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LECTURE 1:

CHAPTER 1:

References: Silverman — Arithmetic of Elliptic Curves; Cassels — Lectures on Elliptic
Curves; see Milne’s graduate lecture notes.

Fermat’s method of descent.

DEFINITION 1.1 (Rational, primitive triangles). A right triangle A is rational if it has
rational side lengths a,b,c € Q. A is primitive if a, b, c € Z are coprime.

LEMMA 1.2. (1.1) Every primitive triangle has side lengths of the form (u? —v?, 2uv, u® +
v?) for u,v € Z with u > v > 0.

Proof. Let (a,b,c) be a primitive Pythagorean triple (so a® 4 b? = ¢?). a and b can’t both
be even, because then ¢ would be. If they were both odd, then a?+b? = 2 (mod 4), which
isn’t a square. Without loss of generality assume a is odd and b is even; then ¢ is odd.

Write b2 = ¢2 — ¢2. Then
b 2_c+a c—a
2) 2 2

(where both terms on the right are integers).

I claim that C‘FT“ and %% are coprime: otherwise p | C‘FT“ + 5% =cand p| C‘FT“ - 5% =a,

which contradicts our assumption that (a,b,c) is primitive. Suppose p? | (%) . Then p

2 | cta 2| c—a
) | 5% orp® | 2.
Repeating this for every factor p of (%) , we find that both CJF?“ and “5* are squares, say,
2 02, b= 2uv, and ¢ = u? + 02 O

divides exactly one of C‘*'Ta and 5%, since they are coprime. So either p

u? and v? respectively. Then a = u

DEFINITION 1.3. D € Q¢ is congruent if there is a rational triangle A with area D.

Note it suffices to consider square-free D € Z~g. For example, D = 5,6 are congruent.

LEMMA 1.4. (1.2) D € Qg is congruent iff Dy? = x3 — x for some z,y € Q with y # 0.

Proof. By Lemma 1.1, the area of a primitive right triangle has the form

1 1
—ab = 5(uQ — v2) S Quu = uv(u2 — v2)

so D is congruent iff Dw? = uv(u?—v?) for some u,v,w € Q with w # 0. Set x = Y=
to get the desired formula. @)
THEOREM 1.5 (Fermat). (1.3) There is no solution to

w? = wv(u — v)(u+ ) (1.1)

in Z with w # 0.



Proof. Divide through by common factors to ensure that u, v are coprime. We can assume
u > 0 (otherwise (—u, —v,w) is a solution), w > 0, and v > 0 (otherwise (—v,u,w) is a
solution). If w = v (mod 2) then replace (u,v,w) by (“£%,%5%,%). Now u and v have
opposite parity. By now, I can assume that u, v, u — v, u+v are positive, pairwise-coprime
integers. (The only place to go wrong, coprime-wise, is with u — v, u + v; but if p divides
both, then p divides their sum 2u and their difference —2v. The only prime to worry
about is 2, and we just arranged for u + v and u — v both to be odd.)

Since the four factors on the RHS of (1.1) are all coprime and their product is a square,
they are all squares. Write u = a?,v = b%,u +v = ¢?,u — v = d? for some a,b, c,d € Zy.
Since we're assuming v Z v (mod 2), ¢ and d are both odd. So %Z and <5¢ are integers.

2
c+d 2+ c—d\*® A+d
2 2 2
c? 4 d? = 2u so this expression is u = a?. So the triple ( %, %, a) is a primitive triangle,

since any prime factor of the first two would divide their sum ¢ and difference d, and we
—d?> _ v _ (b)2

8 T 4

know that ¢ and d? are coprime. This triangle has area 5

N

Let w; = By Lemma 1.1, w? = ujv;(u? — v?) for some uj,v; € Z. So we have
a new solution to (1.1). I claim this is a smaller solution than what we started with.
4w? = b =v | w? Sow; < %w is strictly smaller than w, and is still positive.

Keep repeating this; we get a sequence of strictly decreasing positive integers, which is a
contradiction. So there can be no solutions to 1.1.

(A more modern way to phrase this is to assume the first solution you picked is the smallest
one, so when you find a smaller one, that’s a contradiction.) @)

1.1. A variant for polynomials. Let K be a field of characteristic # 2. Let K be
the algebraic closure.

LEMMA 1.6. (1.4) Let u,v € KJt] be coprime. If au+ Bv is a square for four distinct
points [a; B] € P, then u,v € K.

Proof. We may assume that K = K. Using Mobius transformations, we may change

coordinates on P! and assume that the four ratios in question are [a; 3] = [1 : 0],[0 :

1],[1, —1],[1; =] for some A € K\{0,1}. Then
u=a’v=>bu—v=(a+b)(a—b),u—I=(a+ub)(a— ub)

for 4 = v/ A. We know that (a + b), (a — b) are coprime, since a,b are assumed to be
coprime. By unique factorization in K[t], a + b,a — b,a + pb,a — ub are squares.

But max(deg a,degb) < max(degu, degv), unless u, v are constant. We got a new solution
from the old one, and the degree has gone down. By Fermat’s method of descent, this
can’t happen unless the original polynomials were constant. O
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DEFINITION 1.7 (elliptic curve, E(L)). An elliptic curve E/K is the projective closure of
a plane affine curve
v’ = f(=)

where f € K[z] is a monic cubic polynomial with distinct roots in K.

Let L/K be any field extension. Then E(L) = {(z,y) : =,y € L,y* = f(z)} U {0} where
0 is the point at infinity.

The reason we call the point at infinity “0” is that F(L) is naturally an abelian group and
this is the identity. In this course we study E(L) when L is a finite field, local field, or
number field.

3

Lemma 1.2 and Theorem 1.3 show that the only rational solutions to y?> = 23 — = happen

when y = 0, so E(Q) = {07 (Oa 0)7 (:l:la 0)}
COROLLARY 1.8. (1.5) Let E/K be an elliptic curve. Then E(K(t)) = E(K).

Proof. Without loss of generality assume K = K. By a change of coordinates we may
assume

E:y?=x(x—1)(z— N\
for some A\ # 0,1 in K. Suppose (z,y) € E(K(t)). Write z = % for coprime polynomials
u,v € K[t]. Then

w? = wv(u — v)(u — )
for some w € KJt]. By the usual trick, the four factors on the right are coprime since
u, v are coprime. By unique factorization in K[t], all four factors on the right are squares.
Now apply Lemma 1.4, which implies that v and v are constants, and hence z = 7 is

constant too. O

LECTURE 2:

CHAPTER 2:

In this section we work over an algebraically closed field K = K with char(K) # 2.

DEFINITION 2.1 (rational algebraic curve, rational parametrization). An algebraic curve
is rational if it is birational to P! (i.e. there is a rational map to P! that has a rational
inverse).

For example, C = {f(x,y) = 0} C A? is rational if you can find ¢(¢),¢(t) € K(t) such
that

(1) f(e(t),(t)) =0, and
(2) the map Al — A? given by t — (¥(t),1(t)) is injective on A\ finite set.
7



The pair (¥,1) with the above properties is called a rational parametrization of f.

(Note that there is an unproved assertion here, namely that this definition guarantees the
existence of a rational inverse.)

EXAMPLE 2.2 (circle). Let C = {z? + y? = 1} C A2%. To get a parametrization, draw a
line through P = (—1,0) with slope ¢. This line intersects the circle in exactly one other
point, the coordinates of which are given by a rational function.

y=t(z+1)

2+t (z+1)2=1

(z+1)(z—1+t*(z+1)=0
1—t?
1+ 2

(.5) 1—¢2 2t
T = —, —
Y 1121+

The same method works for any conic, as long as you can find a rational point.

r=—lorz=

PROPOSITION 2.3. Any singular plane cubic is rational.

Proof. Consider a line of slope t through the singular point. Normally, a line would
intersect the cubic three times, but the singular point “counts double”, so there is just one
more intersection point. Now we can use the above method to obtain a parametrization.

O

For example, y? = 23 (cubic with a cusp) has a parametrization (z,y) = (2,13).

Exercise: find a rational parametrization of 42 = 2%(z + 1) (cubic with a node).

THEOREM 2.4. (2.1) Let C' C P? be a smooth plane cubic. Then we can change coordinates
such that

C:Y*Z=X(X—-2)(X - )\Z)
for some X\ € K\{0,1}.

This is called Legendre form.

REMARK 2.5. Putting z = % and y = % this is 42> = z(z — 1)(x — A\) (i.e. the definition
of an elliptic curve).

REMARK 2.6. Saying “a cubic with distinct roots” is the same as “a cubic with roots
0,1, (for A #0,1)” (up to change of coordinates).

By Corollary 1.5, elliptic curves are not rational.

By Theorem 2.1 we deduce

COROLLARY 2.7. (2.2) No smooth plane cubic is rational.
8



To prove Theorem 2.1, we need to quote the following result:

THEOREM 2.8 (Bezout’s Theorem). Let C, D C P? be plane curves of degrees of m,n with
no common components (i.e. there are only finitely many points of intersection), then
they meet in exactly mn points when counted with multiplicity. Write this as:

mn = Z (C.D)p.

PeCND

Lots of the work of the proof involves defining the intersection multiplicity (C.D) properly.
But we can quote some properties:

PROPOSITION 2.9 (Properties of intersection multiplicity).

(1) If P € CN D then (C . D)p > 1 with equality iff the curves meet transversely at P
(i.e. P is a smooth point on both curves C and D, and TpC # TpD, where TpC is
the tangent line to C' through P).
(2) If C = {F = 0} C P? for some homogeneous polynomial F and D is the line through
P and P', then
(C . D)p = ords—g F(P + tP/)
where ord is the order of vanishing.

(Note the abuse of notation in (2), since P, P’ are projective points and P + ¢tP’ is only a
polynomial up to scalar multiples. But this doesn’t affect the order.)

DEFINITION 2.10 (Flex/ point of inflection). A smooth point P € C is a flex (point of
inflection) it (C . TpC)p > 3.

DEFINITION 2.11. Let C = {F (X3, X2, X3) = 0} C P? be a smooth plane curve of degree
d. The Hessian is the polynomial

0’F
H(Xl,XQ,Xg) = det <) .
3Xian i,j=1,2,3

Note that this has degree 3(d — 2) in the variables X, X, X3.

LEMMA 2.12. (2.3) Assume char(K) 1 2(d —1). Let P € C. Then P is a flex point iff
H(P)=0.

Proof. Let P = (P, Py, P3) be a point on the curve, and also write X = (X1, X, X3). Do
a Taylor series expansion at the point P:
3
OF 1 O*F
8X,-( ) i3 aXian( JXiX +

3
F(P+X)=F(P)+>_
i=1 ij=1
The first term is zero because P is on the curve. Name the first- and second-degree parts:

3
OF
L= {Z e (P)X; = 0} =TpC
=1




3
0*F

G
Then L is the tangent line, and @ is a conic. If P is an inflection point, then @) vanishes.

So

PeCisaflex — LCQ

In the rank 3 case you get a smooth curve (does not contain any lines). So L C () means
that @ is singular, which is equivalent to H(P) = 0. That is,

PeCisaflex < LCQ = @ singular <= H(P)=0
We need to turn the — into an <— .

CLAM 2.13. P is a smooth point on Q) and TpQ) = L.

This suffices: given the claim, if @) is singular, then it’s a pair of lines and P is not the
singular point. So the line it’s on is just L.

Proof of claim. If F is homogeneous of degree d, then F(A\X) = AF(X). Differentiate

with respect to A:
3

OF
AX)X; = d\THR(X).
> 5 M) ()
Put A =1:
. OF -
Z Xi—— =dF(X) (Euler’s identity)
= 0
Applying the same result to partial derivatives, if g—)i is homogeneous of degree d — 1 then
3
O*F oF
Xi———=(d-1 : 2.1
j; 10X,0X; (d )8Xi (2.1)

To prove the claim, notice that (Euler’s identity) implies P € L and (2.1) implies P € Q.

Recall we’ve defined G = Zij:l %&(P)Xin (the expression in Q).

oG . PF
ax, ) =2  0X;0X; (P)E;
oF s
=2(d — 1)8Xi (P) by Euler’s identity
3
oG
TpQ = {Z; ax, (D)Xi = 0}

10



Since we assumed 2(d — 1) # 0:

= {Z W(P)Xz = 0}
i=1 ¢
=TpC =1L O

Proof of Theorem 2.1. Let
C={F(X,Y,Z)=0} Cc P~
Lemma 2.3 and Bezout’s theorem show that there is a flex P € C'. By a linear change of
coordinates in P? we may arrange that P = [0;1;0], and TpC = {Z = 0}. Since P s a
flex, F'(t,1,0) has roots where the tangent line meets the curve. ¢ = 0 has to be a triple
root, and since we only have degree 3, F(t,1,0) = c - t3 for some nonzero constant c. So
there are no terms of the form X?Y, XY?2 Y3. So
F=(Y?Z XYZYZ* X3 X*2Z,XZ* Z%).

The coefficient of Y2Z is nonzero, since otherwise P would be singular. X2 also has
a nonzero coefficient because otherwise the line {Z = 0} would be in C, contradicting
smoothness. We are free to rescale the coordinates X,Y, Z, so assume the coefficients of
Y?2Z and X3 are 1. So

C:Y?’Z+a1 XYZ+a3sYZ? =X+ auX?’Z + ay X Z% + agZ>
Next lecture: put this in the form stated. @)

LECTURE 3:

We were proving Theorem 2.1; we showed that we could put C in Weierstrass form
Y2Z +a1XYZ 4 asYZ? = X2 + 4o X%Z + as X Z? + ag.
Now we want to put it in Legendre form
Y2Z =X (X - Z)(X — \2).
Substituting ¥ < Y — %alX — %G3Z (i.e. completing the square), we may assume a; =
a3 =0. We get C:Y%2Z =Z3f (%) for some cubic f. Since C' is smooth, the cubic f has

distinct roots; if we're over an algebraically closed field, we can factor f completely. After
making some substitutions in X and Z we may assume that the roots are 0,1, A\. Then

C:Y?*Z=X(X—-2)(X—-\2).

The genus g(C') € Z>o is an invariant of a smooth projective curve C. We won’t define it,
but here are some facts:

o If K = C, then the genus is just the genus of the Riemann surface.
11



e A smooth plane curve C' C P? of degree d has genus

(d—1)(d—2)

9(C) = 9

So for d > 3, the genus is positive, and C' 2 P'. If we're dealing with smooth
projective curves, birational implies isomorphic. So this implies Corollary 2.2.

REMARK 3.1. If ¥ : C1 — (5 is a non-constant morphism of smooth projective curves,
then ¢g(C1) > g(C2). This is a special case of the Riemann-Hurwitz formula.

ExaMPLE 3.2 (FLT for n = 4).
C={U"+Vv'=w'cCP
has genus 3, and
E={Y?2=X3-X7% cP?

has genus 1. There is a map ¥ : C — F given by

(U:V W)= (UW?2: VW :U3).
Any rational point on C maps under ¥ to a rational point on F. In lecture 1, we showed
that the only rational points on F were {(0:1:0),(0:0:1),(£1:0:1)}. We deduce

CQ ={(£1:0:1),(0:x1:1)}

This is Fermat’s Last Theorem for exponent n = 4.

3.1. Orders of vanishing. Let C' be an algebraic curve with function field K(C).
Let P € C be a smooth point. Write ordp(f) to be the order of vanishing of f € K(C)
at P. This is negative if f has a pole at P, and positive if it has a zero.

ord, : K(C)* — Z is a discrete valuation. That is,

e ord,(fg) = ord,(f) + ordy(g), and
e ord,(f + g) > min(ord,(f),ordy(g)).

DEFINITION 3.3. t € K(C)* is a uniformizer at P if ord,(t) = 1.

EXAMPLE 3.4 (Finding uniformizers). (2.4) Let C = {g = 0} C A? where g € K|x,] is
irreducible. By definition

K(C) = Frac (K[z,3]/(9)).
Write g = go + g1(x,y) + g2(z,y) + - -+ where g; is homogeneous of degree i. Suppose
P = (0,0) is a smooth point on C: that is, go = 0 and g;(x,y) = ax + By has «, 5 not
both zero.

FactT 3.5. Let v,0 € K. Then yx + dy is a uniformizer iff ad — By # 0.

That is, you can take any linear combination of z,y in the fraction field, except for the
tangent line g;.

EXAMPLE 3.6. (2.5) Set

C:{y’=z(x—1)(z - N} cC A%
12



It has projective closure
(Y27 = X(X — Z)(X — \Z)} C P2
Let p=(0:1:0) (the unique “point at infinity”). Our aim is to compute ord,(z) and
ordy(y). Put w = %, t= % In this new affine piece, the equation for the curve is
w=1t(t —w)(t — Aw). (3.1)
Then p is the point (¢,w) = (0,0). By Fact 3.5, either w or ¢ is a uniformizer. But w

vanishes to order at least 3, so ord,(t) = 1. All terms on the right vanish to multiplicity
1, so by the rules of ord,, ord,(w) is exactly 3. So

ordy(z) = ord, £ = -2

ord,(y) = ord, L = -3

3.2. The degree of a morphism. Let ¥ : C1 — (5 be a non-constant morphism of
smooth projective algebraic curves. Then there is a ring homomorphism ¥* : K(Cy) —
K(Cy) taking f — fo®. The kernel of a ring homomorphism is an ideal, and fields don’t
have ideals, so this is an embedding. That is, you can think of ¥ as a field extension.
DEFINITION 3.7 (degree, separable). Let ¢ : C; — C3 be as above.

