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Abstract

Probability and moment inequalities for quadratic forms are valuable tools in studying the

properties of second-order statistics. There are extensive results regarding quadratic forms

in random variables with finite exponential moments. However, the counterpart that allows

for weaker moment conditions is inadequate. In this work, we present a new Nagaev-type

tail probability inequality and a Rosenthal-type moment inequality for quadratic forms in

random variables with fat tails.
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1. Introduction

Probability inequalities for quadratic forms play an important role in the study of

properties of second-order statistics. The celebrated Hanson-Wright inequality, first es-

tablished by Hanson and Wright (1971), provides a concentration result for quadratic

forms of symmetric sub-Gaussian random variables. Wright (1973) relaxed the symmetry

assumption on the distributions of random variables. The version widely used in many

applications is a refined one presented by Rudelson and Vershynin (2013). To clarify,

let ε1, . . . , εn be independent mean-zero random variables with finite sub-Gaussian norm,

i.e., ‖εi‖ψ2 := supq≥1 q
−1/2‖εi‖q ≤ K, for 1 ≤ i ≤ n, where ‖εi‖q = (E|εi|q)1/q. Let

A = (aij)
n
i,j=1 be an n × n matrix, and write ε = (ε1, . . . , εn)>. Then for every y > 0, it

holds that

P(|ε>Aε− Eε>Aε| ≥ y) ≤ 2 exp

(
−min

(
y2

CK4|A|2F
,

y

CK2ρ(A)

))
, (1)

where C is a universal constant, |A|F and ρ(A) are respectively the Frobenius (or Hilbert-

Schmidt) norm and spectral norm of A. The inequality (1) is sharper than the version in
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Hanson and Wright (1971) and Wright (1973), with ρ(A) = ρ((aij)i,j) replacing the term

ρ((|aij|)i,j) in the earlier results. Barthe and Milman (2013) provided an alternative proof

of (1) for diagonal-free matrices A by applying the decoupling technique in de la Peña and

Montgomery-Smith (1995).

Several variants of concentration inequalities for quadratic forms have been studied

recently. For example, Hsu et al. (2012) considered the tail probability for quadratic forms

of sub-Gaussian random vectors, rather than sub-Gaussian components, with the matrix

A being positive-semidefinite. Spokoiny and Zhilova (2013) examined the case where the

random vector admits certain finite exponential moments. Vu and Wang (2015) estab-

lished an exponential probability bound for quadratic forms involving vectors that satisfy

the convex concentration property, which was later improved by Adamczak (2015) by elim-

inating the logarithmic factors. Despite the extensive literature on probability inequalities

for quadratic forms and their applications, there has been very limited theoretical inves-

tigation into the counterparts when the random variables are non-sub-Gaussian or lack

finite exponential moments. Evidence for fat tails has increasingly been observed across

a wide variety of research areas. One primary goal of our paper is to establish a sharp

probability inequality for quadratic forms in fat-tailed random variables that only allow

finite polynomial moments.

For moment inequalities, Bai and Silverstein (2010) (cf. Lemma B.26) provided a

Rosenthal-type inequality for quadratic forms with i.i.d. εi and coefficient matrix A ∈ Rn×n:

E|ε>Aε− Eε>Aε|q ≤ Cq
{
‖ε0‖2q4 [tr(AA>)]q/2 + ‖ε0‖2q2qtr[(AA>)q/2]

}
, (2)

assuming that ‖ε0‖2q < ∞ for some q ≥ 1 and ‖ε0‖2 = 1, where Cq > 0 is a constant

depending on q only. Let s2j be the eigenvalues of A>A and define s = (s1, . . . , sn)>. Since

tr(AA>) = |A|2F and tr[(AA>)q/2] =
∑n

j=1 |sj|q, (2) is equivalent to

E|ε>Aε− Eε>Aε|q ≤ Cq
(
‖ε0‖2q4 |A|

q
F + ‖ε0‖2q2q|s|qq

)
.

Theorem 2.1 in Chen (2014) presented a similar result by involving the term |s|4 rather

than |s|q. Both of these moment bounds are not sharp for diagonal-free matrices A, as the

moment order is increased to 2q in the bound. Theorem 3.8 of de la Peña et al. (2003) (by
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letting m = 2 therein) states a sharper version:

E|ε>Aε|q ≤ Cq

{
µ2q
2 |A|

q
F + µq2µ

q
q

∑
j

(
∑
i

a2ij)
q/2 + µ2q

q

∑
i,j

|aij|q
}
, (3)

where A is symmetric and diagonal-free, εi’s are independent symmetric random variables

with finite q-th moment µq := maxi ‖εi‖q, for 2 < q < 4. In our paper, we shall establish

a moment inequality that relaxes the assumption of symmetric distributions on εi and

generalizes the result (3) to arbitrary order q ≥ 2.

