y5 is 4-dimensional. By an
argument from above, each quadric in the linear system contains x1, x2, x3 in
its base locus. Since x1, x2, x3, y1, y2, y3 lie in a plane Π, and no three points
xi’s or yj’s are collinear, the restriction of the linear system to the plane is
a fixed conic containing the six points. This shows that the dimension of the
linear system is less than or equal to 3. This contradiction shows that the sets
{x1, x2, x3}, {y1, y2, y3} have two points in common. Thus, we can write

l31 + (1− λ3
2)l32 + (1− λ3

3)l33 = m3
1.

The common point of the planes V (l1), V (l2), V (l3) lies on V (m1). After
projecting from this point, we obtain that the equation of a triple line can be
written as a sum of cubes of three linearly independent linear forms. This is
obviously impossible. So, we get λ3

2 = λ3
3 = 1, hence m1 = λ1l1, where

λ3
1 = 1. So, all cubes λ3

i are equal to 1.

Corollary 9.4.2 A general cubic surface is projectively isomorphic to a sur-
face in P4 given by equations

4∑
i=0

aiz
3
i =

4∑
i=0

zi = 0. (9.31)

The coefficients (a0, . . . , a4) are determined uniquely up to permutation and a
common scaling.

Proof Let S = V (f) be a cubic surface given by Equation (9.31). Let b0l1 +

· · ·+ b4l5 = 0 be a unique, up to proportionality, linear relation. Consider the
embedding of P3 into P4 given by the formula

[y0, . . . , y4] = [l1(t0, . . . , t3), . . . , l5(t0, . . . , t3)].

Then the image of S is equal to the intersection of the cubic hypersurface
V (
∑
y3
i ) with the hyperplane V (

∑
biyi). Now make the change of coordi-

nates zi = biyi, if bi 6= 0 and zi = yi otherwise. In the new coordinates, we
get Equation (9.31), where ai = b3i . The Sylvester presentation is unique, up to
permutation of the linear functions li, multiplication li by third roots of 1, and
a common scaling. It is clear that the coefficients (a0, . . . , a4) are determined
uniquely up to permutation and common scaling.

We refer to equations (9.31) as Sylvester equations of a cubic surface.
Recall from Subsection 6.3.5, that a cubic surface V (f) is called Sylvester
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nondegenerate if it admits Equation (9.30), where any four linear forms are
linearly independent.

It is clear that in this case the coefficients a1, . . . , a5 are all nonzero.
If four of the linear forms in (9.30) are linearly dependent, after a linear

change of variables, we may assume that l1 = t0, l2 = t1, l3 = t2, l4 =

t3, l5 = at0 + bt1 + ct2. The equation becomes

f = t33 + g(t0, t1, t2), (9.32)

where g3 is a ternary cubic form. We called such surfaces V (f) cyclic.

Remark 9.4.3 Suppose a cubic surface V (f) admits Sylvester equations.
Then any net of polar quadrics admits a common polar pentahedron. The con-
dition that a net of quadrics admits a common polar pentahedron is given by
the vanishing of the Toeplitz invariant Λ from (1.64). Using this fact, Toeplitz
gave another proof of the existence of Sylvester pentahedron for a general cu-
bic surface [562].

9.4.2 The Hessian surface

Suppose S is given by the Sylvester equations (9.31). Let us find the equation
of its Hessian surface. Recall that this is the locus of points whose polar quadric
is singular. For our surface S in the plane H = V (

∑
zi) ⊂ P4 this means that

this is the locus of points z = [α0, . . . , α4] ∈ H with
∑
αi = 0 such that the

polar quadric is tangent to H at some point. The equation of the polar quadric
is
∑
αiaiz

2
i = 0.

It is tangent to H if the point [1, . . . , 1] lies in the dual quadric
∑

1
αiai

u2
i =

0. Here we omit the term with ai = 0. Thus, the equation of the Hessian surface
is

4∑
i=0

1

ziai
= 0,

∑
zi = 0,

where we have to reduce to the common denominator to get an equation of a
quartic hypersurface. If all ai 6= 0, we get the equation

z0 · · · z5

( 4∑
i=0

Ai
zi

)
=

4∑
i=0

zi = 0, (9.33)

where Ai = (a0 · · · a5)/ai. If some coefficients ai are equal to zero, say a0 =

. . . = ak = 0, the Hessian surface becomes the union of planes V (zi) ∩
V (
∑
zi), i = 0, . . . , k, and a surface of degree 3− k.
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Assume that S = V (f) is Sylvester nondegenerate, so the Hessian surface
He(S) is irreducible. The 10 lines

`ij = V (zi) ∩ V (zj) ∩ V (
∑

zi)

are contained in He(S). The 10 points

pijk = V (zi) ∩ V (zj) ∩ V (zj) ∩ V (
∑

zi)

are singular points of He(S).
The union of the planes V (zi)∩V (

∑
zi) is called the Sylvester pentahedron,

the lines `ij are its edges, the points pijk are its vertices.

Remark 9.4.4 Recall that the Hessian of any cubic hypersurface admits a bi-
rational automorphism σ which assigns to the polar quadric of corank 1 its
singular point. LetX be a minimal nonsingular model of He(S). It is a K3 sur-
face. The birational automorphism σ extends to a biregular automorphism of
X . It exchanges the proper inverse transforms of the edges with the exceptional
curves of the resolution. One can show that for a general S, the automorphism
of X has no fixed points, and hence the quotient is an Enriques surface.

We know that a cubic surface admitting a degenerate Sylvester equation
must be a cyclic surface. Its Hessian is the union of a plane and the cone over
a cubic curve. A cubic form may not admit a polar pentahedral, so its equation
may not be written as a sum of powers of linear forms. For example, consider
a cubic surface given by equation

t30 + t31 + t32 + t33 + 3t23(at0 + bt1 + ct2) = 0.

For a general choice of the coefficients, the surface is nonsingular and non-
cyclic. Its Hessian has the equation

t0t1t2t3 + t0t1t2(at0 + bt1 + ct2)− t23(a2t1t2 + b2t0t2 + c2t0t1) = 0.

It is an irreducible surface with an ordinary node at [0, 0, 0, 1] and singular
points [0, 0, 1, 0], [0, 1, 0, 0], [1, 0, 0, 0] of type A3. So we see that the surface
cannot be Sylvester nondegenerate. The surface does not admit a polar pen-
tahedral, it admits a generalized polar pentahedral in which two of the planes
coincide. We refer to [470] and [150] for more examples of cubic surfaces
with degenerate Hessian.

Proposition 9.4.5 A cubic surface given by a nondegenerate Sylvester Equa-
tion (9.31) is nonsingular if and only if, for all choices of signs,

4∑
i=0

± 1
√
ai
6= 0. (9.34)
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Proof The surface is singular at a point (z0, . . . , z4) if and only if

rank
(
a0z

2
0 a1z

2
1 a2z

2
2 a3z

2
3 a4z

2
4

1 1 1 1 1

)
= 1.

This gives aiz2
i = c, i = 0, . . . , 3, for some c 6= 0. Thus zi = ±c/√ai for

some choice of signs, and the equation
∑
zi = 0 gives (9.34). Conversely,

if (9.34) holds for some choice of signs, then [± 1√
a0
, . . . ,± 1√

a4
] satisfies∑

zi = 0 and
∑
aiz

3
i = 0. It also satisfies the equations ait2i = ajt

2
j . Thus it

is a singular point.

9.4.3 Cremona’s hexahedral equations

The Sylvester Theorem has the deficiency that it cannot be applied to any non-
singular cubic surface. The Cremona’s hexahedral equations that we consider
here work for any nonsingular cubic surface.

Theorem 9.4.6 (L. Cremona) Assume that a cubic surface S is not a cone
and admits a Cayley-Salmon equation (e.g. S is a nonsingular surface). Then
S is isomorphic to a cubic surface in P5 given by the equations

5∑
i=0

t3i =

5∑
i=0

ti =

5∑
i=0

aiti = 0. (9.35)

Proof Let S = V (l1l2l3 +m1m2m3) be a Cayley-Salmon equation of S. Let
us try to find some constants such that the linear forms, after scaling, add up to
zero. Write

l′i = λili, m′i = µimi, i = 1, 2, 3.

Since S is not a cone, four of the linear forms are linearly independent. After
reordering the linear forms, we may assume that the linear forms l1, l2, l3,m1

are linearly independent. Let

m2 = al1 + bl2 + cl3 + dm1, m3 = a′l1 + b′l2 + c′l3 + d′l4.

The constants λi, µi must satisfy the following system of equations

λ1 + aµ2 + a′µ3 = 0,

λ2 + bµ2 + b′µ3 = 0,

λ3 + cµ2 + c′µ3 = 0,

µ1 + dµ2 + d′µ3 = 0,

λ1λ2λ3 + µ1µ2µ3 = 0.
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The first four linear equations allow us to express linearly all unknowns in
terms of µ2, µ3. Plugging in the last equation, we get a cubic equation in
µ2/µ3. Solving it, we get a solution. Now set

z1 = l′2 + l′3 − l′1, z2 = l′3 + l′1 − l′2, z3 = l′1 + l′2 − l′3,

z4 = µ′2 + µ′3 − µ′1, z5 = µ′3 + µ′1 − µ′2, z6 = µ′1 + µ′2 − µ′3.

One checks that these six linear forms satisfy the equations from the assertion
of the Theorem.

Equations (9.35) of a del Pezzo cubic surface are called Cremona’s hexahe-
dral equations.

Corollary 9.4.7 (T. Reye) A general homogeneous cubic form f in four vari-
ables can be written as a sum of six cubes in∞4 different ways. In other words,

dim VSP(f, 6)o = 4.

Proof This follows from the proof of the previous theorem. Consider the map

(C4)6 → C20, (l1, . . . , l6) 7→ l31 + · · ·+ l36.

It is enough to show that it is dominant. We show that the image contains the
open subset of nonsingular cubic surfaces. In fact, we can use a Cayley-Salmon
equation l1l2l3 +m1m2m3 for S = V (f) and apply the proof of the Theorem
to obtain that, up to a constant factor,

f = z3
1 + z3

2 + z3
3 + z3

4 + z3
5 + z3

6 .

Suppose a nonsingular S is given by equations (9.35). They allow us to
locate 15 lines on S such that the remaining lines form a double-six. The equa-
tions of these lines in P5 are

zi + zj = 0, zk + zl = 0, zm + zn = 0,

6∑
i=1

aizi = 0,

where {i, j, k, l,m, n} = {1, 2, 3, 4, 5, 6}. Let us denote the line given by the
above equations by lij,kl,mn.

Let us identify a pair a, b of distinct elements in {1, 2, 3, 4, 5, 6} with a
transposition (ab) in S6. We have the product (ij)(kl)(mn) of three com-
muting transpositions corresponding to each line lij,kl,mn. The group S6 ad-
mits a unique (up to a composition with a conjugation) outer automorphism
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which sends each transposition to the product of three commuting transposi-
tions. In this way we can match lines lij,kl,mn with exceptional vectors cab of
the E6-lattice. To do it explicitly, one groups together five products of three
commuting transpositions in such a way that they do not contain a common
transposition. Such a set is called a total and the triples (ij, kl,mn) are called
synthemes. Here is the set of six totals

T1 = (12)(36)(45), (13)(24)(56), (14)(26)(35), (15)(23)(46), (16)(25)(34), (9.36)
T2 = (12)(36)(45), (13)(25)(46), (14)(23)(56), (15)(26)(34), (16)(24)(35),

T3 = (12)(35)(46), (13)(24)(56), (14)(25)(36), (15)(26)(34), (16)(23)(45),

T4 = (12)(34)(56), (13)(25)(46), (14)(26)(35), (15)(24)(36), (16)(23)(45),

T5 = (12)(34)(56), (13)(26)(45), (14)(25)(36), (15)(23)(46), (15)(24)(35),

T6 = (12)(35)(46), (13)(26)(45), (14)(23)(56), (15)(24)(36), (16)(25)(34).

Two different totals Ta, Tb contain one common product (ij)(kl)(mn). The
correspondence (a, b) 7→ (ij)(kl)(mn) defines the outer automorphism

α : S6 → S6. (9.37)

For example, α((12)) = (12)(36)(45) and α((23)) = (15)(26)(34).
After we matched the lines lij,kl,mn with exceptional vectors cab, we check

that this matching defines an isomorphism of the incidence subgraph of the
lines with the subgraph of the incidence graph of 27 lines on a cubic surface
whose vertices correspond to exceptional vectors cab .

Theorem 9.4.8 Cremona’s hexahedral equations of a nonsingular cubic sur-
face S defines an ordered double-six of lines. Conversely, a choice of an or-
dered double-six defines uniquely Cremona hexahedral equations of S.

Proof We have seen already the first assertion of the theorem. If two surfaces
given by hexahedral equations define the same double-six, then they have in
common 15 lines. Obviously, this is impossible. Thus the number of different
hexahedral equations of S is less than or equal to 36. Now consider the identity

(z1 + · · ·+z6)
(
(z1 +z2 +z3)2 +(z4 +z5 +z6)2−(z1 +z2 +z3)(z4 +z5 +z6)

)
= (z1 + z2 + z3)3 + (z4 + z5 + z6)3 = z3

1 + · · ·+ z3
6

+3(z2 + z3)(z1 + z3)(z1 + z2) + 3(z4 + z5)(z5 + z6)(z4 + z6).

It shows that Cremona hexahedral equations define a Cayley-Salmon equation

(z2 + z3)(z1 + z3)(z1 + z2) + (z4 + z5)(z5 + z6)(z4 + z6) = 0,

where we have to eliminate one unknown with help of the equation
∑
aizi =
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0. Applying permutations of z1, . . . , z6, we get 10 Cayley-Salmon equations
of S. Each set of nine lines formed by the corresponding conjugate pair of
triads of tritangent planes are among the 15 lines determined by the hexahe-
dral equation. It follows from the classification of the conjugate pairs that we
have 10 such pairs of lines cij’s (type II). Thus a choice of Cremona hexahedral
equations defines exactly 10 Cayley-Salmon equations of S. Conversely, it fol-
lows from the proof of Theorem 9.4.6 that each Cayley-Salmon equation gives
three Cremona hexahedral equations (unless the cubic equation has a multiple
root). Since we have 120 Cayley-Salmon equations for S we get 36 = 360/10

hexahedral equations for S. They match with 36 double-sixes.

9.4.4 The Segre cubic primal

Let p1, . . . , pm be a set of points in Pn, where m > n + 1. For any ordered
subset (pi1 , . . . , pin+1) of n + 1 points we denote by (i1 . . . in+1) the de-
terminant of the matrix whose rows are projective coordinates of the points
(pi1 , . . . , pin+1) in this order. We consider (i1 . . . in+1) as a section of the in-
vertible sheaf ⊗n+1

j=1 p
∗
ij
OPn(1) on (Pn)m. It is called a bracket-function. A

monomial in bracket-functions such that each index i ∈ {1, . . . ,m} occurs
exactly d times defines a section of the invertible sheaf

Ld =

n⊗
i=1

p∗iOPn(d).

According to the Fundamental Theorem of Invariant Theory (see [181]) the
subspace (Rmn )(d) of H0((Pn)m,Ld) generated by such monomials is equal
to the space of invariants H0((Pn)m,Ld)SL(n+1, where the group SL(n + 1)

acts linearly on the space of sections via its diagonal action on (Pn)m. The
graded ring

Rmn =

∞⊕
d=0

(Rmn )(d) (9.38)

is a finitely generated algebra. Its projective spectrum is isomorphic to the GIT-
quotient

Pmn := (Pn)m//SL(n+ 1)

of (Pn)m by SL(n + 1). The complement U ss of the set of common zeros of
generators of the algebraRmn admits a regular map to Pmn . The set U ss does not
depend on the choice of generators. Its points are called semi-stable. Let U s be
the largest open subset such that the fibres of the restriction map U s → Pmn
are orbits. Its points are called stable.
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It follows from the Hilbert-Mumford numerical stability criterion that a
points set (p1, . . . , pm) in P1 is semi-stable (resp. stable) if and only if at most
1
2m (resp. < 1

2m) points coincide. We have already seen the definition of the
bracket-functions in the case m = 4. They define the cross ratio of four points

[p1, p2, p3, p4] =
(12)(34)

(13)(24)
.

The cross ratio defines the rational map (P1)4 99K P1. It is defined on the open
set U s of points where no more than two coincide and it is an orbit space over
the complement of three points 0, 1,∞.

In the case of points in P2 the condition of stability (semi-stability) is that at
most 1

3m (resp. < 1
3m) coincide and at most 2

3m (resp. < 2
3m) points are on

a line.

Proposition 9.4.9 Let P = (p1, · · · , p6) be an ordered set of distinct points
in P1. The following conditions are equivalent.

(i) There exists an involution of P1 such that the pairs (p1, p2), (p3, p4),
(p5, p6) are orbits of the involution.

(ii) The binary forms gi, i = 1, 2, 3, with zeros (p1, p2), (p3, p4), (p5, p6)

are linearly dependent.
(iii) Let xi be the image of pi under a Veronese map P1 → P2. Then the

lines x1x2, x3x4, x5x6 are concurrent.
(iv) The bracket-function (14)(36)(25)− (16)(23)(54) vanishes at P .

Proof (i)⇔ (ii) Let f : P1 → P1 be the degree 2 map defined by the invo-
lution. Let f be given by [t0, t1] 7→ [g1(t0, t1), g2(t0, t1)], where g1, g2 are bi-
nary forms of degree 2. By choosing coordinates in the target space, we may as-
sume that f(p1) = f(p2) = 0, f(p3) = f(p4) = 1, f(p5) = f(p6) = ∞, i.e.
g1(p1) = g1(p2) = 0, g2(p3) = g2(p4) = 0, (g1− g2)(p5) = (g1− g2)(p6) =

0. Obviously, the binary forms g1, g2, g3 = g1−g2 are linearly dependent. Con-
versely, suppose g1, g2, g3 are linearly dependent. By scaling, we may assume
that g3 = g1−g2. We define the involution by [t0, t1] 7→ [g1(t0, t1), g2(t0, t1)].

(ii)⇔ (iii) Without loss of generality, we may assume that pi = [1, ai] and
g1 = t21 − (a1 + a2)t0t1 + a1a2t

2
0, g2 = t21 − (a3 + a4)t0t1 + a3a4t

2
0, g3 =

t21 − (a5 + a6)t0t1 + a5a6t
2
0. The condition that the binary forms are linearly

dependent is

D = det

1 a1 + a2 a1a2

1 a3 + a4 a3a4

1 a5 + a6 a5a6

 = 0. (9.39)
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The image of pi under the Veronese map [t0, t1] 7→ [t20, t0t1, t
2
2] is the point

xi = [1, ai, a
2
i ]. The line xixj has equation

det

t0 t1 t2
1 ai a2

i

1 aj a2
j

 = (aj − ai)(aiajt0 − (ai + aj)t1 + t2) = 0.

Obviously, the three lines are concurrent if and only if (9.39) is satisfied.
(iii)⇔ (iv) We have1 a1 + a2 a1a2

1 a3 + a4 a3a4

1 a5 + a6 a5a6

 ·
 a2

1 a2
3 a2

5

−a1 −a3 −a5

1 1 1



=

 0 (a3 − a1)(a3 − a2) (a5 − a1)(a5 − a2)

(a1 − a3)(a1 − a4) 0 (a5 − a3)(a5 − a4)

(a1 − a5)(a1 − a6) (a3 − a5)(a3 − a6) 0

 .

Taking the determinant, we obtain

D(a1 − a3)(a1 − a5)(a3 − a5) =

= det

 0 (a3 − a1)(a3 − a2) (a5 − a1)(a5 − a2)
(a1 − a3)(a1 − a4) 0 (a5 − a3)(a5 − a4)
(a1 − a5)(a1 − a6) (a3 − a5)(a3 − a6) 0

 =

= (a3−a5)(a5−a1)(a1−a3)[(a1−a4)(a3−a6)(a5−a2)+(a6−a1)(a2−a3)(a4−a5)].

Since the points are distinct, canceling by the product (a3−a5)(a5−a1)(a1−
a3), we obtain

(a1 − a4)(a3 − a6)(a5 − a2) + (a6 − a1)(a2 − a3)(a4 − a5) =

= (14)(36)(25)− (16)(23)(54) = 0.

We let

[ij, kl,mn] := (il)(kn)(jm)− (jk)(lm)(ni). (9.40)

For example, [12, 34, 56] = (14)(36)(25) − (16)(23)(54). Note that determi-
nant (9.39) does not change if we permute (ai, ai+1), i = 1, 3, 5. It also does
not change if we apply an even permutation of the pairs, and changes the sign
if we apply an odd permutation.

Let us identify the set (1, 2, 3, 4, 5, 6) with points (∞, 0, 1, 2, 3, 4, 5) of the
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projective line P1(F5). The group PSL(2,F5) ∼= A5 acts on P1(F5) via Moe-
bius transformations z 7→ az+b

cz+d . Let u0 = [∞0, 14, 23] and let ui, i = 1, . . . , 4,

be obtained from u0 via the action of the transformation z 7→ z + i. Let

U1 := u0 + u1 + u2 + u3 + u4

=
(
[∞0, 14, 23] + [∞1, 20, 34] + [∞2, 31, 40] + [∞3, 42, 01] + [∞4, 03, 12]

)
.

Obviously, U1 is invariant under the subgroup of order 5 generated by the
transformation z 7→ z+1. It is also invariant under the transformation τ : z 7→
−1/z. It is well known that A5 is generated by these two transformations. The
orbit of U∞ under the group A6 acting by permutations of∞, 0, . . . , 4 consists
of six functions U1, U2, U3, U4, U5, U6. We will rewrite them now returning to
our old notation of indices by the set (1, 2, 3, 4, 5, 6).
U1

U2

U3

U4

U5

U6

 =


0 [12, 36, 45] [13, 24, 56] [14, 35, 26] [15, 46, 23] [16, 25, 34]

0 [15, 26, 34] [13, 46, 25] [16, 35, 24] [14, 23, 56]
0 [16, 23, 45] [14, 25, 36] [12, 35, 46]

0 [12, 34, 56] [15, 36, 24]
0 [13, 45, 26]

0




1
1
1
1
1
1

,
(9.41)

where the matrix is skew-symmetric. We immediately observe that

U1 + U2 + U3 + U4 + U5 + U6 = 0. (9.42)

Next observe that the triples of pairs [ij, kl,mn] in each row of the matrix
constitute a total from (9.36). One easily computes the action of S6 on Ui’s.
For example,

(12) : (U1, U2, U3, U4, U5, U6) 7→ (−U2,−U1,−U6,−U5,−U4,−U3).

Its trace is equal to 1.
Recall that there are four isomorphism classes of irreducible 5-dimensional

linear representations of the permutation group S6. They differ by the trace of
a transposition (ij).

If the trace is equal to 3, the representation is isomorphic to the standard
representation Vst in the space

V = {(z1, . . . , z6) ∈ C6 : z1 + · · ·+ z6 = 0}.

It coincides with the action of the Weyl group W (A6) on the root lattice A6. It
corresponds to the partition (5, 1) of 6.

If the trace is equal to −3, the representation is isomorphic to the tensor
product of the standard representation and the 1-dimensional sign representa-
tion. It corresponds to the dual partition (2, 1, 1, 1, 1).
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If the trace is equal to 1, the representation is isomorphic to the composition
of the outer automorphism α : S6 → S6 and the standard representation. It
corresponds to the partition (3, 3).

If the trace is equal to -1, the representation is isomorphic to the tensor prod-
uct of the previous representation and the sign representation. It corresponds
to the partition (2, 2, 2).

So, our representation on the linear space V = (R6
1)(1) associated with the

partition (3, 3).
One checks that the involution (12)(34)(56) acts as

(U1, U2, U3, U4, U5, U6) 7→ (−U1,−U2,−U3,−U5,−U4,−U6). (9.43)

Its trace is equal to−3. A well-known formula from the theory of linear repre-
sentations

dimV G =
1

#G

∑
g∈G

Trace(g)

shows that the dimension of the invariant subspace for the element (12)(34)(56)

is equal to 1. It follows from (9.43) that the function U4 − U5 is invariant. On
the other hand, we also know that the function [12, 34, 56] is invariant too. This
gives U4−U5 = c[12, 36, 54] for some scalar c. Evaluating these functions on
a point set (p1, . . . , p6) with p1 = p2, p3 = p6, p4 = p5 we find that c = 6.
Now applying permutations we obtain:

U1 − U2 = 6[12, 36, 45], U1 − U3 = 6[13, 24, 56], U1 − U4 = 6[14, 35, 26], (9.44)
U1 − U5 = 6[15, 46, 23], U1 − U6 = 6[16, 25, 34], U2 − U3 = 6[15, 26, 34],

U2 − U4 = 6[13, 46, 25], U2 − U5 = 6[16, 35, 24], U2 − U6 = 6[14, 23, 56],

U3 − U4 = 6[16, 45, 23], U3 − U5 = 6[14, 25, 36], U3 − U6 = 6[12, 46, 35],

U4 − U5 = 6[12, 43, 56], U4 − U6 = 6[15, 36, 24], U5 − U6 = 6[13, 45, 26].

Similarly, we find that U1 +U2 is the only anti-invariant function under σ and
hence coincides with c(12)(36)(45). After evaluating the functions at a point
set (p1, . . . , p6) with p1 = p3, p2 = p4, p5 = p6 we find that c = 4. In this
way we get the relations:

U1 + U2 = 4(12)(36)(45), U1 + U3 = 4(13)(42)(56), U1 + U4 = 4(41)(53)(26), (9.45)

U1 + U5 = 4(15)(46)(32), U1 + U6 = 4(16)(25)(34), U2 + U3 = 4(15)(26)(43),

U2 + U4 = 4(13)(46)(25), U2 + U5 = 4(16)(35)(42), U2 + U6 = 4(14)(23)(56),

U3 + U4 = 4(16)(54)(32), U3 + U5 = 4(14)(25)(63), U3 + U6 = 4(12)(46)(53),

U4 + U5 = 4(12)(34)(56), U4 + U6 = 4(15)(36)(24), U5 + U6 = 4(13)(45)(62).
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By using (9.42), we obtain

U1 = (12)(36)(45) + (13)(42)(56) + (14)(35)(26) + (15)(46)(32) + (16)(25)(34),(9.46)
U2 = (12)(36)(45) + (13)(46)(25) + (14)(56)(23) + (15)(26)(43) + (16)(24)(53),

U3 = (12)(53)(46) + (13)(42)(56) + (14)(52)(36) + (15)(26)(43) + (16)(23)(45),

U4 = (12)(34)(56) + (13)(46)(25) + (14)(35)(26) + (15)(24)(36) + (16)(23)(45),

U5 = (12)(34)(56) + (13)(54)(26) + (14)(52)(36) + (15)(46)(32) + (16)(24)(53),

U6 = (12)(53)(46) + (13)(54)(26) + (14)(56)(23) + (15)(36)(24) + (16)(25)(34).

We see that our functions are in bijective correspondence with six totals from
above. The functions U1, . . . , U6 are known as the Joubert functions.

It is easy to see that the functions Ui do not vanish simultaneously on semi-
stable point sets. Thus they define a morphism

J : P 6
1 → P5.

Theorem 9.4.10 The morphism J defined by the Joubert functions is an iso-
morphism onto the subvariety S3 of P5 given by the equations

5∑
i=0

zi =

5∑
i=0

z3
i = 0. (9.47)

Proof It is known that the graded ring R6
1 is generated by the following

bracket-functions (standard tableaux):

(12)(34)(56), (12)(35)(46), (13)(24)(56), (13)(25)(46), (14)(25)(36)

(see [175]). The subspace of R6
1(1) generated by the Joubert functions is in-

variant with respect to S6. Since R6
1(1) is an irreducible representation, this

implies that the relation
∑
Ui = 0 spans the linear relations between the Jou-

bert functions. Consider the sum Σ =
∑
U3
i . Obviously, it is invariant with

respect to A6. One immediately checks that an odd permutation in S6 trans-
forms each sum Σ to −Σ. This implies that Σ = 0 whenever two points pi and
pj coincide. Hence Σ must be divisible by the product of 15 functions (ij).
This product is of degree 5 in coordinates of each point but Σ is of degree 3.
This implies that Σ = 0. Since the functions Ui generate the graded ring R6

1,
by definition of the space P 6

1 , we obtain an isomorphism from P 6
1 to a closed

subvariety of S3. Since the latter is irreducible and of dimension equal to the
dimension of P 6

1 , we obtain the assertion of the theorem.

The cubic threefold S3 is called the Segre cubic primal. We will often con-
sider it as a hypersurface in P4.

It follows immediately by differentiating that the cubic hypersurface S3 has
10 double points. They are the points p = [1, 1, 1,−1,−1,−1] and others
obtained by permuting the coordinates. A point p is given by the equations
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zi + zj = 0, 1 ≤ i ≤ 3, 4 ≤ j ≤ 6. By using (9.42) this implies that p is the
image of a point set with p1 = p4 = p6 or p2 = p3 = p5. Thus the singular
points of the Segre cubic primal are the images of semi-stable, but not stable,
point sets.

Also S3 has 15 planes with equations zi + zj = zk + zl = zl + zm = 0.
Let us see that they are the images of point sets with two points that coincide.
Without loss of generality, we may assume that z1 + z2 = z3 + z4 = z5 +

z6 = 0. Again from (9.42), we obtain that (12)(36)(45), (16)(23)(45) and
(13)(26)(45) vanish. This happens if and only if p4 = p5.

We know that the locus of point sets (q1, . . . , q6) such that the pairs (qi, qj),

(qk, ql), and (qm, qn) are orbits of an involution are defined by the equa-
tion [ij, kl,mn] = 0. By (9.44), we obtain that they are mapped to a hyper-
plane section of S3 defined by the equation za − zb = 0, where α((ab)) =

(ij)(kl)(mn).
It follows from Cremona’s hexahedral equations that a nonsingular cubic

surface is isomorphic to a hyperplane section of the Segre cubic. In a Theorem
below we will make it more precise. But first we need some lemmas.

Lemma 9.4.11 Let x1, . . . , x6 be six points in P2. Let {1, . . . , 6} = {i, j} ∪
{k, l} ∪ {m,n}. The condition that the lines xixj , xkxl, xmxn are concurrent
is

(ij, kl,mn) := (kli)(mnj)− (mni)(klj) = 0. (9.48)

Proof The expression (kli)(mnx)− (mni)(klx) can be considered as a lin-
ear function defining a line in P2. Plugging in x = xi we see that it passes
through the point xi. Also if x is the intersection point of the lines xkxl and
xmxn, then, writing the coordinates of x as a linear combination of the coor-
dinates of xkxl, and of xmxn, we see that the line passes through the point x.
Now equation (9.48) expresses the condition that the point xj lies on the line
passing through xi and the intersection point of the lines xkxl and xmxn. This
proves the assertion.

The functions (ij, kl,mn) change the sign after permuting two numbers in
one pair. They change sign after permuting two pairs of numbers.

It is known (see [175]) that the spaceR6
2(1) is generated by bracket-functions

(ijk)(lmn). Its dimension is equal to 5 and it has a basis corresponding to
standard tableaux

(123)(456), (124)(356), (125)(346), (134)(256), (135)(246).

The group S6 acts linearly on this space via permuting the numbers 1, . . . , 6.
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Let
Ū1

Ū2

Ū3

Ū4

Ū5

Ū6

 =


0 (12, 36, 45) (13, 24, 56) (14, 26, 35) (15, 46, 23) (16, 34, 25)

0 (15, 26, 34) (13, 25, 46) (16, 35, 24) (14, 56, 23)
0 (16, 45, 23) (14, 36, 25) (12, 46, 35)

0 (12, 56, 34) (15, 36, 24)
0 (13, 45, 26)

0




1
1
1
1
1
1

.
Equations (9.44) extend to the functions Ūi.

Note that the transposition (12) acts on the functions Ū as

(Ū1, Ū2, Ū3, Ū4, Ū5, Ū6) 7→ (Ū2, Ū1, Ū6, Ū5, Ū4, Ū3).

The trace is equal to−1. This shows that the representation (R6
2)(1) is different

from the representation (R6
1)(1); it is associated to the partition (2, 2, 2). One

checks that the substitution (12)(34)(56) acts by

(Ū1, Ū2, Ū3, Ū4, Ū5, Ū6) 7→ (Ū1, Ū2, Ū3, Ū5, Ū4, Ū6).

The trace is equal to 3. This implies that the sign representation enters the
representation of the cyclic group 〈(12)(34)(56)〉 on (R6

2)(1) with multiplicity
1. Thus the space of anti-invariant elements is one-dimensional. It is spanned
by Ū4 − Ū5. Since the function (12)(34)(56) is anti-invariant, we obtain that
Ū4 − Ū5 = c(12)(34)(56). Again, as above, we check that c = 6. In this way,
the equations (9.44) extend to the functions Ūi with [ij, kl.mn] replaced with
(ij)(kl)(mn).

Lemma 9.4.12 We have the relation

Ū1 + Ū2 + Ū3 = −6(146)(253) (9.49)

and similar relations obtained from this one by permuting the set (1, . . . , 6).

Proof Adding up, we get

Ū1 + Ū2 + Ū3 =
(
(14, 26, 35) + (14, 56, 23) + (14, 25, 36)

)
+
(
(16, 34, 25)

+(16, 35, 24) + (16, 45, 23)
)

+
(
(15, 46, 23) + (13, 25, 46) + (12, 46, 35)

)
.

Next we obtain

(14, 26, 35) + (14, 56, 23) + (14, 25, 36) = (142)(536)− (146)(532) + (146)(523)

−(143)(526) + (142)(563)− (143)(562) = −2(146)(253),

(16, 34, 25) + (16, 35, 24) + (16, 45, 23) = (163)(524)− (164)(523) + (165)(243)

−(163)(245) + (164)(325)− (165)(324) = −2(146)(253),

(15, 46, 23) + (13, 25, 46) + (12, 46, 35) = (465)(312)− (462)(315) + (463)(152)
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−(461)(153)+(465)(123)−(463)(125) = 2
(
(465)(312)−(462)(315)+(463)(152)

)
.

Now we use the Plücker relation (10.3)

(ijk)(lmn)− (ijl)(kmn) + (ijm)(kln)− (ijn)(klm) = 0. (9.50)

It gives

(465)(312)− (462)(315) + (463)(152) = −(146)(253).

Collecting all of this together, we get the assertion.

Let (p1, . . . , p6) be a fixed ordered set of six points in P2. Consider the
following homogeneous cubic polynomials in coordinates x = (t0, t1, t2) of a
point in P2.

F1 = (12x)(36x)(45x) + (13x)(42x)(56x) + (14x)(26x)(35x) + (15x)(46x)(32x) + (16x)(34x)(25x),

F2 = (12x)(36x)(45x) + (13x)(25x)(46x) + (14x)(56x)(23x) + (15x)(26x)(43x) + (16x)(24x)(53x),

F3 = (12x)(35x)(46x) + (13x)(42x)(56x) + (14x)(52x)(36x) + (15x)(26x)(43x) + (16x)(45x)(23x),

F4 = (12x)(34x)(56x) + (13x)(46x)(25x) + (14x)(35x)(26x) + (15x)(36x)(24x) + (16x)(23x)(45x),

F5 = (12x)(34x)(56x) + (13x)(54x)(26x) + (14x)(52x)(36x) + (15x)(46x)(32x) + (16x)(24x)(53x),

F6 = (12x)(53x)(46x) + (13x)(54x)(26x) + (14x)(56x)(23x) + (15x)(36x)(24x) + (16x)(25x)(34x).

Theorem 9.4.13 The rational map

Φ : P2 99K P5, x 7→ [(F1(x), . . . , F6(x)]

has the image given by the equations

z3
1 + z3

2 + z3
3 + z3

4 + z3
5 + z3

6 = 0, (9.51)

z1 + z2 + z3 + z4 + z5 + z6 = 0,

a1z1 + a2z2 + a3z3 + a4z4 + a5z5 + a6z6 = 0,

where (a1, . . . , a6) are the values of (Ū1, . . . , Ū6) at the point set (p1, . . . , p6).
They satisfy a1 + · · ·+ a6 = 0.

Proof Take x = (1, 0, 0), then each determinant (ijx) is equal to the determi-
nant (ij) for the projection of p1, . . . , p6 to P1. Since all the bracket-functions
are invariant with respect to SL(3) we see that any (ijx) is the bracket-function
for the projection of the points to P1 with center at x. This shows that the rela-
tions for the functionsUi imply similar relations for the polynomials Fi. This is
an example of Clebsch’s transfer principle, which we discussed in Subsection
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3.4.2. Let us find the additional relation of the form
∑5
i=0 aizi = 0. Consider

the cubic curve

C = a1F1(x) + · · ·+ a6F6(x) = 0,

where a1, . . . , a6 are as in the assertion of the theorem. We have already noted
that (ij, kl,mn) are transformed by S6 in the same way as (ij)(kl)(mn) up
to the sign representation. Thus the expression

∑
i aiFi(x) is transformed to

itself under an even permutation and is transformed to −
∑
i aiFi(x) under an

odd permutation. Thus the equation of the cubic curve is invariant with respect
to the order of the points p1, . . . , p6. Obviously, C vanishes at the points pi.
Suppose we prove that C vanishes at the intersection point of the lines p1p2

and p3p4, then by symmetry it vanishes at the intersection points of all possible
pairs of lines, and hence contains five points on each line. Since C is of degree
3 this implies that C vanishes on 15 lines, hence C is identically zero and we
are done.

So, let us prove that the polynomial C vanishes at p = p1p2 ∩ p3p4. Recall
from analytic geometry (or multi-linear algebra) that p can be represented by
the vector (v1 × v2) × (v3 × v4) = (v1 ∧ v2 ∧ v3)v4 − (v1 ∧ v2 ∧ v4)v3 =

(123)v4 − (124)v3. Thus the value of (ijx) at p is equal to

(ijp) = (123)(ij4)− (124)(ij3) = (12)(ij)(34). (9.52)

Applying Clebsch’s transfer principle to (9.45), we obtain

F1(x) + F2(x) = 4(12x)(36x)(45x), F4(x) + F5(x) = 4(12x)(34x)(56x),

F1(x) + F6(x) = 4(16x)(25x)(34x), F3(x) + F6(x) = 4(12x)(53x)(46x),

F2(x) + F3(x) = (15x)(26x)(43x).

This implies that F1 + F2, F4 + F5, F1 + F6, F3 + F6, F2 + F3 all vanish
at p. Thus the value of C at p is equal to

(a4 − a5)F4(p) + (a2 + a6 − a1 − a3)F6(p)

= (a4 − a5)(F4(p) + F6(p)) + (a2 + a6 + a5 − a1 − a3 − a4)F6(p)

= (a4 − a5)(F4(p) + F6(p)) + (a2 + a5 + a6)(F1(p) + F3(p)).

Here we used that a1 + · · · + a6 = 0 and F1(p) + F3(p) + 2F6(p) = 0. By
Lemma 9.4.12,

a4−a5 = (a4+a1+a2)−(a5+a1+a2) = 6(125)(436)−6(126)(435) = 6(12, 43, 56).
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a2 + a5 + a6 = 6(346)(125).

By using reftrit2 and (9.52), we get

F4(p) + F6(p) = (51p)(42p)(36p) = (42p)(12, 34, 15)(12, 36, 34),

F1(p) + F3(p) = (13p)(42p)(56p) = (42p)(12, 56, 34)(12, 13, 34).

Collecting this together, we obtain that the value of 1
6C at p is equal to

(12, 43, 56)(42p)[(12, 34, 15)(12, 36, 34) + (125)(436)(12, 13, 34)).

It remains for us to check that

(12, 34, 15)(12, 36, 34) + (125)(436)(12, 13, 34)

= (125)(314)(123)(364) + (125)(463)(123)(134) = 0.

Recall that the Segre cubic contains 15 planes defined by equations

Πij,kl,mn : zi + zj = zk + zl = zm + zn = 0,

where {i, j} ∪ {k, l} ∪ {m,n} = [1, 6]. The intersection of this plane with the
hyperplane H :

∑
aizi = 0 is the union of three lines on the cubic surface. In

this way we see 15 lines. Each hyperplane Hij : zi+ zj = 0 cuts out the Segre
cubic S3 along the union of three planes Πij,kl,mn, where the union of {k, l}
and {m,n} is equal to [1, 6] \ {i, j}. The hyperplane H intersects Hij ∩ S3

along the union of three lines. Thus we see 15 tritangent planes and 15 lines
forming a configuration (153). This is a subconfiguration of the configuration
(275, 453) of 27 lines and 45 tritangent planes on a nonsingular cubic surface.

The Segre cubic is characterized by the property that it has 10 nodes.

Theorem 9.4.14 Let S be a normal cubic hypersurface in P4 with 10 ordi-
nary double nodes. Then S is isomorphic to the Segre cubic primal.

Proof Choose projective coordinates such that one of the singular points is
the point [1, 0, 0, 0, 0]. The equation of S can be written in the form

t0A(t1, . . . , t4) +B(t1, . . . , t4) = 0.

By taking the partials, we obtain that the degree 6 curve C = V (A,B) in P3

has nine singular points. Since [1, 0, 0, 0, 0] is an ordinary double point, the
quadratic form A is nondegenerate. Thus the curve C is a curve of bidegree
(3, 3) on a nonsingular quadric V (A). It is a curve of arithmetic genus with
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nine singular points. It is easy to see that this is possible only if C is the union
of six lines, two triples of lines from each of the two rulings. Since Aut(P1)

acts transitively on the set of ordered triple of points, we can fix the curve C.
Two cubics V (B) and V (B′) cut out the same curve C on V (A) if and only if
B′ − B = AL, where L is a linear form. Replacing t0 by t0 + L, we can fix
B.

It follows from the proof that no cubic hypersurface in P4 has more than
ten ordinary double points. Thus the Segre cubic primal can be characterized,
up to projective equivalence, by the property that it has maximal number of
ordinary double points.

Proposition 9.4.15 Let p1, . . . , p5 be points in P3 in general linear posi-
tion. The linear system of quadrics through these points defines a rational map
P3 99K P4 whose image is isomorphic to the Segre cubic primal.

Proof It is clear that the dimension of the linear system is equal to 4. To com-
pute the degree of the image, we have to compute the number of intersection
points of three general quadrics from the linear system and subtract the num-
ber of base points. Three general quadrics intersect at eight points, subtracting
five, we get three. So, the image of the rational map is a cubic hypersurface
S in P4. For each line `ij = pipj , the general member of the linear system
intersects `ij only at the points pi, pj . This implies that the image of the line
in P4 is a point. It is easy to see that no other line in P4, except the ten lines
`ij , is blown down to a point. This implies that the image of `ij is an isolated
singular point of S. Let Y → P3 be the blow-up of the points p1, . . . , p5. The
composition f : Y → P3 99K P4 defines a regular birational map from Y

to S. It is a small resolution of S in the sense that the preimages of the sin-
gular points are not divisors but curves. Let Y ′ → Y be the blow-up of the
proper transforms of the lines `ij in Y . The normal bundle of a line ` n P3 is
isomorphic to O`(1) ⊕ O`(1). It follows from some elementary facts of the
intersection theory (see [230], Appendix B.6) that the normal bundle of the
proper transform ¯̀

ij of `ij is isomorphic to O¯̀
ij

(−1) ⊕ O¯̀
ij

(−1). This im-
plies that the preimage of ¯̀

ij in Y ′ is isomorphic to the product P1×P1. Thus
the composition Y ′ → Y → S is a resolution of singularities with the excep-
tional divisor over each singular point of S isomorphic to P1 × P1. It is well
known that it implies that each singular point of S is an ordinary double point
of S. Applying Theorem 9.4.14, we obtain that S is isomorphic to the Segre
cubic primal.

Remark 9.4.16 According to [218], the Segre cubic primal admits 1024 small
resolutions in the category of complex manifolds. By the action of S6 they
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are divided into 13 isomorphism classes. Six of the classes give projective
resolutions.

The coefficients (a1, . . . , a6) in Theorem 9.4.13 can be viewed as elements
of the 5-dimensional linear space V = (R6

2)(1). Since the functions Ūi add up
to zero, a1 + · · · + a6 = 0. They map the moduli space P 6

2 of ordered sets of
six points in P2 to the hyperplane V (

∑
ti) in P5. We know that the action of

S6 on P 6
2 defines an irreducible representation of type (2, 2, 2) on V and the

functions Ūi are transformed according to the same representation. It is known
that the algebra R6

2 is generated by the space (R6
2)(1) and one element Υ from

(R6
2)(2). We have

Υ = (123)(145)(246)(356)− (124)(135)(236)(456). (9.53)

If we replace 6 with x and consider this as an equation of a conic in P2, we ob-
serve that the expression vanishes when x = p1, p2, p3, p4, p5. Thus the conic
passes through the points p1, p2, p3, p4, p5, x. So, the function Υ vanishes on
the set of points (p1, . . . , p6) lying on a conic. This is a hypersurface X in P 6

2 .
One shows that Υ2 is a polynomial of degree 4 in generators of (R6

2)(1). This
implies that the image of X is a quartic hypersurface in P(V ). Since the map
X → P(V ) is S6-equivariant, the image of X can be given by a S6-invariant
polynomial in ti. Since the representation V is self-dual, and is obtained from
the standard representation of S6 on V by composing with the outer automor-
phism, the invariant functions are symmetric polynomials. So, the equation of
the image of X is equal to

s2
2 + λs4 = 0,

where sk =
∑5
i=0 t

k
i . The coefficient λ can be found from the fact that the hy-

persurface X is singular at the locus of strictly semi-stable points represented
by points sets pi = pj and the remaining four points are collinear. The lo-
cus consists of 15 lines. A simple computation shows that the only symmetric
quartic with this property is the quartic V (s2

2 − 4s4) (see [?], Theorem 4.1).
The quartic threefold CR4 in P5 given by the equations

5∑
i=0

ti = 0, (

5∑
i=0

t2i )
2 − 4

5∑
i=0

t4i = 0 (9.54)

will be called the Castelnuovo-Richmond quartic. It

Corollary 9.4.17 The variety P 6
2 is isomorphic to the double cover of P4

ramified over the Castelnuovo-Richmond quartic. It can be given by the equa-
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tions

t25 + (

5∑
i=0

t2i )
2 − 4

5∑
i=0

t4i = 0,

5∑
i=0

ti = 0. (9.55)

in P(1, 1, 1, 1, 1, 2).

The involution (t0, . . . , t6) 7→ (t0, . . . , t5,−t6) is the association involu-
tion. Applying it to the projective equivalence class of a general point set
(p1, . . . , p6) we obtain the projective equivalence class of a set (q1, . . . , q6)

such that the blow-ups of the two sets are isomorphic cubic surfaces, and the
two geometric markings are defined by a double-six. We refer for all of this to
[175].

Consider the dual variety (S3)∨ of the Segre cubic primal. Since S3 has
10 ordinary nodes, the Plücker-Teissier Formula shows that (S3)∨ is a quartic
hypersurface. The duals of the hyperplanesHij define 15 points in the dual P4.
The duals of the planes Πij,kl,mn are 15 lines. They are singular lines of CR4.
The 15 lines and 15 points form a configuration (153) in the dual space.

Proposition 9.4.18 The dual variety of the Segre cubic primal is isomorphic
to the Castelnuovo-Richmond quartic hypersurface:

CR4
∼= (S3)∨.

