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Canonical Quantization
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Examples Qk ar = M,,

H(q,p) = 50"+ V() H=-ZA+V(g)

DYNAMICS Newtons Equations of Motion Schrédinger, Eq.
q(t) = =VV(q(t)) ihp(t) = Hy(t), (t) € K

MEASURMENTS | Evaluation (1, 01)) — expected
fla,p) value.
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The Path Integral Prescription on r¢

Notation 1. For z € R?and 7" > 0, let
W (R%2,T) = {we C([0,7] - RY) : w(0) = 2}

and let -
HRYT) = {u) eW (RLT) / ' ()] ds < oo} .
0
F3
770
Ll" W ¢T)
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Theorem 2 (Meta-Theorem — Feynman (Kac) Quantization). Let V' : R? — R be a nice
function. Then

1

@) =g [ H OO D )
Zr H(R%2,T)

where E (z,v) = 3m [v|* + V () is the classical energy and

T . 2
UZT — / @_% f() \w(f)| dteru.
H(R%2,T)

14
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Kac’ s Formula (1949) (A Rigorous
Interpretation)

Theorem 3 (Kac’s Formula).
i r r+w [
Mf) = [ e RV (D))
W (RET)
where (1 is Wiener measure (1923).

Informally,
dp(w)* = "%e—%fol WS Dy,
Formally, 4 is the unique measure on W (R%; T') such that

[ e ey () = exp (—% (v, 9) H(Rd;T)*)

forallp € W (R4 T)".
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Classical Mechanics on a Manifold

e Let (M, g) be a Riemannian manifold.

e Newton’s Equations of motion

Vo (t)

= —VV(q(t)) 2)

i
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Classical Energy and Hamiltonian

o L(z,v) :=1m |v|§ — V(z) is the Lagrangian.
o E(z,v) :==3m |v|§ + V (z) is the energy.

op= aLgﬁ’”) = mg (v, -) is the conjugate momentum to v.

e H(z,p)=2|p z + V(z) is the Hamiltonian.

o H(z,p) = B (2,0) = p (v) — L (x,v) where p = 25 — mg (v,).
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“Canonical” Quantization
We now setm = 1, /g = \/det (g;;), and d Vol := /gdx’ . .. dz*

e In local coordinates,

1 . -
Hzgglj( q)pip; +V (q)
1

*fjpnfg (@)p;+V (q).-

e Quantize: 5
bi = pi ‘= Zain and ¢; — ¢; := qu.

e Then H — H acting on L2 (M, dVol) by
1. 0

= —Lgi o(q).
59" g 5a T
o 11 0 ) 1
H=—-— i = ——Ay + My.
2904 (f <>U(1’>+1<> g
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Path Integral Quantization of #

(™) @ =1 [ g & B f(o(T)) Do @)

Zr
where E (x,v) is the classical energy as above;

E(z,v) = %g(v, v) + V(z)

We now set T = 1.

Goal

Make sense out of the measure v, “defined” by

dv(o) = e L L Ble0Pviem)dp,
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A Motivation: Yang — Mills Equations

e The Yang — Mills equations are the Euler Lagrange equations for
I(A) = / (FY2 dtda.
RxR?
e g = Lie(G) and G is a compact Lie group.
o A:R™! — R¥!® gis a connection one form.
o F4 = dA+ A A Ais the curvature tensor.

° ()2L is a non-degenerate quadratic form determined by the Lorentzian metric on R%*!
and an inner product on g.

e Path integral quantization measure is

el (1 412
du(A) = Zexp( 2/ﬂ{de|F | dtdx) DA. (4)

e /i is to be interpreted on M := M /G. (See http://www.claymath.org.)

e When d = 1 and R? = R! is replace by S the space M /G, simply becomes G itself
and the path integral in (4) reduces to the one like that in Eq. (3) with M = G and
V' = 0. See Driver and Hall [ Comm. Math. Phys. 201 (1999).]
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Some Background

If H is “defined” by

_7f) 1
e Mfan) =5 [ e WO (7)o ®)
T (0)=a0
then various rigorous and not so rigorous results indicate:
- 1 1
H=—-—-A+-S
2 K

where

e Sis the scalar curvature of M, and
o 1 €{6,8,12,00}.

e For example, see Cheng 72 with x = 6. Um 73, Atsuchi & Maeda 85, and Darling 85.
Geo. Quant. gives k = 12. Also see Karki, Topi, Niemi, Antti J, Phys. Rev. D (3) 56
(1997) — quoted below.

