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We study the fundamental statistical inference concerning the testing
of independence between two random vectors. Existing asymptotic theories
for test statistics based on distance covariance can only apply to either low-
dimensional or high-dimensional settings and require stringent distributional
assumptions. In this work, we develop a novel unified distributional theory
of the sample generalized distance covariance that works for random vectors
of arbitrary dimensions under fairly mild moment conditions. In particular,
a Gaussian approximation result is established with a non-asymptotic error
bound, and the asymptotic null distribution of the sample generalized dis-
tance covariance is shown to be distributed as a linear combination of inde-
pendently and identically distributed chi-squared random variables. To esti-
mate the asymptotic null distribution practically, we propose an innovative
Half-Permutation procedure and provide the theoretical justification for its
validity. The exact asymptotic distribution of the resampling distribution is
derived under general marginal moment conditions and the proposed proce-
dure is shown to be asymptotically equivalent to the oracle procedure with
known marginal distributions.

1. Introduction. The test of independence between two random vectors is a fundamen-
tal statistical problem with a long history. Classical methods include tests based on con-
tingency tables, such as Pearson’s chi-squared test (Pearson, 1895) and Fisher’s exact test
(Fisher, 1922), as well as the ones based on rank correlations like Spearman’s ρ (Spearman,
1904) and Kendall’s τ (Kendall, 1938). Approaches rooted in distribution function (Hoeffd-
ing, 1948, Blum et al., 1961), characteristic function (Csörgő, 1985), and likelihood ratio
(Wilks, 1935) are also popular choices. We refer to Zhu et al. (2020) and Gao et al. (2021)
for a comprehensive overview.

Assessing the independence between two random vectors poses a challenge. The difficulty
arises from the fact that multivariate adaptations of many classical test statistics are either in-
feasible in high dimensions (Taskinen et al., 2003), or inadequate when confronted with gen-
eral distribution and dependence assumptions (Székely et al., 2007); for example, multivari-
ate rank-based tests are ineffective for testing non-monotone types of dependence. Towards
this end, Székely et al. (2007) introduced the concepts of distance covariance and distance
correlation as measures of dependence, which can capture the nonlinear and non-monotonic
dependence between two random vectors and serve as useful tools for general-purpose tests
of independence. These notions have been applied in various studies, ranging from feature
screening (Li et al., 2012, Zhong and Zhu, 2015, Kong et al., 2017), goodness-of-fit test for
linear regression models (Sen and Sen, 2014), independence component analysis (Matteson
and Tsay, 2017), to time series modelling (Zhou, 2012, Davis et al., 2018, Fokianos and
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Pitsillou, 2018, Wan and Davis, 2022). Some extensions of the distance-based dependence
measure include partial distance correlation (Székely and Rizzo, 2014), conditional distance
correlation (Wang et al., 2015), martingale difference correlation (Shao and Zhang, 2014,
Lee and Shao, 2018, Wang et al., 2022), and partial martingale correlation (Yao et al., 2018).

Formally speaking, for two random vectors X ∈Rp and Y ∈Rq , denote the characteristic
functions of X and Y by ϕX(t) and ϕY (s), respectively, and denote their joint characteristic
function by ϕX,Y (t, s). Distance covariance (Székely et al., 2007) quantifies a weighted L2

difference between ϕX,Y and ϕXϕY , given by

D(X,Y ) =
1

CpCq

∫
Rp

∫
Rq

|ϕX,Y (t, s)− ϕX(t)ϕY (s)|2

∥t∥p+1∥s∥q+1
dtds,(1.1)

where Cp = π(p+1)/2/Γ((p+ 1)/2), Γ(·) is the gamma function and ∥ · ∥ stands for the Eu-
clidean norm. It is easy to observe that D(X,Y ) ≥ 0, and X and Y are independent if and
only if D(X,Y ) = 0. For further insights into the properties of distance covariance and its
standardized counterpart, distance correlation, as valid measures of dependence, we refer to
the discussions provided by Székely et al. (2007) and Székely and Rizzo (2009). The exist-
ing literature primarily encompasses two types of asymptotic theories related to test statistics
built upon distance covariance: (i) chi-square type, and (ii) normal type. To elaborate, in
the case of (i), Székely et al. (2007) demonstrated the convergence of empirical distance
covariance towards a mixture of independent χ2

1 random variables within low-dimensional
contexts, where both p and q remain fixed. In the scenario of (ii), Zhu et al. (2020) tackled
the setting where min{p, q} → ∞ by deriving the asymptotic normality of the normalized
sample distance correlation. Refined convergence of the sample distance correlation to a nor-
mal distribution was established by Gao et al. (2021) and Han and Shen (2021). The former
focused on the setting of max{p, q}→∞, while the latter assumed the joint Gaussianity of
vectors X and Y . A variation of scenario (ii) is the t-calibration introduced by Székely and
Rizzo (2013) in the “high dimension, low sample size" regime, with the additional assump-
tion of independent and identically distributed components within both X and Y .

To summarize, the results discussed above are applicable to either the low-dimensional
or high-dimensional scenario. Due to the distinct asymptotic distributions in these different
dimension settings, practical challenges arise when deciding the dimension regime in which
the variables X and Y lie, and consequently, which type of asymptotic distribution should be
employed. Making a subjective selection of an asymptotic distribution could potentially yield
an unreliable conclusion. Furthermore, previous studies exploring high-dimensional regimes
often necessitate stringent distributional assumptions forX and Y , such as components being
independent and identically distributed, or having a joint Gaussian distribution. To surmount
these limitations, the primary objective of our paper is developing a unified approach and the-
ory that applies across arbitrary dimension settings, and holds under very mild distributional
assumptions. Notably, our results encompass a broader class of distance-based test statistics,
specifically, the generalized distance correlation introduced in the works by Lyons (2013)
and Sejdinovic et al. (2013). This framework not only covers distance covariance (Székely
et al., 2007) but also embraces kernel independence measures in terms of machine learning
(e.g., Gretton et al. (2007) and Gretton et al. (2012). Our first key contribution is the es-
tablishment of a unified distributional theory concerning unbiased estimators of generalized
distance covariance that is applicable to random vectors of arbitrary dimensions. Remarkably,
our analysis reveals an intriguing dichotomy in the asymptotic distribution of the sample dis-
tance covariance under different dimension requirements, demonstrating the necessity of a
high-dimensional context for achieving normal convergence.

Although there have been theoretical advancements in the test based on generalized dis-
tance covariance, practical implementation remains challenging due to the involvement of



TEST OF INDEPENDENCE 3

unknown marginal distributions of random vectors in the asymptotic null distribution. One
of the most widely employed and effective resampling techniques is the permutation-based
method (e.g., Romano (1989), Székely et al. (2007), Gretton et al. (2007), Pfister et al. (2018),
Moon and Chen (2022)) which is constructed by randomly permuting the labels of the ob-
servations. Despite its intuitive appeal, there has been relatively limited exploration (e.g.,
Romano (1989), Rindt et al. (2021), Berrett et al. (2021), Kim et al. (2022)) into the the-
oretical properties of the permutation-based method for conducting independence tests. So
far, demonstrating the theoretical validity is still an open problem, especially when dealing
with data drawn from the alternative hypothesis and situations involving potentially high di-
mensions. As an additional notable contribution, we introduce a novel procedure called Half-
Permutation which serves the purpose of approximating the asymptotic null distribution of
the generalized distance-based test statistic. The validity of this procedure is justified under
fairly mild moment conditions only on the marginal distributions of random vectorsX and Y ,
allowing for arbitrary dependence structures between them. Furthermore, our proposed Half-
Permutation procedure is dimension-free and is demonstrated to be asymptotically equivalent
to the oracle procedure, which assumes knowledge of the marginal distribution functions PX
and PY .

The subsequent sections of the paper are organized as follows. In Section 2, we introduce
the definition of the generalized distance covariance/correlation and propose an unbiased
estimator. In Section 3, we establish a cohesive asymptotic theory of the proposed sample
generalized distance correlation that is applicable to random vectors of arbitrary dimensions.
In Section 4, we introduce an innovative Half-Permutation procedure and provide the theo-
retical justification of its validity. Furthermore, a non-asymptotic lower bound for the power
of the proposed test is established. Section 5 provides a numerical study that serves to illus-
trate the finite sample performance of the proposed test. Detailed proofs can be found in the
Appendix.

Before presenting the results, we introduce some essential notation. The cumulative distri-
bution function of the standard normal distribution is denoted as Φ(·). The indicator function
is represented as I{·}. For two sequences of non-negative numbers, {an}n≥1 and {bn}n≥1,
we denote an ≲ bn if there exists some positive constant C , independent of n, such that
an ≤Cbn for all sufficiently large n. Additionally, we write an ≍ bn if an ≲ bn and bn ≲ an.
For any set A, |A| represents its cardinality. For a vector ω = (ω1, . . . , ωn)

⊤ ∈ Rn, the Eu-

clidean distance is denoted by ∥ω∥ =
√∑n

j=1ω
2
j . In this paper, positive constants are de-

noted as C,C1,C2, . . ., and their values may vary in different contexts.

2. Estimation of generalized distance covariance.

2.1. Distance covariance and Hilbert-Schmidt independence criterion. We begin with a
brief review of two commonly used dependence measures: distance covariance and Hilbert-
Schmidt independence criterion. The concept of distance covariance was first introduced
by Székely et al. (2007) and it can be used to capture the nonlinear and non-monotonic de-
pendence between two random vectors X and Y of arbitrary dimensions; recall the definition
in (1.1). The specific choice of the weight function in D(X,Y ) leads to practical advantage,
enabling a straightforward and elegant expression

D(X,Y ) = E∥X1 −X2∥∥Y1 − Y2∥+E∥X1 −X2∥E∥Y1 − Y2∥ − 2E∥X1 −X2∥∥Y1 − Y3∥

that greatly simplifies computations in practice. In machine learning literature, a widely uti-
lized approach is the Hilbert-Schmidt independence criterion (HSIC) proposed by Gretton
et al. (2007). It quantifies the squared distance between the kernel-embedded joint distribu-
tion PXY and the product of marginal distributions PX × PY in some reproducing kernel
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Hilbert space. Specifically, let κX and κY be the associated kernel functions, the HSIC is
then given by

H(X,Y ) = EκX(X1,X2)κY (Y1, Y2) +EκX(X1,X2)EκY (Y1, Y2)− 2EκX(X1,X2)κY (Y1, Y3).