Proof We may assume that S3 is given by the equation
∑4
i=0 t

3
i−(

∑4
i=0 ti)

3 =

0 in P4, and the group S6 acts by letting its subgroup S5 permute t0, . . . , t4
and sending the transposition (56) to the transformation ti 7→ ti, i ≤ 4, t4 7→
−L, where L = t0 + · · · + t4. The polar map is given by polynomials Fi =

t2i − L2, i = 0, . . . , 4. After a linear change of the coordinates yi in the target
space

y′i = yi −
1

3
(y0 + y1 + y2 + y3), i = 0, . . . , 4,

we obtain that the linear representation of S6 on the target space is isomorphic
to the representation on the ti’s. Thus the dual hypersurface is isomorphic to a
quartic threefold in P5 given by the equations

5∑
i=0

yi = 0, s2
2 + λs4 = 0,

where sk =
∑5
i=0 y

k
i . Under the polar map, the 15 planes in S3 are mapped to

15 singular lines on the dual variety. A straightforward computation shows that
this implies that the parameter λ is equal to −4 (see [235], Theorem 4.1).
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9.4.5 Moduli spaces of cubic surfaces

The methods of the Geometric Invariant Theory (GIT) allows one to construct
the moduli space of nonsingular cubic surfacesMcub as an open subset of the
GIT-quotient

P(S3((C4)∨)//SL(4) = Proj
∞⊕
d=0

Sd(S3((C4)∨)∨)SL(4). (9.56)

The analysis of stability shows that, except one point, the points of this variety
represent the orbits of cubic surfaces with ordinary double points. The excep-
tional point corresponds to the isomorphism class of a unique surface with
three A2-singularities. So, the GIT-quotient can be taken as a natural compact-
ification M̄cub of the moduli spaceMcub. The computations from the classical
invariant theory due to G. Salmon [488], [492] and A. Clebsch [103] (see a
modern exposition in [307]) show that the graded ring of invariants is gener-
ated by elements Id of degrees d = 8, 16, 24, 32, 40 and 100 (a modern proof
of completeness can be found in [38]). The first four basic invariants are in-
variants with respect to the groupG of invertible matrices with the determinant
equal to±1. This explains why their degrees are divisible by 8 (see [181]). The
last invariant is what the classics called a skew invariant, it is not an invariant
of G but an invariant of SL(4). There is one basic relation expressing I2

100 as
a polynomial in the remaining invariants. The graded subalgebra generated by
elements of degree divisible by 8 is freely generated by the first five invariants.
Since the projective spectrum of this subalgebra is isomorphic to the projective
spectrum of the whole algebra, we obtain an isomorphism

M̄cub ∼= P(8, 16, 24, 32, 40) ∼= P(1, 2, 3, 4, 5). (9.57)

This, of course, implies that the moduli space of cubic surfaces is a rational
variety.

The discriminant ∆ of a homogeneous cubic form in four variables is ex-
pressed in terms of the basic invariants by the formula

∆ = (I2
8 − 64I16)2 − 214(I32 + 2−3I8I24) (9.58)

(the exponent−3 is missing in Salmon’s formula and also the coefficient at I32

was wrong, it has been corrected in [150]).
We may restrict the invariants to the open Zariski subset of Sylvester non-

degenerate cubic surfaces, It allows one to identify the first four basic invari-
ants with symmetric functions of the coefficients of the Sylvester equations.
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Salmon’s computations give

I8 = σ2
4 − 4σ3σ5, I16 = σ1σ

3
5 , I24 = σ4σ

4
5 , I32 = σ2σ

6
5 , I40 = σ8

5 ,

(9.59)
where σi are elementary symmetric polynomials. Evaluating ∆ from above, we
obtain a symmetric polynomial of degree 8 obtained from (9.34) by eliminating
the irrationality.

The invariant I40 restricts to (a0a1a2a3a4)8. It does not vanish on the set of
Sylvester nondegenerate cubic surfaces. Its locus of zeros is the closure of the
locus of Sylvester-degenerate nonsingular cubic surfaces.

The skew-invariant I100 is given by the equation

I100 = (a0a1a2a3a4)19 det


a0 a1 a2 a3 a4

a−1
0 a−1

1 a−1
2 a−1

3 a−1
4

a2
0 a2

1 a2
2 a2

3 a2
4

a3
0 a3

1 a3
2 a3

3 a3
4

1 1 1 1 1

 .

It vanishes on the closure of the locus of nonsingular surfaces with an Eckardt
point. Observe that it vanishes if ai = aj and that agrees with Example 9.1.25.

Following [150] we can interpret (9.59) as a rational map

P(C4)/S5
∼= P(1, 2, 3, 4, 5) 99K M̄cub ∼= P(1, 2, 3, 4, 5).

We have

σ1 =
I16

σ3
5

, σ2 =
I32

σ6
5

, σ3 =
I2
24 − I8I40

σ9
5

, σ4 =
I24I40

σ12
5

, σ5 =
I2
40

σ15
5

.

This gives the inverse rational map

M̄cub 99K P(C4)/S5.

The map is not defined at the set of points where all the invariants I8d vanish
except I8. It is shown in [150], Theorem 6.1 that the set of such points is the
closure of the orbit of a Fermat cubic surface.

Remark 9.4.19 One should compare the moduli space P 6
2 of ordered sextu-

ples of points in the plane and the moduli space M̄cub of cubic surfaces. The
blow-up of a set of six points in general position is isomorphic to a cubic sur-
face. It comes equipped with a geometric basis. The Weyl group W (E6) acts
transitively on geometric bases, and the birational quotient of P 6

2 by the action
of W (E6) is isomorphic to M̄cub. The forgetful map

P 6
2 99K M̄cub (9.60)

is of degree equal to #W (E6). The action of the subgroup S6 of the Weyl
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group is easy to describe. It is a regular action on P 6
2 via permuting the points.

In the model of P 6
2 given by Equation (9.55), the action is achieved by permut-

ing the coordinates t0, . . . , t5 according to the representation of type (2, 2, 2).
The quotient is isomorphic to the double cover

(P6
2)/S6 → P4/S6

∼= P(2, 3, 4, 5, 6).

It is ramified over the image of the hypersurface V (Υ) ⊂ P 6
2 parameteriz-

ing points sets on a conic. The branch locus is the image of the Castelnuovo-
Richmond quartic CR4 in the quotient. It is isomorphic to P(2, 3, 5, 6). In the
cubic surface interpretation the ramification locus is birationally isomorphic to
cubic surfaces with a node. This shows that the moduli space of singular cu-
bic surfaces is birationally isomorphic to P(2, 3, 5, 6), and hence is a rational
variety.

The quotient (P6
2)/S6 can be viewed as a birational model of the moduli

space of cubic surfaces together with a choice of a double-six. The previous
isomorphism shows that this moduli space is rational. It is not known whether
the moduli space of cubic surfaces together with a sixer of lines is a rational
variety.

Note that the functions Ūi, taken as generators of the space (R6
2)(1), al-

low one to identify some special loci in P 6
2 with ones in M̄cub. For exam-

ple, we know from (9.44) that Ū1 − Ū2 = 0 represents the locus of points
sets (p1, . . . , p6) such that the lines p1p2, p3p6, p4p5 are collinear. This corre-
sponds to a cubic surface with an Eckardt point. Changing the order of points,
this gives 15 hypersurfaces in P 6

2 permuted by S6. Another example is a hy-
persurface V (Ū1 + Ū2 + Ū3). According to Lemma 9.4.12, it corresponds to
the locus of points set (p1, . . . , p6), where the points p1, p4, p6 or p2, p3, p5

are collinear. They are permuted by S6 and give 20 hypersurfaces in P 6
2 . The

image of these hypersurfaces under the map (9.60) is contained in the locus of
singular surfaces.

A cubic surface in P3 can be given as a hyperplane section of a cubic
threefold in P4 = |W |. In this way the theory of projective invariants of
cubic surfaces becomes equivalent to the theory of projective invariants of
PGL(5) in the space S3(W∨) × W∨. The Cremona hexahedral equations
of a cubic surface represents a subvariety of this representation isomorphic
to C6. Clebsch’s transfer principle (for a modern explanation see [307]) al-
lows one to express projective invariants of GL(4) as polynomial functions on
C6. The degree of an invariant polynomial of degree m equal to their weights
3m/4. In particular, the basic polynomials I8, . . . , I100 become polynomials
J6, J12, J18, J24, J30, J75 in (a1, . . . , a6) of degrees indicated in the subscript.
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The first five polynomials are symmetric polynomials in a1, . . . , a6, the last
one is a skew-symmetric polynomial. For example,

J6 = 24(4σ3
2 − 3σ2

3 − 16σ2σ4 + 12σ6)

(see [116] Part III, p. 336, and [536]).
The skew-invariant J75 defining the locus of cubic surfaces with an Eckardt

points is reducible. It contains as a factor of degree 15 the discriminant
∏
i<j(ai−

aj) of the polynomial (X − a1) · · · (X − a6). The remaining factor of degree
60 is equal to the product of 30 polynomials of the form

T1256;3 = (126)(356)(134)(253)− (136)(256)(123)(354), (9.61)

where we use Lemma 9.4.12 to express the product of two brackets as a func-
tion ai+aj+ak. The vanishing of T1256;3 expresses the condition that the conic
through the points p1, p2, p3, p5, p6 is touched at p3 by the line p3p4 (equiva-
lently, the tritangent plane defined by the lines e3, 2e0−

∑
ei, e0−e3−e4 has

an Eckardt point). Together with 15 polynomials Ūi− Ūj , this accounts for 45
hypersurfaces defining the locus of cubic surfaces with an Eckardt point. Note
that the formulas for Ūi − Ūj and T1256;3 allow one to compute the number
of Eckardt points on a surface given by Cremona’s hexahedral equations. For
example, if we have one pair of equal coefficients ai, we have an Eckardt point
on the surface. However, it is not a necessary condition, because an Eckardt
point may arise from the vanishing of a function of type T1256;3. For example,
a cyclic cubic surface has nine Eckardt points, and they cannot be found only
from the equalities of the coefficients ai.

We can also find the expression of the discriminant invariant ∆ (9.58) in
terms of the coefficients a0, . . . , a5.

We know that the quartic symmetric polynomials σ2
2 − 4σ4 in a1, . . . , a6

equal to the squares of the function Υ from (9.53) representing points sets on
a conic. Thus we see that the discriminant invariant in (a0, . . . , a5), being of
of degree 24, must be a scalar multiple of the product of powers of (σ2 − 4σ4)

and powers of (ai + aj + ak), 1 ≤ i < j < k ≤ 5 representing points sets
with three collinear points. The only way to make a symmetric polynomial of
degree 24 in this way is to take all factors in the first power. We also use that
σ1 vanishes on (a1, . . . , a6). The computer computation gives the following
expression in terms of the elementary symmetric polynomials:

∆ = (σ2
2−4σ4)(σ4

3σ
2
4−2σ2σ

3
3σ4σ6+σ2

2σ
2
3σ

2
5 +2σ2

3σ4σ
2
5−2σ2σ3σ

4
5 +2σ2σ3σ4σ6−

8σ2
3σ

2
4σ6−2σ3

2σ3σ5σ6 +8σ2σ3σ4σ5σ5σ6 +2σ2
2σ

2
5σ6 +σ4

2σ
2
6−8σ2

2σ4σ
2
6 +16σ2

4σ
2
6).
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Remark 9.4.20 The story goes on. The group W (E6) acts birationally on
the space P 6

2 by changing the markings and Coble describes in [116], Part
III, rational invariants of this action. He also defines a linear system of degree
10 of elements of degree 3 in R6

2 which gives a W (E6)-equivariant embed-
ding of a certain blow-up of P 6

2 in P9 corresponding to some irreducible 10-
dimensional linear representation of the Weyl group. For a modern treatment
of this construction we refer to [123] and [233]. Other W (E6)-equivariant bi-
rational models of R6

2 were given in [410] and [273].
We also refer to a recent construction of the GIT-moduli space of cubic

surfaces as a quotient of a complex 4-dimensional ball by a reflection group
[6],[184]. The embedding of the moduli spaces in P9 by means of automorphic
forms on the 4-dimensional complex ball is discussed in [7] and [224].

9.5 Automorphisms of cubic surfaces

9.5.1 Cyclic groups of automorphisms

Let W be the Weyl group of a simple root system of type A,D,E. The con-
jugacy classes of elements of finite order can be classified (see table 9.3). We
will use the classification of conjugacy classes of elements in W . This can be
found in [124], [65] or [375]. We also include the information about the char-
acteristic polynomial of the action of an element w ∈ W on the root space,
in particular, its trace. The fourth column gives the order of the centralizer
subgroup of the conjugacy class.

We know that the automorphism group Aut(S) of a nonsingular cubic sur-
face acts faithfully on Pic(S). We will identify elements g ∈ Aut(S) with
the corresponding elements g∗ ∈ W (S). We fix a geometric basis to identify
element of W (S) with the Weyl group W (E6).

To apply the previous information about elements of the Weyl group to auto-
morphisms of a cubic surface, we use the following two Lemmas. The first one
is the well-known Lefschetz’s fixed-point formula, which can be found in most
of topology text-books. From now on, S denotes a nonsingular cubic surface.

Lemma 9.5.1 Let σ be an automorphism of a nonsingular cubic surface S
and Fix(σ) be its fixed locus. Let Tr(σ) be the trace of σ in its action on K⊥S .
Then the topological Euler-Poincaré characteristic of Fix(σ) is given by the
formula

χ(Fix(σ)) = 3 + Tr(σ).

Since any automorphism of S is a restriction of a projective automorphism
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Atlas Carter Manin Ord #C Tr Char
x 1A ∅ c1 6 51840 6 (t− 1)6

x 2A 4A1 c3 2 1152 -2 p4
1(t− 1)2

x 2B 2A1 c2 2 192 2 p2
1(t− 1)4

2C A1 c16 2 1440 4 p1(t− 1)5

2D 3A1 c17 2 96 0 p3
1(t− 1)3

x 3A 3A2 c11 3 648 -3 p3
2

x 3C A2 c6 3 216 3 p2(t− 1)4

x 3D 2A2 c9 3 108 0 p2
2(t− 1)2

x 4A D4(a1) c4 4 96 2 (t2 + 1)2(t− 1)2

x 4B A1 +A3 c5 4 16 0 p1p3(t− 1)2

4C 2A1 +A3 c19 4 96 -2 p2
1p3(t− 1)2

4D A3 c18 4 32 2 p3(t− 1)3

x 5A A4 c15 5 10 1 p4(t− 1)2

x 6A E6(a2) c12 6 72 1 p2(t2 − t+ 1)2

x 6C D4 c21 6 36 1 p1(t3 + 1)(t− 1)2

x 6E A1 +A5 c10 6 36 -2 p1p5

x 6F 2A1 +A2 c8 6 24 -1 p2
1p2(t− 1)2

6G A1 +A2 c7 6 36 1 p1p2(t− 1)3

6H A1 + 2A2 c22 6 36 -2 p1p
2
2(t− 1)

6I A5 c23 6 12 0 p5(t− 1)
x 8A D5 c20 8 8 0 p1(t4 + 1)(t− 1)
x 9A E6(a1) c14 9 9 0 (t6 + t3 + 1)

10A A1 +A4 c25 10 10 -1 p1p4(t− 1)
x 12A E6 c13 12 12 -1 p2(t4 − t2 + 1)

12C D5(a1) c24 12 12 1 (t3 + 1)(t2 + 1)(t− 1)

Table 9.3 Conjugacy classes in W (E6)

of P3 (because |−KS | = |OS(1)| is invariant) we will identify automorphisms
of S with projective automorphisms of P3. It is clear that the fixed locus Fix(σ)

of σ in S is equal to the intersection of the fixed locus F (σ) of σ in P3 with S.
Let n > 1 be the order of σ in PGL(4). We can represent σ by a matrix

A ∈ GL(4) such that An = cI4. Multiplying A by 1/α, where αn = 1/λ,
we may assume that A is of order n. Let λ1, . . . , λ4 be eigenvalues of A. They
determine the type of the fixed locus F (σ) of σ. Let k be the number of distinct
eigenvalues. We have

• k = 4: F (σ) consists of four isolated points;
• k = 3: F (σ) consists of a line and two isolated points;
• k = 2: F (σ) consists of two lines or a plane and an isolated point.

Let us see what the possibilities are for Fix(σ) = S∩F (σ). If k = 4, Fix(σ)

may consist of N ≤ 4 isolated fixed points. If k = 3, Fix(σ) may consist of
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a line and N ≤ 2 isolated points, or N ≤ 5 isolated fixed points. If k = 2,
Fix(σ) may consist of a plane cubic curve, necessarily nonsingular and N ≤ 1

isolated points, or two lines, or a line and N ≤ 3 points, or N ≤ 6 points.
Some of these possibilities can be excluded. If Fix(σ) consists of two lines,

then a general line intersecting the two lines contains a third intersection point
with S. It must be a fixed point contradicting the assumption. Also, a line `
in F (σ) either is contained in S or intersects S at three points. In fact, if ` is
tangent to S at a point x, then the action of σ in the tangent space Tx(S) has one
eigenvector with eigenvalue equal to 1. So, one can choose local coordinates
u, v at x such that the action is locally given by (u, v) 7→ (u, εv). The curve
locally given by v = 0 belongs to Fix(σ), contradicting the assumption that x
is an isolated fixed point.

We will start from the case when σ is of order 2. In this case, F (σ) is a plane
plus a point, or two lines. In the first case, if Fix(σ) consists of a curve only,
we have χ(Fix(σ)) = 0,Tr(σ) = −3, and Table 9.3 shows that there is no
element of order 2 with trace −3. Thus Fix(σ) consists of a plane and a point,
and σ belongs to the conjugacy class 2A. We choose the equation of the plane
to be V (t3) and the isolated fixed point to be [1, 0, 0, 0]. We may assume that
the action is defined by the diagonal matrix diag[1, 1, 1,−1]. The equation of
S becomes

at33 + t23l(t0, t1, t2) + t3q(t0, t1, t2) + g3(t0, t1, t2) = 0,

where V (g3) is a nonsingular plane curve in V (x3). Since the surface is σ-
invariant, we must have a = q = 0. Reducing the equation V (g3) to a Hesse
form, we get the equation

t23(at0 + bt1 + ct2) + t30 + t31 + t32 + ct0t1t2 = 0. (9.62)

Suppose that F (σ) is the union of two lines. If Fix(σ) consists of six points,
then χ(Fix(σ)) = 6,Tr(σ) = 3, and Table 9.3 shows that there are no elements
of order 2 with trace 3. So, Fix(σ) must consist of a line and 3 points, and
σ is of type 2B. We can choose coordinates such that `1 = V (t0) ∩ V (t1)

and `2 = V (t1) ∩ V (t2). The element σ is represented by a diagonal matrix
diag[1, 1,−1,−1]. The equation of S becomes

t0q1(t2, t3) + t1q2(t2, t3) +
∑
i+j=2

ti0t
j
1aij(t2, t3) + g3(t0, t1) = 0. (9.63)

Since S is σ-invariant, the linear forms aij(t2, t3) must be equal to zero. Since
S is nonsingular, g3 has no multiple zeros, so it can be reduced to the form
t30 + t31. For the same reason, t22, t

2
3 enter in q1 or q2. If q1 and q2 have the

same roots, one checks that the surface is singular. So, after a linear change of
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variables t2, t3, we reduce q1, q2 to the form q1 = t2(at3 + ct2), q2 = t3(bt2 +

dt3), where c, d 6= 0 (otherwise, t2 or t3 enters the equation in degree≤ 1, and
the surface is singular). After scaling t2, t3, we may assume c = d = 1. This
gives the equation

t0t2(t2 + at3) + t1t3(t3 + bt2) + t30 + t31 = 0. (9.64)

Now, the information about the characteristic polynomial tells us the conjugacy
class of a power of σ. Suppose σ is of order 2k. It follows from above that σk

must be of type 2A or 2B. Going through the list of the conjugacy classes, we
find that the classes

4C, 4D, 6G, 6H, 6I, 10A, 12C

do not occur.
Let us tabulate all possible cases, the corresponding values of Tr(σ), and

possible conjugacy classes with this trace.

Order F (g) Fix(σ) χ Tr(σ) Conjugacy class
n ≥ 2 plane+1 pt. curve+point 1 -2 2A,6E

curve 0 -3 3A
n ≥ 2 2 lines line+3 pts. 5 2 2B,4A

6 pts. 6 3 3C
n ≥ 3 line+2pts. line+2pts. 4 1 5A,6A,6C

line+1 pt. 3 0 3D,4B,8A,9A
line 2 -1 6F, 12A

5 pts. 5 2 2B, 4A
4 pts. 4 1 5A,6A, 6C
3 pts. 3 0 3D,8A,9A

n ≥ 4 4 pts. 4 pts. 4 1 5A,6A,6C,6G
3pts. 3 0 4B,6I,8A,9A
2pts. 2 -1 6F,12A
1 pt. 1 -2 6E

Table 9.4 Fixed points

Now, we are in business. In the following, εn denotes a primitive n-th root
of unity.

• σ is of type 3A.

In this case F (σ) is the union of a plane and a point, and Fix(σ) consists of
a single curve. We can choose coordinates such that σ is represented by the
diagonal matrix diag[1, 1, 1, ε3]. It is easy to see that the equation must be

t33 + g3(t0, t1, t2) = 0.
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The surface is a cyclic surface. Since V (g3) must be nonsingular, we can re-
duce it to a Hesse form to obtain the equation

t33 + t30 + t31 + t32 + at0t1t2 = 0. (9.65)

• σ is of type 3C.

In this case F (σ) is the union of two lines, and Fix(σ) consists of six points.
We can choose coordinates such that σ is represented by the diagonal matrix
diag[1, 1, ε3, ε3]. Write the equation of S in the form

3∑
k=0

k∑
i=0

ti0t
k−i
1 aik(t2, t3) = 0,

where aik is a binary form of degree 3 − k. Applying σ, we see that ai1 =

ai2 = 0. The equations become

g3(t0, t1) + h3(t2, t3) = 0.

Since S is nonsingular, the binary forms g3, h3 have no multiple zeros. Thus,
after a linear change of coordinates, we reduce equation to the Fermat form.

• σ is of type 3D.

In this case F (σ) is the union of a line and two points, Fix(σ) consists of either
three points or a line plus one point. Consider the first case. We can choose
coordinates such that σ is represented by the diagonal matrix diag[1, 1, ε3, ε

2
3],

where the line is t2 = t3 = 0. Since the isolated fixed points [0, 0, 1, 0] and
[0, 0, 0, 1] are not in S, we can write the equation of S in the form

t32 + t33 + t2t3a1(t0, t1) + g3(t0, t1) +
∑

ti2t
j
3aij(t0, t1) = 0,

where (i, j) 6= (3, 0), (0, 3), (1, 1), (0, 0). Since all monomials ti0t
j
1 with such

(i, j) are not σ-invariant, we obtain that aij = 0. Thus S can be given by the
equation

t32 + t33 + t2t3a1(t0, t1) + g3(t0, t1) = 0.

To make it different from case 3C, we have to assume that a1 6= 0. By a further
change of coordinates, we can reduce it to the equation

t32 + t33 + t2t3(t0 + at1) + t30 + t31 = 0. (9.66)

Consider the second case. We keep the coordinates from the previous case.
The equation becomes

f =
∑

0<i+j≤3

ti2t
j
3a3−i−j(t0, t1) = 0.
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As we saw in the previous case, each monomial entering in f must be divisible
by t32, t

3
3, t2t3. This shows that the variables t0, t1 enter with degree ≤ 1. This

implies that the surface is singular. So, this case does not occur.

• σ is of type 4A.

Note that σ2 belongs to the conjugacy class 2A. Hence we can choose coor-
dinates such that σ acts via the diagonal matrix [1, 1,−1, i] and S is given by
the equation

t23l(t0, t1, t2) + g3(t0, t1, t2) = 0.

This equation is σ-invariant only if l(t0, t1, t2) = at2 and g3(t0, t2,−t2) =

g3(t0, t1, t2). This gives the equation

t23t2 + t22g(t0, t1) + h(t0, t1) = 0.

We can further reduce it to the form

t23t2 + t22t1 + t30 + at0t
2
1 + bt31 = 0. (9.67)

Note that Fix(σ) consists of five isolated points.

• σ is of type 4B.

In this case F (σ) consists of four isolated points and Fix(σ) consists of three
points. Since σ2 is of type 2B, we may write equation in the form (9.64).

t0q1(t2, t3) + t1q2(t2, t3) + g3(t0, t1) = 0.

Here σ acts via the matrix diag[1,−1, i, i] or diag[1,−1, i,−i]. Since S is non-
singular, one of the monomials t30, t

2
0t1 and one of the monomials t31, t

2
1 must

enter in g3. It is clear that both t30 and t31 cannot enter in g3. After switch-
ing the variables, we may assume that t30 enters. In order for S to remain
invariant with respect to σ, we must have q1 = ct2t3, q2 = at22 + bt23 and
g3(t0, t1) = at30 + bt0t

2
1. If c = 0, we get a singular surface. So, we may

assume that c = 1, and get the equation1

t0t2t3 + t1(at22 + bt23) + t30 + bt0t
2
1 = 0. (9.68)

Here a, b 6= 0.

• σ is of type 5A.

1 This corrects the mistake in [187], where the equation defines a singular surface.
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In this case F (σ) is either the union of a line and two points, or the union
of four points. Let us see that the first case does not occur. If Fix(σ) contains a
line `, we can reduce the equation to the form (9.63), where ` = V (t2)∩V (t3).
The quadratic forms q1, q2 must be invariant with respect to an automorphism
of order 5 of the line V (t0) ∩ V (t1). This forces q1 = q2 = 0, and shows that
this case does not occur.

So, we may assume that F (σ) consists of four points. In this case we may as-
sume that σ acts via the matrix diag[1, ε5, ε

2
5, ε

3
5]. Since [1, 0, 0, 0], . . . , [0, 0, 0, 1]

are on the surface, the equation does not contain t30, . . . , t
3
3. Since every mono-

mial contains one of the powers t2i (otherwise S is singular), we can write the
equation in the form

t20a0(t1, t2, t3) + t21a1(t0, t2, t3) + t22a2(t0, t1, t3) + t23a3(t0, t1, t2) = 0.

(9.69)
The only way to make it invariant is to assume (after permuting the variables,
if necessary) that a0 = c0t2, a1 = c1t0, a2 = c2t3, a3 = c3t1. After scaling
the coordinates, we get the equation

t20t2 + t21t0 + t22t3 + t23t0 = 0. (9.70)

• σ is of type 6A.

Similarly to the previous case, we prove that Fix(σ) cannot contain a line. So
Table 9.4 shows that it consists of four points. Note that σ3 is of type 2A and
σ2 is of type 3A. So, we can choose coordinates to assume that σ acts via
diag[1, 1,−1, ε3], and the equation is in the form (9.65)

t33 + g3(t0, t1, t2) = 0.

The only way to make it invariant is to assume that g3 = t22(at0 + bt1) +

h3(t0, t1). Reducing h3 to the sum of cubics, and scaling t2, we get the equa-
tion

t33 + t22(t0 + bt1) + t30 + t31 = 0. (9.71)

• σ is of type 6C.

In this case σ3 is of type 2A. We can choose the equation of the form

t23(at0 + bt1 + ct2) + g3(t0, t1, t2) = 0, (9.72)

and the action to one defined by the matrix diag[1, 1, εi6, ε6], where i = ±2. In
order to make the equation invariant, we must assume that i = −2, a = b = 0
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and g3 = dt32 + h3(t0, t1). After additional change of coordinates, we reduce
the equation to the form

t23t2 + t32 + t30 + t31 = 0. (9.73)

• σ is of type 6E.

In this case, σ3 is of type 2A. We can choose the equation of the form

t23(at0 + bt1 + ct2) + g3(t0, t1, t2) = 0.

and the action is defined by diag[1, εi3, ε3, ε6], where i = 1 or 2. Table 9.4
shows that F (σ) consists of four points and Fix(σ) is a single point. This shows
that all eigenvalues are different, so i = 2. Suppose a 6= 0. Then all monomials
entering in the equation have eigenvalue ε3. This implies that t32, t

2
2t0, t

2
2t1, t

2
2t3

do not enter. This makes S singular at the point [0, 0, 1, 0]. So a = 0, and after
switching t1, t2, if necessary, we may assume that b 6= 0, c = 0. This makes
all monomials invariant. After scaling the coordinates, we get the equation

t23t1 + t30 + t31 + t32 + at0t1t2 = 0. (9.74)

• σ is of type 6F.

As in case 6A, we show that Fix(σ) does not contain a line. Consulting Table
9.4, we find that F (g) has four isolated fixed points. Thus σ can be represented
by the diagonal matrix with all distinct eigenvalues. We find that σ2 is of type
3C. Thus we can reduce the equation to the form

g3(t0, t1) + h3(t2, t3) = 0.

The element σ acts via the matrix diag[1, ε36, ε
4
6, ε6]. To make the equation

invariant, we must (after permuting (t0, t1) and (t2, t3)) take g3 = at30 +

bt0t
2
1, h3 = ct32 +dt2t

2
3. After scaling the coordinates, we arrive at the equation

t30 + t0t
2
1 + t32 + t2t

2
3 = 0. (9.75)

• σ is of type 8A.

The square of σ is an element of order 4 from the conjugacy class 4A. So we
can choose coordinates such that the equation of S is reduced to the form

t23t2 + t22g(t0, t1) + h3(t0, t1) = 0

and σ acts via diag[1, ε48, ε
i
8, ε8], where i = 2 or i = 6. If i = 2, the equation is

invariant only if it is of the form

t23t2 + at22t0 + t1(bt20 + ct21) = 0.
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If i = 6, we must have

t23t2 + at22t1 + t0(bt20 + ct21) = 0.

Switching t0, t1, we may choose the second one. Here a, b, c 6= 0 because
otherwise S is singular. After scaling the unknowns, we get the equation

t23t2 + t22t1 + t30 + t0t
2
1 = 0. (9.76)

• σ is of type 9A.

The cube of σ is an element of type 3A. So, the surface S is a cyclic surface
with Equation (9.65) with σ acting via diag[1, εi3, ε

j
3, ε9]. All monomials enter-

ing the equation must be eigenvectors with eigenvalue ε3. Thus, no cubes of
the variables t0, t1, t2 enter the equation. Since S is nonsingular, t20, t

2
1, t

2
2 must

divide some of the monomials. This gives, up to a permutation of variables, the
equation

t33 + t20t1 + t21t2 + t22t0 = 0. (9.77)

• σ is of type 12A.

The square of σ is an element of order 6 of type 6A. So, the equation can be
reduced to the form

t33 + t22(at0 + bt1) + h3(t0, t1) = 0.

The automorphism acts via the matrix diag[1,−1, εi4, ε6], where i = 1 or 3.
This forces us to take b = 0 and h3 to be a linear combination of monomials
t31, t

2
0t1. After scaling the coordinates, we arrive at the equation

t33 + t31 + t22t0 + t20t1 = 0. (9.78)

We sum up our findings in Table 9.5.

9.5.2 Maximal subgroups of W (E6)

We will need some known information about the structure of the Weyl group
of type E6.

Theorem 9.5.2 Let H be a maximal subgroup of W (E6). Then one of the
following cases occurs:

(i) H ∼= 24 : S5 of order 24 · 5! and index 27;
(ii) H ∼= S6 × 2 of order 2 · 6! and index 36;
(iii) H ∼= 31+2

+ : 2S4 of order 1296 and index 40;
(iv) H ∼= S3 oS3

∼= 33 : (S4 × 2) of order 1296 and index 40;
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σ Action Equation Fix(σ)
2A [1, 1, 1,−1] t23l(t0, t1, t2) + t30 + t31 + t32 + ct0t1t2 cubic+1 pt.
2B [1, 1,−1,−1] t0t2(t2 + at3) + t1t3(t3 + bt2) + t30 + t31 line+1 pt.
3A [1, 1, 1, ε3] t33 + t30 + t31 + t32 + at0t1t2 cubic
3C [1, 1, ε3, ε3] t30 + t31 + t32 + t33 6 pts.
3D [1, 1, ε3, ε

2
3] t32 + t33 + t2t3(t0 + at1) + t30 + t31 3 pts.

4A [1, 1,−1, i] t23t2 + t22t1 + t30 + at0t
2
1 + bt31 5 pts.

4B [1,−1, i,−i] t0t2t3 + t1(at22 + bt23) + t30 + bt0t
2
1 3 pts.

5A [1, ε5, ε
2
5, ε

3
5] t20t2 + t21t0 + t22t3 + t23t0 4 pts.

6A [1, 1,−1, ε3] t33 + t22(t0 + bt1) + t30 + t31 4 pts.
6C [1, 1, ε23, ε6] t23t2 + t32 + t30 + t31 4 pts.
6E [1, ε23, ε3, ε6] t23t1 + t30 + t31 + t32 + at0t1t2 1 pt.
6F [1,−1, ε23, ε6] t30 + t0t

2
1 + t32 + t2t

2
3 2 pts.

8A [1,−1,−i, ε8] t23t2 + t22t1 + t30 + t0t
2
1 3 pts.

9A [1, ε3, ε
2
3, ε9] t33 + t20t1 + t21t2 + t22t0 3 pts.

12A [1,−1, i, ε6] t33 + t31 + t22t0 + t20t1 2 pts.

Table 9.5 Cyclic groups of automorphisms

(v) H ∼=
(
2.(A4 × A4).2

)
.2 of order 1152 and index 45.

Here we use the notations from the Atlas [124], where Z/nZ = n, semi-
direct products: H n G = H : G, 31+2

+ denotes the group of order 33 of
exponent p, and A.B denote a group with normal subgroup isomorphic to A
and quotient isomorphic to B.

Let us identify the group W (E6) with the Weyl group of the lattice K⊥S
defined by a nonsingular cubic surface S. We recognize a maximal subgroup
from (i) as the stabilizer subgroup of a line on S.

A maximal subgroupH of type (ii) is the stabilizer subgroup of a double-six.
Its subgroup isomorphic to S6 permutes lines in one of the sixes.

I do not know a geometric interpretation of a maximal subgroup of type (iii).
By Theorem 9.1.6, a maximal subgroup of type (iv) is isomorphic to the

stabilizer subgroup of a Steiner complex of triads of double-sixes. It is also
coincides with a stabilizer subgroup of the root sublattice of typeA2+A2+A2.
There is another interpretation of this subgroup in terms of a compactification
of the moduli space of cubic surfaces (see [410]).

A maximal subgroup of type (v) is the stabilizer subgroup of a tritangent
plane.

Proposition 9.5.3 W (E6) contains a unique normal subgroup W (E6)′. It is
a simple group and its index is equal to 2.

Proof Choose a root basis (α1, . . . , α6) in the root lattice E6. Let s0, . . . , s5
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be the corresponding simple reflections. Each element w ∈ W (E6) can be
written as a product of the simple reflections. Let `(w) be the minimal length of
the word needed to write w as such a product. For example, `(1) = 0, `(si) =

1. One shows that the function ` : W (E6) → Z/2Z, w 7→ `(w) mod 2

is a homomorphism of groups. Its kernel W (E6)′ is a subgroup of index 2.
The restriction of the function ` to the subgroup H ∼= S6 generated by the
reflections s1, . . . , s5 is the sign function. Suppose K is a normal subgroup of
W (E6)′. Then K ∩H is either trivial or equal to the alternating subgroup A6

of index 2. It remains for us to use the fact that H× (r) is a maximal subgroup
of W (E6) and s is a reflection which does not belong to W (E6)′.

Remark 9.5.4 Recall that we have an isomorphism (9.8) of groups

W (E6) ∼= O(6,F2)−.

The subgroupW (E6)′ is isomorphic to the commutator subgroup of O(6,F2)−.

Let us mention other realizations of the Weyl group W (E6).

Proposition 9.5.5
W (E6)′ ∼= SU4(2),

where SU4(2) is the group of linear transformations with determinant 1 of F4
4

preserving a nondegenerate Hermitian product with respect to the Frobenius
automorphism of F4.

Proof Let F : x 7→ x2 be the Frobenius automorphism of F4. We view the
expression

3∑
i=0

t3i =

3∑
i=0

tiF(ti)

as a nondegenerate Hermitian form in F4
4. Thus SU4(2) is isomorphic to the

subgroup of the automorphism group of the cubic surface S defined by the
equation

t30 + t31 + t32 + t33 = 0

over the field F̄2. The Weyl representation (which is defined for nonsingu-
lar cubic surfaces over fields of arbitrary characteristic) of Aut(S) defines a
homomorphism SU4(2) → W (E6). The group SU4(2) is known to be sim-
ple and of order equal to 1

2 |W (E6)|. This defines an isomorphism SU4(2) ∼=
W (E6)′.

Proposition 9.5.6

W (E6) ∼= SO(5,F3), W (E6)′ ∼= SO(5,F3)+,
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where SO(5,F3)+ is the subgroup of elements of spinor norm 1.

Proof Let V = E6/3E6. Since the discriminant of the lattice E6 is equal to
3, the symmetric bilinear form defined by

〈v + 3E6, w + 3E6〉 = −(v, w) mod 3

is degenerate. It has a 1-dimensional radical spanned by the vector

v0 = 2α1 +α1 + 2α4 +α5 mod 3E6.

The quadratic form q(v) = (v, v) mod 3 defines a nondegenerate quadratic
form on V̄ = V/F3v0

∼= F5
3. We have a natural injective homomorphism

W (E6) → O(5,F2). Comparing the orders, we find that the image is a sub-
group of index 2. It must coincide with SO(5,F3). Its unique normal subgroup
of index 2 is SO(5,F3)+.

Remark 9.5.7 Let E be a vector space of odd dimension 2k + 1 over a finite
field Fq equipped with a nondegenerate symmetric bilinear form. An element
v ∈ E is called a plus vector (resp. minus vector) if (v, v) is a square in F∗q
(resp. is not a square ∈ F∗q). The orthogonal group O(E) has three orbits in
|E|: the set of isotropic lines, the set of lines spanned by a plus vector and
the set of lines spanned by a minus vector. The isotropic subgroup of a non-
isotropic vector v is isomorphic to the orthogonal group of the subspace v⊥.
The restriction of the quadratic form to v⊥ is of Witt index k if v is a plus
vector and of Witt index k − 1 if v is a minus vector. Thus the stabilizer group
is isomorphic to O(2k,Fq)±. In our case, when k = 2 and q = 3, we obtain
that minus vectors correspond to cosets of roots in V = E6/3E6, hence the
stabilizer of a minus vector is isomorphic to the stabilizer of a double-six, i.e.
a maximal subgroup of W (E6) of index 36. The stabilizer subgroup of a plus
vector is a group of index 45 and isomorphic to the stabilizer of a tritangent
plane. The stabilizer of an isotropic plane is a maximal subgroup of type (iii),
and the stabilizer subgroup of an isotropic line is a maximal subgroup of type
(iv).

9.5.3 Groups of automorphisms

Now we are ready to classify all possible subgroups of automorphisms of a
nonsingular cubic surface.

In Table 9.6 we use the notation H3(3) for the Heisenberg group of unipo-
tent 3× 3-matrices with entries in F3.

Theorem 9.5.8 The following is the list of all possible groups of automor-
phisms of nonsingular cubic surfaces.
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Type Order Structure f(t0, t1, t2, t3) Eckardt
I 648 33 : S4 t30 + t31 + t32 + t33 18
II 120 S5 t20t1 + t21t2 + t22t3 + t23t0 10
III 108 H3(3) : 4 t30 + t31 + t32 + t33 + 6at1t2t3 9
IV 54 H3(3) : 2 t30 + t31 + t32 + t33 + 6at1t2t3 9
V 24 S4 t30 + t0(t21 + t22 + t23) 6
VI 12 S3 × 2 t32 + t33 + at2t3(t0 + t1) + t30 + t31 4
VII 8 8 t23t2 + t22t1 + t30 + t0t

2
1 3

VIII 6 S3 t32 + t33 + at2t3(t0 + bt1) + t30 + t31 3
IX 4 4 t23t2 + t22t1 + t30 + t0t

2
1 + at31 1

X 4 22 t20(t1 + t2 + bt3) + t31 + t32 + t33 + 6at1t2t3 2
XI 2 2 t20(t1 + bt2 + ct3) + t31 + t32 + t33 + 6at1t2t3 1

Table 9.6 Groups of automorphisms of cubic surfaces

Here, in the third row, α is a root of the equation 8x6 + 20x3 − 1 = 0,
and in the next row, a 6= α and also a 6= a4, otherwise the surface is of
Type II. Similar restrictions must be made for other parameters. There are also
conditions for the surface to be nonsingular.

Proof Let S be a nonsingular cubic surface.

• Suppose Aut(S) contains an element from the conjugacy class 3C.

Table 9.5 shows that S is isomorphic to the Fermat cubic V (t30+t31+t32+t33).
Obviously, its automorphism group contains a subgroup G isomorphic to 33 :

S4. To see that it coincides with this group, we use that G is a subgroup of
index 2 of a maximal subgroup H of type (iv). As we noted before, the group
H is the stabilizer subgroup of a root lattice A2 + A2 + A2. It contains an
element represented by a reflection in one copy of the lattice, and the identity
on other copies. This element has trace equal to 4, so belongs to the conjugacy
class 2C. It is not realized by an automorphism of a nonsingular cubic surface.
This gives Type I from the Table.

• Suppose Aut(S) contains an element of order 5.

Table 9.5 shows that S is isomorphic to the surface

t20t1 + t21t2 + t22t3 + t23t0 = 0. (9.79)
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Consider the embedding of S in P4 given by the linear functions

z0 = t0 + t1 + t2 + t3, (9.80)

z1 = εt0 + ε3t1 + ε4t2 + ε2t3,

z2 = ε2t0 + εt1 + ε3t2 + ε4t3,

z3 = ε3t0 + ε4t1 + ε2t2 + εt3,

z4 = ε4t0 + ε2t1 + εt2 + ε3t3,

where ε5 = 1. One checks that
∑4
i=0 zi = 0 and (9.79) implies that also∑4

i=0 z
3
i = 0. This shows that S is isomorphic to the following surface in P4:

4∑
i=0

z3
i =

4∑
i=0

zi = 0. (9.81)

These equations exhibit a subgroup G of automorphisms of S isomorphic to
S5.

Assume that G is a proper subgroup of Aut(S). Note that the only maximal
subgroup of W (E6) that contains a subgroup isomorphic to S5 is a subgroup
H of type (i) or (ii). If H is of type (i), then Aut(S) contains one of the invo-
lutions from the subgroup 24. The group H is isomorphic to the Weyl group
W (D5). We encountered it as the Weyl group of a del Pezzo surface of degree
4. It follows from the proof of Proposition 8.6.7 that nontrivial elements of the
subgroup 24 are conjugate to the composition of reflection sα1 ◦ sα5 . Its trace
is equal to 1. Thus, this element belongs to the conjugacy class 2D that is not
realized by an automorphism. If H is of type (ii), then G is contained in S6

or contains an element which commutes with G. It is immediately seen that
the surface does not admit an involution which commutes with all elements
in G. Since S5 is a maximal subgroup of S6, in the first case, we obtain that
Aut(S) contains a subgroup isomorphic to S6. However, a cyclic permutation
g of order 6 acts on E6 by cyclically permuting vectors e1, . . . , e6 and leaving
e0 invariant. Its trace is equal to 1. This shows that g belongs to the conjugacy
class 6I and is not realized by an automorphism. This gives us type II from
Table 9.5.

• Suppose Aut(S) contains an element of type 3A.

From Table 9.5, we infer that S is a cyclic surface which is projectively iso-
morphic to the surface go S = V (t30 + t31 + t32 + t33 + at1t2t3). Obviously,
it contains a group of automorphisms G isomorphic to 3.(32 : 2). The cen-
tral element of order 3 is realized by the matrix diag[1, 1, 1, ε3]. The quotient
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group is isomorphic to a group of projective automorphisms of the plane cubic
C = S ∩ V (t3). In the group law, the group is generated by translations by
points of order 3 and the inversion automorphism. For special parameter a we
get more automorphisms corresponding to a harmonic or an equianharmonic
cubic. Let us see that there is nothing else in Aut(S). An equianharmonic cu-
bic is projectively isomorphic to the Fermat cubic, so it will give Type I. The
remaining two cases will give us surfaces of types III and IV.

The subgroup 3.32 is isomorphic to the Heisenberg group H3(3) of upper-
triangular 3× 3 matrices with entries in F3 with 1 at the diagonal. In the nota-
tion of the Atlas, it is group 31+2

+ . We see that it is contained in the only maxi-
mal subgroup which is of type (iii). The element generating the center of 31+2

+

is a central element in the maximal subgroup. Thus any extra automorphism
commutes with the central element, and hence descends to an automorphism
of the cubic curve C. This proves that G = Aut(S).

• Suppose Aut(S) contains an element of type 8A.

Consulting Table (9.5), we infer that S is isomorphic to the surface of type
VII. The only maximal subgroup of W (E6) which contains an element of or-
der 8 is a subgroup H of order 1152. As we know it stabilizes a tritangent
plane. In our case the tritangent plane is t2 = 0. It has the Eckardt point
x = [0, 0, 0, 1]. Thus G = Aut(S) is a subgroup of the linear tangent space
TxS. If any element of G acts identically on the set of lines in the tritangent
plane, then it acts identically on the projectivized tangent space, and hence G
is a cyclic group. Obviously this implies that G is of order 8. Assume that
there is an element τ which permutes cyclically the lines. Let G′ be the sub-
group generated by σ and τ . Obviously, τ3 = σk. Since G does not contain
elements of order 24, we may assume that k = 2 or 4. Obviously, τ normalizes
〈σ〉 since otherwise we have two distinct cyclic groups of order 8 acting on a
line with a common fixed point. It is easy to see that this is impossible. Since
Aut(Z/8Z)) ∼= (Z/2Z)2 this implies that σ and τ commute. Thus στ is of
order 24, which is impossible. This shows that Aut(S) ∼= Z/8Z.

By taking powers of elements of order 9 and 12, we obtain surfaces with
automorphism groups which we have already classified. So, we may assume
that Aut(S) does not contain elements of order 5, 8, 9, 12. In a similar manner,
we may assume that any element of order 3 belongs to the conjugacy class 3D,
and an element of order 6 belongs to the conjugacy class of type 6A or 6E.

• Suppose Aut(S) contains an element of type 3D.

Assume Aut(S) contains an element σ from conjugacy class 3D. Then the
surface is isomorphic to V (t32 + t33 + t2t3(t0 +at1) + t30 + t31). We assume that
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a 6= 0. Otherwise, the surface is cyclic, and has an automorphism of type 3A2.
This has been already taken care of. Let τ be an involution which exchanges
the coordinates t2 and t3. The subgroup H generated by σ and τ is isomorphic
to S3. The involution τ is of type 2A, it is a harmonic homology. Thus the
three involutions in H define three Eckardt points x1, x2, x3. They are on the
line ` = V (t0) ∩ V (t1). The group H acts faithfully on the set of the three
Eckardt points.

By Proposition 9.1.27, a triple of collinear Eckardt points defines a subgroup
of Aut(S) isomorphic to S3. If the triples are disjoint, then the subgroups
do not have a common involution, hence they intersect only at the identity.
Otherwise, they have one common involution.

Suppose we have an automorphism g 6∈ H . If gHg−1 = H , then g com-
mutes with σ. This shows that we can simultaneously diagonalize the matri-
ces representing g and σ. It is immediately checked from the equation of the
surface that this is possible only if a = 1 and g is the transformation which
switches t0 and t1. So, if we prove that the case gHg−1 6= H does not occur,
we obtain Aut(S) is isomorphic to S3 or 2×S3. This gives types VI and VIII.

Let us assume that H ′ = gHg−1 6= H . Then H ′ is the subgroup defined by
the three Eckardt points yi on the line g(`). Suppose two of the points xi, yj lie
on a line in S. By Proposition 9.1.27, the corresponding involutions commute.
Again, we check from the equation that an involution commuting with one
of the involutions τσi must be the involution switching the coordinates t0, t1.
This shows that any line xiyj , where xi 6= yj , is not contained in S, and hence
contains the third Eckardt point zij . Note a plane section of S not containing
a line on S intersects the 27 lines at 27 points, an Eckardt point is counted
with multiplicity 3. This shows that an irreducible plane section of S contains
≤ 9 Eckardt points. If it contains a line with two Eckardt points on it, then the
number is at most seven.