(1) deg¥ = [K(Ch) : ¥*K(Cy)]
(2) ¢ is separable it K(Cy)/%¥*K(C2) is a separable field extension (automatic if char K =

0).

REMARK 3.8. One can prove:
¥ is an isomorphism <= deg®¥ = 1.
DEFINITION 3.9. Suppose P € C; and @ € Cy, where $(P) = Q. Let t € K(C3) be a
uniformizer at . Define the ramification index e, as
ep(P) = ordp(¥*t).

This is a positive integer, and one can show it is independent of the choice of t.

(Recall we are working over an algebraically closed field.)

THEOREM 3.10. (2.6) Let ¥ : C1 — Cy be a non-constant morphism of smooth projective
curves, and QQ € Cy. Then

Z ep(P) = deg¥.
Pep=1(Q)
Moreover, if ¥ is separable, then ep,(P) =1 for all but finitely many P € C.

In particular,

(1) ¥ is surjective (there must be points in the fiber for deg ¥ to be nonzero);
(2) #¢71Q) < deg ¥ with equality for all but finitely many points Q € Cs.

3.3. Riemann-Roch space. Let C' be a smooth projective curve.
13



DEFINITION 3.11. A divisor on C is a formal sum of points on C, say D = ) pcnpP
with np € Z and np = 0 for all but finitely many P € C.

DEFINITION 3.12.

D is effective (written D > 0) if np > 0 for all P.
Define the degree as deg D = > np.

If f € K(C)* we define div f =) p.ordp(f)P.

The Riemann-Roch space of D is the vector space

L(D)={f e K(C) : divf+D>0}u{0}

This is the K-vector space of rationals on C with “poles no worse than specified
by D”.

LECTURE 4:

REMARK 4.1. (2.7) Let C be an algebraic curve. A rational map ¢ : C' — P™ is given by
P (fo(P): fu(P):--: fu(P))

where fo,---, fn € K(C) are not all zero.

Fact 4.2. If C is smooth, then ¥ is a morphism.

CHAPTER 3:

In this section, K is a perfect (but not necessarily algebraically closed) field.

DEFINITION 4.3. An elliptic curve F over K is a smooth projective curve of genus 1,
defined over K, with a specified K-rational point Og.

EXAMPLE 4.4. Smooth plane cubics have genus 1 by the degree-genus formula quoted in
the last lecture. If p is prime, then

C={X3+pY?+p?Z3 =0} C P?
is a smooth cubic, but it is not an elliptic curve as C has no Q-rational points (if so then

you could scale it so everything is an integer; taking mod p yields a contradiction).

THEOREM 4.5. (3.1) Every elliptic curve E over K is isomorphic to a curve in Weierstrass
form, via an isomorphism taking Og — (0 :1:0).

REMARK 4.6. In lecture 3, we treated the special case where E is a smooth plane cubic
and Og is a flex.

Let D be a divisor on E (i.e. D is a formal sum of points on E, by which I mean K-points,
not necessarily rational points). We quote the following theorems:

Fact 4.7.
14



(1) Riemann-Roch theorem for genus 1:

degD if degD >0
dimL(D)=<c0o0r1 if degD =0
0 if deg D < 0.

(2) If D is defined over K, i.e. it is fized by the natural action of Gal(K/K), then L(D)
has a basis in K(FE).

Proof of Theorem 3.1. Note L(2-0g) C L£(3-0g) (functions with at worst a double pole
C functions with at worst a triple pole). Use the fact that these are vector spaces of
dimensions 2 and 3, to pick a basis 1,z of £(2-0g) and 1,2,y of £(3-0g). Then the seven
elements

La,y, 2% zy, 2%,y
have at worst a pole of order 6; they belong to the 6-dimensional vector space £(6-0g)
so they must satisfy a dependence relation.

We know that = has a double pole, because otherwise it would be in £(1 - 0g); similarly
y has a pole of order 3. The first five terms above have poles of order, respectively,
0,2,3,4,5, but 23 and 3?2 both have poles of order 6. So leaving out z3 or y? gives a basis
for £(6-0g). Thus the coefficients of 2% and y? in the dependence relation are nonzero.
Rescaling = and y, we can assume these coefficients are 1, so:

E: y2 + a1y + asy = 3+ a2x2 + a4 + ag
for some a; € K (the a; are in K by the second quoted fact above).

There is a morphism ¥ : E — E' C P2 given by P ~ (z(P) : y(P) : 1). This is a morphism
because E' is smooth (Fact 4.2).

[K(E) : K(z)] = deg(E 5 P') = ordg,, (1) =2
(The points mapping to oo are the poles, and the only pole is at z; we have to work
out multiplicity to get the degree. We get this by pulling back the uniformizer at oc.)
Similarly,

[K(E) : K(y)] = deg(E % P) = ordy,, (5) =3
Use the tower rule:
K(E)

K(z) K(y)
to show that the degree of the vertical extension is 1, and therefore K(F) = K(x,y).

15



K(FE') is generated by things we call 2, y modulo the ideal defined by F'. K(E) = ¢*K(F’)
and the degree of this extension is, by definition, the degree of ¥. So deg¥ = 1, so ¥ is
birational. We need to show that ¥ is an isomorphism.

We need to check that E’ is smooth. Check that E’ is irreducible. If E’ is singular then
E and E’ are rational. But saying it’s rational means saying it has genus zero, which is a
contradiction.

So E' is smooth; ¢! is a rational map from a smooth curve into projective space, and
0 it’s an isomorphism (this is a fact you should know). We can rewrite ¥ : E — E’ as

P (5(P):1: %(P)), and under this Og — (0:1:0) as desired. O

(Note that two elliptic curves being isomorphic also means their specified points match
up in the right way.)

PROPOSITION 4.8. (3.2) Let E, E' be elliptic curves over K in Weierstrass form. Then
E = E' over K iff the Weierstrass equations are related by a substitution of the form

z =u’x +r

y=udy +ulsa’ +t
if E is given in terms of variables x,y, E' is given in terms of ', 1y, and some u,r,s,t € K
where u # 0.

Proof.
(1L,z) = L(2-0p) = (1,2")
so ' = Ax + r for some \,r € K for A # 0. Similarly,
(La,y) = L(3-0g) = (1,2,¢)
soy' = py + ox +t for some p,o,t € K, where 1 # 0 (otherwise y € span(1,x)). Looking
at the coefficients of 3 and y? we see that A3 = p?. After a tiny manipulation, we see
A=u? p=1b

for some u € K*, and put s = 5. O

A Weierstrass equation defines an elliptic curve <= it defines a smooth curve. This

is determined by the coefficients aq,- - ,ag. But there is a polynomial A € Z[ay, - - , ag)
such that the curve is smooth <= A(ay,--- ,ap) # 0.
You can complete the square unless char(K) = 2, and get rid of the z? term unless

char(K') = 3; so in the case when char(K') # 2,3 we can reduce to the case when
v =23 +ar+b

with discriminant A = —16(4a® + 27b%).

COROLLARY 4.9. (3.3) Assume char(K) # 2,3. Elliptic curves

E:y?=24azx+b
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E =23 +dz+V
ad =ua
¥ =ubb

Proof. E and E’ are related by a substitution of the form in Proposition 3.2, but r = 0
otherwise we’d introduce an x?-term, and ¢t = 0 otherwise that would mess up the fact
we’d completed the square. @)

are isomorphic over K iff

for some u € K*.

LECTURE 5:

Let E : y?> = 23 4 ax + b be an elliptic curve.

DEFINITION 5.1. The j-invariant of E is
() = 1728(4a?)
I = g3y o

COROLLARY 5.2. (3./) E2 E' = j(E)=j(E'). The converse holds if K = K.

Proof. Let E' : 4> = 23 + o’ + b'. We saw in the previous lecture that
Yy

/ 4

E~E — ¢ :u6a
¥ =ub

for some u € K*. So (a® : b%) = ((¢/)® : (b')?). The j invariant is just this ratio, after
doing a Moebius map. So (a3 : b%) = ((a')? : (V)?) <= j(E) = j(E").

Conversely, solve for a and b given j(FE); this involves extracting roots, which is OK over
an algebraically closed field. @)

CHAPTER 4:

Let E C P2 be a smooth plane cubic. Let O be any point. How do you add P + Q? By
Bezout’s theorem, any line meets the cubic F in three points (with multiplicity). Suppose
P, meet the curve in S. Then the line through Or and S meets the curve in a third
point R. Define P& Q = R.

If P =@, “the line through P and @)” means the tangent line. This way of defining the
group law is called the “chord and tangent process”.

THEOREM 5.3. (4.1) (E,®) is an abelian group.

Proof. Commutative: The line P(Q is the same as the line QP.
17



Op is the identity: We need Op @ P = P: OgP meets FE in S; 0gS meets F in P.

Inverses: Take the tangent line to Og; it meets the curve in S. Let @) be the third point
of intersection of F and PS; I claim this is —P. Now P(Q meets F in S; SOg meets E at
Op.

Associativity: A direct approach turns into a total mess; we need more theory.

DEFINITION 5.4 (Linear equivalence, Picard group Pic(E)). D1, Dy € Div(E) are linearly
equivalent if there is some f € K(E)* such that div(f) = Dy — Da.

Define the Picard group
Pic(F) = Div(E)/ ~
where D ~ D' if they are linearly equivalent. Also define
Div'(E) = {D € Div(E) : deg D = 0}
Pic’(E) = Div’(E)/ ~ .

Back to associativity. I will show that ¥ in the next proposition is an isomorphism of
groups (although we can’t phrase it that way yet).

PROPOSITION 5.5. (4.2) Define ¥ : E — Pic’(E) where ¥ : P+ [P — 0g].

(1) (P Q) =P(P)+¥(Q) for all P,Q € E.
(2) ¥ is a bijection.

Proof. (1) £ := PQ meets FE in S; m := 0gS meets F again in R.
div(¢/m) = (P) + (Q) + (5) = (0g) = (S) = (R) = (P) + (Q) — (0p) = (P ® Q)

SO

(P)+(Q) ~ (0p) + (P Q)
(P)—(0g) +(Q) — (0g) ~ (P& Q) — (0F)
P(P)+P(Q)=%(PdQ)

(2) Injective: Suppose P(P) = ¥(Q) for some P # Q. Thatis, P—0g ~ Q—0gso P ~ Q.
There exists a rational function f such that div(f) = P — @ (i.e. this has exactly one
zero, at P, and exactly one pole, at Q). Rational functions define a map E — P!. This is
also a morphism, because E is smooth. Work out the degree by picking a point in P! and
counting the preimages. There is only one preimage of 0 (f has only zero), so this is a
morphism of degree 1. Since these are smooth projective curves, this means that F = P!,
But we can’t have that: E is a curve of genus 1.

Surjective: Let [D] € Pic’(E). Then D 4+ (0g) is a divisor of degree 1. Use the Riemann-

Roch theorem to say that dim £(D + (0g)) = 1. So there is some f € K(E)* such that

D + (0g) +div(f) > 0. D and div(f) have degree zero (rational functions have the same

number of zeroes and poles), and (0g) has degree 1. So D + (0g) +div(f) = (P) for some
18



Pekb.

D~ (P)—(0g)
¢(P) = [D]
O
So ¢ identifies (E, ®) with (Pic’(E), +). Therefore ¥ is associative. O

Note: in the following, we will use © to denote the inverse in the group law, to distinguish
it from negative signs of the affine coordinates.

Formulae for ® and ©. Suppose F is given by
v+ arzy + asy = 23 + asx® + aux + ag (5.1)

The point at infinity is where all vertical lines meet.

Calculating ©P;: Let Py = (z1,y1). Since Og is a point of inflection, ©P; is the other
intersection point of the vertical line through Pj. (z1,y1) is one solution of (5.1); finding
the other solution of the form (x1,7) amounts to solving a quadratic equation in y. If yy is
one solution of the quadratic equation y? + Ay + B =0 (for A, B € K|[z]), then the other
solution is f% — 1. That is,

ol = (z1,—(a1z1 + as) — y1).

Calculating Py ® Pa: Let Py = (z1,y1), P» = (z2,y2); suppose the line P, P, intersects E
again at P’ = (2/,3'). A line through infinity is a vertical line: 0gP’ meets E again in
P3 = (z3,y3), where 23 = a’. Our goal is to obtain an expression for P3 = P; & P, in
terms of the coordinates of P, and Ps.

Let y = Az + v be the line through the points P;, P>, P’. Substitute this into 5.1 to get a
cubic in just x with roots x1, zo and ’. In any cubic (z—r1)(x—r9)(x—1r3), the coefficient
of w9 1s the sum of the roots; here:

Nt ad—as =21 + a2+ 2 =21 + 29 + 23.
So 23 = A2 + a1\ — as — x1 — x2. Using the formula for & above, we conclude that
ys = —(a12’ + a3z) — (A2’ +v)
=-A+a)r —v—a3
=—(A+a)zrzs—v—as because P3 = SP'.

It remains to give formulae for A and v.

Case 1: 1 = x9, Py # P,. In this case, the line P, P» is vertical, and P; ® P, = 0p.
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Case 2: 1 # x2. Then

N = Y2 — U
Tro9 — I1
T2Y1 — T1Y2
V=1 —/\xl =
ro — I

Case 3: P = P,. The line is the tangent line. .. this is on the handout.
Assume F is defined over K, i.e. ay,--- ,a¢ € K.

E(K) = {(z,y) € K* : z,y satisfy 5.1} U {0g}
COROLLARY 5.6. (4.3) (E(K),®) is an abelian group.
Proof. 1t is a subgroup of F.
Identity: Og is a K-rational point by definition.
Closure, inverses: See above formulae.

Associative, commutative: Inherited.

LECTURE 6:

THEOREM 6.1. (4.4) Elliptic curves are group varieties:
[-1]: E — E, where P — ©P
@:ExE— E, where (P,Q)— P3Q

are morphisms of algebraic varieties.

Proof. (1) By formulae in the last lecture, [-1] : E — FE is a rational map, and hence a

morphism (since F is a smooth projective curve).

(2) The formulae from last time show that @ : E x E — E is a rational map. But the
result used in part (1) is specific to curves. This map is regular on U = {(P,Q) € EXE :
P,Q,P+Q,P—Q #0g}. For P € E, let 7p : E — E sending X — P @ X: this is a
rational map (from a smooth curve to a projective variety), and hence a morphism.

Factor & as
T_AXT_

ExE S PExpE8 ™ E

which shows that @ is regular on (74 x 75)U, for all A, B € E. So @ is regular on E x E.
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6.1. Statements of results. Let K be any field, and E/K an elliptic curve. Let
E(K) be the group of K-rational points on E.

(1) B(C) =2 C/A = R/Z x R/Z, where A is a lattice (all integer linear combinations of
some R-basis of C)
(2) If K =R, then
7.)27 x R/Z if A
BR) = L2 XR/ZEA>0
R/Z iftA<0
(3) (Hasse’s theorem) If K =F, (field with ¢ elements), then
[#EF,) — (¢ +1)] <24
(4) Suppose K : Q,] < 0o, and O is the ring of integers. Then E(K') has a subgroup of
finite index = (Ok, +).
(5) (Mordell-Weil theorem) Suppose [K : Q] < co. Then E(K) is a finitely generated
abelian group.

(The isomorphisms in (1), (2), and (4) respect the relevant topologies.)

Recall the fact from basic group theory:

THEOREM 6.2. If A is a finitely generated abelian group, then
A = (finite group ® Z").
r is called the rank of A.

The proof of Mordell-Weil gives an upper bound for the rank of E(K). But, there is no
known algorithm (even for K = Q) for computing the rank in all cases.

REMARK 6.3 (Brief remark on the case K = C). If A = {aw; + bwa} (where wy,ws is a
basis for C as an R-vector space), there is a correspondence

{ meromorphic functions } {A—invariant meromorphic}

on Riemann surface C/A functions on C

The set on the left is the function field of C/A. This function field is generated by p(z)
and ©'(z), where p is the Weierstrass p-function.

One shows C/A = E(C) (an isomorphism of groups and of Riemann surfaces) for some
elliptic curve E//C. The other part of the classification of E(C) is the following:

THEOREM 6.4 (Uniformization theorem). Every elliptic curve over C arises in this way.
(One proof uses modular forms and the j-invariant.)

CHAPTER b:

Let E1, Es be elliptic curves.
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DEFINITION 6.5 (Isogeny). An isogeny is a non-constant morphism ¥ : Ey — Es with
©(0) = 0.