For notational simplicity, we use
∑

i to indicate the summation sign
∑n

i=1. Throughout,

C,C1, c1, C2, c2, · · · denote positive constants whose values may differ from place to place.

A constant with a subscript is used to highlight its dependence on that subscript. For

two sequences of positive numbers (an) and (bn), we write an . bn if there exists some

constant C > 0 such that an ≤ Cbn for all large n, and we write an & bn if there exists

some constant C > 0 such that an ≥ Cbn for all large n. For any random variable X and

q ≥ 1, we define ‖X‖q = (E|X|q)1/q.

2. Main Result

Given that ε>Aε = ε>(1
2
(A + A>))ε, we assume without loss of generality that A is

symmetric. For any symmetric matrix A = (aij)
n
i,j=1 and p, q ≥ 1, we define the entrywise

Lp,q norm as

‖A‖p,q =

[∑
j

(
∑
i

|aij|p)q/p
]1/q

.

It is straightforward to verify that ‖A‖2,2 represents the Frobenius norm of A and ‖A‖q,q
denotes the entrywise q-norm of A.

Theorem 2.1. Let ε1, ε2, . . . , εn be a sequence of independent random variables, and define

ε = (ε1, . . . , εn)>. Suppose A = (aij)
n
i,j=1 is a diagonal-free symmetric matrix. Assume

Eεi = 0 for all 1 ≤ i ≤ n and µq := max1≤i≤n ‖εi‖q < ∞ for some q ≥ 2. Then for any

y & µ2µq‖A‖2,2,

P
(
|ε>Aε| ≥ y

)
.
µq2µ

q
q‖A‖

q
2,q + µ2q

q ‖A‖qq,q
yq

+ exp
(
− y

Cqµ2
2‖A‖2,2

)
, (4)

where the positive constant Cq and the constant in . both depend on q only.
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Theorem 2.1 above provides a Nagaev-type inequality, which suggests two types of

bounds: If y is around the order µ2µq‖A‖2,2, one can use the sub-exponential-type tail

exp{−y/(Cqµ2
2‖A‖2,2)}. If y is much larger, the algebraic decay tail y−q(µq2µ

q
q‖A‖

q
2,q +

µ2q
q ‖A‖qq,q) dominates. If µ2 and µq are of the same order, the terms involving ‖A‖q2,q

dominates the one involving ‖A‖qq,q.
If A is not diagonal free, we shall deal with the diagonal sum separately. Assume

µq < ∞ for some q ≥ 2. For 2 ≤ q < 4, by Corollary 1.6 in Nagaev (1979) and Markov’s

inequality, we have

P
(∣∣∑

i

aii(ε
2
i − Eε2i )

∣∣ ≥ y
)
.
∑
i

P(|aii(ε2i − Eε2i )| ≥ y/2) +
µqq
∑

i |aii|q/2

yq/2
.
µqq
∑

i |aii|q/2

yq/2
.

If q ≥ 4, by Lemma 3.1, it follows that

P
(∣∣∑

i

aii(ε
2
i − Eε2i )

∣∣ ≥ y
)
.
µqq
∑

i |aii|q/2

yq/2
+ exp

(
− y2

Cqµ2
4

∑
i a

2
ii

)
.

Remark 1. We shall discuss the sharpness of our result. Consider the special case in

which εi’s are i.i.d. symmetric random variables with ‖εi‖2 = 1 and the tail probability

P(εi ≥ y) = y−q`(y), for y ≥ y0, where `(y) = (log y)−2 and q > 2. Then (4) implies for

y ≥ n,

P
(∑

i 6=j
εiεj ≥ y

)
.
nq/2+1

yq
+ exp

(
− y

Cqn

)
. (5)

Next we aim to establish a lower bound of P(
∑

i 6=j εiεj ≥ y). Denote Sn =
∑n

i=1 εi. By

Theorem 1.9 of Nagaev (1979), we have the expansion: for a sequence yn ≥
√
n, as n→∞,

P(Sn ≥ yn)

ny−qn `(yn) + 1− Φ(yn/
√
n)
→ 1, (6)

where Φ(·) is the cumulative distribution function of standard normal distribution. Let

