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ABSTRACT. These notes are an attempt at an introduction to heat kernel
analysis on infinite dimensional spaces.
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1. Introduction

In these lecture notes we will generally be concerned with integral — differential
analysis on infinite dimensional spaces equipped with measures related to heat
kernels. As of yet, there is still no general theory within which to work. There
have been attempts at a general structure, for example abstract Wiener-Riemann
manifolds, but it has been hard to put interesting natural examples into this frame
work. So these lectures will be a case study when the infinite dimensional manifold
is either the paths or loops into a finite dimensional manifold and more specifically
a Lie group.

In section 2, we will introduce the notion of the heat kernel measures on finite
dimensional Riemannian manifolds. This notion will simply turn out to be the
usual heat kernel function times the Riemannian volume form.
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Section 3 is devoted to a description of the smoothness properties of positive
measures on R¢ without reference to Lebesgue measure. Although not technically
needed for the rest of these notes, this section motivates some of our later consid-
erations in the infinite dimensional setting.

Sections 4 — 6 are devoted to defining and proving existence of heat kernel
measures associated to an infinite dimensional Hilbert space. The most important
of these sections being Section 6 where classical Wiener measure on the space

W (RY) = {w e C([0,1],R%) : w(0) = 0}
is considered as a heat kernel measure. Although the results in these sections are
very classical (see for example Kuo [45] or Bogachev [5]), we still give the proofs
in full detail. Our proofs will emphasize the interpretation of Wiener measure as
an infinite dimensional heat kernel measure.

Section 7 describes analogous results to those in Section 6 in the case R? is
replaced by a compact Lie group K. Results for the more complicated space of
loops, L(K), on K are also described. The results of Section 7 rely on an analysis
of Wiener measure on the path space of L(K). (Note this is a path space on a path
space, i.e. maps from [0, 1]x [0, T to K.) Section 8 briefly outlines the results needed
for Section 7 in the simpler setting where £ (K) is replaced by a finite dimensional
Riemannian manifold M.

Appendix 9 gives some motivations for these notes. Some readers may want to
start here.

Acknowledgments: The author thanks the I'Institut Henri Poincaré for the
opportunity to present the lectures which gave rise to these notes. The author
is also greatly indebted to P. Auscher, G. Besson, T. Coulhon and A. Grigoryan
who made possible the trimester programme on “Heat kernels, random walks and
analysis to manifolds and graphs” held at IHP in Paris.

2. Finite Dimensional Heat Kernel Measures

NOTATION 2.1. Suppose (M9, g) is a smooth d — dimensional manifold with
Riemannian metric g. Let C*(M) denote the collection of k — times continuously
differentiable functions f : M — R. As usual C*(M) will denote those f € C*(M)
with compact support. Similarly, let BC*(M) denote those f € C*(M) such
that f, Vf, ..., V¥f are all bounded, where V denotes the Levi-Civita covariant
derivative of g. As usual A will be used to denote the Riemannian Laplacian
associated to g. In local coordinates,

d

1 0 i Of
Af =tr(V3f) = — Y
r=uwn =30 o (Vi g5)
where g = Zijzl gijda’ ® da?, (g¥) is the matrix inverse of (g;;) and /g =
dCt ( gi ]') .

NOTATION 2.2. If i is a probability measure on a measure space (£2,F) and
feL'(p)=L'"(Q,F,p), we will often write pu(f) for the integral, [, fdpu.

DEFINITION 2.3. Let (M, g) be a Riemannian manifold o € M be a fixed base
point. A sequence {;},., of positive measures is called a heat kernel sequence
based at 0 € M if:

(1) (M) <1forallt>0.
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(2) For all f € BC?*(M) the function t — v(f) := [, fdv is continuously
differentiable,

(2.1) L) = Jr(AF) and Timwa(F) = (o).

REMARK 2.4. If 1, exists as in Definition 2.3, then necessarily v (M) = 1 for
all t. This follows simply from the definition with f = 1.

PROPOSITION 2.5. Suppose M = R? with the standard flat metric, so that
02
A= Zle % For each point o € R%, there is exactly one sequence of positive

measures {vi},5o with vy (R?) < 1 such that Eq. (2.1) holds for all f € C® (RY) .
Moreover this sequence is given by

(2.2) vi(dz) = pi(o, z)dm(z)

where p(z,y) := (271't)_d/2 e~ 30129 is the heat kernel and m is Lebesque measure
on R%.

Proof. Uniqueness. By assumption v; satisfies
t
1
(2.3) v(f) = f(o) +/ 57/T(Af)dT for all f € C° (Rd) .
0

Now suppose f € C? (R?) and ¢ € C°(RY) such that [y, 1 (z)dz = 1. Letting
¥ (2) := n%p(nx), we have 1, * f € C°(R?) and

Ynx f— fand Yo« Af - Af
boundedly as n — oco. Therefore passing to the limit, n — oo, in the equation,
t
1
(£ = F0)+ [ Gunn = Af)ar
0

shows Eq. (2.3) holds for all f € C2 (R?).

Now suppose f € C? (Rd) such that f,Vf and Af are bounded and let ¢ €
C°(B(0,1),[0,1]) such that ¢ = 1 in a neighborhood of 0 and set ¢, (z) := ¢(x/n).
Then f, = ¢, f is in C?(R?) and hence for large n,

t
n(0u) = £0)+ [ G (8o +2V6, -1 + 6,40 )dr

t
= 10)+ [ 5005 (A0, F + 2 (V6), - VF + 0,0 f)dr

Using the dominated convergence theorem to pass to the limit in this equation

allows us to conclude Eq. (2.3) holds for all f € C? (R?) such that f,Vf and Af

are bounded, i.e. {14}, is automatically heat kernel sequence based at 0 € R%.
For f € C®*(R?) and T > 0 and t € [0,T), the function

Fia) = 1032 (@) = Py (o) = [ pr-a(on) S )y
satisfies

||+ |VE|+ AR < M := Sgp[\f(l’)\ + Vi@ +Af ()]
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Claim: The function v;(Fs) is C! for s,t € (0,T) and
0 1
&Vt(Es') = *EVt(AFs)

Indeed, we have
[ (Fs) — vr (Fo)| < |w(Fs = Fo)| + [w(Fy) — vr (Fy)|

¢
= |n(Fs — F,)| + ’%/ v, (AF,)dr

1
(2.9) SlEs = )l + 5 Afll lt = 7] = 0 as (0,7) = (s, )
which shows v;(F5) is continuous. Since
Fs — F,
s ff:_ /AFdrf———/ Pr_.Afdr,
s—o (s—o)
% is bounded for s near o and
F, - F, 1 1
= L _Pp Af=-—-AF, as s —o0.
s—o 2 2

Thus, by the dominated convergence theorem,

v(Fs) = vi(Fo) =u (—FS — FU) — 711/,5 (AF,) as s — 0.
s—o s—0o 2

This shows that 2 s-vi(F) exists and asI/t(F ) = —31(AFy). Since AF, = Pr_ Af
and Af € C*(M ) it follows from Eq. (2.4) with f replaced by Af that

th(FS)

0 1
(5,t) — %W(Fs) = _§Vt(AFS) = ot

is continuous proving the claim.
By the chain rule,

0 1
(F) = —l’t(AFt) - §Vt(AFt) =0

ot
and therefore,
(2.5) vp—o(Pef) = ve(Pr_.f) for all € > 0.
Letting ¥(08) := sup{|f(y) — f(z)| : |y — | < J}, we have
RS = 1@ =| [ poan) 116) = o)

*/h Mp(w ) 1F@) — f(2)] dy
+ / pelw, ) 1f(y) — f(@)|dy
|ly—z|>8

(2.6) < 6(0) + 20 fl / o)y = 0(8) + 211, 0

ly—z|>
from which it follows lime|o [|Pef — flloo < %(6) — 0 as ¢ | 0. In particular this
implies
lr—e(Pef) —vr—e(/) S |1Pef = fllo 0asel 0
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and hence
(2.7) 1611101 vr—e(Pef) = lflﬁ)l vr—e(f) = vr(f).
Moreover,
1 /7
|VF(PTf)7VF(PT—ef)|: Ve 5 APffdt
T—e¢
e 1
=ve | = PAfdt || < zellAf|l, —0aselO0.
2 Jr_. 2

so that
(2.8) leiﬁ)l Ve(Pr—ef) = lellrg ve(Prf) = Prf(o) = /M pr(0,9)f(y)dy.

The second equality in Eq. (2.8) requires a bit of explanation. By assumption
lim. o ve(g) = g(o) for all g € C(R?). Let § > 0 and Bs be the ball of radius
§ centered at o € R?. Choosing g € C°(Bs,[0,1]) such that g(o) = 1 implies
lim,|o v (R? \ Bs) = 0. From this it follows that lim.jovc(g) = ¢(0) for all g €
BC (RY).

Combining Egs. (2.5) — (2.8) shows vp(f) = [papr(0,y)f(y)dy for all f €
C>(R%). Since C°(RY) is dense in L' (vr4pr (0, y)dy) and the latter space contains
all bounded measurable functions, it follows that

dvr(y) = pr(o,y)dy,

i.e. Eq. (2.2) must hold.

Existence. This completes the proof, since it is now a simple matter to verify
that 4 defined as in Eq. (2.2) is a heat kernel sequence based at o € R?. This fact
will also follow from Theorem 2.6 below. m

Recall (see for example Strichartz [56], Dodziuk [16] and Davies [14]) that
if (M, g) is a complete Riemannian manifold, then A = A, acting on C°(M) is
essentially self-adjoint, i.e. the closure A of A is an unbounded self-adjoint operator
on L*(M,dV). (Here dV = \/gdz'...dz"™ is being used to denote the Riemann

volume measure on M.) Moreover the semi-group P; := ¢"3/2 has a smooth integral
kernel, p;(z,y), such that

pi(z,y) >0 for all z,y € M

/ pe(z,y)dV (y) <1 for all z € M and
M

P f(x):= (etA/Zf> (z) = /];/Ipt(x, y)f(y)dV (y) for all f € L*(M).