Commonly used kernel functions include the Gaussian kernel κ(x, y) = exp
(
−∥x−y∥2

2ϕ2

)
and

Laplacian kernel κ(x, y) = exp
(
−∥x−y∥

ϕ′

)
, where ϕ > 0 and ϕ′ > 0 are bandwidth parame-

ters.

2.2. Generalized distance covariance. Our focus is generalized distance covariance that
covers a broader class of distance-based test statistics. Let ρX and ρY be two metrics on the
spaces Rp and Rq , respectively. The generalized distance covariance (Lyons, 2013, Sejdi-
novic et al., 2013) between X and Y is defined by

V(X,Y ) = EρX(X1,X2)ρY (Y1, Y2) +EρX(X1,X2)EρY (Y1, Y2)− 2EρX(X1,X2)ρY (Y1, Y3),
(2.1)

where (X1, Y1), (X2, Y2) and (X3, Y3) are independent copies of (X,Y ). Both the distance
covariance V(X,Y ) and the HSIC H(X,Y ) in Section 2.1 are special cases of the gener-
alized distance covariance. In particular, it can be noted that V(X,Y ) reduces to D(X,Y )
when both ρX and ρY are Euclidean distances. As illustrated in Sejdinovic et al. (2013),
V(X,Y ) =H(X,Y ) when ρX and ρY are metrics generated by kernel functions κX and κY ,
respectively.

We denote the generalized distance variances of X and Y by V(X,X) and V(Y,Y ), re-
spectively. The generalized distance correlation is then defined by the standardized version

R(X,Y ) =

{ V(X,Y )√
V(X,X)V(Y,Y )

, if V(X,X)V(Y,Y )> 0,

0, if V(X,X)V(Y,Y ) = 0.

Although being fairly general in the form, V(X,Y ) may not characterize the dependence
between X and Y without additional assumptions. Throughout this paper, we assume that
both the metric spaces (Rp, ρX) and (Rq, ρY ) have negative type (Lyons, 2013)) and that the
following assumption holds for V(X,Y ).

ASSUMPTION 2.1. X and Y are independent if and only if V(X,Y ) = 0.

REMARK 1. Assumption 2.1 ensures that the generalized distance covariance V(X,Y )
effectively captures the independence between random vectors X and Y , a property that
holds true for distance covariance or for Euclidean distances. More broadly, Lyons (2013)
demonstrated that Assumption 2.1 is met when both (Rp, ρX) and (Rq, ρY ) exhibit strong
negative type. For more discussion of this property, we refer to Lyons (2013), Sejdinovic et al.
(2013), and Gretton (2015). It is also worth mentioning that this assumption is fairly natural
and holds for metrics generated by commonly used kernel functions such as the Gaussian
and Laplacian kernels.

Equipped with V(X,Y ) that satisfies Assumption 2.1, our goal is to test the hypotheses

H0 : V(X,Y ) = 0 versus H1 : V(X,Y ) ̸= 0.(2.2)

based on the observations (X1, Y1), . . ., (Xn, Yn), which are independently and identically
drawn from the joint distribution PXY .
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2.3. Unbiased estimation. In view of (2.1), our unbiased estimator Vn(X,Y ) for the
generalized distance covariance V(X,Y ) is formulated by combining three unbiased U-type
estimators for each term therein, namely,

Vn(X,Y ) =
1

n(n− 1)

∑
1≤k ̸=l≤n

ρX(Xk,Xl)ρY (Yk, Yl)

+
1

n(n− 1)(n− 2)(n− 3)

∑
1≤i ̸=j ̸=k ̸=l≤n

ρX(Xi,Xj)ρY (Yk, Yl)

− 2

n(n− 1)(n− 2)

∑
1≤i ̸=k ̸=l≤n

ρX(Xi,Xk)ρY (Yk, Yl).(2.3)

A similar idea has been employed to construct unbiased estimators for the distance covariance
(Székely and Rizzo, 2009, 2014) and the HSIC (Gretton et al., 2007). Correspondingly, the
sample generalized distance correlation is given by

Rn(X,Y ) =

{ Vn(X,Y )√
Vn(X,X)Vn(Y,Y )

, if Vn(X,X)Vn(Y,Y )> 0,

0, if Vn(X,X)Vn(Y,Y ) = 0.
(2.4)

Given that EVn(X,Y ) = V(X,Y ), the null hypothesis can be rejected when Rn(X,Y ) ex-
ceeds a critical value determined by its asymptotic null distribution. In the following section,
we shall present a cohesive distribution theory for Rn(X,Y ) that is applicable to random
vectors of arbitrary dimensions.

3. Unified distribution theory. To better outline the techniques, we consider the refor-
mulation of the unbiased estimator Vn(X,Y ) as a U-type statistic,

Vn(X,Y ) =

(
n

4

)−1 ∑
1≤i<j<k<l≤n

h{(Xi, Yi), (Xj , Yj), (Xk, Yk), (Xl, Yl)},

where h is a fourth-order symmetric kernel function whose exact expression is given in (A.8).
When the dimensions of X and Y are both fixed, the convergence of Vn(X,Y ) to a mixture
of independent chi-squared random variables can be established by applying the classical dis-
tribution theory (Serfling, 1980)) for U-statistics (e.g., Huo and Székely (2016) for distance
correlation and Gretton et al. (2007) for HSIC). This approach relies on the multivariate cen-
tral limit theorem, which may no longer work in the high dimensional scenario. Instead, some
investigation has been made on the normal convergence of Vn(X,Y ) in this case. For exam-
ple, in the setting max{p, q}→∞ as n→∞, under additional conditions, Gao et al. (2021)
established √

n(n− 1)

2

Dn(X,Y )√
Dn(X,X)Dn(Y,Y )

⇒N(0,1),(3.1)

where Dn(X,Y ) is the special case of Vn(X,Y ) with ρX and ρY being Euclidean distances.
It relaxed the dimension setting min{p, q}→∞ concerned by Zhu et al. (2020). A variation
of normal convergence is the t-calibration introduced by Székely and Rizzo (2013) assuming
independent and identically distributed components within X and Y .

Given the distinct asymptotic distributions in different settings, practical challenges arise
when determining the dimensionality of random vectors X and Y , and subsequently, which
type of asymptotic distribution should be used. Moreover, when handling high dimensional
cases, previous studies often necessitate stringent distributional assumptions for X and Y ,
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such as components being independent and identically distributed, or having a joint Gaus-
sian distribution. To overcome these limitations, we develop a unified distribution theory for
Vn(X,Y ) that applies across arbitrary dimension settings and holds under very mild distribu-
tional assumptions. It also allows for a wide class of metric-induced distance correlation. To
begin with, the conventional Hoeffding decomposition of the U-statistic Vn(X,Y ) in (A.9)
yields

Vn(X,Y ) =
1

n(n− 1)

∑
1≤k ̸=l≤n

dX(Xk,Xl)dY (Yk, Yl) +∆n(X,Y )

=:Qn(X,Y ) +∆n(X,Y ),(3.2)

where ∆n(X,Y ) denotes the remainder term with E{∆n(X,Y )}= 0, dX and dY are double
centering operators defined by

dX(x1, x2) = ρX(x1, x2)−EρX(x1,X2)−EρX(X1, x2) +EρX(X1,X2),

dY (y1, y2) = ρY (y1, y2)−EρY (y1, Y2)−EρY (Y1, y2) +EρY (Y1, Y2).(3.3)

Moreover, as Vn(X,Y ) is unbiased, (3.2) reveals an equivalent expression of V(X,Y ) given
below

V(X,Y ) = E{dX(X1,X2)dY (Y1, Y2)}.

LEMMA 3.1. Assume that E|dX(X1,X2)|2 <∞ and E|dY (Y1, Y2)|2 <∞. Then, under
the null hypothesis that X and Y are independent, we have

E|∆n(X,Y )|2 ≲ V(X,X)V(Y,Y )

n3
≍ E|Qn(X,Y )|2

n
.

Lemma 3.1 reveals that the remainder term ∆n(X,Y ) is asymptotically negligible and
it suffices to study the asymptotic null distribution Qn(X,Y ) which is a second-order U-
statistic. Towards this end, we develop a new Gaussian approximation result for Qn(X,Y ).
We shall consider an equivalent formulation of Qn(X,Y ) to better illustrate the arguments of
Gaussian approximation. Observe that −dX is a non-negative definite kernel function. Under
E|dX(X1,X2)|2 <∞, we have the eigen-decomposition

−dX(Xk,Xl) =

∞∑
m=1

λm,Xφm,X(Xk)φm,X(Xl), 1≤ k ̸= l≤ n,(3.4)

where λ1,X ≥ λ2,X ≥ . . . ≥ 0 are ordered eigenvalues and φ1,X ,φ2,X , . . ., are the corre-
sponding eigenfunctions such that E{−dX(X1, ·)φm,X(X1)}= λm,Xφm,X(·) for each m ∈
N. Moreover, the definition (3.3) of dX implies that E{φm,X(X1)}= 0 and E{φm,X(X1)φm′,X(X1)}=
I{m=m′} for any m,m′ ∈N. In other words, {φm,X(X1)}m∈N is a sequence of zero-mean
pairwise uncorrelated random variables. Similar to (3.4), assume that E|dY (Y1, Y2)|2 <∞,
we have

−dY (Yk, Yl) =
∞∑
m=1

λm,Y φm,Y (Yk)φm,Y (Yl), 1≤ k ̸= l≤ n,(3.5)

where λ1,Y ≥ λ2,Y ≥ . . . ≥ 0 are eigenvalues and φ1,Y ,φ2,Y , . . ., are the associated eigen-

functions. For simplicity of notation, let FX =
√∑∞

m=1 λ
2
m,X and FY =

√∑∞
m=1 λ

2
m,Y

denote the Hilbert-Schmidt norms of the operators −dX and −dY , respectively. Elemen-
tary manipulation can imply F2

X = E|dX(X1,X2)|2 = V(X,X) and F2
Y = E|dY (Y1, Y2)|2 =

V(Y,Y ).
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Substituting these two eigen-decompositions (3.4) and (3.5) into Qn(X,Y ) yields

Qn(X,Y ) =
1

n(n− 1)

∑
1≤k ̸=l≤n

∞∑
m=1

∞∑
m′=1

λm,Xλm′,Y φm,X(Xk)φm′,Y (Yk)φm,X(Xl)φm′,Y (Yl)

=:
1

n(n− 1)

∑
1≤k ̸=l≤n

(Xk ⊗Yk)⊤(Xl ⊗Yl),

(3.6)

where {X1, . . . ,Xn} and {Y1, . . . ,Yn} are two independent samples of i.i.d. random vectors
which respectively admit the following forms,

Xk =
{√

λm,Xφm,X(Xk) :m= 1,2, . . . ,∞
}⊤

and Yk =
{√

λm,Y φm,Y (Yk) :m= 1,2, . . . ,∞
}⊤

.