(ε′i)
n
i=1 be an i.i.d. copy of (εi)

n
i=1 and S ′n =

∑n
i=1 ε

′
i. By Theorem 1 in de la Peña and

Montgomery-Smith (1995), there exists some constant C independent of n such that

P
( ∣∣∣∑

i 6=j
εiεj

∣∣∣ ≥ y
)
≥ CP

( ∣∣∣∑
i 6=j

εiε
′
j

∣∣∣ ≥ y/C
)
, (7)

Note that for y ≥ n,

P
(∑

i 6=j
εiε
′
j ≥ y

)
≥ P (SnS

′
n ≥ 2y)− P

(∑
i
εiε
′
i ≥ y

)
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≥ P(Sn ≥ y/
√
n)P(S ′n ≥ 2

√
n)− P

(∑
i
εiε
′
i ≥ y

)
.

Applying (6) to Sn and S ′n, we can obtain

P(Sn ≥ y/
√
n) &

nq/2+1`(y)

yq
+ 1− Φ(y/n) (8)

and P(S ′n ≥ 2
√
n) = (1− Φ(2))(1 + o(1)). In addition, by elementary calculation, it holds

that P (εiε
′
i ≥ y) = Cq,y0y

−q`(y)(1 + o(1)) for y ≥ y20, where Cq,y0 is a positive constant

depending on q and y0. Applying Theorem 1.9 of Nagaev (1979) to the sum of the i.i.d.

symmetric random variables εiε
′
i, we have

P
(∑

i
εiε
′
i ≥ y

)
.
n`(y)

yq
+ 1− Φ(y/

√
n),

whose order is negligible compared to the right-hand side of (8) when y ≥ n. Hence, it

implies that

P
(∑

i 6=j
εiε
′
j ≥ y

)
&
nq/2+1`(y)

yq
+ 1− Φ(y/n). (9)

On the other hand, we also have

P
(∑

i 6=j
εiε
′
j ≥ y

)
≥ P(Sn ≥

√
2y)P(S ′n ≥

√
2y)− P

(∑
i
εiε
′
i ≥ y

)
&

n2`2(y)

yq
+
(

1− Φ(
√

2y/n)
)2
. (10)

Combining (7), (9) and (10), it follows

P
(∑

i 6=j
εiεj ≥ y

)
&
nq/2+1`(y)

yq
+
(

1− Φ(
√
Cy/n)

)2
,

which, compared to (5), suggests that (4) is optimal up to a multiplicative logarithmic

term.

Remark 2. The infinite-dimensional version of (4) is also true since the right-hand side of

(4) is uniform in n, provided that the matrix norms ‖A‖2,2, ‖A‖2,q and ‖A‖q,q converge.

This extension together with the discussion on how to deal with the diagonal sum allows

us to study the concentration of the autocovariance function for a linear process of the

form Xt =
∑∞

j=0 bjεt−j, where
∑∞

j=0 |bj| <∞ and εi are i.i.d. mean-zero random variables
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with E|εi|q <∞ for some q ≥ 2. For example, if we consider the autovariance estimate at

lag 0, i.e., σ̂2 = 1
n

∑n
t=1X

2
t , it can be constructed that

σ̂2 =
1

n

n∑
i=−∞

n∑
j=−∞

aijεiεj where aij =
n∑

k=max{i,j,1}

bk−ibk−j.

By imposing a decay rate of bj, the required matrix norms are computable without much

difficulty.

Remark 3. Another direct application of Theorem 2.1 is investigating the concentration of

sample means for some important nonlinear processes. The Volterra system is a natural

model to study nonlinear systems and plays an important role in the nonlinear system

theory (Casti (1985), Priestley (1988), Schetzen (1989), Bendat (1990)). Here we consider

the second-order Volterra process

Xt =
∞∑

u1=0

h1(u1)εt−u1 +
∞∑

u1,u2=0

h2(u1, u2)εt−u1εt−u2 .

The functions h1, h2 are called Volterra kernels. Assume that h1(u) ≡ 0, εi are i.i.d with

mean zero and h2(u1, u2) is symmetric and it equals zero if u1 = u2. We have

µ̂ =
1

n

n∑
t=1

Xt =
1

n

n∑
i=−∞

n∑
j=−∞

aijεiεj where aij =
n∑

k=max{i,j,1}

h2(k − i, k − j).

and we can use Theorem 2.1 to study the concentration behavior of µ̂.

Next we shall establish a sharp moment inequality. For any square matrix A, define

the operators

D(A) = A2 − diag(A2), and Dk(A) = D ◦ D ◦ · · · ◦ D︸ ︷︷ ︸
k

(A) for k ∈ N.

