FINITE DIMENSIONAL APPROXIMATIONS TO WIENER MEASURE AND PATH
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INTEGRAL FORMULAS ON MANIFOLDS

LARS ANDERSSON* AND BRUCE K. DRIVER'

ABSTRACT. Certain natural geometric approximation schemes are developed for Wiener measure on a com-
pact Riemannian manifold. These approximations closely mimic the informal path integral formulas used
in the physics literature for representing the heat semi-group on Riemannian manifolds. The path space
is approximated by finite dimensional manifolds Hp (M) consisting of piecewise geodesic paths adapted to
partitions P of [0, 1]. The finite dimensional manifolds Hp (M) carry both an H' and a L? type Riemannian
structures, G,}, and Gf,), respectively. It is proved that

ieféE(a)dVOI i (0) — pi(o)dv(o) as mesh(P) — 0

Z;) G7;‘ 0 )

where E(c) is the energy of the piecewise geodesic path ¢ € Hp(M), and for ¢ = 0 and 1, Z;, is a
“normalization” constant, VOlG;;D is the Riemannian volume form relative G%,, and v is Wiener measure on

paths on M. Here p1(c) =1 and po(0) = exp <—% 01 Scal(o(s))ds) where Scal is the scalar curvature of M.
These results are also shown to imply the well know integration by parts formula for the Wiener measure.
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1. INTRODUCTION

Let (M, g,0) be a Riemannian manifold M of dimension d, with Riemannian metric g (we will also use
(-,+) to denote the metric) and a given base point 0 € M. Let V be the Levi-Civita covariant derivative,
A = trV? denote the Laplacian acting on C*(M) and ps(x,y) be the fundamental solution to the heat
equation, Ou/ds = %Au. More explicitly, ps(z,y) is the integral kernel of the operator ez acting on
L?(M,dz), where dz denotes the Riemannian volume measure.

For simplicity we will restrict our attention to the case where M is either compact or M is R%. If M = R¢,
we will always take o = 0 and (-,-) to be the standard inner product on RY. In either of these cases M is
stochastically complete, i.e. [ 1 Ps(,y)dy =1 for all s > 0 and x € M. Recall, for s small and = and y close
in M, that
(1) pula,y) = (5 )26,
where d(z,y) is the Riemannian distance between x and y. Moreover if M = R?, then A = 3¢ 92 /022,

d(z,y) = | — y| and equation (1.1) is exact.
Definition 1.1. The Wiener space W([0,T]; M), T > 0 is the path space
(1.2) W([0,T); M) ={c:[0,T] = M : 6(0) = 0 and o is continuous}.

The Wiener measure v associated to (M, (-,-),0) is the unique probability measure on W([0,T]; M) such
that

(1.3) / flo)dvr(o) = / F($17--~;xn)HpA,;s(xi—1,1'i)d$l oo day,
W([0,T];M) "

i=1
for all functions f of the form f(o) = F(o(s1),...,0(sn)), where P:={0 =59 < s1 < $2 < ... < s, =T} is
a partition of I :=[0,T], A;s :=s; — 8;—1, and F': M™ — R is a bounded measurable function. In equation
(1.3), dz denotes the Riemann volume measure on M and by convention zq := o. For convenience we will
usually take T'= 1 and write W(M) for W([0,1]; M) and v for v;. O

As is well known, there exists a unique probability measure v on W([0,T]; M) satisfying (1.3). The
measure v is concentrated on continuous but nowhere differentiable paths. In particular we get the following

path integral representation for the heat semi-group in terms of the measure v,

(1.4) ¢if0) = | flo(s)dvr(o),
W([0,T];M)

where f is a continuous function on M and 0 < s < T.

Notation 1.2. When M = R?, (+,-) is the usual dot product and o = 0, the measure v defined in Definition
1.1 is standard Wiener measure on W(R?). We will denote this standard Wiener measure by y rather than v.
We will also let B(s) : W(RY) — R? be the coordinate map B(s)(c) := B(s,0) := o(s) forallc € W(R%). O
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Remark 1.3 (Brownian Motion). The process {B(s)} clo,1] 18 @ standard R%-valued Brownian motion on the
probability space (W(R?), p).

1.1. A Heuristic Expression for Wiener Measure. Given a partition P := {0 < 51 < 85 < ... < 8, = 1}
of [0,1] and x := (z1,...,2,) € M™, let ox denote a path in W(M) such that ox(s;) = z; and such that
Oxl[s;_1,s;] 18 @ geodesic path of shortest length for i = 1,2,...n. (As above, x¢ := o € M.) With this

notation and the asymptotics for ps(x,y) in equation (1.1), we find

n _ n 1 d/2 1 )
EpAis(fEifl,l'i) ~ g(QﬂAiS) exp{—QAiSd(ﬂUz‘fl,xi) }
1

1 ! / 2
~ el / | ol(s) 2 ds},

where o7 (s) 1= Loy(s) for s ¢ P and Zp := [}, (27rA;s)%2. Using this last expression in equation (1.3)
and letting the mesh of the partition P tend to zero we are lead to the following heuristic expression:

1
(1.5) dv(o)“ = ”Ee_%E(")DU,

where
(1.6) Bo) = /O (0 (5), 0 (s))ds

is the energy of o, Do denotes a “Lebesgue” like measure on W(M) and Z is a “normalization constant”
chosen so as to make v a probability measure.
Let V be a continuous function on M. Then equation (1.5) and Trotter’s product formula leads to the

following heuristic path integral formula for the parabolic heat kernel of the Schrédinger operator %A -V,
(1.7) es(%Afv)f(O)“ _ a)i / f(a_(l))ef(iE(aH»sfol V(a(r))dr)D(a)
Z Jw(arn)

Equation (1.7) can be interpreted as a prescription for the path integral quantization of the Hamiltonian
19pip; + V. The use of “path integrals” in physics including heuristic expressions like those in equations
(1.5) and (1.7) started with Feynman in [47] with very early beginnings being traced back to Dirac [26]. See
Gross [54] for a brief survey of the role of path integrals in constructive quantum field theory and Glimm
and Jaffe [52] for a more detailed account.

The heuristic interpretation of the “measure” Do is somewhat ambiguous in the literature. Some authors,
for example [21, 23, 25, 24] tend to view W (M) as the infinite product space M’ and Do as an infinite product
of Riemann volume measures on this product space. This is the interpretation which is suggested by the
“derivation” of equation (1.5) which we have given above.

Other authors, [4, 11] interpret Do as a Riemannian “volume form” on W(M). We prefer this second
point of view. One reason for our bias towards the volume measure interpretation is the fact that the path
space W (M) is topologically trivial whereas the product space M?' is not. This fact is reflected in the
ambiguity (which we have glossed over) in assigning a path oy to a point x = (21,...,2,) € M™ as above
in the case when there are multiple distinct shortest geodesics joining some pair (z;_1, ;). However, from
the purely measure theoretic considerations in this paper we shall see that the two interpretations of Do are
commensurate.

Of course equations (1.5) and (1.7) are meaningless as they stand because: 1) infinite dimensional Lebesgue

measures do not exist and 2) Wiener measure v concentrates on nowhere differentiable paths which renders
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the exponent in (1.5) meaningless. Nevertheless, in Theorem 1.8 we will give two precise interpretations of

equation (1.5).

1.2. Volume elements on path space. To make the above discussion more precise, let H(M) C W(M)
be the Hilbert manifold modeled on the space H(R?) of finite energy paths:

(1.8) H(M) = {oc € W(M) : o is absolutely continuous and E(o) < co}.
Recall that 0 € W(M) is said to be absolutely continuous if foo is absolutely continuous for all f € C*(M).

(It is easily checked that the space H(M) is independent of the choice of Riemannian metric on M.) The
tangent space ToH(M) to H(M) at o may be naturally identified with the space of absolutely continuous
vector fields X : [0,1] — T'M along o (i.e. X(s) € Ty(5M for all s) such that X(0) =0 and G (X, X) < oo,
where

(1.9) GY(X,X) = /01 <V§S(S>,%S(S)>ds,

(1.10) V2 o) Lo x ),

and //s(0) : T,M — T, M is parallel translation along o relative to the Levi-Civita covariant derivative
V. See [35, 85, 36, 64, 48] for more details.

By polarization, equation (1.9) defines a Riemannian metric on H(M). Similarly we may define a “weak”

Riemannian metric G° on H(M) by setting
1
(1.11) GO(X, X) = / (X(s), X(s)) ds
0

for all X € TH(M). Given these two metrics it is natural to interpret Do as either of the (non-existent)
“Riemannian volume measures” Volg: or Volgo with respect to G and GO respectively. Both interpretations
of Do are formally the same modulo an infinite multiplicative constant, namely the “determinant” of d%
acting on H(T, M).

As will be seen below in Theorem 1.8, the precise version of the heuristic expressions (1.5) and (1.7) shows

that depending on the choice of volume form on the path space, we get a scalar curvature correction term.

1.3. Statement of the Main Results. In order to state the main results, it is necessary to introduce finite

dimensional approximations to H(M), G, G°, Volg: and Volgo.

Notation 1.4. Hp(M) = {0 € HM)NC?*(I\ P) : Vo'(s)/ds = 0 for s ¢ P} — the piecewise geodesics
paths in H(M) which change directions only at the partition points. O

It is possible to check that Hp (M) is a finite dimensional submanifold of H(M). Moreover by Remark 4.3
below, Hp(M) is diffeomorphic to (R?)". For o € Hp(M), the tangent space T,Hp(M) can be identified
with elements X € T,Hp (M) satisfying the Jacobi equations on I\ P, see Proposition 4.4 below for more

details. We will now introduce Riemann sum approximations to the metrics G* and G°.