THEOREM 2.6. Let (M, g) be a complete Riemannian manifold with Ricci tensor
bounded from below (i.e. Ric > —Cg for some C > 0) and o € M be a fived
point. Then there exists a unique heat kernel sequence {vt},- based at o € M. The
measure vy is given by

(2.9) vi(dz) = pi(o, 2)dV (z)
and satisfy

(2.10) w(f) = /M Fdv, =: (eﬂ/? f) (0) for all f € C2°(M).
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Proof. Uniqueness. Suppose v; exists as described above. For f € C?(M)
and T > 0 let F; := ¢(T=DA/2f Then §,F, = %e(T*t)A“Af is a bounded function
depending continuously on t € [0,7] and = € M. Essentially the same argument as
used in the proof of Proposition 2.5, shows if {1}, exists it must be given by Eq.
(2.9). In doing this one should replace R? by M and |y — x| by d(x,y) everywhere
in the argument. The only other point is to note that the standard Gaussian heat
kernel bounds along with volume growth estimates may be used in Eq. (2.6) to
again conclude

IP.f(2) — f(@)] < 0(6) + 2| fll.. Ofe).

Existence. According to Dodziuk [16]!, the kernel p;(z,y) may be written as

the increasing limit of heat kernels pi** (z,y) with Dirichlet boundary conditions for

relatively compact open subsets Q. C M with smooth boundary such that Q5 T M.
Now for f € C?(M) we then have, letting Q = Q and q = p®,

;t/qt(:r ) (y)a’/y=%/Q Ayqi(z,y) f(y)dy

= /Q Voale,) Vi@ + 5 [ al)- Vo) @y

JoQ
= %/ch(;r, y) - Af(y)dy + % /aﬂ n(y) - Vi (2, ) f(y)do(y)

where o is the surface measure and n is the outward pointing unit normal on 9
(the boundary of ). Integrating the previous equation on ¢ gives

/Q A )y / dr /Q k ) Af()dy

/ ar [ty ) V(@) () )

and letting £ — oo in this equation implies

| et = @)+ 5 / ar [ pele.s)- Af)dy+ Jim Ri(f)

where

/ dr /a ) Ty @) f@)do ()

We will now finish the proof by showing limy_,o, Ri(f) = 0.
Since p{* (z,y) > 0 and vanishes for y € dQ, n(y) - V,p* (z,y) < 0 and hence

IR < —3 1 / dr / V0% (2, y)do(y)

=l [ o /Q A, (@, 9)dy
¢ k@ Q 0

— 1l [ ar [ gy =17 1 [ o wa].
0 o, 0T Q.

IDodziuk also proves, under the condition that (M,g) is complete and the Ricci curvature
is bounded from below, that bounded solutions to the heat equation are uniquely determined by
their initial values at ¢t = 0.
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Letting k£ — oo in this expression then shows
dm [ < 1 [1= [ piaay]

Thus limy_, |Rk(f)| = 0, since the lower bound on the Ricci curvature is sufficient
to show [,, ps(z,y)dy = 1, see for example Theorem 5.2.6 in Davies [14]. m

3. Describing Smooth Measures on R? Without Reference to Lebesgue
Measure

One of the main goals in these lectures is to give some examples of heat kernel
sequences for infinite dimensional manifolds. Once we produce such a heat kernel
sequence we will want to show the resulting measures {14}, are “smooth.” How-
ever, in the infinite dimensional examples below there is no reasonable notion of
Lebesgue measure or the Riemann volume measure. Hence it will not be possible
to measure the smoothness of v, in terms of the smoothness of its density with re-
spect to the Riemann volume measure. In this section, we will explain an intrinsic
criteria for a finite measure on R? to be smooth. This criteria will later be used as
a definition in the infinite dimensional settings below.

NoTATION 3.1. For a measure p on R?, let L7 (1) := N1<pcoclP ().

DEFINITION 3.2. A Radon measure p on R? is said to be smooth if for all
multi-indices @ = (ay,...,aq) € N¢ (N={1,2...} and Ny = NU{0}) there exists
functions g, € C*®(R%) N L%~ () such that,

(3.1) |0 = [ fondutor at £ < C2(@)

where D% := H?:l (%)al :

THEOREM 3.3. A measure p1 on R is smooth iff there exists p € C=(R?, (0, 00))
such that du = pdm where m is Lebesque measure on RY.

Proof. Let us begin by showing there are coefficients co(f8) € N (in fact
co (B) = B!(fiﬂ)!) for 0 < 8 < « such that for f € C(R9) and h € C*=(R%),

(3.2) [0 s ehdn =3 @) [ D% go s

B<a

The proof of Eq. (3.2) will be by induction on |a| = a1 + - - - + ay. Equation (3.1)
with o = e; and f being replaced by fh implies

/ 0uf - hdp = / £ - (@b + gih) dp
R4 R4

which proves Eq. (3.2) for |o] = 1.
Equation (3.1) with f being replaced by —9; f along with the previous identity

shows
[ o= [ D7 g == [ (-D)" o pa
R R4 Rd
- / 00 - gudp = / £ - 10ige + 9190 dp.
R4 Rd

This equation being true for all f € C° (Rd) implies ;9o + 9190 = Gate;> 1 — a.€.
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Now suppose Eq. (3.2) holds for all || <n with n > 1. Then

[0 fondn= [ D) o) b= S ca (8) [ (00D o

p<a E
=S ca(®) [ £ @O0 g0s] + Db i) i
B<a
=Y eal / F(DP*h - ga_p + DPh - [0iga—p + giga—sl) dp
B<a

- /i Z Ca (ﬁ) f (Dﬁ+€lh *Ga-p8 + Dﬁh . g(‘v+€i7ﬂ) d,u‘
Re B<a

which finishes the induction argument.
For ¢ € C°(RY) let ly(f) := Jza @fdu, then Iy is a distribution on R? with
compact support. The Fourier transform of Iy is given by

o) = [ e o(a)dnto)

By Eq. (3.2),

K lo(k) = / ke o(@)dp(x) = /R ) (;Dz>aeik'x¢(x)du(;r)
/Rd et ealB (__. Z>ﬁ¢(x)‘ga75($)du(x)

B<a

N .
from which we learn sup, (1 + |k\2) ‘ld,(k)‘ < oo for all N. Hence l4 may be
represented by a smooth function (still denoted by ly), i.e

/ d)fdu:/ lyfdm for all f € C°(RY).
Rd Rd

Now choose ¢ € C2°(R?,[0,1]) such that ¢ = 1 on B(0,1) and let ¢,,(x) = ¢(z/m).
Then one easily sees that Iy, =15, on B(0,n) for all m > n. Thus we may define
p(x) =1y, (z) for all x € B(0,n). Then p is a smooth function such that du = pdm.
Since p > 0 it follows that p > 0, so it only remains to prove that p is positive. By
Eq. (3.1),

[ 1D%pm= [ (=D)" fpim = [ (=D)" fau= [ foudi= [ faupim
and hence D% = gop. Let G = (91,92, ---,94) and fix a point 2o € R? such that
p(2¢) > 0. Then for any y € RY,

d Vo(xo +ty) -y _ plxo +ty)Glwo +ty) -y
— Inp(zo+ty) = =
a Pt = ) pw0 +19)

which is valid for all ¢ such that p(zo + ty) > 0. In particular this is valid for all ¢
near zero. Integrating Eq. (3.3) on ¢ implies

(3.3)

= G(zo+ty)-y

p(zo +ty) = p(xo) exp (/Ot G(zo +7y) - ydT) :
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From this equation it follows that p(zg + ty) > 0 for all ¢, that is p(z) > 0 for all ©
and then taking o = 0 and ¢ = 1 that

o) > p(0) exp (f ol | et dr) .
| ]

COROLLARY 3.4. All smooth measures on R® are mutually absolutely continu-
ous relative to each other.

COROLLARY 3.5. If i is a smooth measure on R? and ¢ : R* — R? is a
diffeomorphism, then ¢.p is a smooth measure as well. In fact if du = pdm, then

(3.4) d(6.) = po o~ |(671)'| dim.
Proof. Let f € C.(R%), then

/fddw—/ fo <Z>du—/ e

So making the change of variables, y = ¢(v) so that » = ¢~ !(y), dz =
)(d)’ ) (y )‘dy and hence

[ o= [ e )] o) ay

which proves Eq. (3.4). =

These finite dimensional results in Corollaries 3.4 and 3.5 are in stark contrast
to what happens in infinite dimensional settings as we shall see below in Proposition
5.5 and Exercise 6.1. Also see Remark 6.22.

4. Infinite Dimensional Considerations

Let (H,(-,-)) be a separable Hilbert space, |h| := \/(h,h) be the associate
Hilbertian norm and S C H be an orthonormal basis for H. As usual, for f €
C%(H), let

Auf(e) = tr(D*f(2) = > _ (93 f) (@)
hes
provided D?f(z) is trace class. Here Oy, f(z) := L|of(z + th), Df(z)h = O, f(z)
and D? f(x)(h, k) := (On0kf) (z).
ExAMPLE 4.1. Suppose P : H — H is a finite rank orthogonal projection and
F € C*(PH) and f(z) := F(Pz) for all z € H. Then
O f(z) = (OprF) (Pz),
D?f(x)(h, k) = D*F(Pz) (Ph, Pk)
and
A f(z) = (ApnF)(z)
where Apgr represents the usual finite dimensional Laplacian acting on C?(PH).

NOTATION 4.2. A function of the form f(z) = F(Pz) with F € C*(PH) and
P: H — H is a finite rank orthogonal projection will be called a C* — cylinder
function. The collection of C* — cylinder functions will be denoted by FCF(H).
Also let FC¥(H) (FBC*(H)) denote those f = F o P € FC*(H) such that
F e C¥H) (F e BCHH)).
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PROPOSITION 4.3. There does not exist a heat kernel sequence based at 0 € H.
More explicitly there is no collection {v,}, of positive measures on H such that

(1) n(H) <1 for allt >0 and
(2) For all f € FBC*(H) the function t — v (f) := [;; fdvy is continuously
differentiable and

d

Sulf) = 3l Auf) and im () = 0).

The following basic Gaussian integration lemma will be needed for the proof of
Proposition 4.3.