If there is an isogeny from Fy — Fs, then we say that £ and FE» are isogenous.

Next time we’ll prove that these are automatically group homomorphisms, and later we’ll
prove that this is an equivalence relation (where symmetry is the only non-obvious prop-

erty).

Over an algebraically closed field, any non-constant morphism of elliptic curves is surjective
(see Theorem 2.6).

DEFINITION 6.6. Define
Hom(E1, E2) = {isogenies E; — Es} U {0}.
This is an abelian group under

(P +¢)(P) = #(P) & ¢(P).

If Ey % Es LA FE5 are isogenies, then 1 o ¢ is an isogeny. Why is the composition of
non-constant maps, non-constant? Because non-constant is equivalent to surjective. We
have a “tower law”

deg (¢ o ¥) = deg(t)) deg(¥).
DEFINITION 6.7 ([n]). For n € Zs¢, define [n] : E — E to be the map P+— P& --- & P,
e —|

n

and if n < 0, define [n] = [—1] o [-n].

By Theorem 4.4, [n] is a morphism. Why is this non-constant?
LEMMA 6.8. (5.1) Assume char(K) # 2. Assume the elliptic curve has the form
E:y’ = f(z) = (z —e1)(z — e2)(x — e3)

for e; € K. (We know that the e; are distinct.) Then E[2] = {0, (e1,0), (e2,0), (e3,0)} =
(Z)27.)2.

Proof. Let 0 # P € E, with coordinates P = (zp,yp). Then

TpE = {f'(zp)(x —zp) = 2ypr(y —ypr)}
P e E[2] iff 2]P = 0. Use the chord and tangent process: [2|P = 0 iff Tp = {x = z,},
which happens only if yp = 0. O

PROPOSITION 6.9. (5.2) If 0 # n € Z then [n] is an isogeny.
Proof. We must show that [n] # 0. Assume char(K) # 2.

Case n = 2: Lemma 5.1 implies that not every point is a 2-torsion point, so [2] is not the
Zero map.
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Case n is odd: Lemma 5.1 implies that there is a nonzero 2-torsion point 7. Then
nT =T # 0, so [n] is not the zero map.

Case n is even: Composition of isogenies is an isogeny: use the fact that [mn] = [m]o[n].

If char(K) = 2 then we could replace Lemma 5.1 by an explicit lemma on E[3]. O

If K = C, then E(C) = C/A; the n-torsion of the circle group is E[n] = (Z/nZ)?. Also,
deg[n] = n?. Later, we’ll show that the second statement is true over any field K, and the
first holds if char(K) 1 n.

DEFINITION 6.10 (n-torsion subgroup). The n-torsion subgroup of E is

E[n] =ker([n] : E — E).

LECTURE 7:

THEOREM 7.1. (5.3) Let ¢ : Ey — E5 be an isogeny. Then $(P & Q) = ©(P) ® ©(Q) for
4l P,Q € E,.

Sketch proof. ¥ induces a map
¢, : Div'(E;) — Div®(FEy) where Z npP Z npP(P).
peEE] PecEy
Recall ¥* : K(E;) — K(E1) induces a field extension.
Fact 7.2. If f € K(E1)* then diV(NK(El)/K(Eg)f) = ¢, (div f).

So div f gets sent to div(something); i.e. ¥, takes principal divisors to principal divisors.
Since ¥(0g, ) = Op,, the following diagram commutes

El%EQ

-k

Pic*(Ey) — Pic?(E»)

where the vertical maps were given by P — [P — 0g,]. ¥« is a group homomorphism, so
¥ is a group homomorphism. O

EXAMPLE 7.3. We will come up with a 2-isogeny (i.e. an isogeny of degree 2) E — FE’
with curves defined:

E:y?* =x(2® + ax +b)

E oy =z +dz+ V)
where @/ = —2a,b = a® — 4b. To make sure there aren’t repeated roots, we can assume
2b(a® — 4b) # 0. Note that E has a rational 2-torsion point at (0,0) (it has a vertical
tangent line). First rearrange E:

z(2? +b) = y? — az?
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22(2® = b)? = (y* — ax?)? — 4ba?
= y* — 2a2%y* + (a* — 4b)2?
and multiply by y?/z5:

Let ¢ : E — E’ be defined by
y\2 y(a®—b)
(1"73/) = <(.’E> ) $2

We need to check that ¥(0) = 0. Just count orders of vanishing: remember that = has a
double pole, and y has a triple pole. Rewrite the point in projective coordinates:

( y\? y(@®-b)

(L) WY

x x

The orders of vanishing here are —2, —3, 0. Multiply through by the cube of a uniformizer,

so the orders are 1,0,3. That is, this point is the same as (0:1:0) = Op.

What is the degree of ¥? We need the following lemma.

LEMMA 7.4. (5./) Suppose ¢ : By — Es is an isogeny. Then there is a morphism & : P* —
P! making the following diagram commute:

B -2 By

pt %, pt

where x; is the function “take the x-coordinate”.
IfE(t) = %, forr,s € K[t| are coprime, then
deg(¥) = deg(¢) = max(deg(r), deg(s)).

Moral: to compute degree, you only need to pay attention to x-coordinates.

Proof. Fori=1,2, K(FE;)/K(x;) is a degree 2 extension, with Galois group generated by
the map [—1]* (if char K # 2, complete the square so it looks like y? = f(x)). By Theorem
5.3, Po[-1] =[-1]o®.

If f € K(x2) then
=107 f) 224‘P*([—1]*f)-



f is fixed by pullback by [—1], so ¥*f € K(x1). Now invoke the tower law:

K(Ey)
/
K(xl) deg ¥
deg ¢ K<E2>
/

K(x2)

There is an inclusion K(x2) < K(z1), where zo — &(x1) = ZE;B We will show that the
minimal polynomial of x; over K (z3) is
f(X) =r(X) — z25(X).

It’s easy to see that x1 is a root of f. We need to check it’s irreducible. I claim it is
irreducible in K[X,zs]: as a polynomial in x9 it has degree 1; so if it factors, then one
factor contains only X. This would imply that r, s have a common factor. Then, by
Gauss’s lemma, it’s irreducible in K (z2)[X]. O

Now apply this to our example. x gets sent to something (%)2 in terms of both z and v,
but recall that (z,y) was a point in F, so y> = z(2? + az +b). So
y\2 2’4 ax+b
(o) = (1) = Zres
x x

If b = 0, then this would have been singular. So the numerator and denominator are
indeed coprime. Then deg(¥) = max(degz? + az + b,degz) = 2.

EXAMPLE 7.5. (5.5) Assume char(K) # 2,3, so we can assume an elliptic curve E can be
put into Weierstrass form

E:y*=f(z) =23 +azx +0.
The [2] map E — FE is given by

(2,y) — (slope? — 2z, ) = ((35”2;“)2 . ) .

2
In the notation of the lemma, &(x) = (%) . We need to write it as a rational function

only in x:
(322 + a)? — 8z(z3 + ax + b)
4(z3 + ax + b)
i M
4(x3 + ax + b)
The maximum degree is 4, but we have to check that these are coprime. Suppose there

is some f € K that is a root of both numerator and denominator. Since it is a root of
25

§(z) =



the denominator, it is a root of f. Since it is a root of the numerator, it is also a root
of f’. This only happens if f has a double root, and that can’t happen here because f is
nonsingular.

Recall, Hom(FE1, E2) = {isogenies Ey — E2}U{0}. Say that 0 has degree 0 by convention.

THEOREM 7.6. (5.6) The degree map
deg : Hom(FE1, E2) — 7Z
s a positive definite quadratic form, i.e.

(1) deg(n¥®) =n?-deg¥ for alln € Z;
(2) (P,9) — deg(® + 1) — deg(¥) — deg ) is Z-bilinear;
(3) (positive definite) deg ¥ > 0 with equality iff ¥ = 0.

Proof. (3) Trivial: the degree of the morphism is defined as a degree of a field extension;
so unless ¥ =0, deg¥ > 1.

T.B.C. O

LECTURE &:

Examples class: 2:00 on Friday Feb 8, MR9.
REMARK 8.1. If ¥ € Hom(E, Es) then

o deg(—) = deg([~1] o ¥) = deg(¥)
o deg(29) = deg([n] o ¥)*deg ¥

LEMMA 8.2 (Parallelogram law). (5.7) Let ¥, € Hom(FE1, E), then
deg(¥ + ¢) + deg(¥ — ) = 2deg(¥) + 2deg(v)).

This is a property of all quadratic forms, but we will use it to deduce that deg is a quadratic
form.

Proof. We may assume ©, 1, ¥ + 1, — 1) # 0 (check each case, using the remark above
and common sense). Assume for simplicity that char(K) # 2,3, so we can write Es as

By :y? =23 +ax +0.
(The lemma also holds in characteristic 2 and 3.) Write ¥ : (x,y) — (&1(z,y),n(z,v));
remember from last lecture that & only depends on z. Also write
¥ (@) = (a(2,y),n2(,y))
Y+ dj : (937 y) = (§3(xa y)v 773(:67 y))

P —: (l‘,y) = (54(3771/)7774(3773/))
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By the group law on FEj:

2
§3:<"l_”2> a6

§&1—&
2
o (57g) —as

We have n? = & + a&; + b. You could show that
(1:&3+ & &38a)
= ((&1—&)* :2(G& + a) (& + &) +4b: €5 — 2a&1& — 4b(&1 + &) + @)

Put &(z) = :zgg where r;,s; € K[z] are coprime, and clear denominators:

(8384 : 1314 + 1483 1 r3r4) = ((r189 — 7“251)2 : Wy 0 Wa)
Wi = 2(rire 4+ as1s2)(r1s2 + rosi) + 4bs%s%

You can calculate W5. But you can show that Wy, W1, W5 each have degree 2 in r; and
s1, and degree 2 in 9 and ss.

deg(&3) + deg(&4) = max(deg(rs), deg(ss)) + max(deg(ry), deg(ss))
= max(deg(s3s4), deg(rsss + r4s3), deg(rsry))

(You have to check each case 11 > s1,7r2 > s9, etc.) Claim that sgsg, 7384 + 7483, 7374 are
coprime. We're not going to check that Wy, Wi, Wy are coprime. But we can say

deg(&3) + deg(&a) < max(deg(Wo), deg(Wr), deg(W2))
< 2max(deg(r1), deg(s2)) + 2 max(deg(rz), deg(s2))

So
deg(¥ + ¢) + deg(¥ — 1) < 2deg(¥) + 2 deg(v))

Replacing ¥ and 1 by ¥ + 1 and ¥ — v, we get the reverse of the inequality above:
deg(2%) + deg(2¢)) < 2deg(¥ + ¢) + 2deg(¥ — 1)
4deg(¥) + 4deg(v) < 2- (deg(¥ + 1) + deg(¥ — 1))
2deg(¥) + 2deg(vp) < deg(¥ + ) + deg(¥ — 1)

O
LEMMA 8.3. (5.8) For alln € Z,
deg[n] = n?.
Proof. Induction on n. The base cases n = 0,1 are already known.
Assume we know the lemma in degrees < n. Put ¥ = [n] and ¢ = [1] in the previous

lemma to get
deg([n + 1]) 4+ deg([n — 1]) = 2deg(¥) + 2
degln 4+ 1] =2n* +2 — (n —2)* = (n + 1)?
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This proves the lemma for n > 0. If n is negative, use the fact that [n] = [-1][—n]; but
[—1] is an isomorphism (so has degree 1), so deg[n] = deg[—n] = n?. O

Proof of Theorem 5.6. (1) deg(n¥) = deg[n] deg ¥, and we just checked that deg[n] = n?,
so this is n? deg ¥ as desired.

(2) Let (¥,v) = deg(¥ + 1) — deg(¥) — deg(v)). This is symmetric in ¥ and 1, so we just
need to show linearity in the first argument; that is, we need to show:
(P1+ P, P3) = (P1,P3) + (P2, P3)
In other words, we need to show:
deg(P1 + Pa + ¥P3) + deg(¥P1) + deg(¥2) + deg(¥s)
= deg(¥1 + ¥P2) + deg(Pa + P3) + deg(¥1 + ¥3)

This follows from Lemma 5.7 (Exercise). O

CHAPTER 6:

Let C be a smooth projective curve over an algebraically closed field K.

DEFINITION 8.4. The space of Kdhler differentials Q¢ on C is the K(C')-vector space
generated by symbols df for f € K(C), subject to the relations

(1) d(f +g) = df +dg
(2) (Product rule) d(fg) = f-dg+g-df
(3) da =0 for all constants a € K

Fact 8.5. Since C is a curve, Q¢ is a one-dimensional K (C')-vector space.

Let w € Q¢ be a nonzero differential, P € C be a point, and t € K(C) a uniformizer at P
(rational function having a simple pole at P). Anything nonzero in a 1-dimensional vector
space forms a basis. So we can write w = f-dt for some f € K(C), and ordp(w) = ord,(f).

Fact 8.6.
(1) This is independent of the choice of t.
(2) ordp(w) = 0 for all but finitely many P € C.

DEFINITION 8.7.

div(w) = Z ordp(w)P

By the above fact, this is a formal sum that consists of finitely many terms.

DEFINITION 8.8. A regular differential w is one that doesn’t have any poles; that is,
div(w) > 0. The space of regular differentials is denoted

g(C) = dimg{w € Q¢ : div(w) > 0}

It turns out that this is a finite-dimensional vector space, and its dimension is called the
genus.
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Fact 8.9.

(1) (Consequence of Riemann-Roch) If w is a regular differential, then deg(div(w)) =
29(C) —2

(2) Suppose f € K(C)* and ordp(f) = n # 0. If char(K) { n, then ordp(df) = n — 1.
(Think about f as a power series in t with leading term t", and use the standard rules
of calculus.)

LEMMA 8.10. (6.1) Assume char(K) # 2.
E:y?=(x—e)(x—e)(x —e3)

Then w = dj” is a differential on E with no zeros or poles. In particular, by Fact 8.9(1)

we have g(E) = 1, and w is a basis for the 1-dimensional K -vector space of regular
differentials on E.

Proof. Let T; = (ei,O). E[Q] = {0,T1,T2,T3}. div(y) = (Tl) + (TQ) + (Tg) — 3(0E) (we
checked earlier that y has a triple pole at infinity).

If P = (zp,yp) € E\E[2] then ordp(z —zp) = 1 and by Fact 8.9, ord,(dx) = 0. But if P
is a 2-torsion point (has a vertical tangent), then ordp(z — €;) = 2, and ord,(dz) = 1. If
P = 0p then ordy(z) = —2 (we’ve done this earlier), and ord,(dz) = —3. So

div(dz) = (T}) + (T5) + (Ts) — 3(0r)
and div(dz) = div(y), so div %“” =0. @)

LECTURE 9:

DEFINITION 9.1. If ¥ : C; — (5 is a non-constant morphism, then define the map ¥* by:
©*: Qo, = Qc, where f dg— (P f)d(¥*g).

LEMMA 9.2. (6.2) Let P € E, and let w be a nonzero reqular differential. Define 7p : E —
Ebytp:Q— P®Q. Then Tpw = w. We call w the invariant differential.

Proof. T,w is a regular differential on E. So 7w = Apw for some A\, € K* (this is nonzero
because we're pulling back by a nonzero differential). The map E — P!, P + \p is a
morphism of algebraic curves, but not surjective (misses 0 and co). But a nonconstant
morphism between smooth projective curves is surjective. Therefore, it is constant, so
there is some A € K™ such that 7jw = Aw for all p € E. Taking P = O shows that A = 1.

O

REMARK 9.3. In the case K = C, we have an isomorphism C/A S E given by z —

(p(2),9'(2)). Then the invariant differential is: dy—‘” = % =dz.

FAcT 9.4. Qrxp is a 2-dimensional vector space over K(E x E) with basis priw, priw.
LEMMA 9.5. (6.3) Let ¥,v € Hom(FE1, Es), and let w be the invariant differential on Es.
Then (¥ + ¥)*w = P*w + P*w.
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Proof. Let E = E5. We have several maps £ x E — E:
1w (PQ)m P& Q

pry (P7 Q) = P

pr2: (P,Q) = Q
By Fact 9.4

Ww = f priw+ g priw (9.1)
for some f,g € K(E x E). Let Q € E. Let ig : E — E x E be the map P — (P,Q).
Apply if, to (9.4) to get

(moig)'w=1igf(pr1oig) w+ing (praoiq)’ w
S ——— |

constant map
on Q

Tow = igfw
By Lemma 6.2, if)f =1 for all Q € E.

So f(P,Q) =1 for all P,@Q € E. Similarly, g(P,Q) =1 for all P,Q, and so
wrw = priw + priw
We pull back by
E, — E x E where P — (P(P),¢(P))
to get (P + ) *w = P*w + P*w. O

LEMMA 9.6. (6.4) Let ¥ : C1 — Cy be a nonconstant morphism. Then ¥ is separable iff
©*: Qec, — Qc, s nonzero.