Remark 4 (Scalar Curvature).

Vol(B,(m)) = | B.(0) (1 -

2

6(d +2)

s(m) +0(c)
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Path Spaces

Notation 5 (Path Spaces). Given a pointed Riemannian manifold (M, g, 0), let
W (M)={ceC(0,1] = M)|o(0)=0}.

For those o € W (M) which are absolutely continuous, let
1
2
Ex(o) — / j0/(s) 2 ds
0

denote the energy of o. The space of finite energy paths H (M) is given by

| 0 € W(M)]o is absolutely continuous
H(M) = { and Ey(0) < oo ’
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Wiener Measure on w (i)

Notation 6. Let M be a Riemannian manifold with base point 0 € M.

Theorem 7 (Wiener measure). There exists a unique probability measure vy (1) on
W (M) such that

/ F(o(s1),- .. o(sa))diawan (o)
W(M)

= / F(xy,...,x,) HpAis(xi, Tip1)dxy - - - dxy,.

i=0
where, A;s := s; — s;_1, o = 0, dx denotes the volume measure on M, and
Dt (x7 y) = ker etA/Z (.27, y) .

Example 1. When M = R,

1\? 1 ,
pe(z,y) = ot exp —§|z—y| .

We call, i := I/W(Rd), classical Wiener Measure.
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Piecewise Geodesics

OPI={0280<51<52<~--<5n:1}
e A\js: =38, — 81

e Piecewise geodesics:

Hp(M) = {o € H(M) : Vo'(s)/ds = 0 off P}
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Tangent Spaces

X 00,1 = TM : X (s) € T,yM, X (0) =0,
T,HM) = 2
AH(M) & fol ‘—V);;s) ds < oo

T,Hp(M) ={X € T,H(M) : X satisfies (Jacobi)}

V2X (s)

TS = R(0'(s) X (s)) o' (s) fors ¢ . (Jacobi)
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Example: v = r¢

Hp(R") = {w e HR) :w"(s) =0ifs ¢ P}.

G

A tangent vector, X € T,Hp (R?) .
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Metrics

Letoc € Hp(M), and X, Y € T,Hp(M). Metrics:

o H'-Metric on H (M)

XL X) = /O <v§s<s>7 vil(s<s>> s

e [H'-Metric on Hp(M) (Riemannian Sum Approximation)

- VXSZ,—F VYSZ;“F
Gp(X,Y):=> ( (dsl ) <d81 Sas,

i=1

e [{'-Metric on Hp(M) (Riemannian Sum Approximation)

n

GH(X,Y) =) (X(s:), Y (s:))Ass,

i=1

o ['-Metric restricted to Hp(M) — G1|THP(M) (the hardest case).
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Approximating Measures

Definition 8 (Approximates to Wiener Measure to fiyy(ar))- For each partition
P={0=s5)<s8 <s3<-++<s,=1}0f[0,1], let % and v/}, denote measures on
Hp (M) defined by

1
-iE,
—g€ M- dVolg,

d1/70J =
Z

1
dvp = —re ™2 - dVolgy , and

Zp

L _ip
dT/’P = Zi’})e 2EM . dVOIG1|THp(]\J>

where E); : H(M) — [0, 00) is the energy functional

Eu(o) ::/0 |0'/(8)|§d8
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and Z) and Z}, are normalization constants given by

Z% = H(\/ﬂ(sq —5i1))%and Zh = (2m)™/%. (6)

i=1
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Flat Case (v = rY) Example

e H'and H" — Metrics on H(R?)
X o . 1
G'(h, k) ::/0 (W'(s),K'(s))ds and G"(h, k) ::/O (h(s), k(s))ds
e H'-Metric on Hp(R?)

Gh(h, k) Z (W (sio14), K (sio14)) s

o H'-Metric on Hp(R?)

GY(h, k) == Z(k(si), h(si))Ais
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Limiting Measures for 1/ — r?