Definition 1.5 (The P-Metrics). For each partition P = {0 = sg < 51 < s2 < -++ < s, = 1} of [0, 1], let
G% be the metric on THp (M) given by

(1.12) G,y = Y () Tlat)

i=1
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for all X,Y € T,Hp(M) and o € Hp(M). (We are writing w as a shorthand for lim, s, , %S(S).)

Similarly, let G% be the degenerate metric on Hp (M) given by

n

(1.13) GYH(X,Y) := Z(X(si),Y(si»Ais,
i=1
for all X,Y € T,Hp(M) and o € Hp(M). O

If NP is an oriented manifold equipped with a possibly degenerate Riemannian metric G, let Volg denote

the p—form on N determined by

(1.14) Volg(v1,v2,. .., 0p) == \/det ({G(vi7vj)}ij:1),

where {v1,v2,...,v,} C T, N is an oriented basis and n € N. We will often identify a p—form on N with the
Radon measure induced by the linear functional f € Co(N) — [ fVolg.

Definition 1.6 (P-Volume Forms). Let Volgo and Volgy denote the volume forms on Hp (M) determined
by G% and G} in accordance with equation (1.14). O

Given the above definitions, there are now two natural finite dimensional “approximations” to v in equa-

tion (1.5) given in the following definition.

Definition 1.7 (Approximates to Wiener Measure). For each partition P = {0 = 59 < 81 < 82 < -+ <
$p =1} of [0,1], let v/ and v} denote measures on Hp (M) defined by

1 1
0 .__ —sFE
Vp = FG 2 VOIGOP
P
and .
1 —iFE
Vp = ?6 2 VOIG%Dv
P

where E : H(M) — [0, oc) is the energy functional defined in equation (1.6) and Z% and Z5 are normalization

constants given by

n
(1.15) 7z = H(\/?ﬂAis)d and Z} := (2m)™/2,

i=1

O
We are now in a position to state the main results of this paper.
Theorem 1.8. Suppose that f: W (M) — R is a bounded and continuous, then
(1.16) lim f(o)dvp(o) :/ f(o)dv(o)
[PI=0 JHp (M) W(M)
and
(117) lim F@)p() = [ flo)e i sy (o),
IPI=0 Jup (M) W(M)

where Scal is the scalar curvature of (M, g). O

Equation (1.16) is a special case of Theorem 4.17 which is proved in Section 4.1 and equation (1.17) is a
special case of Theorem 6.1 which is proved in Section 6 below. An easy corollary of equation (1.17) of this
theorem is the following “Euler approximation” construction for the heat semi-group e**/2 on L?(M, dz).

The following corollary is a special case of Corollary 6.7
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Corollary 1.9. For s > 0 let Q, be the symmetric integral operator on L*(M,dx) defined by the kernel

Qs(z,y) == (27TS)7d/2 exp <2—1Sd2(:c,y) + %Scal(z) + %SC&I(y)) forall z,y € M.
Then for all continuous functions F': M — R and x € M,
(52F)(2) = lim (QL), F)().
(I

1.4. Remarks on the Main Theorems. Let us point out that the idea of approximating Wiener measure
by measures on spaces of piecewise geodesics is not new, see for example [86, 18]. What we feel is novel about
our approach is the interpretation of Do in Eq. (1.7) as a volume form on Hp(M) relative to a suitable
metric. However, (as will be shown in Propositions 5.6 and Proposition 5.14 below) the measure dv (o) is,
up to small errors, equivalent to a product measure on M"™ where n is the number appearing in Definition
1.5. Reformulated in this guise, there is a large literature pertaining to Eq. (1.17) and especially Corollary?
1.9, see [15, 94, 49, 60, 58] to give a very small sampling of the literature. These papers along with [86, 18]
are based on using a Trotter product or Euler approximation methods which are well explained in [16].
Moreover, once du%(a) is replaced by a product measure, it would be possible to invoke weak convergence
arguments to give a proof of Eq. (1.17), see for example Section 10 in Stroock and Varadhan [90] and [91]
and Ethier and Kurtz [45]. We will not use the weak convergence arguments in this paper, rather we will
make use of Wong and Zakai [96] type approximation theorems for stochastic differential equations. This
allows us to get the stronger form of convergence which is stated in Theorems 4.17 and 6.1 below. This
stronger form of convergence is needed in the proof of the integration by parts Theorem 1.10 stated at the
end of this introduction.

In the literature one often finds “verifications” (or rather tests) of path integral formulas like (1.7) by
studying the small s asymptotics. This technique, known as “loop expansion” or “WKB approximation”,
when applied in the manifold case leads to the insight that the operator constructed from the Hamiltonian
% g pipj +V depends sensitively on choices made in the approximation scheme for the path integral. Claims
have been made that the correct form of the operator which is the path integral quantization of the Hamil-
tonian %gijpipj + V is of the form —52(%A — kScal) + V where & is Planck’s constant, Scal is the scalar
curvature of (M, g) and k is a constant whose value depends on the authors and their interpretation of the
path integrals. Values given in the literature include k = 35,k = 3 [22], kK = 4, [20, Eq. (6.5.25)] all of
which are computed by formal expansion methods. The ambiguity in the path integral is analogous to the
operator ordering ambiguity appearing in pseudo-differential operator techniques for quantization, see the
paper by Fulling [50] for a discussion of this point. In [50] it is claimed that depending on the choice of
covariant operator ordering, the correction term has k ranging from 0 (for Weyl quantization) to %. For a
discussion in the context of geometric quantization, see [97, §9.7], where the value kK = 1—12 is given for the case
of a real polarization. In addition to the above one also finds in the literature claims, based on perturbation
calculations, that noncovariant correction terms are necessary in path integrals, see for example [19] and
references therein.

It should be stressed that in contrast to the informal calculations mentioned in the previous paragraph,
the results presented in Theorem 1.8 and Corollary 1.9 involve only well defined quantities. Let us emphasize

LAfter finishing this manuscript, we received the paper of Jyh-Yang Wu [98] where the Trotter product formula method is
carried out in detail to give a proof of Corollary 1.9.
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that the scalar curvature term appearing in equation (1.17) has the nature of a Jacobian factor relating the
two volume forms Volgo and Volgy on path space. This scalar curvature factor would also be found using
the Trotter — Euler product approximation methods as a result of the fact that the right hand side of Eq.

A/2—Scal/6) _ not etA/Z.

(1.1) is a parametrix for e*(

We conclude this discussion by mentioning the so called Onsager-Machlup function of a diffusion process.
The Onsager-Machlup function can be viewed as an attempt to compute an “ideal density” for the probability
measure on path space induced by the diffusion process. In the paper [93], the probability for a Brownian

path to be found in a small tubular e-neighborhood of a smooth path ¢ was computed to be asymptotic to

Ce ™M/ L exp (—%E(U(s)) + % /O 1 Scal(a(r))dr) ,

where \; is the first eigenvalue for the Dirichlet problem on the unit ball in R? and C is a constant. The
expression 3 E(0) — 15 fol Scal(o(r))dr thus recovered from the Wiener measure on W(M) is in this context
viewed as the action corresponding to a Lagrangian for the Brownian motion. It is intriguing to compare
this formula with equations (1.16) and (1.17).

1.5. Integration by Parts on Path Space. An important result in the analysis on path space, is the
formula for partial integration. Here we use the approximation result in Theorem 1.8 to give an alternative

proof of this result.

Theorem 1.10. Let k € H(R) N C*([0,1];RY), 0 € W(M) and X(0) € T,5M be the solution to
v
ds

where 775(0) denotes stochastic parallel translation along o, see Definition 4.15. Then for all smooth cylinder

functions f (see Definition 7.15) on W(M),

AM@Xﬁw_K%mf<A%HJ@)W'

Here. b is the R? — valued Brownian motion which is the anti-development of o, see Definition 4.15 and
X fis the directional derivative of f with respect to X, see Definition 7.15. O

X, (o) + %Rich(a) — 7] (o) (s) with Xo(o) =0,

Section 7 is devoted to the proof of this result whose precise statement may be found in Theorem 7.16.

Remark 1.11. This theorem first appeared in Bismut [10] in the special case where f(o) = F(o(s)) for some
F € C®°(M) and s € [0,1] and then more generally in [30]. Other proofs of this theorem may be found in
[1, 2, 31, 41, 42, 40, 44, 46, 56, 57, 70, 73, 75, 84].

Acknowledgments: The authors thank David Elworthy, Aubrey Truman, Stephan Stolz, and Daniel
Stroock for helpful remarks. The second author is grateful to the Mathematical Science Research Institute,

I'Institut Henri Poincaré and I'Ecole Normal Supériure where some of this work was done.