Proof. Omitted. O

EXAMPLE 9.7. Let G,, = A\{0} be the multiplicative group. Let ¥ : G,, — Gy, be the
map x +— z' for some n € Z.
©*(dx) = d(z") = na" " ldx

As long as n t char K, this is nonzero, and hence ¥ is separable.

In general, if ¥ is a separable morphism, then #¢~1(Q) = deg(¢¥) for all but finitely many
points Q. But in this case, ¥ is a group homomorphism, so every fiber has the same
number of elements (size of the kernel). So # ker(¥) = deg(¥) = n.

THEOREM 9.8. (6.5) If char(K) {n then E[n] = (Z/nZ)?.

Proof. Lemma 6.3 plus an easy induction yields

n]*w = nw.
We assumed that char(K) { n, and so [n] is separable. So #[n]~'Q = deg[n] for all but
finitely many @ € E. But [n] is a group homomorphism, so #[n]~'Q = #E[n] for all Q.
Putting these facts together, # E[n] = deg[n]. When we checked that deg was a quadratic

form, we showed that deg[n] = n?.
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By the structure theorem for finite abelian groups, E[n] & Z/diZ & --- & Z/diZ with
di|ds|---|di|n. If pis a prime dividing d, then E[p] = (Z/pZ)!, but #E[p] = p* so
t =2, and dy = do = n. Therefore, E[n] 2 (Z/nZ)?. O

REMARK 9.9. If char(K) = p then either E[p"| = Z/p"Z for all r (the ordinary case) or
E[p"] =0 for all r (the supersingular case).
THEOREM 9.10 (Hasse). (6.6) Let E be an elliptic curve over a finite field Fy. Then

[#EF,) — (¢ +1)] <24

Proof. Recall the Galois group Gal(Fy-/IF,) of a degree-r extension of Fy is a cyclic group
generated by the Frobenius map x — 9.

Let E have a Weierstrass equation with coefficients aq,--- ,as € Fy (so af = a; for all 7).
So z? and y? give another solution to the curve. Define the Frobenius endomorphism ¢
(i.e. an isogeny from E to itself)

¥ : E — E where (z,y) — (z%,y%).
This has degree g. Then E(F,) ={P € E : ¢(P) = P} =ker(1 — ¥).

Proving Hasse’s theorem means working out the size of the kernel.

o (da:) Cd(2)  qa?lda
(] y4 y?
This is zero because we're in characteristic ¢. By Lemma 6.3,

xde _ de _ pdz
(L—@)F = =99

The second term is zero, and the first term is nonzero. So 1 — ¥ is separable. So
#E(F,) = #ker(1 —¥) = deg(1 — ¥).

LECTURE 10:

LEMMA 10.1. (6.7) Let A be an abelian group, and let q : A — Z be a positive definite
quadratic form. If ¢, € A, then

(8, 9) = lg(? + ) — q(¥) — q()] <2/ q(P)q(¢).
(Note that (—,—) is bilinear by definition.)

(This is basically Cauchy-Schwartz.)

Proof. Assume ¥ # 0 (otherwise clear). Let m,n € Z.

0 < g(m¥+ny) = % (m® + ny, m¥ + nip)
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= q(P)m® + (P, 9) mn + q(¢)n?
2 2
—a(e) (mo+ o) (qw) -y >

2q(%) 4q(%)
Take m = — (¥,1) and n = 2¢(¥) to make the first term = 0:
- 49(¥)

So (¢, ¥)* < 4q(#)q(sh) and
(P, )] < 2¢/q(P)q(2).

O

Proof of Theorem 6.6, con’t. By Theorem 5.6, deg : End(E) — Z is a positive definite
quadratic form. Apply Lemma 6.7:

deg(1 — ) — deg(#) — deg(1) | < 2/deg(?)

#E(Fy) q 1

CHAPTER 7:

Let
E: Y?Z4+aXYZ+asYZ? = X>+ as X’ Z + ay X Z° + ag Z°

be an elliptic curve. We will work on the affine piece where Y # 0. Choose new coordinates
t=—= and w = —£ (minus signs for consistency with Silverman’s book):

3

E: w=1t+ ajtw + ast?w + azw? + astw? + agw
' i)
We will find a power series for f(¢,w); that is, an expression
w(t) =131+ Ayt + Agt® +---) € Zlay, -+, ag)[[]]
such that w(t) = f(t,w(t)). It turns out that

Al =ay

2
A = af + az

Az = a3 + 2a1a; + a3

DEFINITION 10.2. Let R be a ring, I C R be an ideal. The I-adic topology on R is the
topology where the basic open sets have the form r 4 I", for r € R and n > 0. (s is close
tor if s €r+ 1IN for large N; in other words, if the difference v — s is in IN.)

DEFINITION 10.3. R is complete w.r.t [ if

(1) ngO I" = {0}, and

(2) every Cauchy sequence converges.
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(n)n s a Cauchy sequence in this context if: for every s, there is some N such that
Ty — Ty € I° for n,m > N.

REMARK 104. If z € I, then —— =1+ 2422+ --- andso 1 —x € R,

T

1—
LEMMA 10.5 (Hensel’s lemma). (7.1) Let R be an integral domain that is complete with
respect to the ideal I. Let F' € R[X]| and s > 1. Suppose we are given a € R such that

F(a)=0 (mod I?)

F'(a) € R*.
Then there is a unique b € R such that
Fb)=0

b=a (mod I?).
Proof. Pick any o € R such that @« = F'(a) (mod I). Replacing F(X) by w, we
may assume a = 0, « = 1. We have F(0) =0 (mod I*) and F'(0) =1 (mod I). Define a
sequence recursively:

o =
Tpy1 = Tp — F(x) (10.1)
By an easy induction,
zp =0 (mod I°) (10.2)

for all n > 0. We need to show that this sequence is Cauchy.

Cram 10.6. @41 =z, (mod I™1%) for all n > 0.
Proof of claim. By induction on n. If n = 0 then we’re done.

Suppose z, = 2,1 (mod I"F571).
FX)-FY)=(X-Y)(F'(0)+ XG(X,Y)+YH(X,Y)) (10.3)
for some G, H € F|X,Y]. If X =z, and Y = x,,_1, the second bracket is just 1 (mod I):
F(z,) — F(xp 1) = xp — Tp_1 (mod I"19)
Tp — F(zn) =21 — F(zn,_1) (mod I™F9)
Tptq = Tn  (mod I"F%)

O

So (x) is Cauchy. Since R is complete, x,, — b as n — oo for some b € R. Taking limits
in (10.1) gives b = b— F'(b), and so F'(b) = 0. Taking limits in (10.2) gives b =0 (mod I°).

Uniqueness is proved by plugging two supposed solutions into (10.3); I claim that the right
bracket is nonzero, which forces X —Y = 0. O

We apply Lemma 7.1 with R = Zlay,--- ,ag][[t]] and I = (t). We're looking for a solu-
tion to F(X) = X — f(t,X). Set s = 3, and use the approximate root a = 0. Then
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F(0) = —t2 = 0 (mod t*) and F'(0) = 1 — a1t — ast® € R*. There exists a unique
w € Zla1,- - - ,ag)[[t] such that w(t) = f(t,w(t)) and w =0 (mod t3).

REMARK 10.7. Taking @ = 1 in the proof, we find w = limy,— o0 w,, with wy = 0, wp1 =

flt,wy).

LEMMA 10.8. (7.2) Let R be an integral domain that is complete with respect to the ideal
I. Letay,--- ,a6 € R, and K = Frac R. Then

E(I) ={(t,w(t)) € B(K) : t € I}
is a subgroup of E(K).

Proof. Taking t = 0 gives O € E’(I) Let Py = (t1,w1) and P» = (t2,w2) be points in
E(I) It suffices to show that —P; — P € E(I) Let P3 = (t3,w3) = —P, — P,. Let
w = At + v be the line through Pi, P», P3. Suppose t1,t2, w1, we € I. We need to show
that ¢3,ws € I. This suffices by uniqueness in Hensel’s lemma (there is a unique w(t) € I
that makes this work).

Write

w(t) =t3(1 4+ Ayt + Agt? +---)
A is the slope “23:};’11 =3, An_g%. Also v = w1 — Mty € I because wy and t € 1.
Finish later.

LECTURE 11:

Let R be an integral domain, complete with respect to the ideal I. We have an elliptic
curve

E:w=f(t,w)==t+atw+- -+ asw’
containing points P; = (t1,w1), P» = (t2,w2), P3 = (t3,ws3) all on the line w = At + v.
Suppose ty,tao, w1, we € I. We checked that A\,v € I. Substituting w = At + v into
w = f(t,w), we have

M4 v =12+ art( Mt +v) + ast? (At + v) + az(A\t + v)? + agt(\ +v)? + ag(Mt + v)?
A := Coefficient of 3 = 1 + as\ + ay\? + aﬁ)\g € R*
B := Coefficient of t? = ay\ + aov + ag/\2 + 2a4 v + 3a6)\21/ el

ty = —% —t1—to € I and w3 = A3 +v € I. We also could have calculated w3 by plugging
t3 into the power series; by the uniqueness in Hensel’s lemma, this is indeed the same
point. That is, wg = w(t3). Thus

E(I) ={(t,w(t)) € E(K) : t eI}
is a subgroup of E(K).

By taking R to be a power series ring in Lemma 7.2,
(1) there is some power series ¢(t) € Z[a1, - - - , ag[[t]] such that [—1](¢t, w(t)) = (¢(t), w(e(t)))
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(2) there is some F(t1,ta) € Zlay, - - ,ag][[t1, t2]] such that
(t1, w(ty)) + (t2, w(t2)) = (F(t1, t2), w(F(t1, 12)))-

In fact,
(X)) =X —a1 X% —a3X? — (a3 +az3) X  + - -

and

FX,Y)=X+Y —a; XY — aa(X?Y + XY?) +--.
It follows from the group axioms that
(1) F(Y,X) = F(X,Y)
(2) F(X,0)=X and F(0,Y) =Y
(3) F(F(X,Y),Z) :F( 7F( 72))
4) F(X,u(X))=0

DEFINITION 11.1. Let R be any ring. A formal group over R is a power series F' € R[[X,Y]]
satisfying (1) — (3) above.

Motto: formal groups are “a group law without elements”.

EXERCISE 11.2. If F satisfies (1) — (3), then show that there is some power series (X ) =
—X +--- € R[[X]] such that F(X, (X)) =0.

This is a I-parameter commutative group; but we will just call it a formal group because
we don’t care about any other kinds of formal groups here.

ExAaMPLE 11.3.

(1) F(X,Y) =X +Y is a formal group, which we call ((/};

(2) F(X,Y)=X+Y 4+ XY = (14 X)(1+Y) —1is the formal group G,
(3) The formal group F'(X,Y) arising from the elliptic curve E is called E.

DEFINITION 11.4. Let F, G be formal groups over R.
(1) A morphism f: F — G is a power series f € R[[T]] with zero constant term such that

fF(X,Y)) = G(f(X), f(Y)).
(2) F = G if there are morphisms f: F' — G and g : G — F satisfying f o g(T) = T and

go f(T) =T,
THEOREM 11.5. (7.3) If char(R) = 0 then every formal group F' over R is isomorphic to
the additive formal group G, over R® Q.

More precisely,
(1) there exists a unique power series

logT:T+%T2+%T3+-~'

with a; € R satisfying
log F(X,Y) =1log X + logY (11.1)
and
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(2) there is a unique power series
by b3

exp(T):T+§T2+§T3+---

with b; € R satisfying
log(expT) =T and exp(logT) =T.

Proof. (1) Uniqueness of log: For convenience, denote Fi(X,Y) = g—ﬁ(X,Y). Suppose
we have a series log as above. Let
0
p(T) = a—TlogT: 14 aoT 4 asT? + - .
Differentiating (11.1) w.r.t X we get
p(F(X,Y))F1(X,Y) =p(X) +0
Putting X =0,
p(Y)F1(0,Y)=1
so p(Y) = F1(0,Y)~. So p is uniquely determined by F, and so is log, because log is
defined in terms of the coefficients of p.

Eristence of log: Let p(T) = Fy(0,T)"' = 1+ aoT + a3T? + - - - for some a; € R. Define
log by formally integrating:

log(T) :T+%T2+%T3+-~
Start with the associativity law:

F(F(X,Y),Z) = F(X,F(Y.2))

d .
and take %
Fl(Xa Y)Fl(F(Xa Y)’ Z) = Fl(X7F(Y7 Z))

Set X =0:
Fi(0,Y)F\(Y, Z) = F\(0, F(Y, Z))
p(Y) 'Y, Z) = p(F(Y,2))"!
P(F(Y,Z))F1(Y,Z) = p(Y)

Integrate with respect to Y:

log F(Y,Z) =1logY + h(Z)
| I—

constant from
integrating

for some power series h.

But there’s symmetry between Y and Z, which forces h(Z) = log Z.

For (2), we use
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LEMMA 11.6. (7.4) Let f(T') = aT + --- € R[[T]] with a € R*. Then there is a unique
POWeET Series

g(T)=a 'T+ - € R[[T]]
such that fog(T)=T and go f(T)=1T.

Proving the lemma proves the original statement of the theorem. To prove the more
specific formulation that says how bad the denominators get in exp, just pick through this
proof (exercise).

Proof of Lemma. We construct polynomials g, (T') € R[T] such that f(g,(T)) =T (mod T"1)
and g,11(T) = gn(T) (mod T™1). Then let g(T) = lim,_00 g (T); this makes sense be-
cause R is complete and the second condition on (gy,) ensures that they form a Cauchy
sequence (pointwise).

To start the induction, let g1(7T) = a~'T.

Now suppose n > 2 and g,,—1 exists with the desired properties. Then
flgna(T)) =T +bT™ (mod T™)
for some b € R. We put ¢,(T") = gn—1(T) + AT for some A € R to be chosen. Then
flgn(T)) = f(gn-1(T) + AT™)
= f(gn-1(T)) + AaT™ (mod T™)
=T+ (b+Xa)T" (mod T"*)

b

so we can choose A = — (we are using the fact that a was a unit). We get

g(T)=a T +--- € R[[T]]

such that
fog(T)=T. (11.2)

The same construction applied to g gives h(T) = aT + - -- € R[[T]] such that
goh(T)=T (11.3)

" 1oy =

f(T) h(T)

O

Theorem 7.3 follows, except for showing the coefficients of exp(7') which are in R® Q are

of the form % with b, € R (optional exercise, or see Silverman’s book).

REMARK 11.7. If F(X,Y) = (1+ X)(1+Y) — 1, then exp and log are the usual series
for log(1 + T') and exp(7) — 1. (The shift of 1 occurs because formal groups require the
identity to be called “0”.)
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LECTURE 12:

Examples class: next Friday, 2:30

CONSTRUCTION 12.1. Let F be a formal group (e.g. Gq, G, E) given by F € R[[X,Y]].
We want to construct an actual group from this. Suppose R is complete with respect to
some ideal I (for example, R = Z,, I = p"Z, for some r > 1). If x,y € I then define a
group law

r@ry = F(z,y).
These power series converge with respect to the I-adic topology because R is complete.
Then F(I) = (I,®F) is an abelian group.

For example, Go(I) = (I,+) and G,,(I) = (1 + I, x). In Lemma 7.2 we showed E(I) C

Check that morphisms of formal groups induce group homomorphisms.

COROLLARY 12.2. (7.5) Let F be a formal group over R. Let n € Z. Suppose n € R*.
Then

(1) [n] : F — F is an isomorphism.
(2) If R is complete w.r.t. an ideal I then F(I) == F(I) is an isomorphism.

In particular, F(I) has no n-torsion.

Proof. [1)(T) is the power series T, and [n + 1)(T") = F([n]T,T). Induction shows that
[n|T'=nT +--- € R[[T]]. If nis a unit in R, then Lemma 7.4 applies, and shows that [n]
has an inverse, which in turn gives an isomorphism of groups. @)

CHAPTER §:

Let K be a field of characteristic zero. Assume that K is complete w.r.t. some discrete
valuation
ordg : K* — Z.
Recall the following constructions from algebraic number theory:
ring of integers: O = {zr € K : ordg(z) > 0} U {0}
group of units: Op = {xr € K* : ordg(z) =0}
maximal ideal: 7Ok where ordg(m) =1
residue field: k = Ok /mOk

Assume that char(k) =p > 0.

For example, K = Q,, O = Zy,, 1Ok = pZy, k =TF).
REMARK 12.3. ord is a group homomorphism, and

ordg (z + y) > min(ordg (x), ordi (y)).
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Equality holds when ordg (z) # ordi (y) and possibly at other times as well.

DEFINITION 12.4. A Weierstrass equation
y2+a1xy+a3y:x3—|—a2x2—|—a4x+a6 a; € K

is integral if a; € Ok for all i. It is minimal if ordx(A) is minimal among all integral
Weierstrass equations for E. If you complete the square to make this y? = cubic, A is, up
to unit, the discriminant of the cubic.

