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Abstract

Motivated by research on hyperfinite equivalence relations we define a coloring property
for countable groups. We prove that every countable group has the coloring property. This
implies a compactness theorem for closed complete sections of the free part of the shift
action of G on 2¢. Our theorems generalize known results about Z.

——————————

1. Introduction

The coloring property we will establish for all countable groups in this paper was motiv-
ated by the study of hyperfinite equivalence relations. One of the most well-known results
in this area is the hyperfiniteness of the orbit equivalence relation of the shift action of the
group Z on 2% (c.f. [2]). In the proof of this result a marker lemma of Slaman and Steel ([5])
played an important role.

LEMMA 1.1 (Slaman-Steel). Let F(Z) be the free part of 2” under the shift action of Z.
Then there is an infinite decreasing sequence of Borel complete sections of F(Z.)

2852282
such that (), S, = @.

This Slaman—Steel marker lemma is true when Z is replaced by an arbitrary countable
group G. In [3] the first two authors studied, among other things, the existence of decreasing
sequences of complete sections that are relatively closed in the free part of 2Z. If such se-
quences existed then the hyperfiniteness of 2% could be strengthened easily (to a continuous
embedding of E,). However, in [3] it was noted that, while it is possible to have decreas-
ing sequences of clopen complete sections such that their intersection contains at most one
point of each orbit, requiring the intersection to be empty is impossible. (An earlier, weaker
version of the following theorem was joint work with Ben Miller.)

THEOREM 1-2 (Gao—-Jackson). There is no infinite sequence of closed complete sections
of F(Z)

282282

such that (), S, = @.

T Supported by the U.S. NSF grant DMS-0503019.
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In this paper the above theorem is generalized to an arbitrary countable group G.

THEOREM 1-3. Let F(G) be the free part of the shift action on 2¢ by G. Then there is no
infinite sequence of closed complete sections of F(G)

282282
such that (), S, = @.

This can be interpreted as a compactness theorem for closed complete sections of F(G).
The proof of the theorem, however, turns out to rely on a combinatorial analysis of the group
G, and ultimately boils down to the following coloring property.

Definition 1-4. Let G be a countable group. A 2-coloring on G is a function ¢ : G —
{0, 1} such that for any s € G with s & 15 there is a finite set 7 C G such that

Vge Gt eT c(gt) + c(gst).
We say that G has the coloring property if there is a 2-coloring on G.
Our main theorem of the paper is the following.
THEOREM 1-5. Every countable group has the coloring property.

In fact we demonstrate a stronger theorem which asserts the existence of continuum many
distinct 2-colorings on any countably infinite group G. The proof of our main theorem is
entirely algebraic.

After an earlier version of this paper was completed we learned that Glasner and Uspenskij
[4] have asked the general question whether every countable group has the coloring property
and obtained partial results on this problem.

It is worth noting that although our results imply that the Slaman—Steel lemma cannot be
improved to closed complete sections, it is true that the shift equivalence relation on 2% is
continuously embeddable into Ey ([1]). Moreover, the same is true even when Z is replaced
by Z" for any n > 1 or by Z=¢, the direct sum of infinitely many copies of Z ([3]). The
proof of these results are much more sophisticated, and the necessity of the sophistication is
suggested by our results here.

The rest of the paper is organized as follows. In Section 2 we give the connection between
the coloring property and the compactness theorem for closed complete sections. We also
introduce a concept of orthogonality and characterize it topologically. In Section 3 we
prove our main theorems that every countably infinite group has the coloring property, and
moreover on any countably infinite group there is a perfect set of pairwise orthogonal 2-
colorings.

2. Definitions and connections
We reformulate the coloring property in a slightly broader context.
Definition 2-1. Let G be a countable group and k > 2 an integer. A k-coloring on G is a

function ¢ : G — k such that for any s € G with s & 1 there is a finite set 7 € G such
that

Vge Gt eT c(gt) + c(gst).

We also consider the following concept of orthogonality.
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Definition 2-2. Let G be a countable group, k£ > 2 an integer and ¢y, ¢, k-colorings on G.
We say that ¢ and ¢, are orthogonal, denoted cyLcy, if there is a finite set T C G such that

Vg0, g1 € G 3t €T co(got) + c1(g1t).

If two k-colorings are orthogonal we regard them to be different in an effective way. We
will see below that the orthogonality corresponds to a nice topological characterization. We
note that this concept was used in essential ways in some of our earlier partial results. In the
current proof the concept is not explicitly used but a local version of it is still instrumental
in the proof of our main theorem.

We next give some topological characterizations for these concepts.

Fix a countable group G and an integer k > 2. Let G be enumerated without repetition as
l¢ = g0, &1, &2, - . . . Define a metric on k¢ = {0, ..., k — 1}9 by

27" if x # y and n € w is the least such that x(g,) + y(g.),

dk(x’y): {O lf.X':y

Then d; is an ultrametric on k¢ compatible with the compact product topology on k“, where
k ={0, ...,k — 1} is endowed with the discrete topology.
The shift action of G on k¢ is given by

(g-x)(h) = x(g"'h).