2. BAsic NOTATIONS AND CONCEPTS

2.1. Frame Bundle and Connections. Let 7 : O(M) — M denote the bundle of orthogonal frames on
M. An element v € O(M) is an isometry u : R — Tr(uyM. We will make O(M) into a pointed space by
fixing ug € 7~ 1(0) once and for all. We will often use ug to identify the tangent space T,M of M at o with
R
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Let 6 denote the R%valued form on O(M) given by 0,(¢) = u='m.£ for all w € O(M), ¢ € T,O(M)
and let w be the so(d)—valued connection form on O(M) defined by V. Explicitly, if s — u(s) is a smooth
path in O(M) then w(u/(0)) := u(0)~*Vu(s)/ds|i—o, where Vu(s)/ds is defined as in equation (1.10) with
X replaced by u. The forms (0, w) satisfy the structure equations

(2.1a) df =—wANb,
(2.1b) dw=—-wAw+Q

where Q is the so(d)-valued curvature 2-form on O(M). The horizontal lift H.,, : TryM — T,0(M) is
uniquely defined by

(2.1c) OH,u = idga, wyH, =0.

Definition 2.1. The curvature tensor R of V is

(2.2) R(X,Y)Z =VxVyZ —VxVyZ -V xy|Z

for all vector fields X,Y and Z on M. The Ricci tensor of (M,g) is RicX := Zle R(X,e;)e; and the

. d . .
scalar curvature Scal is Scal = ) ., (Rice;, €;), where {e;} is an orthonormal frame.

The relationship between 2 and R is:
(2.3) QE,n) = u  R(ml, mean)u = Q(Hy ik, Humen)

for all w € O(M) and &,n € T,,0(M). The second equality in equation (2.3) follows from the fact that Q is

horizontal, i.e. Q(&,n) depends only on the horizontal components of £ and 7.

2.2. Path spaces and the development map. Let (M,o,(-,-),V), (O(M),ug), W(M), and H(M) be as
above. We also let H({O(M)) be the set of finite energy paths u : [0,1] — O(M) as defined in equation
(1.8) with M replaced by O(M) and o by ug.

For o € H(M), let s +— u(s) be the horizontal lift of o starting at wug, i.e. w is the solution of the ordinary

differential equation

u'(s) = Hys0'(s), u(0) = up.
Notice that this equation implies that w(u/(s)) = 0 or equivalently that Vu(s)/ds = 0. Hence u(s) =
//s(0)ug, where as before //s(o) is the parallel translation operator along o. Again since ug € O(M) is fixed
in this paper we will use ug to identify T, M with R% and simply write u(s) = //s(c). By smooth dependence
of solutions of ordinary differential equations on parameters, the map o € H(M) — //(o) € H(O(M)) is

smooth. A proof of this fact may be given using the material in Palais [85], see also Corollary 4.1 in [28].

Definition 2.2 (Cartan’s Development Map). The development map ¢ : H(R?) — H(M) is defined, for
b e H, by ¢(b) = o € H(M) where o solves the functional differential equation:

(2.4) o'(s) = //s(a)t/(s),  o(0) =o,

see [13, 65, 34]. O
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It will be convenient to give another description of the development map ¢. Namely, if b € H(R?) and
o = ¢(b) € H(M) as defined in equation (2.4) then ¢ = 7(w) where w(s) € O(M) is the unique solution to

the ordinary differential equation
(2.5) w'(s) = Hysyw(s)b'(s), w(0) = .

From this description of ¢ and smooth dependence of solutions of ordinary differential equations on parame-
ters it can be seen that ¢ : H(R?) — H(M) is smooth. Furthermore, ¢ is injective by uniqueness of solutions
to ordinary differential equations.

The anti—development map ¢! : H(M) — H(R?) is given by b = ¢~ 1(o) where

(2.6) b(s) = /05 /)" o) (r)dr.

This inverse map ¢! is injective and smooth by the same arguments as above. Hence ¢ : H(R?) — H(M) is
a diffeomorphism of infinite dimensional Hilbert manifolds, see [34]. However, as can be seen from equation
(3.5) below, ¢ is not an isometry of the Riemannian manifolds H(M) and H(R?) unless the curvature € of
M is zero. So the geometry of H(R?) and that of (H(M), G') are not well related by ¢.

For each h € C*(H(M) — H) and o € H(M), let X"(0) € T,H(M) be given by

(2.7) XM(o) = //s(0)hs(0) for all s € I,

where for notational simplicity we have written h(o) for h(o)(s). The vector field X" is a smooth vector
field on H(M) for all h € H. The reader should also note that the map

(2.8) ((0,h) — X"(0)) : H(M) x H — TH(M)

is an isometry of vector bundles.

3. DIFFERENTIALS OF THE DEVELOPMENT MAP
For u € O(M) and v,w € Ty ()M, let
Ry (v,w) = Q(H,v, Hyw) = u ' R(v, w)u

and for a,b € R? let
Qu(a,b) := Q(Hyua, Hyub) = v R(ua, ub)u.
For 0 € H(M) and X € T,H(M), define ¢,(X) € so(d) by

(3.1) go(X) = / Rugy (' (r), X (r))dr.
0
where u = //(0) is the horizontal lift of o.

Remark 3.1. The one form ¢, in equation (3.1) naturally appears as soon as one starts to compute the
differential of parallel translation operators, see for example Theorem 2.2 in Gross [53] and Theorem 4.1 in
[28] and Theorem 3.3 below. O

Notation 3.2. Given A € so(d) and v € O(M), let v - A € T,0(M) denote the vertical tangent vector
defined by u - A := %|0ue’"’4. O
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Theorem 3.3. Let 0 € H(M), let u = //(0) be the horizontal lift of o and let b = ¢~1(c). Then for
X e T,H(M),

3.2 (//sw)(X) = gs(X),

3.3 (//:0)(X) = u(5)X (s),

(3.4) (//+X)(s) = u(s) - gs(X) + Hus) X (8),

and

(3.5) (¢*X)(s) = u™*(s)X(s) - /Os q- (X' (r)dr,

where ¢* X (b) := ¢ 1 X (H(b)).

Remark 3.4. The results of this theorem may be found in one form or another in [10, 29, 30, 17, 53, 72]. We

will nevertheless supply a proof to help fix our notation and keep the paper reasonably self contained.

Proof. Choose a one parameter family ¢ — o; of curves in H(M) such that o9 = o and do(s) = X(s)
where &4(s) = 40y(s). Let w(s) := //s(01), be the horizontal lift of oy, u(s) = //s(0), uj(s) = dus(s)/ds,
s (8) = dug(s)/dt and u(s) := dus(s)/dt|;—o. (In general t—derivatives will be denoted by a “dot” and
s—derivatives will be denoted by a “prime.”) Notice, by definition, that

w(s) = (//s)X = (//X)(5)
and w(u}(s)) =0 for all (¢,s). The Cartan identity
(3.6) da(X,Y)=XaY) - Ya(X) — o([X,Y]),

valid for any 1-form « and vector fields X, Y, gives

— d N . / i N . / i .
= dtw(u)—dw(u,u)+dsw(u)—Q(u,u)erSw(u),

where we have used the structure equations (2.1b) and 0 = w(u’) in the second equality. Setting ¢ = 0 and

0

integrating the previous equation relative to s yields
S
(//sw)(X) := w((//s)+X) :/0 Q(u'(0,7),2(0,r)) dr
= / Rug(ry (' (0,7), me(0, 7)) dr
0

- /OS Ruo(r) (JI(T)’ X(T)) dr,

where we have made use of the fact that Q is horizontal and the relation oy(s) = m(u(s)). This proves

equation (3.2). Equation (3.3) is verified as follows:
(//s0)(X) = 0((//s)«X) = 0(u(s)) = qu(S)%h:OW(Ut(S))

= //;1(0)%It:oat(8)://EI(U)X(S)

Recall that for u € O(M), (6,w) : T,O(M) — R% x so(d) is an isomorphism. Therefore equations (3.2)
and (3.3) imply (3.4), after taking into account the definition of ¢ and the identity,

. a1 _ TA: )
w(u-A):=u —dr|r,0ue A



PATH INTEGRAL FORMULAS ON MANIFOLDS 11

To prove equation (3.5), let b= ¢~ !(o) and u(s) = //s(c). Then

b(s)z/osu_l(r)a'(r) dr:/OSG(u'(r))dr,

or equivalently,

Therefore

67X (5) = 0 5)) o
= L0(ils)) + d(i(s), o/ (5)
L ()X () 0 A B(is), 0 (5))
L ()X () — ()00 (5))

_ %(ml(s)){(s)) — gs(X)V(5),

where we have used the equations (3.6), (2.1a), (3.2) and the fact that w(u'(s)) = 0. Integrating the last

equation relative to s proves (3.5). O
3.1. Bracket Computation.

Theorem 3.5 (Lie Brackets). Let h,k : H(M) — H(R?) be smooth functions. (We will write hs(c) for
h(o)(s).) Then [X", X*] = XFWE) where f(h, k) is the smooth function H(M) — H(RY) defined by

(3.7) fs(h.k)(0) == X"(0)ks — X*(0)hs + ¢5 (X" (0))hs — 4s(X"(0))ks,

where ¢ = //*w as in equation (3.2) and X" (0)ks denotes derivative of o — k(o) by the tangent vector
X" (o).

Remark 3.6. This theorem also appears in equation (1.32) in Leandre [71], equation (6.2.2) in Cruzeiro and
Malliavin [17] and is Theorem 6.2 in [32]. To some extent it is also contained in [48]. Again for the readers

convenience will supply a short proof. O

Proof. The vector fields X" and X* on H(M) are smooth, hence [X", X*] is well defined. In order to simplify
notation, we will suppress the arguments o and s from the proof of equation (3.7).