Conventionally, we set D0(A) = A. Theorem 2.2 below delivers a moment inequality for

quadratic forms of random variables in the presence of fat tails.

Theorem 2.2. Let ε1, ε2, . . . , εn be a sequence of independent random variables, and define

ε = (ε1, . . . , εn)>. Suppose A = (aij)
n
i,j=1 is a diagonal-free symmetric matrix. Assume

Eεi = 0 for all 1 ≤ i ≤ n and µq := max1≤i≤n ‖εi‖q < ∞ for some q ≥ 2. Let K =

blog2(q)c − 1. Then we have

E|ε>Aε|q ≤ Cq

K∑
k=0

k∏
h=1

µ
q/2h−1

2 ·
(
µ
q/2k−1

2 ‖Dk(A)‖q/2
k

2,2 + µ
q/2k

2 µ
q/2k

q/2k
‖Dk(A)‖q/2

k

2,q/2k
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+µ
q/2k−1

q/2k
‖Dk(A)‖q/2

k

q/2k,q/2k

)
, (11)

where Cq is a positive constant depending on q only.

Remark 4. If 2 ≤ q < 4, then K = 0 and the result (11) is reduced to (3) exactly. Our

Theorem 2.2 extends (3) to higher moment orders by allowing q ≥ 2 in general and in the

meantime relaxes the assumption of symmetric random variables. For each doubling of q,

there will be one more layer to add up in the moment bound, each of which is characterized

by the operator Dk and balances between the L2,2, L2,q/2k and Lq/2k,q/2k norms. If εi are

i.i.d., by a careful check of the proof for the case 2 ≤ q < 4, we can conclude (11) is optimal

since the upper bounds in (30) and (31) are both optimal.

Remark 5. We consider the special case where A = (aij)
n
i,j=1 with aij = 1 if i 6= j and

aii = 0 for 1 ≤ i ≤ n. By elementary calculation, we can get that for p, q ≥ 1,

‖Dk(A)‖p,q � n2k+ 1
p
+ 1

q
−1.

The moment inequality (2) suggests E|ε>Aε|q ≤ Cqµ
2q
2qn

q, as the second term dominates

the first in this case. By Theorem 2.2, it can be computed that for 2 ≤ q < 4,

E|ε>Aε|q ≤ Cq(µ
2q
2 n

q + µq2µ
q
qn

q/2+1 + µ2q
q n

2).

and for 4 ≤ q < 8,

E|ε>Aε|q ≤ Cq(µ
2q
2 µ

q + µ
3q/2
2 µ

q/2
q/2n

3q/4+1 + µq2µ
q
q/2n

q/2+2 + µq2µ
q
qn

q/2+1 + µ2q
q n

2).

The bound for other cases of q can be presented similarly. In comparison, our result

provides a sharper combination of various orders of moments and different norms of the

coefficient matrix.

3. Proof

In this section, we provide the proofs of Theorem 2.1 and Theorem 2.2, beginning with

the statement of two useful lemmas.

Lemma 3.1 (cf. Corollary 1.8 in Nagaev (1979)). Let X1, . . . , Xn be independent random

variables with EXi = 0 and ‖Xi‖q < ∞ for some q ≥ 2. Let Sn =
∑n

i=1Xi. Then for

every x > 0,

P(Sn ≥ x) ≤ C1

∑n
i=1 E|Xi|q

xq
+ exp

(
− C2x

2∑n
i=1 EX2

i

)
,
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where C1 = (1 + 2/q)q and C2 = 2(q + 2)−2e−q.

Lemma 3.2. Let X1, . . . , Xn be independent random variables with EXi = 0 and ‖Xi‖q <
∞ for some q ≥ 2. Let Sn =

∑n
i=1Xi. Then there exists a constant Kq depending on q

only such that

‖Sn‖q ≤ Kq

[(∑n

i=1
E|Xi|q

)1/q
+
(∑n

i=1
EX2

i

)1/2]
.

Proof of Lemma 3.2. For q = 2, it trivially holds by noticing ‖Sn‖2 = (
∑n

i=1 EX2
i )1/2. For

q > 2, it is an adapted version of Theorem 3 in Rosenthal (1970).

Next we will prove Theorem 2.1 and Theorem 2.2.

Proof of Theorem 2.1. By Theorem 1 in de la Peña and Montgomery-Smith (1995), we

have the decoupling result: for any y > 0,

P
(
|ε>Aε| ≥ y

)
≤ CP

(
|ε>Aε∗| ≥ y/C

)
, (12)

where ε∗ = (ε∗1, . . . , ε
∗
n)> is an independent copy of ε and C is a positive constant indepen-

dent of n. Now we condition on (εi)
n
i=1. Then ε>Aε∗ is a linear combination of independent

random variables ε∗i with fixed coefficients wi =
∑

j aijεj, 1 ≤ i ≤ n, i.e., ε>Aε∗ =
∑

iwiε
∗
i .