This action is continuous. Let Fy be the free part of this action, i.e., x € F; iff Vg € G —
{15} g - x + x. Then F; is an invariant dense G; subset of k©.

For each x € kY let [x] denote the orbit of x, i.e., the set of elements g - x for g € G.
Then we have the following characterization.

LEMMA 2-1. Forany x € k®, x is a k-coloring on G iff [x] C F;.

Proof. (=) Assume that x is a k-coloring on G. Suppose z € [x], that is, there are &,, € G
with 4, - x — z asm — oo. We show that z € Fj. Assume not and suppose s - z = z for
s # 1. Then by the continuity of the action we have that s~'h,,-x — s7!.z =z.LetT C G
be a finite set such that for any g € G there is t € T with x(gt) + x(gst). Let n be large
enough so that T C {go, ..., g,} and let m > n be such that d(h,, - x,z), d(s'h,, - x,z) <
27". Now fix t € T with (h,, - x)(t) = x(h,'t) *+ x(h,'st) = (s~'h, - x)(¢). Then
z2(t) = (hy - x)(t) #+ (s7'h,, - x)(t) = z(t), a contradiction.

(<) Assume [x] C Fy. Denote C = [x]. Fix any s € G withs % 1. Then forany y € C,
s~!'.y % y, and hence there is t € G with (s~! - y)(¢) # y(t). Define a functiont : C — G
by letting 7(y) = g, where n is the least so that (s~'-y)(g,) # y(g,). Then 7 is a continuous
function. Since C is compact we get that t(C) C G is finite. Let T = 7(C). Then for any
g € G, thereisat € T such that x(gt) = (g7' - x)(t) + (s 'g~' - x)(#) = x(gst). This
proves that x is a k-coloring.

Thus we have the following proposition (also due independently to Pestov and can be
found in [4]).

PROPOSITION 2-2. Let G be a countable group. Then the following are equivalent:

(1) G has the coloring property;
(i) [x] € F, for some x € 26;
(iii)) F, contains a compact invariant subset.
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The compactness theorem for complete sections is now a corollary of the coloring prop-
erty. Recall that a complete section of F is a subset A C F, so that A N [x] #+ & for every
x € F,.

THEOREM 2-5. Let G be a countably infinite group with the coloring property. Suppose
S628282---28, D--- isadecreasing sequence of closed complete sections in F,.
Then (), S, + @.

Proof. Let x € 2% be a 2-coloring on G. Then [x] € F,. Now each S, is a complete
section and therefore S, N [x] # @. Thus the sequence S, /N [x]is a decreasing sequence
of nonempty closed subsets of a compact space [x] and therefore N, (S, N [x]) + @.In
particular, (), S, #+ @.

We also give the promised topological characterization for orthogonality.

LEMMA 2-6. Let G be a countable group, k > 2 an integer and cy, c| k-colorings on G.
Then cyLc iff [co]l N [c1] = @.

Proof. (=) Let n be large enough such that T C {go, ..., g,}. Then for any xy € [co]
and x; € [c1], there is t € T such that xo(¢) + x1(¢), and thus d(xo, x;) = 27". It follows
that d(yo, y1) = 27" for any y, € [co] and Yy € [c11, and therefore [co] N [c1] = 2.

(<) Conversely, suppose [co][c;] = @. Since they are both compact it follows that there
is some 8 > 0 such that for any y, € [co] and y; € [c;],d (o, y1) > 8. Let n be large enough
such that § > 27". Then in particular for any x € [co] and x| € [c{], d(xg, x;) = 27". This
implies that there is t € {go, ..., g,} such that xo(z) & x{(¢).

We briefly turn our attention to finite groups. It is easy to see that every finite group has
the coloring property. In fact if G is finite we may let c(15) = 0 and c(g) = 1 for all
g * 1g; then c is a 2-coloring on G. It is not clear, however, how many pairwise orthogonal
2-colorings a general finite group G can have. The group Z, has only two 2-colorings, but
they are in the same orbit, and therefore not orthogonal.

3. The proof of the main theorem

In this section we prove our main result that every countably infinite group has the col-
oring property. The proof is technical but elementary. Before we give the presentation of
the coloring we will prove some preparatory propositions and lemmas about the combinat-
orial structure of the group. The first major step is Proposition 3-2 below. We will use the
following concept in its proof.

Definition 3-1. Let G be a group and let A, B, A C G. We say that the A-translates of
A are maximally disjoint within B if the following properties hold:
(i) forally, ¥ € A,ify = ¢ then yA( VA = &;
(ii) forevery g € G, if gA C B then there exists y € A with gA[ |y A + &.
When property (i) holds we say that the A-translates of A are disjoint. Furthermore, we say
that the A-translates of A are contained and maximally disjoint within B if the A-translates
of A are maximally disjoint within B and AA C B.