Here ⊗ stands for the Kronecker product operator between vectors. Observe that Qn(X,Y )
is a quadratic functional of i.i.d. random vectors (X1 ⊗ Y1), . . . , (Xn ⊗ Yn). The Gaussian
analogue of Qn(X,Y ) can be formulated based on Gaussian counterparts after the same
quadratic functional as (3.6), that is,

Zn(X,Y ) =
1

n(n− 1)

∑
1≤k ̸=l≤n

Z⊤
k Zl,(3.7)

where Z1, . . . ,Zn are i.i.d. zero-mean Gaussian random vectors with the same covariance
structure as that of X1 ⊗ Y2. The following theorem establishes a non-asymptotic upper
bound for the Kolmogorov distance between the distribution functions of Qn(X,Y ) and its
Gaussian analogue Zn(X,Y ).

THEOREM 3.2. Assume that for some constant 0< δ ≤ 1,

MX,δ = E
∣∣∣∣dX(X1,X2)

FX

∣∣∣∣2+δ <∞ and MY,δ = E
∣∣∣∣dY (Y1, Y2)FY

∣∣∣∣2+δ <∞.(3.8)

Then, under the null hypothesis that X and Y are independent, we have

sup
z∈R

|P{Qn(X,Y )≤ z} − P{Zn(X,Y )≤ z}| ≤Cδ

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

,(3.9)

where Cδ <∞ is a positive constant depending only on δ.

Under the moment conditions in Theorem 3.2, Vn(X,X) and Vn(Y,Y ) are ratio consistent
estimators for the generalized distance variances V(X,X) and V(Y,Y ), respectively. The
corresponding error bounds are established in Lemma A.9. Combining this with Lemma 3.1
and Theorem 3.2 yields the asymptotic null distribution for the standardized test statistic
Rn(X,Y ).

THEOREM 3.3. Under the conditions of Theorem 3.2, we have

ρ := sup
z∈R

∣∣∣∣∣P{Rn(X,Y )≤ z} − P

{
Zn(X,Y )√

V(X,X)V(Y,Y )
≤ z

}∣∣∣∣∣≤Cδ

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

.

(3.10)
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REMARK 2. Theorem 3.3 makes an important theoretical contribution for the test based
on generalized distance correlation Rn(X,Y ). Firstly, it applies to arbitrary dimension set-
tings. Secondly, there is no need to impose restricted distributional assumptions on the com-
ponents of random vectors. Our key argument is the Lindeberg interpolation (Lindeberg,
1922)) built on the newly defined quantities MX,δ and MY,δ in (3.8), which neither relies on
the multivariate CLT (Gretton et al., 2007, Huo and Székely, 2016)) in the low-dimensional
cases nor martingale CLT (Zhu et al., 2020, Gao et al., 2021)) in the high-dimensional cases,
and thus provide a powerful tool to develop a cohesive theory.

REMARK 3 (Distribution of Zn(X,Y )). Being a quadratic functional of i.i.d. centered
Gaussian random vectors, Zn(X,Y ) is distributed as a linear combination of independent
chi-squared random variables. More precisely, Lemma A.8 in the Appendix reveals that

sup
z∈R

∣∣∣∣∣P
{√

n(n− 1)Zn(X,Y )

FXFY
≤ z

}
− P

{ ∞∑
m=1

∞∑
m′=1

λm,Xλm′,Y

FXFY
(ηm,m′ − 1)≤ z

}
︸ ︷︷ ︸

H(z)

∣∣∣∣∣≤Cn−1/5,

where {ηm,m′}m,m′∈N are i.i.d. χ2
1 random variables, which combines with Theorem 3.3

yields

sup
z∈R

∣∣∣P{√n(n− 1)Rn(X,Y )≤ z
}
−H(z)

∣∣∣≤ ρ+Cn−1/5,(3.11)

where ρ is given by (3.10). For any significance level α ∈ (0,1), (3.11) suggests a level α test
for (2.2) which rejects the null hypothesis when

√
n(n− 1)Rn(X,Y ) exceeds the (1−α)th

quantile ξ⋆1−α of H(z) with

ξ⋆1−α = inf{z ∈R :H(z)≥ 1− α}.(3.12)

However, since H(z) depends on the unknown eigenvalues {λm,X}m∈N and {λm,Y }m∈N,
the quantile ξ⋆1−α is typically unavailable. In Section 4, we propose a feasible resampling
method which can approximate H(z) without estimating those eigenvalues.

REMARK 4 (Asymptotic normality). In view of the classical Lindeberg CLT, Zn(X,Y )
is asymptotically normal if and only if (λ1,Xλ1,Y )/(FXFY )→ 0 which is further equivalent
with

Υ(X,Y ) :=

∑∞
m=1 λ

3
m,X

F3
X

×
∑∞

m=1 λ
3
m,Y

F3
Y

→ 0.(3.13)

Note that λ1,X ≤FX and λ1,Y ≤FY . Hence a simple sufficient condition for (3.13) is

min

{∑∞
m=1 λ

3
m,X

F3
X

,

∑∞
m=1 λ

3
m,Y

F3
Y

}
→ 0.

In the low-dimensional setting with fixed p and q, if we discard the cases of degenerating dX
and dY that lack meaningful significance, it always holds that Υ(X,Y )> 0, and (3.13) thus
fails. It justifies the assertion that Zn(X,Y ) is not asymptotically normal for low dimensions.
On the other hand, it reveals the necessity of min{p, q}→∞ for the normal convergence of
Rn(X,Y ).

In the high-dimensional setting where at least one of p and q diverges with the sample size
n such that (3.13) holds, applying the classical Berry-Esseen theorem yields the following
CLT.
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COROLLARY 3.4. Under the conditions of Theorem 3.2 and (3.13), we have

sup
z∈R

∣∣∣∣∣P
{√

n(n− 1)

2
Rn(X,Y )≤ z

}
−Φ(z)

∣∣∣∣∣≲Υ(X,Y ) +

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

.

REMARK 5. It is noteworthy that max{p, q}→∞ may not lead to (3.13). In other words,
the asymptotic normality for Rn(X,Y ) may not be valid even if max{p, q}→∞. This point
is further validated via finite sample simulation studies in Section 5.

4. Half-Permutation calibration. The primary goal of this section is to propose a prac-
tically feasible procedure which can consistently estimate the asymptotic null distribution
H(z) of the test statistic Rn(X,Y ). We will begin by introducing the oracle procedure,
which will serve as the benchmark for comparison with our proposed method. Assuming
that both the marginal distributions PX and PY are known, the level α oracle test for (2.2) is
as follows.

1. Generate i.i.d. random samples (X◦
1 , Y

◦
1 ), . . . , (X

◦
n, Y

◦
n ) from PX × PY .

2. Following (2.4), calculate the test statistic R◦
n(X,Y ) based on {(X◦

1 , Y
◦
1 ), . . . , (X

◦
n, Y

◦
n )}

and compute its (1 − α)th quantile ξ◦1−α. Then the null hypothesis is rejected if
Rn(X,Y )> ξ◦1−α.

4.1. Half-Permutation procedure. However, in real-world applications, obtaining either
PX or PY is typically not feasible, rendering the oracle test impractical. In this subsection, we
introduce a novel and practical procedure named the Half-Permutation method. Notably, akin
to the oracle procedure, our proposed method is dimension-free and applicable to random
vectors with arbitrary dependence association between them.

Without loss of generality, we assume n = 2m for some integer m ≥ 1. For any subset
A = {ı1, . . . , ım} of [n] with cardinality m, let σ : Ac → Acσ be an arbitrary permutation
on its complement Ac and denote Acσ = {ȷ1, . . . , ȷm}. Then the randomly decoupled dataset
associated with (A,σ) is as

DA,σ = {(Xı1 , Yȷ1), (Xı2 , Yȷ2), . . . , (Xım , Yȷm)},(4.1)

and the associated resampling statistic Rm,A,σ(X,Y ) is computed following (2.4). As the
set A is disjoint from Acσ for any permutation σ, our half-permutation procedure always
generates a permuted sample (Xık , Yȷk) with a distinct index pair (ık, ȷk), i.e., ık ̸= ȷk for all
k ∈ [m]. Thus, m random vectors in DA,σ are i.i.d. following PX ×PY regardless of whether
X and Y are independent or not. For the resampling statistic Rm,A,σ(X,Y ), we can apply a
similar argument as in (3.11) to show that when MX,δMY,δ = o(nδ/2),

sup
A∈A

sup
σ∈ΠAc

sup
z∈R

∣∣∣P{√m(m− 1)Rm,A,σ(X,Y )≤ z
}
−H(z)

∣∣∣→ 0,(4.2)

where ΠAc = {σ : Ac → Acσ} stands for the collection of all permutations on Ac and A =
{A⊂ [n] : |A|=m}. Consequently, supported by (4.2), the resampling distribution for H(z)
is defined by

HN (z) =
1

N

∑
A∈A,σ∈ΠAc

I
{√

m(m− 1)Rm,A,σ(X,Y )≤ z
}
,(4.3)

where N =
(
n
m

)
×m! = n!/m! denotes the total number of all possible (A,σ).
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THEOREM 4.1. Assume the conditions of Theorem 3.2 hold and that MX,δMY,δ =

o(nδ/2). Then,

sup
z∈R

|HN (z)−H(z)| P→ 0.(4.4)

REMARK 6. Theorem 4.1 ensures the resampling distribution HN (z) can consistently
approximate the asymptotic null distribution of the test statistic Rn(X,Y ). In particular,
Theorem 4.1 is uniformly valid for different dimension settings and it does not require any
additional assumptions on the joint distribution PXY other than the marginal moment condi-
tions involving MX,δ and MY,δ .

For any α ∈ (0,1), let ξ1−α = inf{z ∈ R :HN (z) ≥ 1− α} be the (1− α)th quantile of
HN (z). Then, motivated by (3.11) and (4.4), our level α test for (2.2) is given by

ψα = I

{
Rn(X,Y )>

ξ1−α√
n(n− 1)

}
.(4.5)

Given the value of ψα ∈ {0,1}, we shall reject the null hypothesis when ψα = 1.