REMARK 12.5.

utting x = u?z’, y = w3y, we get a; = u'a’. So integral Weierstrass equations exist.

1) Putti 2a! 3y t ‘al. So integral Weierst t t

(2) If a1,--- ,a6 € Ok, then A € Og. So ordx(A) € Z>p. So minimal Weierstrass
equations exist.

LEMMA 12.6. (8.1) Fiz an integral Weierstrass equation for E. Suppose P = (z,y) €
E(K) is nonzero. Then one of the following holds:

(1) T,y € OK
(2) ordg(x) = —2r, ordx (y) = —3r for some r > 1.

Proof. Let s = ordg(x) and t = ordg (y).

Case s > 0: If t < 0 we get ordg(LHS) = 2t, and ordg (RHS) > 0, a contradiction. So
t>0,ie z,y € Og.

Case s < 0: ordg(LHS) > min(2t,s + t,t) and ordg(RHS) = 3s. There are three
possible inequalities, and in each case, t < s < 0. Now we know that the 2¢ term wins; so
3s = 2t which implies s = —2r,t = —3r for some r > 1. @)

In §7 we put t = =2 and w = —é. Let I = 7" Ok for some r > 1. Then

E(I) = E(n"Ok) = {(x,y) € E(K) : —%,1 ¢
{(z,y) € B(K) : ord% > ryordg(y) < —r}
Y {(z,y) € B(K) : ordg(z) < —2r,ordg (y) < —3r)

By Lemma 7.2 this is a subgroup of E(K), say E,(K). We have a series of inclusions
. C By(K) € Bi(K) C E(K)

PROPOSITION 12.7. (8.2) Let F be a formal group over O. As defined above, m is the
mazximal ideal, and the residue field k = O /1O has characteristic p. Let e = ordg (p).
If r > ]ﬁ then
log : F(1"Ok) — Go(n"Ok)
1 an isomorphism with inverse
exp : @a(wr(’)K) — F(n"Ok).
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Proof. The only thing left to check is convergence. Let x € #"Ox. We must show the
series log(x) and exp(x) in Theorem 7.3 converge.

Recall: exp(T) =T + %TQ + %T?’ + .- for b; € O. Because of the ultrametric law, we
just have to check that the terms tend to zero (i.e. tend towards infinite order).

ordg (n!) = e - ord,(n!)

[”] if p™ < n < ptl

e
p—1

(you would get if the sum went to o).

ordg o™ ZO—i—nr—p%l(n—l)
=r+(n-1)(r-;%5)
_
>0 by
hypothesis

This is always > r and tends to co as n — co. So exp(z) converges and belongs to 7" O
(and likewise for log).

So for r sufficiently large,
F(r"Ok) 2 Go(n"O) = (7" Ofc, +) = (Ok, +).

LECTURE 13:

Let F be a formal group over O . There is a sequence
.. C F(r?0k) € F(nOk).
We showed in Proposition 8.2 that F(7"Ok) = (O, +) for sufficiently large r.

LEMMA 13.1. (8.3) If r > 1 then
F(r"Ok)/F(r T Ok) = (k, +).

Proof. From the axioms of a formal group,

FIX,Y)=X+Y + XY(---).
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Soif x,y € Ok,

F(r"z,7"y) = 7" (x +y) (mod n"*1)
Define a map F(n"Ok) — (k,+) via 7"z + = (mod 7). We checked that this gives a
group homomorphism. It is surjective, with kernel F(7"t1Of). O

COROLLARY 13.2. If |k| < oo, then F(nOk) contains a subgroup of finite index isomorphic
to (O, +).

NoTATION 13.3. The reduction mod m map Og — Ok /7O = k sends x — T.

PROPOSITION 13.4. (8.4) The reduction mod m of any two minimal Weierstrass equations
for E defines isomorphic curves over k.

Proof. Say the Weierstrass equations are related by [u;r, s, t] for u € K*, r;s,t € K. Let
A1, As be the discriminants of the two Weierstrass equations. Then

Al = ulQAQ.

Since both equations are minimal, ordx (A1) = ordx(Ag). So ordg(u) = 0 (i.e. u is a
unit in Og). Use the transformation formulae on the formula sheet for the a; and b; to
give r,s,t € Ok . (As long as you don’t worry about characteristic 2 or 3, you don’t have
to worry about r, s, t anyway, and this proof is even simpler.)

The Weierstrass equations obtained by reduction are now related by a transformation

[?7; T, s, ] O

DEFINITION 13.5. The reduction E/k of E/K is the reduction of a minimal Weierstrass

equation. E has good reduction if E is non-singular (i.e. E is an elliptic curve); otherwise
call this a bad reduction.

REMARK 13.6. For an integral Weierstrass equation,
ordg(A) =0 = minimal + good reduction
0 < ordg(A) < 12 = minimal + bad reduction
ordg(A) > 12 = if minimal then bad reduction

There is a well-defined map P?(K) — P2(k)

(r:y:2)—(T:y:2)
To avoid ending up with (0 : 0 : 0) on the right, you have to choose a representative of
(xr @y : z) such that min(ordg(x),ordx (y),ordx(z)) = 0 (i.e. at least something is a
unit). We restrict to E(K) — E(k), sending p — p.

Lemma 8.1 says E(rOg) = Ei(K) = {P € E(K) : P = 0}. We want to say that the
formal group is the kernel of reduction. This works if reduction is a group homomorphism,

which is the case if E(k) is a group (i.e. it was a good reduction). If it was a bad reduction,
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we can get rid of the offending singular points: let

5o E if good reduction
") E\{singular pts.}  if bad reduction

The chord and tangent process still defines a group law on FEps. Any line meets a singular
point with multiplicity at most 2. In the chord and tangent process, we start with two
(smooth) points and try to find the third point of intersection. So there is no danger of
running into the singular points this way.

ProrosiTiON 13.7. If E has bad reduction, then
E‘ns = G,y or G

(if it’s G, this can be taken over k, but in the multiplicative case, you might have to add
some square roots).

For simplicity assume char k # 2. Consider an elliptic curve
E :y? = f(x) where deg f = 3.

The singular points correspond to the repeated roots of f. If there’s a double root, then
there’s a node; if it’s a triple root, then there’s a cusp.

Case 1: triple root. Assume the triple root is at zero, so the equation is y? = 23. Define a
map G, — Ens where t — (t72,t73) and 0 — 0p. Let Py, Py, P lie on the line ax +by = 1.
Put Pl' = (l’z,yl)

v} = yi =y (azi + by;)

This is homogeneous; divide by 3:

ti:%isarootofX3—aX—b:0;sot1+t2+t3:O.

Specialize as necessary to show that inverses work; then read off the fact that this is a
group homomorphism.

Case 2: double root. Pick the homomorphism such that the singular points correspond to
0 and oo in G,;,. The calculation is messier.

DEFINITION 13.8.

Fo(K) = {P € B(K) : P € Ens(h)}
(i.e. points that reduce to a smooth point).

PROPOSITION 13.9. (8.5) Eo(K) C E(K) is a subgroup, and reduction mod 7 gives a
surjective group homomorphism Ey(K) — Ens(k).

Proof. Group homomorphism: We need to check that Ey is closed under the operation &.
Let Py, Py € Eo(K). Let P3 € E(K) be the point such that Py @ Po @ P3 = Og: that is,

such that Py, Py, and P53 lie on a line ¢ : ax + by + cz = 0. But then Py, Py, P3 lie on
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the line ¢ : ax —I—Ey + ¢z = 0. Since £ is not degenerate, we could have picked a,b,c with
min(ordg (a), ordk (b), ord (c)) = 0; now a, b, ¢ are not all zero, and € is not the zero line.

Since we assumed that Pl and Pz were nonsingular, Pg also has to be nonsingular. Thus,
P; e E (K).

Surjective: Let f(x,y) = y?+ai1xy+azy—x3—- - - —ag be the usual affine equation for E.
Let P € E,s(k)\{0} have coordinates (Zo, yo) (for some xg,yo € OK) P is non-singular,
so either f(xg,yo) # 0 in k or (:Uo,yo) £ 0 in k. Suppose 2 am # 0 (mod 7). Put

g(t) = f(t,yo) € Oklt]: g(xp) =0 (mod 7) and ¢'(zg) € Oj.. By Hensel’s lemma, there
is some b € O such that b =z (mod 7) and g(b) = 0. Then P = (b,yo) € E(K) and its

reduction mod =« is P. O

LECTURE 14:

We had the group of smooth points Ey(K) C E(K), which had a kernel we called E; (K),

which is just E(rOk). We checked that Eo(K)/E1(K) 5 E,s(k). We can continue the
sequence

E.(K)C---CEyK)C E(K)C EyK) C E(K)
where E.(K) = E(n"Ok), and for r sufficiently large, E,(K) = (Ok,+), and the quotients
at each stage are (k,+). We assumed that the residue field k£ was finite, so we have
produced some subgroups of finite index. But, we haven’t yet proved that Eo(K) C E(K)
has finite index.

LEMMA 14.1. (8.0)If |k| < oo, then P"(K) is compact (w.r.t the mw-adic topology).

Proof. Ok = @OK/W”OK is profinite (i.e. it’s an inverse limit of finite groups). It’s a
well-known result that profinite groups are compact. P"(K) is a union of (finitely many)
compact sets of the form

Vi:{(agz--~:ai_1:1:ai+1:---:an) : CLjEOK}.

LEMMA 14.2. (8.7) Eo(K) C E(K) has finite indez.

Proof. E(K) C P?(K) is a closed subset (it’s formed by satisfying an equation), hence
compact. Our group operations are continuous w.r.t. the topology, i.e. (E(K),®) is
a compact topological group. If E has no singular point, then there’s nothing to do.
Otherwise, let (Zo,yo) be a singular point (for g, yo € Ok). Then

E(K)\Ey(K) ={(z,y) € E(K) : ordg(x —x¢) > 1,ordg(y —yo) > 1}
is a closed set.

Eo(K) C E(K) is open, and so its cosets are open. These cosets form an open cover

of E(K). But E(K) is compact — every open cover has a finite subcover. Cosets don’t
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overlap, so the only way this can happen is for there to have been only finitely many of
them to begin with. O

DEFINITION 14.3. [E(K) : Ep(K)] < oo is called the Tamagawa number cx(E).

Lemma 8.7 says that this is finite. It turns out that you don’t need k to be finite. You can
set things up more carefully to get a geometric interpretation of the Tamagawa number
(see Silverman’s second book).

FAacT 14.4. Fither cx(E) = ordg (A) or cx(F) < 4.

REMARK 14.5. If we have good reduction, then cx(E) = 1. But, the converse is false.

If the reduction is the additive group, then cx(F) < 4. You have split reduction if the
reduction is the multiplicative group, and you don’t have to add in any square roots. In
this case cx (E) = 1. Otherwise, the reduction is called nonsplit, and cx(E) = ord(A).

If you're not working with minimal Weierstrass equations, then this doesn’t work — you
can make Fy have huge index in E(K).

THEOREM 14.6. (8.8) Let [K : Qp] < 0o, and let E be an elliptic curve over K. Then
E(K) contains a subgroup of finite index isomorphic to (O, +). In particular E(K )iors
is finite (since it injects into E(K)/E,(K) < this is because O = E,(K) is torsion-free).

Facr 14.7. Let [L : Q,] < oo, and L/K be a finite extension. Then [L : K| =ef, and you
get a diagram
ordg

Kr——7Z
J_Xe
I* ordy, 7

where e is the ramification index (take the uniformizer in K*, and ask for its valuation in

L*). Also, f = [kr : k], where k and ki, are the residue fields of K and L.

If L/K is Galois, the natural map

Gal(L/K) — Gal(kr/k)
1s surjective. The kernel has order e.
DEFINITION 14.8. L/K is unramified if e = 1.

Fact 14.9. For each integer n > 1,
(1) k has a unique extension of degree n (unique means unique within some fized algebraic
closure of k);

(2) K has a unique unramified extension of degree n, whose residue field is the unique
extension of the residue field of K described in (1).

These are Galois extensions with cyclic Galois group of order n.

DEFINITION 14.10. K™ is the maximal unramified extension of K. Tts residue field is k.
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Warning: K™ is not complete (unlike finite extensions).

PROPOSITION 14.11. (8.9) Suppose E/K has good reduction, and suppose p { n (where p
is the characteristic of k). Then

(1) E(K™)[n] = E(K)[n| (every n-torsion point you could imagine is defined over an
unramified extension)
— XN

(2) E(K™) =" E(K"™) is surjective.

Proof. If L/ K is finite and unramified, F;(L) =" F;(L) is an isomorphism (by Corollary

7.5). In Proposition 8.5, we checked that E(L) — FE(kr) is surjective (assuming good
reduction).

There is a commutative diagram with exact rows:

0—— Ey(K") —— E(K™) —— E(k) —— 0

[

0—— B (K") — B(K"™) —— E(k) —— 0
The first vertical map is an isomorphism. Now do a diagram chase using the snake lemma
to show that E(K™)[n] = E(k)[n] = (Z/nZ)? is an isomorphism and

E(K™)/nE(K™) =~ E(k)/nE(k) = 0.
But E(K™)[n] C E(K)[n] = (Z/nZ)? also by Theorem 6.5. O
COROLLARY 14.12. (8.10) Suppose E/K has good reduction, and P {n. If p € E(K) then
K([n]"'P)/K is unramified.
Note: [n]"'P ={Q € E(K) : nQ = P}
K({P]_,Pr}) = K(ﬁla"' s Lry Y1y 00t ayr) with P = (xlayz)

Proof. Proposition 8.9(2) shows that there is some @ € E(K"") such that n() = P. Then

[n]"'P={Q+T : T € E(K)[n]}. But part (1) of the Proposition shows that all of these
points are in E(K™). So K([n]™1P) c K™. @)

CHAPTER 9:
We are now working over a field K that is a finite extension of Q. Let E be an elliptic
curve over K.

NOTATION 14.13. For 8 a prime of K (i.e. prime ideal in Ok) we write

Ky = completion of K w.r.t. ‘B-adic valuation.
DEFINITION 14.14. B is a prime of good reduction for E/K if E/Ksy has good reduction.

LEMMA 14.15. (9.1) E/K has only finitely many primes of bad reduction.
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Proof. Take a Weierstrass equation for F with a1, -+ ,a € Og. Since E is nonsingular,
0 # A € Og. Factor the discriminant

() =95
where PB; are prime ideals. Let S = {1, - ,'B,}. If P ¢ S, then ordp(A) =0. So E/kyp

has good reduction, and
{ bad primes for £ } C S.

LECTURE 15:

K was a finite extension of Q.

LEMMA 15.1. (9.2) E(K)ors is finite.

Proof. Take any prime B, K C Kyp. Then E(K)iors C E(Kq)iors, and we checked in
Theorem 8.8 that the latter is finite. O

LEMMA 15.2. (9.3) Let B be a prime of good reduction for E/K, with B 1 n. Then
reduction mod P gives an injection

E(K)[n] < E(kp)[n]

Proof. Ey(Ksy) was the kernel of E(Ky) — E(kqg); this has no n-torsion, since multipli-
cation by n was an isomorphism by Corollary 7.5. O

ExAMPLE 15.3.
E:y2+y:x3—x2
Note that A = —11. E has good reduction at all p # 11.
p |2]3]5]7[11]13
#E(F,) [5]5]5]10] - [10

So
#E(Q)tors | 5 -2 for some a > 0
H#E(Q)iors | 5 3% for some b > 0
So #E(Q)tors | 5. Let T'= (0,0) € E(Q). You can show that 57 = 0, so E(Q)¢ors = Z/5Z.

EXAMPLE 15.4.
E:y*+y=2a’+2?
Now A = —43. FE has good reduction at all p # 43
p  |2[3][5|7]11]13
#E(F,) |5]6]10]8] 9 |19

#E(Q)tors | 5 -2 for some a > 0
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#E(Q)tors | 9+ 11° for some b > 0
SO E(Q)tors = {0}

Take T' = (0,0). Since there aren’t any torsion points, this has infinite order (and
rank £(Q) > 1). So we get a way to find infinitely many solutions to E: just take all
the multiples of (0,0).

ExAMPLE 15.5.

Ep:y? =2 - D%
where D € 7Z is square-free. Compute A = 26D5. 2-torsion points consist of roots of the
cubic:

Ep(Q)tors 2 {0,(0,0), (£D,0)} = (2/22)°
Let f(X)= X3~ D2X. If p{ 2D then

#Ep(Fp) =1+ ) ( <¥> +1>.

2€F)
Legendre
symbol

The Legendre symbol is multiplicative, so if p = 3 (mod 4) then

(52)- () () (2) ()

So the Legendre symbols cancel in pairs, and Ep (Fp) =p+1.