Notice that in the definition above we were referring to the left translates of A by A but
never explicitly used the term left translates. Throughout this section when we use the word
translate(s) it will be understood that we are always referring to left translate(s).
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PROPOSITION 3-2. Let G be a countably infinite group. Given a sequence (H,),cn of
finite subsets of G such that 16 € Hy, \ U,y Hi = G, and such that for alln > 1

H,_((Hy 'Ho)(H'H,) -+ (H,\H,-,) C H,

there exists an increasing sequence (F,),cn of finite subsets of G and a sequence (A,),en Of
subsets of G such that:
(i) Fo = Ho;
(i) F, € H, foralln > 1;
(i) 1g € A, foralln e N;
(iv) for all n € N the A, -translates of F, are maximally disjoint within G;
(v) foralln > 1the A,_, () F,-translates of F,_, are contained and maximally disjoint
within H,;
Vi) y(Ac(F) = Ac(\yF.foralln > kandy € Ay;
(vil) (Ax(F)F C F, foralln > k.

Proof. Set Fy = Hj so (i) is satisfied. We will construct (F,),cn. Let (Sé be such that
g € &, and such that the §)-translates of F, are contained and maximally disjoint within
H,. Then define F; = Uyeé(l] y Fy and note F; C H;.

We will continue the construction inductively. Assume Fj through F),_; have been defined
withn > 1 and with F,, C H,, form < n. Let §,_, be such that 15 € §;_, and such that the
8, _,-translates of F,_; are contained and maximally disjoint within H,. Once §),_, through
3, _i+1 have been defined with 1 < k < n, choose §,_, such that the §,_,-translates of F,_;
are contained and maximally disjoint within

,B(n,n—k)— U U J/anm=,3(n7”_k)_ U (SlrifmF”*m

I<m<k yes, 1<m<k

n—m

where forr, s € Nwithr < s
B(s,r)={g € G {g}(F \Fs)(F LF) - (F,_\F_y) C H}.

We placed the requirement that H,_, (H(;lHo) (Hlel) ‘e (Hnil1 H,_1) C H, in order to
ensure that H, | C B(n,n — k) for all k < n so that §(n, n — k) & © and more importantly
(later on) | J,_, B(n, k) = G for fixed k € N. Intuitively we want to control how translates
of F,_; are placed in order for this collection of translates to eventually become maximally
disjoint within G (in fact eventually become A,_;). Requiring the §),_, -translates of F,_; to
be contained in 8(n, n — k) currently seems like an obscurity but will later be shown to give
us what we desire.

Finally, define

0<m<n y€ed, o<m<n

and note F,, C H, since S(n, k) C H, forall0 < k <n — 1.

The construction of (F,),cn is now complete and satisfies (i) and (ii). The collection
(83 )k<n Was useful in constructing (F;,),en but is inadequate for our further needs. For k < n
we wish to recognize exactly how translates of F; were both explicitly and implicitly used
in constructing F, and all of the parts of F,. For example, fork <m < n §'F, € F, and
o F, € F, 506,08 Fy C F,. Thus informally we would say the & 8;"-translates of F; were

implicitly used in constructing F,,. However if for g € F,, we only have gF; € F, we would
not necessarily want to say the g-translate of F; was used in constructing F,. Hopefully we
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Fig. 1. The composition of F,.

have made the point that we only wish to consider translates which, in some sense, were
either explicitly or implicitly used. Informally, we wish to define D} to be the set of all y’s
in F,, (recall 15 € F}) such that the y-translate of F; was used in constructing F),. Fork € N
define Df = {15}, D' = 8;*', and in general for n > k

oy =0 (Jono U Usiand UJsi = U sor
k<m<n
Note that D} F;, € F, for all k,n € N with & < n. This follows from the fact that
D’k‘Fk = F; and assuming D' F;, € F,, forall k < m < n we have

DiF.= ) suDyF < ) 85F. S Fo
k<m<n k<m<n

Additionally we have that for all s,n,k € Nwiths > n > k D;D; C Dj. Clearly when
s =n D;D} = D), D} = Dj and if we assume D; D € D foralln < r < s then

b= | J oo < | J &0 < | J 8:D; = Dj.
n<r<s n<r<s k<r<s

We wish to show that for all k,n € N with k < n the D}-translates of F; are disjoint.
This is clear when n = k and n = k + 1 since Df = {15} and D{"" = &*'. Fix k and
n > k + 1 and assume the D}'-translates of Fj are disjoint for all k < m < n. Recall
D} = Uicnan S Di- Ik < r;s < nand r + s then 8! Dy Fy (8] D{F, = @ since
8" D Fy C 8" F,, similarly 8" D F;, C 8" F,, and 8" F, ()8! F;, = @ by construction. Also for
k<m<nandy, ¢ €8 withy + ¢, yD]'F. (¢ D}' F, = @ since again D}' F;, C F,
and the 4, -translates of F,, are disjoint. Finally by the induction hypothesis, fork <m < n
the D'-translates of Fy are disjoint. It then clearly follows that the Dj-translates of Fy are
disjoint as well and our claim follows by induction.