REMARK 7. We shall remark that the well-intuitive resampling scheme of our Half-
Permutation procedure is fairly convenient to implement and can be applied to other depen-
dence measures such as pairwise dependence measure (Yao et al., 2018), aggregated marginal
distance/Hilbert-Schmidt covariance (Zhu et al., 2020), Ball covariance (Pan et al., 2020) and
interpoint-ranking sign covariance (Moon and Chen, 2022).

4.2. Power analysis. In the following theorem, we present a general theory on the
asymptotic power of our proposed test ψα under the alternative hypothesis. Recall ξ⋆1−α =
inf{z ∈R :H(z)≥ 1− α} from (3.12).

THEOREM 4.2. For any β ∈ (0,1), assume that for some 0< ϵ≤ α/2 and 0<ω < 1,

R(X,Y )≥
ξ⋆1−α+ϵ√
n(n− 1)

+

(
1

ωβ
E
∣∣∣∣Vn(X,Y )−V(X,Y )

FXFY

∣∣∣∣1+δ/2
)1/(1+δ/2)

.(4.6)

Then, under the conditions of Theorem 4.1, for all sufficiently large n, we have

P(ψα = 1|H1)≥ 1− β.

REMARK 8. Theorem 4.2 reveals that the asymptotic power of ψα is lower bounded
when the dependence between X and Y , measured by R(X,Y ), is sufficiently strong. In
particular, since ξ⋆1−α/2 ≤ 2/

√
α, it holds that P(ψα = 1|H1) → 1 as long as R(X,Y ) ≫

(MX,δMY,δ/n
δ)1/(2+δ).

4.3. Practical implementation. In practice, calculating the exact resampling distribution
HN (z) can be time-consuming, especially when the total number of different resamplings
N = n!/m! becomes considerable, even for a moderately large n. To streamline practical
computations, we introduce a random Half-Permutation procedure. Specifically, to maximize
the use of the dataset in every resampling, for each (A,σ), we incorporate not only DA,σ but
also the accompanying dataset.

D♢
A,σ = {(Xȷ1 , Yı1), (Xȷ2 , Yı2), . . . , (Xȷm , Yım)}.
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Similar to DA,σ , these m random vectors are also i.i.d. following PX × PY . Therefore
R♢
m,A,σ(X,Y ) and Rm,A,σ(X,Y ) are identically distributed and both of them serve to esti-

mate H(z) as outlined in (4.2). Our random Half-Permutation procedure is detailed as fol-
lows.

1. Independently sample A from A and then sample σ from ΠAc . Following (2.4), compute
Rm,A,σ(X,Y ) and R♢

m,A,σ(X,Y ) based on DA,σ and D♢
A,σ , respectively.

2. Repeat the first step independently for B times and collect the resampling statistics

Rm,1,R♢
m,1,Rm,2,R♢

m,2, . . . ,Rm,B,R♢
m,B.

3. Compute the resampling distribution

H̃B(z) =
1

2B

B∑
b=1

[
I
{√

m(m− 1)Rm,b ≤ z
}
+ I
{√

m(m− 1)R♢
m,b ≤ z

}]
,(4.7)

and the p-value p̂B = 1− H̃B

{√
n(n− 1)Rn(X,Y )

}
.

For any α ∈ (0,1), we shall reject the null hypothesis whenever p̂B <α. The justification for
the validity of this procedure is provided in the following corollary.

COROLLARY 4.3. Under the conditions of Theorem 4.1, for α ∈ (0,1), as B →∞, we
have ∣∣∣P(p̂B ≤ α)− P

{√
n(n− 1)Rn(X,Y )> ξ⋆1−α

}∣∣∣→ 0.

5. Simulation studies. In this section, we perform simulation studies to demonstrate the
finite sample performance of the proposed random Half-Permutation procedure (referred to
as H-P hereafter). We examine three widely used metrics generated by: (i) Energy kernel
(resulting in distance covariance/correlation), (ii) Gaussian kernel, and (iii) Laplacian kernel.
Specifically, for Gaussian and Laplacian kernels, the bandwidths are set to be the sample
medians of pairwise Euclidean distances as chosen in Zhu et al. (2020), namely,

ϕ̂X =median{∥Xi −Xj∥ : 1≤ i ̸= j ≤ n} and ϕ̂Y =median{∥Yk − Yl∥ : 1≤ k ̸= l≤ n}.

Throughout this section, we set n= 100 and {ξtl, ξ′tl}t,l∈Z are i.i.d. t5 random variables.

5.1. Accuracy of distributional approximation. In the following two examples, we gen-
erate independent random vectors X and Y to assess the accuracy of using H̃B(z) in (4.7)
as an approximation for the distribution of

√
n(n− 1)Rn(X,Y ) under the null hypothesis.

Additionally, for comparison, we incorporate the normal approximation (referred to as GFLS
hereafter) introduced by Gao et al. (2021), with Φ(z/

√
2) being the distribution function of

the asymptotic null distribution. Further details can be found in (3.1) and Corollary 3.4.

EXAMPLE. For Σ = (σkl)p×p with entries σkl = 0.7|k−l|, let Σ = LL⊤ be its Cholesky
decomposition, where L ∈Rp×p is a lower triangular matrix. For each t ∈ [n], we generate

Xt = L(ξt1, . . . , ξtp)
⊤ and Yt = L(ξ′t1, . . . , ξ

′
tp)

⊤.

Thus, X admits autoregressive model of order 1.
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FIG 1. P-P plot for Energy kernel, Gaussian kernel and Laplace kernel in Example 5.1.

EXAMPLE. For each t ∈ [n] and l ∈ [p], we generate

Xtl =
√
0.7× ξt0 +

√
0.3× ξtl and Ytl =

√
0.7× ξ′t0 +

√
0.3× ξ′tl.

In this case, we have Σ= (σkl)p×p with entries σkl = 0.7 + 0.3× I{k = l}. The covariance
Σ is equally correlated and admits a factor structure.

For each example, we conduct 5000 Monto Carlo simulations and generate the P-P plots
for both H̃B(z) with B = 2000 and Φ(z/

√
2). As shown in Figure 1 and Figure 2, our ran-

dom Half-Permutation method consistently provides accurate approximations of the asymp-
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FIG 2. P-P plot for Energy kernel, Gaussian kernel and Laplace kernel in Example 5.1.

totic null distribution across various dimensional settings and data-generating processes. In
contrast, the normal approximation proves to be unreliable in low-dimensional settings and
its accuracy is not guaranteed even in high dimensions (as seen in Figure 2), corroborating
the theoretical discussions in Remark 4 and Remark 5.

5.2. Empirical powers. In this subsection, we assess the finite sample power of our Half-
Permutation test under some alternative hypotheses. It is important to note that comparing
the power of tests with incorrect size, such as when the normal distribution is not a suit-
able approximation for Rn(X,Y ), would be misleading. Therefore, we choose to compare



14

● ●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p = q = 5

po
w

er
(E

ne
rg

y)

● H−P−5%
Oracle−5%
H−P−10%
Oracle−10%

●
●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p = q = 50

●
●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p = q = 100

● ●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

po
w

er
(G

au
ss

ia
n)

● H−P−5%
Oracle−5%
H−P−10%
Oracle−10%

●
●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

● ●

●

●

●

0.00 0.05 0.10 0.15 0.20
0.

0
0.

2
0.

4
0.

6
0.

8
1.

0

● ●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

tau

po
w

er
(L

ap
la

ce
)

● H−P−5%
Oracle−5%
H−P−10%
Oracle−10%

●
●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

tau

● ●

●

●

●

0.00 0.05 0.10 0.15 0.20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

tau

FIG 3. Empirical powers for Energy kernel, Gaussian kernel and Laplace kernel in Example 5.2.

our random Half-Permutation test with the oracle test, for which the critical value ξ◦1−α is
computed based on 106 independent replications.

EXAMPLE. For 0≤ τ ≤ 0.2, we generate Xt as in Example 5.1 and Ytl via

Ytl = τ{Xtl + 2sin(Xtl)}+ ξ′tl, l= 1, . . . , p.

EXAMPLE. For 0≤ τ ≤ 1, we generate Xt as in Example 5.1 and Ytl via

Ytl = (τ |Xtl|1/2 + ξ′tl)
2, l= 1, . . . , p.
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FIG 4. Empirical powers for Energy kernel, Gaussian kernel and Laplace kernel in Example 5.2.

In both examples, the value of τ quantifies the strength of dependence between X and
Y , with τ = 0 indicating independence. For each example, we conduct 2000 Monte Carlo
simulations to compute the empirical powers of our random Half-Permutation test with B =
2000, as well as those of the oracle test. As depicted in Figure 3 and Figure 4, our proposed
test demonstrates comparable performance to the oracle test across different values of τ and
significance levels α ∈ {0.05,0.10}.

6. Conclusion. In this work, we have addressed a fundamental issue in statistical infer-
ence concerning the testing of independence between two random vectors. Our focus is a U-
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type unbiased estimator of the generalized distance covariance and our distribution theory
distinguishes itself from existing asymptotic results which are limited to specific dimensional
settings and often necessitate strict distributional assumptions. We have introduced a unified
theory that accommodates random vectors of arbitrary dimensions, requiring only mild mo-
ment conditions. To practically estimate the asymptotic null distribution, we introduced an
innovative Half-Permutation procedure, providing a rigorous theoretical justification for its
validity. Furthermore, we derived the exact asymptotic distribution of the resampling dis-
tribution under general marginal moment conditions, affirming the asymptotic equivalence
of our proposed procedure to the oracle procedure with known marginal distributions. This
comprehensive framework significantly advances our understanding and capability in testing
independence between random vectors across various dimensions and distributions, offering
a powerful tool for a wide range of applications in statistical analysis.

APPENDIX

In the appendix, we provide the proofs of all the theoretical results presented in the
main paper. We begin with introducing some notation and definitions which will be used
in our proofs. For x ∈R and ψ > 0, define g(x) = (1−min(1,max(x,0))4)4 and gψ,z(x) =
g{ψ(x− z)}. Then, for any ψ > 0,

I{x≤ z} ≤ gψ,z(x)≤ I
{
x≤ z +

1

ψ

}
.(A.1)

Note that g(x) is three times continuously differentiable. Hence

sup
x∈R

|g′ψ,z(x)| ≤ cgψ, sup
x∈R

|g′′ψ,z(x)| ≤ cgψ
2 and sup

x∈R
|g′′′ψ,z(x)| ≤ cgψ

3,

where

cg = sup
x∈R

(|g′(x)|+ |g′′(x)|+ |g′′′(x)|)<∞.