LEMMA 4.4. For all « >0 and g € C,

(4.1) /e_"‘x2eﬂzdaz: T et=b®
JR @

More generally if V. C H is a finite dimensional subspace, m := dim(V'), a > 0 and
u,v € V, then

(4.2) / e—ﬂly\ze(u,y)+i(wy)dy - (I)m/z o= (utiv)?
% (e}

where dy denotes Lebesgue measure on'V and (u+iv)? = |u|” — || + 2i(u, v). We
also have, for any u €'V,

2 m/2 1
43 —all® (y, )% dy = (-) — Juf?.
(13) [ iy = ()" 5o
and any p € [1,00),

a\m/2 2 r(emy

44 (—) / e~ |y P dy = 2 _Lq73,
(14 S TR

Proof. The proof of this lemma is standard. We leave the proof of Eq. (4.1)
to the reader and note that Eq. (4.2) follows from Eq. (4.1) using Fubini’s theorem
after introducing an orthonormal basis on V. Equation (4.3) may be proved by
differentiating Eq. (4.2) in A to find

2
/V e (u,y)? dy =%\H /V e alyl? () gy

R

Passing to polar coordinates, the left side of Eq. (4.4) satisfies

(%)771/2/‘/670‘@‘2 |y|p dy=o (Sm*l) (g)m/Z /0'00 e"’”%ﬂ’rmfldr7
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where o (S™7!) is the surface area of the unit sphere in R™. Letting r = \/u/a in
the last integral then shows

a\™/2 [ e — a\m/2 [ ptm—1 1 _
(—) /Ve Iyl ly|P dy = o (S™1) (—) / e “(u/a) 2 g(u/a) 124y,

m
S"’ 1
2 m/2 / M*ge*udu
us
(Sm 1) B pim “du
:—a H u z e '—
27m/2 o u
a(S™Y) ., p+m
(4.5) T ogm/2 a2 2 )-

Comparing this equation with p = 0 and Eq. (4.2) with v = v = 0, we find
m—1

1= %F(%) which put back into Eq. (4.5) proves Eq. (4.4). m
Proof. (Proof of Proposition 4.3) Suppose {I/t}t>0 were such a heat kernel

sequence based at 0 € H. Let P : H — H be a finite rank orthogonal projection
and v} denote the measure on PH defined by

/ Fdv} ::/ F o Pdv;
PH H

for all F': PH — R which are bounded and measurable. The hypothesis on v, now
guarantees that {l/fp } 150 is a heat kernel sequence based at 0 € PH and therefore

by Proposition 2.5,
dim(PH)/2
1 1 2
d —%lvl g
v (y) = (27rt> e 2 Y

where dy denotes Lebesgue measure on PH. By Eq. (4.2) of Lemma 4.4, for any
a >0,

1 dim(PH)/2 dim(PH)/2 1 dim(PH)/2
/ e*@ly\zdl,l’(y) B il = .
PH ¢ 27t o+ % 2ta+ 1

Let P, : H — H be a sequence of increasing finite rank orthogonal projections such
that P, — I strongly as n — oo. Then by the dominated convergence theorem,

/e*alz‘de/t(a:) = lim e*"‘lp"zlzdut(m) = lim e’“‘y|2dyf"H(y)
H

n—oo [rr n— Jp H

dim(P,H)/2
. 1
= lim [ —— =0.
n—oo \ 2tax + 1

Since e~%*” is a positive function on H, it follows that vy must be the zero measure
for all ¢, which clearly violates the initial condition: lim; o v, (f) = f(0). m

REMARK 4.5. Another way to “understand” Proposition 4.3 is that if v, were
to exist as a measure on H it should be given by the formula
1
(4.6) “vp(dz) = 7672_“1‘%1(177”.1(%),77
t
where my is “infinite dimensional Lebesgue measure,” and

i dim(H)/2 _ 0 if t< 1/2’7’(’
Z: 1= (2rt) - { oo if t>1/2m
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Clearly the expression in Eq. (4.6) has severe problems owing to the definition of Z;.
Moreover, it is well known that there is no reasonable notion of Lebesgue measure
on an infinite dimensional Hilbert space as you are asked to show in Exercise 4.1
below.

EXERCISE 4.1. Suppose H is an infinite dimensional Hilbert space and m is
a countably additive measure on By which is invariant under translations and
satisfies, m(B(0,¢€)) > 0 for all € > 0. Show m(V) = oo for all non-empty open
subsets V' C H. Hint: Show B(0, €) contains an infinite number of disjoint balls of
radius § = e/\/§

L. Gross, in [38] and [39], describes how to characterize those “completions”
of H to a Banach space W such that the heat kernel measures may be constructed
on W. Rather than work in the full generality of Gross’ abstract Wiener spaces,
the discussion below will be restricted to two important special cases. The first is
when H = (% and W is a certain Hilbertian extension of 2 and the second is in the
context of “classical Wiener space.”

5. Heat Kernel Measures Associated to ¢*

When H = ¢2, the expression in Eq. (4.6) may be informally re-written as

v (dz) = e~ 3 Lati T 1:[1 j% - 111 < —a2 4 ) 1_[1Pt (dzy),

where p;(dzx) := \/21?67%12(111

Fact 5.1. Recall that Kolmogorov’s existence theorem implies the existence of
infinite products of probability measures. (See almost any graduate text book in
probability theory.)

As a consequence, there exists a unique probability measure v; on Q := RN
such that
N
(5.1) / F(zy,...,en)dn(z) = /A F(zq,...,zN) H pe(xn)de,
Q RN it

holds for all F': RN — R which are bounded and measurable and for all N € N.
From Proposition 4.3, we expect that £2 C Q is a set of v; — measure 0, i.e. v;(¢%) =
0. This is verified in the following theorem.

THEOREM 5.2. For a = (ay,as,...) € (0,00)Y, define

oo
Zaix? = ||z||la < oo},

i=1

X, =Pa)={zecQ:
then for any t > 0,
1 i Y a;,<oo
(52) n(Xq) = =
0 if > a;=o0.
i=1

In particular v,(£?) = 0.
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Proof. The method of proof will be very similar to that of Proposition 4.3.
Let g(z) := 3. a;22 and for N € N let gn(2) = SN a;z2. For any € > 0, using
the monotone convergence theorem,

/efeq/zdyt:/ lim e “V/2dy, = lim e~CIN/2qy,
Q Q

N—oo N—oo [
N
—$3 air? 1
:th e T Hpt(dxz)
— 00
RN i=1
N T
oS saitog
= lim H @ py(de) = lim
N—oo N~>oo 1 27-rt
.
. . —1/2

(5.3) -1 \/ﬁ - {Hu + tea)

Taking logarithms of Eq. (5.3) and then letting ¢ | 0 implies

o 1 elo [ oo if DT a; =00
_ €q/2 — . i=1 "
(5.4) log (/Q e dl/t> =3 E In(1 + tea;) = { 0 if 32 a;<oo
i=1 K
and hence

lim

. oo .
i e=c1/2qy, — { 0 if Y2 a;=00

1if Y2 a < oo,

Since e=/2 < 1 and lim, o e /2 = 1x,, this result along with the dominated
convergence theorem proves Eq. (5.2). m

For the rest of this section, fix a linear subspace W C Q := RY such that
€2 C W and v, (W) = 1 for all ¢ > 0. (For example W = X,, with > ;2 a; < 00.)

NOTATION 5.3. A function f : W — R of the form f(z) = F(z1,...,z,) for
some F' € C*(R"™) will be called a cylinder function on W and the collection of
such functions will be denoted by FCF(W). As before, if F € C¥(R™) of BC*(R"),
we will say f € FC¥(W) or f € FBC*(W) respectively.

PROPOSITION 5.4. The measures {vi},-, form a heat kernel sequence based at
0 € W in the sense that

(1) (W) =1 forallt >0 and
(2) for all f € FBC*(W) the function t — vi(f) is continuously differen-

tiable,
il/t(f) = th(AHf) and lim v (f) = £(0)
dt 2 £10
where
Apfla Z = (Mg F) (21, ... 20)

and {e, }oo, is the standard orthonormal basis for (2, i.e. e, (i) = Op;.

Moreover, {vi},~ 15 the unique heat kernel sequence on W satisfying items 1.
and 2. above.
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Proof. The fact that v; satisfies items 1. and 2. above is a simple exercise left
to the reader. For uniqueness, suppose {1}, is a heat kernel sequence based at
0€ W and n € N, let v{* be the measure on R™ such that

/ F(zi1,...,z,)dv(z) = /W F(xy,...,zn)d ()
for all bounded measurable functions F' : R" — R. Then one easily verifies {]'},-
is a heat kernel sequence based at 0 € R™ and hence by Proposition 2.5,
dvi'(z) = (27rt)7"/267%|z‘12ﬂ" dm(x)
which is equivalent to Eq. (5.1). m
PROPOSITION 5.5. If s,t >0 and s #t then vy L vg.
Proof. For each t > 0, let

N
o1 2
Wi = {IGW.A}T})ON;_lzit}.

Then the strong law of large numbers® asserts v;(W;) = 1 for all ¢+ > 0 and this
proves the theorem since W, N W, =) for all s #¢. m
If a € ¢? and a; = 0 for i > n for some n, then

/W( )2 dn(e / (ZW%) () = t[la]]2.

=1
This simple computation along with a standard limiting argument leads to the
following result.

LEMMA 5.6. For a € £2 and for N < oo, let a¥ =a; ifi < N and 0 if i > N.
Then impy_, o0 a®Y -2 exists in Lz(z/f,). By abuse of notation we will use a-x to denote
this limit (even though the answer may depend on t). The limit a - z still satisfies

/ (a-2)? dv(z) = t ]|
w

ia- —tlal2
/ ey, (z) = e~ zllallz,
w

The next proposition points out that even though v, is not supported on ¢2,
its quasi-invariance (and hence differentiability properties) are still intimately con-
nected with £2.

and

PROPOSITION 5.7 (Cameron-Martin Type Theorem). For a € W, let vf :=
v(-—a)

(5.5) /f x)dvy (x /f )y (dz — a) /fx—i—aduf z).

Then v := (- —a) < vy iff a € €% and if a € €% then
dvi(z)
dvy(x)

— e—a zf—|a\2

(5.6)

2Also see Exercise 6.1 which essentially sketches a proof of the law of large numbers in this
context.
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Proof. At an informal level, we have

dve(z) e wle—al 1

1a- zf—|a|2
dl/t(il?) 6_%‘1"2

—et

which clearly only makes sense if a € £2.
For a rigorous proof, suppose first a,b € ¢2. Then

/ eib»zdyta(x) :/ eib~(z+a)dyt(x) —e 2|b\ +ib-a
w w

log—L L1, p\2 1,2 L BI24ib.
/ 61[) T la-x—Z|al? dv, ( ) _ eQ(f, a+ib)*—gzlal® _ e~ % |b]*+ib a
w

while

and this suffices to prove Eq. (5.6).

