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Abstract

Probability and moment inequalities for quadratic forms are valuable tools in studying the
properties of second-order statistics. There are extensive results regarding quadratic forms
in random variables with finite exponential moments. However, the counterpart that allows
for weaker moment conditions is inadequate. In this work, we present a new Nagaev-type
tail probability inequality and a Rosenthal-type moment inequality for quadratic forms in
random variables with fat tails.
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1. Introduction

Probability inequalities for quadratic forms play an important role in the study of
properties of second-order statistics. The celebrated Hanson-Wright inequality, first es-
tablished by Hanson and Wright (1971), provides a concentration result for quadratic
forms of symmetric sub-Gaussian random variables. Wright (1973) relaxed the symmetry
assumption on the distributions of random variables. The version widely used in many
applications is a refined one presented by Rudelson and Vershynin (2013). To clarify,
let 1, ...,e, be independent mean-zero random variables with finite sub-Gaussian norm,
ie., |leilly, = supgy g ?|eilly < K, for 1 < i < n, where ||&if, = (Ele;|?)Y7. Let
A = (aij)i;=; be an n X n matrix, and write ¢ = (1, ... ,€n) . Then for every y > 0, it
holds that

2
T Ao BT Acl > o) < i Yy Yy
P(le' Ae —Ee' Ae| > y) < 2exp( min <CK4|A|%’ C’K%(A))) : (1)

where C'is a universal constant, |A|r and p(A) are respectively the Frobenius (or Hilbert-

Schmidt) norm and spectral norm of A. The inequality (1) is sharper than the version in
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Hanson and Wright (1971) and Wright (1973), with p(A) = p((aij);) replacing the term
p((Jaij])i;) in the earlier results. Barthe and Milman (2013) provided an alternative proof
of (1) for diagonal-free matrices A by applying the decoupling technique in de la Pena and
Montgomery-Smith (1995).

Several variants of concentration inequalities for quadratic forms have been studied
recently. For example, Hsu et al. (2012) considered the tail probability for quadratic forms
of sub-Gaussian random vectors, rather than sub-Gaussian components, with the matrix
A being positive-semidefinite. Spokoiny and Zhilova (2013) examined the case where the
random vector admits certain finite exponential moments. Vu and Wang (2015) estab-
lished an exponential probability bound for quadratic forms involving vectors that satisfy
the convex concentration property, which was later improved by Adamczak (2015) by elim-
inating the logarithmic factors. Despite the extensive literature on probability inequalities
for quadratic forms and their applications, there has been very limited theoretical inves-
tigation into the counterparts when the random variables are non-sub-Gaussian or lack
finite exponential moments. Evidence for fat tails has increasingly been observed across
a wide variety of research areas. One primary goal of our paper is to establish a sharp
probability inequality for quadratic forms in fat-tailed random variables that only allow
finite polynomial moments.

For moment inequalities, Bai and Silverstein (2010) (cf. Lemma B.26) provided a

Rosenthal-type inequality for quadratic forms with i.i.d. ; and coefficient matrix A € R™*":

Ele" As — Ee" Ae|” < Cy {leolly"[tr(AAT)]Y? + [leol5tr[(AAT) ]} (2)

assuming that ||ggll2, < oo for some ¢ > 1 and ||gg]|2 = 1, where C; > 0 is a constant
depending on ¢ only. Let s? be the eigenvalues of AT A and define s = (sy,...,s,)". Since
tr(AAT) = [A|% and tr[(AAT)92] = 377 [s;]9, (2) is equivalent to

Ele" Ae — Ee" Ae|” < Cy (lleoll*|Al% + lleollzg 1) -

Theorem 2.1 in Chen (2014) presented a similar result by involving the term |s|; rather
than |s|,. Both of these moment bounds are not sharp for diagonal-free matrices A, as the

moment order is increased to 2¢ in the bound. Theorem 3.8 of de la Pena et al. (2003) (by



letting m = 2 therein) states a sharper version:

Bl Azl < Co{ udt|AlL + pyad 33 272 + 2 'l 3 (3)
i
where A is symmetric and diagonal-free, ¢;’s are independent symmetric random variables
with finite ¢-th moment p, := max; ||&||,, for 2 < ¢ < 4. In our paper, we shall establish
a moment inequality that relaxes the assumption of symmetric distributions on ¢; and
generalizes the result (3) to arbitrary order ¢ > 2.