Theorem 9 (Wiener 1923). Let

where Z, and Z3, are normalization constants;

p = ﬁ(mAiS)d-

1=1

Zh = (2m) ™2,

Then

p= lim u = hIn ,u ,
im0’ P r

where (1 is standard Wiener measure on W(Rd).
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Proof

Letx € {0,1}. Forw € Hp (R?), letz; := w (s;) . Then one shows;

[t = [ for)dute)
Hp(R) W(R?)

ol 551

wp in red where
P:{0:$0<51<...}.
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e Now suppose f is a bounded and continuous on W (R?).

e Apply the dominated convergence theorem and uniform continuity to show

lim/ f(w)dup(w) = lim flwp) dp(w
L - (W) dpip(w) = I, - (wp) dp(w)
[ fw)dute)
W (R
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Limits in the Manifold Case

Theorem 10 (Andersson and D. 1999.). Suppose that f : W (M) — R is a bounded and
continuous, then

in [ f@)nblo) = [ flodmun(o) )
[PI=0 J Hp (M) W(M)
and
1
lim / fo)dvy(o) :/ f(‘f)efé °SWS)MSCZVVV(M)(U)a (8)
[PI=0 J Hp (A1) W(M)

where S is the scalar curvature of (M, g).

There is a large literature pertaining to results of the type in Theorem 10, see for example
Cheng72, Um74, Pinsky78, Fujiwara 80, Darling84, A. Inoue and Y. Maeda 85, W.
Ichinose 97 and Jyh-Yang Wu 98. The version given here is contained in Andersson and
Driver 98.

Notation 11. Let R, be the curvature tensor at p € M and {e;}i—12. 4 is any
orthonormal basis in T),(1).
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Adrian Lim’s Theorem

Theorem 12 (Adrian Lim 2006). Let (MY, g) be a d — dimensional compact Riemannian
manifold such that

0 < Sectional-Curvatures < ¢ (d) =
andP, = {0, £, 2 .. =1 1}

n ?

17d’

If f: W(M) — R is a bounded and continuous function, then

lim / o flo) dvp(o)

[PI=0 ) 1y

1
/ Flo)e bl 8@ ds, [ e (1 + ng) dv (o).
W (M) 12

where, foro € H (M) , K, is the integral operator acting on L*([0, 1]; R?) defined by

1
(K, )(s) = / (s A ) oo (1) dt

with
d
Z p (€0 Bpleis -)ej) ej + Ry (ei, Rylej,-)ei) e
- +R) (e, Ry(ej, -)ej) e
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On the proofs.

Notation 13. Toeach 0 € H(M) and s € [0, 1] let

e Parallel translation: / /(o) : T,M — T, M
dv// ( ) = ( with //0(0') = Idr, -
e Cartan’s rolling map: ¢ : H(T,M) — H(M) given by 0 = 1)(w) where
o'(s) = //s(0)u!(s) with o(0) = o. 9)
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Proof of the G}) — Theorem

On HP(M), let

1

1

vp = exp( Ey)Volgi .
75 b

Then hm"plﬂo 1/715 = Vﬂ/(]\,{).
Proof Sketch: Although the rolling map v : H(R?) — H (M) is not an isomorphism, we
do have (with 1p := 1, (R?)):

1. det(D1pp) = det(I + Tp)? = 1 because one shows that T’ is nilpotent.

2. Equivalently: 1/);;\/01% = Vol]gl;
3. Epi(w) = Ey(¢(w)) forw € H(Rd).
4. 2 & 3 imply that
Vutip = Vp.
5. Eelles & Elworthy (Gangolli) show
Yupt = v,

where 1) : W(R?) — W (M) is the stochastic version of 7).
6. 4 & 5 along with Wong and Zakai approximation theorem shows lim‘p‘ﬁo u}; =U.
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Proof of the G% — Theorem

On HP(M), let

1
0 _ -iE
vp = Z%e 27 Vol .