Suppose that a € W \ ¢2 and let ||u|| denotes the total variation norm of a
measure p. We will make use of the fact if || — 14| = 2 then that vf L 4. (The
converse is true as well but is not needed here.) Indeed if ||[vf" — || = 2 and PU P
is the Jordan decomposition of v — v, then

2= [l —wll = (v =) (P) = (v —w) (P°) < v (P) + i (P°) <2

with equality iff v*(P) =1 and v4(P¢) = 1. Therefore v{ L v;.
We now compute [|vf — 14| formally. For this let z := ezrae—azlal” then

I — wa] 7/

/ |z — 1%dy; = /(22—22+1)dl/t:2(1—/ zdvy).
w

1 1 2 1 2 1 2 1 2
/ zdvy :/ et amlol” gy, = eslal —mlal” = o—rlal
w w

from which it follows that

(5.7) 8 = | > 2(1 — e~ selel),

eree—alal” —l)dut / |z — 1| |z + 1|dwy
w

This proof is of course not rigorous. However the idea is right. In fact the same
type of computations shows
lvg — || = sup{(vy — 1) (f) : f measurable and |f| <1}
>sup{(vy —w) (f): f(z) = F(x1,...,zN) measurable and |F| < 1}

“J.

Letting N — oo in this estimate shows that Eq. (5.7) is indeed valid and in
particular if a ¢ (2 we have ||[vf — || =2. m

%(LN w——|aN\2

e — 1| d(z) > 2(1 — e’Slt“‘Nl‘z)A

COROLLARY 5.8 (A Cameron type integration by parts formula). Forhq,..., h, €
2 and f,g € FC(W),

Vi ((Ony -0, f)-9) = v (f -0, - 01, 9)
where 8; = =0y, +t~ My, and Oy, (k - x) is to be interpreted as k - h.
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Proof. (Sketch.) From Eq. (5.5) and (5.6),
/ f(x + sh)g(x + sh)dv; (z / flz 'h'w*%"”zdyt(:c).
Differentiating this equation in s and evaluating at s = 0 shows
| 0ns@ata) + f@ug(@Nan (@) = [ 302 f@ata)in(o),

ie. Of = —0Oh+ t~1M,,.,.. The analytic details are left to the reader or see, for
example, [22]. ®

6. Classical Wiener Measure

NOTATION 6.1 (Path Spaces). Given a pointed Riemannian manifold (M, g, 0),
let

(6.1) W (M)={ceC(0,1] - M)|o(0) =0}.
For those o € W (M) which are absolutely continuous, let
(6.2) E]u / ‘0’ ‘ ds

denote the energy of o. The space of finite energy paths H(M) is given by
(6.3) H(M) := {0 € W(M)|o is absolutely continuous and Ejs(c) < oo} .

NOTATION 6.2. If M is an inner product space we will always take o =0 € M
and g to be the Riemannian metric associated to the inner product on M. The
supremum norm,

ol = max w(s)]
makes the Wiener space W (M) into a Banach space. The Cameron — Martin
space H (M) becomes a Hilbert space when equipped with the inner product

(h, k) = (h,k)m(ay i= /0 (W' (s),k'(s)) s ds for all b,k € H(M).

The associated Hilbertian norm h — /(h, h) on H(M) will be denoted by |h|.

DEFINITION 6.3. A function f : W(M) — C is a C* — cylinder function (f €
FCF(W)) provided there exists a partition

(6.4) mi={0=s90<$1 < <8, =1}
of [0,1] and a smooth function F' € C¥(M™) such that
(6.5) f(o) =F(o(s1),...,0(sn)) = Flolx).

As usual we will say f € FC*(W(M)) or f € FBCHW(M)) if F € C*(M™) or
F € BC*(M™) respectively.

For the rest of this section we are going to take M = R?. (The case where M
is a more general manifold will be considered in Sections 7 and 8 below.)

DEFINITION 6.4 (Differential Operators). For f € C2(W(R?)) and h € H(RY)
let Opf(w) := %\gf(w + th) and gradf(w) € H(R?) for the unique element in
H(R?) such that 9), f(w) = (gradf(w),h) for all h € H(R?). We also let S be an
orthonormal basis for H (R‘l) and define A g payf 1= 5 cq 02 f whenever the sums
converge.
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See Proposition 6.11 below for an explicit description of gradf and Ay ga)f
when f is a cylinder function. The existence (and the hard) part of the following
theorem is due to N. Wiener [58].

THEOREM 6.5 (Wiener 1923). There exists a unique heat kernel sequence’
{vt}is0 based at 0 € W = W(R?) satisfying
(1) (W) =1 forallt >0 and
(2) for all f € FBC*(W), the function t — wv(f) is continuously differen-
tiable,
d
dt
REMARK 6.6. The existence proof in subsection 6.3 below will show that v; is
concentrated on o — Holder continuous paths for any o < 1/2. Tt is also well known
that v, lives on the set of nowhere differentiable paths. It is not our aim here to
study the sample path properties of v; in any detail. The reader interested in such
matters is referred to the very nice survey article of Y. Peres [54].

nlf) = gD ) and Tm () = 0,

Before going into the proof of Theorem 6.5 we need to pause to develop the
differential calculus on H(R?). The uniqueness assertion will be proved in subsection
6.2 and the existence assertion will be proved in subsection 6.3 below.

6.1. Differential Calculus on H. In what follows, for notational simplicity,
we will often state and/or prove results in the special case, d = 1 in which case we
write W = W(R') and H = H(R'). The reader is invited to fill in the details for
d > 1 which are omitted.

PROPOSITION 6.7. Let G(s,t) = min(s,t) = s At. Then G is the reproducing
kernel for H, i.e. (G(s,-),h) = h(s) for all s € [0,1] and h € H.

Proof. For h € H,

¢ 1
h(t) = / I (s)ds = / Locel/(s)ds = (G(t, ), h)
0 0
where
aG(S> t)/as = lsgt
and therefore G(s,t) = [ Lr<edr =sAt. ®

REMARK 6.8. G(s,t) is the Green’s function for —d?/ds? with Dirichlet bound-
ary conditions at 0 and Neumann boundary conditions at 1.

COROLLARY 6.9 (A simple Sobolev embedding theorem). The inclusion map
i: H — W is continuous and in fact

|Rlly < |h| for allh € H
where |h| = ||h|| 4 is the Hilbertian norm on H.
Proof. By Proposition 6.7, for s € [0, 1],
[h(s)] = [(G(s,-), )| < NG (s, )l 1Pl g -

3Wiener did not state the theorem this way, but the results are equivalent.
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This proves the corollary since

1
GG, = [ (e dt=s < 1.
JO
[ |

COROLLARY 6.10. Let S C H be any orthonormal basis for H. Then
Z h(s (s,).
hes

Proof. The proof is simply Parseval’s equality along with the reproducing
kernel properties of G,

Z h(S)h(t) = Z(G(S’ ')7 h)(G(t7 ')7 h) = (G('S: ')a G(t7 )) = G(87 t)'
hes hes
]

PROPOSITION 6.11. Suppose that f € FC?*(W), then

(6.6) gradf(w 28 F(w(s1),...,w(sn))G(si,-)

and

6.7)  Apf(w Z G(84,87) 005 F(w(s1), - - -, w(sn)) = AgF(w]r)-
i,7=1

If f is expressed as
(6.8) f(w) = F(hw,...,0w)
where d;w = w(s;) —w(si—1) fori=1,2,...,n, then (with §; := $; — Si—1)

(6.9) Apf(w Za (92F) (8100, ..., 6,w).
Proof. By definition,
Ot (w Zh 51), - ZaF ,w(sn)) (Glsis-), )

and

Apfw) =Y 0pf(w ZZ}W ()00 F(w(s1), - - - w(sn))

heS heSi,j=1
= Z G(s4,55)0;0;F (w(s1), ..., w(sn))
ij=1

which proves Egs. (6.6) and (6.7). Similarly, if f is given as in Eq. (6.8), then

Onf(w) =" (h(si) = h(si1)) GF (1w, ..., 6pw)

i=1

grad f(w Za F(81w, .., 6w) (G(si,-) — G(si_1,-))
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and

Apfw) = hfw)

hes

=> Z h(si-1)) (h(s;) = h(sj-1)) 0:0;F (01w, . . ., 5nw)
hesSi,j=1

= Z (8,; NS; —8i NSj—1—8i—1 NSj+Si—1 N .9]‘,1) (‘),;(‘)jF((Slw, ey 6,Lw)
ij=1

n
= 607 F (01w, ., 5aw).
i=1
]
REMARK 6.12. The operators A, are all elliptic. Indeed, if £ = (&), e R"
then
2

>0

n

Z G(s,;,sj)g,;fj = Z (G(S,’,,-), S], &fj = ZG 9“- ,;
ij=1 ij=1

with equality iff h(s) = Y7, G(s;,s)&; is zero. This would imply

0="n(s)= lefslgi for s¢
=1

from which it easily follows that £ = 0.

PROPOSITION 6.13. Let 7 be a partition of [0,1] as in Eq. (6.4), F € C*(R"),
then

(6.10)  etA/2F(0) = / F(z1,...,2n) {Hm(s{_s”)(n—hxi) day ---dz,,
" i=1
where p is the heat kernel on R as in Proposition 2.5 (with d = 1) and A is defined
in Eq. (6.7).
Proof. If F(zy,...,z,) = G(x1,22 — x1,...,%y — Tp_1) then

n

(6.11)  AzF(z1,...,25) = Z (s; — si—1) (81-2G) (1,82 — 21, ..., Tn — Tn—1)-
i=1

This may be deduced from Proposition 6.11 or proved directly as follows. By the

chain rule

O F(x1,...,20) = [(0; — 041) G] (x1, 82 — 1, ..., Ty — Tpp—1)

where by convention 9,11 = 0. Hence, with z = (z1,...,2,) and y = (21,22 —
Tlyeoey Ty — Tn— 1)

AcF(e) = 3508y 100= 0ua) 0, = 2120)€10)

:2251-[(31-—6“1)(6 8,11) G) (y +Zsl[8 Biv1) G]()

i<j

=27 5000 = 0010) s G (1) + D5 [(0: = 940)* €] (9)

i
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where we have used a telescoping series to compute the sum on j. Elementary
algebra now shows

AF(z Zsl[ﬁ Bi+1) (8; +8,41) G (y Zs, (92 - 32,,) G] (v)

which is equlvalent to Eq. (6.11) after re-indexing the second term in the last sum.
A consequence of Eq. (6.11) is

(emﬂ/z F> 0) = (eézrzxs,fsfﬂﬁfc:) (0)

:/ G(ylv---vyn) |:Hp(5i511)t(yi):| dyy -+ - dyp,
R i=1

Making the change of variable y = (21,22 — 21,...,%, — T,,—1) in the previous
integral gives Eq. (6.10). m

6.2. Properties of {11}, . In this section we will develop some of the basic
properties of the heat kernel sequence {11}, in Theorem 6.5.