Let m = #Ep(Q)iors. We have 4 | m | p + 1 for all sufficiently large primes p with
p = 3 (mod 4) (use the lemma and take p larger than any prime factors of m). I claim
that 8 + m, because otherwise there would be finitely many primes that are 3 mod 8, a
contradiction to Dirichlet’s theorem on primes in arithmetic progressions. So m = 4, and

ED(Q)tOTS = (Z/QZ)2

So

| ith
rank Ep(Q) > 1 «<— z,y € Qwi Lectd

Y2 = 2% — D% and y £ 0 F is a congruent number

LEMMA 15.6 (Torsion points over integral elliptic curves are almost integers). (9.4) Let

E/Q be an elliptic curve given by a Weierstrass equation with coefficients ay,--- ,a¢ € Z.
Suppose 0 #T € E(Q)ors, say T = (z,y). Then
(1) 42,8y € Z

(2) If T is not a 2-torsion point, or 2 | ay, then x,y € Z.

Proof. The Weierstrass equation determines a formal group E over Z. Recall we can use
this to construct an actual group
E(p’"Zp) = {(z,y) € E(Qp) : ordy(z) < —2r,ordy(y) < —3r}.
By Proposition 8.2,
E(W'Zy) = (L, +) if 7 > pil
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(we haven’t made any extension of Q,, so the ramification index here is 1). If p = 2,

-~ ~

E(4Z3) is torsion free; for odd p, E(pZy) is torsion free. So
ords(z) > —2,orda(y) > —3
ordy(z) > 0,0rd,(y) > 0 Vp odd
This proves (1).

For (2), suppose T € E(2Z5).
E(2Z5)/E(425) = (Fa, +)
E(4Zs) = (Zy, +) is torsion-free. So 2T = 0.
(,y) =T =-T = (z,—y — a1z — as)
and equating second coordinates, 2y + a1z + ag = 0. But ords(x) = —2, orda(y) = —3.

8y +ai (4x) + 4az =0
— _
odd odd even

so aj is odd. So if 27" # 0 or a; is even, then T" ¢ E(2Zg), and so z,y € Z. O

For example, if y? + zy = 23 4+ 42 + 1, then (-1, %) € E(Q)[2].

So, over Q the only annoying prime is 2. A similar thing happens over other number fields,
but there might be more annoying primes.

COROLLARY 15.7 (Lutz-Nagell). (9.5) Let E be an elliptic curve over Q of the form
y? = 2% +ax +0b, for a,b € Z. Suppose 0 # T € E(Q)iors, say T = (x,y), then x,y € Z
and either y = 0 (2-torsion point) or y* | 4a® + 27b°.

Proof. By Lemma 9.4, x,y € Z. If 2T = 0, then y = 0. Otherwise, 27" is not the point at
infinity, so it has coordinates (x2,y2). Again for the lemma (applied to 27T"), x2,y2 € Z.

2y — <f’2(;)>2_2x

Everything is an integer here, so y | f/(x).

Since F is nonsingular, f has no repeated roots —i.e. f(X) and f'(X) are coprime. This
means f(X) and f/(X)? are coprime. Use Euclid’s algorithm to produce g, h € Q[X] such
that g(X)f(X) + h(X)f'(X)? = 1. The coefficients in g, h depend on a,b; a calculation
gives

(3X2 +4a)f'(X)? = 27(X3 + aX — b)f(X) = 4a® + 27b*
Since y | f/(x) and y? = f(x), we get y? | (4a® + 27b2). O

REMARK 15.8. Mazur showed that if F is an elliptic curve over QQ, then the torsion
subgroup is one of the following:

Z/nZ 1<n<12,n#11
Z)27 X Z]2nZ 1<n<A4
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LECTURE 16:

CHAPTER 10:
Let K be a field with char(K) {n. Assume p,, C K.

LEMMA 16.1. (10.1) Let A € K*/(K*)" be a finite subgroup. Let L = K(/A). Then
L/K is Galois and

Gal(L/K) = Hom(A, )
where i, is the n'" roots of unity.

Proof. L/K is Galois since p,, C K (normality) and char(K) { n (separability). Define
the Kummer pairing

o(/x)
Yx
First we need to check that this is well-defined, i.e. that it doesn’t depend on the root
n
of x chosen. Suppose o™ = " = z. So (%) =1, and % € pp. This is fixed by all

o € Gal(L/K), so 28 = 7).

(—, =) : Gal(L/K) x A — u,, where (o,x)

Bilinear:

(,ay) = T2V 10y (o)

Vi

Non-degenerate: Let o € Gal(L/K). If (o,z) = 1 for all z € A then o {/z = {/x for all
x € A. But the Galois group fixes K, and now we see it fixes everything used to generate
the extension L, so o fixes every element of L; that is, 0 = 1.

Let z € A. If (0,2) =1 for all 0 € Gal(L/K), then o {/x = {/x for all 0. Elements fixed
by all the Galois group are in the base field: so {/z € K, and « € (K*)" (the group we’d
modded out by at the beginning).

(—, —) induces injections

(1) Gal(L/K) < Hom(A, un,)
(2) A < Hom(Gal(L/K), un)

The fact that these are injections follows from the non-degeneracy on the right.

By (1), we see that Gal L/K is a finite abelian group of exponent dividing n (use the fact
that Hom(A, p,,) is the dual of A* and so has the same order as A). Also by looking at
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orders, (1) and (2) above give:

1) (2)
Gal(Z/K)| < |A] < |Gal(L/K)).

Therefore, (1) and (2) are isomorphisms. O

PROPOSITION 16.2. (10.2) There is a bijection

finite subgroups finite abelian extensions L/K
A C K*/(K*)" of exponent dividing n

where A — K(Y/A) and, in the reverse direction, L — (K* N (L*)™)/(K*)".

Proof. Let L/K be a finite abelian extension of exponent dividing n. Let
A= (K" (L5)")/(K7)".
Then K ({/A) C L. We need to show that these are isomorphic.

Let G = Gal(L/K). The Kummer pairing gives an injection
A — Hom(G, pp)

CLAIM 16.3. This map is surjective.

Proof. Let X : G — py, be a group homomorphism. Think of the elements of G as maps
L — L, so they are an L-vector space.

Fact 16.4. Distinct automorphisms are linearly independent.

There exists a € L such that

> X(r)'r(a) #0

TEG
(or else this linear combination would be the zero automorphism). Let y be the LHS
above. Let 0 € G.

oly) =) x(r)'or(a)

TG

= Z X(o7 )t (a) = X(0)y.

But X(o) is a n'" root of unity, so
o(y")=y" Vo € G.

Set © = y™ € K*, and note that x € K*N (L*)" = A. So X : 0 # = X(o),
which shows x € A is the required preimage of X under the map A — Hom(G, py,).
End of proof of Claim.

Now A — Hom(G, py,) is an isomorphism. So |A| = |Hom(G, )| = |G|. We have
[K(VA): K] = |Gal(K(VA)/K) "Z" A
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[L: K] = | Gal(L/K)| = ||

and these are equal because we just proved A — Hom(G, uy,) is an isomorphism (and
hence |A| = |G]). Since K({/A) C L, this gives L = K({/A) as desired.

It remains to show that the composition in the other direction is the identity. Let A C
K*/(K*)" be a finite subgroup; set L := K({/A) and A’ = % We need to show
that A = A/,

It is clear that A C A’. But
L=K(VA) cK(VA)CL

By Lemma 10.1, |[A] = |A’|, and since we already have one inclusion, they are equal. O

PROPOSITION 16.5. (10.3) Let K be a number field containing all nt* roots of unity. Let
S be a finite set of primes of K. There are only finitely many extensions L/K such that

(1) L/K is abelian of exponent dividing n, and
(2) L/K is unramified at all primes outside S.

Proof. By Proposition 10.2, L = K({/A) for some finite subgroup A C K*/(K*)".
Let B be a prime of K. We can factor PO, = P{* --- P for some prime ideals P; in O,.

If x € K* represents an element of A, then
n -ordp,({/z) = ordp,(z) = e; ordyp(z).

If P ¢ S then P is unramified, so all the e; = 1. So from the equation above we see that
ordgp(z) =0 (mod n). So A C K(S,n) where

K(S,n)={zxe K*/(K*)" : ordg(z) =0 (mod n) V} ¢ S}.

For example, Q({3,17},2) = (—1,3,17) € Q*/(Q*)2. We have reduced this proposition
to the following lemma:

LEMMA 16.6. (10.4) K(S,n) is finite.

Proof. We need the following two facts from algebraic number theory:

(1) The class group is finite
(2) Dirichlet’s Unit theorem (O} is finitely generated)

Let Ix be the group of fractional ideals in K. The class group is the cokernel of the map
K* — Ik, where z — (x). So we have an exact sequence

00 > K" —Ix —Clg —0

Let Px = i(K™*) be the group of principal fractional ideals. We can break up the above
short exact sequence into two new ones:

0—- 0k >K"—Pg—0

0—>Px —>Ig —>Clg—0
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which gives two diagrams

0 O K* Px 0
0 O3 K* Px 0
0 PK IK Cl[( —0
0 PK IK ClK —0
Applying the snake lemma,
0— Or*/(O)" = K*/(K*)" — Py/Pg — 0 (16.1)
If Clk|[n] is the kernel of the multiplication-by-n map, we get
0 — Clg[n]| — Pk /Py — Ix /I — Cli /Cl — 0 (16.2)

By definition, the image of K(S,n) in Ix /I} is finite.

Using (16.2) and the fact that Clk is finite, we see that the image of K(S,n) in Px/Pp
is finite.

Using (16.1) and the fact that O is finitely-generated, we see that K(S,n) is finite. O

LECTURE 17:

CHAPTER 11:

Let K be a number field, F an elliptic curve over K. Let n > 2.

THEOREM 17.1 (Weak Mordell-Weil). (11.1)

We will use this to prove the full Mordell-Weil theorem. It suffices to use n = 2, but
considering general n gives more information about the rank.
LEMMA 17.2. (11.2) Assume Eln| C E(K). Let

S = { primes of bad reduction for E } U {primes dividing n}
Let L = K([n]~'P) for some P € E(K). (This is a finite extension: you can use the
group law to solve for the points Q such that n@QQ = P.) Then:

(1) L/K is abelian of exponent dividing n
(2) L/K is unramified at all P 1S
52



Proof. (1) Let Q € E with n@Q = P. All other points in L are gotten by adding an n-
torsion point; since we’re assuming all the n-torsion points are defined over @, L = K(Q).
Let M/K be a Galois closure of L/K. For o € Gal(M/K), 0(Q) — Q € E[n| C E(K),
and so 0(Q) € E(L). Thus, o(L) = L for all 0 € Gal(M/K), and so L/K is Galois.

Define f : Gal(L/K) — E[n]| where o — 0@ — Q.
f ingective: Suppose f(o) = 0. Then 0@ = Q. o pointwise fixes L, so o = 1.

f is a group homomorphism:
f(or) =01Q - Q
=0(1Q - Q) +0Q - Q
=of(r)+ f(o)
= f(7) + f(o)

where the last line is because f(x) is an n-torsion point, which is in E(K) and hence fixed
by the Galois group.

So f:Gal(L/K) < E[n] = (Z/nZ)?. So L/K is abelian of exponent dividing n.

(2) See Corollary 8.10. O

REMARK 17.3. If E[n] C E(K) and L/K is a finite Galois extension, then, analogously
to the Kummer pairing, we get an injective group homomorphism

E(K)NnE(L)
where QQp is a point such that nQp = P.

— Hom(Gal(L/K), E[n]) where P — (0 — cQp — Qp)

LEMMA 17.4. (11.83) If L/K is a finite Galois extension, then the natural map
BE(K) / nE(K) - E(L) / nE(L)

has finite kernel.

Proof. There is a surjective group homomorphism
E(L)N[n] E(K) —xn, E(K)NnE(L)
Let X be a set, and A an abelian group,
Map(X,A) = {maps : X — A}
is a group under pointwise operations. There is an injective group homomorphism
E(L)N[n]'E(K)

= ker(«)

— Map(Gal(L/K), E[n])

Q= (0—=0Q-Q)
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(If cQ = Q for all o € Gal(L/K) then Q € E(K).) Gal(L/K) and E[n] are finite, so the
space of maps between them is finite. O

Proof of Theorem 11.1. By Lemma 11.3, we may extend the field K such that

(1) pp C K
(2) Eln] C E(K)

(It turns out that (2) = (1), by the Weil pairing, to be discussed later.)
Let L be the composite of all field extensions of the form K([n]™'P) for P € E(K).

By Lemma 11.2 and Proposition 10.3, there are only finitely many such extensions. So
[L: K] < oo.

The map
B(K) | B()
is the zero map. By Lemma 11.3, 753((}}(()) is finite. O

REMARK 17.5. If K =R, C or [K : Q] < 0o, then we know
E(K) ‘>
but E(K) is not finitely generated (it’s uncountable).

Fact 17.6. If K is a number field, there is a quadratic form (called the canonical height)
/i\L : E(K) — RZO
with the property that for any B € R,

~

{P € E(K) : h(P) < B} is finite. (17.1)

THEOREM 17.7 (Mordell-Weil). (11.4) Let K be a number field, and E an elliptic curve
over K. Then E(K) is a finitely-generated abelian group.

Proof. Fix an integer n > 2. By the Weak Mordell-Weil Theorem, E(K)/nE(K) has finite
order. Pick coset representatives Py, -, P.. Let

Y ={P € E(K) : h(P) < max h(P))}.

T1<i<r

CLAIM 17.8. ¥ generates E(K).

Proof of claim. If not, by (17.1), we can pick P € E(K)\ (X) of minimal height. Then
P = P +n@; Q is not in the subgroup generated by X, because if it was, then P would
also be generated by ¥ since P; is. Because P was minimal, h(P) < h(Q).

4h(P) < 4h(Q)

< n*h(Q) = h(nQ)
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h(P + P)
E(P) + E(Pl) by the Parallelogram Law

This shows that P € ¥, a contradiction. O

Y is finite by (17.1). O

LEMMA 17.9. (11.5) Let P € E(K). Then
P € E(K)tops < h(P)=0

Proof. (= )nP =0so0 RZ?L(P) = h(nP) = 0 (since h is a quadratic form). So ﬁ(P) =0.

(=) 1If /};(P) = 0 then ﬁ(nP) =0 for all n € Z.
{nP :nelkZ}
is finite by (17.1), so P € E(K )iops- O

This gives another proof that F(K ) is finite.

LECTURE 18:

CHAPTER 12:

For simplicity let K = Q.
DEFINITION 18.1. Write P € P"(Q) as P = (ap : --- : a,); we may assume that a; € Z
with ged(ag, -+ ,a,) = 1. Then define

H(P) = Jnax |a;] .

LEMMA 18.2. (12.1) Let f1, fo € Q[X1, X2] be homogeneous polynomials of degree d, with
no common root in P1(Q) (i.e. they have no common factor, even over Q). Let F : P! —
P! be the map (21 : 2) = (fi(z1,22) : fo(w1, 22)).

Then there exist c1,co > 0 such that
caH(P)Y < H(F(P)) < ;H(P)? VP € PYQ).

Proof. Without loss of generality assume fi, fo € Z[X1, X2].

Upper bound: Write P = (a : b) where a,b € Z are coprime. Then
H(F(P)) < max(|fi(a,b)|,|f2(a, b))
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< e max(la|?, |b|)

where ¢z = max;—1 2(sum of absolute values of coefficients of f;). (Remember that a,b,
and all coefficients are integers.) Then H(F(P)) < coH(P).

Lower bound: We claim that there are some homogeneous polynomials g;; € Z[X1, Xa] of
degree d — 1 and some integer x > 0 such that

2
Zgijfj = HXiQd_l (18.1)
j=1

Indeed, running Euclid’s algorithm on f1(X, 1) and fo(X, 1) yields polynomials r, s € Q[X]
with degrees < d such that

F(X)Fu(X, 1) + () fo(X, 1) = L.

Homogenize and clear denominators to get an equation of the form (18.1), with i = 2.
Similarly, one can obtain an analogous expression for ¢ = 1.

Write P = (a; : az) where a1, ay are coprime integers. By equation (18.1),

2
Z gij(a1,a2)fj(ar, az) = Ha?dﬂ.
Jj=1

Therefore, ged(fi(a1,az2), fa(ar,az)) divides ged(ka??!, ka3®'). Since aj,as were co-
prime, this is k.

But also
2
2d—1
ra;* | < max|fj(ar, az)l Zl |9ij (a1, az)]
L 1=
SHH(F(P)) <7~H(P)d*1

|ai** " < v H(F(P))H(P)™
H(P)*** < max(vy1,7)H(F(P))H(P)**
mH(P)d < H(F(P))

Cc1

O

NoTATION 18.3. For x € Q, define H(z) = H(x : 1) (i.e. write z = ¢ for a,b € Z coprime,
and define H(z) = max(|al, |b])).