Suppose the lines ` and `′ do not intersect. Then the plane spanned by x1

and `′ contains nine Eckardt points x1, x2, x3, y1, y2, y3, z11, z12, z13. Thus,
the plane section does not contain lines, hence it contains the third Eckardt
point on each line yizij . We get a contradiction.

If the lines ` and `′ intersect, say at x1 = y1, then the plane containing them
contains eight Eckardt points x1, x2, x3, y2, y3, z22, z23, z32, z33. So it does not
contain lines on S. But then it contains two extra Eckardt points on the lines
z11y3, z12y2. This contradiction proves the claim that Aut(S) is isomorphic to
S3 or 2×S3.

• Suppose Aut(S) contains an element of type 2B.

Then the equation of the surface is (9.64). The surface admits an automor-
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phism of type 3C defined by the diagonal matrix diag[1, 1, ε3, ε3]. So, this case
was considered before.

• Suppose Aut(S) contains an element of order 4.

If σ belongs to the conjugacy class 4B, then σ2 belongs to 2B and hence
this case has been already considered. If σ belongs to 4A then the equation
of the surface is (9.67). This is a cubic surface of type IX with cyclic group
of automorphisms of order 4. Here we have to assume that the surface is not
isomorphic to the surface of type VII. It follows from the proof of the next
Corollary that in all previous cases, except type VII, the automorphism group
is generated by involutions of type 4A1. Thus our surface cannot be reduced to
one of the previous cases.

Finally, it remains for us to consider the folloing case.

• Aut(S) contains only involutions of type 2A, i.e. harmonic homologies.

Suppose we have two such involutions. They define two Eckardt points x1

and x2. By Proposition 9.1.27, if the line x1x2 is contained in S, then the in-
volutions commute. If the line does not belong to S, then the two involutions
generate S3, and hence contains an element of order 3. Suppose we have a
third involution defining a third Eckardt point x3. Then we have a tritangent
plane formed by the lines xixj . Obviously, it must coincide with each tritan-
gent plane corresponding to the Eckardt points xi. This contradiction shows
that we can have at most two commuting involutions. This gives the last two
cases of our theorem. The condition that there is only one involution of type
2A is that the line V (t1 + t2 + at3) does not pass through an inflection point
of the plane curve V (t0).

The next Corollary can be checked case by case, and its proof is left as an
exercise.

Corollary 9.5.9 Let Aut(S)o be the subgroup of Aut(S) generated by invo-
lutions of type 2A. Then Aut(S)o is a normal subgroup of Aut(S) such that
the quotient group is either trivial or a cyclic group of order 2 or 4. The order
4 could occur only for the surface of type VII. The order 2 occurs only for
surfaces of type IX.

Finally, we explain the last column of Table 9.6. We already noticed that the
Fermat surface has 18 Eckardt points. A harmonic involution of a surface of
type II corresponds to a transposition in S5. Their number is equal to 10. The
surfaces of types III and IV are cylic surfaces, we have already explained that
they have nine Eckardt points. This can be also confirmed by looking at the
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structure of the group. A surface of type VI has four Eckardt points. They cor-
respond to four harmonic symmetries. Three of them come from the subgroup
S3 and the fourth one corresponds to the central involution. Of course, we can
see it in the equation. The fourth Eckardt point is [1,−1, 1,−1]. Surfaces of
type VII and IX have one involution of type 2A. Surfaces of type X have two
and surfaces of type XI have only one.

9.5.4 The Clebsch diagonal cubic

We have already defined the Clebsch diagonal surface in Example 9.1.20 as a
nonsingular cubic surface given by equations

t30 + · · ·+ t33 − (t0 + t1 + t2 + t3)3 = 0.

In the proof of Theorem 9.5.8 we found an explicit isomorphism to the surface
in P3 with equation

t20t1 + t21t2 + t22t3 + t23t0 = 0.

The Sylvester pentahedron of the surface is V (t0t1t2t3(t0 + t1 + t2 + t3)).
Its ten vertices are the Eckardt points. Each edge is a line going through three
Eckardt points.

Each face of the pentahedron intersects the tetrahedron formed by the other
four faces along three diagonals, they are lines on S (this explains the name of
the surface). In this way we get 15 lines, the S5-orbit of the line

t0 = t1 + t2 = t3 + t4 = 0.

The remaining 12 lines form a double-six. Their equations are as follows.
Let η be a primitive 5-th root of unity. Let σ = (a1, . . . , a4) be a permuta-
tion of {1, 2, 3, 4}. Each line `σ spanned by the points [1, ηa1 , . . . , ηa4 ] and
[1, η−a1 , . . . , η−a4 ] belongs to the surface. This gives 12 = 4!/2 different
lines. Here is one of the ordered double-sixes formed by the twelve lines

(`1234, `1243, `1324, `1342, `1432, `1423), (`2413, `2431, `3412, `3421, `2312, `2321).

(9.82)
The Schur quadric Q corresponding to this double-six is the quadric

t20 + · · ·+ t24 = 0, t0 + · · ·+ t4 = 0.

For example, the polar line of `1234 is the line given by equations

4∑
i=0

ηiti =

4∑
i=0

η−iti =

4∑
i=0

ti = 0
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and, as is easy to see, it coincides with the line `2413. The Schur quadric inter-
sects `ijkl at two points [1, ηi, ηj , ηk, ηl] and [1, η−i, η−j , η−k, η−l].

The group S5 (as well as its subgroup S4) acts transitively on the double-
six. The group A5 stabilizes a sixer.

The intersection Q∩ S is the Bring curve of genus 4 given by the equations

t30 + · · ·+ t34 = t20 + · · ·+ t24 = t0 + · · ·+ t4 = 0.

Its automorphism group is isomorphic to S5. The image of this curve under
the map π1 : S → P2 which blows down the first half (`1, . . . , `6) of the
double-six (9.82) is Schur sextic with nodes at the points pi = π(`i).

Consider the stereographic projection from the 2-dimensional sphere S2 :

{(a, b, c) ∈ R3 : a2 + b2 + c2 = 1} to the Riemann sphere (a, b, c) 7→ z =
a+ib
1−c . A rotation around the axis R(a, b, c) about the angle 2φ corresponds to

the Möbius transformation

z 7→ (α+ iβ)z − (γ − δi)
(γ + δi)z + (α− βi)

,

where α = cosφ, β = a sinφ, γ = b sinφ, δ = c sinφ. The icosahedron group
A5 acting by rotation symmetries of an icosahedron inscribed in S2 defines an
embedding of A5 in the group PGL(3). One can choose the latter embedding
as a subgroup generated by the following transformations S,U, T of orders
5, 2, 3 represented by the Möbius transformations

S : z 7→ ηz, U : z 7→ −z−1, T : z 7→ (η − η4)z + η2 − η3

(η2 − η3)z + η4 − η
.

The orbit of the north pole of the sphere under the corresponding group of
rotations is an icosahedron. It is known that the icosahedron group has three
exceptional orbits in P1 with stabilizers of orders 5, 3, 2. They are the sets of
zeros of the homogeneous polynomials

Φ12 = z0z1(z10
1 + 11z5

0z
5
1 − z10

0 ),

Φ20 = −(z20
0 + z20

1 ) + 228(z15
1 z5

0 − z5
1z

15
0 )− 494z10

1 z10
0 ,

Φ30 = z30
0 + z30

1 + 522(z25
1 z5

0 − z5
1z

25
0 )− 10005(z20

1 z10
0 + z10

1 z20
0 ).

The isomorphism SU(2)/ ± 1 → SO(3) defines a 3-dimensional complex
linear representation of A5 which embeds A5 in PGL(3). In an appropriate
coordinate system it leaves the conic K = V (t20 + t1t2) invariant. The group
A5 acts in the plane in such a way that the Veronese map

[z0, z1] 7→ [−z0z1, z
2
0 ,−z2

1 ] (9.83)
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is equivariant. The six lines

V (t1), V (t2), V (t0 + ηit1 + η−it2), i = 0, 1, 2, 3, 4, (9.84)

cut out on K the set

V (Φ12) = {0,∞, ηi(η + η−1), ηi(η2 + η−2)}, i = 0, . . . , 4.

The poles of the six lines with respect to the conic is the set of six points

[1, 0, 0], [1, 2ηi, 2η−i], i = 0, 1, 2, 3, 4.

They are called the fundamental set of points.
The rational map P2 99K P4 defined by the five cubics (F0, F1, F2, F3, F4)

Fi = ηi(4t20t2−t1t22)+η2i(−2t0t
2
2+t31)+η3i(2t0t

2
1−t32)+η4i(−4t20t1+t21t2),

has the image of the Clebsch diagonal cubic given by equations (9.13) (see
[339], II, 1, §5).

The equation of the Schur sextic (also called the Klein sextic in this case) is

B = F 2
0 +· · ·+F 2

4 = 10(4t20t2−t1t22)(−4t20t1 +t21t2)+10(−2t0t
2
2 +t31)(2t0t

2
1−t32)

= −20(8t20t1t2 − 2t20t
2
1t

2
2 + t31t

3
2 − t0t51 − t0t52) = 0.

The 12 intersection points of the sextic with the conic K are the images of the
12 roots of Φ12 under the Veronese map (9.83). The images of 30 roots of Φ30

are the intersection points of K with the union of 15 lines joining pairwisely
the six fundamental points. Let D be the product of the linear forms defining
these lines

ηνt1 − η−it2, (1 +
√

5)t0 + ηit1 + η−it2, (1−
√

5)t0 + η−it1 + ηit2.

The images of these lines under the map given by the polynomials Fi’s are the
15 diagonals of the Clebsch cubic. The images of 20 roots of Φ20 are cut out
by an invariant curve of degree 10 given by equation

C = G2
0 +G1G2

where

G0 = −8t30t1t2 + 6t0t
2
1t

2
2 − t51 − t52,

G1 = 16t30t
2
2 − 8t20t

3
1 − 4t0t1t

3
2 + 2t41t2,

G2 = 16t20t
3
1 − 8t20t

3
2 − 4t0t

3
1t2 + 2t1t

4
2

are quintic polynomials which define the A5-equivariant symmetric Cremona
transformation of degree 5. The curve V (C) (with the source and the target
identified via the duality defined by the conic K) is equal to the image of the
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conic K. The curve V (C) is a rational curve which has the fundamental point
as its singular points of multiplicity 4 with two ordinary cuspidal branches.

The four polynomials of degrees 2, 6, 10 and 15

A = t20 + t1t2, B, C, D

generate the algebra C[t0, t1, t2]A5 of invariant polynomials. The relation be-
tween the fundamental invariants is

D2 = −1728B5 + C3 + 720ACB3 − 80A2C2B + 64A3(5B2 −AC)2

(see [339], II, 4, §3). The even part of the graded ring C[t0, t1, t2]A5 is freely
generated by polynomials A,B,C of degrees 2, 6, 10, so that

P2/A5
∼= Proj C[t0, t1, t2]A5 ∼= P(1, 3, 5).

Remark 9.5.10 The Clebsch diagonal surface and the Bring curve of genus
4 play a role in the theory of modular forms. Thus, the Bring curve is isomor-
phic to the modular curveH/Γ, where Γ = Γ0(2)∩Γ(5). It is also realized as
the curve of fixed points of the Bertini involution on the del Pezzo surface of
degree 1 obtained from the elliptic modular surface S(5) of level 5 by blow-
ing down the zero section [59], [408]. The blow-up of the Clebsch diagonal
surface at its 10 Eckardt points is isomorphic to a minimal resolution of the
Hilbert modular surface H×H/Γ, where Γ is the 2-level principal congru-
ence subgroup of the Hilbert modular group associated to the real field Q(

√
5)

[295]. The curve C of degree 10 is isomorphic to the image of the diagonal in
H×H under the involution switching the factors [296].

Remark 9.5.11 The pencil of curves of degree 6 λC3 + µB = 0 has remark-
able properties, studied by R. Winger [600]. It has 12 base points, each point
is an inflection point for all members of the pencil. The curves share common
tangents at these points. They are the six lines (9.84). These lines count for 12
inflection tangents and 24 bitangents of each curve. The pencil contains three
singular fibres: the curve V (B), the union of the six lines, and a rational curve
W with ten nodes forming an orbit of A5 with stabilizer subgroup isomorphic
to S3. The union of the lines corresponds to the parameter [λ, µ] = [1,−1].
The rational sextic corresponds to the parameter [λ, µ] = [32, 27]. Other re-
markable members of the pencil correspond to the parameter [1 + α,−α],
where α = (−9 ± 3

√
−15)/20. These are the Wiman sextics with automor-

phism group isomorphic to A5 which we found in another A5-invariant pencil
of sextics while studying del Pezzo surfaces of degree 5.

Let PSO(3) ∼= SO(3) be the group of projective automorphisms leaving
invariant the conicK = V (t20 +t1t2). Via the Veronese map it is isomorphic to
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PSL(2). We have described explicitly the embedding ι : A5 ↪→ SO(3). There
are two non-isomorphic 3-dimensional irreducible representations of A5 dual
to each other. Note that the transformations S and S−1 are not conjugate in
A5, so that the dual representations are not isomorphic. In our representation
the trace of S is equal to 1 + η + η−1 = 1 + 2 cos 2π/5 = (1 +

√
5)/2

and, in the dual representation, the trace of S is equal to 1 + η2 + η−2 =

2 cos 4π/5 = (1−
√

5)/2. The polar lines of the fundamental set of six points
define the fundamental set in the dual representation. Thus each subgroup of
SO(3) isomorphic to A5 defines two sets of fundamental points, one in each
of the two dual planes. We call them icosahedral sets of six points. The group
SO(3) acts by conjugation on the set of subgroups isomorphic to A5, with two
conjugacy classes. This shows that the set of dual pairs of fundamental sets is
parameterized by the homogeneous space SO(3)/A5.

The six fundamental lines (9.84) form a polar hexagon of the double conic
V (A2) as the following identity shows (see [398], p. 261):

30(t20 + t1t2)2 = 25t40 +
∑

(t0 + ηit1 + η−it2)4.

This shows that an icosahedral set in the dual plane is a polar hexagons of
A2. Hence VSP(A2, 6) contains a subvariety isomorphic to the homogeneous
space SO(3)/A5. As we have explained in Section 1.4.4, this variety embeds
into the Grassmannian G(3,H3), where H3 is the 7-dimensional linear space
of cubic harmonic polynomial with respect to the quadratic form q = t20 +t1t2.
Its closure is the subvariety ofG(3,H3)σ ofG(3,H3) of subspaces isotropic to
the Mukai skew forms σω,A2 . It is a smooth irreducible Fano variety of genus
12 (see [398]). A compactification of the homogeneous space SO(3)/A5 iso-
morphic to G(3,H3)σ was constructed earlier by S. Mukai and H. Umemura
in [395]. It is isomorphic to the closure of the orbit of SL(2) acting on the
projective space of binary forms of degree 12.

Recall that the dual of the 4-dimensional space of cubic polynomials vanish-
ing at the polar hexagon is a 3-dimensional subspace of H3 which is isotropic
with respect to Mukai’s skew forms. It follows from Theorem 6.3.32 that the
variety VSP(A2, 6) is the closure of SO(3)/A5 and isomorphic to a Fano vari-
ety of genus 12.

Observe that the cubic polynomials Fν are harmonic with respect to the
Laplace operator corresponding to the dual quadratic form q∨ = − 1

4ξ
2
0 +ξ1ξ2.

Thus each fundamental set in the plane defines a 4-dimensional subspace of the
space ′H3 of harmonic cubic polynomials with respect to q∨. This space is dual
to the 3–dimensional subspace inH3 defined by the dual fundamental set with
respect to the polarity pairingH3×′H3 → C. Note that the intersection of two
4-dimensional subspaces in the 7-dimensional space ′H3 of cubic polynomials
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is nonzero. Thus for each two fundamental sets there is a harmonic polynomial
vanishing at the both sets. One can show that the set of harmonic cubic curves
vanishing at infinitely many fundamental sets is parameterized by a surface in
the dual projective space P3 which is isomorphic to the Clebsch diagonal cubic
surface under the map given by the Schur quadric (see [299]).

We refer to [380] for more of the beautiful geometry associated to the Bring
curve and the Clebsch diagonal cubic surface.

Exercises

9.1 Let Tst be the standard Cremona transformation, considered as a biregular automor-
phism σ of a nonsingular del Pezzo surface S of degree 6. Show that the orbit space
S/〈σ〉 is isomorphic to a Cayley 4-nodal cubic surface.
9.2 Show that a cubic surface can be obtained as the blow-up of five points on P1×P1.
Find the conditions on the five points such that the blow-up is isomorphic to a nonsin-
gular cubic surface. Show that each pair of skew lines on a cubic surface is intersected
by five skew lines which can be blown down to 5 points on a nonsingular quadric.
9.3 Compute the number of m-tuples of skew lines on a nonsingular surface for m =
2, 3, 4, 5.
9.4 Suppose a quadric intersects a cubic surface along the union of three conics. Show
that the three planes defined by the conics pass through three lines in a tritangent plane.
9.5 Let Γ and Γ′ be two rational normal cubics in P3 containing a common point p.
For a general plane Π through p let Π ∩ Γ = {p, p1, p2},Π ∩ Γ′ = {p, p′1, p′2} and
f(p) = p1p1 ∩ p′1p′2. Consider the set of planes through p as a hyperplane H in the
dual space (P3)∨. Show that the image of the rational map H 99K P3,Π 7→ f(p) is a
nonsingular cubic surface and every such cubic surface can be obtained in this way.
9.6 Show that the linear system of quadrics in P3 spanned by quadrics which contain a
degree 3 rational curve on a nonsingular cubic surface S can be spanned by the quadrics
defined by the minors of a matrix defining a determinantal representation of S.
9.7 Show that all singular surfaces of type VII, or X, pr XI, or XIII-XXI are isomorphic
and there are two non-isomorphic surfaces of type XII.
9.8 Show that a cubic surface with three nodes is isomorphic to a surface V (w3 +
w(xy + yz + xz) + λxyz). Show that the surface admits an Eckardt point if and only
if λ = ±

√
−2.

9.9 Let ` be a line on a del Pezzo cubic surface and E be its proper inverse transform
on the corresponding weak del Pezzo surface X . Let N be the sublattice of Pic(X)
spanned by irreducible components of exceptional divisors of π : X → S. Define the
multiplicity of ` by

m(`) =
#{σ ∈ O(Pic(X)) : σ(E)− E ∈ N}

#{σ ∈ O(Pic(X)) : σ(E) = E} .

Show that the sum of the multiplicities is always equal to 27.
9.10 Show that the 24 points of intersection of a Schur quadric with the corresponding
double-six lie on the Hessian of the surface ([21], vol. 3, p. 211).
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9.11 Consider a Cayley-Salmon equation l1l2l3 − l′1l′2l′3 = 0 of a nonsingular cubic
surface.

(i) Show that the six linear polynomials li, l′i satisfy the following linear equations

3∑
j=1

aij lj =

3∑
j=1

a′ij l
′
j = 0, i = 1, 2, 3,

where
3∑
i=1

aij = 0, j = 1, 2, 3, ai1ai2ai3 = a′i1a
′
i2a
′
i3, i = 1, 2, 3.

(ii) Show that for each i = 1, 2, 3 the nine planes

aij li − a′ij l′j = 0, i, j = 1, 2, 3

contain 18 lines common to three planes. The 18 lines obtained in this way form
three double-sixes associated to the pair of conjugate triads defined by the Cayley-
Salmon equation.

(iii) Show that the Schur quadrics defined by the three double-sixes can be defined
by the equations

3∑
j=1

a2ja3j l
2
j −

3∑
j=1

a2ja3j l
′
j
2 = 0,

3∑
j=1

a1ja3j l
2
j −

3∑
j=1

a1ja3j l
′
j
2 = 0,

3∑
j=1

a1ja2j l
2
j −

3∑
j=1

a1ja2j l
′
j
2 = 0

([171]).
9.12 Prove the following theorem of Schläfli: given five skew lines in P3 and a line
intersecting them all, there exists a unique cubic surface that contains a double-six
including the seven lines ([172]).
9.13 For each type of a cubic surface with nontrivial group of automorphisms, find its
Cremona hexahedral equations.
9.14 Show that the pull-back of a bracket-function (ijk) under the Veronese map is
equal to (ij)(jk)(ik).
9.15 Let S be a weak del Pezzo surface and R be a Dynkin curve on S. Show that
S admits a double cover ramified only over R if and only if the sum of irreducible
components in R is divisible by 2 in the Picard group. Using this, classify all del Pezzo
surfaces which admit a double cover ramified only over singular points.
9.16 Show that the Segre cubic primal is isomorphic to a tangent hyperplane section
of the cubic fourfold with nine lines given by the equation xyz − uvw = 0 (Perazzo
primal [432], [22]).
9.17 Consider the following Cayley’s family of cubic surfaces in P3 with parameters
l,m, n, k.

w[x2 + y2 + z2 + w2 + (mn+
1

mn
)yz + (ln+

1

ln
)xz + (lm+

1

lm
)xy
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+(l +
1

l
)xw + (m+

1

m
)yw + (n+

1

n
)zw] + kxyz = 0.

Find the equations of 45 tritangent planes whose equations depend rationally on the
parameters l,m, n, k.
9.18 Show that the polar quadric of a nonsingular cubic surface with respect to an
Eckardt point is equal to the union of two planes.
9.19 Show that the equation of the dual of a nonsingular cubic surface can be written
in the form A3 + B2 = 0, where A and B are homogeneous forms of degree 4 and 6,
respectively. Show that the dual surface has 27 double lines and a curve of degree 24 of
singularities of type A2.
9.20 Show that any normal cubic surface can be given as the image of a plane under a
Cremona transformation of P3 of degree 3.
9.21 Show that a general cubic surface can be projectively generated by three nets of
planes.
9.22 Show that the Eckardt points are singular points of the parabolic curve of a non-
singular cubic surface.
9.23 Show that each line on a nonsingular cubic surface intersects the parabolic curve
with multiplicity 2.
9.24 Find an A5-invariant determinantal representation of the Clebsch diagonal cubic.
9.25 Use the Hilbert-Birch Theorem to show that any White surface (see Remark
9.1.22) is isomorphic to a determinantal surface W in Pn of degree

(
n
2

)
.

Historical Notes

Good sources for the references here are [285], [383], and [430]. According to
[383], the study of cubic surfaces originates from the work of J. Plücker [442]
on intersection of quadrics and cubics and L. Magnus [374] on maps of a plane
by a linear system of cubics.

However, it is customary to think that the theory of cubic surfaces starts from
Cayley’s and Salmon’s discovery of 27 lines on a nonsingular cubic surface
[74], [484] (see the history of discovery in [491], n. 529a, p. 183). Salmon’s
proof was based on his computation of the degree of the dual surface [483]
and Cayley’s proof uses the count of tritangent planes through a line, the proof
we gave here. It is reproduced in many modern discussions of cubic surfaces
(e.g. [455]). The number of tritangent planes was computed by [484] and
Cayley [74]. Cayley gives an explicit 4-dimensional family of cubic surfaces
with a fixed tritangent plane (see Exercise 9.17). In 1851 J. Sylvester claimed,
without proof, that a general cubic surface can be written uniquely as a sum
of five cubes of linear forms [553]. This fact was proven 10 years later by A.
Clebsch [105]. In 1854, L. Schläfli discovers 36 double-sixes on a nonsingular
cubic surface. This and other results about cubic surfaces were published later
in [495]. In 1855, H. Grassmann proved that three collinear nets of planes
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generate a cubic surface [261]. The fact that a general cubic surface can be
obtained in this way (this implies a linear determinantal representation of the
surface) has a long history. In 1862, F. August proved that a general cubic
surface can be generated by three pencils of planes [18]. L. Cremona deduces
from this that a general cubic surface admits Grassmann’s generation [143].
In 1904, R. Sturm pointed out that Cremona’s proof had a gap. The gap was
fixed by C. Segre in [521]. In the same paper Segre proves that any normal
cubic surface which does not contain a singularity of type E6 has a linear
determinantal representation. In 1956, J. Steiner introduces what we called
Steiner systems of lines [543]. This gives 120 essentially different Cayley-
Salmon equations of a nonsingular cubic surface. The existence of which was
first shown by Cayley [74] and Salmon [484].

Cubic surfaces with a double line were classified in 1862 by A. Cayley [82]
and, via a geometric approach, by L. Cremona [138]. In 1863, L. Schläfli [494]
classified singular cubic surfaces with isolated singularities, although most of
these surfaces were already known to G. Salmon [484]. The old notations
for Ak-singularities are C2 for A1 (conic-node), Bk+1 (biplanar nodes) for
Ak, k,> 1 and Uk+1 (uniplanar node) for Dk. The subscript indicates the de-
crease of the class of the surface. In [88] Cayley gives a combinatorial descrip-
tion of the sets of lines and tritangent planes on singular surfaces. He also gives
the equations of the dual surfaces. Even before the discovery of 27 lines, in a
paper of 1844 [72], Cayley studied what we now call the Cayley 4-nodal cubic
surface. He finds its equation and describes its plane sections which amounts
to describing its realization as the image of the plane under the map given by
the linear system of cubic curves passing through the vertices of a complete
quadrilateral. Schläfli and later F. Klein [336] and L. Cremona [143] also stud-
ied the reality of singular points and lines. Benjamino Segre’s book [513] on
cubic surfaces treats real cubic surfaces with special detail.

In 1866, A. Clebsch proved that a general cubic surface can be obtained as
the image of a birational map from the projective plane given by cubics through
six points [108]. Using this he showed that Schläfli’s notation ai, bi, cij for 27
lines correspond to the images of the exceptional curves, conics through five
points and lines through two points. This important result was independently
proven by L. Cremona in his memoir [143] of 1868 that got him the prize
(shared with R. Sturm) offered by R. Steiner through the Royal Academy of
Sciences of Berlin in 1864 and awarded in 1866. Some of the results from this
memoir are discussed from a modern point of view in [183]. Many results from
Cremona’s memoir are independently proved by R. Sturm [547], and many of
them were announced by J. Steiner (who did not provide proofs). In particular,
Cremona proved the result, anticipated in the work of Magnus, that any cubic



564 Cubic surfaces

surface can be obtained as the image of a plane under the cubo-cubic birational
transformation of P3. Both of the memoirs had a lengthy discussion of Steiner
systems of tritangent planes. We refer to [183] for a historical discussion of
Cremona’s work on cubic surfaces.

Cremona’s hexahedral equations were introduced by L. Cremona in [147].
Although known to T. Reye [461] (in geometric form, no equations can be
found in his paper), Cremona was the first who proved that the equations are
determined by a choice of a double-six. The invariant theory of Cremona hex-
aedral equations was studied by A. Coble in [116]. He used the Joubert func-
tions introduced by P. Joubert in [323]. The Segre cubic arose in the work of
C. Segre on cubic threefolds with singular points [516]. Its realization as the
GIT-quotient space of ordered sets of six points in P1 is due to Coble. The dual
quartic hypersurface was first studied by G. Castelnuovo [?] and later by H.
Richmond [467]. It was called the Castelnuovo quartic by E. Ciani [98].

F. Eckardt gives a complete classification of cubic surfaces with Eckardt
points (called Ovalpoints in [492]) in terms of their Hessian surface [198]. He
also considers singular surfaces. A modern account of this work can be found
[150]. The Clebsch Diagonalfläche with 10 Eckardt points was first studied by
A. Clebsch in [111]. It has an important role in Klein’s investigation of the
Galois group of a quintic equations [339].

The classification of possible groups of automorphisms of a nonsingular
cubic surfaces was initiated by S. Kantor [326]. Some of the mistakes in his
classification were later corrected by A. Wiman [599]. However, Wiman’s
classification was also incomplete. For example the case VII was missing and
the description of some of the groups was wrong. For example, in case VI he
claimed that the group is a dihedral group of order 12. Segre’s book [513] con-
tains the same mistakes. Apparently, all three sources used the assumption that
a surface is Sylvester nondegenerate. The first complete, purely computational,
classification was given in 1997 by T. Hosoh [?].

In 1897, J. Hutchinson showed in [309] that the Hessian surface of a nonsin-
gular cubic surface could be isomorphic to the Kummer surface of the Jacobian
of a genus 2 curve. This happens if the invariant I8I24 + 8I32 vanishes [478].
The group of birational automorphisms of the Hessian of a cubic surface was

described only recently [180].
The relationship of the Gosset polynomial 221 to 27 lines on a cubic surface

was first discovered in 1910 by P. Schoute [499] (see [569]). The Weyl group
W (E6) as the Galois group of 27 lines was first studied by C. Jordan [321].

Together with the group of 28 bitangents of a plane quartic isomorphic to
W (E7), it is discussed in many classical text-books in algebra (e.g. [593], B.
II). S. Kantor [326] realized the Weyl group W (En), n ≤ 8, as a group of
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linear transformations preserving a quadratic form of signature (1, n) and a
linear form. A. Coble [116], Part II, was the first who showed that the group
is generated by the permutations group and one additional involution. So we
should credit him with the discovery of the Weyl groups as reflection groups.
Apparently independently of Coble, this fact was rediscovered by P. Du Val
[194]. We refer to [52] for the history of Weyl groups, reflection groups and
root systems. Note that the realization of the Weyl group as a reflection group
in the theory of Lie algebras was obtained by H. Weyl in 1928, ten years later
after Coble’s work.

As we have already mentioned in the previous chapter, the Gosset polytopes
were discovered in 1900 by T. Gosset [256]. The notation n21 belongs to
him. They had been rediscovered later by E. Elte and H. S. M. Coxeter (see
[136]), but only Coxeter realized that their groups of symmetries are reflection
groups. The relationship between the Gosset polytopes n21 and curves on del
Pezzo surfaces of degree 5− n was found by Du Val [194]. This fundamental
paper is the origin of a modern approach to the study of del Pezzo surfaces by
means of root systems of finite-dimensional Lie algebras [162], [375].

Volume 3 of Baker’s book [21] contains a lot of information about the ge-
ometry if cubic surfaces. Yu. Manin’s book [375] is a good source on cubic
surfaces with emphasis on the case on a non-algebraically closed base field.
It has been used as one of the main sources in the study of arithmetic of del
Pezzo surfaces.



10
Geometry of Lines

10.1 Grassmannians of lines

10.1.1 Generalities about Grassmannians

We continue to use E to denote a linear space of dimension n+1. Let us recall
some basic facts about Grassmann varieties of m-dimensional subspaces of E
and fix the notations. We will denote by G(m,E) the set of m-dimensional
linear subspaces of E. We will identify it with the set Gm−1(|E|) of m − 1-
dimensional planes in the projective space |E| of lines of E. Another identifi-
cation can be made with the set G(E,n+ 1−m) of n+ 1−m-dimensional
quotients of E. By assigning to L ∈ G(m,E) the image of

∧m
L in

∧m
E,

we will identify the set G(m,E) with the set of lines in
∧m

E generated by
decomposable m-vectors v1 ∧ . . . ∧ vm, where (v1, . . . , vm) is a basis of L.
The linear subspace L can be reconstructed from a decomposable m-vector ω
via

L = {v ∈ E : ω ∧ v = 0}.

In this way G(m,E) acquires a structure of a projective subvariety of |
∧m

E|
corresponding to lines [ω] such that the rank of the linear map

E →
m+1∧

E, v 7→ v ∧ ω,

is less than or equal to n+ 1−m.
The tautological embedding of projective varieties G(m,E) ↪→ |

∧m
E| is

called the Plücker embedding.
By taking the dual subspace L⊥ ⊂ E∨, we obtain an isomorphism of pro-

jective varieties

G(m,E) ∼= G(n+ 1−m,E∨), L 7→ L⊥.
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If we fix a basis in E to identify it with Cn+1, we write G(m,n + 1) or
Gm−1(Pn) instead of G(m,Cn+1) or Gm−1(|E|).

In a more sophisticated way, the Grassmann variety G = G(m,E) can be
defined as the variety representing the functor which assigns to a scheme S the
set of rank n + 1 −m locally free quotients F of the vector bundle E ⊗ OS .
The corresponding morphism S → G is defined by assigning to a point s ∈ S
the kernel of the surjection E → F(s). The universal object in the sense of
representable functors is defined by a vector bundleE⊗OG → QG, whereQG
is a vector bundle of rank m over G, called the universal quotient bundle over
G. Its kernel is denoted by SG and is called the universal subbundle over G. By
definition, we have an exact sequence of locally free sheaves (the tautological
exact sequence on G)

0→ SG → E ⊗OG → QG → 0, (10.1)

and its dual exact sequence

0→ Q∨G → E∨ ⊗OG → S∨G → 0. (10.2)

The Plücker embedding is defined now as the composition of the natural mor-
phisms

G ∼= P(

m∧
S∨G )→ P(

m∧
E∨ ⊗OG) = |

m∧
E| ×G→ |

m∧
E|.

A choice of a basis in E and a choice of a basis (v1, . . . , vm) of L ∈
G(m,E) defines a matrix AL of size m× (n+ 1) and rank m whose i-th row
consists of coordinates of the vector vi. Two such matrices A and B define
the same linear subspace if and only if there exists a matrix C ∈ GL(m) such
that CA = B. In this way G(m,E) can be viewed as the orbit space of the
action of GL(m) on the open subset of Matm,n+1(m) of rank m matrices. By
the First Fundamental Theorem of Invariant Theory, the orbit space is isomor-
phic to the projective spectrum of the subring of the polynomial ring in

(
n+1
m

)
variables Xij , 1 ≤ i ≤ m, 1 ≤ j ≤ n + 1, generated by the maximal minors
of the matrix X = (Xij). A choice of an order on the set of maximal minors
(we will always use the lexicographic order) defines an embedding of the orbit

space in P
(
n+1
m

)
−1. It is isomorphic to the Plücker embedding. In coordinates

(t0, . . . , tn) ∈ (E∨)n+1, the maximal minors Xi1...im can be identified with
m-vectors pi1...im = ti1 ∧ . . . ∧ tim ∈

∧m
E∨ = (

∧m
E)∨. Considered as

coordinates in the vector space
∧m

E, they are called the Plücker coordinates.
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The maximal minors Xi1...ik satisfy the Plücker equations

n∑
k=1

(−1)kpi1,...,im−1,jkpj1,...,jk−1,jk+1,...,jm+1
= 0, (10.3)

where (i1, . . . , im−1) and (j1, . . . , jm+1) are two strictly increasing subsets of
[1, n+1]. These relations are easily obtained by considering the left-hand-side
expression as an alternating (m + 1)-multilinear function on Cm. It is known
that these equations defineG(m,n+1) scheme-theoretically in P(n+1

m )−1 (see,
for example, [301], vol. 2).

The open subset D(pI) ∩ G(m,n + 1) is isomorphic to the affine space
Am(n−m). The isomorphism is defined by assigning to a matrix A defining L,
the point (zJ), where zJ = |AJ |/|AI | taken in some fixed order. This shows
that G(m,n+ 1) is a smooth rational variety of dimension m(n+ 1−m).

The surjection E∨ ⊗ OG → S∨G defines a closed embedding P(S∨G ) ↪→
P(E∨ ⊗OG) = |E| ×G. Its image is the incidence variety

ZG = {(x,Π) ∈ |E| ×G : x ∈ Π}.

Let

p : ZG → |E|, q : ZG → G

be the corresponding projections. By definition, the projection q is the projec-
tive bundle P(S∨G ) = |SG|.

The fiber of the projection p over a point x = [v] ∈ |E| can be canonically
identified withG(m−1, E/Cv). Recall that the quotient spacesE/Cv, v ∈ E,
are the fibres of the quotient sheaf E ⊗ O|E|/O|E|(−1) which is isomorphic
to the twisted tangent sheaf T|E|(−1) via the Euler exact sequence (the dual of
exact sequence (7.50))

0→ O|E| → O|E|(1)⊗ E → T|E| → 0.

Assume m = 2, then G(m− 1, E/Cv) ∼= |E/Cv|. This gives

ZG ∼= |T|E|(−1)| = P(Ω1
|E|(1)). (10.4)

In the general case, the projection p is the Grassmann bundleG(m−1, T|E|(−1)).
Since we will not need this fact, we omit the relevant definitions and the proof
(see [332]).

Let us compute the canonical sheaf ωG of G.
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Lemma 10.1.1 Let TG be the tangent bundle of G. There is a natural isomor-
phism of sheaves

TG ∼= S∨G ⊗QG,

ωG ∼= OG(−n),

where OG(1) is taken with respect to the Plücker embedding.

Proof Let us trivialize SG over an open subset U to assume that SG = S ⊗
OU . Then U is isomorphic to the quotient of an open subset of Hom(S,E) by
GL(S). The tangent bundle of U becomes isomorphic to

Hom(S,E)/Hom(S, S) ∼= S∨ ⊗ E/S∨ ⊗ S ∼= S∨ ⊗ (E/S).

These isomorphisms can be glued together to define a global isomorphism
TG ∼= S∨G ⊗QG.

Since
∧m

V →
∧m

S∨G defines the Plücker embedding, we have

c1(S∨G ) = c1(OG(1)).

Now the second isomorphism follows from a well-known formula for the first
Chern class of tensor product of vector bundles (see [281], Appendix A).

Since ZG is a projective bundle over G, we can apply formula (7.51) for the
canonical sheaf of a projective bundle to obtain

ωZG/G
∼= q∗(

m∧
S∨G )⊗ p∗O|E|(−m) ∼= q∗OG(1)⊗ p∗O|E|(−m),

ωZG
∼= ωZG/G ⊗ q

∗(ωG) ∼= q∗OG(−n)⊗ p∗O|E|(−m),

10.1.2 Schubert varieties

Let us recall some facts about the cohomology ring H∗(G,Z) of G = Gr(Pn)

(see [230], Chapter 14).
Fix a flag

A0 ⊂ A1 ⊂ . . . ⊂ Ar ⊂ Pn

of subspaces of dimension a0 < a1 < . . . < ar, and define the Schubert
variety

Ω(A0, A1, . . . , Ar) = {Π ∈ G : dim Π ∩Ai ≥ i, i = 0, . . . , r}.

This is a closed subvariety of G of dimension
∑r
i=0(ai − i). Its homology

class [Ω(A0, A1, . . . , Ar)] inH∗(G,Z) depends only on a0, . . . , ar. It is called
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a Schubert cycle and is denoted by (a0, . . . , ar). Let a0 = N − r − d, ai =

n− r + i, i ≥ 1. The varieties

Ω(A0) := Ω(A0, . . . , Ar) = {Π ∈ G : Π ∩A0 6= ∅}

are called the special Schubert varieties. Their codimension is equal to d.
Under the Poincaré DualityH∗(G,Z)→ H∗(G,Z), the cycles (a0, . . . , ar)

are mapped to Schubert classes {λ0, . . . , λr} defined in terms of the Chern
classes

σs = cs(QG) ∈ H2s(G,Z), s = 1, . . . , n− r,

by the determinantal formula

{λ0, . . . , λr} = det(σλi+j−i)0≤i,j≤r,

where λi = n− r+ i−ai, i = 0, . . . , r. The classes σs are dual to the classes
of special Schubert varieties Ω(A0), where dimA0 = n− r − s.

The tautological exact sequence (10.1) shows that

1 = (
∑

cs(QG))(
∑

cs(SG)).

In particular,

σ1 = −c1(SG) = c1(S∨G ) = c1(OG(1)).

A proof of the following result can be found in [230] or [301], vol. 2.

Proposition 10.1.2 The cohomology ring H∗(G,Z) is generated by the spe-
cial Schubert classes σs. The Schubert cycles (a0, . . . , ar) with

∑r
i=0(ai −

i) = d freely generate H2d(G,Z). The Schubert classes {λ0, . . . , λr} with
d =

∑r
i=0 λi freely generate H2d(G,Z). In particular,

Pic(G) ∼= H2(G,Z) = Zσ1.

It follows from the above Proposition that H∗(G,Z) is isomorphic to the
Chow ring A∗(G) of algebraic cycles on G. Under the Poincaré Duality γ 7→
αγ , the intersection form on cycles 〈γ, µ〉 is defined by

〈γ, µ〉 =

∫
µ

αγ =

∫
G

αγ ∧ αµ := αγ · αµ.

The intersection form on A∗(G) is calculated by using the Pieri’s formulas

{λ0, . . . , λr} · σs =
∑
{µ0, . . . , µr}, (10.5)

where the sum is taken over all {µ} such that n − r ≥ λ0 ≥ . . . µr ≥ λr and∑
λi = s+

∑
µi.
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Here are some special cases. We set σs,t = {s, t, 0, . . . , 0}. Then

σ2
1 = σ2 + σ1,1,

σ1 · σ2 = σ3 + σ2,1,

σ1 · σ1,1 = σ2,1.

For example, the degree of G is equal to σdimG
1 . We refer to [230], Example

14.7.11, for the following formula computing the degree of Gr(Pn)

degGr(Pn) =
1!2! . . . r! dimG!

(n− r)!(n− r + 1)! . . . n!
. (10.6)

Example 10.1.3 Let us look at the Grassmannian G1(P3) = G(2, 4) of lines
in P3. The Plücker equations are reduced to one quadratic relation

p12p34 − p13p24 + p14p23 = 0. (10.7)

This is a nonsingular quadric in P5, often called the Klein quadric. The Schu-
bert class of codimension 1 is represented by the special Schubert variety Ω(`)

of lines intersecting a given line `. We have two codimension 2 Schubert cycles
σ2 and σ1,1 represented by the Schubert varieties Ω(x) of lines containing a
given point x and Ω(Π) of lines containing in a given plane Π. Each of these
varieties is isomorphic to P2. In classical terminology, Ω(x) is an α-plane and
Ω(Π) is a β-plane. We have a 1-dimensional Schubert cycle σ2,1 represented
by the Schubert variety Ω(x,Π) of lines in a plane Π containing a given point
x ∈ Π. It is isomorphic to P1. Thus

A∗(G(2, 4)) = Z[G]⊕ Zσ1 ⊕ (Zσ2 + Zσ1,1)⊕ Zσ2,1 ⊕ Z[point].

Note that the two Schubert classes of codimension 2 represent two different
rulings of the Klein quadric by planes.

We have

σ2 · σ1,1 = 0, σ2
2 = 1, σ2

1,1 = 1. (10.8)

Write σ2
1 = aσ2 + bσ1,1. Intersecting both sides with σ2 and σ1,1, we obtain

a = b = 1 confirming Pieri’s formula (10.5). Squaring σ2
1 , we obtain degG =

σ4
1 = 2, confirming the fact that G(2, 4) is a quadric in P5.

A surface S in G1(P3) is called a congruence of lines. Its cohomology class
[S] is equal tomσ2+nσ1,1. The numberm (resp. n) is classically known as the
order of S (resp. class). It is equal to the number of lines in S passing through
a general point in P3 (resp. contained in a general plane). The sum m + n is
equal to σ1 · [S] and hence coincides with the degree of S in P5.
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There are numerous applications of Schubert calculus to enumerative prob-
lems in algebraic geometry. Let us prove the following nice result, which can
be found in many classical text-books (first proven by L. Cremona [139]).

Proposition 10.1.4 The number of common secants of two general rational
normal curves in P3 is equal to 10.

Proof Consider the congruence of lines formed by secants of a rational nor-
mal cubic curve in P3. Through a general point in P3 passes one secant. In a
general plane lie three secants. Thus the order of the congruence is equal to 1
and the class is equal to 3. By using (10.8), we see that the two congruences
intersect at 10 points.

Remark 10.1.5 Let R1 and R2 be two general rational normal cubic curves
in P3 and let Ni be the net of quadrics through Ri. The linear system W of
quadrics in the dual space that is apolar to the linear systemN spanned byN1

andN2 is of dimension 3. The Steinerian quartic surface defined by this linear
system contains 10 lines, the singular lines of 10 reducible quadrics fromW .
The dual of these lines are the 10 common secants of R1 and R2 (see [463],
[384], [120]). Also observe that the 5-dimensional linear system N maps Ri
to a curve Ci of degree 6 spanning the plane Πi in N∨ apolar to the plane
Nj . The 10 pairs of intersection points of Ci with the ten common secants
correspond to the branches of the ten singular points of Ci.

10.1.3 Secant varieties of Grassmannians of lines

From now on, we will restrict ourselves with the Grassmannian of lines in
Pn = |E|. Via contraction, one can identify

∧2
E with the space of linear

maps u : E∨ → E such that the transpose map tu is equal to −u. Explicitly,

v ∧ w(l) = l(v)w − l(w)v.

The rank of u is the rank of the map. Since tu = −u, the rank takes even
values. The Grassmann variety G(2, E) is the set of points [u], where u is a
map of rank 2.

After fixing a basis in E, we can identify
∧2

E with the space of skew-
symmetric matrices A = (pij) of size (n + 1) × (n + 1). The Grassmann
variety G(2, E) is the locus of rank 2 matrices, up to proportionality. The en-
tries pij , i < j, are the Plücker coordinates. In particular, G(2, E) is the zero
set of the 4 × 4 pfaffians of A. In fact, each of the Plücker equations is given
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by the 4× 4 pfaffian of the matrix (pij)

pijpkl − pikpjl + pilpjk = Pf


0 pij pik pil
−pij 0 pjk pjl
−pik −pjk 0 pkl
−pil −pjl −pkl 0

 .

Another way to look at G(2, E) is to use the decomposition

E ⊗ E ∼= S2(E)⊕
2∧
E.

It identifies G(2, E) with the projection of the Segre variety s2(|E| × |E|) ⊂
|E ⊗ E| to |

∧2
E| from the subspace |S2(E)|.

The formula (10.6) for the degree of the Grassmannian gives in our special
case

degG1(Pn) =
(2n− 2)!

(n− 1)!n!
. (10.9)

One can also compute the degrees of Schubert varieties

deg Ω(a0, a1) =
(a0 + a1 − 1)!

a0!a1!
(a1 − a0). (10.10)

Lemma 10.1.6 The rank of u ∈
∧2

E is equal to the smallest number k such
that ω can be written as a sum u1 + · · ·+ uk of 2-vectors ui of rank 2.

Proof It suffices to show that, for any u of rank 2k ≥ 4, there exists a 2-vector
u1 of rank 2 such that u−u1 is of rank ≤ 2k− 2. Let R be the kernel of u and
l0 6∈ R. Choose v0 ∈ E such that, for any l ∈ R, l(v0) = 0 and l0(v0) = 1.
By skew-symmetry of u, for any l,m ∈ E∨, m(u(x)) = −l(u(m)). Consider
the difference u′ = u− v0 ∧ u(l0). For any l ∈ R, we have

u′(l) = u(l)− l(v0)u(l0) + l(u(l0))v0 = l(u(l0))v0 = −l0(u(l))v0 = 0.

This shows that R ⊂ Ker(u). Moreover, we have

u′(l0) = u(l0) + l0(u(l0))v0 − l0(v0)u(l0) = u(l0)− u(l0) = 0.

This implies that Ker(u′) is strictly larger than Ker(u).

This gives the following.

Proposition 10.1.7 The variety

Gk =: {[u] ∈ |
2∧
E| : u has rank ≤ 2k + 2}

is equal to the k-secant variety Seck(G) of G.
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Let t = [n−3
2 ], then t is the maximal number k such that Seck(G) 6= |

∧2
E|.

So the Plücker space is stratified by the rank of its points and the strata are the
following:

|E| \Gt, Gt \Gt−1, . . . ,G1 \G, G. (10.11)

It follows from the previous remarks that Gk \ Gk−1 is the orbit of a matrix
of rank 2k + 2 and size (n + 1) × (n + 1) under the action of GL(n + 1).
Therefore,

dimGk = dim GL(n)/Hk,

where Hk is the stabilizer of a skew-symmetric matrix of rank 2k+2. An easy
computation gives the following.