For notational simplicity, we use ) . to indicate the summation sign > . Throughout,
C,C1,c1,Cy, co,- -+ denote positive constants whose values may differ from place to place.
A constant with a subscript is used to highlight its dependence on that subscript. For
two sequences of positive numbers (a,) and (b,), we write a,, < b, if there exists some
constant C' > 0 such that a, < Cb, for all large n, and we write a,, = b, if there exists
some constant C' > 0 such that a,, > Cb, for all large n. For any random variable X and
q > 1, we define || X ||, = (E|X]9)'/9.

2. Main Result

Given that eTAe = eT(3(A + AT))e, we assume without loss of generality that A is
symmetric. For any symmetric matrix A = (a;;)7,=; and p,q > 1, we define the entrywise

L, , norm as
1/q

[Allp.g =

Z(Z |aij|p)q/p]

It is straightforward to verify that || A2 represents the Frobenius norm of A and ||All,,

denotes the entrywise g-norm of A.

Theorem 2.1. Let ey, e, ..., e, be a sequence of independent random variables, and define
e = (e1,...,60)". Suppose A = (ay);,_, is a diagonal-free symmetric matriz. Assume
Ee; =0 for all 1 <i <n and p, = maxi<i<y ||€ill; < 0o for some ¢ > 2. Then for any
Y = Hatlg

o AR A v a
Y Cott3l|All227”

P(le’ el > y)

where the positive constant C, and the constant in S both depend on q only.



Theorem 2.1 above provides a Nagaev-type inequality, which suggests two types of
bounds: If y is around the order piopy||All2,2, one can use the sub-exponential-type tail
exp{—y/(Coti3||All22)}. If y is much larger, the algebraic decay tail y~?(ugud||All5, +
P29 Al)¢ ) dominates. If jip and j, are of the same order, the terms involving [|A[,
dominates the one involving || A2 .

If A is not diagonal free, we shall deal with the diagonal sum separately. Assume
g < oo for some g > 2. For 2 < ¢ < 4, by Corollary 1.6 in Nagaev (1979) and Markov’s

inequality, we have

g > a9 pd S a4
P(| Z%’(é‘? —Ee})| > y) N ZP(WM(@? —Eel)| > y/2) + - e < i :

If ¢ > 4, by Lemma 3.1, it follows that
IP’(’ Za--(s2 —Eel)| > y) < M + exp ( - y—Z)
i o R y? Copii 32, a3,
Remark 1. We shall discuss the sharpness of our result. Consider the special case in
which ¢;’s are i.i.d. symmetric random variables with ||&;|]2 = 1 and the tail probability
P(e; > y) = y U(y), for y > yo, where {(y) = (logy)™2 and g > 2. Then (4) implies for

y=n,
nq/2+1

Yy
IP’( i€5 = ) < (— —) 5
> cEZY) S g el (5)
Next we aim to establish a lower bound of P(} i Ci€j 2 y). Denote S, = > :.L:l g;. By

Theorem 1.9 of Nagaev (1979), we have the expansion: for a sequence y,, > /n, as n — oo,

P(‘Sn > yn)
ny;qé(yn) +1- (I)<yn/\/ﬁ

where ®(-) is the cumulative distribution function of standard normal distribution. Let

(e/)™; be an ii.d. copy of ()%, and S/, = > " . By Theorem 1 in de la Pena and

=1~

Montgomery-Smith (1995), there exists some constant C' independent of n such that

]P( ‘Z#j £igj] > y) > C’IP’( ‘Z#j £i€}

Note that for y > n,

P (Zi# s> y) 2 P(S.S, 2 2) —P(Y =l >y)

4

) — 1, (6)

>y/0), (™)



> P(S, > y/vn)P(S, > 2vn) - (Zes )
Applying (6) to S,, and S}, we can obtain

nq/2+1g( )