For any τ > 0 and random variable W ∈R, we denote ∥W∥τ = (E|W |τ )1/τ if E|W |τ <∞.

A.1. Proof of Theorem 3.2.

PROOF OF THEOREM 3.2. By Lemma A.6, it follows that

∆⋄
ψ := sup

z∈R
|E{gψ,z(Qn)} −E{gψ,z(Zn)}| ≤

Cδψ
2+δMX,δMY,δF2+δ

X F2+δ
Y

n2+3δ/2
.

Combined with (A.1), Lemma A.7 and the fact that Var(Zn) = 2F2
XF2

Y /{n(n − 1)}, we
obtain

P(Qn ≤ z)≤ E{gψ,z(Qn)} ≤ E{gψ,z(Zn)}+∆⋄
ψ

≤ P(Zn ≤ z +ψ−1) +∆⋄
ψ

≤ P(Zn ≤ z) +∆⋄
ψ +C

√
n

ψFXFY
Similarly, we have

P(Qn ≤ z)≥ P(Zn ≤ z)−∆⋄
ψ −C

√
n

ψFXFY
.

Putting all these pieces together, we obtain (3.9).
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A.2. Proof of Theorem 3.3.

PROOF OF THEOREM 3.3. For simplicity of notation, we write

ρV = sup
z∈R

|P(Vn ≤ z)− P(Zn ≤ z)|.

We first upper bound ρV . Recall that Vn =Qn+∆n. By Lemma 3.1, Lemma A.7 and Theo-
rem 3.2, for any η > 0, it follows that

ρV ≤ sup
z∈R

|P(Qn ≤ z)− P(Zn ≤ z)|+ P(|∆n|> η) + sup
z∈R

P(z <Qn ≤ z + η)

≤ 3 sup
z∈R

|P(Qn ≤ z)− P(Zn ≤ z)|+ E|∆n|2

η2
+ sup

z∈R
P(z <Zn ≤ z + η)

≤Cδ

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

+
CV(X,X)V(Y,Y )

n3η2
+C

√
nη

FXFY
.(A.2)

Taking η =FXFY /n7/5 above yields

ρV ≤Cδ

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

.

We now upper bound ρ. For some 0< ϑ≤ 1/4, we define

EV =

{∣∣∣∣Vn(X,X)

V(X,X)
− 1

∣∣∣∣∨ ∣∣∣∣Vn(Y,Y )

V(Y,Y )
− 1

∣∣∣∣≤ ϑ

}
.(A.3)

and let EcV be its complement set. By Lemma A.9, it follows that

P(EcV)≲
MX,δ +MY,δ

ϑ1+δ/2nδ/2
.

Under EV , it is straightforward to verify that∣∣∣∣∣
√

Vn(X,X)Vn(Y,Y )

V(X,X)V(Y,Y )
− 1

∣∣∣∣∣≤
∣∣∣∣Vn(X,X)

V(X,X)
− 1

∣∣∣∣+ ∣∣∣∣Vn(Y,Y )

V(Y,Y )
− 1

∣∣∣∣≤ 2ϑ,

and consequently |Rn(X,Y )− R̄n(X,Y )| ≤ 4ϑ|R̄n(X,Y )|, where

R̄n(X,Y ) =
Vn(X,Y )√

V(X,X)V(Y,Y )
.

Therefore, by Lemma A.9 and Theorem 3.2, we obtain

ρ≤ sup
z∈R

|P{Rn(X,Y )≤ z} − P{R̄n(X,Y )≤ z}|+ ρV

≤ P(|R̄n(X,Y )|>∆0) + sup
z∈R

P(z < R̄n(X,Y )≤ 4ϑ∆0) + ρV + P(EcV)

≤ P
(∣∣∣∣Zn(X,Y )

FXFY

∣∣∣∣>∆0

)
+ sup

z∈R
P
(
z <

Zn(X,Y )

FXFY
≤ z + 4ϑ∆0

)
+ 4ρV + P(EcV)

≲
1

(n∆0)2
+
√
nϑ∆0 +

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

+
MX,δ +MY,δ

ϑ1+δ/2nδ/2

≲

(
MX,δMY,δ

nδ/2

)1/(2δ+5)

+

(
MX,δ +MY,δ

nδ/2

)4/(14+5δ)

,

where the last inequality follows by taking ϑ ≍
(
MX,δ+MY,δ

nδ/2

)10/(14+5δ)
and ∆0 ≍ ϑ−1/5.

Therefore (3.10) holds as 0< δ ≤ 1.
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A.3. Proof of Theorem 4.1. Recall that n = 2m. Let A and B be two subsets of
{1, . . . , n} such that |A|= |B|=m. Define

IA = {θ = (k, ℓ) : k ∈A and ℓ ∈Ac},

IB = {θ = (k, ℓ) : k ∈B and ℓ ∈Bc}.

For any θ = (k, ℓ), we denote Vθ =Xk ⊗Yℓ. We then define the generalized distance covari-
ance test statistics

Qn,A =
1

m(m− 1)

∑
θ ̸=θ′∈IA

V ⊤
θ Vθ′ and Qn,B =

1

m(m− 1)

∑
θ ̸=θ′∈IB

V ⊤
θ Vθ′ .

We shall first derive a Gaussian approximation for max{Qn,A,Qn,B}. Let {Zθ}θ∈N×N be
i.i.d. zero-mean Gaussian random vectors with the same covariance structure as that of X1 ⊗
Y2. Then the Gaussian analogues of Qn,A and Qn,B are respectively defined by

Zn,A =
1

m(m− 1)

∑
θ ̸=θ′∈IA

Z⊤
θ Zθ′ and Zn,B =

1

m(m− 1)

∑
θ ̸=θ′∈IB

Z⊤
θ Zθ′ .

By the definitions of IA and IB , both {Vθ}θ∈IA
and {Vθ}θ∈IB

are i.i.d. random vectors.
Hence, under the conditions of Theorem 3.2, we have

sup
z∈R

|P(Qn,A ≤ z)− P(Zn,A ≤ z)| ∨ sup
z∈R

|P(Qn,B ≤ z)− P(Zn,B ≤ z)| ≤Cδ

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

,

(A.4)

where Cδ <∞ is a positive constant depending only on δ. It is worth noting that (A.4) holds
for arbitrary dependence structure between X and Y .

Let IB\A = {θ = (k, ℓ) ∈ IB : (k, ℓ) /∈ IA and (ℓ, k) /∈ IA} and |IB\A| be its cardinality.
Define

Qn,B\A =
1

m(m− 1)

∑
θ ̸=θ′∈IB\A

V ⊤
θ Vθ′ and Zn,B\A =

1

m(m− 1)

∑
θ ̸=θ′∈IB\A

Z⊤
θ Zθ′ .

In the following lemma, we establish an upper bound for the Kolmogorov distance between
the distributional functions of Qn,B and Qn,B\A.

LEMMA A.1. Under the conditions of Theorem 3.2, we have

ρQ,B\A := sup
z∈R

|P(Qn,B ≤ z)− P(Qn,B\A ≤ z)|≲

(
|IcB\A|
m

)1/5

+

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

.

Recall that g(x) = (1 − min(1,max(x,0))4)4. For x, y ∈ R, we define g̃ψ,z(x, y) =
g[ψ{fψ(x, y)− z}], where

fψ(x, y) =
log{exp(ψx) + exp(ψy)}

ψ
.

For any z ∈R and ψ > 0, we have

I
{
(x∨ y)≤ z − log 2

ψ

}
≤ g̃ψ,z(x, y)≤ I

{
(x∨ y)≤ z +

1

ψ

}
.

Define

∆̃ψ,B\A := sup
z∈R

|E{g̃ψ,z(Qn,A,Qn,B\A)} −E{g̃ψ,z(Zn,A,Zn,B\A)}|.
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LEMMA A.2. Under the conditions of Lemma A.1, we have

∆̃ψ,B\A := sup
z∈R

|E{g̃ψ,z(Qn,A,Qn,B\A)} −E{g̃ψ,z(Zn,A,Zn,B\A)}|

≤Cδ

(
ψ2F2

XF2
Y

m5/2
+
ψ2+δMX,δMY,δF2+δ

X F2+δ
Y

m2+3δ/2

)
.(A.5)

LEMMA A.3. Under the conditions of Lemma A.2, we have

ΓA,B := sup
z∈R

|Cov(I{Qn,A ≤ z}, I{Qn,B ≤ z})|≲
(
MX,δMY,δ

mδ/2

)1/(2δ+5)

+

(
|IcB\A|
m

)1/5

.

Define

ΘA,B = sup
z∈R

|Cov(I{Vn,A ≤ z}, I{Vn,B ≤ z})−Cov(I{Qn,A ≤ z}, I{Qn,B ≤ z})|.

In the following lemma, we establish an upper bound for ΘA,B uniformly for arbitrary A and
B.

LEMMA A.4. Under the conditions of Theorem 3.2, we have

ΘA,B ≤Cδ

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

,(A.6)

where Cδ <∞ is a positive constant depending only on δ.

PROOF OF THEOREM 4.1. By Lemma A.7, it suffices to upper bound

∆H = sup
z∈R

E|HN (z)−H(z)|2

= sup
z∈R

|E{HN (z)} −H(z)|2 + sup
z∈R

Var{HN (z)}

=: ∆H,1 +∆H,2.

Note that the resampling dataset DA,σ consists of i.i.d. random vectors following PX × PY
for any A ∈A and σ ∈ΠAc . Hence, under the conditions of Theorem 3.3, we have

sup
A∈A,σ∈ΠAc

sup
z∈R

∣∣∣P{√m(m− 1)Rm,A,σ ≤ z
}
−H(z)

∣∣∣≤Cδ

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

,

and consequently

∆H,1 ≤Cδ

(
MX,δMY,δ

mδ/2

)2/(2δ+5)

→ 0.