Proposition 10.1.8 Let 0 ≤ k ≤ t, then

dk = dimGk = (k + 1)(2n− 2k − 1)− 1. (10.12)

Let X ⊂ Pr be a reduced and nondegenerate closed suvariety. The k-th
defect of X can be defined as

δk(X) = min
(
(k + 1) dimX + k, r

)
− dim Seck(X),

which is the difference between the expected dimension of the k-secant variety
ofX and the effective one. We say thatX is k-defective if Seck(X) is a proper
subvariety and δk(X) > 0.

Example 10.1.9 Let n = 2t+ 3, then Gt ⊂ |
∧2

E| is the pfaffian hypersur-
face of degree t+ 2 in |

∧2
E| parameterizing singular skew-symmetric matri-

ces (aij) of size 2t+ 4. The expected dimension of Gt is equal to 4t2 + 8t+ 5,
that is larger than dim |

∧2
E| =

(
2t+4

2

)
− 1. Thus dt(G) = dimGt + 1 and

δt(G) = 1.
In the special case n = 5, the variety G1(P5) is one of the four Severi-Zak

varieties.

Using Schubert varieties one can describe the projective tangent space of
Gk at a given point p = [u] /∈ Gk−1. Let K = Ker(u) ⊂ E∨. Since the rank
of u is equal to 2k + 2, the dual subspace K⊥ ⊂ E defines a linear subspace

Λp = |K⊥|

of |E| of dimension 2k + 1. Let Ω(Λp) be the corresponding special Schubert
variety and let 〈Ω(Λp)〉 be its linear span in the Plücker space.

Proposition 10.1.10

Tp(Gk) = 〈Ω(Λp)〉.
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Proof Since Gk \ Gk−1 is a homogeneous space for GL(n + 1), we may
assume that the point p is represented by a 2-vector u =

∑k
i=0 e2i+1 ∧ e2i+2,

where (e1, . . . , en) is a basis inE. The corresponding subspaceK⊥ is spanned
by e1, . . . , e2k+2. A line ` intersects Λp if and only if it can be represented by
a bivector v ∧ w, where v ∈ K⊥. Thus W = 〈Ω(Λp)〉 is the span of points
[ei∧ej ], where either i or j is less than or equal to 2k+2. In other words,W is
given by vanishing of

(
n−2k−1

2

)
Plücker coordinates pab, where a, b > 2k+ 2.

It is easy to see that this agrees with the formula for dim Seck(G). So, it is
enough to show that W is contained in the tangent space. We know that the
equations of Seck(G) are given by pfaffians of size 4k+ 4. Recall the formula
for the pfaffians from Chapter 2, Exercise 2.1,

Pf(A) =
∑
S∈S
±
∏

(ij)∈S

aij ,

where S is a set of pairs (i1, j1), . . . , (i2k+2, j2k+2) such that 1 ≤ is < js ≤
4k + 4, s = 1, . . . , 2k + 2, {i1, . . . , i2k+2, j1, . . . , j2k+2} = {1, . . . , 4k + 4}.
Consider the Jacobian matrix of Gk at the point p. Each equation of Gk is
obtained by a choice of a subset I of {1, . . . , n} of cardinality 4k + 4 and
writing the pfaffian of the submatrix of (pij) formed by the columns and rows
with indices in I . The corresponding row of the Jacobian matrix is obtained
by taking the partials of this equation with respect to all pij evaluated at the
point p. If a, b ≤ 2k + 2, then one of the factors in the product

∏
(ij)∈S pij

corresponds to a pair (i, j), where i, j > 2k + 2. When we differentiate with
respect to pab its value at p is equal to zero. Thus the corresponding entry in the
Jacobian matrix is equal to zero. So, all nonzero entries in a row of the Jacobian
matrix correspond to the coordinates of vectors from W that are equal to zero.
Thus W is contained in the space of solutions.

Taking k = 0, we obtain the following.

Corollary 10.1.11 For any ` ∈ G,

T`(G) = 〈Ω(`)〉.

Let Λ be any subspace of Pn of dimension 2k + 1 and

PΛ = {p ∈ |
2∧
E| : Λ = Λp}.

This is the projectivization of the linear space of skew-symmetric matrices of
rank 2k+2 with the given nullspace of dimension 2k+2. An easy computation
using formula (10.12) shows that dimPΛ = (2k + 1)(k + 1)− 1.
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Let

γk : Gk \Gk−1 → G(dk + 1,

2∧
E), dk = dimGk,

be the Gauss map which assigns to a point its embedded tangent space. Apply-
ing Proposition 10.1.10, we obtain the following.

Corollary 10.1.12

γ−1
k (〈Ω(Λ)〉) = PΛ.

In particular, any hyperplane in the Plücker space containing Ω(Λ) is tangent
to Seck(G) along the subvariety PΛ of dimension (2k + 1)(k + 1)− 1.

Example 10.1.13 Let G = G(2, 6). We have already observed that the secant
variety G1 is a cubic hypersurfaceX in P14 defined by the pfaffian of the 6×6

skew-symmetric matrix whose entries are Plücker coordinates pij . The Gauss
map is the restriction to X of the polar map P14 99K (P14)∨ given by the
partials of the cubic. The singular locus of X is equal to G(2, 6), it is defined
by polars of X . The polar map is a Cremona transformation in P14. This is one
of the examples of Cremona transformations defined by Severi-Zak varieties
(see Example 7.1.13).

Let X be a subvariety of G, and ZX be the preimage of X under the projec-
tion q : ZG → G. The image of ZX in Pn is the union of lines ` ∈ X . We will
need the description of its set of nonsingular points.

Proposition 10.1.14 The projection pX : ZX → Pn is smooth at (x, `) if and
only if

dim` Ω(x) ∩ T`(X) = dim(x,`) p
−1
X (x).

Proof Let (x, `) ∈ ZX and let F be the fiber of pX : ZX → Pn passing
through the point (x, `) identified with the subset Ω(x)∩X under the projection
q : ZX → G. Then

Tx,`(F ) = T`(Ω(x)) ∩ T`(X) = Ω(x) ∩ T`(X). (10.13)

This proves the assertion.

Corollary 10.1.15 Let Y = pX(ZX) ⊂ Pn be the union of lines ` ∈ X .
Assume X is nonsingular and p−1

X (x) is a finite set. Suppose dim` Ω(x) ∩
T`(X) = 0 for some ` ∈ X containing x. Then x is nonsingular point of Y .
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10.2 Linear line complexes

10.2.1 Linear line complexes and apolarity

An effective divisor C ⊂ G = G1(Pn) is called a line complex. Since we know
that Pic(G) is generated by OG(1) we see that C ∈ |OG(d)| for some d ≥ 1.
The number d is called the degree of the line complex.

An example of a line complex C of degree d in G1(Pn) is the Chow form
of a subvariety X ⊂ Pn of codimension 2 (see [238]). It parameterizes lines
that have non-empty intersection with X . Its degree is equal to the degree of
X . When X is linear, this is of course the special Schubert variety Ω(X).

A linear line complex is a line complex of degree 1, that is a hyperplane
section C = H ∩G of G. If no confusion arises we will sometimes identify C

with the corresponding hyperplane H . A linear line complex is called special
if it is equal to the special Schubert variety Ω(Π), where Π is a subspace of
codimension n−2. The corresponding hyperplane is tangent to the Grassman-
nian at any point ` such that ` ⊂ Π. In particular, when n = 3, the special
linear line complex is isomorphic to a quadric cone.

For any ω ∈ (
∧2

E)∨ =
∧2

E∨, let Cω denote the linear line complex
defined by the hyperplane V (ω). In coordinates, if ω =

∑
aijpij , the linear

line complex Cω is given by adding to the Plücker equations the additional
equation ∑

0≤i<j≤n

aijpij = 0.

For example, the line complex V (pij) parameterizes the lines intersecting the
coordinate (n− 2)-plane tk = 0, k 6= i, j, in Pn.

Remark 10.2.1 It follows from the Euler sequence that there is a natural iso-
morphism

H0(|E|,Ω1
|E|(2)) ∼= Ker

(
E∨ ⊗ E∨ → S2(E∨)

) ∼= 2∧
E∨. (10.14)

Also we know from (10.4) that the incidence variety ZG is isomorphic to the
projective bundle P(Ω1

|E|(1)) ∼= P(Ω1
|E|(2)). Thus a linear line complex can be

viewed as a divisor in the linear system |OZG(1)|, where p∗OZG(1) ∼= Ω1
|E|(2).

The fiber of ZG over a point x ∈ |E| is isomorphic to the projectivized tangent
space P(Ω1

|E|(x)) ∼= |Tx(|E|)|.
Choose local coordinates z1, . . . , zn in |E| defining the basis ( ∂

∂z1
, . . . , ∂

∂zn
)

in tangent spaces, then, for any nonzero ω ∈
∧2

E∨ the line complex Cω ∈
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E∨ is locally given by an expression

n∑
i=1

Ai(z1, . . . , zn)dzi = 0.

This equation is called the Pfaff partial differential equation. More generally,
any line complex of degree d can be considered as the zero set of a section of
OZG(d) and can be locally defined by the Monge’s partial differential equation

n∑
i1+···+in=d

Ai1,...,indz
i1
1 . . . dzinn = 0.

We refer to S. Lie’s book [360] for the connection between the theory of Pfaff
equations and line complexes.

The projective equivalence classes of linear line complexes coincide with
the orbits of GL(E) acting naturally on |

∧2
E∨|. The GL(E)-orbit of a linear

line complex Cω is uniquely determined by the rank 2k of ω. We will identify
ω with the associated linear map E → E∨. Let

Sω = |Ker(ω)|. (10.15)

It is called the center of a linear line complex Cω . We have encountered it in
Chapter 2. This is a linear subspace of |E| of dimension n − 2k, where 2k is
the rank of ω.

Proposition 10.2.2 Let Cω be a linear line complex and Sω be its center.
Then the Schubert variety Ω(Sω) is contained in Cω and

G1(Sω) = Sing(Cω).

Proof Since GL(E) acts transitively on the set of linear line complexes of
equal rank, we may assume that ω =

∑k
i=1 e

∗
i ∧ e∗k+i, where e∗1, . . . , e

∗
n is a

basis ofE∨ dual to a basis e1, . . . , en ofE. The linear space Ker(ω) is spanned
by ei, i > 2k. A line ` intersects Sω if and only if it can be represented by a
bivector v ∧ w ∈

∧2
E, where [v] ∈ Sω . Therefore, the linear span of the

Schubert variety Ω(Sω) is generated by bivectors ei ∧ ej , where i < 2k. It is
obvious that it is contained in the hyperplane V (ω) = 〈Cω〉 ⊂ |

∧2
E|. This

checks the first assertion.
It follows from Corollary 10.1.11 that

` ∈ Sing(Cω)⇐⇒ T`(G) ⊂ V (ω)⇐⇒ Ω(`) ⊂ Cω.

Suppose Ω(`) ⊂ Cω but ` does not belong to Sω . We can find a point in `
represented by a vector v =

∑
aiei, where ai 6= 0 for some i ≤ 2k. Then the

line represented by a bivector v ∧ ek+i intersects ` but does not belong to Cω
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(since ω(v ∧ ek+i) = ai 6= 0). Thus Ω(`) ⊂ Cω implies ` ⊂ Sω . Conversely,
this inclusion implies Ω(`) ⊂ Ω(Sω) ⊂ Cω . This proves the second assertion.

It follows from the Proposition that any linear line complex is singular unless
its rank is equal to 2[n+1

2 ], maximal possible. Thus the set of hyperplanes in the
Plücker space that are tangent to G can be identified with the set of linear line
complexes of rank ≤ 2[n−3

2 ]. Consider G(2, E∨) in its Plücker embedding in
P(
∧2

E). Exchanging the roles ofE andE∨, we obtain the following beautiful
result.

Corollary 10.2.3 Let t = [n−3
2 ], then Sect(G) is equal to the dual variety of

the Grassmannian G(2, E∨) in P(
∧2

E).

When n = 4, 5 we obtain thatG(2, E) is dual toG(2, E∨). When n = 6 we
obtain that the dual of G(2, E∨) is equal to Sec1(G(2, E)). This agrees with
Example 10.1.13.

For any linear subspace L of E, let

Lω = ω(L)⊥ = {w ∈ E : ω(v, w) = 0,∀v ∈ L}.

For any subspace Λ = |L| ⊂ |E|, let

iω(Λ) = |Lω|.

It is clear that [v ∧ w] ∈ G belongs to Cω if and only if ω(v, w) = 0. Thus

Cω = {` ∈ G : ` ⊂ iω(`)}. (10.16)

Clearly iω(Λ) contains the center Sω = |Ker(αω)| of Cω . Its dimension is
equal to n− dim Λ + dim Λ ∩ Sω .

Since ω is skew-symmetric, for any point x ∈ |E|,

x ∈ iω(x).

When ω is nonsingular, we obtain a bijective correspondence between points
and hyperplanes classically known as a null-system.

In the special case when n = 3 and Sω = ∅, this gives the polar duality
between points and planes. The plane Π(x) corresponding to a point x is called
the null-plane of x. The point tΠ corresponding to a plane Π is called the null-
point of Π. Note that x ∈ Π(x) and xΠ ∈ Π. Also in this case the lines ` and
iω(`) are called polar lines. We also have a correspondence between lines in
P3

iω : G1(P3)→ G1(P3), ` 7→ iω(`).
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Note that the lines ` and iω(`) are always skew or coincide. The set of fixed
points of iω on G1(P3) is equal to Cω . Since C is nonsingular, the pole c of
V (ω) with respect to the Klein quadric G does not belong to G. It is easy to
see that iω is the deck transformation of the projection of G in P5 from the
point c. Thus

G/(iω) ∼= P4.

The hyperplane 〈Cω〉 is the polar hyperplane Pc(G). The ramification divisor
of the projection G→ P4 is the linear complex Cω = Pc(G) ∩G. The branch
divisor is a quadric in P4.

If C is singular, then it coincides with the Schuber variety Ω(`), where ` =

Sω . For any ` 6= Sω , we have iω(`) = Sω and iω(Sω) = P3.

Proposition 10.2.4 Let Cω be a nonsingular linear line complex in G1(Pn).
Let ` be a line in Pn. Then any line `′ ∈ Cω intersecting ` also intersects
iω(`). The linear line complex Cω consists of lines intersecting the line ` and
the codimension 2 subspace iω(`).

Proof Let x = ` ∩ `′. Since x ∈ `′, we have `′ ⊂ iω(`′) ⊂ iω(x). Since
x ∈ `, we have iω(`) ⊂ iω(x). Thus iω(x) contains `′ and iω(`). Since Cω is
nonsingular, dim iω(x) = n− 1, hence the line `′ intersects the (n− 2)-plane
iω(`).

Conversely, suppose `′ intersects ` at a point x and intersects iω(`) at a
point x′. Then x, x′ ∈ iω(`′) and hence `′ = xx′ ⊂ iω(`′). Thus `′ belongs to
Cω .

Definition 10.2.5 A linear line complex Cω in |
∧2

E| is called apolar to a
linear line complex Cω∗ in |

∧2
E∨| if ω∗(ω) = 0.

In the case n = 3, we can identify |
∧2

E| with |
∧2

E∨| by using the po-
larity defined by the Klein quadric. Thus we can speak about apolar linear line
complexes in P3. In Plücker coordinates, this gives the relation

a12b34 + a34b12 − a13b24 − a24b13 + a14b23 + a23b14 = 0. (10.17)

Lemma 10.2.6 Let Cω and Cω′ be two nonsingular linear line complexes in
P3. Then Cω and Cω′ are apolar to each other if and only if g = ω−1 ◦ ω′ ∈
GL(E) satisfies g2 = 1.

Proof Take two skew lines `, `′ in the intersection Cω ∩ Cω′ . Choose coordi-
nates in E such that ` and `′ are two opposite edges of the coordinate tetrahe-
dron V (t0t1t2t3), say ` : t0 = t2 = 0, and `′ : t1 = t3 = 0. Then the linear
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line complexes have the following equations in Plücker coordinates

Cω : ap12 + bp34 = 0; Cω′ : cp12 + dp34 = 0.

The condition that Cω and Cω′ are apolar is ad + bc = 0. The linear maps
ω, ω′ : E → E∨ are give by the matrices

A =


0 a 0 0

−a 0 0 0

0 0 0 b

0 0 −b 0

 , B =


0 c 0 0

−c 0 0 0

0 0 0 d

0 0 −d 0

 .

This gives

A−1B =


c/a 0 0 0

0 c/a 0 0

0 0 d/b 0

0 0 0 d/b

 =
a

c


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

 .

This shows that (A−1B)2 defines the identical transformation of |E|. It is easy
to see that conversely, this implies that ad+ bc = 0.

In particular, a pair of nonsingular apolar linear line complexes defines an
involution of |E|. Any pair of linear line complexes defines a projective trans-
formation of |E| as follows. Take a point x, define its null-plane Π(x) with
respect to ω and then take its null-point y with respect to ω′. For apolar line
complexes we must get an involution. That is, the null-plane of y with respect
to ω must coincide with the null-plane of x with respect to ω′.

Since any set of nonsingular mutually apolar linear line complexes is lin-
early independent, we see that the maximal number of mutually apolar linear
line complexes is equal to 6. If we choose these line complexes as coordinates
zi in

∧2
E, we will be able to write the equation of the Klein quadric in the

form

Q =

5∑
i=0

z2
i .

Since each pair of apolar linear line complexes defines an involution in |
∧2

E|,
we obtain 15 involutions. They generate an elementary abelian group (Z/2Z)4

of projective transformations in P3. The action of this group arises from a linear
representation in C4 of the non-abelian group H2 (a Heisenberg group) given
by a central extension

1→ µ2 → H2 → (Z/2Z)4 → 1.
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We denote the subgroup of PGL(3) generated by the 15 involutions defined
by six mutually apolar line complexes byH′2.

An example of six mutually apolar linear line complexes is the set

(p12 + p34, i(p34 − p12), p13 − p24,−i(p24 + p13), p14 + p23, i(p23 − p14)),

where i =
√
−1. These coordinates in the Plücker space are called the Klein

coordinates.
A set of six mutually apolar linear line complexes defines a symmetric

(166)-configuration of points and planes. It is formed by 16 points and 16
planes in P3 such that each point is a null-point of 6 planes, each with respect
to one of the six line complexes. Also each plane is a null-plane of six points
with respect to one of the six line complexes. To construct such a configuration
one can start from any point p1 = [a0, a1, a2, a3] ∈ P3 such that no coordi-
nate is equal to zero. Assume that our six apolar line complexes correspond to
Klein coordinates. The first line complex is p12 + p34 = e∗1 ∧ e∗2 + e∗3 ∧ e∗4. It
transforms the point p1 to the plane −a1t0 + a0t1 + a3t2 − a2t3 = 0. Taking
other line complexes we get five more null-planes:

a1t0 − a0t1 + a3t2 − a2t3 = 0,

a2t0 − a3t1 − a0t2 + a1t3 = 0,

a2t0 + a3t1 − a0t2 − a1t3 = 0,

a3t0 + a2t1 − a1t2 − a0t3 = 0,

−a3t0 + a2t1 − a1t2 + a0t3 = 0.

Next we take the orbit of p1 with respect to the Heisenberg group H2. It con-
sists of 16 points. Computing the null-planes of each point, we find altogether
16 planes forming with the 16 points a (166)-configurations. The following
table gives the coordinates of the 16 points.

a0, a1, a2, a3 a1, a0, a3, a2 a0,−a1, a2,−a3 a1,−a0, a3,−a2

a2, a3, a0, a1 a3, a2, a1, a0 a2,−a3, a0,−a1 a3,−a2, a1,−a0

a0, a1,−a2,−a3 a1, a0,−a3,−a2 a0,−a1,−a2, a3 a1,−a0,−a3, a2

a2, a3,−a0,−a1 a3, a2,−a1,−a0 a2,−a3,−a0, a1 a3,−a2,−a1, a0

A point (α, β, γ, δ) in this table is contained in six planes at0 + bt1 + ct2 +

dt3 = 0, where (a, b, c, d) is one of the following

(δ,−γ, β,−α), (δ, γ,−β,−α), (γ, δ,−α,−β),

(−γ, δ, α,−β), (−β, α, δ,−γ), (β,−α, δ,−γ).

Dually, a plane αt0 +βt1 +γt2 +δt3 = 0 contains six points [a, b, c, d], where
(a, b, c, d) is as above.
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One checks directly that the six null-points of each of the 16 planes of the
configuration lie on a conic. So we have a configuration of 16 conics in P3

each contains six points of the configuration. Also observe that any two conics
intersect at 2 points.

There is a nice symbolic way to exhibit the (166)-configuration. After we fix
an order on a set of six mutually apolar linear line complexes, we will be able
to identify the groupH′2 with the groupE2 defined by 2-element subsets of the
set {1, 2, 3, 4, 5, 6} (see Section 5.2.2). A subset of two elements {i, j} corre-
sponds to the involution defined by a pair of apolar line complexes. We take the
ordered set of apolar linear line complexes defined by the Klein coordinates.
First we match the orbit of the point [a0, a1, a2, a3] from the table from the
above with the left-hand side of the following table. To find the six planes that
contain a point from the (ij)-th spot we look at the same spot in the right-hand
side of the following table. Take the involutions in the i-th row and j-th column
but not at the (ij)-spot. These involutions are matched with the planes contain-
ing the point. As always we identify a plane a0t0 + a1t1 + a2t2 + a3t3 with
the point [a0, a1, a2, a3]. For example, the point ∅ is contained in six planes
(15), (13), (26), (46), (24), (35).Conversely, take a plane corresponding to the
(ij)-th spot in the right-hand side of the table. The point contained in this plane
can be found in the same row and the same column in the left-hand side of the
table excluding the (ij)-th spot. For example, the plane ∅ contains the points
(45), (34), (35), (16), (12), (26).

∅ (45) (34) (35)

(16) (23) (25) (24)

(12) (36) (56) (46)

(26) (13) (15) (14)

(14) (15) (13) (26)

(46) (56) (36) (12)

(24) (25) (23) (16)

(35) (34) (45) ∅

.

Another way to remember the rule of the incidence is as follows. A point cor-
responding to an involution (ab) is contained in a plane corresponding to an
involution (cd) if and only if

(ab) + (cd) + (24) ∈ {∅, (16), (26), (36), (46), (56)}.

Consider a regular map P3 → P4 defined by the polynomials

t40 + t41 + t42 + t43, t
2
0t

2
3 + t21t

2
2, t

2
1t

2
3 + t20t

2
2, t

2
2t

2
3 + t20t

2
1, t0t1t2t3.

Observe that this map is invariant with respect to the action of the Heisenberg
groupH2. So, it defines a regular map

Φ : P3/H′2 → P4.
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Proposition 10.2.7 The map Φ defines an isomorphism

P3/H2
∼= X,

where X is a quartic hypersurface in P4 given by the equation

z2
0z

2
4 − z0z1z2z3 + z2

1z
2
2 + z2

2z
2
3 + z2

1z
2
3 − 4z2

4(z2
1 + z2

2 + z2
3) + z4

4 = 0. (10.18)

Proof Since the map is given by five polynomials of degree 4, the degree of
the map times the degree of the image must be equal to 43. We know that its
degree must be multiple of 16, this implies that either the image is P3 or a
quartic hypersurface. Since the polynomials are linearly independent the first
case is impossible. A direct computation gives the equation of the image.

Note that the fixed-point set of each nontrivial element of the Heisenberg
groupH2 consists of two skew lines. For example, the involution

(12) : [a0, a1, a2, a3] 7→ [a0, a1,−a2,−a3]

fixes pointwise the lines t0 = t1 = 0, and t2 = t3 = 0. Each line has a
stabilizer subgroup of index 2. Thus the images of the 30 lines form the set of
15 double lines on X . The stabilizer subgroup acts on the line as the dihedral
group D4. It has six points with nontrivial stabilizer of order 2. Altogether we
have 30 × 6 = 180 such points which form 15 orbits. These orbits and the
double lines form a (153)-configuration. The local equation of X at one of
these orbits is v2 + xyz = 0.

We will prove later that the orbit space X = P3/H2 is isomorphic to the
Castelnuovo-Richmond quartic.

10.2.2 Six lines

We know that any five lines in P3, considered as points in the Plücker P5, are
contained in a linear line complex. In fact, in a unique linear line complex if
the lines are linearly independent. A set of six lines is contained in a linear line
complex only if they are linearly dependent. The 6 × 6-matrix of its Plücker
coordinates must have a nonzero determinant. An example of six dependent
lines is the set of lines intersecting a given line `. They are contained in the
singular line complex which coincides with the Schubert variety Ω(`). We will
give a geometric characterization of a set of six linearly dependent lines that
contains a subset of five linearly independent lines.

Lemma 10.2.8 Let σ : P1 → P1 be an involution. Then its graph is an
irreducible curve Γg ⊂ P1×P1 of bidegree (1, 1) such that ι(Γg) = Γg , where
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ι is the automorphism (x, y) 7→ (y, x). Conversely, any curve on P1 × P1 with
these properties is equal to the graph of some involution.

Proof This is easy and left to the reader.

Corollary 10.2.9 Let σ, τ be two different involutions of P1. Then there exists
a unique common orbit {x, y} with respect to σ and τ .

We will need the following result of M. Chasles.

Theorem 10.2.10 (M. Chasles) Let Q be a nondegenerate quadric in P3

and let σ be an automorphism of order 2 of Q which is the identity on one
of the rulings. Then the set of lines in P3 which are either contained in this
ruling or intersect an orbit of lines in the second ruling form a linear complex.
Conversely, any linear line complex is obtained in this way from some pair
(Q, σ).

Proof Consider the setX of lines defined as in the first assertion of the Theo-
rem. Take a general plane Π and a point x ∈ Π. Consider the Schubert variety
Ω(x,Π). It is a line in the Plücker space. The plane interesectsQ along a conic
C. Each line from Ω(x,Π) intersects C at two points. This defines an involu-
tion on C. Each line from the second ruling intersects C at one point. Hence
σ defines another involution on C. By Corollary 10.2.9 there is a unique com-
mon orbit. Thus there is a unique line from Ω(x,Π) which belongs to X . Thus
X is a linear line complex.

Let `1, `2, `3 be any three skew lines in a line complex X = Cω . Let Q be a
quadric containing these lines. It is obviously nonsingular. The lines belong to
some ruling ofQ. Take any line ` from the other ruling. Its polar line `′ = iω(`)

intersects `1, `2, `3 (because it is skew to ` or coincides with it). Hence `′ lies
on Q. Now we have an involution on the second ruling defined by the polarity
with respect to X . If m ∈ X and is not contained in the first ruling, then
m intersects a line ` from the second ruling. By Proposition 10.2.4, it also
intersects `′. This is the description of X from the assertion of the Theorem.

Remark 10.2.11 LetC be the curve inG(2, 4) parameterizing lines in a ruling
of a nonsingular quadric Q. Take a general line ` in P3. Then Ω(`) contains
two lines from each ruling, the ones which pass through the points Q∩ `. This
implies that C is a conic in the Plücker embedding. A linear line complex X
either intersects each conic at two points and contains two or one line from the
ruling, or contains C and hence contains all lines from the ruling.
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Lemma 10.2.12 Let ` be a line intersecting a nonsingular quadric Q in P3

at two different points x, y. Let Tx(Q) ∩ Q = `1 ∪ `2 and Ty(Q) ∩ Q =

`′1 ∪ `′2, where `1, `′1 and `2, `′2 belong to the same ruling. Then the polar line
`⊥Q intersects Q at the points x′ = `1 ∩ `′2 and y′ = `2 ∩ `′1.

Proof Each line on Q is self-polar to itself. Thus Px(Q) is the tangent plane
Tx(Q) and, similarly, Py(Q) = Ty(Q). This shows that `⊥Q = Tx(Q) ∩
Ty(Q) = x′y′.

Lemma 10.2.13 let `1, `2, `3, `4 be four skew lines in P3. Suppose not all
of them are contained in a quadric. Then there are exactly two lines which
intersect all of them. These lines may coincide.

Proof This is of course well known. It can be checked by using the Schu-
bert calculus since σ4

1 = # ∩4
i=1 Ω(`i) = 2. A better geometric proof can be

given as follows. Let Q be the quadric containing the first three lines. Then `4
intersects Q at two points p, q which may coincide. The lines through these
points belonging to the ruling not containing `1, `2, `3 intersect `1, . . . , `4.
Conversely, any line intersecting `1, . . . , `4 is contained in this ruling (because
it intersects Q at three points) and passes through the points `4 ∩Q.

Theorem 10.2.14 Let (`1, . . . , `6) be a set of six lines and let (`′1, . . . , `
′
6)

be the set of polar lines with respect to some nonsingular quadric Q. Assume
that the first five lines are linearly independent in the Plücker space. Then
(`1, . . . , `6) belong to a nonsingular linear line complex if and only if there
exists a projective transformation T such that T (`i) = `′i. This condition does
not depend on the choice of Q.

Proof First let us check that this condition does not depend on a choice of
Q. For each line ` let `⊥Q denote the polar line with respect to Q. Suppose
A(`) = `⊥Q for some projective transformation A. Let Q′ be another nonsin-
gular quadric. We have to show that `⊥Q′ = B(`) for some other projective
transformation B depending only on A but not on `. Let us identify E with
Cn+1 and a quadric Q with a nonsingular symmetric matrix. Then A(`) = `⊥Q
means that xQAy = 0 for any vectors x, y in `. We have to find a matrix B
such that xQ′By = 0. We have

xQAy = xQ′(Q′−1QA)y = xQ′By,

where B = Q′−1QA. This checks the claim.
Suppose the set (`1, . . . , `6) is projectively equivalent to (`′1, . . . , `

′
6), where
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`′i are polar lines with respect to some quadric Q. Replacing Q with a quadric
containing the first three lines `1, `2, `3, we may assume that `′i = `i, i =

1, 2, 3. We identifyQwith P1×P1. If `j∩Q = (aj , bj), (a
′
j , b
′
j) for j = 4, 5, 6,

then, by Lemma 10.2.12, `′j∩Q = (aj , b
′
j), (a

′
j , bj). Suppose `′i = A(`i). Then

A fixes three lines in the first ruling hence sends Q to itself. It is also identical
on the first ruling. It acts on the second ruling by switching the coordinates
(bi, b

′
j), j = 4, 5, 6. Thus A2 has three fixed points on P1, hence A2 is the

identity. This shows that A = σ as in Chasles’ Theorem 10.2.10. Hence the
lines `i, `′i, i = 1, . . . , 6, belong to the linear complex.

Conversely, assume `1, . . . , `6 belong to a nonsingular linear line complex
X = Cω . Applying Lemma 10.2.13, we find two lines `, `′ which intersect
`1, `2, `3, `4 (two transversals). By Proposition 10.2.4, the polar line iω(`) in-
tersects `1, `2, `3, `4. Hence it must coincide with either ` or `′. The first case
is impossible. In fact, if ` = `′, then ` ∈ X . The pencil of lines through
` ∩ `1 in the plane 〈`, `1〉 spanned by `, `1 is contained in X . Similarly, the
line Ω(` ∩ `2, ``2) is contained in X . Let Π be the plane of lines spanned by
these two lines in G. It is contained in X . Thus Π cuts out in G a pair of lines.
Thus X is singular at the point of intersections of these two lines. This is a
contradiction.

Thus we see that `, `′ is a pair of polar lines. Now the pair of transversals
τ, τ ′ = iω(τ) of `1, `2, `3, `5 is also a pair of polar lines. Consider the quadric
Q spanned by `1, `2, `3. The four transversals are the four lines from the second
ruling of Q. We can always find an involution σ on Q which preserves the first
ruling and such that σ(`) = `′, σ(τ) = τ ′. Consider the linear line complexX ′

defined by the pair (Q, σ). Since `1, . . . , `5 belong to X , and any line complex
is determined by five linearly independent lines, we have the equality X =

X ′. Thus `6 intersects Q at a pair of lines in the second ruling which are in
the involution σ. But σ is defined by the polarity with respect to X (since
`1, `2, `3 ∈ H and the two involutions share two orbits corresponding to the
pairs (`, `′), (τ, τ ′)). This implies (`1, . . . , `6) = σ(`′1, . . . , `

′
6), where `′i =

`⊥i .

Corollary 10.2.15 Let `1, . . . , `6 be 6 skew lines on a nonsingular cubic
surface S. Then they are linearly independent in the Plücker space.

Proof We first check that any five lines among the six lines are linearly in-
dependent. Assume that `1, . . . , `5 are linearly dependent. Then one of them,
say `5, lies in the span of `1, `2, `3, `4. Let (`′1, . . . , `

′
6) is the set of six skew

lines which together with (`1, . . . , `6) form a double-six. Then `1, `2, `3, `4 lie
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in the linear line complex Ω(`′5), hence `5 lies in it too. But this is impossible
because `5 is skew to `′5.

We know that there exists the unique quadric Q such that `′i are polar to
Q with respect to Q (the Schur quadric). But (`′1, . . . , `

′
6) is not projectively

equivalent to (`1, . . . , `6). Otherwise, S and its image S′ under the projective
transformation T will have six common skew lines. It will also have common
transversals of each subset of four. Thus the degree of the intersection curve is
larger than 9. This shows that the cubic surfaces S and S′ coincide and T is
an automorphism of S. Its action on Pic(S) is a reflection with respect to the
root corresponding to the double-six. It follows from Section 9.5 that S does
not admit such an automorphism.

Remark 10.2.16 The group SL(4) acts diagonally on the Cartesian product
G6. Consider the sheaf L on G6 defined as the tensor product of the sheaves
p∗iOG(1), where pi : G6 → G is the i-th projection. The group SL(4) acts
naturally in the space of global sections of L and its tensor powers. Let

R =

∞⊕
i=0

H0(G6,Li)SL(4).

This is a graded algebra of finite type and its projective spectrum Proj(R) is
the GIT-quotient G6//SL(4). The variety G6 has an open invariant Zariski sub-
set U which is mapped to G6//SL(4) with fibres equal to SL(4)-orbits. This
implies that G6//SL(4) is an irreducible variety of dimension 9. Given six or-
dered general lines in P3 their Plücker coordinates make a 6 × 6-matrix. Its
determinant can be considered as a section from the first graded piece R1 of
R. The locus of zeros of this section is a closed subvariety ofG6 whose general
point is a 6-tuple of lines contained in a linear line complex. The image of this
locus in G6//SL(4) is a hypersurface F . Now the duality of lines by means
of a nondegenerate quadric defines an involution on G6. Since it does not de-
pend on the choice of a quadric up to projective equivalence, the involution
descends to an involution of G6//SL(4). The fixed points of this involution is
the hypersurface F . One can show that the quotient by the duality involution is
an open subset of a certain explicitly described 9-dimensional toric variety X
(see [181]).

Finally, observe that a nonsingular cubic surface together with a choice of
its geometric marking defines a double-six, which is an orbit of the duality
involution in G6//SL(4) and hence a unique point in X that does not belong
to the branch locus of the double cover G6//SL(4) → X . Thus we see that
the 4-dimensional moduli space of geometrically marked nonsingular cubic
surfaces embeds in the 9-dimensional toric variety X .
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10.2.3 Linear systems of linear line complexes

LetW ⊂
∧2

E∨ be a linear subspace of dimension r+1. After projectivization
and restriction toG(2, E) ∼= G1(Pn), it defines an r-dimensional linear system
|W | of linear line complexes. Let

CW = ∩ω∈WCω ⊂ G(2, E)

be the base scheme of |W |. It is a subvariety of G(2, E) of dimension 2n −
3− r. Its canonical class is given by the formula

ωCW
∼= OCW (r − n). (10.19)

In particular, it is a Fano variety if r < n, a Calabi-Yau variety if r = n and a
variety of general type if r > n.

We also define the center variety SW

SW =
⋃
ω∈W

Sω.

It is also called the singular variety of W .
For any x = [v] ∈ SW , there exists ω ∈ W such that ω(v, v′) = 0 for all

v′ ∈ E, or, equivalently, the line ` = xy is contained in Cω for all y. This
implies that the codimension of Ω(x)∩ CW in Ω(x) is ≤ r, less than expected
number r+ 1. Conversely, since Ω(x) is irreducible, if the codimension of the
intersection ≤ r, then Ω(x) must be contained in some Cω , and hence x ∈ Sω .
Thus we have proved the following.

Proposition 10.2.17

SW = {x ∈ |E| : dim Ω(x) ∩ CW ≥ n− r − 1}

= {x ∈ |E| : Ω(x) ⊂ Cω for some ω ∈W}.

For any linear subspace Λ in |E| we can define the polar subspace with
respect to |W | by

iW (Λ) =
⋂
ω∈W

iω(Λ).

Since x ∈ iω(x) for any linear line complex Cω , we obtain that, for any
x ∈ |E|,

x ∈ iW (x).

It is easy to see that

dim iW (x) = n− r + dim |{ω ∈W : x ∈ Sω}|. (10.20)

Now we are ready to give examples.
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Example 10.2.18 A pencil |W | of linear line complexes in P3 = |E| is de-
fined by a line in the Plücker space P5 = |

∧2
E∨| which intersects the Klein

quadric G(2, E∨) at two points or one point with multiplicity 2. The inter-
section points correspond to special linear line complexes intersecting a given
line. Thus, the base locus of a general pencil of linear line complexes consists
of lines intersecting two skew lines. It is a nonsingular congruence of lines
in G1(P3) of order and degree equal to 1. It is isomorphic to a nonsingular
quadric in P3. It may degenerate to the union of an α-plane and a β-plane if
the two lines are coplanar or to a singular quadric if the two lines coincide.

Example 10.2.19 Assume r = 1, n = 2k and |W | does not intersect the
set of linear line complexes with corank > 1 (the variety of such linear line
complexes is of codimension 3 in |

∧2
E∨|). Then we have a map |W | ∼=

P1 → P2k which assigns to [ω] ∈ |W | the center Sω of Cω . The map is given
by the pfaffians of the principal minors of a skew-symmetric matrix of size
(n + 1) × (n + 1), so the center variety SW of |W | is a rational curve Rk of
degree k in P2k. By Proposition 10.2.17 any secant line of Rk is contained in
CW . For example, taking n = 4, we obtain that the center variety is a conic in
a plane contained in CW .

Now assume that r = 2. We obtain that SW is a projection of the Veronese
surface V2

k and the variety of trisecant lines of the surface is contained in CW .
We have seen it already in the case k = 2 (see Subsection 2.1.3).

Example 10.2.20 Let r = 3 and n = 4 so we have a web |W | of linear line
complexes in P9 = |

∧2
E∨|. We assume that |W | is general enough so that

it intersects the Grassmann variety G∗ = G(2, E∨) in finitely many points.
We know that the degree of G(2, 5) is equal to 5, thus |W | intersects G∗ at
5 points. Consider the rational map |W | = P3 99K SW ⊂ P4 which assigns
to [ω] ∈ |W | the center of Cω . As in the previous examples, the map is given
by pfaffians of skew-symmetric matrices of size 4 × 4. They all vanish at the
set of five points p1, . . . , p5. The preimage of a general line in P4 is equal to
the residual set of intersections of three quadrics, and hence consists of three
points. Thus the map is birational map onto a cubic hypersurface. Any line
joining two of the five points is blown down to a singular point of the cubic
hypersurface. Thus the cubic is isomorphic to the Segre cubic primal. Observe
now that CW is a del Pezzo surface of degree 5 and the singular variety of |W |
is equal to the projection of the incidence variety {(x, `) ∈ P4 × CW : x ∈ `}
to P4. It coincides with the center variety SW .

One can see the center variety SW of |W | as the degeneracy locus of a map
of rank 3 vector bundles over |E|. First, we identify H0(|E|,Ω1

|E|(2)) with
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E∨. To do this, we use the dual Euler sequence twisted by O|E|(2)

0→ Ω1
|E|(2)→ E∨ ⊗O|E|(1)→ O|E|(2)→ 0. (10.21)

Passing to the global sections, we obtain an isomorphism

H0(|E|,Ω1
|E|(2)) ∼= Ker(E∨ ⊗ E∨ → S2E∨) ∼=

2∧
E∨.

The composition of the inclusion map W →
∧2

E∨ and the evaluation map∧2
E∨ → Ω1

|E|(2) defines a morphism of vector bundles

σ : W ⊗O|E| → Ω1
|E|(2).

The degeneracy locus of this morphism consists of points x ∈ |E| such that the
composition ofE⊗O|E|(−1)→ T 1

|E|(−2) and the dual map σ∨ : T 1
|E|(−2)→

W∨ ⊗ O|E| is not of full rank at x. For any x = [v] ∈ |E|, the map of fibres
φ(x) sends a vector v′ to the linear function on W defined by ω 7→ ω(v, v′).
This linear function is equal to zero if and only if the line [v][v′] intersects CW .
Applying Proposition 10.2.17, we obtain that the degeneracy locus of point
x = [v] for which the rank of φ(x) is smaller than r + 1 must be equal to SW .

If we choose coordinates and take a basis of W defined by r + 1 skew-
symmetric bilinear forms ωk =

∑
a

(k)
ij dti ∧ dtj , then the matrix is

∑n
s=0 a

(1)
1,sts . . .

∑n
s=0 a

(1)
n,sts

...
...

...∑n
s=0 a

(r+1)
1,s ts . . .

∑n
s=0 a

(r+1)
n,s ts

 ,

where akij = −akji.
The expected dimension of the degeneracy locus is equal to n− r. Assume

that this is the case. It follows from Example 14.3.2 in [230] that

deg SW = deg cn−r(Ω
1
|E|(2)) =

n−r∑
i=0

(−1)i
(
n− i
r

)
. (10.22)

Example 10.2.21 Assume n + 1 = 2k. If ω ∈ W is nondegenerate, then
Sω = ∅. Otherwise, dimSω ≥ 1. Thus the varieties SW are ruled by linear
subspaces. For a general W of dimension 1 < r < n, the dimensions of these
subspaces is equal to 1 and each point in SW is contained in a unique line Sω .
In other words, SW is a scroll with 1-dimensional generators parameterized by
the subvariety B of |W | of degenerate ω’s. Thus B is equal to the intersection
of |W | with a pfaffian hypersurface of degree k in |Λ2E∨|. The scrolls SW are
called Palatini scrolls. If n = 3, the only Palatini scroll is a quadric in P3 and
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B is a conic. In P5 we get a 3-dimensional Palatini scroll of degree 7 defined
by a web |W | of linear line complexes. The family of generators B is a cubic
surface in |W |. We refer to [416] for the study of this scroll. There is also a
Palatini ruled surface of degree 6 defined by a net of linear line complexes.
Its generators are parameterized by a plane cubic curve. If we take W with
dimW = 5, we get a quartic hypersurface in P5.

10.3 Quadratic line complexes

10.3.1 Generalities

Recall that a quadratic line complex C is the intersection of the Grassmannian
G = G(2, E) ⊂ |

∧2
E|with a quadric hypersurfaceQ. Since ωG ∼= OG(−n−

1), by the adjunction formula

ωC
∼= OC(1− n).

If C is nonsingular, i.e. the intersection is transversal, we obtain that C is a Fano
variety of index n− 1.

Consider the incidence variety ZC together with its natural projections pC :

ZC → Pn and qC : ZC → K. For each point x ∈ Pn the fiber of pC is
isomorphic to the intersection of the Schubert variety Ω(x) with Q. We know
that Ω(x) is isomorphic to Pn−1 embedded in |

∧2
E| as a linear subspace.

Thus the fiber is isomorphic to a quadric in Pn−1. This shows that C admits a
structure of a quadric bundle, i.e. a fibration with fibres isomorphic to a quadric
hypersurface. The important invariant of a quadric bundle is its discriminant
locus. This is the set of points of the base of the fibration over which the fiber
is a singular quadric or the whole space. In our case we have the following
classical definition.

Definition 10.3.1 The singular variety ∆ of a quadratic line complex is the
set of points x ∈ Pn such that Ω(x)∩Q is a singular quadric in Ω(x) = Pn−1

or Ω(x) ⊂ Q.

We will need the following fact from linear algebra that is rarely found in
modern text-books on the subject.

Lemma 10.3.2 Let A = (aij), B = (bij) be two matrices of sizes k×m and
m× k with k ≤ m. Let |AI |, |BI |, I = (i1, . . . , ik), 1 ≤ i1 < . . . < ik ≤ m,

be maximal minors of A and B. For any m×m-matrix G = (gij)

|A ·G ·B| =
∑
I,J

gIJ |AI ||BJ |,
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where gIJ = gi1j1 · · · gikjk .

Proof Consider the product of the following block-matrices(
A ·B A

0mk Im

)
·
(
Ik 0km
−B Im

)
=

(
0kk A

−B Im

)
, (10.23)

where 0ab is the zero matrix of size a × b and Ia is the identity matrix of size
a × a. The determinant of the first matrix is equal to |A · B|, the determinant
of the second matrix is equal to 1. Applying the Laplace formula, we find that
the determinant of the product is equal to

∑
|AI ||BI |. Now we apply (10.23),

replacing A with A ·G,. Write a j-th column of A ·G as the sum
∑m
i=1 gijAi,

where Ai are the columns of A. Then

|(A ·G)j1,...,jk | =
∑

1≤i1<...<ik≤m

gi1j1gi2j2 · · · gikjk |Ai1,...,ik |.

This proves the assertion.

Suppose we have a bilinear form b : E × E → K on a vector space E over
a field K. Let G =

(
b(ei, ej)

)
be the matrix of the bilinear form with respect

to a basis e1, . . . , em. Let L be a subspace of E with basis f1, . . . , fk. Then
the matrix GL =

(
b(fi, fj)

)
is equal to the product tA ·G ·A, where the fj =∑

aijei. It follows from the previous Lemma that |GL| =
∑
I,J gIJ |AI ||AJ |.

If we extend b to
∧k

E by the formula

b(v1, . . . , vk;w1, . . . , wk) = det
(
b(vi, wj)

)
,

then the previous formula gives an explicit expression for b(f1 ∧ . . .∧ fk, f1 ∧
. . . ∧ fk). If E = Rn and we take b to be the Euclidean inner-product, we get
the well-known formula for the area of the parallelogram spanned by vectors
f1, . . . , fk in terms of the sum of squares of maximal minors of the matrix
with columns equal to fj . If m = 3 this is the formula for the length of the
cross-product of two vectors.

Proposition 10.3.3 ∆ is a hypersurface of degree 2(n− 1).

Proof Consider the map

i : |E| → |
2∧
E|, x 7→ Ω(x). (10.24)

If x = [v0], the linear subspace of
∧2

E corresponding to Ω(x) is the image of
E in

∧2
E under the map v 7→ v∧v0. This is an n-dimensional subspace Λ(x)

of
∧2

E. Hence it defines a point in the Grassmann variety G(n,
∧2

E). If we
write v0 =

∑n
i=0 aiei, where we assume that an 6= 0, then Λ(x) is spanned by
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the vectors ei∧v0 =
∑
j 6=i ajei∧ej , i = 0, . . . , n. Thus the rows of the matrix

of Plücker coordinates of the basis are linear functions in coordinates of v0. Its
maximal minors are polynomials of order n+1. Observe now that each (in)-th
column contains an in the i-th row and has zero elsewhere. This easily implies
that all maximal minors are divisible by an. Thus the Plücker coordinates of
Λ(x) are polynomials of degree n−1 in coordinates of v0. We see now that the
map i is given by a linear system of divisors of degree n−1. Fix a quadricQ in
|
∧2

E| that does not vanish on G. For any n−1-dimensional linear subspaceL
of |
∧2

E|, the intersection of Q with L is either a quadric or the whole L. Let
us consider the locus D of L’s such that this intersection is a singular quadric.
We claim that this is a hypersurface of degree 2.