P(S, > y/v/n) Z +1—®(y/n) (8)

and P(S!, > 2y/n) = (1 — ®(2))(1 + o(1)). In addition, by elementary calculation, it holds
that P(g;e} > y) = Cypoy U(y)(1 + o(1)) for y > y2, where C,,, is a positive constant
depending on ¢ and yy. Applying Theorem 1.9 of Nagaev (1979) to the sum of the i.i.d.

symmetric random variables ¢;e;, we have

P (Zzezag > y) < %(qy) +1—®(y/v/n),

whose order is negligible compared to the right-hand side of (8) when y > n. Hence, it
implies that

nq/2+1
P (Zi# gig; > y) 2 y—qf(y) +1—®(y/n). 9)

On the other hand, we also have

P(Y, 55 2y) 2 RS2 VRS, 2 VE) — B (3 =l 2 )
> WL (- ey (10)

yq
Combining (7), (9) and (10), it follows

(D2 0) 2 55 (1 a0/Gm)’

which, compared to (5), suggests that (4) is optimal up to a multiplicative logarithmic

term.

Remark 2. The infinite-dimensional version of (4) is also true since the right-hand side of
(4) is uniform in n, provided that the matrix norms ||Al|22, [|Al|2,, and [|A]|,, converge.
This extension together with the discussion on how to deal with the diagonal sum allows
us to study the concentration of the autocovariance function for a linear process of the

form X; = 77 bjerj, where 37 |b;| < oo and g; are i.i.d. mean-zero random variables



with Ele;|? < oo for some q > 2. For example, if we consider the autovariance estimate at

lag 0, i.e., 62 =151 | X2, it can be constructed that

n

= % Z Z a;j€;€; where a;; = Z br—ibk—j.

1=—00 j=—00 k=max{i,j,1}
By imposing a decay rate of b;, the required matrix norms are computable without much
difficulty.

Remark 3. Another direct application of Theorem 2.1 is investigating the concentration of
sample means for some important nonlinear processes. The Volterra system is a natural
model to study nonlinear systems and plays an important role in the nonlinear system
theory (Casti (1985), Priestley (1988), Schetzen (1989), Bendat (1990)). Here we consider

the second-order Volterra process
o0 o0
Xp= Y hi(u)eu, + Y hour, t2)e €,
u1=0 u1,u2=0
The functions hy, hy are called Volterra kernels. Assume that hy(u) = 0, ¢; are i.i.d with

mean zero and hs(uy, us) is symmetric and it equals zero if u; = uy. We have

1 n 1 n n n
== X, == - ik — )
" Z t= Z Z a;;€i€; where a;; Z ho(k — i,k — 7)
t=1 i=—00 j=—00 k=max{i,j,1}
and we can use Theorem 2.1 to study the concentration behavior of /. [

Next we shall establish a sharp moment inequality. For any square matrix A, define

the operators

D(A) = A? — diag(A?), and D"(A)=DoDo---0oD(A) for k € N.
k

Conventionally, we set D°(A) = A. Theorem 2.2 below delivers a moment inequality for

quadratic forms of random variables in the presence of fat tails.

Theorem 2.2. Let ey, ¢e9,...,8, be a sequence of independent random variables, and define

e = (e1,...,6n) . Suppose A = (a;;)",_, is a diagonal-free symmetric matriz. Assume

=
Ee; =0 for all 1 < i < n and p, = maxi<i<y ||gi|lq < 00 for some ¢ > 2. Let K =

|log,(q)| — 1. Then we have

K k
oh—1 ok—1 ok ok 2
BleTAel < Gy [Tud™ - (w8 IDM IS + g™ e IDH (A2

k=0 h=1



k—1 k
1l DAt ) (11)

q/2" a/2%,q/2%

where Cy is a positive constant depending on q only.

Remark 4. If 2 < ¢ < 4, then K = 0 and the result (11) is reduced to (3) exactly. Our
Theorem 2.2 extends (3) to higher moment orders by allowing ¢ > 2 in general and in the
meantime relaxes the assumption of symmetric random variables. For each doubling of ¢,
there will be one more layer to add up in the moment bound, each of which is characterized
by the operator D* and balances between the Ly, Ly g2 and Lok q/ox norms. If g; are
i.i.d., by a careful check of the proof for the case 2 < ¢ < 4, we can conclude (11) is optimal
since the upper bounds in (30) and (31) are both optimal.