According to equation (3.3), h = (//*0)(X"), k = (//*0)(X*), and f(h,k) = (//*0)([X", X*]). Using
equations (3.1-3.6) we find that

f(hk) = X" [(//0)(XP)] = X" [(//*0)(X™)] = (d(//*0) (X", X*)
= X"k — XFh—(//*do) (X", XF)
= X'"k—X*h+(//"(wn0) (X", XF)
= X"k —XFh+(//fwA /) 0) (X XP)
= X"k — XFh 4 q(X™Mk — q(X*)h.
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4. FINITE DIMENSIONAL APPROXIMATIONS

Definition 4.1. Let P = {0 = 59 < 51 < s2 < -+ < 8, = 1} be a partition of [0,1] and let |P| =
max; |$; — s;—1| be the norm of the partition, J; := (s;-1,8;] for i = 1,2,...,n and s = s;_1 when s € J;.
For a function k, let A;k := k(s;) — k(s;—1) and A;s = s; — ;1. For a piecewise continuous function on
[0,1], we will use the notation f(s+) = lim,~ s f(r). O

Notation 4.2. Hp = {z € HNC?(I\P) : 2”(s) = 0 for s ¢ P} — the piecewise linear paths in H := H(R?),
which change directions only at the partition points. O

Remark 4.3 (Development). The development map ¢ : H— H(M) has the property that ¢(Hp) = Hp (M),
where Hp (M) has been defined in Notation 1.4 above. Indeed, if ¢ = ¢(b) with b € Hp, then differentiating
equation (2.4) gives:

Y2 LW 6 = /sl (5) = 0 for all 5 ¢ P,

We will write ¢p for ¢|u,. |

Because ¢ : H — H(M) is a diffeomorphism and Hp C H is an embedded submanifold, it follows that
Hp(M) is an embedded submanifold of H(M). Therefore for each 0 € Hp(M), T, Hp (M) may be viewed as
a subspace of T, H(M). The next proposition explicitly identifies this subspace.

Proposition 4.4 (Tangent Space). Let o € Hp(M), then X € T,H(M) is in T,Hp(M) if and only if
v2
ds?
Equivalently, letting b = ¢~*(c), w = //(0) and h € H, then X" € T,H(M) defined in equation (2.7) is in
T,Hp(M) if and only if

(4.2) h'(s) = Ques) (V' (5), h(s))b'(s) on I\ P.

(4.1) X(s) = R(d'(s),X(s))a’(s) on I\ P.

Proof. Since Hp (M) consists of piecewise geodesics, it follows that for o € Hp (M), any X € T,Hp(M) must
satisfy the Jacobi equation (4.1) for s ¢ P. Equation 4.2 is a straightforward reformulation of this using the
definitions.

It is instructive to give a direct proof of equation (4.2). Since Hp is a vector space, T,Hp = Hp for all
b € Hp. Since ¢p : Hp — Hp(M) is a diffeomorphism, we must identify those vectors X € T,H(M) such
that ¢*X € Hp, i.e. those X such that (¢*X)” := 0 on I\ P. Because b € Hp and hence b”(s) =0on I\ P,
it follows from equation (3.5) that (¢*X)” =0 on I \ P is equivalent to

0= h"(s) = Qus) (V' (), h(s))b'(s) on I\ P.
O
Remark 4.5. The metric G5 in Definition 1.5 above is easily seen to be non-degenerate because if G (X, X) =
0 then VX(s;+)/ds = 0 for all i. It then follows from the continuity of X and the fact that X solves the
Jacobi equation (4.1) that X is zero. Also note that G%; is a “belated” Riemann sum approximation to the

metric on Hp (M) which is inherited from G* on H(M). Moreover, in the case M = R?, the metric G} is
equal to G on THp(M). O

Definition 4.6. Let Volp be the Riemannian volume form on Hp equipped with the H! — metric, (h, k) :=
[ (B (s), K/ (s))ds. O
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Notation 4.7. Let P = {0 = sp < 81 < 83 < --- < 8, = 1} be a partition of [0,1]. For each i = 1,2,...n,
and s € (s;—1, 8], define

(4.3) 7 (X) = g5, (X)
and
(4.4) 0 =60 0,0 = [ 0. X()ar
Note that ¢ = §¥ + ¢¥ and hence equation (3.5) becomes
(4.5) (6" X") (s) = h'(5) — g5 (X" (s) = h'(5) = Gs (X" (5) = Gs(X™)b'(5)
for all h € H(RY). O

Theorem 4.8. QS;;VOIG%) = Volp

Proof. Let {hi} be an orthonormal basis for Hp, b € Hp, 0 = ¢(b) and u = //(o). Using the definitions of
the volume form on a Riemannian manifold we must show that
det(Gp (puhy, dhy)) =1,

where ¢, hy := 2[od(b + thy).
Let Hy(s) = u=*(s)(¢«(hs))(s) and set

n

<H, K>'p = Z<H/(SZ‘,1+), K/(SZ,1+)>A1$
i=1

Then Xx = ¢, (h;) and
det (Gp(du(hn), ds(hy))) = det((Hy, H;)p).
By equation (4.5)
W= (6" (X)) = B} — g(X ¥ )Y = Hf — GX — G(x )y
so that
(4.6) A QX = Hy — g(X ).
Noting that hf, G(X*H*), and b’ are all constant on (s;_1, s;) and that gs, ,(X*) =0, it follows that both

sides of equation (4.6) are constant on (s;_1, s;) and the constant value is Hj (s;—1+). Therefore

1
(Hy Hj)p = / (Y — (XM B — X)) ds
0

1
= /0 (e + @(XT) B+ G(X )b ds.
Define the linear transformation, T : Hp — Hp by
(Th)(s) = / Gr (P )V (1) dr.
0
We have just shown that

det(Gp(¢u(h), 0« (hy))) = det({((I + T)hy, (I + T)hj)p}, )
= det({(hw, (I +T)"(I + T)h;)p}; ;)
= det((I+T)"(I+T)) = [det(I + T)J2.
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So to finish the proof it suffices to show that det(I+7T) = 1. This will be done by showing that 7" is nilpotent.
For this we will make a judicious choice of orthonormal basis for Hp. Let {e,}¢_; be an orthonormal basis

for T, M = R? and define
1 S
hi,a(s) = <—\/A_ZS/O 1Ji_1(1")d7‘> €q

fori =1,2,...,n, a = 1,...,d. Using the causality properties of ¢ and ¢, it follows that ¢.h;, := 0 on
[0, s;—1] and hence G(¢+(hiq)) := 0 on [0,s;). Thus for any a,b, (Th; 4, h;p) =0 if j < i. This shows that T

is nilpotent and hence finishes the proof. O

Definition 4.9. Let Epaq(b) := fol |b/(s)|?ds denote the energy of a path b € H. For each partition P = {0 =
S0 < 81 <8<+ <8, =1}0f [0,1], let ,u%; denote the volume form
1
pp = —1€*%ER‘1 Vol
Zp

on Hp, where Z} := (27)%/2. (By Lemma 4.11 below, p} is a probability measure on Hp.) O

Let b € H and o := ¢(b) € H(M). Because parallel translation is an isometry, it follows from equation
(2.4) that E(b) = E(c). As an immediate consequence of this identity and Theorem 4.8 is the following

theorem.

Theorem 4.10. Let u%, (Definition 4.9) and 1/717 (Definition 1.7) be as above, then u%, is the pull back of 1/717
by ¢p, i.e. pp = Pprp. O

Before exploring the consequences of this last theorem, we will make a few remarks about the measure
ph. Let mp : W(R?) — (RY)™ be given by mp(z) := (2(s1), z(s2),...,2(ss)). Note that mp : Hp — (RY)" is
a linear isomorphism of finite dimensional vector spaces. We will denote the inverse of mp|u, by ip.

Lemma 4.11. Let dyidys - - - dy,, denote the standard volume form on (R)" and yo := 0 by convention.
Then

" 1 [~ 4 1
(4.7) ipp = 2 (E(Ais) /2 exp{ =g i — yi_1|2}> dyrdys - - - dyy,

where Z} is defined in equation (1.15). Using the explicit value on Z}, this equation may also be written as
n

(4.8) iplp = (Hpais(yi_l, y¢)> dyrdys - - - dyn,
i=1

where ps(z,y) = (2ms)~ Y2 exp{—|z — y|?/2s} is the heat kernel on Re. In particular i ub and hence pk

are probability measures.

Proof. Let x € Hp, then

1 n n
A;x 1
_ / 2. T2 A L |2
E(z) = /0 |2’ (s)]%ds = ;:1 |Als‘ A;s = ;:1 AiS|Alac| .

Hence if = ip(y), then

n

1 n 1
(1.9 | R = Y gl = s = Y I6P
i=1 """

i=1
where & := (A;5)"'/?(y; — y;_1). This last equation shows that the linear transformation

v € Hp — {(Ass) 2 (w(si) — w(si1)}iy € (RY)"
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is an isometry of vector spaces and therefore

(410) i;‘;Volp = dgldfg o dgn
Now an easy computation shows that
(4.11) d&idgs - - dén = (H(Ai5>_d/2> dyidys - - - dyn.
i=1
From equations ((4.9) — (4.11)), we see that equation (4.7) is valid. O

Notation 4.12. Let {B(s)}sc[0,1) be the standard R%—valued Brownian motion on (W(R?), z1) as in No-
tation 1.2. Given a partition P of [0,1] as above, set Bp := ip o mp(B). The explicit formula for Bp
is:

A;B .
B’P(S) = B(Sifl) + (S - 82;1) Aos if s e (si,l,si],

where A;B := B(s;) — B(s;—1). We will also denote the expectation relative to p by E, so that E[f] =
Sy fdu- O

Note that Bp is the unique element in Hp such that Bp = B on P. We now have the following
easy corollary of Lemma 4.11 and the fact that the right side of equation (4.8) is the distribution of
(B(s1),B(s2),...,B(sn))-

Corollary 4.13. The law of Bp and the law of ¢(Bp) (with respect to ) is u%; and 1/717 respectively. [l

4.1. Limits of the finite dimensional approximations. Let us recall the following Wong and Zakai type

approximation theorem for solutions to Stratonovich stochastic differential equations.