PROPOSITION 6.14 (Uniqueness of Heat Kernel Measures on W). Suppose
{vi}1s0 is a heat kernel sequence based at 0 € W(R?) as in Theorem 6.5 and
f € BFC*W) is a cylinder function as in Eq. (6.5). Then
(6.12) v(f) = / ., F(xy,...,z,) |:Hpt(sz—sz1)(xi—17xi) dxy - dy,.

JRH™ i=1
In particular if {vi}, exists then it is uniquely determined by Eq. (6.12).

Proof. The proof follows in the same manner as the proof of uniqueness in
Proposition 5 4 and maklng use of Proposition 6.13. ®
Let E(z [0 |z'(s)|* ds be the energy of a path = € H(R?), then (as in
Remark 4. 5) we have informally
1
(6.13) “uy(da) = 76*%E<~T)dm,,(x).”
t
Proposition 6.17 below makes this formula precise.

NOTATION 6.15. To each partition 7 of [0, 1] let
H:(RY) = {we HRY) :w"(s)=0if s ¢ 7}
and for w € W (]R‘l) let w, € H,(R?) denote the unique element of H,(R?) such
that wr(s) = w(s) for all s € .

LEMMA 6.16. The mapping h € H (R?) — h, € H(R?) C H(R?) is orthogonal
projection onto Hy(RY).

Proof. Since it is clear that h, = h for h € H; (Rd) , we need only prove
(hr,k) = (h, ky) for all h,k € H (RY) . If 7 is a partition as in Eq. (6.4), then
n—1
h(si1) — h(s:)
b = — (s,
" ; sipr — s sl
and hence
n—1 )

h.,r,k Z h 57+1

i Si+1 — Si

(k(si41) — K(s4))
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which is clearly symmetric in h and k. ®

PROPOSITION 6.17. Suppose {vi},~, is a heat kernel sequence based at 0 €
W(R?), 7 is a partition of [0,1] and f is a cylinder function written as f(w) =
F(wl|s) with w|x as in Eq. (6.5). Let my denote a Lebesque measure on H,(R?)
(i.e. any non-trivial translation invariant measure on H,(R%)) then

(6.14) /V'V(Rd) Fw)din () = %(t) /I;W(Rd) (e FE0) d (1)

where Z(t) is a normalization constant chosen so that
1
(6.15) dvy(h) := Z—(t)efﬁE(h)dmﬂ(h)

is a probability measure.

Proof. First notice that the measure vJ is independent of the possible choices
of m. since translation invariant measures are unique up to a multiplicative constant
and this ambiguity of the constant is cancelled by the normalization constant Z,(t).
For each = € (]Rd)" let h, denote the unique element of H,(R?) such that h.(s;) =
xz; for ¢ = 1,2,...n. The mapping = € (Rd)n — hy € H.(R?) is a vector space
isomorphism with the property that (with d; := s; — 5,1 and 6;2 := z; — ;1)

i=1 i =1
and hence
n n 1 1 ‘ ‘2 n 1
) N — — 557 10im]” _ 3 B(hs)
pis, (Tic1, i) = | | ———z¢ T =||l———5¢*
H o 1:[1 (2rt5,)/? 1:[1 (2rt5,)/?

So if we now fix m, by requiring m, to be the push forward of Lebesgue measure
on (Rd)" under the map z — h, we have shown

/ fw)dv(w) = / F(zy1,...,xp) HPt(sl—si,l)(Ii—la x;)dxy -+ dxy,
JW (Rd) J(®ra)" bl
n—1
= f(h) e*%E(h)dm7r h).
/H,((Rd) H (27td;) (2nt5,)%? *)
| |

COROLLARY 6.18. Let f be a bounded and continuous function on W(]Rd)
relative to the sup-norm topology, then

/ f(w)dr(w) = lim f(h)dvf (h).
W (R<)

|7|—0 H, (R4)

Proof. For each partition 7 and w € W (R?) let w, € H,(R?) be as in Notation
6.15. Then by uniform continuity, wy(s) — w(s) uniformly in s as |7| — 0 and so
by the dominated convergence theorem,

/W(R") flw)dinw) = \713\130 /W(]Rd) flue)dnle) = |7lri\rilo /H,,(]Rd) Jdvi ()

wherein we have used Proposition 6.17 for the second equality. m
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EXERCISE 6.1. Use the following outline to show v; L vy if s # t. To simplify
notation assume d = 1. For n € N let m, :=={k27" : k =0,1,2...,2"} and define

G (w) = |w (k+1)27") —w (k27") 7 —27"¢

and

=3 a2 w2

(1) Show v (&) = 0, v4(&x&j) = 0if k # j and 1 (67) = 2- 27212
(2) Use 1. to conclude for any € > 0,

Vi (1Sn—t] > €) < 6—2/ 1S (@) — £ dig(w) = 2 274262,
w

(3) Use 2. to conclude for any € > 0 that
[ee)

Z 1‘5" (w)—t|>e < 0 for v, — a.e. w.

n=1

(4) Use 3. to conclude that v4(W;) = 1 where

2" —1
W, = {wEW : hm Z |w k+1 )w(kQ"’)f—t}.

(5) Observe that W, N Wy = () if s # t.

PROPOSITION 6.19 (It6 integral). Suppose h € H(R?), 7 is a partition of [0, 1]
as in Eq. (6.4) and for w € W (R?) let w, € Hy (R?) be as in Notation 6.15. Then
for each t > 0, the limit of the function, w — (h,wx), exist in L*(v;) as |x| — 0.
By abuse of notation we will write this L?(v;) limit as

1
LX(v) - |71ri\rilo(h’w”) =: (h,w) :/0 B (s) - dw(s).

(Warning: As in Lemma 5.6, the limit will in general depend on t > 0.) Further-
more, for allh € H (Rd) and bounded measurable functions F': R — R,

(6.16) /W(R{])F((h.,w))dyf \/_/ |h| —zz/zdx'

Proof. Before starting the proof let us notice that

n—1

6.17 h, Wy :/ KW(s)-w! {M} - w(sg —w(s;)].
(O17) (hor) = [ (5) wrloyas = 3 | 222 (o) = w(si)]
For h € U H, (Rd) (the union being over all partitions of [0, 1]) with

n—1
(6.18) Z ail(s; s,,,)(5) for ae. s

let

np(w Z a; - [w(siy1) — w(s;)]-
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The reader is invited to check that nj(w) is well defined independent of how A’ is
written in the form given in Eq. (6.18). Making use of Propositions 6.13 and 6.14,
we have for a,b € R?,

/ a-[wsit1) —w(s:)]b- [wisjrr) — w(s))]dr(w) = tija-b(siv1 — si) -
W(R)

and therefore
n—1
/ [ (@) dv(w) =Y Jail® (541 — s:) = £
W (R%) i—0

This shows that the map
h € UzHy (R?) — ny € L* (1)

is a bounded linear map and hence extends uniquely to H (R?) = UrH, (R9). If
h € H (R?) is chosen so that h, € H, (R?) with hy(s) = h(s) for all s € 7, then
Eq. (6.17) shows ny,, (w) = (h,wx). So to finish the proof it suffices to prove, for
allhe€ H, hr — hin H as || — 0.

When k € C* ([0,1], R?) N H (RY) , ki, — k’ uniformly and therefore kr — k in
H as |r| — 0. For general h € H (R?) and k € C* ([0,1],R%) N H (R?) we have

lim sup |h—hy| <lim sup (|h—k|+|k—k:|+|(k—h).])
[m|—o0 [7|—o0
(6.19) < |h—kl+lim sup |[(k—h) |<2]|h—Fk|
[m|—o0

wherein the last equality we have used Lemma 6.16 to conclude |(k — h)_| < |h —k].
Letting k — h in Eq. (6.19) completes the proof of existence of the L?(r;) — limit.

Since probability measures on R are uniquely characterized by their Fourier
transform, it suffices to prove Eq. (6.16) in the case that F(z) = e™* for
some A € R. Now choose a sequence of partitions =, such that |m,| — 0 and
limy, 00 (hywx,) = (h,w) for v; — a.e. w. Then using Lemma 4.4 and Corollary
6.18,

/ M@ gy (W) = lim eAMem) gy (w) = lim MR dyme ()
W(R4) e Jw(re) 700 S He,, (RY)
= lim e 5Vl = o= AR L /e“(‘ﬂ‘hlz)e*zzﬁdao.
n—oo 27T R
|

Items 2. and 3. of the following theorem may be found in [7, 8, 9].

THEOREM 6.20 (Cameron — Martin Theorem and Integration by Parts For-
mula). For h € W (R?), let v} := vy(- — h), i.e.

. w)dvl (w) = W)V —h):= w v (w) .
Sy fR@ = [ s nyi= [ o @)

(1) Ifhe W (RY)\ H (R?) then v L v
(2) If h € H (R?Y) then v} < vy and

h
dvy

1
— o) = _ LY e
() = : exp(t/o W (s) - di(s) — 5 lhP?)
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(3) Forallhe€ H(RY), 05 = (=0h + 1(h,w)), i.e.

1
[ ot g = [ ) (<0t 100)) s o)
W (Rd) W (Rd) t
In particular vy is a smooth measure.

Proof. We will not give the proof of item 1. here which is similar to the
proof of the corresponding result in Proposition 5.7. For item 2., first suppose
f € BC(W (RY)), h € Hy (R?) for some partition 7 of [0,1] and let m, be a
sequence of partitions containing 7 such that |7,| | 0. Since H, (Rd) C Hy, (Rd) ,
by Corollary 6.18 and the translation invariance of finite dimensional Lebesgue
measure,

/ Flw + h)dv; (@) = lim F(k+ h)dv]™ (k)
W (Re) n—oo Ji  (Rd)

1 1

— lim fk+h) e 7 E®dm, (k

[ s (b)

1
= lim f
n—o0 [ (Rd) ( )an (t)

T

e_%E(k_h)dmﬂn (k)

= lim F(R)e™ FL20R R gy 1)
n—oo Hﬂ',,,, <]-Rd)

_ —%[—2(}zﬁw)+|h\2}d
J, g £ ().
For general h € H (Rd) , the previous result proves

(6.20) / Flw =+ hy)dy (w) = / Flw)et e =arlh= gy, () .
W(R4) W(R4)

By the dominated convergence theorem,

(6.21) lim flw+ hz)dv (w) = / flw+ h)dyy (w)
[7|=0 Jw (rd) W (R4)

while for any p > 1,

o = /
W (R4)

_ / B (hw)— |l
W (R4)

Hence by the Cauchy Schwarz inequality and Eq. (6.16), €2 < AB, where

P

o3t [“2(hw)HIRP] _ = gr[~2(hnw) e ] vy (w)

1= hheh =P gy, ().