Let b : E × E be a nondegenerate symmetric bilinear form on a vector
space E of dimension n + 1. The restriction of b to a linear subspace L ⊂
E with a basis (f1, . . . , fk) is a degenerate bilinear form if and only if the
determinant of the matrix

(
b(fi, fj)

)
is equal to zero. If we write fi =

∑
aijej

in terms of a basis in E, we see that this condition is polynomial of degree 2k

in coefficients aij . By the previous Lemma, this polynomial can be written as
a quadratic polynomial in maximal minors of the matrix (aij). Applying this
to our situation we interpret the maximal minors as the Plücker coordinates of
L and obtain that D is a quadric hypersurface.

It remains for us to use the fact that ∆ = i−1(D), where i is given by
polynomials of degree n.

Let

∆k = {x ∈ ∆ : corank Q ∩ Ω(x) ≥ k}.

These are closed subvarieties of ∆k.
Let

∆̃ = {(x, `) ∈ ZC : rank dpC(x, `) < n}. (10.25)

In other words, ∆̃ is the locus of points in ZC where the projection pC : ZC →
Pn is not smooth. This set admits a structure of a closed subscheme of ZC

defined locally by vanishing of the maximal minors of the Jacobian matrix of
the map pC. Globally, we have the standard exact sequence of the sheaves of
differentials

0→ p∗CΩ1
Pn

δ−→ ΩZC
→ Ω1

ZC/Pn → 0, (10.26)

and the support of ∆̃ is equal to the set of points where Ω1
ZC/Pn is not locally

free. Locally the map δ is given by a matrix of size n × (2n − 2). Thus ∆̃ is
given locally by n× n minors of this matrix and is of dimension n.

Tensoring (7.31) with the residue field κ(p) at a point p = (x, `) ∈ ZC,
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we see that ∆̃ is equal to the degeneracy locus of points where the map δp :

(p∗CΩ1
Pn)p → (Ω1

ZC
)p is not injective. Using the Thom-Porteous formula (see

[230], 14.4), we can express the class of ∆̃ in H∗(ZC,Z).

Definition 10.3.4 Let C be a line complex of degree d in G1(Pn). A line `
in C is called singular if ` is a singular point of the intersection Ω(x) ∩ C for
some x ∈ Pn or any point on Ω(x) if Ω(x) ⊂ C. The locus S(C) of singular
lines is called the singular variety of C.

Proposition 10.3.5 Assume n + 1 = 2k and C is nonsingular. Then the
singular variety S(C) of C is equal to the intersection of C with a hypersurface
of degree k(d− 1).

Proof Let ` be a singular line of C = G ∩X , where X is a hypersurface of
degree d. We have Ω(x) ⊂ T`(C) = T`(G)∩T`(X). Thus Ω(x) ⊂ T`(X)∩G.
By Proposition 10.2.4, the linear line complex T`(X) ∩ G consists of lines
intersecting a line and its polar (n− 2)-plane unless it is singular. Since Ω(x)

is not contained in the Schubert variety of lines intersecting a codimension 2
linear subspace, we obtain that T`(X) ∩ G is singular. This shows that the
singular variety S(C) of C consists of lines in C such that T`(X) coincides
with a tangent hyperplane of G. In other words,

S(C) = γ−1(G∨), (10.27)

where γ : C → (Pn)∨ is the restriction of the Gauss map X → (Pn)∨ to C.
Since C is nonsingular, X is nonsingular at any point of X ∩G, and hence γ is
well-defined. It remains for us to use that γ is given by polynomials of degree
d− 1, the partials of X .

Let n = 3 and let C be a line complex defined by a hypersurface X = V (Φ)

of degree d in the Plücker space. The equation of the singular surface S(C)

in Plücker coordinates is easy to find. Let Φij = ∂Φ
∂pij

(l), where [l] = `. The
tangent hyperplane to X at the point ` is given by the equation∑

1≤i<j≤4

Φij(l)pij = 0.

Since the dual quadric G∗ is given by the same equation as G, we obtain the
equation of S(C) in G:

Φ12Φ34 − Φ13Φ24 + Φ14Φ23 = 0.
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10.3.2 Intersection of two quadrics

Let Q1, Q2 be two quadrics in Pn and X = Q1 ∩ Q2. We assume that X is
nonsingular. It follows from the proof of Theorem 8.6.2 that this is equivalent
to the condition that the pencil P of quadrics spanned by Q1, Q2 has exactly
n + 1 singular quadrics of corank 1. This set can be identified with a set of
n+ 1 points p1, . . . , pn+1 in P1 ∼= P .

If n = 2g + 1, we get the associated nonsingular hyperelliptic curve C of
genus g, the double cover of P1 branched at p1, . . . , p2g+2.

The variety X is of degree 4 in Pn, n ≥ 3, of dimension n−2. Its canonical
class is equal to−(n−3)h, where h is the class of a hyperplane section. When
n = 4 it is a quartic del Pezzo surface.

Theorem 10.3.6 (A. Weil) Assume n = 2g + 1. Let F (X) be the variety of
g−1-dimensional linear subspaces contained inX . Then F (X) is isomorphic
to the Jacobian variety of the curve C and also to the intermediate Jacobian
of X .

Proof We will restrict ourselves only to the case g = 2, leaving the general
case to the reader. For each ` ∈ F (X) consider the projection map p` : X ′ =

X \ ` → P3. For any point x ∈ X not on `, the fiber over p`(x) is equal
to the intersection of the plane `x = 〈`, x〉 with X ′. The intersection of this
plane with a quadric Q from the pencil P is a conic containing ` and another
line `′. If we take two nonsingular generators of P , we find that the fiber is
the intersection of two lines or the whole `′ ∈ F (X) intersecting `. In the
latter case, all points on `′ \ ` belong to the same fibre. Since all quadrics from
the pencil intersect the plane 〈`, `′〉 along the same conic ` ∪ `′, there exists a
unique quadric Q`′ from the pencil which contains 〈`, `′〉. The plane belongs
to one of the two rulings of planes on Q`′ (or a unique family if the quadric is
singular). Note that each quadric from the pencil contains at most one plane in
each ruling which contains ` (two members of the same ruling intersect along
a subspace of even codimension). Thus we can identify the following sets:

• pairs (Q, r), where Q ∈ P , r is a ruling of planes in Q,
• B = {`′ ∈ F (X) : ` ∩ `′ 6= ∅}.

If we identify P1 with the set of planes of P3 containing `, then the latter set is
a subset of P3. Let D be the union of `′’s from B. The projection map p` maps
D to B with fibres isomorphic to 〈`, `′〉 \ {`}.

Extending p` to a morphism f : X̄ → P3, where X̄ is the blow-up ofX with
center at `, we obtain that f is an isomorphism outside B and that the fibres
over points in B are isomorphic to P1. Observe that X̄ is contained in the
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blow-up P̄5 of P5 along `. The projection f is the restriction of the projection
P̄5 → P3 which is a projective bundle of relative dimension 2. It is known how
the intermediate Jacobian behaves under blowing up of a smooth subvariety.
From this it follows that Jac(X) ∼= Jac(B).

The crucial observation now is that B is isomorphic to our hyperelliptic
curve C. In fact, consider the incidence variety

X = {(Q, `) ∈ P ×G(2, 6) : ` ⊂ Q}.

Its projection to P has fiber over Q isomorphic to the rulings of planes in Q. It
consists of two connected components outside of the set of singular quadrics
and one connected component over the set of singular quadrics. Taking the
Stein factorization, we get a double cover ofP = P1 branched along six points.
It is isomorphic to C.

Now the projection map p` maps each line `′ intersecting ` to a point in P3.
We will identify the set of these points with the curve B. A general plane in
P3 intersects B at d = degB points. The preimage of the plane under the
projection p` : X 99K P3 is isomorphic to the complete intersection of two
quadrics in P4. It is a del Pezzo surface of degree 4, hence it is obtained by
blowing up five points in P2. Thus d = 5. An easy argument using Riemann-
Roch shows that B lies on a unique quadric Q ⊂ P3. Its preimage under the
projection X̄ → P3 is the exceptional divisor E of the blow-up X̄ → X . It
follows from Subsection 7.1.5 that the normal bundle of ` in X is trivial, so
E ∼= P1 × P1 and hence Q is a nonsingular quadric. Thus (X, `) defines a
biregular model B ⊂ P3 of C such that B is of degree 5 and lies on a unique
nonsingular quadric Q. One can show that the latter condition is equivalent to
the fact that the invertible sheaf OB(1)⊗ ω−2

B is not effective. It is easy to see
that B is of bidegree (2, 3).

Let us construct an isomorphism between Jac(C) and F (X). Recall that
Jac(C) is birationally isomorphic to the symmetric square C(2) of the curve
C. The canonical map C(2) → Pic2(C) defined by x + y 7→ [x + y] is an
isomorphism over the complement of one point represented by the canonical
class of C. Its fiber over KC is the linear system |KC |. Also note that Pic2(C)

is canonically identified with Jac(X) by sending a divisor class ξ of degree 2
to the class ξ −KC .

Each line `′ skew to ` is projected to a secant line ofB. In fact, 〈`, `′〉∩X is a
quartic curve in the plane 〈`, `′〉 ∼= P3 that contains two skew line components.
The residual part is the union of two skew lines m,m′ intersecting both ` and
`′. Thus `′ is projected to the secant line joining two points on C which are the
projections of the lines m,m′. If m = m′, then `′ is projected to a tangent line
of B. Thus the open subset of lines in X skew to ` is mapped bijectively to an
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open subset of C(2) represented by “honest” secants of C, i.e. secants which
are not 3-secants. Each line `′ ∈ F (X) \ {`} intersecting ` is projected to a
point b of B. The line f of the ruling of Q intersecting B with multiplicity 3
and passing through a point b ∈ B defines a positive divisor D of degree 2
such that f ∩ B = b + D. The divisor class [D] ∈ Pic2(C) is assigned to `′.
So we see that each trisecant line of B (they are necessarily lie on Q) defines
three lines passing through the same point of `. By taking a section of X by
a hyperplane tangent to X at a point x ∈ X , we see that x is contained in
four lines (taken with some multiplicity). Finally, the line ` itself corresponds
to KC . This establishes an isomorphism between Pic2(C) and F (X).

Note that we have proved that X is a rational variety by constructing an
explicit rational map from X to P3. This map becomes a regular map after we
blow up a line ` on X . The image of the exceptional divisor is a quadric. This
map blows down the union of lines on X that intersect ` to a genus 2 curve C
of degree 5 lying on the quadric. The inverse map P3 99K X ⊂ P5 is given
by the linear system of cubic hypersurfaces through the curve C. It becomes a
regular map after we blow-up C. Since any trisecant line of C defined by one
of the rulings of the quadric blows down to a point, the image of the proper
transform of the quadric is the line ` on X . The exceptional divisor is mapped
to the union of lines on X intersecting `.

10.3.3 Kummer surfaces

We consider the case n = 3. The quadratic line complex C is the intersection
of two quadrics G ∩ Q. We shall assume that C is nonsingular. Let C be the
associated hyperelliptic curve of genus 2.

First let us look at the singular surface ∆ of C. By Proposition 10.3.3, it is
a quartic surface. For any point x ∈ ∆, the conic Cx = C ∩ Ω(x) is the union
of two lines. A line in G is always equal to a 1-dimensional Schubert variety.
In fact, G is a nonsingular quadric of dimension 4, and hence contains two 3-
dimensional families of planes. These are the families realized by the Schubert
planes Ω(x) and Ω(Π). Hence a line must be a pencil in one of these planes,
which shows that Cx = Ω(x,Π1) ∪ Ω(x,Π2) for some planes Π1,Π2 in P3.
Any line in C is equal to some Ω(x,A) and hence is equal to an irreducible
component of the conic Cx. Thus we see that any line in C is realized as an
irreducible component of a conic Cx, x ∈ C. It follows from Theorem 10.3.6
that the variety of lines F (C) in C is isomorphic to the Jacobian variety of C.

Proposition 10.3.7 The variety F (C) of lines in C is a double cover of the
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quartic surface ∆. The cover ramifies over the set ∆1 of points such that the
conic Cx = p−1

C (x) is a double line.

Let x ∈ ∆ and Cx = Ω(x,Π1)∪Ω(x,Π2). A singular point of Cx is called
a singular line of C. If x 6∈ ∆1, then Cx has only one singular point equal to
Ω(x,Π1) ∩ Ω(x,Π2). Otherwise, it has the whole line of them.

Let S = S(C) be the singular surface of C. By Proposition 10.3.5, S is a
complete intersection of three quadrics.

By the adjunction formula, we obtain ωS ∼= OS . The assertion that S is
nonsingular follows from its explicit equations (10.28) given below. Thus S is
a K3 surface of degree 8.

Theorem 10.3.8 The set of pairs (x, `), where ` is a singular line containing
x is isomorphic to the variety ∆̃ ⊂ ZC, the locus of points where the morphism
pC : ZC → P3 is not smooth. It is a nonsingular surface with trivial canonical
class. The projection pC : ∆̃ → ∆ is a resolution of singularities. The projec-
tion qC : ∆̃ → S is an isomorphism. The surface S is equal to C ∩ Q, where
Q is a quadric in P5.

Proof The first assertion is obvious since the fibres of pC : ZC → P3 are
isomorphic to the conics Cx. To see that qC is one-to-one we have to check
that a singular line ` cannot be a singular point of two different fibres Cx and
Cy . The planes Ω(x) and Ω(y) intersect at one point ` = xy and hence span
P4. If Q is tangent to both planes at the same point `, then the two planes
are contained in T`(Q) ∩ T`(G), hence C = Q ∩ G is singular at `. This
contradicts our assumption on C. Thus the projection ∆̃ → S is one-to-one.
Since the fibres of qC : ZC → C are projective lines, this easily implies that the
restriction of qC to ∆̃ is an isomorphism onto S.

Theorem 10.3.9 The set ∆1 consists of 16 points, and each point is an ordi-
nary double point of the singular surface ∆.

Proof Let A = F (C) be the variety of lines in C. We know that it is a double
cover of ∆ ramified over the set ∆1. Since ∆ is isomorphic to S outside ∆1,
we see that A admits an involution with a finite set F of isolated fixed points
such that the quotient is birationally isomorphic to a K3 surface. The open set
A \ F is an unramified double cover of the complement of s = #F projective
lines in the K3 surface S. For any varietyZ we denote by ec(Z) the topological
Euler characteristic with compact support. By the additivity property of ec, we
get ec(A−S) = e(A)− s = 2(es(S)− 2s) = 48− 4s. Thus e(A) = 48− 3s.
Since A ∼= Jac(C), we have e(A) = 0. This gives s = 16. Thus ∆ has 16
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singular points. Each point is resolved by a (−2)-curve on S. This implies that
each singular point is a rational double point of typeA1, i.e. an ordinary double
point.

Definition 10.3.10 For any abelian variety A of dimension g the quotient of
A by the involution a 7→ −a is denoted by Kum(A) and is called the Kummer
variety of A.

Note that Kum(A) has 22g singular point locally isomorphic to the cone
over the Veronese variety Vg−1

g . In the case g = 2 we have 16 ordinary double
points. It is easy to see that any involution with this property must coincide
with the negation involution (look at its action in the tangent space, and use
that A is a complex torus). This gives the following.

Corollary 10.3.11 The singular surface of C is isomorphic to the Kummer
surface of the Jacobian variety of the hyperelliptic curve C of genus 2.

The Kummer variety of a Jacobian variety of a nonsingular curve is called a
jacobian Kummer variety.

Proposition 10.3.12 The surface S contains two sets of 16 disjoint lines.

Proof The first set is formed by the lines qC(p−1
C (zi)), where z1, . . . , z16 are

the singular points of the singular surface. The other set comes from the dual
picture. We can consider the dual incidence variety

ŽC = {(Π, `) ∈ (P3)∨ × C : ` ⊂ Π}.

The fibres of the projection to (P3)∨ are conics. Again we define the singular
surface ∆̌ as the locus of planes such that the fiber is the union of lines. A line
in the fiber is a pencil of lines in the plane. These pencils form the set of lines
in C. The lines are common to two pencils if lines are singular lines of C. Thus
we see that the surface S can be defined in two ways by using the incidence
ZC or ŽC. As before, we prove that ∆̌ is the quotient of the abelian surface A
and is isomorphic to the Kummer surface of C. The lines in S corresponding
to singular points of ∆̌ is the second set of 16 lines.

Choosing six mutually apolar linear line complexes we write the equation of
the Klein quadric as a sum of squares. The condition of nondegeneracy allows
one to reduce the quadric Q to the diagonal form in these coordinates. Thus
the equation of the quadratic line complex can be written in the form

5∑
i=0

t2i =

5∑
i=0

ait
2
i = 0. (10.28)
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Since C is nonsingular, ai 6= aj , i 6= j. The parameters in the pencil corre-
sponding to six singular quadrics are (t0, t1) = (−a0, 1), i = 0, . . . , 5. Thus
the hyperelliptic curve C has the equation

t22 = (t1 + a0t0) · · · (t1 + a5t0),

which has to be considered as an equation of degree 6 in the weighted plane
P(1, 1, 3).

To find the equation of the singular surface S of C, we apply (10.27). The
dual of the quadric V (

∑
ait

2
i ) is the quadric V (

∑
a−1
i u2

i ). Its preimage under
the Gauss map defined by the quadric V (

∑
t2i ) is the quadric V (

∑
a−1
i x2

i ).
After scaling ti 7→ aiti, we obtain that the surface S, a nonsingular model, of
the Kummer surface, is given by the equations

5∑
i=0

t2i =

5∑
i=0

ait
2
i =

5∑
i=0

a2
i t

2
i = 0. (10.29)

We know that the surface given by the above equations contains 32 lines.
Consider six lines `i in P2 given by the equations

X0 + aiX1 + a2
iX2 = 0, i = 0, . . . , 5. (10.30)

Since the points (1, ai, a
2
i ) lie on the conic X0X2 − X2

1 = 0, the lines `i are
tangent to the conic.

Lemma 10.3.13 Let X ⊂ P2k−1 be a variety given by complete intersection
of k quadrics

qi =

2k−1∑
j=0

aijt
2
j = 0, i = 1, . . . , k.

Consider the group G of projective transformations of P2k−1 that consists of
transformations

[t0, . . . , t2k−1] 7→ [ε0t0, . . . , ε2k−1t2k−1],

where εi = ±1 and ε0 · · · ε2k−1 = 1. Then X/G is isomorphic to the double
cover of Pk−1 branched along the union of 2k hyperplanes with equations
explicitly given below in (10.31).

Proof Let R = C[t0, . . . , t2k−1]/(q1, . . . , qk) be the ring of projective coor-
dinates of X . Then the subring of invariants RG is generated by the cosets of
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t20, . . . , t
2
2k−1 and t0 · · · t2k−1. Since (t0 · · · t2k−1)2 = t20 · · · t22k−1, we obtain

that

RG ∼= C[t0, . . . , t2k−1, t]/I,

where I is generated by

2k−1∑
j=0

aijtj , i = 1, . . . , k, t2 − t0 · · · t2k−1.

Let A = (aij) be the matrix of the coefficients aij . Its rank is equal to k.
Choose new coordinates t′i in C2k such that t′i+k−1 =

∑2k−1
j=0 aijtj , i =

1, . . . , k. Write

ti =

k−1∑
j=0

bijt
′
j mod (t′k, . . . , t

′
2k−1), i = 0, . . . , 2k − 1.

Then

X/G ∼= Proj RG ∼= Proj(C[t′0, . . . , t
′
k−1, t])/

(
t2 −

2k−1∏
i=0

k−1∑
j=0

bijt
′
j ]
)
.

Thus X/G is isomorphic to the double cover of Pk−1 branched along the hy-
perplanes

k−1∑
j=0

bijzj = 0, j = 0, . . . , 2k − 1. (10.31)

Corollary 10.3.14 Suppose the set of 2k points

[a00, . . . , ak0], . . . , [a0 2k−1, . . . , ak 2k−1]

in Pk−1 is projectively equivalent to an ordered set of points on a Veronese
curve of degree k − 1. Then X/G is isomorphic to the double cover of Pk−1

branched along the hyperplanes

a0jz0 + · · ·+ ak−1jzk−1 = 0, i = 0, . . . , 2k − 1.

Proof Choose coordinates such that the matrix A = (aij) has the form

A =


1 1 . . . 1

α1 α2 . . . α2k

...
...

...
...

αk−1
1 αk−1

2 . . . αk−1
2k

 .
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Let

Dj =
∏

1≤i<j≤k

(αj − αi)

and

f(x) = (x− α1) · · · (x− αk) = a0 + a1x+ · · ·+ akx
k,

fj(x) =
f(x)

Dj(x− αj)
= a0j + a1jx+ · · ·+ ak−1jx

k−1, j = 1, . . . , k.

We have

B =


1 1 . . . 1

α1 α2 . . . αk
...

...
...
...

αk−1
1 αk−1

2 . . . αk−1
k


−1

=


a01 a11 . . . ak−11

a02 a12 . . . ak−12

...
...

...
a0k a1k . . . ak−1k

 .

Multiplying A by B on the left we obtain

B ·A =


1 0 0 . . . 0 f1(αk+1) . . . f1(α2k)

0 1 0 . . . 0 f2(αk+1) . . . f2(α2k)
...

...
...

...
...

...
...

...
0 0 0 . . . 1 fk(αk+1) . . . fk(α2k)



=


f1(α1) . . . f1(αk) f1(αk+1) . . . f1(α2k)

f2(α1) . . . f2(αk) f2(αk+1) . . . f2(α2k)
...

...
...

...
...

...
fk(α1) . . . fk(αk) fk(αk+1) . . . fk(α2k)

 .

The polynomials f1(x), . . . , fk(x) form a basis in the space of polynomials of
degree≤ k− 1. Thus we see that the columns of the matrix B ·A can be taken
as the projective coordinates of the images of points [1, α1], . . . , [1, α2k] ∈ P1

under a Veronese map. Under the projective transformation defined by the ma-
trix B, the ordered set of columns of matrix A is projectively equivalent to
the set of points defined by the column of the matrix B · A. Write the ma-
trix B · A in the block-form [Ik C]. Then the null-space of this matrix is the
columns space of the matrix [−C Ik]. It defines the same set of points up to a
permutation.

The following Lemma is due to A. Verra.

Lemma 10.3.15 Let X be the base locus of a linear systemN of quadrics of
dimension k − 1 in P2k−1. Suppose that
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• N contains a nonsingular quadric;
• X contains a linear subspace Λ of dimension k − 2;
• X is not covered by lines intersecting Λ.

Then X is birationally isomorphic to the double cover ofN branched over the
discriminant hypersurface of N .

Proof Let Λ be a linear subspace of dimension k − 2 contained in X . Take
a general point x ∈ X and consider the span Π = 〈Λ, x〉. By our assumption
x is not contained in any line. The restriction of the linear system N to Π is a
linear system of quadrics in Π ∼= Pk−1 containing Λ and x in its base locus.
The residual components of these quadrics are hyperplanes in Π containing x.
The base locus of this linear system of hyperplanes consists only of x, because
otherwise x will be contained in a line on X intersecting Λ. Our assumption
excludes this. Thus the dimension of the restriction ofN to Π is equal to k−2.
This implies that there exists a unique quadric inN containing Π. This defines
a rational map X 99K N . A general member of N is a nonsingular quadric in
P2k−1. It contains two rulings of (k−1)-planes. Our (k−1)-plane Π belongs to
one of the rulings. The choice of a ruling to which Π belongs defines a rational
map to the double cover Y → N branched along the discriminant variety of
N parameterizing singular quadrics. The latter is constructed by considering
the second projection of the incidence variety

{(Π, Q) ∈ Gk(P2k−1)×N : Π ∈ N}

and applying the Stein factorization. Now we construct the inverse rational map
Y 99K X as follows. Take a nonsingular quadric Q ∈ N and choose a ruling
of (k− 1)-planes in Q. If Q = V (q), then Π = |L|, where L is an isotropic k-
dimensional linear subspace of the quadratic form q, hence it can be extended
to a unique maximal isotropic subspace of q in any of the two families of such
subspaces. Thus Λ is contained in a unique (k − 1)-plane Π from the chosen
ruling. The restriction of N to Π is a linear system of quadrics of dimension
k − 2 with Λ contained in the base locus. The free part of the linear system is
a linear system of hyperplanes through a fixed point x. This point belongs to
all quadrics inN , hence belongs to X . So this point is taken to be the value of
our map at the pair Q plus a ruling.

Applying this Lemma to the case when the linear system of quadrics consists
of diagonal quadrics, we obtain that the discriminant hypersurface in N is the
union of hyperplanes

k∑
i=0

aijti = 0, j = 0, . . . , 2k + 1.
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This shows that in the case when the hyperplanes, considered as points in the
dual space, lie on a Veronese curve, the base locus X of N is birationally
isomorphic to the quotient X/G.

This applies to our situation, and gives the following.

Theorem 10.3.16 The surface S given by Equation (10.29) is birationally
isomorphic to the double cover of P2 branched along the six lines `i = V (z0 +

aiz1 + a2
i z2). It is also birationally isomorphic to the quotient S/G, where G

consists of involutions [t0, . . . , t5] 7→ [ε0t0, . . . , ε5t5] with ε0 · · · ε5 = 1.

Remark 10.3.17 Consider the double cover F of P2 branched over six lines
`1, . . . , `6 tangent to an irreducible conic C. It is isomorphic to a hypersurface
in P(1, 1, 1, 3) given by the equation z2 − f6(t0, t1, t2), where V (f6) is the
union of 6 lines. The restriction of f6 to the conicC is the divisor 2D, whereD
is the set of points where the lines are tangent to C. Since C ∼= P1 we can find
a cubic polynomial g(t0, t1, t2) which cuts out D in C. Then the preimage of
C in F is defined by the equation z2−g2

3 = 0 and hence splits into the union of
two curves C1 = V (z−g3) and C2 = V (z+g3) each isomorphic to C. These
curves intersect at six points. The surface F has 15 ordinary double points over
the points pij = `i ∩ `j . Let F̄ be a minimal resolution of F . It follows from
the adjunction formula for a hypersurface in a weighted projective space that
the canonical class of F is trivial. Thus F̄ is a K3 surface. Since C does not
pass through the points pij we may identify C1, C2 with their preimages in F̄ .
Since C1

∼= C2
∼= P1, we have C2

1 = −2. Consider the divisor class h on F̄
equal to C1 + L, where L is the preimage of a line in P2. We have

h2 = C2
1 + 2C1 · L+ L2 = C2

1 + (C1 + C2) · L+ L2 = −2 + 4 + 2 = 4.

We leave it to the reader to check that the linear system |H|maps F̄ to a quartic
surface in P3. It blows down all 15 exceptional divisors of F̄ → F to double
points and blows down C1 to the sixteenth double point.

Conversely, let Y be a quartic surface in P3 with 16 ordinary double points.
Projecting the quartic from a double point q, we get a double cover of P2

branched along a curve of degree 6. It is the image of the intersection R of Y
with the polar cubicPq(Y ). Obviously,R the singular points of Y are projected
to 15 singular points of the branch curve. A plane curve of degree 6 with 15
singular points must be the union of six lines `1, . . . , `6. The projection of the
tangent cone at q is a conic everywhere tangent to these lines.

Theorem 10.3.18 A Kummer surface is projectively isomorphic to a quartic
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surface in P3 with equation

A(x4 + y4 + z4 + w4) + 2B(x2y2 + z2w2) (10.32)

+2C(x2z2 + y2w2) + 2D(x2w2 + z2y2) + 4Exyzw = 0,

where

A(A2 + E2 −B2 − C2 −D2) + 2BCD = 0. (10.33)

The cubic hypersurface defined by the above equation is isomorphic to the
Segre cubic primal.

Proof Choosing apolar linear line complexes, we transform the Klein quadric
to the form t21 + . . . + t26 = 0. Consider the Heisenberg group with nonzero
elements defined by involutions associated to a pair of apolar linear line com-
plexes. The Heisenber group is induced by transformations of P3 listed in Sub-
section 10.2.1. In these coordinates the equation of the Kummer surface must
be invariant with respect to these transformations. It is immediately checked
that this implies that the equation must be as in (10.32). It remains for us to
check the conditions on the coefficients. We know that a Kummer surface con-
tains singular points. Taking the partials, we find

Ax3 + x(By2 + Cz2 +Dw2) + Eyzw = 0,

Ay3 + y(Bx2 + Cw2 +Dz2) + Exzw = 0,

Az3 + z(Bw2 + Cx2 +Dy2) + Exyw = 0,

Aw3 + w(Bz2 + Cy2 +Dx2) + Exyz = 0.

Multiplying the first equation by y and the second equation by x, and adding
up the two equations, we obtain

(A+B)(x2 + y2) + (C +D)(z2 + w2) = α
x2 + y2

x2y2
, (10.34)

where α = −Exyzw. Similarly, we get

(C +D)(x2 + y2) + (A+B)(z2 + w2) = α
z2 + w2

z2w2
. (10.35)

Dividing the first equation by x2 + y2, the second equation by z2 + w2, and
adding up the results, we obtain

2(A+B) + (C +D)
(z2 + w2

x2 + y2
+
z2 + w2

x2 + y2

)
= α

( 1

x2y2
+

1

z2w2

)
. (10.36)
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Multiplying both sides of equations (10.34) and (10.35), and dividing both
sides by (x2 + y2)(z2 + w2), we obtain

(A+B)2 + (C +D)2 + (A+B)(C +D)
(z2 + w2

x2 + y2
+
z2 + w2

x2 + y2

)
= E2.

Now, we multiply Equation (10.35) by A+B, and, after subtracting Equation
(10.36) from the result, we obtain

(A+B)2 − (C +D)2 + E2 = α(A+B)(
1

x2y2
+

1

z2w2
).

Similarly, we get

(A−B)2 − (C −D)2 + E2 = −α(A−B)(
1

x2y2
+

1

z2w2
),

hence,
(A+B)2 − (C +D)2 + E2

(A−B)2 − (C −D)2 + E2
+
A+B

A−B
= 0.

From this we easily derive (10.33).
Equation (10.33) defines a cubic hypersurface in P4 isomorphic to the Segre

cubic primal S3 given by Equation (9.47). After substitution

A = z0 + z3, (10.37)

B = z0 + 2z2 + 2z4 + z3,

C = z0 + 2z1 + 2z4 + z3,

D = −z0 − z1 − 2z2 − z3,

E = −2z0 + 2z3,

we obtain the equation

z3
0 + z3

1 + z3
2 + z3

3 + z3
4 − (z0 + z1 + z2 + z3 + z4)3 = 0.

Since Kummer surfaces depend on three parameters, and the Segre cubic is
irreducible, we obtain that a general point on the Segre cubic corresponds to a
Kummer surface.

Let V = H0(P3,OP3(4))H2 ∼= C5 with coordinatesA,B,C,D,E. The lin-
ear system |V | ⊂ |OP3(4)| defines a map Φ : P3 → |V |∨ ∼= P4 whose image
is isomorphic to the orbit space X = P3/H2 from (10.18). The preimage of a
hyperplane in P4 is singular if and only if it does not intersect X transversally.
This implies that the dual of the hypersurface X is equal to the Segre pri-
mal cubic S3, and, by Proposition 9.4.18, it is isomorphic to the Castelnuovo-
Richmond quartic.
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A tangent hyperplane of CR4 at its nonsingular point is a quartic surface
with 16 nodes, 15 come from the 15 singular lines of the hypersurface and one
more point is the tangency point. It coincides with the surface corresponding
to the point on the dual hypersurface. In this way we see a moduli-theoretical
interpretation of the set of nonsingular points of CR4. They correspond to the
Kummer surfaces of abelian surfaces equipped with some additional data. Re-
call that that we have chosen Klein coordinates in the Plücker space that al-
lowed us to write the equation of a Kummer surface inH2-invariant form. The
double plane construction model of the Jacobian Kummer surface comes with
the order on the set of six lines defining the branch curve. This is the same
as the order on six Weierstrass points of the corresponding curve of genus 2.
As we saw in Chapter 5, the order on the Weierstrass point is equivalent to a
choice of a symplectic basis in the group of 2-torsion points of the Jacobian
variety. In this way we see that a Zariski open subset of CR4 can be identified
with the moduli space of Jacobian abelian surfaces with full level 2 structure
defined by a choice of a symplectic basis in the group of 2-torsion points. It
turns out that the whole hypersurface CR4 is isomorphic to a certain natural
compactification A2(2) of the moduli space of abelian surface with full level
2 structure. This was proven by J. Igusa in [313], who gave an equation of the
quartic CR4 in different coordinates. The quartic hypersurface isomorphic to
CR4 is often referred to in modern literature as an Igusa quartic (apparently,
reference [175] is responsible for this unfortunate terminology).

The 16 singular points of the Kummer surface Y given by (10.32) form
an orbit of H2. As we know this orbit defines a (166)-configuration. A plane
containing a set of six points cuts out on Y a plane quartic curve with 6 singular
points, no three of them lying on a line. This could happen only if the plane is
tangent to the surface along a conic. This conic, or the corresponding plane, is
called a trope. Again this confirms the fact that in any general H2-orbit a set
of coplanar six points from the (166)-configuration lies on a conic.

On a nonsingular model of Y isomorphic to the octavic surface S in P5

the exceptional curves (the singular lines of the quadratic complex) of the
16 singular points and the proper transforms of 16 tropes form the (166)-
configuration of lines.

Consider the Gauss map from Y to its dual surface Y ∨ given by cubic par-
tials. Obviously, it should blow down each trope to a singular point of Y ∨.
Thus Y ∨ has at least 16 singular points. It follows from the Plücker-Teissier
formulas (1.2.7) that each ordinary double point decreases the degree of the
dual surface by 2. Thus the degree of the dual surface Y ∨ is expected to be
equal to 36− 32 = 4. In fact we have the following beautiful fact.
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Theorem 10.3.19 A Kummer surface is projectively isomorphic to its dual
surface.

Proof In the proof of Theorem 10.3.18 we had computed the partial cubics
of Equation (10.32). The linear system of the partial cubics is invariant with
respect to the action of the Heisenberg group H2 and defines an isomorphism
of projective representations. If we choose a basis appropriately, we will be
able to identify H2-equivariantly the dual of the linear system with the origi-
nal space P3. We know that the image of the surface is a quartic surface with
16 singular points. Since the tropes of the original surfaces are mapped to sin-
gular points of the dual surface, we see that the two surfaces share the same
configurations of nodes and tropes. Thus they share 16 conics, and hence co-
incide (since the degree of intersection of two different irreducible surfaces is
equal to 16).

Remark 10.3.20 One can see the duality also from the duality of the quadratic
line complexes. If we identify the space E = C4 with its dual space by means
of the standard basis e1, e2, e3, e4 and its dual basis e∗1, e

∗
2, e
∗
3, e
∗
4, then the

Plücker coordinates pij = e∧i e
∗
j in

∧2
E can be identified with the Plücker

coordinates p∗ij = ei ∧ ej in
∧2

E∨. The Klein quadrics could be also identi-
fied. Now the duality isomorphism G(2, E) → G(2, E∨), ` 7→ `⊥, becomes
compatible with the Plücker embeddings. The quadratic line complex given in
Klein coordinates by two diagonal quadrics (10.28) is mapped under the dual-
ity isomorphism to the quadratic line complex given by two diagonal quadrics∑
y2
i = 0,

∑
a−1
i y2

i = 0, the dual quadrics. However, the intersection of these
two pairs of quadrics is projectively isomorphic under the scaling transforma-
tion yi 7→

√
aiyi. This shows that, under the duality isomorphism, the singular

surfaces of the quadratic line complex and its dual are projectively isomorphic.
It follows from the definition of the duality that the tropes of the Kummer sur-
face correspond to β-planes that intersect the quadratic line complex along the
union of two lines.

The Kummer surface admits an infinite group of birational automorphisms.
For a general one, the generators of this group have been determined in modern
works of J. Keum [331] and S. Kondō [344]. We give only examples of some
automorphisms.

• Projective automorphisms defined by the Heisenberg group. They corre-
spond to translations by 2-torsion points on the abelian surface cover.

• Involutions defined by projections from one of 16 nodes.
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• Switches defined by choosing a duality automorphism and composing it
with elements of the Heisenberg group.

• Cubic transformations given in coordinates used in Equation (10.32) by

(x, y, z, w) 7→ (yzw, xzw, xyw, xyz)

.
• Certain automorphisms induces by Cremona transformations of degree 7.

10.3.4 Harmonic complex

Consider a pair of irreducible quadrics Q1 and Q2 in Pn. A harmonic line
complex or a Battaglini complex is the closure in G1(Pn) of the locus of lines
which intersectQ1 andQ2 at two harmonically conjugate pairs. Let us see that
this is a quadratic line complex and find its equation.

Let A = (aij), B = (bij) be two symmetric matrices defining the quadrics.
Let ` = xy, where x = [v], y = [w] for some v, w ∈ C4. Let ` = [sv + tw]

be a parametric equation of `. Then the restriction of Q1 to ` is a binary form
in s, t defined by (vAv)s2 + 2(vAw)st + (wAw)t2 and the restriction of Q2

to ` is defined by the bilinear form (vBw)s2 + 2(vBw)st + (wBw)t2. By
definition, the two roots of the binary forms are harmonically conjugate if and
only if

(vAv)(wBw) + (wAw)(vBv)− 2(vAw)(vBw) = 0.

Let [vw] be the matrix with two columns equal to the coordinate vectors of v
and w. We can rewrite the previous expression in the form

det
(
t[vw][AvBw]

)
+ det

(
t[v, w][BvAw]

)
= 0. (10.38)

The expression is obviously a quadratic form on
∧2 Cn+1 and also a symmet-

ric bilinear form on the space of symmetric matrices. Take the standard basis
Eij + Eji, Eii, 1 ≤ i ≤ j ≤ n + 1, of the space of symmetric matrices and
compute the coefficients of the symmetric bilinear forms in terms of coordi-
nates of v and w. We obtain

aij;kl = 4(xixjykyl + xkxlyiyj)− 2(xkyl + xlyk)(xjyi + xiyj)

= 2(pikpjl + pilpjk),

where pab = −pba if a > b. Thus (10.38) is equal to∑
(aijbkl + aklbij)(pikpjl + p′ilpjk) = 0. (10.39)
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This is an equation of a quadratic complex. If we assume that aij = bij = 0 if
i 6= j, then the equation simplifies∑

(aiibjj + ajjbii)p
2
ij = 0. (10.40)

Consider the pencil P of quadrics λQ1 + µQ2. Let us assume, for simplicity,
that the equations of the quadrics can be simultaneously diagonalized. Then a
line ` is tangent to a quadric from P if and only if∑

(λaii + µbii)(λajj + µbjj)p
2
ii

=
∑

(λ2aiiajj + λµ(aiibjj + ajjbii) + µ2biibjj)p
2
ij = 0.

The restriction of the pencil to ` is a linear series g1
2 unless ` has a base point

in which case the line intersects the base locus of the pencil. The two quadrics
which touch ` correspond to the points [λ, µ] ∈ P which satisfy the equation
in above. Denote by A, 2B,C the coefficients at λ2, λµ, µ2. The map

G1(Pn)→ P2, ` 7→ [A,B,C]

is a rational map defined on the complement of codimension 3 subvariety of
G1(Pn) given by the equations A = B = C = 0. Its general fiber is the
loci of lines which touch a fixed pair of quadrics in the pencil. It is given by
intersection of two quadratic line complexes. In case n = 2, we recognize a
well-known fact that two conics have four common tangents. The preimage of
a line At0 + 2Bt1 + Ct2 = 0 with AC − B2 = 0 is a line complex such that
there is only one quadric in the pencil which touches the line. Hence it equals
the Chow form of the base locus, a hypersurface of degree 4 in G(2, n).

Let us consider the case n = 3. In this case a harmonic line complex is a
special case of a quadratic line complex given by two quadrics

Q1 := p12p34 − p13p24 + p14p23 = 0,

calQ2 := a12p
2
12 + · · ·+ a34p

2
34 = 0.

We assume that Q2 is a nonsingular quadric, i.e. all aij 6= 0. It is easy to see
that the pencil λQ1 + µQ2 = 0 has six singular quadrics corresponding to the
parameters

[1,±
√
a12a34], [1,±

√
a13a24], [1,±

√
a14a23].

Thus we diagonalize both quadrics to reduce the equation of the quadratic line
complex to the form

t20 + · · ·+ t25 = 0,
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k1(t20 − t21) + k2(t22 − t23) + k3(t24 − t25) = 0.

The genus 2 curve corresponding to the intersection of the two quadrics is a
special one. Its branch points are [1,±k1], [1,±k2], [1,±k3]. The involution of
P1 defined by [t0, t1] 7→ [t0,−t1] leaves the set of branch points invariant and
lifts to an involution of the genus 2 curve. It follows from the description of
binary forms invariant under a projective automorphism of finite order given
in Section 8.8.4 that there is only one conjugacy class of involutions of order 2
and each binary sextic whose set of zeros is invariant with respect an involution
can be reduced to the form (t20− t21)(t20−αt21)(t20−βt21). Thus we see that the
harmonic line complexes form a hypersurface in the moduli space of smooth
complete intersections of two quadrics in P5. It is isomorphic to the hypersur-
face inM2 formed by isomorphism classes of genus 2 curves admitting two
commuting involutions.

Proposition 10.3.21 The singular surface of a harmonic line complex is pro-
jectively isomorphic to a quartic surface given by Equation (10.32) with coef-
ficient E equal to 0.

Proof We use that, in Klein coordinates, our quadratic line complex has ad-
ditional symmetry defined by the transformation

(t0, t1, t2, t3, t4, t5) 7→ (−it1, it0,−it3, it2,−it5, it4).

Here we may assume that t0 = i(p14 − p23), t1 = p14 + p23, etc. The trans-
formation of P3 that induces this transformation is defined by [x, y, z, w] 7→
[−x, y, z, w]. Equation (10.32) shows that the Kummer surface is invariant
with respect to this transformation if and only if the coefficient E is zero.

Note that under the isomorphism from the cubic (10.33) to the Segre cubic
primal given by formulas (10.37), the coefficient E is equal to −z0 + z3. This
agrees with a remark before Lemma 9.4.11.

Consider the Kummer surface S given by Equation (10.32) with E = 0.
Intersecting the surface with the plane x = 0 we obtain the plane quartic with
equation Q(x2, y2, z2) = 0 where Q = A(s2 + u2 + v2) + 2Bsu + 2Csv +

2Duv. Its discriminant is equal toA(A2−B2−C2−D2)+2BCD. Comparing
it with Equation (10.33), we find that the quadratic form is degenerate. Thus the
plane section of the Kummer surface is the union of two conics with equations
(ax2 + by2 + cz2)(a′x2 + b′y2 + c′z2) = 0. The four intersection points of
these conics are singular points of S. This easily follows from the equations
of the derivatives of the quartic polynomial defining S. Thus we see that the
16 singular points of the Kummer surface lie by four in the coordinate planes
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x, y, z, w = 0. Following A. Cayley [73], a Kummer surface with this property
is called a Tetrahedroid.

Note the obvious symmetry of the coordinate hyperplane sections. The co-
ordinates of 16 nodes can be put in the following symmetric matrix:

0 ±a12 ±a13 ±a14

±a21 0 ±a23 ±a24

±a31 ±a32 0 ±a34

±a41 ±a42 ±a43 0

 .

The complete quadrangle formed by four nodes p1, . . . , p4 in each coordinate
plane has the property that the lines pipj and pkpl with {i, j, } ∩ {k, l} = ∅
intersect at the vertices of the coordinate tetrahedron. One can also find the
16 tropes. Take a vertex of the coordinate tetrahedron. There will be two pairs
of nodes, not in the same coordinate plane, each pair lying on a line passing
through the vertex. For example,

[0, a12, a13, a14], [0, a12,−a13, a14], [0, a21, 0, a23, a24], [0, a21, 0,−a23, a24].

The plane containing the two pairs contains the third pair. In our example,
the third pair is [a41,−a42, a43, 0], [a41,−a42,−a43, 0]. This is one of the 16
tropes. Its equation is a24x+a14y−a12w = 0. Similarly, we find the equations
of all 16 tropes

±a34y ± a42z ± a23w = 0,

±a34x± a41z ± a13w = 0,

±a24x± a41y ± a12w = 0,

±a23x± a31y ± a12z = 0.

Remark 10.3.22 For experts on K3 surfaces, let us compute the Picard lattice
of a general Tetrahedroid. Let σ : S̃ → S be a minimal resolution of S. Denote
by h the class of the preimage of a plane section of S and by ei, i = 1, . . . , 16,
the classes of the exceptional curves. Let c1 and c2 be the classes of the proper
transforms of the conics C1, C2 cut out by one of the coordinate plane, say
x = 0. We have

c1 + c2 = h− e1 − e2 − e3 − e4.

Obviously, c1 ·c2 = 0 and h·ci = 2 and c2i = −2. Consider another coordinate
plane and another pair of conics. We can write

c3 + c4 = h− e5 − e6 − e7 − e8.
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This shows that the classes of the eight conics can be expressed as linear com-
binations of classes h, ei and c = c1. It is known that the Picard group of a gen-
eral Kummer surface is generated by the classes ei and the classes of tropes
ti satisfying 2ti = h − ei1 − · · · − ei6 . The Picard group of a Tetrahedroid
acquires an additional class c.

The Jacobian variety of a genus 2 curve C with two commuting involutions
contains an elliptic curve, the quotient of C by one of the involutions. In the
symmetric product C(2) it represents the graph of the involution. Thus it is
isogenous to the product of two elliptic curves.

Note that the pencil of quadrics passing through the set of eight points (C1∩
C2)∪ (C3 ∩C4) defines a pencil of elliptic curves on S̃ with the divisor class

2h− e1 − e2 − e3 − e4 − e5 − e6 − e7 − e8 = c1 + c2 + c3 + c4.

Since c1 ·c2 = c3 ·c4 = 0, Kodaira’s classification of fibres of elliptic fibrations
shows that c1, c2, c3, c4 are the classes of irreducible components of a fiber of
type I4. This implies that the four intersection points (C1 ∪ C2) ∩ (C3 ∪ C4)

lie on the edges of the coordinate tetrahedron.

The parametersA,B,C,D used to parameterize Tetrahedroid surfaces have
be considered as points on the cubic surface

A(A2 −B2 − C2 −D2) + 2BCD = 0.

One can write an explicit rational parameterization of this surface using the
formulas

A = 2abc, B = a(b2 + c2), C = b(a2 + c2), D = c(a2 + b2).

The formulas describe a rational map P2 99K P3 of degree 2 given by the
linear system of plane cubics with three base points p1 = [1, 0, 0], p2 =

[0, 1, 0], p3 = [0, 0, 1]. It extends to a degree 2 map from a del Pezzo surface
of degree 6 onto a 4-nodal cubic surface. In fact, if one considers the stan-
dard Cremona involution [a, b, c] 7→ [a−1, b−1, c−1], then we observe that the
map factors through the quotient by this involution. It has four singular points
corresponding to the fixed points

[a, b, c] = [1, 1, 1], [−1, 1, 1], [1,−1, 1], [1, 1,−1].

of the Cremona involution. The corresponding singular points are the points
[1, 1, 1, 1], [1, 1,−1,−1], [1,−1, 1,−1], [1,−1,−1, 1].

If we change the variables X2 = bcx2, Y 2 = acy2, X2 = abx2,W = w,
the equation

A(x4 + y4 + z4 + w4) + 2B(x2w2 + y2z2) + 2C(y2w2 + x2z2)
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+2D(z2w2 + x2y2) = 0

is transformed to the equation

(X2 + Y 2 + Z2)(a2X2 + b2Y 2 + c2Z2)−

[a2(b2+c2)X2W 2+b2(c2+a2)Y 2W 2+c2(a2+b2)Z2W 2]+a2b2c2W 4 = 0,

or, equivalently,

a2x2

x2 + y2 + z2 − a2w2
+

b2y2

x2 + y2 + z2 − b2w2
+

c2z2

x2 + y2 + z2 − c2w2
= 0.