Theorem 4.14. Let f : R* x R"” —End(R%, R"™) and fo : R x R™ — R™ be twice differentiable with bounded
continuous derivatives. Let & € R™ and P be a partition of [0,1]. Further let B and Bp be as in Notation
4.12 and &p(s) denote the solution to the ordinary differential equation:

(4.12) &p(s) = f(&p(s))Bp(s) + fo(ép(s)),  &p(0) =&
and & denote the solution to the Stratonovich stochastic differential equation,
(4.13) d€(s) = f(£(s))0B(s) + fo(£(s))ds,  £(0) = &.

Then, for any v € (0, %), p € [1,00), there is a constant C(p,v) < oo depending only on f and M, so that

(4.14) m [ |sup [Ep(s) —&(s)|P| < C(p, )P

li
|P|—0 s<1

This theorem is a special case of Theorem 5.7.3 and Example 5.7.4 in Kunita [66]. Theorems of this type
have a long history starting with Wong and Zakai [95, 96]. The reader may also find this and related results
in the following partial list of references: [3, 5, 6, 9, 12, 27, 39, 55, 59, 61, 62, 69, 68, 74, 76, 79, 80, 81, 82,
83, 86, 88, 90, 89, 92]. The theorem as stated here may be found in [33].

Definition 4.15. (1) Let u be the solution to the Stratonovich stochastic differential equation
ou = H,udB, 1u(0) = wp.

Notice that u may be viewed as j — a.e. defined function from W(R?) — W(O(M)).
(2) Let ¢ := 7 ou: W(R?) — W(M). This map is will be called the stochastic development map.
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(3) Let //.(0) denote stochastic parallel translation relative to the probability space (W(M),v). That
is //.(0) is a stochastic extension of //.(c).
(4) Let b(s) = I //»~Y(c)0(r), where o (r) denotes the Stratonovich differential.
]

Remark 4.16. Using Theorem 4.14, one may show that ¢~> is a “stochastic extension” of ¢, i.e. q~5 =
lim|p|_o ¢(Bp). Moreover, the law of ¢ (ie. pg~1) is the Wiener measure v on W(M). It is also well
known that b is a standard R? — valued Brownian motion on (W(M),v) and that the law of u under y on
W(R?) and the law of // under v are equal. O

The fact that ¢ has a “stochastic extension” seems to have first been observed by Eells and Elworthy [34]
who used ideas of Gangolli [51].The relationship of the stochastic development map to stochastic differential
equations on the orthogonal frame bundle O(M) of M is pointed out in Elworthy [37, 38, 39]. The frame
bundle point of view has also been developed by Malliavin, see for example [77, 76, 78]. For a more detailed
history of the stochastic development map, see pp. 156-157 in Elworthy [39]. The results in the previous
remark are all standard and may be found in the previous references and also in [43, 59, 66, 79]. For a
fairly self contained short exposition of these results the reader may wish to consult Section 3 in [30]. Using

Theorem 4.14 and Corollary 4.13 above, we get the following limit theorem for 4.

Theorem 4.17. Suppose that F': W(O(M)) — R is a continuous and bounded function and for o € H(M)
we let f(o) :==F(//.(c)). Then

(4.15) Jm [ So)arbio) = /. oy o)
where f(o) := F(/].(0)).

Proof. By Remark 4.16

(4.16) /. oy @vl) =Elf(w]

By embedding O(M) into RP for some D € N and extending the map v — H,uv to a compact neighbor-
hood of O(M) C RP, we may apply Theorem 4.14 to conclude that
(4.17) lim E [ sup |up(s) —u(s)’r | =0,
[PI—-0  |o<s<1
where up solves equation (2.5) with b replaced by Bp. But the law of up is equal to the law of //(-) under
vh, see Corollary 4.13. Therefore,

(4.18) [ oyivh(o) = Blf(up)].
Hp (M)
The limit in equation (4.15) now easily follows from (4.16-4.18) and the dominated convergence theorem. [

5. THE L? METRIC

In section 4 we considered the metric G} (see Definition 1.5) on Hp (M) and the associated finite dimen-
sional approximations of the Wiener measure v on W(M). It was found that under the development map
¢p, the volume form with respect to. G%, pulls back to the volume form of a flat metric on Hp(R?), see
Theorem 4.8. As a consequence, we found that under the development map ¢p, the volume form V71> on
Hp (M) pulls back to the Gaussian density pb on Hp(RY).



PATH INTEGRAL FORMULAS ON MANIFOLDS 17

Definition 5.1. Let M7 := M™ and 7p : W(M) — M7” denote the projection
(5.1) wp(o) = (o(s1),...,0(sn)).
We will also use the same notation for the restriction of mp to H(M) and Hp(M). O

In this section we will consider two further models for the geometry on path space, namely the degenerate
L%-“metric” G% defined in Definition 1.5 on Hp (M) and the product manifold M7 with its “natural” metric.

Remark 5.2. The form G% is non-negative but fails to be definite precisely at o € Hp (M) for which o(s;)
is conjugate to o(s;—1) along o([s;—1, s;]) for some 4. In this case there exists a nonzero X € THp(M) for
which G%(X, X) = 0. Hence, Volgo, will also be zero for such o € Hp(M). O

Definition 5.3. Let M7 be as in Definition 5.1. For x = (x1,22,...,2,) € MP | let

" d2($i,1 {L'Z)
5.2 E = —_—
(5:2) P(x) ; As
where d is the geodesic distance on M. Let gp be the Riemannian metric on M* given by
(5.3) gp = (A1) g X (A28) g X -+ x (Aps) g,

ie. if v=(v1,va,...,0,) € TM™ = (TM)"™ then
n
gp(v,v) = Zg(vi,vi)Ais.
i=1

Let the normalizing constant Z% be given by equation (1.15) and let vp denote the measure on M defined
by
1 1
(5.4) vp(dx) = Z_% exp —§E7>(x) Vol,,, (dx)
where Vol,,, denotes volume form on M” defined with respect to. gp. O

Remark 5.4. An easy computation shows that

(5.5) Vol,,, = (H(Ais)d“) x Vol?,

i=1

where Vol, is the volume measure on (M, g) and Volg denotes the n—fold product of Vol,with itself. (]

The next proposition shows the relationship between V% (defined in Definition 1.7 above) and ~yp. For
the statement we need to define a subset of paths o in Hp (M) such that each geodesic piece o([s;_1, s;]) is

short. The formal definition is as follows.

Definition 5.5.
(1) For any € > 0, let

si
HE, (M) = {aer(M):/ 0/ (s)|ds < ¢ fori=1,2,...,n}.
Si—1
(2) For any € > 0, let
MP ={xe M” :d(z;_1,2;) <e fori=1,2,...,n}

where d is the geodesic distance on (M, g) and z¢ := o. O
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Proposition 5.6. For e > 0 less than the injectivity radius of M, we have
(1) G% is a Riemannian metric on HS(M).
(2) The image of H5 (M) under mp is MT and the map

p i (Ho(M),G%) — (MP, gp)

€

is an isometry, where gp is the metric on M” in equation (5.3).
(3) mpyp = V% on HG(M).

Proof. Because e is less than the injectivity radius of M, it follows that any X € T,Hp(M) is determined
by its values on the partition points P. Therefore, if G% (X, X) = 0 for X € T,H% (M), then X := 0. This
proves the first item. The second item is a triviality. The last item is proved by noting that for o € H% (M),
0ls;,_1,s;) is @ minimal length geodesic joining o(s;_1) to o(s;), and therefore

si o(si1),0(s:))\ > 2(o(si-1),0(s;
(5.6) / - lo(s)fPds = (W> i = 1 A) .

Summing this last equation on i shows,

1 - 2 0(S;—1),0\S;
(5.7) Blo) = [ lo'oPas =Y 2 oo 22D — oy (ep o).

Hence by the definition of vp, the fact that mp is an isometry on H% (M) (point 2 above), and (5.7) above,
we find that on H% (M),
* L e 0
TpYP = 5g € Volgo = vp.
Zp P

O
Note that in general, for x € MF, 7r7§1 (x) has more than one element, and may even fail to be a discrete
subset. Therefore using the product manifold M” as a model for Hp (M) requires some care. The important
aspect of the isometric subsets M and Hf% (M) is that in a precise sense they have nearly full measure with

respect to. yp, 1/713 and 1/%. This will be proved in section 5.1 below.

Before carrying out these estimates we will finish this section by comparing 1/% to 1/713.

Notation 5.7. Let R denote the Euclidean space (R?)™ equipped with the product inner product defined
in the same way as gp in equation (5.3) with R? replacing T'M. O

To simplify notation throughout this section, let
(5.8) c€Hp(M), b:=¢ (o), u:=//(0), and A(s):= Q) (s), )V'(s).
Note that since b € Hp(R?),
Ab A
Ais’ Ais
for s € (s;_1,si]. Let us also identify X € T,Hp(M) with h := u~1X. Recall from Proposition 4.4 that
h:[0,1] — R? is a piecewise smooth function such that h(0) = 0 and Equation (4.2) holds, i.e.