Let V =
∑

iw
2
i . By Lemma 3.1, we have

P
(
|ε>Aε∗| ≥ y

∣∣(εi)ni=1

)
≤
c1µ

q
q

∑
i |wi|q

yq
+ 2 exp

(
− y2

c2µ2
2V

)
,

where c1 and c2 are two positive constants depending on q only. By taking the expectation

with respect to (εi)
n
i=1, it follows that

P
(
|ε>Aε∗| ≥ y

)
≤
c1µ

q
q

∑
i E|wi|q

yq
+ 2E exp

(
− y2

c2µ2
2V

)
=: I + II. (13)

To bound the term I, by Lemma 3.2, we can obtain

E|wi|q = E
∣∣∣∑

j
aijεj

∣∣∣q . µq2

(∑
j

a2ij

)q/2
+ µqq

∑
j

|aij|q,

where the constant in . depends on q only. It then implies

I .
µq2µ

q
q‖A‖

q
2,q + µ2q

q ‖A‖qq,q
yq

. (14)
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Now we deal with the term II. Let B = (bij)
n
i,j=1 = A2 and D(A) = A2 − diag(A2). Define

V1 =
∑
i

bii(ε
2
i − Eε2i ) and V2 = ε>D(A)ε.

Then we can write V =
∑

i biiEε2i + V1 + V2. Noticing that
∑

i bii = ‖A‖22,2, we have

II . exp
(
− y2

Cqµ4
2‖A‖22,2

)
+ E exp

(
− y2

Cqµ2
2|V1|

)
+ E exp

(
− y2

Cqµ2
2|V2|

)
(15)

with Cq = 3c2. It remains to deal with E exp(−y2/(Cqµ2
2|Vi|)) for i = 1, 2.

Case 1: q > 4. By Lemma 3.1, for x > 0,

P(|V1| ≥ x) ≤
c1µ

q
q‖A‖

q
2,q

xq/2
+ 2 exp

(
− x2

c2µ4
4

∑
i b

2
ii

)
=: F (x), (16)

Elementary manipulation indicates

E exp
(
− y2

Cqµ2
2|V1|

)
= −

∫ ∞
0

exp
(
− y2

Cqµ2
2x

)
dP(|V1| ≥ x)

≤ −
∫ ∞
0

exp
(
− y2

Cqµ2
2x

)
F ′(x)dx. (17)

where

−F ′(x) =
c3µ

q
q‖A‖

q
2,q

xq/2+1
+

x

c4µ4
4

∑
i b

2
ii

exp
(
− x2

c2µ4
4

∑
i b

2
ii

)
=: f1(x) + f2(x) (18)

with c3 = c1 ·q/2 and c4 = c2/4. By a change of variables t = y2/(Cqµ
2
2x) and the definition

of Gamma function, we have∫ ∞
0

exp

(
− y2

Cqµ2
2x

)
f1(x)dx = c3µ

q
q‖A‖

q
2,q

(
Cqµ

2
2

y2

)q/2 ∫ ∞
0

e−ttq/2−1dx

=
c3C

q/2
q µq2µ

q
q‖A‖

q
2,q

yq
· Γ(q/2) =

C ′qµ
q
2µ

q
q‖A‖

q
2,q

yq
. (19)

Regarding f2(x), we can consider∫ ∞
0

exp

(
− y2

Cqµ2
2x

)
f2(x)dx

≤ 1

c4µ4
4

∑
i b

2
ii

sup
x>0

{
xq+2 exp

(
− x2

c2µ4
4

∑
i b

2
ii

)}∫ ∞
0

x−q−1 exp

(
− y2

Cqµ2
2x

)
dx.

9



Note that the function xq+2 exp(−x2/c2µ4
4

∑
i b

2
ii) takes the maximum at x =

√
c2(q + 2)µ4

4

∑
i b

2
ii/2.

Similarly as (19), it follows that∫ ∞
0

x−q−1 exp

(
− y2

Cqµ2
2x

)
dx =

Cq
qµ

2q
2

y2q
· Γ(q).

Hence, we have∫ ∞
0

exp

(
− y2

Cqµ2
2x

)
f2(x)dx .