Let E be an elliptic curve over Q, which we can write as 2 = x3 + ax + b.
DEFINITION 18.4. Define the height of a rational point:

H: E(Q) — Rzl
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b [HE) i P=(y)
1 if P=0g
and define the logarithmic height:
h : E(Q) — RZO
P —log(H(P))
LEMMA 18.5. (12.2) Let E,E" be elliptic curves over Q; let ¥ : E — E' be an isogeny
defined over Q. Then there is some constant ¢ such that
|h(P(P)) — (deg P)h(P)| < ¢
for all P € E(Q).

Note that ¢ depends on E,E', and ¥ but not on P.

Recall Lemma 5.4 says that deg(¥) = deg(£) where ¢ is the map

E-—*,p

e
Suppose d = deg(¥). By Lemma 12.1, we can find ¢1,co > 0 such that
clH(P)? < H(#(P)) < coH(P)%.
Taking logs gives
A(P(P)) ~ dh(P)| < log(max(,cz).

L 1
&

EXAMPLE 18.6. Let ¥ = [2] : E — E. Then there is some ¢ > 0 such that
|h(2P) — 4h(P)| < c

for all P € E(Q).

DEFINITION 18.7. The canonical height is
~ 1
h(P) = lim —h(2"P)

n—oo 4M

Convergence: Let m > n.

m—1
1 1 1 1
— m - — n < r+1 T r
T M2 P) = h(2 P)' < ;n @R = h(2 p)’
m—1 1
- Z 41 ‘h(2r+1p - 4h(2rp))‘ triangle ineq.

K | c 1 c
:CZ 4r+1 < 4n+1 <1zll> = 3.4n
r=n
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This tends to 0 as n — 00, so the sequence is Cauchy.
LEMMA 18.8. (12.3) |[h(P) — h(P)| is bounded for P € E(Q).

Proof. Put n = 0 in the above calculation to get

1 3
—h(2™P) — h(P -
h(2"P) = h(P)| <

Take lim,;, 0. O

LEMMA 18.9. (12.4) Let ¥ : E — E' be an isogeny defined over Q. Then

h($(P)) = (deg ¥)h(P)
for all P € E(Q).

Proof. By Lemma 12.2, there is some constant ¢ with
|h(P(P)) — (deg $)h(P)| < c
for all P € E(Q). Replace P by 2" P and divide by 4™:

1 1
47h(2 P(P)) — ™
Take the limit n — oo. O

(deg ¥)h(2"P)| < 4%.

REMARK 18.10. Lemma 12.4 also shows that h does not depend on the choice of Weier-
strass equation.

LEMMA 18.11. (12.5)
#{P € E(Q) : h(P) < B} < 0.

Proof. By Lemma 12.3, bounding % also bounds h; this bounds the numerator and the
denominator, so there are only finitely many choices for z. Given z, we have < 2 choices
for y. O

We need to show that A is a quadratic form.

LECTURE 19:
Examples class: Friday March 8, 2:30 PM

Recall the naive height was h(P) = log H(P), where H : (z,y) — max(|r|,|s|) where
xr =L and 7, s are coprime integers. The canonical height was h(P) = lim, 0 %nh(Q”P).

By Lemma 12.4, /ﬁ(nP) = nz/ﬁ(P).
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LEMMA 19.1. (12.6) Let E be an elliptic curve over Q. Then there is some constant c
such that

H(P+QH(P - Q) <c-H(P)?H(Q)?
for all P,Q € E(Q) such that P,Q,P —Q,P+ Q # 0.

Proof. Write P = (§&1,m), @ = (§&2,m2), P+ Q = (§,m3), P — Q = (§4,ma). Write § =
for coprime r;, s;. See the proof of Lemma 5.7.

(8384 : 1314 + 1483 1 r3rg) = (Wo : Wy 1 Wh)

where Wy = (r152 — r951)%. Wy, Wi, Wa each have degree 2 in r1, 51 and have degree 2 in
r9, 89.

H(P+ Q)H(P — Q) = max(|rs, [s3]) max(|ra, [s4])
< 2max(|rsral, |r3ss + 453, |s354])
< 2max(|Wol, [Wil, [Wal)
<c H(P)H(Q)?
There are a bunch of cases to check to prove the first inequality, depending on what

max(|rs|, |s3]), etc., is. O

THEOREM 19.2. (12.7) o E(Q) — Rx¢ is a quadratic form.

Proof. Take logs in Lemma 12.6 to obtain
h(P+ Q)+ h(P — Q) < 2h(P) +2h(Q) + ¢

if P,Q,P+Q,P—Q #0. But if P—(Q = 0, then this still holds, because |h(2P) —4h(P)]
is bounded.

Replace P and ) by 2" P and 2"(@) and divide by 4". Take the limit to get
h(P + Q) + h(P — Q) < 2h(P) + 2h(Q)

Replacing P and Q by P+ Q and P — @), and using the fact that ﬁ(2P) = 471(P) we get
the reverse inequality.

1 satisfies the parallelogram law, and hence (by Example sheet 2), hisa quadratic form.
O

REMARK 19.3. The theory extends to arbitrary number fields. But, you need to modify
the definition of height since Ok need not be a UFD. For P = (xg : --- : x,) € P*(K),
define H(P) = [], maxo<i<n |Zi|, where the product is taken over places of the number
field. This is well-defined, since [[, |A|, =1 for all A € K* (so multiplying all the ; by A
doesn’t affect H(P)).

CHAPTER 13:

Let K be a perfect field (every finite extension is separable, hence has a Galois closure).

Fields of characteristic 0, and finite fields, are all perfect.
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PROPOSITION 19.4. (13.1) Let ® C E(K) be a finite, Gal(K /K)-stable subgroup. Then
there exists an elliptic curve E'/K and a separable isogeny ¥ : E — E' defined over K
with kernel ® such that every isogeny v : E — E"” with ® C ker factors uniquely via .

E—w>E”

A
\ s
Ve
¢ P

E/

Proof. Omitted. The basic idea is to form £’ = E/® with function field K(E)®. (P € ®
acts on the function field via 75, where 7p : E — E is translation by P.) O

To define the dual isogeny I think you need a stronger statement:

PROPOSITION 19.5. Let ¥ : By — Es and ¢ : Ey — E3 be nonconstant isogenies, and
assume that ¥ is separable. If ker ¥ C ker) then there is a unique isogeny \ : Eo — FEj
satisfying 1 = Ao ¥,

BE—"r B

Proof. See Silverman, I11.4.11. O

PROPOSITION/ DEFINITION 19.6. (13.2) ¥ : E — E’ is an isogeny of degree n. Then there
exists a unique isogeny ¥ : E' — FE, called the dual isogeny, such that © o © = [n].

Proof. Case 1: ¥ is separable. | ker | = deg ¥ = n; so everything in the kernel has degree
dividing n, and is hence contained in ker[n|. Then apply Proposition 19.5 with ¢ = [n].

Case 2: ¢ inseparable. Omitted. Read Silverman.

But we can check uniqueness. Suppose 11 and 1o are candidates: 1 o ¥ = 1h9 0 ¥. So
(1 — 1) o ¥ = 0. Taking degrees shows that ¥; = ¥s. O

REMARK 19.7.

(1) deg[n] = n?, so deg ¥ = deg®. In particular, [n] = [n].

(2) PP = Yo n|g = [n|g o ¥ (second equality because ¥ is a homomorphism), which
shows that ¥% = [n]g. In particular, ¥ = ¢.

(3) If ¥, € Hom(E, E») it can be shown that ¥ 4 1) = P+1). Proving this gives another
way to show that deg : Hom(FE1, E2) — Z is a quadratic form.

(4) “Being isogenous” is an equivalence relation.

DEFINITION 19.8. Define

sum: DivE — F
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an-PHanP

formal add using
sum group law

Recall there is an isomorphism ¥ : E = Pic® (E) given by P — [P —0]. Since P(P& Q) =
P(P)+%(Q) (5.5), the composition Div® E 2% E -2 Pic’(E) takes P—Q — P& (—Q) —
P(Pd(—Q)) =P(P)—P(Q)=[P—-0]—[Q—0] =[P—Q]. In general, D — [D]. This
immediately proves:

LEMMA 19.9. (15.3) Let D € Div?(E). Then D ~ 0 iff sum(D) = O.

LECTURE 20:

If ¢ : E — FE’ is an isogeny, then there is an induced map ¥* : Div E' — Div E, where
(¥ .
P = Z¢(Q):P Q.

Let ¢ : E — E’ be an isogeny of degree n, and let @ : E — E be the dual isogeny. Assume
char K t n. We will define the Weil pairing

E[#] x E'[?] = pin

(where E[#] := ker®). Let T € E'[¢]. Then T € ker ©P = ker[n] so nT = 0. Apply
Lemma 13.3 to n-T —n -0 to obtain some f € K(E')* such that divf=n-T —n-0.

Pick Ty € E(K) with ¥(Tp) = T. Then
YD) = (0p) = Y (P@Ty)— > (P)
PeE[¥] PcE[y]

has sum nTy = PPTy = T = 0. So there exists g € K (E)* such that div(g) = ¢*(T) —
©*(0).

Now
dive* f = ¢*div f = n(¥*T — ¥*0)
=ndivg = divg"
S0 P* f = ¢g" for some constant ¢ € K - (two functions that have the same divisor are the
same up to multiplication by nonzero constant). Rescale f, so we can assume ¢ = 1. Now

e f=g".
If S € E[¥] then
divrgg = 1gdivyg

=75( > (heP)+ > P)

PeE[¢] PeE[¢]

=> 75(Ty®P) =) 15P
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=> ThoPoS-Y» PoS

=Y TyeP-)» P=divg

since S € E[¥] (and so —S € E[¥]) so adding —S just permutes the P’s. This implies
759 = (g for some ¢ € K". Equivalently,
g X & S)
(=222
9(X)
is independent of the choice of X € E(K). Now
_g(X@S) _ fov(XaS) _ fo(X)

CETAX T ee®) T feR(®) -

So ¢ € pin.
X4S
Define Cgp(S, T) = g(g(i)())

PROPOSITION 20.1. ey is bilinear and nondegenerate.

Proof. Linearity in the first argument:

g(X + 51+ 52) . g(X + S2)
g(X + S2) 9(X)

=ep(51,T) - ep(S2,T)

€¢(Sl + SQ,T) =

Linearity in the second argument: Let T,Ty € E’ [@] Find fi, fo such that div(f;) =
n(T;) —n(0) and ¥* f; = g for i =1, 2.

There exists h € K(E')* such that
divh = (Ty) + (Ty) — (T ® Ty) — (0)
Now put f = %, g = %% Then
div f = n(Ty + Tb) — n(0)

and
*p ((P*fl)(@*fz) _ 9193 _n
So
_g(X+9)
6@(57 T +T2) = W
_ (X +5) 9X+5) h(EX))
91(X) 92(X)  h(P(X +9))

|
1

= €¢(57 T1)630(57 TQ)

ep nondegenerate: Fix T € E'[¢]. Suppose ep(S,T) = 1 for all S € E[¢]. Then, by
definition of (, 759 = g for all S € E[¥].
62



We have a field extension K(FE)/¥*K(E’); this is a Galois extension with group E[¢].
Since g is fixed by everything in the Galois group, we have g € ¥*K(FE’); that is, g = ¥*h
for some h € K(E').

We had ¥*f = g" = (¥*h)", which shows f = h"™. So divh = (T') — (0); principal divisors
have degree zero and sum to zero, and that can only happen if T' = 0.

We’ve shown that there is an inclusion E'[?] < Hom(E[¥#], tip,). Since n = deg ¥ = deg ®,
this is an isomorphism. Non-degeneracy on the right follows by group theory. O

LEMMA 20.2. (13.5) If E,E', ¥ are defined over K, then the Weil pairing is Galois-
equivariant. That is,

6@(0’5, UT) = 0-(699(57 T))
forall S € E[#], T € E'[#], 0 € Gal(K/K).

Proof. div f = n(T) — n(0) and div(c(f)) = n(¢T) — n(0) (o fixes zero). From the
definition, ¥* f = g™, so ¥*(a f) = (og)™.
0g)(cX +05)
(0g)(0X)
., (g(X +5)
9(X)

ep(0S,0T) = (

) =otex(s.T)
O

Taking ¥ = [n] : E — E, we have = [n], and the Weil pairing is a map e, : E[n]x E[n] —
2. But by the previous two lemmas, the image is actually in pu, (everything is killed by
multiplication by n).

COROLLARY 20.3. If E[n](K) = E[n](K) then p, C K.

Proof. Let S, T be a basis for E[n](K) = (Z/nZ)*. By the non-degeneracy of e,,, e,(S,T) =

Cn is a primitive n'" root of unity. For o € Gal(K /K),
o(Cn) = o(en(S,T))
=ep(08S,0T)
=en(S,T) = (n
and so (, € K. O

EXAMPLE 20.4. There is no elliptic curve E over Q with E(Q)sors = (Z/3Z)2.

PROPOSITION 20.5 (Properties of the Weil Pairing).
(1) (Alternating) e, (T, T) =1 for all T € E[n] (and that implies e, (S, T) = e, (T, S)™1).
(2) Dual isogenies are adjoints with respect to ey : that is, if ¥ : E — E' and $:E — E,
then e, (PS,T) = e,(S,¥PT) for all S € Eln|, T € FE'[n].
(3) (Compatibility) emn(S,T) = ep(nS,T) for all S € E[mn], T € E[m].
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PROPOSITION 20.6. (13.7) An endomorphism ¥ of E induces an endomorphism ¥, €
End E[n]| = Mats(Z/nZ).

Then deg ® = det ¥, (mod n).

Proof. Let S, T be a basis for E[n]. We can write #(S) = aS+cT, $(T) = bS+dT, so ¥y, is
the matrix ¢, = <Z Z) (for a,b,c,d € Z/nZ). Since the Weil pairing is non-degenerate,

th root of unity.

en(S,T) = (, is a primitive n
(27 = en((deg )5, T)
= e,(PPS,T)
= e, (PS,¢T) adjoint property
=ep(aS + cT,bS +dT)
— (S, T)2d—be — cod—be
th root of unity, and
deg¥ = ad — bc = det ¥, (mod n).

Cn is a primitive n

LECTURE 21:

Let ¢ be prime. The Tate module Ty(FE) is the inverse limit of the following sequence

—x/

= B[ X Bt 3 Bl
Then T;(E) = Z?. The morphism of End modules in Proposition 13.7 induces a morphism
End(F) — End(Ty(F)) = Mata(Zy)
Y= Py
where deg ¥ = det ¥y.

CHAPTER 14:
Let G be a group, and A a G-module: an abelian group with G acting on A via a group

homomorphism. (Note that a G-module is the same thing as a Z[G]-module, where Z[G]
is the group ring.)

DEFINITION 21.1. H)(G,A) = A ={a € A : o(a) =a Vo € G}
The set of “cochains” is C1(G, A) = {maps G — A}; this is an abelian group.

The set of cocycles is Z(G, A) = {(ag)sec : Gor = 0(a;) + a, Yo, € G}.
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Inside this is the set of coboundaries: B*(G, A) = {(0b — b)yeq : b € A}.

Define
HY (G, A) =

For example, if the action of G on A is trivial, H'(G, A) is the set of group homomorphisms
G — A

THEOREM 21.2. A short exact sequence of G-modules

O—>Ai>Bﬂ>C—>O

gives rise to a long exact sequence

0 AL BG4 06 % gla Ay 5wy, B) % HYG, 0).
Proof. Omitted (a long list of things to check).

Comment — definition of §: Let ¢ € C¢. Since g is surjective, there is b € B such that
g(b) = ¢. Then g(6b—b) = oc—c =0for all 0 € G. Since ob—1b is in the kernel of g, it is in
the image of f: ob—b = f(a,) for some a, € A. You can check that (a,),cc € ZH(G, A).

We define §(c) to be the class of (as)seq in H(G, A). You still need to check a lot of
things, including the fact that d(c) is well-defined (what happens if you choose a different
preimage b7). O

THEOREM 21.3. (14.2) Let A be a G-module, and H <G a normal subgroup. There is an
inflation-restriction exact sequence:

0 — HY(G/H, A"Y ™ HY(G, A)"S H'(H, A)
Proof. Lots more checking. O

Let K be a perfect field. Gal(K/K) is a topological group with basis of open subgroups
Gal(K /L) for [L : K] < co. If G = Gal(K/K) we modify the definition of H'(G, A) by
insisting:

(1) the stabilizer of each a € A is open in G;

(2) all cochains G — A are continuous when A is given the discrete topology.

Then H'(Gal(K/K),A) = thl(Gal(L,K),AGal(F/L)) where the direct limit is taken
L
over all finite Galois extensions L/K, with respect to the inflation maps.

THEOREM 21.4 (Hilbert’s Theorem 90). (14.3) Let L/ K be a finite Galois extension. Then
HY(Gal(L/K),L*) = 0.