2 2p 1512 1 2p 2pp 2 2
A= Z(hw) =0 g = — [ VM= F P o2, o
W(Rd)e v (w) o Re e T < 00
and
Bo= [ [ueettnher ] g
T W (Rd)
- _12#/ \1 _ B VEha—hla— & [IhaP= 12| * —a? /24,
T JR
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The dominated convergence theorem now shows lim|—o Br = 0 and hence ez — 0
so that
(6.22)

lim f(w)e%(h“’“’)*%t‘h’"lzdvt (w) = / Fw)et P =30 gy, ()
[7]=0 Jw (rd) W (R4)
Combining Egs. (6.20) — (6.22) shows
(6.23) / Flo+ h)dvy (w) = / Flw)er T =% g, (u)
W(RY) W(R?)

forallh e H (Rd) and f € BC (W (Rd)) . By general measure theoretic arguments
it now follows that Eq. (6.23) holds for all bounded measurable functions f on
w (]Rd) and this proves item 2. Lastly item 3. is proved similarly to the proof of
Corollary 5.8. m

NOTATION 6.21. It is customary to call the measure p := 1 — Wiener mea-
sure on W (R%).

REMARK 6.22. From Proposition 6.17, it is easily shown that dv; is the measure
on W (Rd) determined by

[t = [ i)
Jw(®d) W (Rd)
and this equation clearly shows that
limuy(f) = lim - F(Viw)dp(w) = £(0)
for all f € BC(W (Rd)). It is also interesting to note that we can deduce from

Theorem 6.20 that 0i14(f) = v(3Anf). Indeed let f € FBCAHW (R?)) be a
cylinder function and S be an orthonormal basis for H (R?), then
1
0, = / ——(Vf(tw),w)d,
() - 2\/5( f(Viw), w)dp(w)

B hX_:S‘-/W(]Rd) %\/Z(vf(\/zw)’h)(h’w)d“(w)

= }; _ /WW) 2%/{ (Onf) (Vtw); 1dp(w)

= L e 1
= i;g ,/W(Rd) 2\/{\/1E (ahf) (Viw)du(w) t(QAHf)-

6.3. Construction of {r;},., on W (R%). Our construction of vy will be
based on the ideas in Proposition 6.17 and Corollary 6.18.

NOTATION 6.23. For each n € Ny let
T ={k27" 1 k=0,1,2...,2"}
and let Vg := Hy, (RY) = {h € H(R?): »” =0} and for n > 1 let V;, denote the
orthogonal complement of H,., ,(R?) in H, (R%).

LEMMA 6.24. Using the notation above:
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h 0.25T
0.2T
0.15T
0.17
0.05T
% 0.28 0.5 0.75 P

Ficure 1. This function is a typical element of V3. It is the func-
tion hg as described in Lemma 6.24 with n = 3.

(1) Suppose T is a partition of [0,1] then h € H,(RY)* iff h|, = 0.

(2) Forn>1,V, ={h€ Hy, (R?) : h|,,_, =0}.

3) H (Rd) = @52V with the sum being the Hilbert space orthogonal direct
sum.

(4) Givenn > 1 and 0 < k < 2771, let hy, € V,, (R) be the unique “tent”
function (see Figure 1) such that

1 —n _ntl

hk‘[0,k2*”“]u[(k-+1)2*"+1,1] =0 and hi((k+ 5)2 +1) =2""z.

Then {hkej 0<k<2mlj=1,.. .,d} is an orthonormal basis for

Vo (RY).

Proof. Items 1. and 2. Suppose h € H,(R)!, s € 7 and a € R?. Let
k(t) = G(s,t)a, then k € H,(R?) and hence 0 = (h,k) = h(s) - a from which it
follows h|r = 0. Any easy computation using the fundamental theorem of calculus
shows that if k|, = 0 and k € H,(R?), then (h,k) = 0.

Item 3. If m # n, V,, and V,,, are orthogonal subspaces and H, (Rd) = 0L Vi
by construction. If h € H (]Rd) and h LV, for all n, then h L H (Rd) for all n.
So by item 1., h(s) = 0 on all dyadic rationals in [0, 1]. Since the latter set is dense
in [0,1] and h is continuous, h = 0 and this completes the proof of item 3.

Item 4. is a simple verification left to the reader. m

LEMMA 6.25. Let {v)'},5 denote the heat kernel sequence on V,, := V;, (R) at
0 and for q € [1,00) let

(6.24)  C(q) := (\/%/Rwr]e_%””zdx) " V2 {n—%r (%)}l/q < 0.

Then for any p,p € [1,00),

1/p L
(6.25) ([ wmizarm) ™ < o),
Vi
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Moreover for a € (0,1) let

IRl = sup {M

T t,s €0,1] wztht#s}

then we have

1/p 1 1
620 ([ Ibagm) < cpran i),

Proof. Let {hj:k <2""'} be as in Lemma 6.24 and set & (h) := (A, h).
Then h =37, on—1 &k (h) hy, for all b € V,,. Since the sets {hy # O}Z:O1 are disjoint
and |hill, = 2= it follows that 17l = 2‘”“]\[71(11) where

My (h) == max {|& (h)] : k <2" 7'},

For any ¢ > 1,
1/q
([ s ) (/ Y Mw())
n nk<2n 1
11 RN Vi 1/26(n—1)/
6.27 =|2" — z|Te 2" dx =C(q)t/=2\"= 4
(6.27) G ) =cw

where C(q) is defined in Eq. (6.24). (The second equality in Eq. (6.24) is a
consequence of the integrand being even and the change of variables u = z%/2.)
Therefore for any p,p > 1,

1/p 1/pp
(/V ||h\|;duzl(h>) s(/v ||h\|§;fduf<h>)
1/pp
— gt ( / Mﬁ%h)duﬂh))

< Clpp)t /227 27 % < Clpp)t*/ 227527 %
which proves Eq. (6.25).
Since Hth =

n—1

= 273

h =3 con1&(R) hg, and {hk} have

essentially disjoint supports, it follows that Hh” = Q%Aln(h). By the mean
oo

value theorem,

h(t) ~ h(s)] _ | 1t~

2 = 2" M, (h e
(6.29) Pl ()t 5|
From Eq. (6.28), if |t — 5| < 271,
[h(t) — h(s)]| < 1 1, (h)2~ (=) (1) — ]\/[n(h)z—(n—l)(%—a)

It —s|®
and if [t — 5| > 2= (1)
ntl

h(t) = b _ 20blls 27 Mo ()

— —(n-1)(%-a)
[t —s|® — 2-al-1) =% 2-a(n-1) M (h)2 27

The previous two equations imply

Il < ]Wn(h)Q_(ﬂ—l)(%_a)'
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Therefore for any p > 1 (working as above)

1/p . 1/pp
( / nhni’,duzl(h)> < 9-(=1(3-0) ( / Mﬁ”(h)dvg”(h)>

< 27V Cppyt /225

which proves Eq. (6.26). m

6.3.1. Ezistence proof of {vi},~q in Theorem 6.5. Again for simplicity of no-
tation we carry out the proof when d = 1. Let Q :=[[°2V,,, P = [[oeg V7 (see
Fact 5.1) and for n € N let S,, : Q — V,, be the natural projection onto V,,. Then
by construction, {S,}o-, are all mutually independent and (S,,), P: = v for each
n€N. If a < 1 and p € [1,00) we may choose p € [1,00) such that 2+ —a — p—lp > 0.
Then by Lemma 6.25,

(oo}

1 L
> 1Sulla <Z\|\|5,L\|(I\|L,)<Pf Clpp tl/zzz (n-D(3-a-3) < o0
n=0 n=0

Lr(P,) n=0
OO o0
This shows: 1) > [|Snll, < oo for P, — a.e. and hence S := ) S, exists in
n=0 n=0

C%([0,1]) offa P, — null set and 2) S := > S,, converges in LP(Q, P;, C%< ([0, 1]))
n=0

for all p € [1,00).
Thus the measure v; := S, P; is a probability measure on W which is supported
on C%* ([0, 1]) for any o < 1/2 and satisfies

/ lw||? dvi(w) < oo for all p € [1,00).

w

For ¢ € W*,
/ ew(w)dut(w) = / ew(s(”»dPt(x) = lim ei¢<S"(z>)dPt(x)
Jw Ja

n—oo Jo

. t ¢
— iy exp (g ol ) =eww (-5 of3 ).

So if 7 is a partition of [0,1] and ¢ € H it follows that

) t t
(6.29) / @) dy, (W) = exp (75 | Opﬂ.ﬁ{) = exp (75 Wﬁ{,)
w

where pr(w) := wy for w € W. The last equality in Eq. (6.29) is a result of the fact
that pr : H — H, is orthogonal projection by Lemma 6.16. Eq. (6.29) and the
fact that probability measures are uniquely determined by their Fourier transform
implies Eq. (6.14) of Proposition 6.17 holds. The reader is now invited to use this
information and the fact that v] is a heat kernel sequence on Hy to show {1},
is the desired heat kernel sequence.

7. Path and Loop Group Extensions

In this section we will discuss the analogues of the results in Section 6 when
w (Rd) is replaced by the path W(K) or the loop space £L(K) on a compact Lie
group K. Our description of the results in this section will be rather brief com-
pared to the previous sections. This is because to understand these heat kernel
measures on W (K) and £(K) one must understand “Wiener measure” on the path
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space of W(K) and L(K) respectively. Section 8, describes these type of results
in the simpler setting where W (K) and L(K) are replaced by a finite dimensional
Riemannian manifold M.

NoTATION 7.1. Let K be a connected compact Lie group, ¢ := T. K be the
Lie algebra of K, (-,-), be an Adg-invariant inner product on € and let g := ge
denote the unique bi-invariant Riemannian metric on K which agrees with (-, ), on
¢ := T, K. To simplify notation later we will assume that K is a matrix group in
which case ¢ may also be viewed as a matrix Lie algebra. (Since K is compact, this
is no restriction, see for example Theorem 4.1 on p. 136 in [6].) Elements A € ¢
will be identified with the unique left invariant vector field on K agreeing with A
at the identity in K, i.e. if f € C°°(K) then

Af(@) = Ljof(aet).

EXAMPLE 7.2. As an example, let K = SO(3) be the group of 3 x 3 real
orthogonal matrices with determinant 1. The Lie algebra of K is € = so(3), the set
of 3 x 3 real skew symmetric matrices, and the inner product (A, B)¢ := —tr(AB)
is an example of an Ady — invariant inner product on €.