The Dj’s we have constructed are a discrete version of the Aj’s which we will soon
construct to fulfill (iii) through (vii). However there is one more thing we must establish
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first. We claim that for all n,k € N with k < n the Dj-translates of Fj are maximally
disjoint within B(n, k). This is clearly true whenever n = k 4+ 1 (we take B(n,n — 1) =
H,). Fix k € N and towards a contradiction suppose n > k + 1 is minimal such that the
Dj-translates of Fj are not maximally disjoint within B(n, k). Fix g € B(n, k) such that
gFc € B(n,k) and gF; (D} F, = @. Our argument will rely on inductively creating a
finite sequence of natural numbers. We first detail how the starting number v, is determined.
Recall that in the construction of F, §;_, through & , are defined first and then §; is
chosen maximally disjoint within 8(n, k) —J, _,, -, 81 F». We cannot have gF;, € B(n, k) —
Ui onen 00 F,, since the §]-translates of Fj are maximally disjoint within this region and
gF 8! F, = gFi(\8!D{F, C gF,(\D!Fy = 3. As gF, € B(n, k) we must have
gFc (N (Uicmen O Fn) ¥ @. Therefore there exists vo € N with k < vg < n and o € 8,
such that gFi (aoF,, + @. Note that agD,* C 82 D" € Dy so ay'gF (D' F, =
Ol(;l(ng m(XoDzoFk) = J.

Now assume v, through v;_; have been defined and «; € 83‘;" has been fixed for each
0 < j <i — 1 such that:

@n>v9>vy >--->0v_1>k;

(b) gFi(Naoats - @i Fy, + &5 and

©) (o) 'gF D" F = 2.

We will find a new number v; and from here the sequence may either terminate or continue
further. Since F,, , = om<vi_y S~ Fy, by (b) there exists 0 < v; < v;j and o; € )~
such that gF, (Naoa; -+ o; F,, + @. If v; = k then we would have o; F,, C §'F, =
8, ' D{Fy € D;""' F, which would be in contradiction with (c) of the induction hypothesis,
so v; # k.If v; > k then o;D;'Fy C 8''D,'F, C Dy 'F; which, together with the
induction hypothesis (c), shows that (c) is again satisfied. Therefore if v; > k then (a) and
(c) are satisfied and we can continue this construction further. But as we are constructing
a strictly decreasing sequence with initial term k& < vy < n the process will eventually
terminate. Note that in the case when v; < k, property (b) is satisfied for i. Also it is
important to note that if £ = 0 then we can never have v; < k and since the sequence we are
constructing is strictly decreasing we eventually have v; = k which contradicts property (c)
of the induction hypothesis as stated earlier. Thus if k = 0 we have already arrived at our
contradiction.

Assume that £ > 0 and that the process above terminates at stage j. Since vy was explicitly
found with k < vy < n, it must be that j > 1. Set w = v; and p = v;_; so that w <
k < p < n.Fora = apa;---oj_; we have oz“ngﬂaij + @ therefore o 'gF;, C
o;F,F'F, and

Ol_lng(Fk_-&-ll Fipp) - (Fp_—llF[?—l) c O[ijFk_le(Fk_-I—ll Fis) - - (Fp_—llFl’—l)‘
Additionally as «; € 87,
@ Fy(FC VR -+ (Fy L o)) S Fy(Fo Fug)) -+ (F, L Fpot) € H,

We therefore see that o' g Fy(F| Fit1) ~--(FI;11FP_]) C H, and hence o~ 'gF, C
B(p, k). Also by property (¢) a~'gF; () Di Fx = 2. But then the D/ -translates of Fj are
not maximally disjoint within 8(p, k) which contradicts the minimality of 7.

In particular for all n > k the Dj-translates of Fj are maximally disjoint within H,_,
since H,_; € B(n, k) by construction. We remark that D} € D;*! since §"*' D} < D!

and 1 € 8"'. As (H,)qen is an increasing sequence with U,en Hi = G, for each k €



586 SU GAO, STEVE JACKSON AND BRANDON SEWARD

N A, = Un>k Dy is such that the A-translates of F; are maximally disjoint within G.
Properties (iii) and (iv) are immediately satisfied.

We will now prove that forn > k and y € A, Ay()\yF, = yD}. Properties (vi) and
(vii) will clearly follow and since D;_, = §,_, (v) will follow from how we defined §,_,.