Given a cycle (a,), > a7 '7 is not the zero operator (linear independence of 7’s). So find
nonzero x = y__a; '7(y) and compute o(z) to show it’s a boundary.
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Proof. Let G = Gal(L/K), and let (a,) € Z'(G,L*). Use the fact that distinct automor-
phisms are linearly independent. Then there is some y € L such that z := > a7 7(y) #
0. Then

() = ola;) lor(y)

TeG
= Qo Z agtor(y) defn. cocycle
TeG
= AyT.
So a, = @, and our original cocycle (a,) was a coboundary. Thus H'! is trivial. O

COROLLARY 21.5. H'(Gal(K/K),K") = 0.
APPLICATION 21.6. Assume char K {n. There is an exact sequence of Gal(K /K)-modules

——* =z

0= pn - K =5 K —0.

This gives a long exact sequence

o Ko K S HYGal(K/K), ) — HY(Gal(K/K),K*) — -

0
by 14.3

Therefore, HY(Gal(K/K), ) = K* /(K*)™.

If u, C K (as we assumed in the Kummer theory section), then Gal(K /K) acts trivially
on ly, so [continuous] cycles are just [continuous| group homomorphisms and there are
no nontrivial coboundaries. Thus we can write the previous isomorphism as

Hom s (Gal(K /K), i) = K*/(K*)™.

Continuous homomorphisms here are the ones that factor through some finite Galois
extension. Note that the finite subgroups of Homg(Gal(K/K), u,) are of the form
Hom(Gal(L/K), pu,) where L/ K is a finite abelian extension of exponent dividing n. (This
recovers Proposition 10.2.)

NOTATION 21.7. To reduce annoyance, write H'(K, —) to mean H'(Gal(K/K),—).

Let ¥: B — E’ be an isogeny of elliptic curves over K. This induces an exact sequence
of Gal(K /K )-modules
0— E[¥] - E— E —0.

The long exact sequence is
-5 B(K) 5 B'(K) S HY(K,E[¢]) » HY(K,E) % HY(K, E')
which we can rearrange into a short exact sequence
0— E'JPE(K) — H'(K,E[¢]) = HY(K, E)[#.] = 0
(where X[f] means “kernel of f in X” as before).

Now take a number field K. Let
My = {places of K} = {finte places} U {infinite places}
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where finite places correspond to primes B C Ok, and the infinite places correspond to
real, and complex conjugate pairs, of embeddings K — C.

For v € Mk, let K, be the completion w.r.t. the v-adic topology. Now fix an embedding
K C K,; then Gal(K,/K,) C Gal(K/K). We have

0—— E'(K)/9E(K) —>— HY(K, E[¢]) — H'(K,E)[¢,] —— 0

J{ J{resv Jresv
ey

0— B'(K,)/PE(K,) s HY(Ky, E[¢]) —— H\(Ky, E)[¢s] —— 0

LECTURE 22:

We consider the kernel of the dotted arrow in the diagram at the end of the last lecture.
DEFINITION 22.1. Define the ¥-Selmer group to be
SO (E/K) = ker (Hl(K, E[2]) = [Toenr, H" (Ko, E)) .

This is the kernel of the diagonal map above, and (because the rows are exact), this can
be rewritten

{x € HY(K, E[¢]) : res,(z) € im(J,) Yo}.

Define the Tate-Shafarevich group to be

II(E/K) = ker(H'(K,E) —» [[ H'(K., E)).
veEMg

We get a short exact sequence
0= E'(K)/PE(K) = SY)NE/K) = TII(E/K)[¢.] = 0
and if we take ¥ = [n| : E — E, this is
0— E(K)/nE(K)— S"™(E/K) — 1II(E/K)[n] — 0. (22.1)

We saw that computing ranks of elliptic curves is equivalent to computing E(K)/nE(K),
and it turns out that there is a finite and efficient algorithm for computing S (E/K); so
you can get an upper bound for the rank, but the problem is III.

CONJECTURE 22.2. III(E/K) is finite.

If this is true, then it turns out that the rank of E(K) is effectively computable.

DEFINITION 22.3. For a finite set S C Mg of places containing all the infinite places we
define
H'(K, A; §) = ker (H'(K, A) = [, g H' (K", 4))
where K" is the maximal unramified extension of K.
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REMARK 22.4. Gal(K,/K,) is the decomposition group; it is defined only up to conjugacy,
due to the choice involved in embedding it in Gal(K/K). Inside this we have the inertia

group Gal(K,/K;").

The proof of weak Mordell-Weil can be rephrased in the following steps:
(1) Show S (E/K) c H (K, E[n]; S) where
S = { primes of bad reduction for E} U {v | n} U {infinite places}.

(2) Show H'(K, E[n];S) is finite.
(3) Conclude from (22.1) that |[E(K)/nE(K)| < oo.

Proof of (1). Let v ¢ S. There is a commutative diagram with exact rows

S B(K) s B(K) — 2 HY(K,, Eln]) —— - --

- —— B(K}") — B(K}") =" HY(K}", E[n]) — -

The multiplication by n map on the bottom row is surjective by Proposition 8.9 (and the
choice of S). So @ = 0. Do a diagram chase to show that im(d,) C ker(res). O

Proof of (2). By inflation-restriction, we can replace K by a finite Galois extension. So
without loss of generality p, C K and E[n] C E(K). Then E[n| = puy, X iy, as Gal(K/K)-
modules. So
HY(K, E[n]; S) = H'(K, jin; S)*.
By Application 21.6 of Hilbert’s Theorem 90,
HY(K ) 2 K*/(K°)"
and the image of H' (K, ji,; S) C HY (K, p1,,) is contained in K (S,n), hence finite.

CHAPTER 15:

Let E, E' be elliAptic curves over a number field K. Let ¥ : E — E’ be an isogeny of degree
n. Suppose E'[P] = Z/nZ is generated by T' € E'(K). Then
E[P] — pn,
S — e(p(S, T)
is an isomorphism as Gal(K /K )-modules. We have a short exact sequence of Gal(K /K)-
modules
0= pn = ESE -0
which gives rise to a long exact sequence
o B(K) % B(K) S H\(K, un) — H'(K, E)
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By Application 21.6 of Hilbert’s Theorem 90, H' (K, p,) & K*/(K*)". Let’s study the
map « : E'(K) — K*/(K*)", defined to be the composite of § with the isomorphism in
Application 21.6.

THEOREM 22.5. (15.1) Let f € K(E') and g € K(E) with div f = n(T) — n(0), and
p*f = g". (We can pick f,g defined over K because T € E'(K).) Then a(P) = f(P)
(mod (K*)™) for all P € E'(K)\{0,T}.

Proof. Let Q € E(K) with ¥(Q) = P (since ¢ was surjective). Then §(P) is represented
by the cocycle 0 — 0Q — Q € E[¥] = p,. By the definition of the Weil pairing,

- X
6@(UQ—Q,T) - g(o-Qg()?)—’_ )
for any X € E[K] (excluding the zeroes and poles of g). Take X = Q:
_9(0Q) _ 0(9(Q))

- 9@ 9(Q)
o/ f(P)

VI(P)

since ¥(Q) = P and ¢*f = g"

We had an isomorphism

K*/(K*)" 5 H'(K, in)

oz
Therefore, a(P) = f(P) (mod (K*)"). O

LECTURE 23:

Descent by 2-isogeny. Consider
E:y* =23+ a2 + bz
E =23 +da? +Vx
where @’ = —2a,b = a®> — 4b. You can check that the following 2-isogenies are dual:

$:E—E, (z,y)— ((Q)Z,&z_bg

xz T

$:E S E, (x,y)H((y)z,M).

2 82

Let T = (0,0) € E(K) and T" = (0,0) € E'(K). We have E[¢] = {0,T} and E[?] =
{0,177}
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PROPOSITION 23.1. (15.2) There is a group homomorphism
a:E'(K)— K*/(K*)?
r (mod (K*)? ifx#0
oy {7 (oA ()i
b (mod (K*)?) ifx=0
with kernel $(E(K)).

Proof. Either apply Theorem 15.1 with f =2 € K(E') and g = £ € K(E), or use direct
calculation (see problem sheet). @)

We'd like to study the following maps
ap : B(K)/PE (K) — K*/(K*)?
ap : B'(K)/PE(K) — K*/(K*)?

LEMMA 23.2. (15.3)
grank E(K) _ ylmaE| ’ |iIIlO[E/’
4

Proof. Since ¢ = [2]p and $P = [2]r there is an exact sequence
0 — E(K)[#] — BE(K)[2] 5 E'(K)[?]
| IS 1
Z/2Z Z/2Z
— E'(K)/¥E(K) A E(K)/2E(K) — E(K)/PE'(K) — 0
S — | S — |
imags imag

Then

|E(K)/2E(K)| _ limag| - |imag|
EBER 1222 [2]22)
By the Mordell-Weil theorem, F(K) = A x Z" where A is finite and r» > 0. Then
E(K)/2E(K) = AJ2A x (Z/27)".
But also
E(K)[2] = AJ2].
Since A is finite, A/2A and A[2] have the same order. Taking orders and dividing, we

have

|E(K)/2E(K)| _
[E(K)[2]|

O

LEMMA 23.3. (15.4) Assume K is a number field, and a,b € Ok. Then imap C K(S,2)
where S = {primes dviding b}.

Proof. We must show that if z,y € K with y?> = 2(2% + ax + b) and B a prime of K with

ordp(b) = 0, then ordg(x) is even.
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Case 1: ordp(x) < 0. By Lemma 8.1, ordg(z) = —2r and ordyp(y) = —3r for some 7 > 1.
In particular, ordg(z) is even, so we're done.

Case 2: ordgp(x) = 0. Done.

Case 3: ordg(z) > 0. Then ordy (22 +az+b) = 0. Then ordyg(z) = ordy(y?) = 2 ordyp(y).
O

LEMMA 23.4. (15.5) If biby = b then b1 (K*)? € im ag iff
w? = biut + au’v? + by (23.1)

1s soluble for u,v,w € K not all zero.

Proof. If by € (K*)? or by € (K*)? then both conditions are satisfied (in this case by = b
up to squares, and b is in the image of E since ap(T) = b (mod (K*)?)). So we may
assume by ¢ (K*)2, by ¢ (K*)2. Then

bi(K*)? cimap <= 3(x,y) € B(K) s.t. © = byt* for some t € K*
— 2 = bit?((b1t?)? + abit? + b)

2
- Y = blt4 + at? + ba
bit
So (23.1) has solution u = t,v = 1,w = 4.
1

Conversely, if (u,v,w) is a solution to (23.1), then uv # 0 and
uw

(2" (25 € 50

is a rational point whose z-coordinate is by (up to the square of something). @)

Now take K = Q.

ExAMPLE 23.5. Recall the elliptic curve from the first lecture:

E:y?=2a2%—uz.
We showed that this has no solution, i.e. rank E(Q) = 0. Let’s do this with different
methods. Here a =0 and b= —1 and

imap C (~1) C Q"/(Q")*

But —1 € imag, so imag = (—1). Consider

E :y? =23 +4a.
Now b = 4, and imag C (—1,2) C Q*/(Q*)2. The subgroup (—1,2) has three nontrivial
elements by = —1,2, —2. To check if these are in im agr, we need to check if solutions exist

for the following:

w? = —y* — 4v* insoluble over R

w? = 2u* + 20 solution u=v =1,w =2
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w? = —2u* — 20* insoluble over R

So imag = (2) € Q*/(Q*)?, and hence E(Q) = 0 (as we discovered in the first lecture).

EXAMPLE 23.6. Let p be a prime with p = 5 (mod 8). Consider E : y?> = 2% + pz. To
check if by = —1 is in the image, check that w? = —u* — pv? is insoluble over R. So
imag = (p) C Q*/(Q*)%. Now consider

E':y? = 2% — dpa.

Then imap C (—1,2,p) C Q*/(Q*)%. Note ap/(T") = (—p) - (Q*)2. We have to check if
b1 = 2,—2,p are in the image; that is, we have to find solutions for

w? = 2u* — 2pvt (23.2)
w? = —2ut + 2pv? (23.3)
w? = pu® — 4pv! (23.4)

Suppose (23.2) is soluble; without loss of generality u,v,w € Z and ged(u,v) =1. IF p | u
then p | w and p | v, which contradicts u,v being coprime. So w? = 2u* #Z 0 (mod p).

That is, (%) = +1 which contradicts the assumption that p =5 (mod 8).

Likewise, (23.3) is insoluble since (%) = —1. So, imag C (p,—1) C Q*/(Q*)%. We
don’t know if the group has size 2 or 4, but we can say

0 if (23.4) is not soluble
1  otherwise

rank F(Q) = {

Since p =1 (mod 4) (we were assuming p = 5 (mod 8)), then —1 is a square; hence it is
a square in Qj, so —1 is a solution to (23.1) over Q.

(23.4) is soluble over Q since p — 4 € (Q4)?, and is soluble over R since \/p € R.

Conjecture: rank E(Q) = 1 for all p = 5 (mod 8). (This has been proven, under the
assumption that IT is finite.)

Pplu v w
511 1 1
13/1 1 3
2911 1 5
2715 3 151
53|11 1 7

LECTURE 24:

Given an elliptic curve F : y? = 23 + az? + bx, we were looking for the image of ap :
E(Q)/PE'(Q) < K*/(K*)%.
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By Lemma 15.5, the Selmer group can be written

S® (E'/Q) = {b1((@*)2 € Q*/(Q*)2 : (23.1) has solutions over R and all Q,}.

Fact 24.1. Ifa,by,by € Z and p t 2b(a® — 4b), then (23.1) is soluble over Q,. So you only
have to check the primes dividing 20V, where b/ = a® — 4b.

EXAMPLE 24.2. Let E : y? = 23 + 17z. Then im(ag) = (17) C Q*/(Q*)?
E iy =2a%—4-17x

im(ap) C (—1,2,17) € Q*/(Q*)? We know that —17 is in the image, as is the identity.
Let’s check by = 2. This corresponds to

w? =20t —2- 170"
Replace w by 2w and divide through by 2:
C:2w? =ut —170? (24.1)
It turns out that (23.1) is a double cover of P!, ramified at 4 points. For a field K,
C(K) = {(u,v,w) € K*\{0} satisfying (24.1)}/ ~
where (u,v,w) ~ (Au, Av, \2w) for A\ € K*.

C(Q2) # 0 since 17 € (Q3)* (anything that is 1 mod 16 is a 4'" power by Hensel’s lemma).
C(Q17) # 0 since 2 € (Q%,)? (again by Hensel’s lemma).

C(R) # () since v/2 € R.

So C(Qy) # 0 for all places v of Q.

Suppose (u,v,w) € C(Q). Without loss of generality u,v,w € Z and ged(u,v) = 1. If
17 | w then 17 | u, and so 17 | v, contradicting the assumption that u,v are coprime. So if
p | w then p # 17 and 17 is a fourth power. We will just use the fact that 17 is a square

(i.c. (177) —1).
&)=(5)-

and (1—71) = 1. w is a product of things, each of which are squares mod 17, so w is a
square mod 17. Look at equation C' mod 17:

2u? =ut  (mod 1)7
So 2 is a fourth power mod 17. But (F%,)* = {£1,+4}. This is a contradiction. So
C(Q) =0.

We say that the Hasse principle holds whenever C(Q,) # 0 Vv implies C(Q) = 0. So the

above example illustrates a failure of the Hasse principle.
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Recall the short exact sequence
0~ E'(Q/2E(Q) = $Y(E/Q) - L(E/Q)[#] = 0

C represents a nonzero element in II(E£/Q).

Birch-Swinnerton-Dyer Conjecture. Let E/Q be an elliptic curve.

DEFINITION 24.3.
if p has good reduction
if split multiplicative reduction

if additive reduction
where a,, is defined by #E (Fp) =1+ p— ap. Define
L(E,s) =] Lo(E,s).
P
By Hasse’s theorem, |a,| < 2,/p. This allows you to check convergence: L(E,s) converges
if Re(s) > 3.

THEOREM 24.4 (Wiles, Breuil, Conrad, Diamond, Taylor). L(E,s) is the L-function of
a weight 2 modular form, and has an analytic continuation to all of C (and a functional
equation relating L(E,s) to L(E,2 — s)).

CONJECTURE 24.5 (Weak BSD).
ords—1 L(E, s) = rank F(Q)

We call ords—1 L(E, s) the analytic rank.
CONJECTURE 24.6 (Strong BSD).

1 QOr Reg(FE III(E c
lim ——L(E, s) = — g(B(Q) [T 2/@)‘ I, <
s=1 (S B 1)T ‘E(Q)tors|
where:
o ¢, =[E(Qp) : Eo(Qp)] is the Tamagawa number
e r =rank F(Q)
 Reg(E(Q)) = det((P;, Pj))ij=1,. »» where (P,Q) = h(P + Q) — h(P) — h(Q)
o Op = f ER) Mﬁ where a; are coefficients of a globally minimal Weierstrass

equation (minimal at all primes)
The best result to date is

THEOREM 24.7 (Kolyragin). If ords—1 L(E,s) = 0 or 1 then Weak BSD holds, and
HI(E/Q) is finite. Moreover, there is an algorithm for checking Strong BSD.
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