(5.10) R = Ah on I\ P and h(0) =0 € R%

(5.9) b'(s) = Aib/Ajs and  A(s) = Q) (

In order to compare Volgg and Volgy it is useful to define two linear maps
Jo : (T,Hp(M),G%) — R
Ji o (T,Hp(M),Gh) — R



PATH INTEGRAL FORMULAS ON MANIFOLDS 19

Jo(X) = (h(s1),h(s2),...,h(sy))
and
Ji(X) = (K (so+), ' (s14), .., I/ (8p-1+))
where h := u~1X as above.

It follows from the definition of GOP and the metric on R” that if o is such that Jy is injective, then .Jy
is an isometry. By point 2 of Proposition 5.6 this holds on H%(M). However, by Remark 5.2 there is in
general a nonempty

subset of Hp (M) where Jy fails to be injective. Clearly, Jy fails to be injective precisely where GOP fails to
be positive definite. Similarly, it is immediate from the definitions and the fact that G} is a nondegenerate
Riemann metric, see Remark 4.5, that J; is an isometry at all o € Hp(M).

To simplify notation, let V denote the vector space (R)"” and let T = Tp(0) be defined by T := Jyo J; "
Thus T': V — V is the unique linear map such that

(5.11) T(R (so+), W (s1+), ..., W (sn_1+)) = (h(s1), h(s2), ..., h(sn))
for all h = !X with X € T,Hp(M). With this notation it follows that

VOlg% = Jg VOleP = (T o Jl)*VOIRdP
= J{T*Volgar = det(T")J; Volgar
(5.12) = det(T)Volgy,.

Note that in this computation ¢ € Hp(M) is fixed and we treat Volgo , Volgi, as elements of the exterior
algebra A" (T;Hp(M)) at some fixed o and Volgar as an element of A" ((R77)*).
Our next task is to compute det (7).

Lemma 5.8. Let Z;_1(s) denote the d x d matriz—valued solution to
(513) Z;/_l(S) = A(S)Zi_l(s) with Zi—l(si—l) =0 and Z{_l(si_l) =1.
Then
det(Tp(0)) = [ [ det(Zi—1(s:)).
i=1

Proof. We start by noting that for ¢ € Hp(M) such that G% is nondegenerate, then det(Z;_1) # 0 for
1=1,2,...,n. To see this assume that det(Z;_1) = 0 for some . In view of the fact that Z solves the Jacobi
equation (5.13), this is equivalent to the existence of a vector field X;_; along o([s;—1,s;]) which solves (4.1)

for s € [s;—1, s;] and which satisfies
Xi—1(si—1) =0, Xi—1(s;) = 0.

Define X by
_ | Xica(s), s€[si-1,si]
X(s) = { 0 s 0,1\ [si_1, 5]
Then X € T,Hp(M) and it is clear from the construction that G% (X, X) = 0. Thus for such o, Volgo |0 =
0. Hence we may without loss of generality restrict our considerations to the case when det(Z;_1) # 0 for

all 4.
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Let C;_1(s) be the d x d matrix—valued solutions to
" 1(s) = A(s)Ci_1(s) with  C;_1(s;i_1)=1 and C/_;(s;i—1)=0.
Fori€ {1,2,...,n} and h = u='X with X € T,Hp(M) let
k(s) == Ci_1(s)h(si—1) + Z;i_1(s)h (si_1+).

Then k" = Ak on (s;_1,5;), k(si—1) = h(s;—1) and k'(s;—1) = h/(s;_1+). Since h satisfies the same linear
differential equation with initial conditions at s;_1, it follows that h = k on [s;_1, s;] and in particular that

h(si) = Ci_1(si)h(si—1) + Zi_1(si)W (si_1+).
Solving this equation for h'(s;—1+) gives
W (sicat) = Zioa(s:) " (h(si) = Cima(si)h(si-1))
from which it follows that T—1(£1,&a,...,&,) = (71, M2, - - ., Mn) Where
=& — Bi&ior for  i=1,2,...,n,

a; = Z;i_1(s;) "t and B; := Z;_1(s;)"1C;_1(s;). (In the previous displayed equation &, should be interpreted

as 0.) Thus the linear transformation 7-! : V' — V may be written in block lower triangular form as

ap 0 0 0

/82 (65 0 0

Tt = 0 ﬁg a3 0
|

and hence for o € Hp (M) so that G% is nondegenerate,
n n
det(T™1) = Hdet(ai) = Hdet(Zi_l(si)fl).
i=1 i=1
It follows by the above arguments, that for all o € Hp (M)

det(T) = H det(Z;—1(s;))
i=1

As a consequence, we have the key theorem relating 1/% to 1/713.

Theorem 5.9. Let

i—18

(5.14) pr(o) = [ det(5),

then V% = ppuk.
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Proof. From the Definition 1.6 for V%, Equation (5.12) and Lemma 5.10 we find that

1 1
_ -1E
Vp = Fe 2 VOIG%
P

1 n
= Z—%e éEgdet(Zl_l(Sl))VOIG%’

1 n n
1
= oe P [Aas)! [[det(5
P =1 =1

Equation (5.14) now follows from Definition 1.7 (for v3) and the expressions for Z} and Z% in equation
(1.15).

Using this result and Bishop’s Comparison Theorem we have the following estimate on pp (o). [l

1 1 (&))VOIG%) .

z 18

Corollary 5.10. Let K > 0 be such that Ric > —(d — 1)K I (for example take K to be a bound on ) then

" ( sinh \/_Ab
(5.15) H( \/_|A| ; |)>

Proof. The proof amounts to applying Theorem 3.8 on p. 120 [14] to each of the Z;_1(s;)’s above. In order

to use this theorem one must keep in mind that %1% is not a unit vector and the estimate given in [14]
1

corresponds to the determinant of Z;_1(s;) restricted {f = %} . Noting that Z;_1(s;)§ = A;s - £ and

accounting for the aforementioned discrepancies, Theorem 3.8 in [14] gives the estimate

det (Zi-1{s:)) < <¢F|Aib|/Ais> Bis

or equivalently that

det(

Zz—l(sz))§< VE|AD| )

This clearly implies the estimate in equation (5.15). O

1
Ai,18

5.1. Estimates of the measure of H5(M) and M”. We will need the following Lemma, which is again
a consequence of Bishop’s comparison theorem.

Lemma 5.11. Let wy_1 denote the surface area of the unit sphere in R%, R be the diameter of M and let
K >0 such that Ric > —(d — 1)KI. Then for all F : [0, R] — [0, o],

f 5in r d-1
/M F(d(o,))dvol < Wdﬂ/o rd=1E(r) (%) dr

Proof. See Equations (2.48) on p. 72 (3.15) on p. 113, and Theorem 3.8 on p. 120 in Chavel [14]. O
We are now ready to estimate the measures of M} and H%(M). We start by considering vp (M7 \ MF).

Proposition 5.12. Fiz e > 0 and let MT be as in Definition 5.5 and let vp be the measure on M7 defined

by (5.4). Then there is a constants C' < oo such that
2

yp(MP\ MP) < Cexp(— 1P|

)
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Proof. Let f:[0,00)™ — [0,00) be a measurable function. Let dx = [, Voly(dz;) and note that

(5.16) dx = dVolg,, (x) H(Ais)_dm.
i=1

An application of Lemma 5.11 and Fubini’s theorem proves

f( (0 531) (1’1,1‘2),...,d(ﬂfn,l,.’lﬁn))’}’P(dX)

M'P
- - sinh(v Kr; Wd— 1r —Ldr;
< flri,ra, ... ) €xp
/[07oo)n (1 2 ( 22A18>H< /K Kr; ) (27TAZ_1S)d/2

As usual let {B(s)}se(0,1) be a standard R%-valued Brownian motion in Notation 4.12 and A;B = B(s;) —
B(Sz’_l). NOtlIlg that

m wa— 17‘ —Ldr;
exp( ZQA s)H 2mA;_15)/?

is the distribution of (|JA1B|,|A2B|,...,|A,B|), the above inequality may be written as:
(5.17) f( (0,21), d(x1,2), - -, d(Tn -1, 20n))yp (dx)
" [ sinh(vVK|A;B|)
f(|A1B|,|A2B],...,|A,B _
(a7 130880 T 0

For i€ {1,2,...,n}, let A; := {x € M? :d(x;_1,%;) > €} so that M7\ MP = U, A; and
(5.18) y(MP\MP) <> yp(A)

Since 14,(x) = xe(d(xi—1,2;)), where xe(r) = 1>, we find from equation (5.17) that

- " (sinh(VE|A, B !
vp(Ai) <B |x(1A:B) [] (%)
j=1 ’

mh(VE|AB)\ "
) | T

(5.19) =E Xe(|AiB)<

J#i

where 1) is defined in equation (8.19) of the Appendix. An application of Lemma 8.7 now completes the
proof in view of (5.18) and (5.19). O

We also have the following analogue of Proposition 5.12.