Therefore it suffices to show that ∆H,2 → 0. For each subset A ∈ A and permutation σ :
Ac →Acσ , define

CA,σ,m⋄ = {(B,σ′) :B ∈A, σ′ ∈ΠBc and |I(B,σ′)\(A,σ)| ≥m−m⋄},

where 1≤m⋄ ≤m is an integer to be defined later and I(B,σ′)\(A,σ) is defined in a similar
way as that of IB\A. Elementary calculations imply that

1

N2

∑
(A,σ)

|CA,σ,m⋄ |≲
1

m2
⋄
.
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Following the proof of Lemma A.4, by Lemma A.7 and (A.4), for any (A,σ) and (B,σ′), we
have

sup
z∈R

|Cov(I{Rm,A,σ ≤ z}, I{Rm,B,σ′ ≤ z})|

≤ sup
z∈R

|Cov(I{Vm,A,σ ≤ z}, I{Vm,B,σ′ ≤ z})|+Cδ

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

.

Take m⋄ ≍m1/11. Then, combined with Lemma A.3, it follows that

sup
z∈R

Var{HN (z)}= sup
z∈R

1

N2

∑
(A,σ)

∑
(B,σ′)

Cov(I{Rm,A,σ ≤ z}, I{Rm,B,σ′ ≤ z})

≤ 1

N2

∑
(A,σ)

∑
(B,σ′)/∈CA,σ,m⋄

sup
z∈R

|Cov(I{Rm,A,σ ≤ z}, I{Rm,B,σ′ ≤ z})|+ 1

m2
⋄

≲

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

+
(m⋄
m

)1/5
+

1

m2
⋄

≲

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

+
1

m10/11
→ 0.

Putting all these pieces together, we obtain (4.4).

A.4. Proof of Theorem 4.2.

PROOF OF THEOREM 4.2. Recall that E{Vn(X,Y )}= V(X,Y ) and

ξ⋆1−α = inf{z :H(z)≥ 1− α}.
Define EH = {∆⋄

H ≤ ζ}, where

∆⋄
H = sup

z∈R
|HN (z)−H(z)|.

Then, under EH , by the definition ξ1−α = inf{z :HN (z) ≥ 1 − α}, it follows that ξ1−α ≤
ξ⋆1−α+ζ in view of

HN (ξ
⋆
1−α+ζ)≥H(ξ⋆1−α+ζ)− ζ ≥ 1− α+ ζ − ζ = 1− α.

Recall (A.3) for EV with 0< ϑ≤ 1/4. Elementary calculations show that under EV , we have∣∣∣∣∣
√

V(X,X)V(Y,Y )

Vn(X,X)Vn(Y,Y )
− 1

∣∣∣∣∣≤ 2ϑ

1− 2ϑ
,

and consequently

|Rn(X,Y )−R(X,Y )| ≤ 1

1− 2ϑ

∣∣∣∣Vn(X,Y )−V(X,Y )

FXFY

∣∣∣∣+ 2ϑ

1− 2ϑ
R(X,Y ).

Therefore, for any 0≤ γ ≤R(X,Y ), it follows from the Chebyshev inequality that

P{Rn(X,Y )> γ} ≥ 1− P(|R(X,Y )−Rn(X,Y )|>R(X,Y )− γ)

≥ 1− P
{∣∣∣∣Vn(X,Y )−V(X,Y )

FXFY

∣∣∣∣> (1− 4ϑ)R(X,Y )− (1− 2ϑ)γ

}
− P(EcV)

≥ 1−
E
∣∣∣Vn(X,Y )−V(X,Y )

FXFY

∣∣∣1+δ/2
|(1− 4ϑ)R(X,Y )− (1− 2ϑ)γ|1+δ/2

− P(EcV).

(A.7)
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Take ω0 = ω/(1− 4ϑ)1+δ/2 < 1. By Lemma A.7, Lemma A.9 and Theorem 4.1, for suffi-
ciently large value of n, we have (1− 2ϑ)ξ⋆1−α+ζ ≤ (1− 4ϑ)ξ⋆1−α+ϵ and

P(EcH)≤
(1− ω0)β

2
and P(EcV)≤

(1− ω0)β

2
,

by taking ϑ to be sufficiently small. Combined with (4.6) and (A.7), we obtain

P

{
Rn(X,Y )>

ξ1−α√
n(n− 1)

}
≥ P

{
Rn(X,Y )>

ξ⋆1−α+ζ√
n(n− 1)

}
− P(EcH)

≥ 1−
E
∣∣∣Vn(X,Y )−V(X,Y )

FXFY

∣∣∣1+δ/2∣∣∣∣(1− 4ϑ)R(X,Y )− (1−2ϑ)ξ⋆1−α+ζ√
n(n−1)

∣∣∣∣1+δ/2
− P(EcV)− P(EcH)

≥ 1− ω0β − (1− ω0)β

2
− (1− ω0)β

2
= 1− β.
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Sándor Csörgő. Testing for independence by the empirical characteristic function. J. Multivariate Anal., 16(3):
290–299, 1985. 1

Richard A. Davis, Muneya Matsui, Thomas Mikosch, and Phyllis Wan. Applications of distance correlation to
time series. Bernoulli, 24(4A):3087–3116, 2018. 1

Ronald A Fisher. On the interpretation of χ 2 from contingency tables, and the calculation of p. Journal of the
royal statistical society, 85(1):87–94, 1922. 1

Konstantinos Fokianos and M Pitsillou. Testing independence for multivariate time series via the auto-distance
correlation matrix. Biometrika, 105(2):337–352, 2018. 1

Lan Gao, Yingying Fan, Jinchi Lv, and Qi-Man Shao. Asymptotic distributions of high-dimensional distance
correlation inference. Ann. Statist., 49(4):1999–2020, 2021. 1, 2, 5, 8, 11, 25

Arthur Gretton. A simpler condition for consistency of a kernel independence test. arXiv preprint
arXiv:1501.06103, 2015. 4

Arthur Gretton, Kenji Fukumizu, Choon Teo, Le Song, Bernhard Schölkopf, and Alex Smola. A kernel statistical
test of independence. Advances in neural information processing systems, 20, 2007. 2, 3, 5, 8

Arthur Gretton, Karsten M. Borgwardt, Malte J. Rasch, Bernhard Schölkopf, and Alexander Smola. A kernel
two-sample test. J. Mach. Learn. Res., 13:723–773, 2012. 2

Qiyang Han and Yandi Shen. Generalized kernel distance covariance in high dimensions: non-null clts and power
universality. arXiv preprint arXiv:2106.07725, 2021. 2

Wassily Hoeffding. A non-parametric test of independence. Ann. Math. Statistics, 19:546–557, 1948. 1
Xiaoming Huo and Gábor J. Székely. Fast computing for distance covariance. Technometrics, 58(4):435–447,

2016. 5, 8
Maurice G Kendall. A new measure of rank correlation. Biometrika, 30(1/2):81–93, 1938. 1
Ilmun Kim, Sivaraman Balakrishnan, and Larry Wasserman. Minimax optimality of permutation tests. Ann.

Statist., 50(1):225–251, 2022. 3
Yinfei Kong, Daoji Li, Yingying Fan, and Jinchi Lv. Interaction pursuit in high-dimensional multi-response

regression via distance correlation. Ann. Statist., 45(2):897–922, 2017. 1
Chung Eun Lee and Xiaofeng Shao. Martingale difference divergence matrix and its application to dimension

reduction for stationary multivariate time series. J. Amer. Statist. Assoc., 113(521):216–229, 2018. 2
Runze Li, Wei Zhong, and Liping Zhu. Feature screening via distance correlation learning. J. Amer. Statist.

Assoc., 107(499):1129–1139, 2012. 1



22

J. W. Lindeberg. Eine neue Herleitung des Exponentialgesetzes in der Wahrscheinlichkeitsrechnung. Math. Z.,
15(1):211–225, 1922. 8

Russell Lyons. Distance covariance in metric spaces. Ann. Probab., 41(5):3284–3305, 2013. 2, 4
David S Matteson and Ruey S Tsay. Independent component analysis via distance covariance. J. Amer. Statist.

Assoc., 112(518):623–637, 2017. 1
Haeun Moon and Kehui Chen. Interpoint-ranking sign covariance for the test of independence. Biometrika, 109

(1):165–179, 2022. 3, 10
Wenliang Pan, Xueqin Wang, Heping Zhang, Hongtu Zhu, and Jin Zhu. Ball covariance: a generic measure of

dependence in Banach space. J. Amer. Statist. Assoc., 115(529):307–317, 2020. 10
Karl Pearson. Vii. note on regression and inheritance in the case of two parents. proceedings of the royal society

of London, 58(347-352):240–242, 1895. 1
Niklas Pfister, Peter Bühlmann, Bernhard Schölkopf, and Jonas Peters. Kernel-based tests for joint independence.

J. R. Stat. Soc. Ser. B Stat. Methodol., 80(1):5–31, 2018. 3
David Rindt, Dino Sejdinovic, and David Steinsaltz. Consistency of permutation tests of independence using

distance covariance, HSIC and dHSIC. Stat, 10:Paper No. e364, 10, 2021. 3
Emmanuel Rio. Moment inequalities for sums of dependent random variables under projective conditions. J.

Theoret. Probab., 22(1):146–163, 2009. 23
Joseph P Romano. Bootstrap and randomization tests of some nonparametric hypotheses. Ann. Statist., 17(1):

141–159, 1989. 3
Dino Sejdinovic, Bharath Sriperumbudur, Arthur Gretton, and Kenji Fukumizu. Equivalence of distance-based

and RKHS-based statistics in hypothesis testing. Ann. Statist., 41(5):2263–2291, 2013. 2, 4
A. Sen and B. Sen. Testing independence and goodness-of-fit in linear models. Biometrika, 101(4):927–942,

2014. 1
Robert J. Serfling. Approximation theorems of mathematical statistics. Wiley Series in Probability and Mathe-

matical Statistics. John Wiley & Sons, Inc., New York, 1980. 5
Xiaofeng Shao and Jingsi Zhang. Martingale difference correlation and its use in high-dimensional variable

screening. J. Amer. Statist. Assoc., 109(507):1302–1318, 2014. 2
Carl Spearman. The proof and measurement of association between two things. The American journal of psy-

chology, 15:72–101, 1904. 1
Gábor J Székely and Maria L Rizzo. Brownian distance covariance. Ann. Appl. Stat., 3(4):1236–1265, 2009. 2, 5
Gábor J. Székely and Maria L. Rizzo. The distance correlation t-test of independence in high dimension. J.