Our main interest here is the path and loop spaces built on K. In this section,
let M = K and o = e (e € K is the identity element) in Notation 6.1.

NoTATION 7.3. For a compact Lie group K let
(7.1) W(K):={oceC([0,1] — K)|o(0) =e},
(7.2) L(K):={ceW(K)|o(1) =¢}

and e €L (K) C W (K) denote the constant path at e € K. As in Notation 6.1,
H(K) and Hy(K) are the finite energy paths in W (K) and L(K) respectively. In
this case the energy Ex on H(K) is given explicitly by

(7.3) Ex(0) := / 1 o) a'(s>1fds = /0 o (hots) s,

wherein the last equality is a consequence of the Adyx — invariance of (-, ).

As usual we will refer to H(¢) equipped with the Hilbertian inner product,

1

(7.4) (h k) = [ (06, () ds,
0

as the Cameron — Martin Hilbert space.

REMARK 7.4. Tt is well known that H(K) is a Hilbert Lie group under pointwise
multiplication and that the map

(z,h) € H(K) x H(t) — Ly.h € T (H (K))

is a trivialization of the tangent bundle of H(K). (We are using L, : H(K) —
H(K) to denote left multiplication by x.) This trivialization induces a left-invariant
Riemannian metric (-,-) on H(K) given explicitly by

(7.5) (Lgwh, Lyih) = /1 (W' (s),h'(s))e ds Vo€ H(K)and h € H(t).
0

See Appendix A in [20] and the references therein for more details.
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DerFiNiTION 7.5 (Differential Operators). For h € H(E) (h € Ho(t)), let h
denote the left invariant vector field on W(K) (L(K)) such that h(e) = h, i.e. if
feCYW(K)) (f € CHL(K))) and x € W(K) (z € L(K)) then

d

hf(x) = pr

f (we™),

0

where (zeth) (s) = 2(s)et"®) for all s € [0,1]. For those f € C?(W(K)) for which
the following sums converge (for example smooth cylinder functions), let

lrad > == 3" (Rr)" and Apoo = SR,

hes heS
and
- N2 -
lerado | == Y (Af) and Apye fi= > 2.
h€So h€So
Here S and Sy are orthonormal bases for H () and Hj () respectively.
THEOREM 7.6 (Heat Kernel Measure). There exists unique heat kernel se-

quences {v},oq and {vf},s, based at e on W(K) and L(K) respectively, i.e. for
all f € FC*(W(K)),

Otuf,(f) = %Vf/ (AH(K)f) and 6t1/te(f) = %Vte (AHO(K)f)
and

lims(f) = f(e) = lim v ().

t10

The reader is referred to Malliavin [52], Driver and Lohrenz [21], and Driver
and [18] for the existence of v and v¢.

THEOREM 7.7 (Quasi-invariance for heat kernel measure). For each k € Hy(G)
which is null homotopic, v§ is quasi-invariant under the right and left translations
by k.

Proof. See Driver [18, 19] and Fang [32, 33]. The free loop space version of
these results was carried out by Trevor Carson in [10, 11]. The reader should also
see Inahama [43] for generalizations of Theorem 7.8 and Corollary 7.7 to include
“H* — metrics” on £(K) for s >1/2. m

THEOREM 7.8 (Heat Kernel Logarithmic Sobolev Theorem, [21]). There is a
constant C' < oo such that

/2 2
7.6 / 210 —dVeSC/ ra dvf
(76) Lo B <O [ NI

for all smooth cylinder functions f : L(K) — R. (Eq. (7.6) when K = R? is Gross’
original Logarithmic Sobolev inequality.)

Proof. See Driver and Lohrenz [21], Carson [10, 11] and Fang [33]. =

REMARK 7.9. Similar results hold for v; and they are much easier to prove.
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8. Wiener Measure on W (M) and its Properties

The proofs of the results in Section 7 rely on properties of “Wiener measure” on
W(L(K)) and W(W(K)) to deduce properties about the heat kernel measures v,
and v§ respectively. This section will describe some of the relevant results needed
in the simpler setting where £(K) (W(K)) is replaced by a finite dimensional
Riemannian manifold M with a fixed base point 0 € M. We will continue to use
the notation and results from Section 2. In particular p;(z,y) denotes the heat
kernel on M as described just before Theorem 2.6. To simplify the exposition, let
us assume M is compact. (Most of the results are valid under the weaker assumption
that M is complete and the Ricci curvature is bounded from below.)

NoTaTION 8.1. To each 0 € H(M) and s € [0,1] let //s(0) : ToM — TyoyM
denote parallel translation along U\[o,s] relative to the Levi-Civita covariant de-
rivative V, i.e. //s(o) is the unique solution to the ordinary differential equation

%//S(O') = 0 Wlth //O(O') :IdTUM~

Also let ¢V : H(T,M) — H(M) denote Cartan’s rolling map, defined by
o = ¢V (w) where ¢ is the unique solution to the functional differential equation

(8.1) a'(s) = //s(o)w'(s) with a(0) = o.

REMARK 8.2. Suppose M is the boundary of a smooth convex region in R?
equipped with the metric inherited from R3. Then the curve o in (8.1) has the
interpretation of being the curve on M found by rolling M along the curve w in
To M. The reader is invited to try this by rolling a balloon along a curve, w, drawn
on a chalk board.

THEOREM 8.3 (Wiener measure). There exists a unique probability measure
pw (ary on W (M) such that for all cylinder functions f € FC(W(M)), as described
in Definition 6.3,

(8.2)
n—1

/ f(o)dpw (o) = F(zy,...,zn) Hp(s,,ﬂfs,,,)(:ri,xiﬂ)dm e dy.
W (M) M i=0

where o = o and dx denotes the volume measure on M.

REMARK 8.4 (Warning). Comparing Eq. (8.2) with Eq. (6.12) with ¢ = 1, the
reader may be lead to think that py(as) is a heat kernel measure on W (M). This
is however not the case for general Riemannian manifolds M. Of course iy (ar) is
intimately connected to the heat kernel measures v, on M based at o € M by the
formula

(8.3) n(F) = /W(M> F(o(t))dun (o) for all F € C(M).

It is this relationship which is exploited to prove the results in Section 7.

It turns out that there is another (often more useful) way to construct the
measure fyy () Which involves solving a “stochastic differential” equation. We
will hide this stochastic differential equation in the formulation given in the next
theorem.
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THEOREM 8.5 (Eells & Elworthy stochastic rolling construction of pyy(ar)). Let
Hw (ray be Wiener measure on W (]Rd) as in Notation 6.21 and forw € W (Rd) and
a partition T of [0,1] let wr € Hx (R?) be as defined in Notation 6.15. Then (w) =
im0 ¢(wx) exists for py (ray — a.e. w and moreover pw(ary = q;)*uw(Rd) =

Hw (Rd) © o~ L. In words, pw(ary 8 the push — forward of Wiener measure fiyy (ra)
on W (]Rd) by the “stochastic” extension (;E of Cartan’s rolling map.

Proof. The fact that ¢~> has a “stochastic extension” seems to have first been
observed by Eells and Elworthy [23] who used ideas of Gangolli [36]. The relation-
ship of the stochastic development map to stochastic differential equations on the
orthogonal frame bundle O(M) of M is pointed out in Elworthy [24, 25, 26]. The
frame bundle point of view has also been developed by Malliavin, see for example
(50, 49, 51]. For a more detailed history of the stochastic development map, see
pp. 156-157 in Elworthy [26]. =

PROPOSITION 8.6 (Stochastic parallel translation). There ezists a continuous

process, (0,s) € W (M) x [0,1] — // (o) € End(ToM,TM), such that 7]5(0) €
End (T,M, T, M) for all o and s and

70 = ey lim, /1,(6 (),
where the limit is taken in the sense of py re)y — measure.

THEOREM 8.7 (Cameron-Martin Theorem for M). Let h € H(T,M) and X"
be the pw(nry — a.e. well defined vector field on W (M) given by
(8.4) X(0) = //s(0)h(s) fors € [0,1].
Then X" admits a flow X" on W (M) and this flow leaves Hw () quasi-invariant.
This theorem first appeared in Driver [17] when h € H (T,M)NC*([0, 1], T, M)

and was soon extended to all h € H (T, M) by E. Hsu [40, 41]. Other proofs may
also be found in [30, 48, 53].

COROLLARY 8.8 (Integration by Parts for uw (ar)). For h € H(ToM) and f €
FCYW(M)) be as in Eq. (6.5), let

n n

(X" 1)(0) = 32l X" (9)) = Y (Vi (0), X4 (0))g = Y (Vi) (o), /], ()50
i=1 i=1
Then .
[ Xt rauwon = [ 7662 0) duwan(@)
W (M) W(R)
where
2" (w) ::/0 (h'(s) + %Ric/h(&(w)h’(s),dw(s))
and Ric5 ) = /75(0)*1Ric0(5)/75(0) € End(T,M) and Ric is the Ricci tensor
onTM. "

Proof. A special case of this type of theorem for f(o) = F(o(s)) for some
F € C>=(M) first appeared in Bismut [4]. The result stated here was proved in
[17]. Other proofs of this corollary may be found in [1, 2, 18, 28, 29, 27, 30, 31,
40, 41, 46, 47, 48, 53|
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EXAMPLE 8.9. When M = R? then // ( Yo = Ug(s) for all v € RY and
o € W(R?). Thus X" () = (h(s))s(s) and e’ X"(¢) = o + th and so Theorem 8.7
becomes the classical Cameron-Martin Theorem, see Theorem 6.20 with ¢t = 1.

8.1. Path Integral Interpretation. In this subsection we will state a couple
of analogues of Proposition 6.17.

NoOTATION 8.10. Given a partition 7 of [0, 1], let
H,(M)={oce€ HM)NC*I\):Vao'(s)/ds =0 for s ¢ 7}
be the piecewise geodesics paths in H(M) which change directions only at the
partition points.

It is possible to check that H, (M) is a finite dimensional submanifold of H (M)
which is in fact diffeomorphic to (Rd)". For ¢ € H, (M), the tangent space
ToH(M) can be identified with elements X € T,H,(M) satisfying the Jacobi
equations on [ \ 7.