Proposition 5.13. For any € > 0 there is a constant C < oo such that

2

vp(Hp (M) \ Hp(M)) < C exp(— 1P

)
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Proof. Let us recall that ¢(Hp(RY)) = Hp(M) and let us note that ¢(H%(R?)) = HS(M). By Theorem 4.10

and Corollary 4.13 this implies that
vp(Hp(M) \ Hp(M)) pp(Hp(RY) \ Hp(RY))

= p({max{|A;,_1B|:i=1,2,...,n} > €})

n

< Y u(|AiBl>e)

=1
= Y Ex(A:B])
=1
2
< Ce 77,
where as above x¢(r) = 1,>.. The last inequality follows from Lemma 8.7 with K = 0. (]

Finally we consider v/%(Hp (M) \ HS(M)).
Proposition 5.14. Let € > 0. Then there is a constant C' < co such that

€2
(5.20) VR (Hp (M) \ B (M) < C'expl(—50).
Proof. Let B be the standard R? valued Brownian motion. For i = 1,2,...,n, let A; = {|{A;B| > €} and
set A = U, A;. Then Hp(M) \ H(M) = ¢p(A) where ¢p : Hp(R?) — Hp(M) denotes the development
map.

By Theorem 5.9, V% = p791/713, where pp is given by (5.14). By Theorem 4.10 and Corollary 5.10 above,

—1
RN\ H5(00) = [ pr(o(Brdet < | H<—nh¢_¢|;|§ |Bl>> "

wherein we have used the fact that the distribution of {A; Bp}, under ub is the same as the distribution of
{A;B}, under p. Thus arguing as in the proof of Proposition 5.12 we have with x. = 1,>,

n

v (dp(A)) < 4 vp(¢p(Ai))

" [ sinh \/—A B
E |x.(|A:B]) U (W)

) d—1
B | xe(AB) (%gf')) T1¢(v/355)
v JFi

8.19) of the Appendix. An application of Lemma 8.7 in the Appendix

@
Il
-

-

&
Il
—

I
NE

1

—_— .

where 1 is defined in equation

completes the proof. O

6. CONVERGENCE OF 1% TO WIENER MEASURE
This section is devoted to the proof of the following Theorem.

Theorem 6.1. Let F: W(O(M)) — R be a continuous and bounded function and set f(o) := F(//.(c)) for
o€ H(M). Then

lim f(g)dy% (o’) = / f(g)efé fol Scal(U(S))deV(O’),
IPI=0 JHp (M) W (M)
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where f(0) := F(/].(0)) and /(o) is stochastic parallel translation, see Definition 4.15. O

Because of Theorem 4.17, in order to prove this theorem it will suffice to compare V71; with V%. Of course
the main issue is to compare VOIG% with VolG%’ . In view of Proposition 5.14 and the boundedness of f and
Scal,

2

< Ol flloce T

f(o)dvp(o)

/HP(M J\HS (M)
which tends to zero faster than any power of |P|. Therefore, it suffices to prove that for any € > 0 smaller
than the injectivity radius of M,

(6.1) lim f(o')dl/% (o) = / f(g)e_% Jo Scal(o(s))dsdy(a).
IP1=0JHs, (M) W (M)

6.1. Estimating the Radon Nikodym Derivative. In this section we will continue to use the notation

set out in equation (5.8).

Proposition 6.2. Suppose that A is given by equation (5.9) and that Z;_y is defined as in Lemma 5.8.
Let A be an upper bound for both the norms of the curvature tensor R (or equivalently Q) and its covariant
derivative VR. Then

1
(62) Zi—l(si) = AZS(I =+ EQu(bzfl)(Albv )Azb + 57;_1),
where
1 . 1
(6.3) |&4¢SEQMAwP+§AﬂA¢mcwm¢mAwu

In particular, if € > 0 is given and it is assumed that |A;b| < € for all i, then
(6.4) Eim1] < ClADP,
where C' = C(€, R, VR) = (2A + $A%€) cosh(v/Ae).

Proof. By Lemma 8.3 of the Appendix,

Aisg Azb Azb
(65) Zi—l(si) = AlSI + 6 Qu(si*l)(A_is’ ) A5 =+ Angi_l,
with &;_1 satisfying the estimate,
1 a1
(6.6) m_ﬂZEQKﬂAﬁf+§K%Aﬁfm%m¢?Aﬁ)

where K 1= sup,c(s,_, s,y [A(s)] and Ky :=sup,e(s, , s,y [4°(5)]-

By (5.9), for s € [s;—1, si],

[A(s)] < AJADP(Ais)™>

and hence K (A;s)? < AJA;bJ2.

Since u/(s) = Hys)u(s)b'(s), we see for s;_1 < s < s; that

Al(s) = (D)) (¥ (s),0(s), )0 ()
= (i) (DQ) () (Aib, Aib, ) Ash,

where (D), (5 (V'(5), -, ) 1= Q5. Therefore |A'(s)| < A(A;s)~3|A;b> which combined with equation

(6.6) proves equation (6.3). O
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Proposition 6.3. Let ¥(U) be given as in Lemma 8.1 of the Appendiz and define

1
(67) U,_1:= EQu(si,l)(Aiba')Aib"‘gi—la
where E_1 is defined in Proposition 6.2. Then
1
(6.8) pp(0) = exp(Wp(0)) exp(=Rp(0)),
where

Rp(0) =Y (Ricy(s,_,)Aib, Aib)
i=1
and

(6.9) Wp(o) = (tr€i1 + U(=U;_1)).

i=1
Moreover there exists g > 0 and Cy < 0o such that for all € € (0, €],
(6.10) (Wp(0)| < C1 Y |AbPP forall o€ Hp(M).
i=1
Proof. Recall that by definition, the trace of the linear map v — Qy(5,_,)(Asb, v) Azb equals —(Ricy,(s, ,)Aib, Asb)
and hence )
tI‘Ui,1 = _6<Ricu(si,1)Aiba A1b> + tl‘gifl.

From the definitions of Rp and Wp, we get using Lemma 5.8 and Lemma 8.1,

. 1
pp(O’) = HeXp <_6<Ricu(511)Aib7 Alb> +tr&_1 + \I/(—Ui_l)>
=1
= exp (—% Z<Ricu(s,‘,_1)Aibu Alb>> exp (Z tr&_1 + Z \I/(—Uil)>
i=1 i=1 i=1

which proves equation (6.8).

Letting A be a bound on the curvature tensor €2, it follows using equation (6.4) that
1
Uil < ElQugoi) (Biby ) Aib] + [Eia]

A
< E'AibP +C|Ab?

< (Ce+ %)|Aib\2 < (Ce+ %)62 < %

for € sufficiently small. So, using Lemma 8.1 of the Appendix, Wp satisfies the estimate,

n

Wa(o)l < D (t€ima] + [2(=Uim)])

=1
< A (&l +|UiaPA = |Uia)7)
=1
n A 2
< 73 BNIA B2
< d; lC|AZb| +2((ce+ o)A ) ]
< Gy AP
=1
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Let Sp : Hp(M) — R be given as

(6.11) ZScal o(8i—1)

where Scal is the scalar curvature of (M, (-, -)).

Proposition 6.4. Let p € R and € > 0. Then there exists C = C(p,e, M) < oo such that

(6.12) 1— C€_4T72’\ < / e;D(RP(U)—SP(U))dV%D@.) < eCKZIP\ —Ce” 4?723\7
(M)
and hence

62
(6.13) < CKIPl _1 4 ™71 < OP)

/ PR ()=52 () gL () — 1
% (M)

for all partitions P with |P| sufficiently small.

Proof. Let up be the solution to equation (2.5) with b replaced by Bp, R; := Ricy,(s,_,), and

Y = epZ?:1(<R1A¢B,AiB>—tr(Ri)A7;S).

By Theorem 4.10, the distribution of e?(R?»=57) under vp is the same as the distribution of Y under pu.

/ (R (2)=52() gL () — / en
€ (M) c
where A := U™, A; and A; := {|A;B| > €} as in the proof of Proposition 5.14. By Proposition 8.8 of the

Appendix
1< / Ydu = / Ydu-l—/ Ydu < edszQ‘Pl,
W(R4) c A

where K is a bound on Ric. Therefore,

_ / Yy < / PRP(@)=52(0) gyl (o) < (P K*IPI _ / e
A < (M) A

Therefore,

So to finish the proof it suffices to show that fA Ydu < Cexp (— 4‘6; )

Since
n

ST(RiAB, A B) — tr(Ri)A;s)

i=1 i=1

<K (Z |A;B)? + d) ,

it follows that

/Yd,ug/exp Klp|( Zm BI? +d) | du
A A —

<30 [ e | KX 1,8 +d) | di
i i j=1

(6.14) =Y B e | Klpl( Y. 1B +d) | | B [xo(|aBeR W@ )]
i j=1,j#i
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where x¢(r) = 1,>¢. The first factor of each term in the sum is bounded by Lemma 8.5. Using the same
type of argument as in the proof of Lemma 8.6 one shows for |P| sufficiently small that there is a constant
C < oo such that

2

B |xe(|8:BeFI8E )| — g [y (VA B e PASIBOFD] < 0 (As)e .