Remark 5. We consider the special case where A = (aj;;);;-; with a;; = 1if i # j and

a; = 0 for 1 <14 < n. By elementary calculation, we can get that for p,q > 1,
IDH(A) g = n® o0

The moment inequality (2) suggests E|e" Ae|? < C’q,uggnq, as the second term dominates

the first in this case. By Theorem 2.2, it can be computed that for 2 < ¢ < 4,
Ele " Ae|? < Colus™? + pgudn®>* + p2'n?).
and for 4 < g <8,
Bl Ael” < C (g + w3 pgfan™ 1+ el ont/ 2 4 ipn  pii?).

The bound for other cases of ¢ can be presented similarly. In comparison, our result
provides a sharper combination of various orders of moments and different norms of the

coeflicient matrix.

3. Proof

In this section, we provide the proofs of Theorem 2.1 and Theorem 2.2, beginning with

the statement of two useful lemmas.

Lemma 3.1 (cf. Corollary 1.8 in Nagaev (1979)). Let Xi,..., X, be independent random
variables with EX; = 0 and || X;||, < oo for some ¢ > 2. Let S, = > | X;. Then for

every x > 0,
Cl Z?:l E|X,L’q 025(72
TR U SN e &




where C, = (1+2/q)? and Cy = 2(q + 2)%e71.

Lemma 3.2. Let Xy,..., X, be independent random variables with EX; = 0 and || X;|, <
oo for some q > 2. Let S, = Y. X;. Then there exists a constant K, depending on q
only such that

ISl < K[ (2 BIXID Y 4 (X EX2)).

Proof of Lemma 3.2. For q = 2, it trivially holds by noticing ||S,|l2 = (31, EX?)Y2. For
q > 2, it is an adapted version of Theorem 3 in Rosenthal (1970). O]

Next we will prove Theorem 2.1 and Theorem 2.2.

Proof of Theorem 2.1. By Theorem 1 in de la Pena and Montgomery-Smith (1995), we
have the decoupling result: for any y > 0,

P(le"Ae| > y) < CP(|e" Ae*| > y/C), (12)

where e* = (¢7,...,&%)" is an independent copy of € and C' is a positive constant indepen-

r n
dent of n. Now we condition on (g;),. Then " Ae* is a linear combination of independent
random variables €} with fixed coefficients w; = Zj a;jej, 1 <1< m,ie., el Ae* = > wier.
Let V =Y, w?. By Lemma 3.1, we have

2

crpd Yo Jwil? Yy
P(le" Ae*| > y|(ei)iy) < —=— +2exp(——),
(’ ’ ‘( )—1) yq CQILL%V

where ¢; and ¢y are two positive constants depending on ¢ only. By taking the expectation

with respect to (g;),, it follows that

c1ud K |w; |1 ?
mquql !+2Eexp(_ Y )::I+II. (13)

T *
]P(|5 Ae*| > y) < 2V

To bound the term I, by Lemma 3.2, we can obtain

q q/2
< ( > ai-) + ol agl?,

J J

E|wz|q =K ‘Z] CL,‘]EJ‘

where the constant in < depends on ¢ only. It then implies

pspgllAllS g + 1IN ,

I<

(14)

8



Now we deal with the term II. Let B = (bj;)};=; = A* and D(A) = A* — diag(A®). Define

)

= Z bi(e? —Ee?) and Vi, =¢e D(Ae.

Then we can write V = 37, b;Ee} + Vi + V3. Noticing that Y, b; = ||Al|3,, we have
2 2 2

Yy ) )
II§exp(——>+Eexp<——>+Eexp<——> 15
Gl AT, V] AL

with C; = 3¢y. It remains to deal with Eexp(—y?/(C,u3|Vi])) for i = 1,2.
Case 1: ¢ > 4. By Lemma 3.1, for = > 0,

2

P(Vi| > z) < %H (- - T ) —: F(a), (16)
Elementary manipulation indicates
y? o0 y?
Bexp (~ omr) = —/Omexp(—cq%gx)dm'vl'zx)
< —/0 exp(— ﬁ)?(m)dm. (17)
where
cspgll Al x x?