Then

lim dvp(o) = exp <—é /1 S(a(s))ds> dv(o)

[P|=0 0
where S is the scalar curvature of M.
Proof: One shows that
dzx% = ppdl/71,
and that

i or(e) = exp (5 [ S(o15)as)

[P|—0

See De Witt (57), Cheng (72), Um (73), Pinski(78), Darling (84), Atsushi(85), ...
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Proof of Adrian Lim’s Theorem

Theorem 14 (Adrian Lim 2006).

lim o) dvp(o
A Lo an f(o) dvp(o)

N ds 1
/ f(a)e_éfu1 Se() ds, [ et (I + —Kg) dv(o).
W(M) 12

where, foroc € H (M), K, is the integral operator acting on L*([0, 1]; R?) defined by

(K, )(5) = / (s A ) Ty (1) dt

0

with J
T = E Rp (eia Rp<ei7 )eJ) €j + RP <€i7 Rp(e]7 ')e’i) €;
by +R, (e;, Ry(ej,-)e;) e
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Proof of Adrian Lim’s Theorem

LetP:Pn:{S[ZL'ZZO,...,H},

b (87) — b (87;,1)

b=
' 1/n

Define pp (o) so that
dvp, (0) = pu (0) dvp, (9) .

Two Steps

1. Show {p,, },<, is a uniformly integrable sequence, by showing there exists p > 1
such that
Sup/ o (o) dvp (o) < oo.
Hp, (M)

n
n

2. Show lim,,_,, p, exists a.s. and identify the limit.
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Proposition 15 (Formula for p,,). Let hi’a(s) solve

d*h(s)
ds?

hia(0) =0, and
h'/i,a(sj*1+) = 5ijea fOI'j = 1, ey n. (1 1)

Let Q" denote the dn x dn matrix which is given in d x d blocks, Q" := {(Q, ) }r 1_;
with '

1
(Q1 ea, ec) == / (R, (), hy.(s))ds fora,c=1,2,.... d.
0

Then
ph = det (nQ").
Proposition 16. Suppose that M is a symmetric positive definite N x N matrix and
o > 1. Then
det (M) < aNetr(a’leI) < Ve e (M=1) (12)

e Now do 60+ pages of analysis!
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Corollary 17. Fora > 1,

det(nQ") < o exp (of1 tr (nQ" — [,de,,ld))

n
=" exp (a‘l Z tr (nQﬁlm — Idxd)>

Applications

Corollary 18 (Trotter Product Formula for et/ 2). Fors > 0 let Q, be the symmetric

integral operator on L?(M, dx) defined by the kernel

= Qo) = (2r5) o (- Blo) + 5500+ 250))
< a™exp (aldz HnQZL,m - Ide) . for all x,y € M. Then for all continuous functions F' : M — R andx € M,
. (F)(x) = lim (QU),F)(x).
Qo = 0 S’lﬂ ®, S)T S’/" (b, 5)ds See also Chorin, McCracken, Huges, Marsden (78) and Wu (98).
N i VI /1/” O (b, $)7C b, 5)ds | Vi, Proof. This is a special case of the L? — limit theorem. The main points are:
where o : e 1} is essentially product measure on M".
j—1
Vinj = [ I i, Ars)| Suld, Aps) e From this one shows that
and C; and S; are certain funda;nk(;r?rerll1 solutions to Jacobi’s equation, (QnF)(x) = /Hp(m et o Slo(s)ds 7 (o (s)) dvy()
L) 0, h (),
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Corollary 2: Integration by Parts for » on w () Proof

See Bismut, Driver, Enchev, Elworthy, Hsu, Li, Lyons, Norris, Stroock, Taniguchi,

Let k € PC*, and z solve:
1_.
2'(s) + QRIC/L(U)Z(S) =k(s), =2(0)=0.
and f be a cylinder function on W(M ). Then

1
XZfdu:/ f/ (kK. db) dv,
W (M) W (M) 0

where

_ Zm;f)(o), //(0)2(s1,0))

and (V,f)(c) denotes the gradient F in the i variable evaluated at
(0(s1),0(89),...,0(8n)).
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Integrate by parts in on Hp (M) and then pass to the limit as |P| — 0.
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Quasi-Invariance Theorem for vy;(1)

Theorem 19 (D. 92, Hsu 95). Let h € H(T,M) and X" be the vyy(y;) — a.e. well defined
vector field on W (M) given by

XMo) = //do)h(s) fors € [0,1]. (13)

Then X" admits a flow e'X" on W (M) and this flow leaves vy (ar) quasi-invariant. (Ref:
D. 92, Hsu 95, Enchev-Strook 95, Lyons 96, Norris 95, ...)
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