µ2q
2 (µ4

4

∑
i b

2
ii)
q/2

y2q
.
µq2µ

q
q‖A‖

q
2,q

yq
, (20)

where the last step follows in view of y & µ2µq‖A‖2,2, µq ≥ µ4 and

∑
i

b2ii =
∑
i

(∑
j

a2ij

)2
≤ ‖A‖22,q

[∑
i

(∑
j

a2ij

) q
q−2
] q−2

q ≤ ‖A‖22,q‖A‖22,2.

Combining (17), (18), (19) and (20), we have for y & µ2µq‖A‖2,2,

E exp
(
− y2

Cqµ2
2|V1|

)
.
µq2µ

q
q‖A‖

q
2,q

yq
. (21)

Moreover, we can obtain

E exp
(
− y2

Cqµ2
2|V2|

)
= E exp

(
− y2

Cqµ2
2|V2|

)
(1{|V2| ≤ y‖A‖2,2}+ 1{|V2| > y‖A‖2,2})

≤ exp

(
− y

Cqµ2
2‖A‖2,2

)
−
∫ ∞
y‖A‖2,2

exp

(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x),

which together with (12), (13), (14), (15) and (21) implies

P
(
|ε>Aε| ≥ y

)
.

µq2µ
q
q‖A‖

q
2,q + µ2q

q ‖A‖qq,q
yq

+ exp
(
− y

Cqµ2
2‖A‖2,2

)
−
∫ ∞
y‖A‖2,2

exp
(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x). (22)

By the preceding arguments and noticing ‖D(A)‖2,2 ≤ ‖A‖22,2, we can also obtain for

x & µ2µq‖A‖22,2,

P (|V2| ≥ x) .
µq2µ

q
q‖D(A)‖q2,q + µ2q

q ‖D(A)‖qq,q
xq

+ exp

(
− x

Cqµ2
2‖A‖22,2

)
−
∫ ∞
x‖A‖22,2

exp

(
− x2

Cqµ2
2z

)
dP(|V3| ≥ z), (23)
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where V3 = ε>D2(A)ε with D2(A) = D ◦D(A). We next bound ‖D(A)‖q2,q, ‖D(A)‖qq,q and

P(|V3| ≥ z) respectively. Firstly, by Holder’s inequality, we have

‖D(A)‖q2,q =
∑
i

[∑
j:j 6=i

(∑
k

aikakj

)2]q/2
≤ ‖A‖q2,q‖A‖

q
2,2,

‖D(A)‖qq,q =
∑
i 6=j

∣∣∣∑
k

aikakj

∣∣∣q ≤∑
i 6=j

(∑
k

a2ik

)q/2(∑
k

a2kj

)q/2
≤ ‖A‖2q2,q.

As for P(|V3| ≥ z), by Theorem 1 in de la Peña and Montgomery-Smith (1995) again and

Markov’s inequality, we have

P(|V3| ≥ z) ≤ CP
(
|ε>D2(A)ε∗| ≥ z/C

)
≤ Cz−qE|ε>D2(A)ε∗|q. (24)

Denote D2(A) = (dij)
n
i,j=1. Then we can write ε>D2(A)ε∗ =

∑
i εi
∑

j dijε
∗
j . Observe that

εi
∑

j dijε
∗
j are uncorrelated for different i. By the Burkholder inequality for martingales

(cf. Theorem 3.2 in Burkholder (1973)) and the fact that ‖D(M)‖2,2 ≤ ‖M‖22,2 for any

square matrix M , we have

‖ε>D2(A)ε∗‖2q ≤ Cq
∑
i

∥∥εi∑
j
dijε

∗
j

∥∥2
q
≤ Cqµ

2
q

∑
i

∥∥∑
j
dijε

∗
j

∥∥2
q

≤ Cqµ
4
q

∑
i,j
d2ij = Cqµ

4
q‖D2(A)‖22,2 ≤ Cqµ

4
q‖A‖82,2. (25)

By (24) and (25), (23) then becomes

P (|V2| ≥ x) .
µq2µ

q
q‖A‖

q
2,q‖A‖

q
2,2 + µ2q

q ‖A‖
2q
2,q

xq
+ exp

(
− x

Cqµ2
2‖A‖22,2

)
−
∫ ∞
x‖A‖22,2

exp

(
− x2

Cqµ2
2z

)
µ2q
q ‖A‖

4q
2,2

zq+1
dz. (26)

By similar arguments as (17) and (18), let

Ri =

∫ ∞
y‖A‖2,2

exp

(
− y2

Cqµ2
2x

)
gi(x)dx for i = 1, 2, 3,

where

g1(x) = x−q−1(µq2µ
q
q‖A‖

q
2,q‖A‖

q
2,2 + µ2q

q ‖A‖
2q
2,q),

g2(x) = (µ2
2‖A‖22,2)−1 exp

(
− x

Cqµ2
2‖A‖22,2

)
,
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g3(x) = x−q−1µ2q
q ‖A‖

2q
2,2 exp

(
− x

Cqµ2
2‖A‖22,2

)
. (27)

Then we can write

−
∫ ∞
y‖A‖2,2

exp

(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x) . R1 +R2 +R3.