Multivariate Anal., 117:193–213, 2013. 2, 5
Gábor J Székely and Maria L Rizzo. Partial distance correlation with methods for dissimilarities. Ann. Statist.,

42(6):2382–2412, 2014. 2, 5
Gábor J. Székely, Maria L. Rizzo, and Nail K. Bakirov. Measuring and testing dependence by correlation of

distances. Ann. Statist., 35(6):2769–2794, 2007. 1, 2, 3
Sara Taskinen, Annaliisa Kankainen, and Hannu Oja. Sign test of independence between two random vectors.

Statist. Probab. Lett., 62(1):9–21, 2003. 1
Phyllis Wan and Richard A. Davis. Goodness-of-fit testing for time series models via distance covariance. J.

Econometrics, 227(1):4–24, 2022. 2
Guochang Wang, Ke Zhu, and Xiaofeng Shao. Testing for the Martingale Difference Hypothesis in Multivariate

Time Series Models. J. Bus. Econom. Statist., 40(3):980–994, 2022. 2
Xueqin Wang, Wenliang Pan, Wenhao Hu, Yuan Tian, and Heping Zhang. Conditional distance correlation. J.

Amer. Statist. Assoc., 110(512):1726–1734, 2015. 2
SS Wilks. On the independence of k sets of normally distributed statistical variables. Econometrica, Journal of

the Econometric Society, pages 309–326, 1935. 1
Mengyu Xu, Danna Zhang, and Wei Biao Wu. l2 asymptotics for high-dimensional data. arXiv preprint

arXiv:1405.7244, 2014. 24
Shun Yao, Xianyang Zhang, and Xiaofeng Shao. Testing mutual independence in high dimension via distance

covariance. J. R. Stat. Soc. Ser. B Stat. Methodol., 80(3):455–480, 2018. 2, 10
Wei Zhong and Liping Zhu. An iterative approach to distance correlation-based sure independence screening. J.

Stat. Comput. Simul., 85(11):2331–2345, 2015. 1
Zhou Zhou. Measuring nonlinear dependence in time-series, a distance correlation approach. J. Time Series Anal.,

33(3):438–457, 2012. 1
Changbo Zhu, Xianyang Zhang, Shun Yao, and Xiaofeng Shao. Distance-based and RKHS-based dependence

metrics in high dimension. Ann. Statist., 48(6):3366–3394, 2020. 1, 2, 5, 8, 10, 11



TEST OF INDEPENDENCE 23

APPENDIX: LEMMAS AND PROOFS

The exact expression of the fourth-order kernel function h:

h{(X1,Y1), (X2, Y2), (X3, Y3), (X4, Y4)}

=
1

4

∑
1≤i ̸=j≤4

ρX(Xi,Xj)ρY (Yi, Yj)−
1

4

4∑
i=1

∑
j ̸=i

ρX(Xi,Xj)
∑
k ̸=i

ρY (Yi, Yk)



+
1
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∑
1≤i ̸=j≤4

ρX(Xi,Xj)
∑

1≤i ̸=j≤4

ρY (Yi, Yj).

(A.8)

Martingale decomposition for Vn(X,Y ):

Vn(X,Y ) =
1

n(n− 1)

∑
1≤k ̸=l≤n

dX(Xk,Xl)dY (Yk, Yl)

+
1

n(n− 1)(n− 2)(n− 3)

∑
1≤i ̸=j ̸=k ̸=l≤n

dX(Xi,Xj)dY (Yk, Yl)

− 2

n(n− 1)(n− 2)

∑
1≤i ̸=k ̸=l≤n

dX(Xi,Xk)dY (Yk, Yl).(A.9)

Elementary calculation reveals that E{Vn(X,Y )}= E{dX(X1,X2)dY (Y1, Y2)}.

A.1. Lemmas. In this section, we first present some useful lemmas which will be used in
our proofs. Lemma A.5 presents the Burkholder moment inequality for martingales; see Rio
(2009) and Burkholder (1988).

LEMMA A.5. Let ϑ > 1 and ϑ′ =min{2, ϑ}. Let Mn =
∑n

t=1Dt, where {Dt}t≥1 is a
sequence of martingale differences with maxt≥1E|Dt|ϑ <∞. Then we have

∥Mn∥ϑ
′

ϑ ≤Cϑ

n∑
t=1

∥Dt∥ϑ
′

ϑ , where Cϑ =

{
(ϑ− 1)−1, 1< ϑ≤ 2,√

ϑ− 1, ϑ≥ 2.

LEMMA A.6. Let Xt, t ∈ N, be independent p-dimensional zero-mean random vectors
with

max
t∈N

max
j∈[p]

E|Xtj |θ <∞,

for some constant θ > 2. Let {Yt}t∈N be a sequence of independent zero-mean Gaussian
random vectors such that Cov(Yt) = Cov(Xt) for any t ∈N. For n≥ 2, let

Qn,X =
∑

1≤k ̸=l≤n
AklX

⊤
k Xl and Qn,Y =

∑
1≤k ̸=l≤n

AklY
⊤
k Yl,

where Akl =Alk for all 1≤ k ̸= l≤ n. Then we have

∆ψ,Q := sup
z∈R

|E{gψ,z(Qn,X)} −E{gψ,z(Qn,Y )}| ≤Cθψ
θ

n∑
k=1

∑
l ̸=k

|Akl|2∥X⊤
k Xl∥2θ

θ/2

,

where Cθ <∞ is a positive constant depending only on θ.
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PROOF OF LEMMA A.6. For vectors w1, . . . ,wn ∈Rp, we write

Qn(w1, . . . ,wn) =
∑

1≤k ̸=l≤n
Aklw

⊤
k wl.

Then we have Qn,X = Qn(X1, . . . ,Xn) and Qn,Y = Qn(Y1, . . . , Yn). For each k ∈
{1, . . . , n}, define Qn,X,k =Qn(DX,k), Qn,Y,k =Qn(DY,k) and Qn,k =Qn(Dk), where

Dk = {X1, . . . ,Xk−1,0, Yk+1, . . . , Yn},
DX,k = {X1, . . . ,Xk−1,Xk, Yk+1, . . . , Yn},
DY,k = {X1, . . . ,Xk−1, Yk, Yk+1, . . . , Yn}.

For each k ∈ {1, . . . , n}, we define

∆ψ,Q,k = sup
z∈R

|E{gψ,z(Qn,X,k)} −E{gψ,z(Qn,X,k)}|.

Since Cov(Xt) = Cov(Yt) for every t ∈ N and Dk is independent of {Xk, Yk} for every
k ∈ {1, . . . , n}, it follows from Lemma A.5 that

∆ψ,Q,k ≲ ψθE

∣∣∣∣∣∣
∑
l ̸=k

AklX
⊤
k Xl

∣∣∣∣∣∣
θ

≤Cθψ
θ

∑
l ̸=k

|Akl|2∥X⊤
k Xl∥2θ

θ/2

.

Consequently, we conclude Lemma A.6 in view of ∆ψ,Q ≤
∑n

k=1∆ψ,Q,k.

LEMMA A.7. Let {αn}n≥1 be a sequence of real numbers such that α1 ≥ α2 ≥ . . .≥ 0
and

∑∞
n=1α

2
n = 1. Let {ηn}n≥1 be i.i.d. χ2

1 random variables. Then, for any ϖ> 0, we have

sup
z∈R

P

{
z <

∞∑
n=1

αn(ηn − 1)≤ z +ϖ

}
≤
√

4ϖ

π
.

The proof of Lemma A.7 is similar to that of Lemma 7.2 in Xu et al. (2014) and thus
omitted.

LEMMA A.8. Let Zn(X,Y ) be the quadratic functional defined in (3.7). Then we have

ρZ := sup
z∈R

∣∣∣∣∣P
{√

n(n− 1)Zn(X,Y )

FXFY
≤ z

}
−H(z)

∣∣∣∣∣≤Cn−1/5.

PROOF OF LEMMA A.8. Let Z̄n = n−1
∑n

k=1Zk and define Z♢
n = nZ̄⊤

n Z̄n−E(Z⊤
1 Z1).

Since Z1, . . . ,Zn are i.i.d. centered Gaussian random vectors, we have

Z♢
n

D
=

∞∑
m=1

∞∑
m′=1

λm,Xλm′,Y (ηm,m′ − 1).

Let ∆Z =
√
n(n− 1)Zn −Z♢

n . Elementary calculations imply that E(∆Z) = 0 and

E|∆Z |2 ≲
V(X,X)V(Y,Y )

n
.

Consequently, it follows from Lemma A.7 that

ρZ ≤ P
(
|∆Z |>

FXFY
n2/5

)
+ sup

z∈R
P
(
z <Z♢

n ≤ z +
FXFY
n2/5

)
≤ n4/5E|∆Z |2

V(X,X)V(Y,Y )
+

√
4

n2/5π
≤Cn−1/5.
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LEMMA A.9. Assume that E|dX(X1,X2)|2+δ <∞ and E|dY (Y1, Y2)|2+δ <∞ for some
constant 0< δ ≤ 1. Then we have

E
∣∣∣∣Vn(X,X)

V(X,X)
− 1

∣∣∣∣1+δ/2 ≤ CδMX,δ

nδ/2
and E

∣∣∣∣Vn(Y,Y )

V(Y,Y )
− 1

∣∣∣∣1+δ/2 ≤ CδMY,δ

nδ/2
,

where Cδ <∞ is a positive constant depending only on δ.

The proof of Lemma A.9 is similar to that of Lemma 1 in Gao et al. (2021) and thus are
omitted.

A.2. Proofs.

PROOF OF LEMMA 3.1. Proof of Lemma 3.1 is quite straightforward and thus omitted.

PROOF OF LEMMA A.1. Let IcB\A = IB \ IB\A. Then

∆Q,AB :=Qn,B −Qn,B\A =
1

m(m− 1)

 ∑
θ ̸=θ′∈Ic

B\A

V ⊤
θ Vθ′ + 2

∑
θ∈IB\A

∑
θ′∈Ic

B\A

V ⊤
θ Vθ′

 .

Elementary calculations imply that

E|∆Q,AB|2 ≲
|IcB\A|E|dX(X1,X2)|2E|dY (Y1, Y2)|2

m3
=

|IcB\A|F
2
XF2

Y

m3
.