—F'(z) = =: fi(z) + fo() (18)

xq/2+1 * Cylby Zz i ( Cofiy Zz m>

with ¢3 = ¢1-¢/2 and ¢y = ¢ /4. By a change of variables ¢t = y?/(C,u3z) and the definition

of Gamma function, we have

fe'e) 2 C ,Ug Q/2 [e'e) /2 .
exp (- Awde = eyt Al ( i ) | et
/0 ( Cqﬂ2x> ? 24 ?JQ 0

2
O A, _ Cospdll Alls,
= T(q/2) = — —+

ye ye

(19)

Regarding f>(x), we can consider

00 B y2 \di
/0 eXp( CqMQx) fr@)d

2 0o 2
—g— )
sup { 2972 exp( )}/ z7 exp (— > dx.
Calhy Zz bu z>0 { Cafby Zz i O‘ZIM%'T




Note that the function 292 exp(—2? /o >, b2) takes the maximum at © = /ca(q + 2)ug >, b2 /2.
Similarly as (19), it follows that

00 2 4 2q
/ 7 exp <— Y 5 ) dr = q52 -T(q).
0 Cypsz y=
Hence, we have

> 2 (i >0, 02 || AllS
/ exp <_ Yy . > fQ(x)dx ,S Mo (:LL4 2qz 7,1) 5 21"q - 27‘1’ (20)
0 Conzw y y

where the last step follows in view of y 2 pafig||All2,2, ftq > pa and

a=2

S =3 (X a) < A ()] < Il Al

i .

i J

Combining (17), (18), (19) and (20), we have for y 2 pafi,l|A||2.2

EeXp(_ Y’ ) < sl Allsy 1)
Co3| V1| y1
Moreover, we can obtain
Bop (oY) = e (= ol ) (1] < ulAllaa) + 1{IVal > gl All22})
CqN2|V2| C'q/ﬁ%|V2|

o] 2
Yy Yy
< exp (——) —/ exp (— ) dP(|Vs| > z),
C‘]H’%HAHZQ yllAll2,2 Cq:u%x

which together with (12), (13), (14), (15) and (21) implies

sl AllS , + w2l Al Y
P(leTAel 2 y) 5 SRR SR e (< )
(74 2.) T Col ATz
= y
- exp(— )dP(|V2| > ). (22)
/y||A||2,2 Capize

By the preceding arguments and noticing [[D(A)||22 < [|A]|3,, we can also obtain for

2 patigl| Al 2,

|| DA, + 12| D(A)||4
P> ) 5 SIDAIE RIDA,  (r)

o CorillAll3 2
o0 x
- exp | —=—— | dP(|V3] = 2), (23)
/;;:||A||;2 ( Cw%z)

10



where V3 = e "D?(A)e with D*(A) = D o D(A). We next bound || D(A)||4,, [D(A)
P(|V3| > z) respectively. Firstly, by Holder’s inequality, we have

DA, =3[ 32 (S awean) " < 1415, 415

i jijti k
q q/2 q/2
1D, = S| P ana| <30 (ad)" (X a)" <1413,
k k

i# ok i#]

||qu and

As for P(|V5] > z), by Theorem 1 in de la Pena and Montgomery-Smith (1995) again and

Markov’s inequality, we have
P(|V3| > 2) < CP(|le"D*(A)e*| > 2/C) < CzEl|e ' D*(A)e*| . (24)

Denote D*(A) = (d;)};—,- Then we can write e D*(A)e* = 37, & > dije;. Observe that
gy, ; dize; are uncorrelated for different 7. By the Burkholder inequality for martingales
(cf. Theorem 3.2 in Burkholder (1973)) and the fact that [|[D(M)|l22 < ||M]3, for any

square matrix M, we have

DA < Y (Y s < Gt SIS |
< Cutty Z] di = Captg I D*(A)3.5 < CoptglAll3 5. (25)
By (24) and (25), (23) then becomes
usnal| Al gl AN32 + gl Al x
P> 0) 5 PHERAER IR g (<)
—/OO exp (— v’ ) ng“AH;l’%dz. (26)
1413, Copizz) 2!