(10.41)
When a, b, c are real numbers, the real points (x, y, z, 1) ∈ P3(R) on this sur-
face describe the propagation of light along the interface between two different
media. The real surface with Equation (10.41) is called a Fresnel’s wave sur-
face. It has four real nodes(

±c
√
a2 − b2
a2 − c2

, 0,±a
√
b2 − c2
a2 − c2

, 1
)
,

where we assume that a2 > b2 > c2. It has four real tropes given by planes
αx+ βy + γz + w = 0, where

(α, β, γ, 1) =
(
± c

b2

√
a2 − b2
a2 − c2

, 0,± a

b2

√
b2 − c2
a2 − c2

, 1
)
.

One of the two conics cut out on the surface by coordinate planes is a circle. On
the planew = 0 at infinity one of the conics is the ideal conic x2+y2+z2 = 0.

10.3.5 The tangential line complex

When we considered the harmonic line complex defined by two quadrics Q1

and Q2 we did not need to assume that the quadrics are different. In the case
when Q1 = Q2 = Q, the definition of a harmonic self-conjugate pair implies
that the two points in the pair coincide, i.e. the line is tangent to the quadric.
This is a special case of the harmonic complex, the locus of tangent lines to a
quadric.

Equation (10.39) gives us the equation of the tangential line complex of a
quadric Q defined by a symmetric matrix A = (aij):∑

aijakl(p
′
ikp
′
jl + p′ilp

′
jk) = 0. (10.42)
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Proposition 10.3.23 The tangential quadratic line complexXQ associated to
a nonsingular quadric surface Q in Pn is singular along the variety OG(2, Q)

of lines contained in Q.

Proof It is easy to see that a line P in G = G1(Pn) is a pencil of lines
in some plane Π in Pn. The plane Π intersects Q in a conic. If the line is
general, then the conic is nonsingular, and the pencil P contains two points
represented by lines in Π that are tangent to the conic. This confirms that XQ

is a quadratic complex. Now, assume that ` is contained in Q. A general line P
in G containing ` contains only one point represented by a line in Pn tangent to
Q, namely the line `. This shows that P is tangent to XQ at the point `. Since
P was a general line in G, it shows that the tangent space of XQ at ` coincides
with the tangent space of G at `. This implies that XQ is singular at `. Since
XQ is a quadratic complex, ` is point of multiplicity 2 in XQ.

Let TQ be the tangent bundle of Q and let σ : |TQ| → Q be its projectiviza-
tion. The fiber of |TQ| at a point x ∈ Q consists of lines tangent to Q at x. This
defines a natural birational morphism

π : P(T ∨Q )→ XQ

which is a resolution of singularities of the tangential complex. It is easy to see
that OG(2, Q) is of codimension 2 in XQ. Thus the exceptional divisor of π is
isomorphic to a P1-bundle over OG(2, Q).

Remark 10.3.24 One can identify
∧2 Cn+1 with the Lie algebra so(n+1) of

the special orthogonal group SO(n + 1) of the space Cn+1 equipped with the
dot-product symmetric bilinear form and the associated quadratic form q. The
orthogonal group SO(n+1) acts naturally on its Lie algebra so(n+1) by means
of the adjoint representation. One can speak about adjoint orbits of SO(n+ 1)

in |so(n+1)|. The variety OG(2, Q) of lines inQ = V (q) is identified with the
variety of 2-dimensional isotropic linear subspaces in Cn+1. It is known that
this variety is the unique closed orbit. It is called the minimal adjoint orbit. The
adjoint orbits are ordered with respect to the relation that one orbit is contained
in the closure of another orbit. The tangential line complexXQ is a supminimal
adjoint orbit in the sense that the minimal orbit is the only orbit contained in
the boundary of its closure. Considered as linear operators, points in OG(2,Q)

are operators A of rank 2 satisfying A2 = 0, and points of XQ are operators of
rank 2 satisfying A3 = 0 (see, for example, [32]). In particular, we see that the
variety OG(2, Q) can be given by quadratic equations expressing the condition
that the square of the matrix (pij) is equal to 0.

Thus both orbits are nilpotent orbits, i.e. they are contained in the subvariety
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of nilpotent linear operators. We refer for the classification of nilpotent orbits to
[122]. For classical Lie algebras sln+1, son+1, son+1, the nilpotent orbits are
classified by partition of n+ 1 defining the Jordan form of the linear operator.
Thus the minimal orbit OG(2, Q) corresponds to the partition (2, 2, 1, . . . , 1)

and the supminimal orbit corresponds to the partition (3, 1, . . . , 1).
Replacing the Lie algebra so(n + 1) by any simple complex lie algebra g

we obtain an analog of the tangential line complex XQ and its singular lo-
cus OG(2,Q). The latter becomes the unique minimal adjoint orbit in |g|, the
former becomes the unique supminimal adjoint orbit. Both of these orbits are
nilpotent orbits, i.e. they are contained in the subvariety of nilpotent elements
of the Lie algebra. An algebraic variety isomorphic to a minimal adjoint orbit
for some simple Lie algebra g is called a adjoint variety. The adjoint vari-
eties and, in particular, the line complexes OG(2,Q) of lines in a nonsingular
quadric, are Fano contact varieties. Recall that a complex manifoldM is called
a contact manifold if its tangent bundle TM contains a corank one subbundle
F such that the bilinear form F × F → TM/F defined by the Lie bracket is
nondegenerate. It is conjectured that any Fano contact variety is isomorphic to
an adjoint variety (see [35]).

10.3.6 Tetrahedral line complex

Consider the union of four planes in P3 which define a coordinate tetrahedron
in the space. Let q1, q2, q3, q4 be its vertices, `ij = qiqj be its edges and πi =

qjqkql be its faces. Let [A,B] ∈ P1 and C be the closure of the set of lines in
P3 intersecting the four faces at four distinct points with the cross ratio equal
to [A,B]. Here we assume that the vertices of the tetrahedron are ordered in
some way. It is easy to see that C is a line complex. It is called a tetrahedral
line complex.

Proposition 10.3.25 A tetrahedral line complex C is of degree 2. If pij are the
Plücker coordinates with respect to the coordinates defined by the tetrahedron,
then C is equal to the intersection of the Grassmannian with the quadric

Ap12p34 −Bp13p24 = 0. (10.43)

Conversely, this equation defines a tetrahedral line complex.

Proof Let ` be a line spanned by the points [a1, a2, a3, a4] and [b1, b2, b3, b4].
It intersects the face πi at the point corresponding to the coordinates on the line
[s, t] = [bi,−ai], i = 1, . . . , 4. We assume that ` does not pass through one of
the vertices. Then ` intersects the faces at four points not necessarily distinct
with cross ratio equal to [p12p34, p13p24], where pij are the Plücker coordinates
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of the line. So, the equation of the tetrahedral line complex containing the line
is [p12p34, p13p24] = [a, b] for some [a, b] ∈ P1.

Note that any tetrahedral line complex C contains the set of points inG(2, 4)

satisfying pis = pit = pik = 0 (the lines in the coordinate plane ti = 0). Also,
any line containing a vertex satisfies pij = pjk = pik = 0 and hence also is
contained in C. Thus we obtain that C contains four planes from one ruling of
the Klein quadric and four planes from another ruling. Each plane from one
ruling intersects three planes from another ruling along a line and does not
intersect the fourth plane.

Observe that the tetrahedral line complex is reducible if and only if the cor-
responding cross ratio is equal to 0, 1,∞. In this case it is equal to the union of
two hyperplanes representing lines intersecting one of the two opposite edges.
An irreducible tetrahedral line complex has six singular points corresponding
to the edges of the coordinate tetrahedron. Their Plücker coordinates are all
equal to zero except one.

Proposition 10.3.26 The singular surface of an irreducible tetrahedral line
complex C is equal to the union of the faces of the coordinate tetrahedron.

Proof We know that the degree of the singular surface is equal to 4. So, it
suffices to show that a general point in one of the planes of the tetrahedron be-
longs to the singular surface. The lines in this plane belong to the complex. So,
a line in the plane passing through a fixed point p0 is an irreducible component
of the conic Ω(p0) ∩ C. This shows that p0 belongs to the singular surface of
C.

From now on we consider only irreducible tetrahedral line complexes. There
are different geometric ways to describe a tetrahedral complex.

First we need the following fact, known as von Staudt’s Theorem (see [538].

Theorem 10.3.27 (G. von Staudt) Let ` be a line belonging to a tetrahe-
dral line complex C defined by the cross ratio R. Assume that ` does not pass
through the vertices and consider the pencil of planes through `. Then the cross
ratio of the four planes in the pencil passing through the vertices is equal toR.

Proof Let e1, e2, e3, e4 be a basis in E = C4 corresponding to the vertices of
the tetrahedron. Choose the volume form ω = e1∧e2∧e3∧e4 and consider the
star-duality in

∧2
E defined by (α, β) = (α ∧ β)/ω. Under this duality (ei ∧

ej , ek ∧ el) = 1(−1) if (i, j, k, l) is an even (odd) permutation of (1, 2, 3, 4)

and 0 otherwise. Let γ =
∑

1≤i<j≤4 pijei ∧ ej be the 2-form defining the line
` and let γ∗ =

∑
p′ijei ∧ ej define the dual line `∗, where ei ∧ ej is replaced

with (ei ∧ ej , ek ∧ el)ek ∧ ei, where i, j, k, l are all distinct. The line ` (resp.
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`∗) intersects the coordinate planes at the points represented by the columns of
the matrix

A =

 0 p12 p13 p14

−p12 0 p23 p24

−p13 −p23 0 p34

−p14 −p24 −p34 0

 , resp.B =

 0 p34 −p24 p23

−p34 0 p14 −p13

p24 −p14 0 p12

−p23 p13 −p12 0

 .

We haveA ·B = B ·A = 0. It follows from the proof of the previous Proposi-
tion that the cross ratio of the four points on `∗ is equal to (p′13p

′
24, p

′
12p
′
34) =

(p24p13, p24p13). Thus ` and `∗ belong to the same tetrahedral line complex.
Now a plane containing ` can be identified with a point on `∗ equal to the
intersection point. A plane containing e1 and ` is defined by the 3-form

e1 ∧ γ = p23e1 ∧ e2 ∧ e3 + p24e1 ∧ e2 ∧ e4 + p34e1 ∧ e3 ∧ e4

and we check that e1 ∧ γ ∧ (−p34e2 + p24e3 − p23e4) = 0 since B · A = 0.
This means that the plane containing e1 intersects `∗ at the first point on `∗

defined by the first column. Thus, under the projective map from the pencil of
planes through ` to the line `∗, the plane containing e1 is mapped to the inter-
section point of `∗ with the opposite face of the tetrahedron defined by t0 = 0.
Similarly, we check that the planes containing other vertices correspond to in-
tersection points of `∗ with the opposite faces. This proves the assertion.

Proposition 10.3.28 A tetrahedral line complex is equal to the closure of the
set of secants of rational cubic curves in P3 passing through the vertices of the
coordinate tetrahedron.

Proof Let R be one of those curves and x ∈ R. Projecting from x we get
a conic C in the plane with four points, the projections of the vertices. Let
` = xy be a secant of R. The projection ȳ of y is a point on the conic C and
the pencil of lines through ȳ is projectively equivalent to the pencil of planes
through the secant `. Under this equivalence, the planes passing through the
vertices of the tetrahedron correspond to the lines connecting their projection
with ȳ. Applying von Staudt’s Theorem, we conclude the proof.

Consider the action of the torus T = (C∗)4 on P3 by scaling the coordinates
in E = C4. Its action on

∧2
E is defined by

(t1, t2, t3, t4) : (p12, . . . , p34) 7→ (t1t2p12, . . . , t3t4p34).

It is clear that the Klein quadric is invariant with respect to this action. This
defines the action of T on the Grassmannian of lines. It is also clear that the
equations of a tetrahedral line complex C are also invariant with respect to
this action, so T acts on a tetrahedral complex. If ` ∈ C has nonzero Plücker



620 Geometry of Lines

coordinates (a general line), then the stabilizer of ` is equal to the kernel of the
action of T in P3, i.e. equal to the diagonal group of (z, z, z, z), z ∈ C∗. Hence
the orbit of ` is 3-dimensional, and since C is irreducible and 3-dimensional, it
is a dense Zariski subset of C. Thus we obtain that C is equal to the closure of
a general line in G(2, 4) under the torus action. Since any general line belongs
to a tetrahedral line complex, we get an equivalent definition of a tetrahedral
line complex as the closure of a torus orbit of a line with nonzero Plücker
coordinates.

Here is another description of a tetrahedral complex. Consider a projective
automorphism φ : P3 → P3 with four distinct fixed points and let C be the
closure of lines xφ(x), where x is not a fixed point of φ. Let us see that C
is an irreducible tetrahedral complex. Choose the coordinates in C4 such that
the matrix of φ is a diagonal matrix with four distinct eigenvalues λi. Then
C is the closure of lines defined by 2-vectors γ = A · v ∧ v, v ∈ C4. A
straightforward computation shows that the Plücker coordinates of γ are equal
to pij = titj(λi − λj), where (t1, . . . , t4) are the coordinates of the vector
v. Thus, if we take v with nonzero coordinates, we obtain that C contains the
torus orbit of the vector with nonzero Plücker coordinates pij = λi − λj . As
we explained in above, C is an irreducible tetrahedral complex.

It is easy to see that the map which assigns to a point x ∈ P3 the line xφ(x)

defines a birational transformation Φ : P3 99K C with fundamental points at
the fixed points of φ. It is given by quadrics. The linear system of quadrics
through four general points in P3 is of dimension 5 and defines a rational map
from P3 to P5. The preimage of a general plane is equal to the intersection of
three general quadrics in the linear system. Since there are four base points, we
obtain that the residual intersection consists of four points. This implies that
the linear system defines a map of degree 2 onto a quadric in P5 or a degree 1
map onto a threefold of degree 4. Since a tetrahedral line complex is obtained
in this way and any four general points in P3 are projectively equivalent, we
see that the image must be projectively isomorphic to a tetrahedral complex.
Observe that the six lines joining the pairs of fixed points of φ are blown down
to singular points of the tetrahedral complex. Also, we see the appearance of
eight planes; four of these planes are the images of the exceptional divisors of
the blow-up of P3 at the fixed points, and the other four are the images of the
planes spanned by three fixed points. We see that the blow-up of P3 is a small
resolution of the tetrahedral complex.

There is another version of the previous construction. Take a pencil Q of
quadrics with a nonsingular base curve. Consider a rational map P3 99K G1(P3)

which assigns to a point x ∈ P3 the intersection of the polar planesPx(Q), Q ∈
Q. This is a line in P3 unless x is a singular point of one of quadrics inQ. Un-
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der our assumption on the pencil, there are exactly four such points which we
can take as the points [1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1]. Thus we see
that the rational map is of the same type as in the previous construction and its
image is a tetrahedral complex.

10.4 Ruled surfaces

10.4.1 Scrolls

A scroll or a ruled variety is an irreducible subvariety S of Pn such that there
exists an irreducible family X0 of linear subspaces of dimension r sweeping S
such that a general point of S lies in unique subspace from this family. We will
also assume that each point is contained only in finitely many linear subspaces.
Following classical terminology, the linear subspaces are called generators.
Note that the condition that any point lies in finitely many generators excludes
cones.

We identify X0 with its image in the Grassmann variety G = Gr(Pn). For
any x ∈ X0 let Λx denote the generator defined by the point x. The universal
family

{(x, p) ∈ X0 × Pn : p ∈ Λx}

is isomorphic to the incidence variety ZX0
overX0. The projection ZX0

→ Pn
is a finite morphism of degree 1 which sends the fibres of the projective bundle
ZX0

→ X0 to generators. For any finite morphism ν : X → X0 of degree
1, the pull-back E = ν∗(S∨X0

) defines the projective bundle P(E) and a finite
morphism ν̃ : P(E) → ZX0 such that the composition f : P(E) → ZX0 → S

is a finite morphism sending the fibres to generators. Recall that the projection
ZG → Pn = |E| is defined by a surjection of the locally free sheave α :

E∨ ⊗ OG → S∨G . Thus the morphism f : P(E) → S ⊂ PN is defined by a
surjection

ν∗(α) : E∨ ⊗OX → E .

In particular, the morphism f is given by a linear system |E∨| ⊂ |OP(E)(1)|.
Thus we see that any scroll is obtained as the image of a birational morphism

f : P(E)→ |E|

defined by a linear subsystem of |OP(E)(1)|. The linear system can be identified
with the image of E∨ → H0(X, E) under the surjective map E∨ ⊗OX → E .
This map also gives a finite map ν : X → X0 ⊂ G. The base X of the
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projective bundle π : P(E) → X can be always assumed to be a normal
variety. Then ν : X → X0 is the normalization map.

A scroll defined by the complete linear system |OP(E)(1)| is a linearly nor-
mal subvariety of Pn. It is called a normal scroll. Any scroll is a projection
of a normal scroll. Note that, in many text-books, a normal scroll is assumed
to be a nonsingular variety. We have already classified smooth rational normal
scrolls of dimension 2 in Chapter 8.

A surjective map of locally free sheaves E → F defines a closed embedding
P(F) ↪→ P(E). If rank F = r′ + 1, the image of P(F) under the map f :

P(E) → Pn is an r′-directrix of the scroll, a closed subvariety intersecting
each generator along an r′-plane. If r′ = 0, we get a section of P(E). Its image
is directrix of the scroll, a closed subvariety of the scroll that intersects each
generator at one point. Note that not every directrix comes from a section; for
example, a generator could be a directrix.

Suppose E → E1 and E → E2 are two surjective maps of locally free sheaves
on a smooth curve X . Let E → E1 ⊕ E2 be the direct sum of the maps and let
E ′ be the image of this map which is locally free since X is a smooth curve.
Assume that the quotient sheaf (E1 ⊕ E2)/E ′ is a skyscraper sheaf. Then the
surjection E → E ′ corresponds to a closed embedding j : P(E ′) ↪→ P(E). We
call the projective bundle P(E ′) the join of P(E1) and P(E2). We will denote it
by 〈P(E1),P(E2)〉. The compositions E → E ′ → Ei are surjective maps, hence
the projections E ′ → Ei are surjective and therefore define closed embedding
P(Ei) ↪→ 〈P(E1),P(E2)〉.

It follows from (1.33) that

ωP(E)/X
∼= π∗(det E)(−r − 1). (10.44)

If X admits a canonical sheaf ωX , we get

ωP(E)
∼= π∗(ωX)⊗ π∗ det E)(−r − 1). (10.45)

Let ξ = c1(OP(E)(1)). Recall that the Chern classes ci(E) can be defined by
using the identity in H∗(P(E),Z) (see [281], Appendix A):

(−ξ)r+1 + π∗(c1(E))(−ξ)r + · · ·+ π∗(cr+1(E)) = 0.

Let d = dimX . Multiplying the previous identity by ξd−1, we get

ξd+r =

r+1∑
i=1

(−1)iπ∗(c1(E))ξd+r−i. (10.46)

Assume that d = dimX = 1. Then ci(E) = 0 for i > 1 and c1(E) can be
identified with the degree of det E (the degree of E). Since ξ intersects the
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class of a general fiber with multiplicity 1, we obtain

ξr+1 = deg E . (10.47)

Since |OP(E)(1)| gives a finite map of degree 1, the degree of the scroll S =

f(P(E)) is equal to ξr+1. Also E = ν∗(S∨G), hence

deg E = ν∗(c1(S∨G)) = ν∗(σ1) = deg ν(X) = degX0,

where the latter degree is taken in the Plücker embedding of G. This gives

degS = degX0. (10.48)

The formula is not anymore true if d = dimX > 1. For example, if d = 2,
we get the formula

degS = ξr+2 = π∗(c1(E))ξr+1 − π∗(c2(E))ξr

= π∗(c1(E)2 − c2(E))ξr = c21(E)− c2(E) = ν∗(σ2),

where σ2 is the special Schubert class.

Example 10.4.1 Exercise 19.13 from [277] asks us to show that the degree of
SX may not be equal to degX0 if dimX0 > 1. An example is the scroll S of
lines equal to the Segre variety s2,1(P2 × P1) ⊂ P5. Its degree is equal to 3. If
we identify the space P5 with the projective space of 1-dimensional subspaces
of the space of matrices of size 2 × 3, the Segre variety is the subvariety of
matrices of rank 1. If we take homogeneous coordinates t0, t1, t2 in P2 and
homogeneous coordinates z0, z1 in P1, then S is given by

rank
(
t0z0 t1z0 t2z0

t0z1 t1z1 t2z1

)
≤ 1.

When we fix (t0, t1, t2), the parametric equation of the corresponding line in
P5 is z0[t0, t1, t2, 0, 0, 0] + z1[0, 0, 0, t0, t1, t2]. The Plücker coordinates of the
line are equal to pi4+j = titj , 0 ≤ i ≤ j ≤ 2, with other coordinates equal
to zero. Thus we see that the variety X parameterizing the generators of S
spans a subspace of dimension 5 in P9 and is isomorphic to a Veronese surface
embedded in this subspace by the complete linear system of quadrics. This
shows that the degree of X is equal to 4.

From now on we shall assume that X = C is a smooth curve C so that
the map ν : C → C0 ⊂ Gr(Pn) is the normalization map of the curve C0

parameterizing generators.
Let S1 and S2 be two scrolls in |E| corresponding to vector bundles E1 and
E2 of ranks r1 and r2 and surjections E∨ ⊗ OX → E1 and E∨ ⊗ OX → E2.
Let 〈P(E1),P(E2)〉 be the join in P(E∨ ⊗ OX) = X × |E| and let S be the
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projection of the join to |E| = P(E∨). It is a scroll in |E| whose generators are
the joins of the corresponding generators of S1 and S2. Let {x1, . . . , xm} be
the support of the sheaf E1⊕E2/E ′ and let hi be the dimension of the quotient
at the point xi. Two generators corresponding to a point x 6∈ {x1, . . . , xm}
span a linear subspace of expected dimension r1 + r2 + 1. The generators
corresponding to a point xj span a subspace of dimension r1 + r2 − h1. The
scroll S is denoted by 〈S1, S2〉 and is called the join of scrolls S1 and S2. Since
deg E ′ = deg E1 + deg E2, we obtain

deg〈S1, S2〉 = degS1 + degS2 −
m∑
i=1

hi. (10.49)

Let us consider some special examples.

Example 10.4.2 Let E∨i ⊗ OC → Ei define scrolls Si in |Ei|, i = 1, 2.
Consider the surjection E∨ ⊗OC = (E∨1 ⊕E∨2 )⊗OC → E1 ⊕ E2. It defines
the scroll equal to the join of the scroll S1 ⊂ |E1| ⊂ |E| and the scroll S2 ⊂
|E2| ⊂ |E|. Its degree is equal to degS1 + degS2. For example, let Ei be
an invertible sheaf on C defining a closed embedding τi : C ⊂ |Ei| so that
Si = τi(C) are curves of degree ai spanning Ei. Then the join of S1 and S2 is
a surface of degree a1 + a2 with generators parameterized by C. Specializing
further, we take C = P1 and Ei = OP1(ai) with a1 ≤ a2. The scroll 〈S1, S2〉
is the rational normal scroll Sa1,a1+a2−1. Iterating this construction we obtain
rational normal scrolls Sa1,...,ak,n ⊂ Pn, where n = a1 + · · ·+ ak − k + 1.

Example 10.4.3 Suppose we have two scrolls S1 and S2 in Pn = |E| defined
by surjections αi : E∨ ⊗ OCi → Ei, where rank Ei = ri + 1. Let Γ0 ⊂
C1 × C2 be a correspondence of bidegree (α1, α2) and let µ : Γ → Γ0 be its
normalization map. Let pi : Γ→ Ci be the composition of µ and the projection
maps C1×C2 → Ci. Consider the surjections p∗i (αi) : E∨⊗OΓ → p∗i Ei. Let
〈P(p∗1E1),P(p∗1E1)〉 be the corresponding join. Let S be the image of the join
in |E|. We assume that it is a scroll whose generators are parameterized by an
irreducible curve C0 ⊂ Gr1+r2−1(|E|) equal to the closure of the image of the
map φ : Γ→ Gr1+r2−1(|E|) defined by φ(z) = ν1(p1(z))ν2(p1(z)). Let a be
the degree of this map. Then

degS =
1

a
(α1 degS1 + α2 degS2 − h),

where

h = h0(Coker(µ∗(E∨ ⊗OΓ → p∗1E1 ⊕ p∗2E2))).

Here are some special examples. We can take for S1 and S2 two isomor-
phic curves in Pn of degrees d1 and d2 intersecting transversally at m points
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x1, . . . , xm. Let Γ be the graph of an isomorphism σ : S1 → S2. Let h be the
number of points x ∈ S1 such that σ(x) = x. Obviously, these points must
be among the points xi’s. Assume that x1 and σ(t1) do not lie on a common
trisecant for a general point x1 ∈ S1. Then h0 = 1 and the scroll S is a scroll
of lines of degree d1 + d2 − h. We could also take S1 = S2 and σ be an auto-
morphism of S1 with h fixed points. Then the degree of the scroll S is equal to
2d− h if σ2 is not equal to the identity and 1

2 (2d− h) otherwise.

10.4.2 Cayley-Zeuthen formulas

From now on, until the end of this Chapter, we will be dealing only with scrolls
with 1-parameter family C0 of generators. A 2-dimensional scroll is called a
ruled surface. This classical terminology disagrees with the modern one, where
a ruled surface means a P1-bundle P(E) over a smooth projective curve (see
[281]). Our ruled surfaces are their images under a degree 1 morphism given
by a linear system in |OP(E)(1)|.

Let ν : C → C0 be the normalization map and E = ν∗(S∨C0
). The projective

bundle P(E) is isomorphic to the normalization of the ruled surface S defined
by the curve C0 ⊂ G1(Pn).

Let us remind ourselves some known facts about projective 1-bundles X =

P(E) over smooth curves that can be found in [281], Chapter V, §2.
After tensoring E with an appropriate invertible sheaf we may assume that

E is normalized in the sense that H0(C, E0) 6= {0} but H0(C, E0 ⊗ L) = {0}
for any invertible sheaf L of negative degree. In this case the integer e =

−deg E ≥ 0 is an invariant of the surface and the tautological invertible sheaf
OP(E)(1) is isomorphic to OX(E0), where E2

0 = −e. If e < 0 the curve
E0 is the unique curve on X with negative self-intersection. It is called the
exceptional section.

Let σ0 : C → X be the section of π : X → C with the image equal to
E0. Then σ∗0OX(E0) ∼= OC(e). If we identify E0 and C by means of σ0,
then OC(e) ∼= OX(E0) ⊗ OE0

so that deg e = e. A section σ : C → X is
equivalent to a surjection of locally free sheaves E → L ∼= σ∗OX(σ(C)). In
particular, degL = σ(C)2. The canonical class of X is given by the formula

KX ∼ −2E0 + π∗(KC + e), (10.50)

which is a special case of (1.33).
Let |H| be a complete linear system of dimension N > 2 on P(E) defined

by an ample section H . Since π∗(OX(H)) = E ⊗ L for some invertible sheaf
L, we can write

H ∼ E0 + π∗(a)
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for some effective divisor class a on C of degree a. Since H is irreducible,
intersecting both sides with E0 we find that a ≥ e. Using the Moishezon-
Nakai criterion of ampleness it is easy to see that H is ample if and only if
a > e. We shall assume that H is ample. Assume also that a is not special in
the sense that H1(C,OC(a)) = 0 and |e + a| has no base points on C. Then
the exact sequence

0→ OX(π∗(a))→ OX(H)→ OE0
(H)→ 0

shows that the restriction of |H| to E0 is a complete linear system without
base points. It is clear that any possible base point of |H| must lie on E0,
hence under the above assumptions |H| has no base points. It defines a finite
map f : X → S ⊂ PN . The surface S is a linearly normal surface in PN swept
by lines, the images of fibres. The family of lines is defined by the image of C
in G1(PN ). The next Proposition shows that the map is of degree 1, hence S
is a ruled surface.

Proposition 10.4.4 Let H be an ample section on X = P(E) as in the above
and |V | be a linear system in |H| that defines a finite map f : P(E) → S ⊂
PN . Then the degree of the map is equal to 1.

Proof Suppose f(x) = f(y) for some general points x, y ∈ X . Let Fx and
Fy be the fibres containing x and y. Since |H| has no base points, its restriction
to any fiber is a linear system of degree 1 without base points. Suppose the
degree of the map is greater than 1. Take a general fiber F ; then, for any general
point x ∈ F , there is another fiber Fx such that f(Fx) and f(F ) are coplanar.
This implies that there exists a divisor H(x) ∈ |H − Fx − F |. We can write
H(x) = Fx+F+R(x) for some curveR(x) such thatR(x)·Fx = R(x)·F =

1. When we move x along F we get a pencil of divisors H(x) contained in
|H − F |. The divisors of this pencil look like Fx +R(x) and hence all have a
singular point at R(x)∩ Fx. Since the fiber Fx moves with x, we obtain that a
general member of the pencil has a singular point that is not a base point of the
pencil. This contradicts Bertini’s Theorem on singular points [281], Chapter 3,
Corollary 10.9.

Corollary 10.4.5 Let S be an irreducible surface in PN containing a 1-
dimensional irreducible family of lines. Suppose S is not a cone. Then S is a
ruled surface equal to the image of projective bundle P(E) over a smooth curve
C under a birational morphism given by a linear subsystem in |OP(E)(1)|.

Proof Let C0 ⊂ G1(Pn) be the irreducible curve parameterizing the family
of lines and let ν : C → C0 be its normalization. The preimage of the universal
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family ZC0
→ C0 is a projective bundle P(S∨C0

) over C. Since S is not a
cone, the map f : P(E) → S is a finite morphism. The map is given by a
linear subsystem of |OP(E)(1)|. Since f is a finite morphism, the line bundle
OP(E)(1) = f∗(OP(SC0

)∨(1)) is ample. It remains for us to apply the previous
Proposition.

An example of a nonsingular quadric surface seems contradicts the previous
statement. However, the variety of lines on a nonsingular quadric surface is
not irreducible and consists of two projective lines embedded in G1(P3) as the
union of two disjoint conics. So the surface has two systems of rulings, and it
is a 2-way scroll.

It follows from (10.48) that the degree of the ruled surface S = f(P(E))

is equal to the degree of C in the Plücker space. It is also equal to the self-
intersection H2 of the tautological line bundle on P(E). The latter is equal to
H2 = (E0 + aF )2 = 2a− e. The genus of C is called the genus of the ruled
surface.

Proposition 10.4.6 Let S = f(P(E)) ⊂ Pn be a projection of a minimal
ruled surface P(E) embedded in projective space by a linear system |H|, where
H ∼ E0+π∗(a). Let D be a directrix on S that is not contained in the singular
locus of S. Then

degD ≥ deg a− e.

The equality takes place if and only if the preimage of D on P(E) is in the same
cohomology class as E0.

Proof The assumption on D implies that degD = H · E, where E is the
preimage of D on P(E). Intersecting with H we get H · E = E · E0 + a. If
E 6= E0, then H · E ≥ a, if [E] = [E0], then E · E0 = a − e. The equality
takes place if and only if E · E0 = 0 and e = 0. Since E is a section, we can
write [E] = [E0] +m[F ], and intersecting with E0, we get m = 0.

Since f : P(E)→ S is of degree 1, the ruled surface is non-normal at every
point over which the map is not an isomorphism.

Recall the double-point formula from [230], 9.3. Let f : X → Y be a
morphism of nonsingular varieties of dimensions m and n, respectively. Let
Z be the blow-up of the diagonal of X × X and let R be the exceptional
divisor. We think about points in R as points in X together with a tangent
direction tx at x. Let D̃(f) be the proper transform in Z of the fibered product
X ×Y X ⊂ X × X . One can view points in D̃(f) either as points x ∈ X

such that there exists x′ 6= x with f(x) = f(x′), or as points (x, tx) such
that dfx(tx) = 0. Let D(f) be the image of D̃(f) under one of the projections
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X ×Y X → X . This is called the double-point set of the morphism f . Define
the double point class

D(f) = f∗f∗[X]− (c(f∗TY )c(TX)−1)n−m∩ [X] ∈ Hn−m(X,Q), (10.51)

where c denotes the total Chern class [X] + c1 + · · ·+ cm of a vector bundle.
In case D(f) has the expected dimension equal to 2m− n, we have

D(f) = [D(f)] ∈ Hn−m(X,Z).

Assume now that f : X → S is the normalization map and S is a surface in
P3. Since S is a hypersurface, it does not have isolated non-normal points. This
implies that D(f) is either empty, or is of expected dimension 2m − n = 1.
The double-point class formula applies, and we obtain

[D(f)] = f∗(S) + f∗(KP3)−KX . (10.52)

In fact, it follows from the theory of adjoints (see [353]) that the linear equiv-
alence class of D(f) is expressed by the same formula.

We say that a non-normal surface S in Pn has ordinary singularities if its
singular locus is a double curve Γ on S. This means that the completion of the
local ring of S at a general point of Γ is isomorphic to C[[z1, z2, z3]]/(z1z2).
The curve Γ may have also pinch points locally isomorphic to C[[z1, z2, z3]]/(z2

1−
z2z3) and also triple points locally isomorphic to C[[z1, z2, z3]]/(z1z2z3). The
curve Γ is nonsingular outside triple points, the curve D(f) is nonsingular
outside the preimages of the triple points. It has three double points over each
triple point.

Under these assumptions, the map D̃(f) → D(f) → Γ is of degree 2. It is
ramified at pinch points only, and the preimage of a triple point consists of six
points.

Assume that S is a surface in P3 with ordinary singularities. Let f : X → S

be the normalization map, and Γ be the double curve of S. The degree of any
curve on X , is the degree with respect to f∗(OP3(1)). Let us introduce the
following numerical invariants in their classical notation:

• µ0 = the degree of S;
• µ1 = the rank of S, the class of a general plane section of S;
• µ2 = the class of S;
• ν2 = the number of pinch-points on S;
• t = the number of triple points on S;
• ε0 = deg Γ;
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• ε1 = the rank of Γ, the number of tangents to Γ intersecting a general line
in P3;

• ρ = the class of immersion of Γ equal to the degree of the image of D(f)

under the Gauss map G : X → S
γ→ (P3)∨, where γ is the Gauss map.;

• g(Γ) = the genus of Γ;
• c = the number of connected components of Γ;
• κ = the degree of the ramification divisor p : X → P2, where p is the

composition of f and the general projection of S.

The following Theorem summarizes different relations between the listed
invariants of S. These relations are called the Cayley-Zeuthen formulas.

Theorem 10.4.7 The following relations hold:

(i) µ1 = µ0(µ0 − 1)− 2ε0;
(ii) ε0(µ0 − 2) = ρ+ 3t;
(iii) µ1(µ0 − 2) = κ+ ρ;
(iv) 2g(Γ)− 2c = ε1 − 2ε0;
(v) ν2 = 2ε0(µ0 − 2)− 6t− 2ε1;
(vi) 2ρ− 2ε1 = ν2;

(vii) µ2 = µ0(µ0 − 1)2 + (4− 3µ0)ε1 + 3t− 2ν2;
(viii) 2ν2 + µ2 = µ1 + κ.

Proof (i) A general plane section of S is a plane curve of degree µ0 with ε0
ordinary double points as singularities. Thus (i) is just the Plücker formula.
Note also that µ1 is equal to the degree of the contact curve, the closure of
smooth points p ∈ S such that a general point q ∈ P3 is contained in Tp(S),
or, equivalently, the residual curve to Γ of the intersection of S and the first
polar Pq(S). Taking a general plane H and a general point q ∈ H , we obtain
that deg ∆ is equal to the class of H ∩ S.

(ii) The number ρ is equal to the number of tangent planes to S at points
in Γ which pass through a general point q in P3. Here a tangent plane to a
singular point p ∈ Γ means the tangent plane to one of the two branches of S
at q, or, equivalently, the image of a preimage of p on X under the Gauss map.
Consider the intersection of the second polar Pq2 with the contact curve Γ. It
follows from subsection 1.1.3 that Pq2(S) ∩ S is equal to the locus of points
p such that the line pq intersects S at p with multiplicity ≥ 3. This means that
Pq2(S)∩Γ consists of t triple points and points such that q belongs to a tangent
plane of S at p. The latter number is equal to ρ. As we observed in subsection
1.1.3, Pq2 has a point of multiplicity 3 at p, hence each triple point enters with
multiplicity 3 in the intersection of pq with Γ. It remains for us to use that the
degree of the second polar is equal to µ0 − 2.
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(iii) Now let us consider the intersection of the second polar Pq2(S) with the
contact curve ∆. This intersection consists of the lines qp such that p is either
one of κ ramification points of the projection of the surface from q or p is one
of ρ points on Γ ∩∆, where the tangent plane contains p. In fact, these points
lie on the intersection of ∆ and Γ.

(iv) - (vi) Let π = h1(OD(f)) be the arithmetic genus of the curve D(f)

and let s be the number of connected components of D(f). Applying (10.52),
we get

−2χ(D(f),OD(f)) = 2π − 2c = (D(f) +KX) ·D(f)

= (µ0 − 4) degD(f) = 2ε0(µ0 − 4).

The curve D(f) has 3t ordinary double points and the projection from the
normalization of D(f) to Γ is a degree 2 cover ramified at ν2 points. Applying
the Hurwitz formula, we obtain 2π−2c−6t = 2(2g(Γ)−2c)+ν2. Projecting
Γ from a general line defines a degree ε0 map from the normalization of Γ to
P1. The number of ramification points is equal to ε1. Applying the Hurwitz
formula again, we get 2g(Γ)− 2c = −2ε0 + ε1. This gives (iv) and also gives

ν2 = 2ε0(µ0 − 4)− 6t− 2(2g(Γ)− 2c) = 2ε0(µ0 − 4)− 6t− 2ε1 + 4ε0

= 2ε0(µ0 − 2)− 6t− 2ε1.

This is equality (v). It remains for us to use (ii) to get (vi).
(vii) The formula for the class of a non-normal surface with ordinary singu-

larities has a modern proof in [230], Example 9.3.8. In our notation, it gives
(vii).

(viii) We have

µ2 = µ0(µ0 − 1)2 + (4− 3µ0)ε1 + 3t.

Using this and (i), we get

µ2 + 2ν2 = (µ0 − 1)(µ1 + 2ε0) + 4ε0 − 3µ0ε0

= µ0µ1 − µ1 + 2ε0 + ρ− ε0µ0 + 3t.

It remains for us to use (ii) and (iii).

Corollary 10.4.8 Let S be a surface in P3 with ordinary singularities and let
X be its normalization. Then

(i) K2
X = µ0(µ0 − 4)2 − (3µ0 − 16)ε0 + 3t− ν2;

(ii) c2(X) = µ0(µ2
0 − 4µ0 + 6)− (3µ0 − 8)ε0 + 3t− 2ν2;
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(iii) χ(X,OX) = 1 +
(
µ0−1

3

)
− 1

2 (µ0 − 4)ε0 + 1
2 t−

1
4ν2.

Proof (i) Applying (10.52), we get

KX = (µ0 − 4)H −D(f), (10.53)

where H ∈ |f∗(OP3(1))|. The first polar of S with respect to a general point
cuts out on S the union of Γ and ∆. Taking the preimages on X , we get

(µ0 − 1)H = D(f) + f∗(∆).

It follows from the local computation that Γ and ∆ intersect simply at ν2 pinch
points and ρ additional points (see the proof of (iii) in Theorem 10.4.7). This
gives

D(f)2 = (µ0 − 1)H ·D(f)− ρ− ν2 = 2ε0(µ0 − 1)− ρ− ν2

= 2ε0(µ0 − 1)− ε0(µ0 − 2) + 3t− ν2 = ε0(µ0 − 2) + 3t− ν2.

Hence

K2
X = (µ0 − 4)2µ0 − 4(µ0 − 4)ε0 +D(f)2

= (µ0 − 4)2µ0 − (3µ0 − 16)ε0 + 3t− ν2.

(ii) The preimage of a pinch point on X is a point in X such that the rank of
the tangent map TX → f∗(TP3) drops by 2. According to the modern theory
of degeneracy loci (see [230]), this set is given by the relative second Chern
class c2(f∗(TP3)/TX). Computing this Chern class, we find

ν2 = c1(X)2 − c2(X) + 4KX ·H + 6µ0.

Applying (10.53), we get

ν2 = K2
X − c2(X) + 4(µ0 − 4)µ0 − 8ε0 + 6µ0. (10.54)

Together with (i) we get (ii). Formula (iii) follows from the Noether formula

12χ(X,OX) = K2
X + c2(X).

We know that µ0 is equal to the degree d of C0 in its Plücker embedding.
The next Theorem shows that all the numerical invariants can be expressed in
terms of µ0 and g.

Theorem 10.4.9 Let S be a ruled surface in P3 of degree µ0 and genus g.
Assume that S has only ordinary singularities. Then

(i) ε0 = 1
2 (µ0 − 1)(µ0 − 2)− g;
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(ii) ν2 = 2(µ0 + 2g − 2);
(iii) µ1 = 2µ0 − 2 + 2g;
(iv) µ2 = µ0 = µ0;
(v) κ = 3(µ0 + 2g − 2);
(vi) ρ = (µ0 − 2)(2µ0 − 5) + 2g(µ0 − 5);
(vii) t = 1

6 (µ0 − 4)[(µ0 − 2)(µ0 − 3)− 6g];
(viii) ε1 = 2(µ0 − 2)(µ0 − 3) + 2g(µ0 − 6);
(ix) 2g(Γ)− 2s = (µ0 − 5)(µ0 + 2g − 2).

Proof A general plane section of S is a plane curve of degree d with k =

deg Γ ordinary singularities. This gives (i).
The canonical class formula gives

KP(E) = −2H + π∗(KC̄ + d), (10.55)

where OC̄(d) ∼= ν∗(OC0
(1)) is of degree d = µ0.

Comparing it with formula (10.50), we find that

H ∼ E0 + π∗(f), (10.56)

where 2f = d− e. In particular, e+ d is always an even number.
Applying (10.55), we get K2

P(E) = 4µ0 − 4(2g − 2 + µ0). Topologically,
P(E) is the product of P1 and C. This gives c2(X) = 2(2 − 2g). Applying
(10.54), we find

ν2 = 4µ0−4(2g−2+µ0)−2(2−2g)+4(µ0−4)µ0−4(µ0−1)(µ0−2)−8g+6µ0

= 2(µ0 + 2g − 2).

From (i) of Theorem 10.4.7, we get (iii).
To prove (iv) we have to show that the degree of S is equal to the degree of

its dual surface. The image of a generator of S under the Gauss map is equal
to the dual line in the dual P3, i.e. the set of hyperplanes containing the line.
Since S has only finitely many torsor generators, the Gauss map is a birational
map, this shows that S∗ is a ruled surface. If S is defined by the vector bundle
E = S∨G⊗OC0 , then the dual ruled surface is defined by the bundleQG⊗OC0 ,
where OG is the universal quotient bundle. The exact sequence (10.1) shows
that detQG⊗OC0

∼= detS∨G⊗OC0 . In particular, the degrees of their inverse
images under ν : C → C0 are equal. Thus the degrees of S and S∗ are equal.

Now (i) and (viii) of Theorem 10.4.7 and our formula (i) give (v). Using (iii)
and (ii) of the same Theorem, we get formulas (vi) and (vii). Finally, (vi) of
the Theorem gives formulas (viii) and (ix).
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The double-point formula gives

OP(E)(D(f)) ∼ OP(E)(µ0 − 2)⊗ π∗(ωC(1)).

A general point of Γ is contained in two rulings and formula (10.52) implies
that a general ruling intersects µ0 − 2 other rulings. Consider a symmetric
correspondence on C defined by

T = {(x, y) ∈ C × C : |H − `x − `y| 6= ∅}.

A point (x, x) ∈ T corresponds to a generator that is called a torsal generator.
The plane in P3 cutting out this generator with multiplicity ≥ 2 is tangent to
the ruled surface at any smooth point of the generator. For a general point x,
we have #T (x) = d− 2. Since all generators `y, y ∈ T (x), intersect the same
line `x the points y ∈ T (x) lie in the tangent hyperplane ofG1(P3) at the point
x. This implies that the divisor 2x+T (x) belongs to the linear system |OC(1)|
and, in particular, T has valence equal to 2. Applying the Cayley-Brill formula
from Corollary 5.5.2, we obtain the following.

Proposition 10.4.10 The number of torsal generators of a ruled surface in
P3 with ordinary singularities is equal to 2(µ0 + 2g − 2).

Comparing with Theorem 10.4.9, we find that the number of torsal genera-
tors is equal to the number ν2 of pinch points.

When n = 4 we expect that a ruled surface has only finitely many singular
non-normal points and for n = 5, we expect that it is nonsingular.

We have already encountered in Example 7.2.6 with a ruled surface S of
degree 8 with a triple curve C as its singular curve. A general plane section
of this surface is a plane curve of degree 8 of genus 3 with six triple points.
Applying formula (10.52) we see that the linear equivalence class of the curve
D(f) is equal to 2H − π∗(KC + d) for some divisor d of degree d. However,
the curve D(f) comes with multiplicity 2, so the curve C in S is the image of
a curve C̃ on ZC from the linear system |H − π∗(f)|, where 2f ∼ KC + d.
So, each generator intersects it at three points, as expected. One can show that
d ∼ KC + 2a so that f ∼ KC + a. Note that the curve C̃ defines a (3, 3)-
correspondence on the curve C with the projections pC and qC to C. Its genus
is equal to 19 and each projection is a degree 3 cover ramified at 24 points. In
the case when the divisor a is an even theta characteristic, the curve C̃ is the
Scorza correspondence which we studied in section 5.5.2.

Next example shows that the double curve of a ruled surface may be discon-
nected.

Example 10.4.11 Consider three nonsingular nondegenerate curves Xi, i =
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1, 2, 3, in P3 with no two having common points. Let S be the set of lines inter-
secting each curve. Let us show that these lines sweep a ruled surface of degree
2d1d2d3, where di = degCi. Recall that the set of lines intersecting a curveX
of degreeX is a divisor inG1(P3) of degree d. This is the Chow form ofC (see
[238]). Thus the set of lines intersecting three curves is a complete intersection
of three hypersurfaces in G1(P3), hence a curve of degree 2d1d2d3. If we as-
sume that the curves are general enough so that the intersection is transversal,
we obtain that the ruled surface must be of degree 2d1d2d3. The set of lines
intersecting two curves X1 and X2 is a surface W in G1(P3) of degree 2d1d2.
Its intersection with the Schubert variety Ω(Π), where Π is a general plane,
consists of d1d2 lines. It follows from the intersection theory on G1(P3) that
the intersection ofW with the α-plane Ω(p) is of degree d1d2. Thus we expect
that, in a general situation, the number of generators of S passing through a
general point on X3 is equal to d1d2. This shows that a general point of X3 is
a singular point of multiplicity d1d2. Similarly, we show that X1 is a singular
curve of multiplicity d2d3 and X2 is a singular curve of multiplicity d1d3.

Remark 10.4.12 According to [148], the double curve Γ is always connected
if µ0 ≥ g + 4. If it is disconnected, then it must be the union of two lines.

10.4.3 Developable ruled surfaces

A ruled surface is called developable if the tangent planes at nonsingular points
of any ruling coincide. In other words, any generator is a torsal generator. One
expects that the curve of singularities is a cuspidal curve. In this subsection we
will give other characterizations of developable surfaces.