Similarly as (19) and (20), it can be obtained that for y ≥ µ2µq‖A‖2,2,

R1 .
µ3q
2 µ

q
q‖A‖

q
2,q‖A‖

q
2,2 + µ2q

2 µ
2q
q ‖A‖

2q
2,q

y2q
.
µq2µ

q
q‖A‖

q
2,q

yq
,

R2 . exp
(
− y

Cqµ2
2‖A‖2,2

)(µ2
2‖A‖2,2
y

)q−1
≤ exp

(
− y

Cqµ2
2‖A‖2,2

)
,

R3 . exp
(
− y

Cqµ2
2‖A‖2,2

)(µ2µq‖A‖2,2
y

)2q
≤ exp

(
− y

Cqµ2
2‖A‖2,2

)
.

As a consequence, it implies

−
∫ ∞
y‖A‖2,2

exp
(
− y2

Cqµ2
2x

)
dP(|V2| ≥ x) .

µq2µ
q
q‖A‖

q
2,q

yq
+ exp

(
− y

Cqµ2
2‖A‖2,2

)
. (28)

Therefore, (4) follows in view of (22) and (28).

Case 2: 2 ≤ q ≤ 4. It is much easier for this case. By Corollary 1.6 in Nagaev (1979)

and Markov’s inequality, with
∑

i |bii|q/2 = ‖A‖q2,q, we have for x > 0,

P(|V1| ≥ x) .
∑
i

P(|bii(ε2i − Eε2i )| ≥ x/2) +
µqq
∑

i |bii|q/2

xq/2
.
µqq‖A‖

q
2,q

xq/2
, (29)

Replacing (16) by (29), due to (19), we can still have

E exp
(
− y2

Cqµ2
2|V1|

)
≤
Cqµ

q
2µ

q
q‖A‖

q
2,q

yq
.

Other steps are the same as the case q > 4.

Proof of Theorem 2.2. Case 1: 2 ≤ q < 4. By Corollary 3 in de la Peña (1992), we have

E|ε>Aε|q ≤ CqE
∣∣∣∑
i 6=j

a2ijε
2
i ε

2
j

∣∣∣q/2. (30)

By Theorem 3.6 in de la Peña et al. (2003), it follows that

E
∣∣∣∑
i 6=j

a2ijε
2
i ε

2
j

∣∣∣q/2 ≤ Cq
(
µ2q
2 ‖A‖

q
2,2 + µq2µ

q
q‖A‖

q
2,q + µ2q

q ‖A‖qq,q
)
. (31)
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Hence we have

E|ε>Aε|q ≤ Cq
(
µ2q
2 ‖A‖

q
2,2 + µq2µ

q
q‖A‖

q
2,q + µ2q

q ‖A‖qq,q
)
, (32)

which agrees with (11) for K = 0.

Case 2: q ≥ 4. By Theorem 1 in de la Peña (1992), we have the decoupling result:

E|ε>Aε|q ≤ CqE|ε>Aε∗|q, (33)

where ε∗ = (ε∗1, . . . , ε
∗
n)> is an independent copy of ε. Now we condition on (εi)

n
i=1. Then

ε>Aε∗ is a linear combination of independent random variables ε∗i with fixed coefficients

wi =
∑

j aijεj, 1 ≤ i ≤ n, i.e., ε>Aε∗ =
∑

iwiε
∗
i . By Lemma 3.2, we have

E
(
|ε>Aε∗|q

∣∣(εi)ni=1

)
≤ Cq

[
µqq
∑
i

|wi|q + µq2(
∑
i

w2
i )
q/2
]
.