Clearly whenn = k and y € A, we have A, [y Fry = {y} since y € A,y Fi and the
Aj-translates of F are disjoint. Note that {y} = yD,’j . Now fix k,n € N with k < n and
assume that forallk < m <nand ¢ € A,, Ay Y F, = ¥ D}'.Fix y € A,. For some
szn yeD),soforany0 <m <n yd§, € D6, D C DD C D < A,. We then
have

Ay ﬂ)/Fn = Akﬂ U Y S Fm

o<m<n

=(aN | U e | U U (acNrsur)

o<m<k k<m<n

={a)| U voura | |U U vanp

o<m<k k<m<n

={a| U vouru | | UrDL

o<m<k

By our construction ((Uoc,, i 85 Fn) ((Uicipan SmFn) = 2. Thus y D} is disjoint with
A N Uocmk Y8 Fn)- We will show Ay (VU pr ¥ Fn) = 9. Towards a contradic-
tion suppose g € Ay ﬂ(U0<m<k y8h F,). Fix 0 <m < k such that g € Ay () y8% F,,. Since
1g € F; we have gF; C y(SZFka_le and

gF(F\Fern) - (F Fu)) S y 8t By (FT ) (FL Figr) -+ - (B Fasy).

Since 8" F,, C B(n, m) we have

Y8 En(F F) -+ (Fy Fot) © y 8 Fu(Fy By -+ - (B Fyy) Sy Hy.

Thus gFy € yB(n, k). We showed earlier that the Dy -translates of Fj are maximally disjoint
within B(n, k) so we have gF, (| y D} F; + @. Additionally as y € D! y D} C DD} C
D; < A;. But the Aj-translates of Fj are disjoint and g € A; so we must have g €
y D{. But this contradicts Ax ((Uy<,y—t ¥ Fn) being disjoint with y D}'. We conclude
Ag ﬂ(Uogmd{ yd8! F,) = @ and A,y F, = y D}. By induction this establishes (v), (vi),
and (vii).

Let G be a group and let A, B € G be finite with 15 € A. We define p(B; A) to be the
minimal size of a set D € B such that for every g € B with gA C B there exists d € D
with gA () dA #+ @. Such a minimum size exists since D C B which is finite. Note that if
A’ C Athen p(B; A') > p(B; A).

PROPOSITION 3-3. Let G be a countably infinite group and let A, B C G be finite with
1 € A. For any € > 0 there exists a finite C C G such that C 2 B and p(C; A) >

(C1/1ADA = o).
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Proof. Let A € G be countably infinite and such that the A-translates of AA~'A are
disjoint and AAATTA (1B = @. Let Ay, Ay, ... be an enumeration of A. For each n €
N+ define B, = BU U1<k<n MA. Fix n € Nt and let D C B, be such that for every
g € B, with gA € B, gA(DA *+ . It follows that for each 1 < i < n there is
d; € D with d;A (A A + &. Since the A-translates of AA~'A are disjoint and for each
1 <i<n dACxrAAA, the d;’s are all distinct. Additionally AAATTA (1B =@ so
p(B,; A) —n = p(B; A). Therefore we have

1Al _ nlAl+ p(B; A)IA|
=
|B,| n|Al+ |B|
Clearly as n goes to infinity the fraction on the right goes to 1. So for some n € Nt
o(B.; A)(JA|/|B.]) > 1 —€and p(B,; A) > (|B,|/|AD(1 — €). B, 2 B so we are done.

p(By; A)

PROPOSITION 3-4. If G is a countably infinite group and A, B C G are finite with 15 €
A then there exists a finite C C G such that C 2 B and 2°'©*? > 32|C|°.

Proof. Clearly there exists N € N such that foralln > N 274 > 3215, Thus let B’ cG
be finite such that B © B and |B’| > N. By Proposition 3-3 there exists a finite C € G
with C D B’ and p(C; A) > (1/2)(|C|/|A]). Then C 2 B and as n = |C| is at least N,

1[C] n

20CGA S 230 =230 > 320 = 32|CP°.

LEMMA 3-5. If G is a countably infinite group then there exists a finite A C G such that
lg € A |Al > 1,and foralla € Aifa + 1 then aA + A.

Proof. Choose a finite Ay € G with 15 € Agand |Ag| > 1.Fixa € G— ApAoJ AOA(jl.
Let A = Ay U {a}. Immediately we have aA, () Ag = @ since a ¢ AgA,". Thus we must
have aA + A since |Ag| > 1. Now let g € Ay with g & 15. We have two cases to consider.
Case 1: gAp = Ap. Then gA #+ A since otherwise we would have ga = a contradicting
g + 1. Case 2: gAy + Aq. Since a ¢ AgAy we have gA + A as well. We have shown A
satisfies the requirements.

THEOREM 3-6. If G is a countably infinite group then G has the coloring property.

Proof. Fix an increasing sequence of finite sets Ay € A, € --- € A, € --- with
LJneNJr A" =G.