Combined with (A.4), Theorem 3.2 and Lemma A.7, we obtain

ρQ,B\A ≤
E|∆Q,AB|2

δ2⋄
+ sup

z∈R
P(z <Qn,B ≤ z + δ⋄)

≲
E|∆Q,AB|2

δ2⋄
+ sup

z∈R
P(z <Zn,B ≤ z + δ⋄) +

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

≲

( |IcB\A|
m

)1/5

+

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

,

where δ⋄ = |IcB\A|
2/5FXFY /m7/5.

PROOF OF LEMMA A.2. Let n◦ = |IB\A|. For simplicity of notation, we denote IA =
{θ1, θ2, . . . , θm} and

IB\A = {IB,1,IB,2,IB,3,IB,4}= {θm+1, θm+2, . . . , θm+n◦},

where θh = (kh, ℓh) for each 1≤ h≤m+ n◦ and

IB,1 = {θ = (k, ℓ) ∈ IB : θ /∈ IA, k ∈A and ℓ ∈Ac},

IB,2 = {θ = (k, ℓ) ∈ IB : k ∈Ac and ℓ ∈Ac},

IB,3 = {θ = (k, ℓ) ∈ IB : k ∈A and ℓ ∈A},

IB,4 = {θ = (k, ℓ) ∈ IB : (ℓ, k) /∈ IA, k ∈Ac and ℓ ∈A}.
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With this notation, we can write Qn,A and Qn,B\A as

Qn,A =
1

m(m− 1)

∑
1≤h̸=h′≤m

V ⊤
h Vh′ ,

Qn,B\A =
1

m(m− 1)

∑
m+1≤h̸=h′≤m+n◦

V ⊤
h Vh′ ,

where Vh = Vθh = Xkh ⊗ Yℓh for each 1 ≤ h ≤m + n◦. Similarly, we write Zh = Zθh for
simplicity. For any k ∈ [m] and vectors w1,w2, . . . ,wk, denote

Qm({w1,w2, . . . ,wk}) =
1

m(m− 1)

∑
1≤h̸=h′≤k

w⊤
h wh′ .

For each 1≤ h≤m+ n◦, define

Dh,V = {V1, . . . , Vh−1, Vh,Zh+1, . . . ,Zm+n◦},

Dh = {V1, . . . , Vh−1,0,Zh+1, . . . ,Zm+n◦}.

Denote D0,V = {Z1,Z2, . . . ,Zm+n◦}. Let Dh,V,A and Dh,V,B be two subsets of Dh,V which
consist the first m and the last n◦ elements of Dh,V , respectively. Then we have

Zn,A =Qm(D0,V,A), Zn,B\A =Qm(D0,V,B),

Qn,A =Qm(Dm+n◦,V,A) and Qn,B\A =Qm(Dm+n◦,V,B)

For each 1≤ h≤m+ n◦, define

∆̃ψ,h := sup
z∈R

|E[g̃ψ,z{Qm(Dh,V,A),Qm(Dh,V,B)}]−E[g̃ψ,z{Qm(Dh−1,V,A),Qm(Dh−1,V,B)}]|.

When 1≤ h≤m, following the proof of Lemma A.6, by Lemma A.5, we have

∆̃ψ,h ≲
ψ2+δ

m2(2+δ)

∑
h′ ̸=h

∥V ⊤
h Vh′∥22+δ

δ/2+1

≲
ψ2+δMX,δMY,δF2+δ

X F2+δ
Y

m3(2+δ)/2
.

For any m+1≤ h≤m+n◦ such that θh = (kh, ℓh) ∈ IB,1, there exist h⋄ ∈ IA and h◦ ∈ IA
such that

h⋄ = (kh⋄ , ℓh⋄) = (kh, ℓh⋄) and h◦ = (kh◦ , ℓh◦) = (kh◦ , ℓh),

where ℓh⋄ ̸= ℓh and kh◦ ̸= kh. Let Dh,A and Dh,B denote the subsets of Dh which consist the
first m and the last n◦ elements of Dh, respectively. Denote

∆h,V =Qm(Dh,V,B)−Qm(Dh,B) =
1

m(m− 1)
V ⊤
h

 ∑
m+1≤h′<h

Vh′ +
∑

h<h′≤m+n◦

Zh′

 ,

∆h−1,V =Qm(Dh−1,V,B)−Qm(Dh,B) =
1

m(m− 1)
Z⊤
h

 ∑
m+1≤h′<h

Vh′ +
∑

h<h′≤m+n◦

Zh′

 .

By Taylor’s theorem, it follows that

g̃ψ,z{Qn,A,Qm(Dh,V,B)} − g̃ψ,z{Qn,A,Qm(Dh−1,V,B)}=: Ξ1 +Ξ2 +Ξ3,
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where

Ξ1 = (∆h,V −∆h−1,V )∂y g̃ψ,z{Qn,A,Qm(Dh,B)},

Ξ2 =
1

2
(∆2

h,V −∆2
h−1,V )∂

2
y g̃ψ,z{Qn,A,Qm(Dh,B)},

Ξ3 = g̃ψ,z{Qn,A,Qm(Dh,V,B)} − g̃ψ,z{Qn,A,Qm(Dh−1,V,B)} −Ξ1 −Ξ2.

Let D⋄◦
V = {Vh : 1≤ h≤m,h ̸= h⋄ and h ̸= h◦} and Q⋄◦

n,A =Qm(D⋄◦
V ). Observe that

Qn,A −Q⋄◦
n,A =

V ⊤
h⋄Vh◦

m(m− 1)
+

2(Vh⋄ + Vh◦)⊤(
∑

h̸=h⋄,h◦ Vh)

m(m− 1)
.

Hence, by Taylor’s theorem and Lemma A.5, we have

|E(Ξ1)|= |E[∆h,V (Qn,A −Q⋄◦
n,A)∂x∂y g̃ψ,z{Q⋄◦

n,A,Qm(Dh,B)}]

+
1

2
E[∆h,V (Qn,A −Q⋄◦

n,A)
2∂2x∂y g̃ψ,z{Q̃⋄◦

n,A,Qm(Dh,B)}]|

≲
∥∆h,V ∥2∥V ⊤

h⋄Vh◦∥2ψ2

m2
+ψ2+δE|∆h,V ||Qn,A −Q⋄◦

n,A|1+δ

≲
ψ2F2

XF2
Y

m7/2
+
ψ2+δMX,δMY,δF2+δ

X F2+δ
Y

m3(2+δ)/2
,

where Q̃⋄◦
n,A =ϖQn,A + (1−ϖ)Q⋄◦

n,A for some ϖ ∈ [0,1]. Similarly, following the proof of
Lemma A.6, we obtain

|E(Ξ2)|≲ ψ2+δE|∆2
h,V −∆2

h−1,V ||Qn,A −Q⋄◦
n,A|δ ≲

ψ2+δMX,δMY,δF2+δ
X F2+δ

Y

m3(2+δ)/2
,

and

|E(Ξ3)|≲ ψ2+δ
(
E|∆h,V |2+δ +E|∆h−1,V |2+δ

)
≲
ψ2+δMX,δMY,δF2+δ

X F2+δ
Y

m3(2+δ)/2
.

Similarly, for any m+ 1≤ h≤m+ n◦ such that θh ∈ IB,2 ∪ IB,3 ∪ IB,4, we have

∆̃ψ,h ≲
ψ2F2

XF2
Y

m7/2
+
ψ2+δMX,δMY,δF2+δ

X F2+δ
Y

m3(2+δ)/2
.

Putting all these pieces together, we obtain (A.5).

PROOF OF LEMMA A.3. Define

ρ̃AB = sup
z∈R

|P(Qn,A ∨Qn,B ≤ z)− P(Zn,A ∨Zn,B ≤ z)|,

ρ̃B\A = sup
z∈R

|P(Qn,A ∨Qn,B\A ≤ z)− P(Zn,A ∨Zn,B\A ≤ z)|.

Following the proof of Lemma A.1, we have

ρ̃AB ≤ ρ̃B\A +

(
|IcB\A|
m

)1/5

.
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We first upper bound ρ̃B\A. By the definition of g̃ψ,z(x, y) and Lemma A.2,

P
(
Qn,A ∨Qn,B\A ≤ z − log 2

ψ

)
≤ E{g̃ψ,z(Qn,A,Qn,B\A)} ≤ E{g̃ψ,z(Zn,A,Zn,B\A)}+ ∆̃ψ,B\A

≤ P
(
Zn,A ∨Zn,B\A ≤ z +

1

ψ

)
+ ∆̃ψ,B\A

≤ P
(
Zn,A ∨Zn,B\A ≤ z − log 2

ψ

)
+ ∆̃ψ,B\A +C

√
m

ψFXFY
.

Similarly, we have

P
(
Qn,A ∨Qn,B\A ≤ z − log 2

ψ

)
≥ P

(
Zn,A ∨Zn,B\A ≤ z − log 2

ψ

)
+ ∆̃ψ,B\A +C

√
m

ψFXFY
.

Consequently, we have

ρ̃B\A ≲

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

+

(
|IcB\A|
m

)1/5

.

Observe that Zn,A is independent of Zn,B\A. Hence,

ΓA,B ≤ ρ̃AB + sup
z∈R

|P(Zn,A ∨Zn,B ≤ z)− P(Zn,A ∨Zn,B\A ≤ z)|

+ sup
z∈R

|P(Zn,A ≤ z)P(Zn,B\A ≤ z)− P(Qn,A ≤ z)P(Qn,B\A ≤ z)|

+ sup
z∈R

|P(Qn,B\A ≤ z)− P(Qn,B ≤ z)|

≲

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

+

(
|IcB\A|
m

)1/5

.

PROOF OF LEMMA A.4. By Lemma A.7 and (A.4), following the idea of the proof
of (A.2), we have

sup
z∈R

|P(Vn,A ≤ z)− P(Qn,A ≤ z)| ∨ sup
z∈R

E|I{Vn,A ≤ z} − I{Qn,A ≤ z}| ≤Cδ

(
MX,δMY,δ

mδ/2

)1/(2δ+5)

.

Similar upper bound can be established for IB . Consequently, we obtain (A.6) in view of the
following triangle inequality

ΘA,B ≤ sup
z∈R

E|I{Vn,A ≤ z} − I{Qn,A ≤ z}|+ sup
z∈R

E|I{Vn,B ≤ z} − I{Qn,B ≤ z}|

+ sup
z∈R

|P(Vn,A ≤ z)− P(Qn,A ≤ z)|+ sup
z∈R

|P(Vn,B ≤ z)− P(Qn,B ≤ z)|.
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