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(1) (a) This is just a straightfoward calculation using cofactors. We will pro-
ceed downward from the first column.

det




0 −2 1 1
1 0 1 −1
2 1 0 0
0 −1 2 1


 = −1
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1 0 0
−1 2 1
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∣∣∣∣∣∣
−2 1 1
0 1 −1
−1 2 1
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= −1(1) + 2(−4) = −9.

(b) We perform a change of basis with the transformation g(u) := Au =[
x1 x2 x3

]T
. That is, we think of the coordinates x1, x2, x3 as func-

tions of the coordinates of u. Under this transformation we have x3 =
2u1 + u2. Therefore∫
R4

1Px3 |d4x| = | − 9|
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0
2u1 + u2 du1du2du3du4

=
27

2

(2) Recall from the definition of integrable that we need to show limN→∞ UN (f)−
LN (f) = 0. As such, we need to show given ε > 0 that there exists M ∈ N
so that for N > M UN (f)− LN (f) < ε. Since A is compact, f is uniformly
compact over A. Namely, there exists δ > 0 so that whenever ‖x − y‖ < δ
we have |f(x)− f(y)| < ε. We would like to choose N so that the diameter
of the dyadic cubes is less than δ to ensure |MC(f)−mC(f)| < ε. One can
check that the diameter of a n-dimensional dyadic cube in the N -th dyadic

partition is
√
n

2N
. Therefore, we choose N > log2

(√
n
δ

)
. For such N , we have

UN (f)− LN (f) =
∑
C∈DN

(MC(f)−mC(f))vol(C)

≤ ε
∑
C∈DN

vol(C).

A is bounded so there exists some α ∈ R so that A ⊂ [0, α]n ⊂ Rn. It follows
that

∑
C∈DN

vol(C) ≤ αn for all N ≥ 2. Hence UN (f) − LN (f) < εαn.
Taking ε to zero yields the claim.

(3) We use spherical coordinates. Because we are only integrating over the first
octant we have θ, ϕ ∈ [0, π/2].∫

A
(x2 + y2 + z2)1/2|d3x| =

∫ π/2

0

∫ π/2

0

∫ 1

0
ρ3 cosϕ dρdϕdθ =

π

8
.
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(4) This just amounts to invoking Fubini’s theorem. Note that sin(x)
x is a contin-

uous function on our (compact) region so it is indeed integrable. Therefore,
Fubini applies.∫ π

0

∫ π

y

sin(x)

x
dxdy =

∫ π

0

∫ x

0

sin(x)

x
dydx =

∫ π

0
sin(x) dx = 2.