We will first construct a sequence (H,),cn of finite subsets of G. Using Lemma 3-5 we
may let Hy € G be finite such that 15 € Hy, |Hy| > 1, and for all h € Hy — {15}
hHy # Hy. Next let H, C G be finite such that A, | J HyHo(H, ' Hy ' HyHy) € H; and such
that 2°Hi:HoHo) ~ 32| |, |,

The construction is continued inductively. Once H, through H;_; have been defined for
k > 1, let H, € G be finite such that

Ay U H,_(Hy 'Hy "HyHo)(H; "H\)(H, 'H,) - - - (H ', H,_,) C H;

and such that 2°HH-0) 5 301, P,

With the exception of Fy, let (F,,) and (A,) be as in Proposition 3-2 with respect to the
sequence HyHy, H,, H,, H3, ..., H,, ....Let Fy = Hy.

For each n > 1 F, is finite so we may let A}, A3, ..., A, enumerate A, [ F,
where s(n) = |A,_; () F,| — 4. Notice that for n > 2 the A,_; (") F,-translates of F,_; are
contained and maximally disjoint within H, so s(n) +4 > p(H,; F,—1) = p(H,; H,_1)
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as F,_y € H,_;. Also for n = 1 the Ay () F\-translates of FyFy = HyH, are maximally
disjoint within H; so s(1) + 4 > p(H,; HyHy). Throughout this proof we will frequently
invoke properties (vi) and (vii) of Proposition 3-2, usually with respect to A ,-translates of
the A’s and without explicit mention of invoking the properties.

Define ag = by = lg and for each n > 1 let a, = Al 0,01 0 Al 0 and
b, = )‘?(n)+3)‘?(:1171)+3"')‘;(1)+3' Clearly ay € Fp and assuming a,_; € F,_; we have
A = Mjyi2@n1 € Ao Far S F, since AY, ., € A, () F,. By induction, and by

a similar argument, we have a,, b, € F, for all n € N. Additionally for every n € N*
and 1 < i <s(m)+4 Arla,—y € A,_ya,-1 and A XD,y € A,_1b,_; since AL C
AN E) = Aot () ALF, € A, by property (vi) of Proposition 3-2. In particular
Ay{a,, b} € A,_1{a,_1, by_1}. For each n € NT define Q, = Ulgmgn An A+ 4@m—1 and
note that by our earlier remark 2, — ©,_; C A”)\;’(H) 4@n-1 S Ay_1a,_1. These last two
statements tell us that in what we are about to introduce properties (i) and (ii) are consistent.
We wish to construct a sequence of functions (c,),cy satisfying for each n € N*:
(i) dom(c,) = G — (A,{a,, b} U Q,);

(i) cry1 2 €

(iii) there exists V. C F, [ )dom(c,) such that for any function ¢ 2 ¢, and g € G,

geN,<VacV c(ga) =c(a);

(iv) for any y, ¥ € A,,if y™'v € H,H 'H?H_ ' then there exists @ € F, such that

ya, Ya € dom(c,) and ¢,(ya) * c,(Ya).

After constructing the sequence (c,) it will be an easy task to extract a 2-coloring on
G. The general idea of the construction is as follows. Given c¢;_; we first define ¢;_,
to satisfy (iii) using (for the most part) Akkf(k) sila—1, br_1}. We then extend c_; to ¢,
which preserves property (iii), use A¢{Af, A5, ..., A5, Jar—; to achieve (iv), and then leave
Ak{)xf(k)+2(lk_1, )‘f(k)+3bk—1} = Ak{ak, bk} and Ak)uf(k)JA[lk_l U Qk—l = Qk undefined. We
now cover the details.

We first aim to satisfy (iii) and define

. 1 1 1 1 1 1
o (G —A{AL Ay, ., Agcys Asysas Asiy+3e )‘s(l)+4}) — 2
by
1 lfg € A])\,A!(I)JFIFO

C =
o(8) 0 otherwise

for g € dom(cy).

Let c: G — 2 with ¢ D ¢y and let g € G be arbitrary. Suppose c(gFy) = {1}
Since 1 € Fy c(g) = 1 so from how we defined ¢, either g € dom(cy) and there-
fore g € AjA}y), Foor g € G — dom(co). That is, either g € AjAj,,, Fy or for some
1 <i <s(l)+4,i +s(1)+1,g € AjAl. We claim in fact g € AIX;(I)H, so to-
wards a contradiction suppose g ¢ AjA[, . Case 1: g € (A1A}) 1 Fo — Arhj,)- Let
y € Ay and f € Fj be such that g = yk;(lwf. Then f % 15. By construction there
is h € Fy with fh ¢ Fy and therefore yA[, ., fh ¢ yAly ., Fo. Butalso yAly ., fh €
)/)»;(1)+1F0F0 CyFrandforl < j < s(1) +4 with j #+ s(1) + 1 y)»;(l)Hfh =+ yk}
since Al FoFo(\AjFoFy = @. Thus c(yA},, ., fh) # 1, a contradiction. Case 2:
g € A{A], A, -")‘;(1)’)‘;(1)+2’)‘;(1>+3’)‘;(1)+4}- Lety € Ajand 1 < i < s(1) + 4 with
i #+s5(1)+1besuchthat g = yA}. Since |Fy| > 1thereis f € Fy, f # lg, withc(gf) = 1.
Thus gf € Aidjqy . Fo or gf € A{AL Ad. o os Al Ayypar Ay(1yass Ayr)aq)- But since
lc € Fy gFy = yAlFy € yA'F} € yF, and by construction for 1 < j < s(1) + 4
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with j & i A} F7(A}F; = @. Thus it is impossible for c¢(gf) to be 1. We conclude
8 € Atk