By similar arguments as (17) and (18), let

00 2
R; = / exp (_y_) gi(x)dx for i=1,2,3,
y

2
1Al12,2 Cypigw

where

g1(@) = 27 (g | Al AIIS» + 1271 AL
T
g2(@) = (131 AlB) " exp (= i )
HRe CurBIAIE

11



_ T
g3(x) = a0 2q||f4||2ze><10< W> (27)
Cotiz||All5 2

Then we can write

o] 2

Y

- exp (— )dIP’(|V2| > 1) < R+ Ry + Rs.
/ZIA|2,2 Cq,u%l‘

Similarly as (19) and (20), it can be obtained that for y > paf,||Al|2.2,

1o 1 AllS AN + a2 1ALl < MzuqllAllzq

R <
Al "
Y o 22971 Y
o (- gt ) () (v Y
Cotiz || All2,2 yIIAII Cotiz || All2,2
Yy Hafiq|| All2,2) %4 Yy
oo (- gt ) (el (o
Cat3|| All2,2 y Cat3]| All2,2

As a consequence, it implies

[e'e) 2
M?Mq” H2q Yy
- exp | — dP(|Vy| > 2 e (= ) (28
/| ( Ow> (Vel=o) s == ( CqM3HA||2,2) (28)

qr'2

Therefore, (4) follows in view of (22) and (28).
Case 2: 2 < ¢ < 4. It is much easier for this case. By Corollary 1.6 in Nagaev (1979)
and Markov’s inequality, with >, |b;|%* = ||A||% ,, we have for z > 0,

1 2 |bis] 1/ < 1l All3,q

P(Vil =z ) < ZIP’(\bn-(e? —Eed)| 2 w/2)+ 2 =— S =5 (29)
Replacing (16) by (29), due to (19), we can still have
2 O q,,q A q
Eexp ( __v ) < Gariagll Alls,g
Copz| V1| yl
Other steps are the same as the case g > 4. O]

Proof of Theorem 2.2. Case 1: 2 < g < 4. By Corollary 3 in de la Pena (1992), we have
a/2

EleT Ael? < C E) S a2ele? (30)
i#j
By Theorem 3.6 in de la Pena et al. (2003), it follows that
E‘ ZC@@ZE? Co (2" | ANS.» + 3| AL, + 1l Alll ) - (31)

i#]

12



Hence we have
Ele" Ael? < Cq (1| AllS,2 + r3udll AllS.q + g1 AlIG ) (32)
which agrees with (11) for K = 0.
Case 2: ¢ > 4. By Theorem 1 in de la Pena (1992), we have the decoupling result:
Ele" Ae|? < CE|e " Ae™ |4, (33)

where e* = (e},...,e:)"

rn

is an independent copy of . Now we condition on (g;)?_,. Then
e Ae* is a linear combination of independent random variables &} with fixed coefficients

w; =Y aye;, 1 <i<n, i, el Ae* = 37 wie}. By Lemma 3.2, we have

B(Je" A= 7] (20)ie) < Colg D el + > wi)?].

7

By taking the expectation with respect to (g;)1,, it follows that
E(leT A=) < Gy (12 S Byl + ugE(S w)??). (34)
Using Lemma 3.2 again, we have
ZElwilq < Cq (gl All , + 15lIAN15,,) - (35)

Hence, it suffices to deal with the term E(3", w?)%2. Let B = (b;),_; = A% and D(A) =
A? — diag(A4?). Then we can write Y . w? = >, bie? + e D(A)e. By Lemma 1 in
Rosenthal (1970),
EIY buel?? < Copd > b7+ Coud (> bi)""?
= CopgllAllZ + Copal| All3,o- (36)
Combining (33), (34), (35) and (36), we have
Ele" Ae|? < Cy (u3Ele "D(A)e|”? + " | All3 2 + i AllS 4 + gl AllT ) . (37)
which provides a recursive relationship for the moment. If 2 < ¢/2 < 4, by (32), we have
2 2 q/2 2 2
E|e"D(A)e|? < C, (1ID(ANILE + 1§D, + 1l DA )

If ¢ > 8, we can apply the recursion (37) for K = [log,(q)] — 1 times such that 2 < ¢/2% <
4. Then (11) follows by adding up all the intermediate terms during the recursion and
applying (32) for E|eT DX (A)e|e/2". O

13
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