Recall the definition of the vector bundle of principal parts on a smooth
varietyX . Let ∆ be the diagonal inX×X and let J∆ be its sheaf of ideals. Let
p and q be the first and the second projections toX from the closed subscheme
∆m defined by the ideal sheaf Jm+1

∆ . For any invertible sheaf L on X one
defines the sheaf of m-th principal parts Pm(L) of L as the sheaf PmX (L) =

p∗q
∗(L) onX . Recall that them-th tensor power of the sheaf of 1-differentials

Ω1
X can be defined as p∗(Jm∆ /Jm+1

∆ ) (see [281]). The exact sequence

0→ Jm∆ /Jm+1
∆ → OX×X/Jm+1

∆ → OX×X/Jm∆ → 0

gives an exact sequence

0→ (Ω1
X)⊗m ⊗ L → PmX (L)→ Pm−1

X (L)→ 0. (10.57)

We will be interested in the case when X0 = C0 is an irreducible curve of
genus g and X = C is its normalization. By induction, the sheaf PmC (L) is a
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locally free sheaf of rank m+ 1, and

degPmC (L) = (m+ 1) degL+m(m+ 1)(g − 1). (10.58)

For any subspace V ⊂ H0(C,L), there is a canonical homomorphism

V → H0(∆m, q∗L) = H0(C, p∗q
∗L) = H0(C,PmC (L))

which defines a morphism of locally free sheaves

αm : VC := OC ⊗ V → PmC (L). (10.59)

Note that the fiber of PmC (L) at a point x can be canonically identified with
L/mm+1

C,x L and the map αm at a point x is given by assigning to a section
s ∈ V the element s mod mm+1

C,x L. If m = 0, we get PmC (L) = L and the
map is the usual map given by evaluating a section at a point x.

Suppose that (V,L) defines a morphism f : C → P(V ) such that the in-
duced morphism f : C → f(C) = C0 is the normalization map. We have
L = f∗(OP(1)). Let Pm ⊂ PmC (L) be the image of αm. Since the composi-
tion of α1 with the projection P1

C → L is generically surjective (because C0

spans P(V )), the map α1 is generically surjective. Similarly, by induction, we
show that αm is generically surjective for all m. Since C is a smooth curve,
this implies that the sheaves Pm are locally free of rankm+1. They are called
the osculating sheaves. Let

σm : C → G(m+ 1, V ∨)

be the morphisms defined by the surjection αm : VC → Pm. The morphism
σm can be interpreted as assigning to each point x ∈ C the m-th osculating
plane of f(C) at the point f(x). Recall that it is a m-dimensional subspace of
P(V ) such that it has the highest-order contact with the branch of C0 defined
by the point x ∈ C. One can always choose a system of projective coordi-
nates in P(V ) ∼= Pn such that the branch of C0 corresponding to x can be
parameterized in the ring of formal power series by

t0 = 1, ti = ti+s1+···+si + highest-order terms, i = 1, . . . , n, (10.60)

where si ≥ 0. Then the osculating hyperplane is given by the equation tn = 0.
The codimension 2 osculating subspace is given by tn−1 = tn = 0 and so
on. A point x ∈ C (or the corresponding branch of f(C)) with s1 = . . . =

sn = 0 is called an ordinary point, other points are called hyperosculating or
stationary points . It is clear that a point x is ordinary if and only if the highest
order of tangency of a hyperplane at x is equal to n. For example, for a plane
curve, a point is ordinary if the corresponding branch is nonsingular and not
an inflection point.
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The image σm(C) in Gm(Pn) is called the m-th associated curve. Locally,
the map σm is given by assigning to a point x ∈ C the linear subspace of Cn+1

generated by f̃(x), f̃ ′(x), . . . , f̃ (m)(x), where f̃ : C → Cn+1 is a local lift of
the map f to a map to the affine space, and f̃ (k) are its derivatives (see [266],
Chapter II, §4).

Let P(Pm) → C × P(V ) be the morphism corresponding to the surjection
αm. The projection of the image to P(V ) is called the m-th osculating devel-
opable of (C,L, V ) (or of C0). For m = 1 it is a ruled surface, called the
developable surface or tangential surface of C0.

Let rm be the degree of Pm. We have already observed that the composi-
tion of the map σm with the Plücker embedding is given by the sheaf detPm.
Thus rm is equal to the degree of the m-th associated curve of C0. Also,
we know that the degree of a curve in the Grassmannian G(m + 1, V ∨) is
equal to the intersection of this curve with the Schubert variety Ω(A), where
dimA = n−m−1. Thus rm is equal to the m-rank ofC0, the number of hyper-
osculating m-planes intersecting a general (n−m− 1)-dimensional subspace
of P(V ). Finally, we know that the 1-rank r1 (called the rank of C0), divided
by the number of tangents through a general point on the surface, is equal to
the degree of the tangent surface. More generally, rm is equal to the degree of
the m-th osculating developable (see [435]). The (n − 1)-rank rn−1 is called
the class of C0. If we consider the (n− 1)-th associated curve in G(n, n+ 1)

as a curve in the dual projective space |V |, then the class of C0 is its degree.
The (n − 1)-th associated curve C∨ is called the dual curve of C0. Note that
the dual curve should not be confused with the dual variety of C0. The latter
coincides with the (n− 2)-th osculating developable of the dual curve.

Proposition 10.4.13 Let r0 = degL = deg f(C). For any point x ∈ C let
si(x) = si, where the si’s are defined in (10.60), and ki =

∑
x∈C si(x). Then

rm = (m+ 1)(r0 +m(g − 1))−
m∑
i=1

(m− i+ 1)ki

and
n∑
i=1

(n− i+ 1)ki = (n+ 1)(r0 + n(g − 1)).

In particular,

r1 = 2(r0 + g − 1)− k1.

Proof Formula (10.58) gives the degree of the sheaf of principal partsPmC (L).
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We have an exact sequence

0→ Pm → PmC (L)→ F → 0,

where F is a skyscraper sheaf whose fiber at x ∈ C is equal to the cokernel
of the map αm(x) : V → L/mC,xL. It follows from formula (10.60) that
dimF(x) is equal to s1+(s1+s2)+· · ·+(s1+· · ·+sm) =

∑m
i=1(m−i+1)si.

The standard properties of Chern classes give

degPm = degPmC (L)−h0(F) = (m+1)(r0+m(g−1))−
m∑
i=1

(m−i+1)ki.

The second formula follows from the first one by taking m = n in which case
rn = 0 (the surjection of bundles of the same rank VC → Pn must be an
isomorphism).

Adding up rm−1 and rm+1 and subtracting 2rm, we get the following.

Corollary 10.4.14

rm−1 − 2rm + rm+1 = 2g − 2− km+1, m = 0, . . . , n− 1, (10.61)

where r−1 = rn = 0.

The previous formulas can be viewed as the Plücker formulas for space
curves. Indeed, let n = 2 and C is a plane curve of degree d and class d∨.
Assume that the dual curve C∨ has δ ordinary nodes and κ ordinary cusps.
Applying Plücker’s formula, we have

d = d∨(d∨−1)−2δ−3κ = 2d∨+(d∨(d∨−3)−2δ−2κ)−κ = 2d∨+2g−2−κ.

In this case d∨ = r1, d = r0 and κ = k1, so the formulas agree.

Example 10.4.15 If Rn is a rational normal curve in Pn, then it has no hy-
perosculating hyperplanes (since no hyperplane intersects it with multiplicity
> n). So rm = (m + 1)(n −m) = rn−m−1. Its dual curve is a rational nor-
mal curve in the dual space. Its tangential surface is of degree r1 = 2(n − 1)

and the (n− 1)-th osculating developable is the discriminant hypersurface for
binary forms of degree n. For example, for n = 3, the tangential surface of
R3 is a quartic surface with equation Q0Q1 + Q2

2 = 0, where Q0, Q1, Q2

are some quadrics containing R3. To see this, one considers a rational map
P3 99K N∨ ∼= P2 defined by the net N of quadrics containing R3. After we
blow-up P3 alongR3, we obtain a regular map Y → P2 which blows down the
proper transform of the tangential surface to a conic in P2. Its equation can be
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chosen in the form t0t1 + t22 = 0. The preimage of this conic is the quartic sur-
face Q0Q1 +Q2

2 = 0. It contains R3 as its double curve. Also, it is isomorphic
to the discriminant hypersurface for binary forms of degree 3.

Conversely, assume that C has no hyperosculating hyperplanes. Then all
ki = 0, and we get

n−1∑
m=0

(n−m)(rm−1 − 2rm + rm+1) = −(n+ 1)r0 (10.62)

=

n−1∑
m=0

(n−m)(2g − 2) = n(n+ 1)(g − 1).

This implies g = 0 and r0 = n.

The computation from the previous example (10.62) can be used to obtain
the formula for the number W of hyperosculating points of a curve C embed-
ded in Pn by a linear series of degree d (see also [279], Lemma 5.21).

Proposition 10.4.16 The number of hyperosculating points, counting with
multiplicities, is equal to

W = (n+ 1)(d+ n(g − 1)). (10.63)

Proof Applying (10.61), we obtain

W =
∑
x∈C

n∑
i=1

(s1(x) + · · ·+ si(x)) =

n∑
i=0

(n− i+ 1)ki =

n−1∑
i=0

(n− i)ki+1

=

n−1∑
i=0

(n− i)(2g − 2)−
n−1∑
i=0

(n− i)(ri−1 − 2ri + ri+1)

= (n+ 1)n(g − 1) + (n+ 1)d = (n+ 1)(d+ n(g − 1)).

The number
∑n
i=1(s1(x) + · · · + si(x)) should be taken as the definition of

the multiplicity of a hyperosculating point x. A simple hyperosculating point
satisfies si(x) = . . . = sn−1(x) = 0, sn(x) = 1.

Example 10.4.17 Let C be an elliptic curve embedded in Pn by a complete
linear system |(n + 1)x0|, where x0 is a point on C. Then the degree of E is
equal to n + 1 and formula (10.63) gives W = (n + 1)2. This is equal to the
number of (n+1)-torsion points ofC in the group law defined by the choice x0

as the zero point. Of course, each such point x satisfies (n+1)x ∈ |(n+1)x0|,
and hence is a hyperosculating point. The formula shows that there are no other
hyperosculating points.
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In particular, we see that ki = 0 for i < n, hence the degree r1 of the
tangential surface is equal to 2(n+ 1). Also, if n > 2, the dual of C is a curve
of degree r2 = 3(n + 1). It has (n + 1)2 singular points corresponding to
(n+ 1)2 hyperosculating planes.

Example 10.4.18 AssumeC is a canonical curve in Pg−1. Recall that a Weier-
strass point of a smooth curve of genus g > 1 is a point x such that

g∑
i=1

(h0(x) + · · ·+ h0(ix)− i) > 0.

Let ai = h0(x) + · · · + h0(ix). We have a1 = 1 and ai = i if and only
if h0(x) = . . . = h0(ix) = 1. By Riemann-Roch, this is equivalent to that
h0(KC − ix) = g − i, i.e. the point x imposes the expected number of condi-
tions for a hyperplane to have a contact with C of order i at x. A point x is a
Weierstrass point if and only if there exists i ≤ g such that the number of such
conditions is less than expected by the amount equal to ai − i. With notation
(10.60), this shows that

s1 + · · ·+ si−1 = ai − i, i = 2, . . . , g.

In particular, the point x is hyperosculating if and only if it is a Weierstrass
point. Applying formula (10.63), we obtain the number of Weierstrass points

W = g(g2 − 1). (10.64)

Since h0(2x) = 1 for all points on C (because C is not hyperelliptic), we get
k1 = 0. Applying Proposition 10.4.13, we obtain that the rank r1 of C is equal
to 6(g − 1).

Assume thatC is general in the sense that all Weierstrass points x are simple,
i.e. W (x) = 1. It follows from the proof of Proposition 10.4.16 that si(x) =

0, i < g − 1, and sg−1(x) = 1. Thus km = 0,m < g − 1, and kg−1 = W =

g(g2−1). It follows from Proposition 10.4.13 that rm = (m+2)(m+1)(g−1)

for 1 ≤ m < g − 2 and rg−2 = g(g − 1)2. The latter number coincides with
the class of C. For example, if g = 3, we get r1 = 12 and the 24 Weierstrass
points are cusps of C. If g = 4, we get r1 = 18 and r2 = 36. We have
60 hyperosculating planes at Weierstrass points. The linear system of cubics
through C defines a birational map from P3 to a cubic hypersurface in P4 with
an ordinary double point. The image of the tangential surface is the enveloping
cone at the node, the intersection of the cubic with its first polar with respect to
the node. Its degree is equal to 6, so the tangential surface is the proper inverse
image of the cone under the rational map.

We refer for the proof of the following Proposition to [435].
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Proposition 10.4.19 Let f∨ : C → (Pn)∨ be the normalization of the n− 1-
th associated curve of f : C → Pn, the dual curve of f(C). Then

(i) rm(f∨(C)) = rn−m−1(f(C));
(ii) (f∨)∨ = f ;
(iii) ki(f∨) = ki(f).

Recall from Chapter 1 that the dual variety of C0 is the closure in (Pn)∨ of
the set of tangent hyperplanes to smooth points of C0. If t0 = f(x) is a smooth
point, the set of tangent hyperplanes at x is a codimension 2 subspace of the
dual space equal to (n − 2)-th developable scroll of the dual curve. By the
duality, we obtain that the dual of the (n− 2)-th developable scroll of a curve
C0 is the dual curve of C0. In particular, if n = 3, we obtain that the dual of
the tangential surface to a nondegenerate curve C0 in P3 is the dual curve of
C0, and the dual of a nondegenerate curve C0 in P3 is the tangential surface of
its dual curve.

Proposition 10.4.20 Let S be a ruled surface in P3. The following properties
are equivalent:

(i) S is a developable surface;
(ii) S is a tangential surface corresponding to some curve C0 lying on S;
(iii) the tangent lines of the curve C0 ⊂ G1(P3) parameterizing the rul-

ings are contained in G1(P3).

Proof (i)⇒ (ii). Consider the Gauss map γ : S → (P3)∨ which assigns to a
smooth point x ∈ S the embedded tangent plane Tx(C). Obviously, γ blows
down generators of S, hence the image of S is a curve Č0 in the dual space.
This curve is the dual variety of S. Its dual variety is our surface S, and hence
coincides with the tangential surface of the dual curve C0 of Č0.

(ii)⇒ (iii) Let qC : ZC → C be the projection from the incidence variety
and D ∈ |OZC (1)|. The tangent plane at points of a ruling `x cuts out the
ruling with multiplicity 2. Thus the linear system |D − 2`x)| is non-empty (as
always, we identify a ruling with a fiber of qC). The exact sequence

0→ OZC (D − 2`x)→ OZC (D − `x)→ O`x(D − `x)→ 0

shows that h0(Olx(D−`x)) = 1, i.e. |D−`x| has a base point y(x) on `x. This
means that all plane sections of S containing `x have residual curves passing
through the same point y(x) on `x. Obviously, this implies that the point y(x)

is a singular point of S and the differential of the projection pC : ZC → S at
y(x) is not surjective. Applying Proposition 10.1.14, we obtain that the tangent
line Tx(C) is contained in the α-plane Ω(y(x)) ⊂ G1(P3).
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(iii)⇒ (i) Applying Proposition 10.1.14, we obtain that each `x has a point
y(x) such that its image in S is a singular point and the differential of pC at
y(x) is not surjective. This implies that y(x) is a base point of the linear system
|D − `x| on `x. As above, this shows that |D − 2`x| is not empty and hence
there exists a plane tangent to S at all points of the ruling `x.

The set of points y(x) ∈ `x, x ∈ C is a curve C0 on S such that each ruling
`x is tangent to a smooth point on C0. So S is the tangential surface of C0. The
curve C0 is called the cuspidal edge of the tangent surface. It is a curve on S
such that at its general point s the formal completion of OS,s is isomorphic to
C[[z1, z2, z3]]/(z2

1 + z3
2).

10.4.4 Quartic ruled surfaces in P3

Here we will discuss the classification of quartic ruled surfaces in P3 due to
A. Cayley and L. Cremona. Note that we have already classified ruled surfaces
of degree 3 in Chapter 9. They are non-normal cubic surfaces and there are
two kinds of them. The double curve Γ is a line and the map D(f) → Γ is an
irreducible (reducible) degree 2 cover. The surface ZC is isomorphic to F1 =

P(OP1 ⊕OP1(−1)). The linear system |h| that gives the map f : F1 → P3 is
equal to |e0 + 2f|, where e0 is the divisor class of the exceptional section E0

and f is the class of a fibre. The curve D(f) ∈ |h − f| = |e0 + f|. In the first
case the surface S has ordinary singularities and D(f) is an irreducible curve.
In the second case D(f) ∈ |h| and consists of the exceptional section and a
fibre. Now let us deal with quartic surfaces. We do not assume that the surface
has only ordinary singularities. We start with the following.

Proposition 10.4.21 The genus of a ruled quartic surface is equal to 0 or 1.

Proof A general plane section H of S is a plane quartic. Its geometric genus
g is the genus of S. If g = 3, the curve H is nonsingular, hence S is normal
and therefore nonsingular. Since KS = 0, it is not ruled. If g = 2, the singular
curve of S is a line. The plane sections through the line form a linear pencil
of cubic curves on S. Its preimage on the normalization X of S is a pencil
of elliptic curves. Since X is a P1-bundle over a curve of genus 2, a general
member of the pencil cannot map surjectively to the base. This contradiction
proves the assertion.

So, we have two classes of quartic ruled surfaces: rational ruled surfaces
(g = 0) and elliptic ruled surfaces (g = 1). Each surface S is defined by some
curve C0 of degree 4 in G1(P3). We denote by X the minimal ruled surface
P(E) obtained from the universal family ZC0

by the base change ν : C →
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C0, where ν is the normalization map. We will denote by E0 an exceptional
section of X defined by choosing a normalized vector bundle E0 with P(E0)

isomorphic to X .
We begin with classification of rational quartic ruled surfaces.

Proposition 10.4.22 A rational quartic ruled surface is a projection of a
rational normal scroll S2,5 or S1,5 of degree 4 in P5.

Proof Let |h| be the linear system of hyperplane sections on the quartic ra-
tional normal scroll Sa,n ∼= Fe. We have |h| = |e0 + kf|, where k > e. Since
h2 = 4, we get 2k + e = 4. This gives two solutions (e, k) = (0, 2), (2, 1). In
the first case we get the scroll S2,5

∼= F0, in the second case we get the scroll
S1,5
∼= F2.

Let D(f) be the double-point divisor class. We know that the singular curve
Γ on S is the image of a curve D(f) from D(f) on X , where X = S2,5 or
S1,5. Applying (10.52), this gives

D(f) ∼ 2h− 2f =

{
2e0 + 2f if X = S2,5,

2e0 + 4f if X ∼= S1,5.

Since a general plane section of S is a rational curve, D(f) and Γ consists of
at most three irreducible components. The linear system

|h| =

{
|e0 + 2f| if X = S2,5,

|e0 + 3f| if X = S1,5,

maps a component Di of D(f) to an irreducible component Γi of Γ of degree
di = 1

mi
H ·Di, where mi is the degree of the map Di → Γi. The number mi

is equal to the multiplicity of a general point on Γi as a singular point of the
surface unless Γi is a curve of cusps. In the latter case mi = 1, but Di enters
D with multiplicity 2. A fiber Fx = π−1(x) could be also a part of D. In this
case Γ has a singular point at ν(x). If it is an ordinary double point, the fiber
component enters with multiplicity 1, if it is a cusp, it enters with multiplicity
2. Other cases will not occur. Finally, we use that dim |h − Di| > 0 if Γi is
contained in a plane, i.e. a line or a conic.

This gives us the following cases making a “rough classification” according
to the possible singular locus of the surface.

1. X = S2,5 :

(i) D(f) = D1, d1 = 3;
(ii) D(f) = D1 +D2, D1 ∈ |e0|, D2 ∈ |e0 + 2f|, d1 = 1, d2 = 2;
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(iii) D(f) = D1 +D2 + F1 + F2, D1, D2 ∈ |e0|, d1 = d2 = 1;
(iv) D(f) = 2D1, D1 ∈ |e0 + f|, d1 = 1;
(iv)’ D(f) = 2D1, D1 ∈ |e0 + f|, d1 = 3;
(v) D(f) = 2D1 + 2F1, D1 ∈ |e0|, d1 = 1;
(vi) D(f) = 2D1 + F1 + F2, D1 ∈ |e0|, d1 = 2;
(vi)’ D(f) = 2D1 + 2F1, D1 ∈ |e0|, d1 = 2.

2. X = S1,5 :

(i) D(f) = D1, d1 = 3;
(ii) D(f) = E0 +D1 + F,D1 ∈ |e0 + 3f|, d1 = 1, d2 = 2;
(iii) D(f) = 2E0 + 2F1 + 2F2, d1 = 1;
(iv) D(f) = 2D1, D1 ∈ |e0 + 2f|, d1 = 1.

Theorem 10.4.23 There are 12 different types of rational quartic ruled sur-
faces corresponding to 12 possible cases from above.

Proof It suffices to realize all possible cases from above. By Proposition
10.4.22, the different types must correspond to different choices of the cen-
ter of the projection in P5.

Let us introduce some special loci in P5 which will play a role for choosing
the center of the projection.

We will identify curves on F0 with their images in S2,5. A conic directrix is
a curve E ∈ |e0|. Consider the union of planes spanning the E’s. It is a scroll
Σ1 of dimension 3 parameterized by |e0| ∼= P1. Let us compute its degree.
Fix two generators F1 and F2 of F0. Then |h − F1 − F2| = |e0|. If we fix
three pairs of generators F (i)

1 , F
(i)
2 , i = 1, 2, 3, each spanning a P3, then we

can establish a correspondence Γ of tridegree (1, 1, 1) on |e0|× |e0|× |e0| such
that the point (x, y, z) ∈ Γ corresponds to three hyperplanes from each linear
system |h − F (i)

1 − F (i)
2 | which cut out the same curve E ∈ |e0|. The three

hyperplanes intersect along the plane spanning E. This shows that our scroll is
the join of three disjoint lines in the dual P5 which can be identified with the
same P1. Applying formula (10.49), we obtain that the degree of Σ1 is equal
to 3.

The next scroll we consider is the union Σ2 of 3-dimensional spaces spanned
by tangent planes of S2,5 along points on a fixed generator. This 3-dimensional
space is spanned by the tangent lines of two fixed conic directrices at the points
where they intersect the generator. Thus our scroll is the join of the tangential
scroll of the two directrices with respect to the correspondence between the
directrices defined by the generators. The degree of this scroll is given by the
formula in Example 10.4.3. Since the tangent lines of a conic are parameterized
by the conic, and the two conics are disjoint, the degree of Σ2 is equal to 4.
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Obviously, Σ1 is a 2-directrix of Σ2. Since the tangent plane to S2,5 at a point
x is spanned by the generator passing through this point and the tangent line
of the conic directrix passing through this point, we obtain that Σ2 coincides
with the tangential scroll of S2,5.

One more scroll is constructed as follows. Consider directrices of S2,5 de-
fined by the images of curves Γ3 ∈ |e0 + f|. We identify them with the images.
These are directrices of degree 3. Let Σ3 be the union of tangent planes to S2,5

at the points of Γ3. These tangent planes can be obtained as joins of tangent
lines of Γ3 at points x ∈ Γ3 and the points x′ on a conic directrix E such that
the points x, x′ lie on the same generator. Thus Σ3 is obtained by construction
from Example 10.4.3 as the join of the tangential scroll of Γ3 and the conic.
The degree of the tangential scroll has been computed there; it is equal to 4.
Thus the degree of Σ3 is equal to 4+2−1 = 5, where we subtracted 1 because
the conic and Γ3 meet at one point dropping the dimension of the join by 1.

Let p` : S2,5 → S be the projection map from a line `. We will use the fact
that any two points x1, x2 in the double locus D(f) which are projected to the
same point must lie on a secant of D(f) that passes through these points and
intersects `. The secant becomes a tangent line if x1 = x2 is a critical point of
p`.

• Type 1 (i).

Take a line ` in P5 which intersects the quartic scroll Σ2 at four distinct points
and is not contained in any 3-dimensional space spanned by a cubic directrix
Γ3 ∈ |e0 + f|. Let D be an irreducible component of D(f) and let x be a
general point ofD. We know from the classification of all possible components
of D(f) that the degree of the projection map must be 2 or 3. If the degree is
equal to 3, then D ∈ |e0 + f| is a cubic directrix and its projection is a line.
This implies that ` belongs to the linear span of D. By assumption on ` this
does not happen. So the degree is equal to 2. The map which assigns to a point
x ∈ D the intersection point of ` and the secant passing through x is a degree 2
map D → `. The intersection points of ` with Σ2 are the branch points of this
map. By Hurwitz’s formula, the normalization of D is a genus 1 curve, hence
the arithmetic genus is ≥ 1. The classification of possible D’s shows that this
could happen only if D is a nonsingular curve from |2e0 + 2f|. So this realizes
type 1(i).

The quartic scroll S can be described as follows. Consider a normal ra-
tional cubic curve R3 in P3 and let S be the set of its secants contained in
a non-special linear line complex. The set of secants of R3 is a surface in
G = G1(P3) of degree 4 in its Plücker embedding. This can be seen by com-
puting its cohomology class in G. A general α-plane Ω(p) contains only one
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secant. A general β-plane Ω(Π) contains three secants. This shows that the
degree of the surface of secants is equal to 4. The surface must be a Veronese
surface in P5 because it does not contain lines. The intersection of the sur-
face with a general linear line complex is a curve C of degree 4. It defines a
quartic ruled surface SC . Take a point p ∈ R3 and consider the set of secants
`x, x ∈ C such that p ∈ `x. The intersection of the Schubert plane Ω(p,P3)

with the Veronese surface is a conic. Its intersection with the linear line com-
plex must consist of two lines. Thus each point of R3 lies on two generators of
the surface SC . The curve R3 is the double curve of S.

• Type 1 (ii).

In this case we take ` intersecting Σ1 at some point x0 in the plane spanned
by some conic directrix D ∈ |e0|. The projection of D is a line and the map
is 2:1. Note that in this case the point x0 is contained in two tangents to D so
two of the four intersection points of ` and Σ2 coincide. It also shows that Σ1

is contained in the singular locus of Σ2. The remaining two points in ` ∩ Σ2

are the branch points of the double cover E′ → `, where D′ ∈ |e0 + 2f| is
the residual component of D(f). Arguing as in the above we see that D′ is a
smooth rational curve of degree 4. Its projection is a conic.

• Type 1 (iii).

This time we take ` intersecting Σ1 at two points p1, p2. These points lie in
planes Π1 and Π2 spanned by directrix conics E1 and E2. The projection from
` maps these conics to disjoint double lines of S. Let us now find two gen-
erators F1 and F2 which are projected to the third double line. Consider the
pencil Pi of lines in the plane Πi with base point pi. By intersecting the lines
of the pencil with the conic Ei, we define an involution on Ei and hence an
involution γi on the pencil |f| ∼= P1 (interchanging the generators intersecting
Ei at two points in the involution). Now we have two involutions on |f| whose
graphs are curves of type (1, 1). They have two common pairs in the involution
which give us two generators on S2,5 intersecting Ei at two points on a line `i
through pi. The 3-dimensional subspace spanned by `, `1 and `2 contains the
two generators. They are projected to a double line of S.

• Type 1 (iv).

The image of D1 on S2,5 is a rational normal cubic R3 spanning a 3-plane M
of P5. We project from a general line contained in M . The restriction of the
projection to D1 is a degree 3 map. So the projection of D1 is a triple line of
S.
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Another possibility here is to project from a line directrix ` of the tangen-
tial scroll Σ3. Each point on ` lies in a tangent plane to a cubic directrix
Γ3 ∈ |E0 + F |. So the projection from ` maps Γ3 to a rational curve R3

of degree 3 and maps the tangent lines to Γ3 to tangent lines to R3. Thus the
scroll S is a developable quartic surface considered in Example 10.4.15. Let
us find a line directrix on Σ3. We know that Σ3 is equal to the image of a pro-
jective bundle P(E), where E is a vector bundle over P1 of rank 3 and degree
5. Thus deg E∨(1) = −5 + 3 = −2, and applying Riemann-Roch, we obtain
h0(E∨(1)) ≥ deg E∨(1) + 3 > 0. This implies that there is a nontrivial map
of sheaves E → OP1(1). Let L be the image of this map. It defines a section
σ : P1 → P(E) such that σ∗(OP(E)(1)) ∼= L. Thus the restriction of OP(E)(1)

to D = σ(P1) is of degree ≤ 1. Since Σ3 is a scroll in our definition, the sheaf
OP(E)(1) is ample, hence the degree must be equal to 1. So, the image of D in
Σ3 is a line directrix.

• Type 1 (v).

This is a degeneration of the previous case. The rational normal cubic degen-
erates into the union of a directrix conic and a generator. The projection is a
degree 2 map on the conic and degree 1 on the line. The double curve Γ is a
triple line. It is a generator and a directrix at the same time. Through each point
on Γ passes two generators other than itself. As in the previous case a plane
containing Γ contains only one of other generators.

• Type 1 (vi).

Consider a hyperplane section L ∩ Σ1, where L contains two generators F1

and F2 of S2,5. The quartic curve L ∩ S2,5 consists of the two generators and
a directrix conic D from |e0|. Thus the cubic surface L ∩ Σ1 contains a plane,
and the residual surface is a quadric Q containing D. Take a line ` in the 3-
dimensional subspace M spanned by F1 and F2 that is tangent to the quadric
M ∩Q. The projection from ` maps S2,5 to a quartic ruled surface with double
line equal to the image of the two generators F1 and F2 and the cuspidal conic
equal to the image of the directrix conic D.

• Type 1 (vi)’.

The same as the previous case, but we choose L to be tangent along a generator
F1. The double locus is a reducible cuspidal cubic.

• Type 2 (i).

Type 2 corresponds to a projection of the rational normal quartic scroll S1,5
∼=

F2 in P5. The exceptional section E0 is a line directrix on S1,5. The curves
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from the linear system |e0 +2f| are cubic directrices. The analog of the tangen-
tial scroll Σ2 here is the join Σ′2 of the tangential surface of a cubic directrix D

with the line E0. It is the union of 3-dimensional spaces spanned by a tangent
line to D and E0. We know that the the tangential scroll of rational normal cu-
bic is of degree 4. Thus the degree of Σ′2 is equal to 4. The rest of the argument
is the same as in case 1 (i). We take ` intersecting Σ′2 at four distinct points and
not contained in a 3-space spanned by a cubic directrix. The double curve is a
smooth elliptic curve of degree 6 from |2e0 + 4f|.

• Type 2 (ii).

This time we take ` intersecting the plane Π spanned by E0 and a generator
F . We also do not take it in any 3-plane spanned by a cubic directrix. Then E0

and F will project to the same line on S, the double line. The residual part of
the double locus must be a curve E from |e0 + 3f|. Since no cubic directrix
is a part of the double locus, we see that E is an irreducible quartic curve. Its
image is a double conic on S.

• Type 2 (iii).

We choose a line ` intersecting two planes as in the previous case. Since the
two planes have a common line E0, they span a 3-dimensional subspace. It
contains three lines which are projected to the same line on S, a triple line of
S.

• Type 2 (iv).

Take a cubic curve from |e0 +2f| and a line in the 3-dimensional space spanned
by the cubic. The cubic is projected to a triple line.

Remark 10.4.24 We have seen that a developable quartic surface occurs in
case 1 (iv). Let us see that this is the only case when it may occur.

The vector bundle of principal parts P1
C(L) must be given by an extension

0→ Ω1
C ⊗ L → P1

C(L)→ L → 0, (10.65)

where C is a rational cubic in P3 and L = OC(1) ∼= OP1(3). It is known that
the extension

0→ Ω1
C → P1

C → OC → 0,

from which the previous extension is obtained by twisting with L, does not
split. Its extension class is defined by a nonzero element in Ext1(OC ,Ω1

C) ∼=
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H1(C,Ω1
C) ∼= C (this is the first Chern class of the sheaf OP1(1)). After ten-

soring (10.65) with OP1(−2) we get an extension

0→ OP1(−1)→ P1
P1(L)(−2)→ OP1(1)→ 0.

The locally free sheaf E = P1
C(L)(−2) has 2-dimensional space of global sec-

tions. Tensoring withOP1(−1) and using that the coboundary homomorphism

H0(P1,OP1)→ H1(P1,OP1(−2))

is nontrivial, we obtain that E(−1) has no nonzero sections, hence E is a
normalized vector bundle of degree 0 defining the ruled surface P(E). There
is only one such bundle over P1, the trivial bundle OP1 ⊕ OP1 . Untwisting
E , we obtain that the sheaf P1

R(L) is isomorphic to OP1(2) ⊕ OP1(2), so
P(P1

R(L)) ∼= F0 and the complete linear system defined by the tautological
invertible sheaf corresponding to P1

R(L) embeds F0 in P5 as the rational nor-
mal scroll S2,5. The double locus class D(f) must be divisible by 2, and the
only case when it happens is type 1 (iv)’.

We can also distinguish the previous cases by a possible embedding of
the quartic curve C0 parameterizing generators of S in G = G1(P3). Since
degC0 = 4 in the Plücker embedding, the curve is always contained in a hy-
perplane L on P5. If, furthermore, C0 lies in a codimension 2 subspace, then
this subspace is either contained in one tangent hyperplane of G or is equal to
the intersection of two tangent hyperplanes (because the dual variety of G is a
quadric). So we have the following possibilities:

I C0 is a rational normal quartic contained in a hyperplane L that is not tan-
gent to G;

II C0 is a rational normal quartic contained in a hyperplane L which is tangent
to G at a point O not contained in C0;

III C0 is a rational normal quartic contained in a hyperplane L which is tangent
to G at a point O contained in C0;

IV C0 is a rational quartic curve contained in the intersection of two different
tangent hyperplanes of G;

V C0 is a rational quartic curve contained in a 3-dimensional subspace through
which passes only one tangent hyperplane of G. The tangency point is an
ordinary node of C0.

A quartic surface of type 1 (i) or 1 (iv)’ from Theorem 10.4.23 belongs to
type I. Following W. Edge [199] we redenote types 1 (i) and 1 (iv)’ with I.

In type 1 (ii) the line component of the double curve is a directrix, so all
generators belong to a linear complex tangent to G1(P3) at the point O rep-
resenting this directrix. This is Edge’s type II. Through any point p on the
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directrix passes two generators, the point O belongs to a secant of C0 formed
by the line Ω(p,Π), where Π is the plane spanned by the two generators. It is
a nonsingular point of C0. We have Edge’s type II (C).

In type 1 (iii) we have two directrices which are not generators. This means
that C is contained in the intersection of two special linear line complexes tan-
gent to G1(P3) at two points. This is type IV (B). The tangency points corre-
spond to the line directrices on S. The curve C0 is contained in the intersection
of two special linear line complexes that is a nonsingular quadric. The curve
C0 has an ordinary node at the point corresponding to two generators mapped
to a double line on F .

In type 1 (iv), the triple line is a directrix of S, so we are again in case II
but in this case the point O intersects the α-plane Ω(p) at three non-collinear
points and intersects the β-plane Ω(Π) at one point. This is Edge’s type II (A).

In case 1 (v) the double curve is a triple line. One of the generators F is
contained in D(f) with multiplicity 2 and is mapped to the triple line. Thus S
is contained in a unique special line complex which is tangent to G at a cusp
of C0. Since C0 is singular, it is contained in a 3-dimensional space. So C is
contained in a quadric cone equal to the intersection ofG1(P3) with two linear
line complexes. The singular point of this cone is the singular point of C0. This
is Edge’s Type III (A).

In type 1 (vi) two generators on S2,5 are projected to a double generator of
S. The curve C0 has an ordinary double point, hence it lies in two linear line
complexes. The double generator is the only line directrix on S. Thus there is
only one special linear line complex containing S and its tangency point is an
ordinary double point of C0. This is Edge’s type V (A). In case 1 (vi)’, we also
have type V (A), only this time the singular point of C0 is a cusp.

In type 2 (i) the line directrix ` corresponding to E0 defines a line complex
containing C. Thus we are in type II. The Schubert plane Ω(p,P3), p ∈ `,

contains only one point, the α-plane Ω(π), ` ⊂ π, contains three points. This
is Edge’s type II (B).

In type 2 (ii) we have a line directrix which is at the same time a generator
g. This shows that we are in type III. The curve C has a cuspidal singularity at
the point O corresponding to the generator g. The curve C intersects any plane
Ω(p,P3), p ∈ g, in one point and every plane Ω(π,P3), g ⊂ π, at two points.
This is Edge’s type III (B).

In type 2 (iii) we have a triple line on S formed by the projection of the
line directrix E0 of S2,5 and its two generators. We are in case V, where the
singular point of C is the singular point of the quadric cone. This is Edge’s
type V (B).

In type 2 (iv) we have a triple line projected from a rational cubic curve. We
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have two line directrices of S, one is a triple line. The curve C is nonsingular.
This is Edge’s type IV (A).

Next, we have to classify elliptic ruled quartic surfaces in P3. Let π : X →
C be a minimal ruled surface with a base C. We write X in the form X =

P(E0), where E0 is a normalized rank 2 locally free sheaf. Since KC = 0 in
our case, the canonical class formula (1.33) gives

KX = −2e0 + π∗(a). (10.66)

By the adjunction formula, 0 = E2
0 + KX · E0 = −E2

0 + deg a. Thus, a =

deg a = e20 ≤ 0.
Let |h| be the linear system on X which defines the normalization map f :

X → S. We can write h ≡ e0 + mf, where f is the class of a fibre. Since h
is ample, intersecting both sides with e0, we get m + a > 0. We also have
h2 = 2m+ a = 4. This gives two possibilities a = 0,m = 2 and a = −2 and
m = 3. In the second case h · e0 = 1, hence |h| has a fixed point on E0. This
case is not realized (it leads to the case when S is a cubic cone). The formula
for the double-point locus gives D(f) ≡ 2h − π∗(d), where d = deg d = 4.
Thus we obtain

H ≡ e0 + 2f, e20 = 0, D(f) ≡ 2e0.

By Riemann-Roch, dim |h| = 3. Since dim |h−e0| = dim |2f| = 1, we obtain
that the image of E0 is a line. Since the restriction of |h| to E0 is a linear
series of degree 2, the image of E0 is a double line. We have two possibilities:
D(f) consists of two curves E0 +E′0, or D(f) is an irreducible curve D with
h ·D = 4. Since |h−D| = ∅, we obtain that the image of D is a space quartic,
so it cannot be the double locus. This leaves us with two possible cases: D(f)

is the union of two disjoint curves E0 + E′0, or D(f) = 2E0.
In the first case H ·E0 = H ·E′0 = 2 and dim |h−E0| = dim |h−E′0| =

dim |2f| = 1. This shows that the images of E0 and E′0 are two skew double
lines on S. The curve C is a nonsingular elliptic curve in G1(P3). It spans
a 3-dimensional subspace equal to the intersection of two special linear line
complexes.

Since X = P(E) has two disjoint sections with self-intersection 0, the sheaf
E splits into the direct sum L1 ⊕ L2 of invertible sheaves of degree 0. This
easily follows from [281], Chapter V, Proposition 2.9. One of them must have
a nonzero section, i.e. must be isomorphic to OC . So we obtain

X ∼= P(OC ⊕OC(a)),

where deg a = 0. Note that X cannot be the direct product C × P1 because in
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this case the image of any C × {x} must be a double line, in other words, in
this case |H| defines a degree 2 map. So, we have a ∼ 0.

In the second case, two double lines come together forming the curve of
tacnodes. In this case the curve C lies only in one special linear line complex.
The pencil of hyperplanes containing C intersects the dual Klein quadric at
one point.

Let σ : E → OC(e) be the surjective map of sheaves corresponding to the
section E0. Since deg E = deg a = 0, we have deg Ker(σ) = 0. Thus E can
be given as an extension of invertible sheaves

0→ OC(b)→ E → OC(a)→ 0,

where deg b = 0. Suppose this extension splits, then X has two disjoint sec-
tions with self-intersection zero. By the above, we see that the map defined by
the linear system |h| maps each section to a double line of S. This leads to the
first case. So in our case, there are no disjoint sections, and hence the extension
does not split. This implies that Ext1(OC(a),OC(b)) = H1(C,OC(e−b)) 6=
{0}. This is possible only if b ∼ a. Since E has a nonzero section, we also
have H0(C,OC(a)) 6= {0}, i.e. e ∼ 0. Thus we obtain that E is given by a
non-split extension

0→ OC → E → OC → 0.

In fact, it is known that any elliptic ruled surface with e20 = 0 which corre-
sponds to a non-split vector bundle, must be isomorphic to the ruled surface
P(E), where E is defined by the above extension (see [281], Chapter V, Theo-
rem 2.15).

Let us summarize our classification in the following Table 10.1.

Type Double cuve Edge Cremona Cayley Sturm
I (i),(iv)’ R3 I 1 10 III

I (ii) L+K II (C) 2 7 V
I (iii) L+L’+G IV (B) 5 2 VII
I (v) 3L II (A) 8 9 IX
I (iv) 3L III (A) 3 - XI

I (vi),(vi)’ 2L+G V (A) 6 5 VIII
II (i) R3 II (B) 7 8 IV
II (ii) L+K III (B) 4 - VI
II (iii) 3L V (B) 10 6 XII
II (iv) 3L IV (A) 9 3 X
g = 1 L+L’ VI(A) 11 1 I
g = 1 2L VI(B) 12 4 II

Table 10.1 Quartic ruled surfaces
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Here R3 denotes a curve of degree 3, L denotes a line, K is a conic and G
is a generator.

A finer classification of quartic ruled surfaces requires to describe the pro-
jective equivalence classes. We refer to [449] for a modern work on this. Here
we explain, following [50], only the fine classification assuming that the dou-
ble curve is a Veronese cubic R3. First, by projective transformation we can
fix R3 which will leave us only with the 3-dimensional subgroup G of PGL(4)

leaving R3 invariant. It is isomorphic to PSL(2).
LetN be the net of quadrics in P3 that containsR3. It defines a rational map

α : P3 99K N∨. The preimage of a point s in N∨, i.e. a pencil in N , is the
base locus of the pencil. It consists of the curve R3 plus a line intersecting R3

at two points. This makes an identification between points in N∨ ∼= P2 and
secants of R3. The preimage of a conic K in N∨ is a quartic surface which
is the union of secants of R3. It is a quartic ruled surface. Conversely, every
quartic ruled surface S containing R3 as its double curve is obtained in this
way. In fact, we know that S is the union of secants of R3 and hence the linear
system of quadrics containing R3 should blow down each secant to a point in
N∨. The preimage of a general line in the plane is a quadric that cuts out on S
a curve of degree 8 that consists of the curve R3 taken with multiplicity 2 and
two lines. This shows that the image of S is a conic. Thus we find a bijection
between quartic surfaces with double curve R3 and conics in the plane. The
group G is naturally isomorphic to the group of projective transformations
of N∨. It is well known that the projective representation of PSL(2) in P2

leaves a nonsingular conic C invariant. The quartic surface corresponding to C

is the only quartic surface invariant underG. This is, of course, the developable
quartic ruled surface (see Example 10.4.15). In this way our classification is
reduced to the classification of orbits in the space of nonsingular conics P5

under the action of the group PSL(2) of projective automorphisms leaving C

invariant. The orbit space is of dimension 2. Let K be a conic different from
C. There are five possible cases for the intersection K ∩C: four distinct points;
one double coincidence, two double coincidences, one triple coincidence and
one quartuple coincidence. Together with C it gives six different types. The
first type has two parameters, the cross ratio of four points and a point in the
pencil of conics with the same cross ratio. The second type is a one-parameter
family. All other types have finitely many orbits. We refer for explicit equations
to [449] and [50].

There are many direct geometric constructions of quartic ruled surfaces. The
first historical one uses Cayley’s construction of a ruled surface as the union
of lines intersecting three space curves (see Example 10.4.11). For example,
taking (d1, d2, d3) = (2, 2, 1) and (a12, a13, a23) = (2, 0, 1) gives a quartic
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ruled surface with a double conic and a double line that intersect at one point.
Another construction is due to L. Cremona. It is a special case of the con-
struction from Example 10.4.3, where we take the curves C1 and C2 of degree
2. If the two conics are disjoint, a correspondence of bidegree (1, 1) gives a
quartic ruled surface. In the next Subsection we will discuss a more general
construction due to B. Wong [601].

Finally, we reproduce equations of quartic ruled surfaces (see [199], p. 69).

I : Q(xz − y2, xw − yz, yw − z2) = 0,

where Q =
∑

1≤i≤j≤3

aijtitj is a nondegenerate quadratic form;

II(A) : zy2(ay + bx) + wx2(cy + dx)− ex2y2 = 0;

II(B) : same as in (I) with a2
22 + a22a13 − 4a12a23 + a11a33 = 0;

II(C) : (cyz + bxz + axy + zw − wx)2 − xz(ax− by + cz)2 = 0;

III(A) : ax2y2 − (x+ y)(x2w + y2z) = 0;

III(B) : (xw + yz + azw)2 − zw(x+ y)2 = 0;

IV (A) : x(az + bw)w2 − y(cz + dw)z2 = 0;

IV (B) : y2z2 + axyzw + w2(bz + cx)x = 0,

(yz − xy + awx)2 − xz(x− z + bw)2 = 0;

V (A) : : (yz − xy + axw)2 − xz(x− z)2 = 0;

V (B) : (az2 + bzw + cw2)(yz − xw)− z2w2 = 0;

V I(A) : ax2w2 + xy(bz2 + czw + dw2) + ey2z2 = 0;

V I(B) : (xw − yz)2 + (ax2 + bxy + cy2)(xw − yz) +

(dx3 + ex2y + fxy2 + gy3)x = 0.

10.4.5 Ruled surfaces in P3 and the tetrahedral line complex

Fix a pencilQ of quadrics in P3 with a nonsingular base curve. The pencil con-
tains exactly four singular quadrics of corank 1. We can fix coordinate systems
to transform the equations of the quadrics to the diagonal forms

3∑
i=0

aiti = 0,

3∑
i=0

biti = 0.

The singular points of four singular quadrics in the pencil are the reference
points p1 = [1, 0, 0, 0], p2 = [0, 1, 0, 0], p3 = [0, 0, 1, 0], p4 = [0, 0, 0, 1]. For
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any point not equal to one of these points, the intersection of polar planes
Px(Q), Q ∈ Q, is a line in P3. This defines a rational map f : P3 99K
G1(P3) ⊂ P5 whose image is a tetrahedral line complex K (see the end of
Section 10.3.6). The Plücker coordinates pij of the line f([t0, t1, t2, t3]) are

pij = (aibj − ajbi)titj .

For any space curve C of degree m not passing through the reference points,
its image under the map f is a curve of degree d = 2m in the tetrahedral
complex. It defines a ruled surface SC in P3 of degree 2d, the union of lines
f(x), x ∈ C. If we consider the graph Gf ⊂ P3 ×G1(P3) of f , its projection
to G1(P3) is the universal family ZC . Its projection to P3 is our ruled surface.

Let Π be a plane in P3 not containing any of the points pi. The restriction of
f to Π is given by the complete linear system of conics. Thus, its image f(Π)

is a Veronese surface embedded in G1(P3) as a congruence of secant lines of
a rational normal curve RΠ in P3. The curve RΠ is the image of the map

φΠ : Q ∼= P1 → P3 (10.67)

which assigns to a quadric Q ∈ Q the intersection of polars Px(Q), x ∈ Π.
For any line ` in Π, the ruled surface S` is a quadric containing RΠ. So, one
can identify the net of quadrics containing RΠ with the dual plane Π∨. More
generally, for any curve C in Π of degree m, the ruled surface SC is a surface
of degree 2m containing RΠ. Consider a point x ∈ Π as the intersection point
of two lines `1 and `2 in Π. Then the line f(x) is contained in the intersection
of the two quadrics S`1 and S`2 . Hence it coincides with a secant of the curve
RΠ. Thus, we obtain that generators of SC are secants of RΠ. If m = 2, this
gives that f(C) is the intersection of a Veronese surface with a linear line
complex, a general choice of Π gives us quartic surfaces of type I (i).