DEFINITION 8.11 (The m7—Metrics). For each partition 7 of [0, 1] as in Eq. (6.4)
let GL be the metric on TH, (M) given by

n (VX Si— 1+ VY(Sifl"r)) (S'—S' 1)
g

(8.5) GLX,Y) =)

‘ ds
i=1
forall X, Y € T,H.(M) and 0 € H,(M). (We are writing W as a shorthand
for limg s, , Vﬁ( *) ) Similarly, let G be the degenerate metric on Hy (M) given by
n
(8.6) GHUX,Y) = (X(s:),Y(s:)), (5 — si-1),,
i=1

for all XY € T,H(M) and o € H(M).

REMARK 8.12. Notice that GL and G are the Riemann sum approximations
to the metrics,

GYX,Y) = /: (Vi_(s), v;(s))yds and GO(X,Y) = /01 (X(s),Y(s)), ds.

If N? is an oriented manifold equipped with a possibly degenerate Riemannian
metric G, let Volg denote the p—form on N determined by

(8.7) Volg (v1,v2,...,0p) == \/det ({G(vi, U_;')}Zj:1>7

where {v1,vs,...,v,} C T,,N is an oriented basis and n € N. We will identify a p—
form on N with the Radon measure induced by the linear functional f € Co(N) —

S [Volg.

DEFINITION 8.13 (7 — Volume Forms). Let Volgo and Volg: denote the volume
forms on H, (M) determined by G and GL in accordance with equation (8.7).

Given the above definitions, there are now two natural finite dimensional “ap-
proximations” to pw (as) in equation (7.4) given in the following definition.
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DEFINITION 8.14 (Approximates to Wiener Measure) For each partition 7 =
{0=350 <81 <82 <-+ <8, =1}o0f [0,1], let 2 and pl denote measures on
H,(M) defined by

1
po = ﬁe*%E’”Volggr

and L
fir = ?6’_%&"\7010;,

™

where Epy : H(M) — [0,00) is the energy functional defined in equation (6.2) and
Z2 and Z} are normalization constants given by

n
(8.8) 70 = H(\/ 27 (si — 8;.1))% and Z} := (2m)%"/2.

i=1

THEOREM 8.15 (Path Integral interpretation of pyy(ar)). Suppose that f :

W (M) — R is bounded and continuous, then

(8.9) lim J(@)diit() = /W) F(@)diean (@)

[7|=0 J m,. (M)

and

(810)  lim (@)l (o) = / F(o)e# Ja Seallo@Nds g (o),
|71 =0 J H. (M) W(M)

where Scal is the scalar curvature of (M, g).

There is a large literature pertaining to results of the type in Theorem 8.15, see
for example [12, 57, 55, 35, 13, 44, 42, 59]. The version given here is contained
in Andersson and Driver [3].

9. Motivations

9.1. Malliavin’s Method. Malliavin’s idea is to embed questions about heat
kernels on finite dimensional manifolds into questions about Wiener measure on
W (R?) . In the elliptic (i.e. Riemannian geometry) setting, Equation (8.3) along
with Corollary 8.8 may be used as a basis for this method. Malliavin’s idea also
extends to certain hypoelliptic settings as well. Although this is a strong motivation,
I am more motivated by problems related to quantum mechanics and quantum field
theories to be described next.

9.2. Canonical Quantization & Path Integral Quantization. Let ¢(¢) €
R? describe the motion of a particle of mass m in the force due to a potential
function V(q). Then ¢ satisfies Newton’s equations of motion,
mg(t) = =VV(q(t))-
The Lagrangian density associated to this equation is L(q,v) := im [v]? = V(g),
the momentum p conjugate to v is given by p = M = mv and the associated
Hamiltonian is given by

H(g,p) =p-v— L(g,v) where p = mv,

01 H@p) = b 5p 4 V() = 5pt 4 Vie) = Elg,0)
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where E(q,v) = 3m [v]> + V(q) is the energy of the “state,” (g, v). To quantize this
system, we should take K = LZ(Rd, dm) for the quantum Hilbert space and replace
q by @ = My and p by P = —ihV,. These are the usual “canonical quantization”
rules one learns in a quantum mechanics class. Let us summarize the usual story
in the following table.

CONCEPT CLASSICAL QUANTUM
CONFIGURATION R? No analogue
SPACE
STATE SPACE T"R? = R? x R? K = PL?(R?, dm), i.e
(p.q) = ¥ € L*(R?, dm)
= Position x Momentum S |9l = 1.
OBSERVABLES Functions f: T"R? — R Self adjoint operators
0 on K
Examples Dk D = %%
a G = My,
H(q,p) = 550° + V(a) =320+ V(a)
DYNAMICS Newtons Equations Schrodinger Equation
of Motion ilnh(t) = Hu(t)
q(t) = =VV(q(t)), P(t) e K
MEASUREMENTS | Evaluation of an observable | (¢, 81) — expected value
on a state, i.e. f(q,p) of 6 in the state 1.

The formal “path integral quantization” of the system described by H in Eq.
(9.1) is given by

—-TH « 4 1 — [T E(w(t),w
Ty =g [ e RS )
1 T .
9.2) Rz 0 Blrte® 01 £ 4 o(T))Dw
where

“F / o= 8 ST 1o Pty
w(0)=0
is the “normalization constant” chosen so that
1 m
(9.3) dp(w)“="—=—e"2Jo le®PPdtp,,
Zr
is a probability “measure”. With this notation Eq. (9.2) states
M) = [ almye Ve )
w(0)=

which is the Feynman Kac formula. This last formula is in fact rigorous provided
one interprets ; as Wiener measure with variance m='/2 on W (Rd) and some mild
restrictions are put on the potential V.
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The use of “path integrals” in physics including heuristic expressions like those
in equations (9.2) started with Feynman in [34] with very early beginnings being
traced back to Dirac [15]. See Section 6 for the correct interpretation of Eq. (9.3).

9.3. Quantization on Riemannian Manifolds. Now suppose M is a Rie-
mannian manifold with metric g and ¢(t) € M? describe the motion of a particle in
M subject to the force due to a potential function V(g). Then ¢ satisfies Newton’s
equations of motion,

Vi(t)
dt
As before, the Lagrangian density associated to this equation is given by

1 o
59@'((1)@1“ -V(qg)

where v = dz?(v) in local coordinates. The corresponding Hamiltonian is given by
the Legendre transform,

(9.4) - —VV(g(t)).

Lig) = 5 ol = V(o) =

. OL(q,v .
H(q,p) = piv' — L(g,v), where p; = %-) = gij (@’

and p; is the conjugate momentum to v’. So v* = g% (z)p; and hence
) ) 1 o
H(q,p) = piv' — L(g,v) = pv’ — (5.{11-,7((1)@%‘] - V(Q))

) 1 1
=pv’ — (5171’01 - V(Q)) =5piv' +V(9)

(9.5) = %g” (@)pip; + V(q).

If q(t) solves Eq. (9.4) and ¢*(¢) := (g (t)) and p;(t) := ¢:;(q(t))¢* (t) then
5 _ 9H(q,p) . _ _OH(q,p)
T, MM T

We now want to quantize H(q,p) by replacing:

1
pi — Pii= = 8. and ¢; — Q; := M,
i Ozt
where Q; is multiplication by x;. Working formally from Eq. (9.5) we conclude
. 1 .. 8?
H=—-=¢" V
597 (@) gmg7 + V(@)

This is not a very good answer since it is coordinate dependent. To remedy this,
notice at the classical level we could also write

H(q,p) = 2\/_192\/_51”( Y + V(z)

which when quantized gives the operator,
- 11 9 ; 0 1
H=———— U(r)=— +V(z)=—=A My .
3 V99 @) gy + V@) = —gdur+ My
The latter expression has the virtue of at least being coordinate independent.
The formal path integral quantization of the above system is given by

o 1 [ y ;
(9.6) efFHf(wo) _ Z_T / o e~ I E(a(t)’a(t))dtf(a(T))'Da
o To
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where E(z,v) = $g(v,v) + V() is the energy. Possible rigorous interpretations of

the right side of Eq. (9.6) and its relationship to eTH when V = 0 are discussed
in Theorem 8.15 above.

9.4. Quantization of Infinite Dimensional Classical Systems. Quan-
tization of infinite dimensional classical systems leads to infinite dimensional
Schrodinger Equations. The simplest of which are standard type heat equations.

9.4.1. Klein-Gordon Equations. A non-linear Klein-Gordon equation is a non-
linear wave equation of the form,

bu+ (~A+m?)p+¢* =0
for some function ¢ : R x R* — R. This may be phrased as ¢ = —VV(¢) where

_ 1 o, m® 5 1y

The quantization of this equation leads one to consider the partial differential equa-
tion in infinitely many variable,

Ouult,8) = 5Amu(t, 8) - V(@)ult, o)

where H := L?(R?). The formal path integral quantization of this system is given
by
1

S o I Bl AV @] dt ¢ yypg,
T J¢(0)=¢o

et(%AH—V)f«bo)
See Glimm and Jaffe [37] and the references therein for more information about
this expression.
9.4.2. Yang - Mills Equations. The Yang — Mills equations are the Euler La-
grange equations for

I(A) = Axmd<FA>%dtdx

where F4 = dA+ AA A and A : R — R4 @ g is a connection one form and
()2 is a non-degenerate quadratic form determined by the Lorentzian metric on
R and an inner product on g = Lie(G) and G is a compact Lie group. The
corresponding path integral quantization measure is given informally by

9.7) du(A) = 1 exp (71/ }FA|2 dtdz) DA.
Z 2 Jpyma

Because of “gauge invariance” of the problem, this measure is really to be defined
on the non-linear space of connections modulo gauge transformations, M/G. Mak-
ing sense out of Eq. (9.7) is a part of the million dollar Clay Mathematics prize
pertaining to quantization of Yang-Mills fields.*

When d = 1 and R? = R! is replace by S* the space M /Gy simply becomes G
itself and the path integral in (9.7) reduces to the one like that in Eq. (9.6) with
M = G and V = 0. See the Driver and Hall [20] for more on this point and the
relation to symplectic reduction.

4More information about this problem may be found at
http://www.claymath.org/Millennium _Prize_Problems/Yang-Mills_ Theory/.
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9.5. Loop Spaces. The loop spaces L£(K) considered in Section 7 are models
of the configuration space in “string theory.” The action used in physics is the
relativistic area swept out by the string which leads to considering the so called
non-linear o — models in the path integral formulation. In Section 7 we considered
a more tractable action which leads to a reasonable heat equation on L(K). The
heat “kernels” for this heat equation may be thought of as a replacements for
the non-existent Lebesgue measure on L£(K). As such one would eventually like
to understand the relationship between the analysis on £(K) and the topology of
L(K), i.e. something like a Hodge deRham theory and index theory for loop spaces.
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