By taking the expectation with respect to (εi)
n
i=1, it follows that

E
(
|ε>Aε∗|q

)
≤ Cq

[
µqq
∑
i

E|wi|q + µq2E(
∑
i

w2
i )
q/2
]
. (34)

Using Lemma 3.2 again, we have∑
i

E|wi|q ≤ Cq
(
µqq‖A‖qq,q + µq2‖A‖

q
2,q

)
. (35)

Hence, it suffices to deal with the term E(
∑

iw
2
i )
q/2. Let B = (bij)

n
i,j=1 = A2 and D(A) =

A2 − diag(A2). Then we can write
∑n

i=1w
2
i =

∑
i biiε

2
i + ε>D(A)ε. By Lemma 1 in

Rosenthal (1970),

E|
∑
i

biiε
2
i |q/2 ≤ Cqµ

q
q

∑
i

b
q/2
ii + Cqµ

q
2(
∑
i

bii)
q/2

= Cqµ
q
q‖A‖

q
2,q + Cqµ

q
2‖A‖

q
2,2. (36)

Combining (33), (34), (35) and (36), we have

E|ε>Aε|q ≤ Cq
(
µq2E|ε>D(A)ε|q/2 + µ2q

2 ‖A‖
q
2,2 + µq2µ

q
q‖A‖

q
2,q + µ2q

q ‖A‖qq,q
)
, (37)

which provides a recursive relationship for the moment. If 2 ≤ q/2 < 4, by (32), we have

E|ε>D(A)ε|q/2 ≤ Cq

(
µq2‖D(A)‖q/22,2 + µ

q/2
2 µ

q/2
q/2‖D(A)‖q/22,q/2 + µqq/2‖D(A)‖q/2q/2,q/2

)
.

If q ≥ 8, we can apply the recursion (37) for K = blog2(q)c−1 times such that 2 ≤ q/2K <

4. Then (11) follows by adding up all the intermediate terms during the recursion and

applying (32) for E|ε>DK(A)ε|q/2K .

13



References

Adamczak, R., 2015. A note on the hanson-wright inequality for random vectors with

dependencies. Electronic Communications in Probability 20, 1–13.

Bai, Z., Silverstein, J., 2010. Spectral analysis of large dimensional random matrices.

Vol. 20. Springer.

Barthe, F., Milman, E., 2013. Transference principles for log-sobolev and spectral-gap with

applications to conservative spin systems. Communications in Mathematical Physics

323 (2), 575–625.

Bendat, J., 1990. Nonlinear System Analysis and Identification from Random Data. Wiley-

Interscience.

Burkholder, D., 1973. Distribution function inequalities for martingales. The Annals of

Probability, 19–42.

Casti, J., 1985. Nonlinear System Theory. Academic Press.

Chen, X., 2014. A note on moment inequality for quadratic forms. Statistics & Probability

Letters 92, 83–88.

de la Peña, V., Montgomery-Smith, S., 1995. Decoupling inequalities for the tail probabil-

ities of multivariate U-statistics. The Annals of Probability, 806–816.

de la Peña, V. H., 1992. Decoupling and khintchine’s inequalities for U-statistics. The

Annals of Probability, 1877–1892.

de la Peña, V. H., Ibragimov, R., Sharakhmetov, S., 2003. On extremal distributions

and sharp Lp-bounds for sums of multilinear forms. The Annals of Probability 31 (2),

630–675.

Hanson, D., Wright, F., 1971. A bound on tail probabilities for quadratic forms in inde-

pendent random variables. The Annals of Mathematical Statistics 42 (3), 1079–1083.

Hsu, D., Kakade, S., Zhang, T., 2012. A tail inequality for quadratic forms of subgaussian

random vectors. Electronic Communications in Probability 17 (52), 1–6.

14



Nagaev, S., 1979. Large deviations of sums of independent random variables. The Annals

of Probability, 745–789.

Priestley, M., 1988. Non-linear and Non-stationary Time Series Analysis. Academic Press.

Rosenthal, H., 1970. On the subspaces of Lp (p > 2) spanned by sequences of independent

random variables. Israel Journal of Mathematics 8 (3), 273–303.

Rudelson, M., Vershynin, R., 2013. Hanson-wright inequality and sub-gaussian concentra-

tion. Electronic Communications in Probability 18 (82), 1–9.

Schetzen, M., 1989. The Volterra and Wiener Theories of Nonlinear Systems. Krieger

Publishing Company.

Spokoiny, V., Zhilova, M., 2013. Sharp deviation bounds for quadratic forms. Mathematical

Methods of Statistics 22 (2), 100–113.

Vu, V., Wang, K., 2015. Random weighted projections, random quadratic forms and ran-

dom eigenvectors. Random Structures & Algorithms 47 (4), 792–821.

Wright, F., 1973. A bound on tail probabilities for quadratic forms in independent random

variables whose distributions are not necessarily symmetric. The Annals of Probability

1 (6), 1068–1070.

15


	Introduction
	Main Result
	Proof