Take a line ` in Π. The quadric S` comes with a ruling on the quadrics whose
generators are secants of RΠ. The set of lines in Π that parameterizes singular
quadrics containing RΠ is a conic in Π∨. The dual conic C in Π parameterizes
pencils of quadrics containingRΠ and its line tangent. The corresponding ruled
quartic surface is the developable quartic surface, a special case of type I (iii).
The points on the line are pencils of quadrics containing Q`. If ` is tangent to
C, then the tangency point is a pencil of quadrics which all tangent to R3(Π)

at one point. The point is the singular point of a unique singular quadric in the
pencil.

The lines f(x), x ∈ `, are generators of the quadric S` which intersect RΠ

at two points. If ` is tangent to C then S` is a singular quadric and all the lines
f(x), x ∈ `, pass through its singular point. The curve RΠ also passes through
this point. In this case, the line ` intersects a curve C of degree m in Π at m
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points different from C, all the generators of SC corresponding to these points
must pass through one point onRΠ. The converse is also true, if the generators
f(x), x ∈ C, all pass through the same point on RΠ, then these points lie on
a line tangent to C. Thus we obtain that RΠ is m-multiple curve on SC . This
agrees with type 1(i) of quartic ruled surfaces. Also note that C intersects C at
2m points corresponding to generators tangent to RΠ. If m = 2, we get four
torsal generators.

Now, let us see what happens if we choose special plane Π. For example, let
us take Π passing through one of the points p1, . . . , p4, say p1. Then the map
φΠ defined in (10.67) is not anymore of degree 3. In fact, it is not defined at
the quadric Q which has p1 as its singular point. The map extends to a map of
degree 2. Thus the cubic RΠ degenerates to a conic. The lines in Π correspond
to quadrics containing the conic RΠ and some line intersecting the conic. This
is a degeneration of the singular curve to the union of a conic and a line.

Finally, let us see how elliptic quartic surfaces arise. Take Π passing through
the points p1 and p2. Take a nonsingular cubic C in the plane which passes
through p1 and p2. The linear system of quadrics defining the rational map f
has two of its base points on C. Thus its image in G1(P3) is a quartic elliptic
curve. We see that a ruled surface of degree 6 which corresponds to a general
cubic degenerates in this case to the union of a quartic surface and two planes
(the images of the blow-ups of p1 and p2). The cubic RΠ degenerates to a line,
one of the two double lines of S. A quadric corresponding to a line through
p1 or p2 degenerates to a plane with a choice of a pencil of lines in it. This
plane does not depend on the line, but the pencil of lines in the plane does. The
line passing through p1 and p2 is blown down under f to a point in G1(P3)

defining the second double line of SC . This is the intersection line of the planes
corresponding to p1 and p2.

Exercises

10.1 Let Pn ⊂ C[t] be the space of polynomials of degree ≤ n. Let f0, . . . , fm be a
basis of a subspace L of Pn of dimension m + 1. Consider the Wronskian of the set
(f0, . . . , fm)

W (f0, . . . , fm) = det


f0 f1 . . . fm
f ′0(t) f ′1(t) . . . f

′
m(t)

...
...

...
...

f
(m)
0 (t) f

(m)
1 (t) . . . f

(m)
m (t)

 .
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Show that the map

Gm(Pn)→ P(m+1)(n−m), L 7→ [W (f0, . . . , fm)]

is well defined and is a finite map of degree equal to the degree of the Grassmannian in
its Plücker embedding.
10.2 Show that any

(
n+1

2

)
− 1 lines in G1(Pn), n ≥ 3, lie in a linear line complex.

Using this, prove that one can choose coordinates in Pn so that any linear line complex
can be given by Plücker equations p12 + λp34 = 0, where λ = 0 if and only if the line
complex is special.
10.3 Show that the tangent lines of any smooth curve of genus g and degree d in Pn is
contained in a linear line complex if 2(d+ g − 1) <

(
n+1

2

)
.

10.4 Show that any k-plane Λ of Gm(Pn) coincides with the locus of m-planes in Pn
containing a fixed (m − 1)-plane and contained in a fixed (m + k)-plane or with the
locus of m-planes contained in a fixed (k + 1)-plane and containing a fixed (k −m)-
plane. Identify these loci with appropriate Schubert varieties.
10.5 Using the previous exercise, show that any automorphism of Gr(Pn) arises from
a unique projective automorphism of Pn unless n = 2r+ 1, in which case PGL(n+ 1)
is isomorphic to a subgroup of index 2 of Aut(Gr(Pn)).
10.6 How many lines intersect a set of m general k-planes in Pn?
10.7 Show that Seck(G1(Pn)) is equal to the set of singular points of Seck+1(G1(Pn))
for all k = 0, . . . , [n−3

2
].

10.8 Using Schwarzenberger vector bundles, prove that the projective plane embedded
in G1(Pn) as the surface of secants of a normal rational curve of degree d in Pd is
isomorphic to the Veronese surface V2

n−1.

10.9 Let Q1and Q2 be two nonsingular quadrics in P3 with a choice of a ruling of lines
on each of them. Any general line ` intersects Q1 ∪ Q2 at four lines, two from each
ruling. Together with `, these lines span four planes in the pencil of planes through `.
Show that the closure of the locus of lines ` such that the four planes is projectively
equivalent to the four intersection points of ` with Q1 and Q2 form a Battaglini line
complex. Also show that any general Battaglini line complex can be obtained in this
way [523].
10.10 Show that the linear system of quadrics in P4 passing through a normal rational
quartic curve R4 defines a rational map Φ : P4 99K P5 whose image is a nonsingular
quadric in P5 identified with the Klein quadric G(2, 4). Show that:

(i) the secant variety S1(R4) is mapped to a Veronese surface;
(ii) the map Φ extends to a regular map of the blow-up of P4 along R4 that maps the

exceptional divisor to a ruled hypersurface of degree 6 which is singular along the
Veronese surface;

(iii) the image of a hyperplane in P4 is a tetrahedral line complex;
(iv) the image of a plane in P4 not intersecting R4 is a Veronese surface;
(v) the image of a trisecant plane of R4 is a plane in G(2, 4). Show that planes from

another family of planes are the images of cubic ruled surfaces singular along R4.

10.11 Show that four general lines in P4 determine the unique fifth one such that the
corresponding points inG1(P4) ⊂ P9 lie in the same three-dimensional subspace. Any
plane which meets four lines meets the fifth line (called the associated line).
10.12 Show that two linear line complexes Cω and Xω′ in G1(P3) are apolar to each
other if and only if iω(Xω′) = Cω .
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10.13 Show that a general web of linear line complexes in G1(P4) contains five special
line complexes.
10.14 Show that the projection of the Segre cubic primal from its nonsingular point is
a double cover with branch locus isomorphic to a Kummer surface.
10.15 Using the Schubert calculus, show that the variety of lines contained in a cubic
hypersurface in P4 with isolated singularities is a surface of degree 45 in the Plücker
embedding of G1(P4). Show that the variety of lines contained in the Segre cubic pri-
mal S3 is a surface of degree 45 that consists of 15 planes and six del Pezzo surfaces of
degree 5.
10.16 LetN be a general 2-dimensional linear system of quadrics in P3. Show that the
union of lines contained in quadrics Q ∈ N is parameterized by a cubic line complex
(called a Montesano line complex) [390].
10.17 Let p1, . . . , pnd+1 be points in Pn in general linear position. A monoidal line
complex consists of all codimension 2 linear subspaces Π of Pn for which there exists
a monoidal hypersurface with singular locus containing to Π. Using the isomorphism
Gn−2(Pn) ∼= G1(Pn), we consider it as a line complex. Show that the degree of a
monoidal line complex is equal to 1

2
3d(d − 1) and it coincides with a Montesano line

complex when n = d = 3 [177].
10.18 Consider a smooth curveC of degree d and genus g in P3 and choose two general
lines ` and `′. Find the degree of the scroll of lines that intersect C, ` and `′.

10.19 Let F be a surface of degree 6 in P3 which has the edges of the coordinate
tetrahedron as its double lines. Find an equation of F and show that its normalization
is an Enriques surface.
10.20 Show that the Hessian of a developable quartic ruled surface is equal to the sur-
face itself taken with multiplicity 2. The Steinerian in this case is the whole space [587].
10.21 Consider the embedding of the Klein quartic curve of genus 3 in P3 given by the
linear system |3θ|, where θ is the unique even theta characteristic invariant with respect
to the group of automorphisms of the curve. Show that each hyperosculating point is of
multiplicity 2 and is equal to the image of an inflection point.
10.22 Show that a generator intersecting the double curve of a ruled surface at a pinch
point is a torsal generator.
10.23 Classify all ruled surfaces in P3 which have two line directrices.
10.24 For each type of a quartic ruled surface, find the type of its dual quartic ruled
surface.

10.25 Find projective equivalence classes of quartic ruled surfaces with a triple line.

Historical Notes

The main sources for these notes are [360], [367], [522], [430], and [608]. Line
Geometry originates from J. Plücker who was the first to consider lines in 3-
space as elements of a new four-dimensional space. These ideas had appeared
first in [443] and the details were published much later in [444]. The study of
lines in P3 was very much motivated by mechanics and optics. An early dif-
ferential geometrical treatment of line geometry can be found in the works of



658 Geometry of Lines

E. Kummer [348] and [349]. The six Plücker coordinates pij of a line were
first introduced by H. Grassmann in 1844 [259] in a rather obscure notation.
Unaware of the work of Grassmann, in 1859 A. Cayley introduced the coordi-
nates in its modern form as six determinants of a 2 × 4-matrix and exhibited
the quadric equation satisfied by the coordinates [80]. In a subsequent paper,
under the same title, he introduced, what is now called the Chow form of a
space curve. The notions of a linear line complex of lines and a congruence
of lines (the intersection of two linear line complexes) are due to Plücker, and
the first proofs of some of his results were given by G. Battaglini [30]. Among
other earlier contributers to theory of general line complexes we cite M. Pash
[431].

Plücker began the study of quadratic line complexes by introducing a sin-
gular quartic surface with 16 nodes. Although, in a special case, many Plı̈cker’s
results about quadratic line complexes were independently obtained by Battaglini.
In his dissertation, and later published paper [335], Klein introduced the coor-
dinate system determined by six mutually apolar linear line complexes and
showed that the singular surface can be identified with a Kummer surface. The
notion of the singular surface of a quadratic complex is due to Klein. We refer
to [305] and [318] for the history of Kummer surfaces and their relationship
with Line Geometry. We followed [318] in deriving the equation of a Kummer
surface in Klein coordinates.

Plücker defined a linear complex as we understand it now, i.e. as a set of
lines whose coordinates satisfy a linear equation. The set of lines in a linear
complex passing through a point x lies in a plane Π(x); this defines a linear
correlation from the space to the dual space. The correlations arising in this
way satisfy the property x ∈ Π(x). They were first considered by G. Giorgini
[245] and A. Möbius [389] and were called Nullsystems by von Staudt ([538],
p. 191). The notions of a null-line and a null-plane belong to Möbius. Chasles’
Theorem 10.2.10 gives a purely geometric definition of a Nullsystem [93].
Linear systems of linear line complexes were extensively studied in Sturm’s
book [550].

In 1868, in his Inauguraldissertation at Bonn published later in [335], [338],
F. Klein pointed out that Weierstrass’s theory of canonical forms for a pair of
quadratic forms can be successfully used for the classification of quadratic line
complexes. This was accomplished later by A. Weiler (see also [590], [517]).
The classification consists of 49 different types of line complexes correspond-
ing to different Segre symbols of the pencil of quadrics. As we have already
noticed earlier, the Segre symbol was first introduced by A. Weiler [595] and
Segre acknowledges this himself in [517]. In each case the singular surface
is described. For example, some of the ruled quartic surfaces can be obtained
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as singular surfaces of a degenerate quadratic complex. A full account of the
classification and the table can be found in Jessop’s book [318]. Many special
quadratic line complexes were introduced earlier by purely geometric means.
Among them are the tetrahedral line complexes and Battaglini’s harmonic line
complexes [31] considered in the present Chapter. A complete historical ac-
count of tetrahedral line complexes can be found in Lie’s book [360]. Its
general theory is attributed to T. Reye [459] and even they are often called
Reye line complexes. However, in different disguises, tetrahedral line com-
plexes appear in much earlier works, for example, as the locus of normals to
two confocal surfaces of degree 2 [42] (see a modern exposition in [525], p.
376), or as the locus of lines spanned by an argument and the value of a pro-
jective transformation [94], or as the locus of secants of twisted cubics passing
through the vertices of a tetrahedron [400]. We refer to [480] and [284] for the
role of tetrahedral line complexes in Lie’s theory of differential equations and
groups of transformations.

Modern multi-linear algebra originates in Grassmann’s work [258], [259].
We refer to [51] for the history of multilinear algebra. The editorial notes
for the English translation of [259] are very helpful for understanding Grass-
mann’s work. As a part of Grassmann’s theory, a linear k-dimensional subspace
of a linear space of dimension n corresponds to a decomposable k-vector. Its
coordinates can be taken as the coordinates of the linear subspace and of the
associated projective subspace of Pn−1. In this way Grassmann was the first
to give a higher-dimensional generalization of the Cayley-Plücker coordinates
of lines in P3. Equations (10.3) of Grassmann varieties could not be found in
his book. The fact that any relation between the Plücker coordinates follows
from these relations was first proven by G. Antonelli [9] and much later by
W. Young [602]. In [502] and [503] H. Schubert defines what we now call
Schubert varieties, and computes their dimensions and degrees in the Plücker
embedding. In particular, he finds the formula for the degree of a Grassmann
variety. A modern account of Schubert’s theory can be found in Hodge-Pedoe’s
book [301], v. II and Fulton’s book [230].

The study of linear line complexes in arbitrary [n] (the classical notation [n]

for Pn was introduced by Schubert in [502]) was initiated in the work of S.
Kantor [327], F. Palatini [422] and G. Castelnuovo [68] (in case n = 4). The
Palatini scroll was first studied in [423] and appears often in modern litera-
ture on vector bundles (see, for example, [417]). Quadratic line complexes in
P4 were extensively studied by B. Segre [512]. Although ruled surfaces were
studied earlier (more from differential point of view), A. Cayley was the fist
who laid the foundations of the algebraic theory of ruled surfaces [75], [82],
[83]. The term scroll belongs to Cayley. The study of non-normal surfaces
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in P3 and, in particular, ruled surfaces, began with G. Salmon [486], [487].
Salmon’s work was extended by A. Cayley [87]. The formulas of Cayley and
Salmon were revised in a long memoir of H. Zeuthen [606] and later in his
book [607]. A modern treatment was given by R. Piene [436]. The fact that the
class of a ruled surface is equal to its degree is due to Cayley. The degree of a
ruled surface defined by three directrices from Example 10.4.11 was first deter-
mined by G. Salmon [485]. Cubic ruled surfaces were classified by A. Cayley
in [83], Part II, and, independently, by L. Cremona [138]. The classification of
quartic ruled surfaces were started by A. Cayley [83], Parts II and III. How-
ever, he had missed two types. A complete classification was given later by
L. Cremona [144]. An earlier attempt for this classification was made by M.
Chasles [94]. The classification based on the theory of tetrahedral line com-
plexes was given by B. Wong [601]. Ruled surfaces of degree 5 were classified
by H. Schwarz [505]. Much later this classification was extended to surfaces of
degree 6 by W. Edge [199]. Edge’s book and Sturm’s book [549], vol. 1, give a
detailed exposition of the theory of ruled surfaces. The third volume of Sturm’s
book contains an extensive account of the theory of quadratic line complexes.
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1753, Progr. Math., 282, Birkhäuser Boston, Inc., Boston, MA, 2010.

[47] G. Bordiga, La superficie del 6◦ ordine con 10 rette, nello spazio R4 e le sue
projezioni nello spazio ordinario, Mem. Accad. Lincei, (4) 3 (1887) 182–203.

[48] A. Borel, J. de Siebenthal, Les sous-groupes ferms de rang maximum des
groupes de Lie clos, Comment. Math. Helv. 23, (1949), 200–221.

[49] H. Bos, C. Kers, F. Oort, D. Raven, Poncelet’s closure Theorem, Exposition.
Math. 5 (1987), 289–364.

[50] O. Bottema, A classification of rational quartic ruled surfaces, Geometria Ded-
icata, 1 (1973), 349–355.

[51] N. Bourbaki, Algebra I. Chapters 1–3. Translated from the French. Reprint
of the 1989. English translation: Elements of Mathematics. Springer-Verlag,
Berlin, 1998.

[52] N. Bourbaki, Lie groups and Lie algebras, Chapters 4–6, Translated from the
1968 French original, Elements of Mathematics. Springer-Verlag, Berlin, 2002.

[53] M. C. Brambilla, G. Ottaviani, On the Alexander-Hirschowitz theorem, J. Pure
Appl. Algebra, 212 (2008), 1229–1251.
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Math., 65 (1866), 359–380.
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(Orsay, 1992). Astérisque No. 218 (1993), 111–144.

[179] I. Dolgachev, Polar Cremona transformations, Michigan Math. J., 48 (2000),
191–202.

[180] I. Dolgachev, J. Keum, Birational automorphisms of quartic Hessian surfaces,
Trans. Amer. Math. Soc. 354 (2002), 3031–3057.

[181] I. Dolgachev, Lectures on invariant theory, London Mathematical Society Lec-
ture Note Series, 296. Cambridge University Press, Cambridge, 2003.

[182] I. Dolgachev, Dual homogeneous forms and varieties of power sums, Milan J.
Math. 72 (2004), 163–187.

[183] I. Dolgachev, Luigi Cremona and cubic surfaces. Luigi Cremona (1830–1903),
55–70, Incontr. Studio, 36, Istituto Lombardo di Scienze e Lettere, Milan, 2005.

[184] I. Dolgachev, B. van Geemen, S. Kondō, A complex ball uniformization of the
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und die zugehörige “Normalcurve” vierter Ordnung, Math. Ann. 17, 510–517.

[197] E. Dynkin, Semisimple subalgebras of semisimple Lie algebras, Mat. Sbornik
N.S. 30 (1952), 349–462.

[198] F. Eckardt, Ueber diejenigen FlŁchen dritten Grades, auf denen sich drei ger-
ade Linien in einem Punkte schneiden, Math. Ann. 10 (1876), 227-272.

[199] W. Edge, The theory of ruled surfaces, Cambridge Univ. Press, 1931.
[200] W. Edge, The Klein group in three dimension, Acta Math. 79 (1947), 153–223.
[201] W. Edge, Three plane sextics and their automorphisms, Canad. J. Math., 21

(1969), 1263–1278.
[202] W. Edge, A pencil of four-nodal plane sextics, Math. Proc. Cambridge Phil.

Soc. 89 (1981), 413–421.
[203] W. Edge, The pairing of del Pezzo quintics, J. London Math. Soc. (2) 27 (1983),

402–412.
[204] W. Edge, A plane sextic and its five cusps, Proc. Roy. Soc. Edinburgh, Sect. A

118 (1991), 209–223.
[205] R. Ehrenborg, G.-C. Rota, Apolarity and canonical forms for homogeneous

polynomials, European J. Combin. 14 (1993), 157–181.
[206] L. Ein, N. Shepherd-Barron, Some special Cremona transformations. Amer. J.

Math. 111 (1989), 783–800.
[207] D. Eisenbud, Commutative algebra, Graduate Texts in Mathematics, 150.

Springer-Verlag, New York, 1995.
[208] D. Eisenbud, S. Popescu, The projective geometry of the Gale transform, J.

Algebra 230 (2000), 127–173.
[209] N. Elkies, The Klein quartic in number theory, The eightfold way, 51–101,

Math. Sci. Res. Inst. Publ., 35, Cambridge Univ. Press, Cambridge, 1999.



References 671

[210] G. Ellingsrud, Sur le schma de Hilbert des varits de codimension 2 dans P e à
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[322] T. Józefiak, A. Lascoux, P. Pragacz, Classes of determinantal varieties associ-

ated with symmetric and skew-symmetric matrices. Izv. Akad. Nauk SSSR Ser.
Mat. 45 (1981), 662–673.

[323] P. Joubert, Sur l’equation du sixieme degré, Comptes Rendus hepdomadaires
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[413] M. Noether, Über Flächen, welche Schaaren rationaler Curven besitzen, Math.
Ann. 3 (1870), 161–226.

[414] M. Noether, Zur Theorie der eindeutigen Ebenentransformationen, Math. Ann.
5 (1872), 635-639.

[415] C. Okonek, 3-Mannigfaltigkeiten im P 5 und ihre zugehrigen stabilen Garben,
Manuscripta Math. 38 (1982), 175–199.
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[430] E. Pascal, Repertorium der Höheren Mathematik, Bd.2: Geometrie, Teubniger,
Leipzig, 1910.
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[445] J. Plücker, Über ein neues Coordinatsystem, J. Reine Angew. Math., 5 (1830),
1-36 [Ges. Abh. n.9, 124–158].
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Reine Angew. Math., 82 (1976), 54–83.

[464] T. Reye, Ueber Polfünfecke und Polsechsecke räumlicher Polarsysteme, J.
Reine Angew. Math. 77 (1874), 263–288.

[465] T. Reye, Ueber lineare Mannigfaltigkeiten projectiver Ebenbüschel und
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Brioschi, 157
Clebsch, 279, 291
Hermite, 157
Hessian, 283
of a binary cubic, 68
of a pair of conics, 117, 120, 121
of a pair of quadrics, 126
of a plane quartic, 294
of a ternary cubic, 156
of binary quartic, 69
quadric, 105
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Scorza, 279
Coxeter, H., 74, 371, 411, 474, 565
Coxeter-Dynkin diagram, 371, 404

extended, 407
Crauder, B., 326
Cremona

group, 362, 380, 381, 385
hexahedral equations, 518
inequalities, 317

Cremona transformation, 315
Bertini involution, 352
Clebsch Theorem, 372
cubo-cubic, 332
de Jonquières, 337
de Jonquières involution, 335
determinantal, 384
F-locus, 318
fixed points, 344
fundamental point, 318, 343
Geiser involution, 352
given by pfaffians, 576
indeterminacy point, 318
multidegree, 317
of degree 5, 421, 486
ordered resolution, 367
P-locus, 318
quadro-cubic in P4, 326
quadro-quadratic, 328
regularizable, 381
symmetric, 351

Cremona, L., 75, 125, 159, 161, 207, 250, 317,
355, 383, 473, 563, 572, 653, 660

cross ratio, 117, 124, 521, 617
cubic hypersurface, 73, 99, 138, 139, 525, 639

catalecticant, 55
determinantal, 48, 55, 431
fourfold, 436
in P6, 432
pfaffian, 576
symmetroid, 447
variety of lines, 657

cubic plane curve
absolute invariant, 128
canonical equation, 131
covariants and contravariants, 161
dual curve, 143
equianharmonic, 129
harmonic, 129
Hesse equation, 131
Hesse pencil, 133
its Cayleyan curve, 141

its Hessian curve, 139
Legendre equations, 129
Weierstrass equation, 128

cubic scroll
in P3, 495
in P4, 495

cubic surface, 99
4-nodal, 614
as a base of a Palatini scroll, 592
Cayley surface, 500
Cayley-Salmon equation, 502
Clebsch diagonal, 489
Cremona’s hexahedral equations, 518
cyclic, 492, 515
dual surface, 562
Eckardt point, 491
lines on it, 482
moduli, 588
moduli space, 534
non-normal, 495
projective generation, 503
Sylvester nondegenerate, 289, 515
symmetroid, 509
tritangent plane, 458

cubic symmetroid, 509
cuspidal edge, 641
cyclide

curve, 445
degenerate surface, 445
Dupont surface, 471
quartic surface, 444

D’Almeida, J., 634
d(ϑ), 243
D(A;u, v), 171
D(f), 628
Dψ , 2
dk , 195
Dr(φ), 180
Dale, M., 46
Darboux curve, 52, 284

its equation, 285
Darboux’s Theorem, 92
Darboux, G., 51, 76, 92, 125, 309, 472
Dardanelli, E., 516, 534, 535
de Jonquières involution, 335
de Jonquières, E., 250, 384
de Siebenthal, J., 407
Debarre, O., 427
defect, 574
defective, 46
k-defective, 574
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variety, 574
degeneracy locus, 591, 595, 631
degenerate

homogeneous form, 56
multilinear form, 29

del Pezzo surface, 388, 393, 472
Cremona isometries, 419
degree, 395
effective cone, 413
its secant variety, 432
lines on it, 426
marked, 396
nef cone, 414
of degree 1, 457, 459, 461, 469, 558
of degree 2, 269, 275, 277, 451, 456, 472,

492, 494
of degree 4, 441, 446, 448, 471, 596, 597
of degree 5, 433, 435, 437, 440, 471, 590,

657
of degree 6, 320, 332, 430, 432, 470, 503,

614
of degree 7, 429
of degree 8, 430, 470, 495

del Pezzo, P., 471
Deligne, P., 340, 343
Deligne-Hoskin formula, 343
Demazure, M., 362, 474
Dersch, O., 250
Desargues’ Theorem, 86, 88

in space, 102
Desargues, G., 86, 88, 102
desmic

tetrahedra, 108
determinantal

hypersurface, 162
equation, 266
formula, 570
hypersurface, 164, 167, 266
representation

equivalence, 162
of singular plane curves, 189
of surfaces, 197
quartic surfaces, 206

variety, 83
resolution of singularities, 73

developable surface, 19, 647, 654, 657
of a space curve, 636
quartic, 654

Dickson, L., 161, 207, 564
difference map, 240
directrix, 622

discrepancy divisor, 198
discriminant, 22

hypersurface, 34
cubic, 77
its degree, 22
its dual hypersurface, 36
of linear system, 26
of quadrics, 16
tangent space, 36

of a binary cubic, 68
of a binary form, 11
of a binary quartic, 68
of a general polynomial, 10
symbolic expression, 154

divisor class
big, 393
nef, 393

Dixmier, J., 294
Dixon, A., 53, 207, 561
Dolgachev, I., 4, 33, 40, 54, 57, 72, 75, 125,

129, 160, 164, 214, 243, 250, 265, 278,
286, 291, 304, 306, 372, 385, 440, 446,
489, 491, 508, 520, 525, 533, 534, 538,
564, 588, 657

Donagi, R., 264
double-point

class, 628
formula, 627
set, 628

double-six, 476
azygetic duad, 478
azygetic triad, 478
Steiner complex of triads, 478
syzygetic duad, 478
syzygetic triad, 478

Du Val singularity, 418
Du Val, P., 385, 418, 452, 458, 473, 565
dual

homogeneous form, 54
dual variety, 33

degree, 37
of a hypersurface, 33
of a plane cubic, 158
of a Veronese surface, 77
of Grassmann variety, 579
of Segre cubic primal, 533
projective space, 4
Reflexivity Theorem, 33

duality map, 34
dualizing sheaf, 189
Dupin, Ch., 472
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Durège, H., 161
Dyck, W., 310
Dynkin curve, 416
Dynkin, E., 371, 407

E, 1
e(X,x), 38
E∨, 1
eγ(z), 222
Eg , 215
ek , 195
Eckardt point, 491, 535–537

defining an involution, 491
Eckardt, F., 564
Edge variety, 437
Edge, W., 304, 437, 440, 450, 471, 648, 653,

660
effective cone, 413
Ehrenborg, R., 47
Ein, L., 326
Eisenbud, D., 41, 42, 243, 429, 505, 508
elementary transformation, 360

of vector bundles, 360
Ellingsrud, G., 330, 332
Elliott, E., 161
elliptic normal curve, 127
Elte, E., 474, 565
Emch, A., 101
Enriques diagram, 342
Enriques surface, 516, 657
Enriques, F., 73, 74, 342, 362, 516
envelope, 5
enveloping cone, 10
equianharmonic

plane cubic, 145
quadruple, 118

Euler exact sequence, 357
dual, 357

Euler formula, 7
exceptional

curve, 391
divisor, 313
section, 356
type, 373
vector, 408

extremal ray, 413

F (C), 598
fd, 311
Fano variety, 72, 123, 292, 293, 395, 559, 589,

592, 596
degree, 292
genus, 292

index, 292
of genus 12, 292, 559
toric, 320

Fano, G., 292
Farkas, G., 246
fat point, 45
Fay, J., 247
Fermat hypersurface

cubic curve, 140
cubic surface, 493, 535, 554
plane cubic, 144, 145, 159, 280
plane quartic, 279, 299, 302, 307

Ferrers, N., 126
fibre

of a sheaf, 180, 181
Fielder, W., 534, 564
Finkelnberg, H., 531
First Fundamental Theorem, 4, 567
Fischer, G., 18, 40
Fitting ideal, 181
Flatto, L., 101, 125
Formanek, E., 177
Frahm, W., 76
Freitag, E., 538
Fresnel’s wave surface, 615
Fresnel, A., 615
Fricke, R., 305
Frobenius, G., 308, 309
Fulton, W., 40, 116, 149, 181, 323, 439, 531,

569–571, 591, 595, 627, 630, 631, 659
functional determinant, 15
fundamental

cycle, 391
point, 312
set, 234

normal, 235
weight, 408

G(3,AP3(f))σ , 292
Göpel, A., 250
g1
n, 95
Gr(Pn), 24
G168, 303
G216, 135
Gallarati, D., iv
Gantmacher, F., 441
Gauss curvature, 18
Gauss map, 34, 242, 247, 576
Geiser involution, 352, 454, 455
Geiser, C., 384, 472
Gelfand, I., 22, 33, 40, 160, 577, 634
general position, 398
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genus 4 curve, 210, 238, 249, 263, 267, 307,
460, 488, 556, 639

geometric basis, 395
geometric marking, 396
Geramita, A., 49, 75
Gerbardi, F., 95, 115
Gergonne, J., 74
Giambelli, G., 208
Giorgini, G., 658
GIT-quotient, 91, 113, 125, 253, 295, 440,

520, 534, 564
Gizatullin, M., 51, 271
Glass, J., 309
Godeaux, L., 385
Gonzàlez-Aguilera, V., 299
Gonzales-Sprinberg, G., 384
Goodman, R., 64
Gordan, P., 16, 115, 126, 161, 306
Gorenstein

curve, 194
Fano variety, 292
local Artinian ring, 41
normal surface, 198
ring, 190
singularity, 391

Gosset, T., 411, 474, 565
Grace, J., 121, 126, 161
Grassmann bundle, 568
Grassmann variety, 24, 566

canonical sheaf, 568
cohomology ring, 569
degree, 571
its dimension, 568
of lines, 566
Plücker embedding, 566
Plücker equations, 568
secant variety of, 572, 574
tangent sheaf, 568
tangent space, 575
universal quotient bundle, 567
universal subbundle, 567

Grassmann, H., 160, 563, 658
Greuel, G.-M., 193, 195
Griffiths, Ph., iii, 32, 40, 125, 150, 209, 210,

220, 240, 242, 247, 249, 399, 636
Gross, B., 212
Grothendieck A., 185
Grushevsky, S., 246
Guàrdia, J., 260
Gundelfinger quartic, 271
Gundelfinger, S., 161, 271

HAf (t), 56
Hacking, P., 538
Halphen pencil, 144, 383, 385
Halphen, G., 161, 385
Hankel matrix, 55
Hankel, H., 55
harmonic

binary quartic, 130
conic-locus, 126
conjugate, 80, 118, 123, 124
cubic curve, 129
line complex, 610
polar line, 131
polynomial

as a pfaffian, 67
of degree 2, 109

quadruple, 118
tensor, 63

harmonizant, 75
Harris, J., iii, 8, 32, 40, 47, 48, 83, 125, 130,

150, 195, 202, 209, 210, 220, 240, 242,
247, 249, 386, 399, 439, 623, 636, 638

Harris. J., 212
Hartshorne, R., iv, 8, 127, 183, 191, 237, 300,

315, 323, 337, 339, 356, 358, 360, 389,
399, 425, 569, 622, 625, 626, 634, 650,
651

Hassett, B., 295
Hawkins, T., 659
Heisenberg group, 549, 552, 581, 582, 606,

609
Henderson, A., 562
Hermite

contravariant, 157
covariant, 157
curve, 159

Hermite, Ch., 157
Hesse

arrangement of lines, 131
dual, 132

canonical equation
of plane cubic, 131

form
of a plane cubic curve, 127

group, 134
pencil, 133
quadrilateral, 123
Theorem, 123

Hesse, O., 75, 123, 126, 131, 160, 171, 308
Hesse-Salmon configuration, 158
Hessian



700 Index

determinant, 4
hypersurface, 15
matrix, 15
of a binary quartic, 69
surface, 73

hexad, 255
Hilbert modular surface, 558
Hilbert scheme

of aCM subschemes, 330
of lines, 293
of projective plane, 90, 123, 145, 147
of projective space, 53
punctual, 44

Hilbert, D., 53, 75, 505
Hilbert-Birch Theorem, 562
Hill, J. E., iv
Hirschowitz, A., 47
Hirzebruch, F., 558
Hitchin, N., 64, 67, 126, 560
Hodge Index Theorem, 399
Hodge type inequality, 318
Hodge, W., 441, 568, 570, 659
homaloid, 315, 384
homaloidal

net
characteristic, 340

polynomial, 164
type, 373

homology, 491
harmonic, 491
its center, 491

Hoskin, M., 340, 343
Hosoh, T., 564
Hudson, H., 381, 383
Hudson, R.W., 658
Humbert curve of genus 5, 450
Humbert, G., 450
Hunt, B., 534
Hurwitz formula, 32
Hurwitz’s Theorem, 300
Hurwitz, A., 250, 300
Hutchinson, J., 564
hyperelliptic curve, 249

2-torsion divisor classes, 214, 234
and Kummer surface, 601
de Jonquères transformations, 353
equation, 213
its Jacobian variety, 596
of genus 3, 205, 249
plane model, 355, 381, 382
theta characteristics, 216, 236

Weil pairing, 215
hyperosculating point, 635

multiplicity, 638
their number, 638

hyperplane, 5
hypersurface, 5

monoidal, 334
submonoidal, 334

I1,N , 368
iω , 579
iW , 589
IZ , 42
Iano-Fletcher, A., 214
Iarrobino, A., 41, 45, 53, 56, 75, 344
icosahedron

fundamental set, 557
icosahedral set, 559

Igusa quartic, 608
Iliev, A., 54
incidence variety, 568
indeterminacy point, 311
index

of binary quartics, 130
infinitely near point, 341
inflection

bitangent, 251, 295
point, 19

order, 21
tangent, 14, 73, 307

honest, 39
triangle, 131

integral closure, 314
intersection matrix, 392
invariant, 152

absolute, 129
Aronhold, 153
bracket-function, 520
First Fundamental Theorem, 4
Joubert, 525
of 6 lines in P3, 588
of a pair of binary forms, 119
of binary forms, 11
of binary quartic, 130
of binary quartics, 55, 68, 117
of complex reflection group, 136
of cubic surface, 534
of Hesse group, 137
of plane quartics, 294
of ternary cubic, 152
of two symmetric matrices, 111
of Valentiner group, 115
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relative, 137
symbolic expression, 153
tact, 112
Toeplitz, 51
weight, 153

inversion transformation, 349
Inversive group, 362
Iskovskikh, V., 292, 385
isologue, 344

center, 344
net, 344

isotropic subspace, 211
Izadi, E., 246, 265

j, 128
j-invariant, 128
Józefiak, T., 202
Jacobi, C., 308
Jacobian

curve, 456
determinant, 15
hypersurface, 26
ideal, 37
variety, 220

intermediate, 596
Jessop, C., 451, 472, 658
Jeurissen, R., 306
join

of projective subbundles, 622
of scrolls, 624

Jordan, C., 473, 564
Joubert functions, 525
Joubert, P., 525, 564
Jung, H., 190
Jung-Milnor formula, 190

K3 surface, 32, 62, 293, 440, 450, 451, 516,
599, 605, 613

KX , 84
km+1, 637
Kane, R., 406, 452
Kanev, V., 54, 75, 250, 286, 291, 304, 306
Kantor, S., 385, 473, 564, 659
Kapranov, M., 22, 33, 40, 125, 160, 489, 491,

577, 634, 657
Katsylo, P., 253, 265, 278
Katz, S., 326
Keel, S., 538
Kers, C., 125
Keum, J., 564, 609
Kirkman points, 124
Kirkman, J., 124, 125
Kleiman, S., 40, 190, 568

Klein
coordinates, 582
quadric, 571
quartic curve, 280, 300, 306, 657

automorphisms, 303
its bitangents, 308
its hessian, 305

sextic, 557
singularities, 418

Klein, F., 300, 304, 418, 445, 557, 558, 563,
571, 658

Kleppe, H., 83
Knörrer, H., 195
Kneebone, G., 659
Kodaira

fibres of elliptic fibration, 462, 614
Kodaira, K., 462, 614
Kollàr, J., 413, 414, 417, 474
Kondō, S., 295, 538, 609
Kravitsky, N., 205, 207
Krazer, J., 250
Kummer cones, 472
Kummer surface, 598, 600

and 5-cuspidal sextic, 450
and Segre cubic, 657
as the Hessian surface, 564
associate hyperelliptic curve, 598, 600
associated to a quadratic line complex, 600
automorphisms, 609
double plane model, 605
octic model, 601
of an abelian surface, 600
quartic equation, 606
self-duality, 609
Tetrahedroid, 613
wave surface, 615

Kummer variety, 265, 600
jacobian, 600

Kummer, E., 472, 658

L(Z), 61
Lüroth quartic, 76, 285

determinantal representation, 288
pentalateral theta characteristic, 291

Lüroth, J., 283, 286, 309
Lê Dũng Tráng, 37
Ln(q), 299
La Hire, Ph., 126
Laguerre net, 275, 346
Laksov, D., 83
Lange, H., 240
Laplace operator, 63
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Lascoux, A., 202
lattice, 368, 398
I1,N , 368, 401
EN , 372, 401
discriminant, 399
discriminant group, 398
embedding, 400
even, 401
isometry, 400
nondegenerate, 398
orthogonal group, 400
primitive embedding, 400
signature, 399
sublattice, 399

finite index, 399
primitive, 399

unimodular, 399
Lazarsfeld, R., 314, 318, 326, 394, 628
Le Potier, J., 291
LeBarz, P., 240
Lefschetz’s fixed-point formula, 538
Lefschetz, S., 538
Legendre equation

of a plane cubic, 129
Legendre, A.-M., 129
Lehavi, D., 253, 269
Libgober, A., 195
Lie, S., 578, 659
Lifs̆ic, M., 207
Lindemann, F., 156, 159, 160, 472
line complex, 577

apolar, 580
cubic

Montesano, 657
degree, 577
linear, 577

center, 578
monoidal, 657
quadratic, 111, 173, 592

Battaglini, 610
harmonic, 610
Kummer surface, 600
lines on it, 599
of tangent lines to a quadric, 174
tangential, 615
tetrahedral, 617, 653

rank, 578
singular line, 595
singular variety, 595
special, 577

line-equation

of a quadric, 111
linear system

base ideal, 312
base locus, 312
base scheme, 312
base-point-free, 312
homaloidal, 315

linearly d-independent, 44
lines

6 linearly dependent, 586
conjugate, 85
in a quadratic line complex, 599
on a cubic threefold, 657
on a weak del Pezzo surface, 426
two transversals to four, 586

Lipman, J., 455
Lo Giudice, G. , 265
London, F., 51, 76, 160
Looijenga, E., 295, 473, 538
Loria, G., 658
Lossen, C., 16
Lurie, J., 485

Möbius, A., 658
Müller, H., 659
Mérindol, J., 473
Macaulay, F.S., 41, 208
MacLaurin, C., 125, 383
Magnus, L., 384, 562
Manin, Yu., 385, 474, 538, 565
Marcus, A., 207
marking, 396

geometric, 396
Massoti Biggiogero, G., 74
Mathews, R., 108
Mella, M., 53, 437
Melliez, F., 306, 308, 560
Meyer, W., iv, 562, 572
Michel, J., 125
Miles, E.P., 65
Milne, W., 157
Milnor number, 37
Milnor, J., 190
minimal degree varieties, 386
minimal rational ruled surface, 356
minus vector, 549
mixed combinant, 152
mixed concomitant, 152
modular

family, 134
surface, 558

moduli space
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Rg , 265
Mev

3 , 278
Mev

g , 219
of abelian surfaces, 608
of bielliptic curves, 307
of cubic surfaces, 491, 534, 538, 547, 588
of determinantal representations, 176
of elliptic curves, 134
of nets of quadrics, 291
of plane quartics, 295
of quadratic line complexes, 612
of reflexive sheaves, 190
of seven points, 277
of six points, 532, 535

Monge’s differential equation, 578
Mori, S., 413, 414, 417
Morley, F., 291, 309, 362
Morley, F.V., 362
Morrison, I., 638
Moutard, M., 472
Muir, T., 73
Mukai skew-form, 60
Mukai, S., 53, 54, 84, 126, 271, 292–294, 440,

559
multidegree

of a rational map, 317
multiplicity

of a singular point, 391
Mumford, D., 209
Mumford, D., 192, 197, 210, 218, 222, 237,

249, 265, 392

N(f), 28
Nθ , 270
Nagata, M., 385
Naruki, I., 538, 547, 558
net, 51

of conics, 122–124, 159, 267, 269, 271, 430
of cubics, 277, 352
of quadrics, 51, 52, 273, 274, 289, 290, 294,

304, 513, 515, 572, 652
Newton, I., 160
Nikulin, V., 401
node, 39

on a surface
even set, 203
weakly even set, 203

Noether formula, 631
Noether’s Reduction Theorem, 378
Noether, M., 16, 384
nondegenerate

Clebsch quartic, 284

homogeneous form, 56
subvariety, 386

normal
linearly, 389
projectively, 197, 428
scroll, 622
subvariety, 388
surface

canonical class, 198
intersection theory, 197

normal system, 233
null polarity, 12
null-circle, 100
null-plane, 579
null-point, 579
null-system, 12, 233, 579

OADP subvariety, 436, 471
Okonek, C., 334, 592
Oort, F., 125
ordinary singularities, 628
orthogonal group, 64, 70, 368, 372
Ortland, D., 243, 278, 440, 508, 525, 533
oscnode, 453
osculating

developable surface, 636
hyperplane, 158
plane, 635
sheaf, 635

Ottaviani, G., 47, 49, 51, 145, 291, 309, 334,
348, 659

Pak (X), 5
pi1...im , 567
pairs of conics

GIT-quotient, 113
invariants, 112

Palatini
ruled surface, 592
scroll, 591

Palatini, F., 53, 75, 591, 659
Pan, I., 336, 381, 384
parabolic hypersurface, 19
parabolic point, 19
partial normalization, 191
Pascal line, 89
Pascal’s Theorem, 88
Pascal, B., 88
Pascal, E., 74, 310, 562, 658
Pash, M., 658
Pedoe, D., 441, 568, 570, 659
pencil, 51
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of conics, 93, 146, 151, 161, 263, 307, 434,
652

of cubics, 141, 144, 177
of quadrics, 112, 273, 277, 441, 442, 448,

449, 471, 472, 596, 614, 620, 654
of quartics, 280

Perazzo primal, 561
Perazzo, U., 561
period matrix, 220
perspectivity, 86

center, 86
line of , 86
of simplexes, 102

perspectrix, 86
Persson, U., 462
Petersen graph, 434, 471
Pfaff differential equation, 578
pfaffian, 82, 121, 145, 572, 575, 590
pfaffian hypersurface, 574

and Palatini scroll, 591
cubic, 576
cubic fourfold, 436
cubic in P14, 576

Pfister, G., 193
Picard scheme, 220

relative, 177
Piene, R., 636, 639
Pieri’s formula, 570
pinch point, 628
Pinkham, H., 390, 418, 473
Piontkowski, J., 192, 196
Pippian contravariant, 157
pippiana, 75
Plücker

coordinates, 567
formula

for hypersurfaces, 38
for plane curves, 39
for space curves, 637

formulas, 37
lines, 124

Plücker, J., 74, 124, 250, 308, 562, 658
Plücker-Teissier formula, 38, 67
plane quartic curve

even theta characteristic, 273
simple singularities, 452

Plaumann, D., 308
plus vector, 549
Poisson bracket, 59
polar
s-gon, 43

s-hedron, 43
generalized, 44
nondegenerate, 43

base locus, 28
bilinear form, 6, 210
duality, 579
hypersurface, 5

first, 7
second, 138

line, 79, 579
linear subspaces, 103
map, 32
net of quadrics, 51
pairing, 2
pentagon, 283
pentalateral, 283
quadrangle, 144

generalized nondegenerate, 144
quadric, 13
subspace, 589

polarity, 12
polarization map

partial, 2
total, 1

Polarraum, 125
pole, 79, 82
Polo-Blanco, I., 652
poloconic, 156, 157
polygon, 91

side, 91
vertex, 91

polytope
regular, 411
semi-regular, 411

Poncelet related curve, 96
Poncelet, J.-V., 125, 308, 383
Popescu, S., 243, 508
porism, 101
Postulation formula, 316
Pragacz, P., 202
prime-form, 247
principal curve

total, 368
principal parts, 634
Principle of Correspondence, 250
pro-Hessian surface, 19
projective bundle, 356

canonical class, 357
projective coordinates, 5
projective generation, 181

determinantal varieties, 181
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of a cubic curve, 161
of a cubic surface, 208, 503
of plane curves, 344
of rational normal curve, 150
Steiner’s construction, 104

projective space, 4
prospector, 86
Prym canonical map, 248
Prym map, 265
Prym, F., 249

Q(V )±, 227
qϑ, 210
Qg , 216
quadratic form

even, 212
odd, 212

quadratic transformation, 349
quadric

complex equation, 111
invariants of a pair, 108
line-equation, 111
polar pentahedron, 106
polar tetrahedra, 104

quadric bundle, 173, 592
discriminant locus, 592

quadrilateral, 99, 123
quartic hypersurface

Burhardt, 206
Castelnuovo-Richmond, 532, 536, 584, 607
Igusa, 608
Scorza, 210

quartic plane curve
Aronhold invariant, 286
automorphisms, 296
bitangents, 251

Aronhod sets, 253
azygetic triads, 253
Steiner complexes, 252
syzygetic triads, 251

Caporali, 307
Clebsch, 283
contravariants, 295
covariants, 294
determinantal equation, 261

symmetric, 265
invariants, 294
Klein, 300
Lüroth, 285
the variety of sums of powers, 291

quartic surface
4-nodal, 447

del Pezzo, 442
desmic, 108
developable, 647
dual of Cayley cubic, 500
Gundelfinger, 271
Kummer, 450
ruled, 641

classification, 643
equations, 653

Segre, 442
Steiner, 501
Tetrahedroid, 613
wave surface, 615

Quippian contravariant, 157

rα, 372
Rϑ, 240
RC , 279
Rg , 265
rm, 636
Ramanujam’s Vanishing Theorem, 394
Ramanujam, C., 394
Ranestad, K., 54, 292, 306, 308, 560
rank

of a curve, 636
rational elliptic surface, 383, 461, 462, 471
rational map, 311

inverse transform under, 312
its resolution, 313

rational normal curve
associated to a net of quadrics, 293
equations, 151
of degree 4, 648, 656
secant variety, 55, 99
secants of, 572

rational plane curve
determinantal equation, 205
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