We therefore have a test for membership of A, for any function ¢ 2 c¢y. Since 15 € A,
forany g € G,

8 € AL & c(ghlyy, Fo) = {1} &= Vf €dly, Fo clgf) =c(f).

Note that A, Fo S Ay FoFo S Fyand A, Fo S dom(co).
In constructing ¢y, and likewise the sequence (c,), it is of much use to consider graphs.
Let I" be the graph with vertex set A; and with edge relation given by

(v, V) € EMN) <y 'Y e HH;'"HH ' or v 'y € HiH "H}H".

Then for every vertex v € V(I'), deg(v) < 2|HH,'HH;'| < 2|H,]. It is a simple
result in graph theory that I" is (2| H,|> + 1)-colorable. Let u : V(I') — (2|H,]> + 1) be
a (2|H, |’ + 1)-coloring of I'. For each i € N* define B; : N — 2 to be such that B; (k) is
the i™ digit from least to most significant in the binary representation of k when k > 2/~!
and B;(k) = 0 when k < 2'~!. Note that since 2°(V > 2°(Hi:foH=4 - 21 F,|3 all integers 0
through 2| H; |’ can be written in binary using s(1) digits.

Define ¢; : G — (A{a, b1} U 21) — 2 to be such that ¢; 2 ¢y and such that for every
y € Arand 1 <i <s(1) c(yr!) = Bi(u(y)). It follows that properties (i) through (iv) are
satisfied (property (iii) was satisfied by cy).

The construction will be continued inductively. Assume ¢, through c;_; have been defined
with k > 1. We will first construct ¢, _, which will satisfy property (iii). Let ¢, _, have domain

G — (Qk—l U Ab Ak, )»lj(k), )»l;(kHz, )\/;(k)+4}ak—1 U Ak{)w(k)ﬂbk—l})
and have the following properties:
61/571 2 Cr—1;
Y€ (Ao — A{A A5, L, )\f(k)+4}) o (Wag—y) = ¢ (Yby—y) = 0;
Yy € (Ag—y — Ak{)"f(k)+1’ )\];(k)+3}) C1/<71(wbk—1) =0;
Vy € Ax C//<71(V)\]§(k)+1ak71) = C//<71(V)\]§(k)+1bk71) =1; and

Vy € Ag c]/(_l(y)nf(k)ﬁak,l) =0.

Note that Q;_; Akkf(k) 448k—1 = 2 so the domain specified for ¢;_, does not con-
tain €. Also in the properties listed above we specified the values of c;_, on a subset of
Ag_1{ar—1, bp—1} and Ay_i{ar—1, bi—1} () -1 = . This is since

Al{al,bl}ﬂﬂl = Ai{a;, l}mA }\3(1)+4—

and assuming A, {a,_1, by—1} () Q2u—1 = & we have

An{alh bn} m Qn = (An{ana bn} ﬂ Qn—l) U(An{anv bn} ﬂ An)";l(n)+4an—l) =9

as Ap{ay, by} © Ap—ifan-1, bu-1}-

Let ¢ D ¢}_, be any function from G to 2. The function c¢;_; was not defined on A;_,b;_;
and, from how we defined c_,, for any € Ay c(¥bi_) = 1 only if ¢ € Ak)»’;(k)ﬂ
or Y € Aehly 3. However ¢ (AeALqa1) = {1} # {0} = ¢ (Aihlyy 3a6-1) so if
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Fig. 2. The coloring C;c—I: ensuring a membership test for Ag.

we can recognize membership of A;_; then we can recognize membership of A;. But by
the induction hypothesis we can do just that. Let V. € F;_; (") dom(c,_;) be such that for
g€G, g€ Ay < VaecV c(ga) = c(a). We clearly have for g € G, g € A, if and
only if g)“?(k)+l ISAYR] and c(g)»f(k)ﬂak,l) = C(g}\.f(k)+1bk,1) = 1. If we set

V= )‘I;(k)+1 14 U{)“I;(k>+1ak—1’ )‘f(k)+1bk—1}
then since 1 € Ay V' C Fy()dom(c,_,) andforg € G
gEN & VaecV c(ga)=c(a).

We will construct ¢, to extend c;_, so that ¢; will have property (iii).
Let I" be the graph with vertex set A; and edge relation given by

(v, ¥) € E(T) <=y~ 'Y € HH'H}H " ory~'y € HeH ' HEH

Clearly for v € V(I') deg(v) < 2|Hi|°. So we may let u: V(I') — (2|H;|> + 1) be a
(2| Hi|? 4+ 1)-coloring of I". Since by construction 2°®) > 2¢Hi:H-0=4 - 2| 1 |5 all numbers
0 through 2| H; |* can be represented in binary with s (k) digits. Recalling the domain of ¢}_,
we see we only need to extend it by A{AK, )»’5, el )»f(k)}ak_l to have the domain of c; as
desired. So we let ¢, : G — (Ag{ax, b} U Q) — 2 be such that ¢, 2 ¢,_, and for all
y € Avand 1 < i < s(k) ck(ykf?ak,l) = B;(u(y)). Properties (i) through (iv) are then
clearly satisfied.

Let ¢ = |, oy ¢n- Then dom(c) € G — U, o+ S2,. We claim that any function 7 : G — 2
with 7 D ¢ is a 2-coloring on G. Fix such a function 7 and fix s € G with s % 1. Since
U,en H: = G we may let i > 1 be minimal such that s € H; and let T = F,-FI.*IF,». Let
g € G be arbitrary. We will find ¢+ € T such that w(gt) + m(gst). Since the A;-translates
of F; are maximally disjoint within G gF; (| A;F; + & so there exists f € F,-Ff1 such
that gf € A;. We have two cases to consider. Case 1: gsf ¢ A;. Since 71 2 ¢; we may
let V C F;besuchthatforh € G h € A; <= VYa € V w(ha) = n(a). As gsf & A;
there exists a € V C F; with n(gsfa) + w(a). But gf € A; so n(gfa) = n(a) +
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Fig. 3. The coloring ci: coding a Q| H? + 1)-coloring of I'.

m(gsfa). In addition we have fa € T so we are done. Case 2: gsf € A;. Then we have
(gf) Wgsf) = f'sf € F;F,'"H,F;F' € H;H "H?H;". Tt follows there exists a € F;
such that gfa, gsfa € dom(c;) and n(gfa) = ci(gfa) * ci(gsfa) = nw(gsfa). Again
fa € T so we are done.

COROLLARY 3-7. If G is a countably infinite group then there is a perfect set of pairwise
orthogonal 2-colorings on G.

Proof. The proof of the previous theorem was precisely constructed to allow for a simple
proof of this corollary. For this reason it will be understood that we will be using objects
from the previous proof as they were defined there. Let ¢ be as in the concluding paragraph
of the previous proof. Recall that | J, .+ 2, = e+ Ak 4an—1- For each o € 2¢
define ¢,: G — 2 to be such that ¢, D c¢ and such that for every i € N* and y € A;
cg(y)»f;(i)+4a,-,1) = o(i — 1). By the proof of the previous theorem, for every o € 2¢
¢y 1s a 2-coloring on G. Now let 0,7 € 2” with ¢ + 7. We will show ¢, and ¢, are
orthogonal. Suppose o (i) # 7(i) and let T = Fi+1F1+1E+1 Fix hg, h1 € G. We will find
t € T with ¢, (hot) £ c.(hit). Since the A, -translates of F;,; are maximally disjoint
within G there exists f € Fji4 F 41 such that by f € A;; ;. We have two cases to consider.
Case 1: hyf ¢ A;yy. Let V. C F;y () dom(c;41) be such that for any function 7 2 ¢4
andany g € G g € Ay < Va € V 7m(ga) = n(a). Since h, f ¢ A;, there is
a € V such that ¢, (h fa) + c.(a) = ciy1(a). But hof € Ajpq so ¢, (hofa) = c,(a) =
civ1(a) = c.(a) #+ c.(hy fa). This completes this case as fa € T.Case 2: h f € Aj4q.

Then ¢, (ho f A6 1) a@) = 0 () + T() = cr (hy fAGL ) 4a) and fALGL 4a; € T.

REFERENCES

[1] C. BOYKIN and S. JACKSON. Some applications of regular markers. In Logic Colloquium ’03, 38-55.
Lecture Notes in Logic 24, Association for Symbolic Logic (2006).



592 SU GAO, STEVE JACKSON AND BRANDON SEWARD

[2] R. DOUGHERTY, S. JACKSON and A. S. KECHRIS. The structure of hyperfinite Borel equivalence
relations. Trans. Amer. Math. Soc. 341 (1994), no. 1, 193-225.

[3] S. GAO and S. JACKSON. Countable abelian group actions and hyperfinite equivalence relations, pre-
print (2007).

[4] E. GLASNER and V. USPENSK. Effective minimal subflows of the Bernoulli flows. To appear in Proc.
Amer. Math. Soc.

[5] T. SLAMAN and J. STEEL. Definable functions on degrees. In Cabal Seminar 81-85, 37-55. Lecture
Notes in Mathematics 1333 (Springer-Verlag, 1988).