Hence the sum in equation (6.14) may be estimated to give fA Ydu < Cexp (—ﬁ;l) . (Il

Corollary 6.5. Let Sp : Hp(M) — R be given as in equation (6.11). Then for all € > 0 sufficiently small
there is a constant C = C/(e) such that

(6.15) / ’pp — ¢ 55P
H% (M)

for all partitions P with |P| sufficiently small.

dvy < CA/|P|

Proof. Let C be a generic constant depending on the geometry and the dimension of M. Let J denote the
left side of equation (6.15) and let K be a constant so that |Scal| < K. Then

J:/ ’pP*67%SP’dV71>
HE (M)

= / }e_éRPeW7> — e_%SP‘ dvy
HE (M)
< eK/ ‘e—%(RP—SP)eWP _ 1‘d1/713 <I+1I,
HE (M)

where

I .= eK/ ‘e*%(RP*SP) — 1‘ eV?dy
HS (M)

and

II = eK/ |eW7’—1|du.
HY, (M)

Since |e® — 1| < el*l —1 < |alel®! for all a € R,

(6.16) /H

By Proposition 6.3 there exist €y > 0 such that |[Wp(o)| < C Y"1, [A;b]* on H(M)) for € < €. Therefore,
with the aid of Theorem 4.10,

/ WaleWrlah, < 0 / |Ab[? eCe0 X 1850 g
H% (M) i=1 Y Hp(M)
n
< cz/ A B[P eCe0 i 18301 gy L
i—1 Y Hp(M)

=1 W(R)

e — 1| dvp < / [WpleWPlavh,

(M) Hj (M)

= CY E |:|AZ_B|3€C60‘A¢B|2:| E {eceoz;j# |A,-B|2} .
i=1
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By Lemma 8.5, lim sup;p_o B |:€C€0 X iani ‘AjB\2:| = e%C% < o0 and hence

2eK CedCeo ZE [|A; B exp (Ceo| A BI?)]

II <
i=1
= 25Ce"0 Y (Ais)*?E | B(1) exp (CeoAis|B(1)]%)]
=1
< 2eKCedCoR [|B(1)|3exp (CGMPHB(I)P)} vV |P]
(6.17) < CV|P|.

for all partitions P with |P| sufficiently small.
To estimate I, apply Holder’s inequality to get

12 < 2K (/ ‘67%(7?,737377) _ 1’2du> </ teWPldu> )
HE (M) HE (M)

The second term is bounded by the above arguments. Expanding the square gives
’ef%mwsp) _ 1’2 — (e 3RP=SP) _ 1) _9(e 3 (Rp=Sp) _ )
< ‘e_é(RP_SP)_1‘_’_2‘6—%(7377—579)_1‘.

By equation (6.13) of Proposition 6.4 to each term above, there is a constant C'= C(e, M) < oo, such that
I? < C|P| for all partitions P with |P| sufficiently small. From this we see that

I<C|P|M?

which together with (6.17) proves the Corollary. O

6.2. Proof of Theorem 6.1. To simplify notation, let p : W (M) — (0,00) be given by

(6.18) o(0) = exp <é /0 1 Scal(a(s))ds) ,

where Scal is the scalar curvature of (M, g). Recall, by the remark following Theorem 6.1, to prove Theorem
6.1 it suffices to prove equation (6.1) for some ¢ > 0. Let F' : W(O(M)) — R, f : H(M) — R, and
f: W(M) — R be as in the statement of Theorem 6.1. Then by Corollary 6.5 and Proposition 5.13, for
e > 0 sufficiently small and for partitions P with |P| sufficiently small,

[ gwp = [ fppvk
HS (M) HS (M)

/ fe_%&’du%; +€ép
HE, (M)

/ feféspdu%; + ep,
Hp (M)

and |ep| < O||floo|P|*/? where C is a constant independent of P. Because of Theorem 4.17, to finish the

proof, it suffices to show that

lim f e 57 — p)dvk = 0.
P10 Jean ( p)dvp
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As above, let B be the R? ~Brownian motion in Notation 1.2, Bp be its piecewise linear approximation,
op = ¢(Bp) and up := //(op). If A is a constant such that |Scal| < A and |VScal| < A, then

/ F(e™357 — p)dv
Hp (M)

<E Hf(uP) (e_% Jo Scal(op(s))ds _ e—% Io SCal(O"p(s))ds)

]
(6.19) < Iflloc™B [ / ' |Scal(ap(s)) — Scauap(ﬁmds}

wherein the last step we used the inequality |e? —e?| < e™**(@:)|q—p|. (Recall that s := s;_; for s € [s;_1,5;).)
For s € [si_1,s;), we have

|Scal(op(s)) — Scal(op(si—1))| < A|A;B]

and hence
[ et k| < fleVOA Y BIABIAs
Hp (M) i=1
n
= [ fllscc™ ABIB(1)] Y (Ais)™?
i=1
< ClfllelPI'2.
This finishes the proof of Theorem 6.1. ([l

Definition 6.6. Let P be a partition of [0, 1]. To every point x € M” we will associate a path o € Hp (M)
as follows. If for each i, there is a unique minimal geodesic joining z; 1 to x;, let ox be the unige path in
Hp (M) such that ox(s;) = x; and f:il lo’(s)|ds = d(z;—1, ;) for i = 1,2,...,n. Otherwise set ox(s) := o
for all s.

Corollary 6.7. Let o € [0,1], F': W(O(M)) — R be a continuous and bounded function and set f(o) :=
F(//.(o)) for c € H(M). Then for a € [0,1],
lim f(O'x)(i% Z1’:1(aScal(xi_1)+(1—a)Scal(xi))Aisd,YP(X) _ / f(a)du(a),

IP|—0 JprP W (M)

where f(0) := F(/].(0)) and /(o) is stochastic parallel translation, see Definition 4.15.

Proof. For 0 € H(M), let xp,o(0) = et iz (eScal(o(si—1))+(1-a)Scal(o(si))Ais | Let A be a constant such that
|Scal| < A and |VScal| < A. Then xp o(c) < /¢ so by Proposition 5.12

/ f(Ux)XP,a(Ux)d’YP(X) = €p
MP\MP

where ep < C|f||oo|P|'/2. Therefore it is sufficient to consider [,,» f(0x)XP,a(0x)dyp(x). By Propositions

5.6 we have

/M7’ f(ax)XP,a (Ux>d'7’P(x) = / f((T)X'P,a(O')dZ/%(U)

HE (M)

Let p(o) be given by (6.18). Arguing as in the proof of Theorem 6.1, the Corollary will follow if

i — vhio) =
”gllrgo HP(M)f(J)(XP,a(U>P(U) Ldvp (o) =0
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Let op, Bp be as in the proof of Theorem 6.1. We estimate as in the proof of Theorem 6.1,

fim [ o) (xpalople) - vk (o)
(M)

[P|=0 J1,

< || flloc€™CE [

Z (aScal(op(si—1)) + (1 — a)Scal(op(s;))) Ays f/ Scal(op (s
i=1

-

< C[|flleo|P?
which completes the proof of Corollary 6.7. O

7. PARTIAL INTEGRATION FORMULAS

As an application of Theorem 4.17, we will derive the known integration by parts formula for the measure
v. This will be accomplished by taking limits of the finite dimensional integration by parts formulas for the
measure 1/713. The main result appears at the end of this section in Theorem 7.16. A similar method for
proving integration by parts formula for laws of solutions to stochastic differential equations has been used
by Bell [7, §].

7.1. Integration by parts for the approximate measures. The two ingredients for computing the
integration by parts formula for the form v} is the differential of F and the Lie derivative of VOlg%) . The
following lemma may be found in any book on Riemannian geometry. We will supply the short proof for the

readers convenience.

Lemma 7.1. Let Y € T,H(M), then

(7.1) YE =dE(Y) = 2/0 (o (s), VZS(S)>CZ8.

Proof. Choose a one parameter family of paths o, € H(M) such that oy = ¢ and %hzoat =Y. Then

vE=9)_ /1 0 ()| 2ds = 2/1<Yaf<s)| _o,0'(s))ds
"= J, 7t o dt 0D '
Since V has zero torsion,
v, Vd \Y
aat(s)hzo ds dt't 00¢(s) = ds
The last two equations clearly imply equation (7.1). |

=Y (s)-

To compute the Lie derivative of VOIG%D is will be useful to have an orthonormal frame on Hp (M) relative

to G%;. We will construct such a frame in the next lemma.

Notation 7.2. Given o € Hp(M), let Hp ,be the subspace of H given by

(7.2) Hpp = {0 € H:0"(s) = Qo (0(s), v(s)V (), Vs ¢ P),

where u = //(0) and b= ¢~ (o). O
Because of equation (4.2) of Proposition 4.4, v € Hp ,, if and only if X?(o) := //(0)v € T,Hp(M).

Lemma 7.3 (Gp-orthonormal frame). Let P be a partition of [0,1] and G} be as in equation (1.12) above.
Also let {e,}2_, be an orthonormal frame for T,M = R¢. Forc € Hp(M),i=1,2,...,n anda=1,...,d
let hiq(s,0) :=v(s) be determined (uniquely) by:
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(1) v E HP,U-

(2) V'(sj+)=0ifj#i—1.

(3) v'(si—1+) = \/i—isea.
Then {X"=i i=1,...,n, a=1,...,d} is a globally defined orthonormal frame for (Hp(M),G)).

Proof. This lemma is easily verified using the definition of G} in equation (1.12), the identity

VXDt _ o
TP — (o) (),

and the fact that //s(o) is an isometry. O

Definition 7.4. Let PC"' denote the set of k& € H which are piecewise C'. Given k € PC!, define kp :
Hp (M) — H by requiring kp(o) € Hp , for all 0 € Hp(M) and k% (o, s+) = k'(s+) for all s € P\ {1}. Note
that with this definition of kp, X*? is the unique tangent vector field on Hp (M) such that
VXFP(s+)  VXF(s+)
ds ds
Lemma 7.5. If k € PC*, then LkaVOIG%) =0.

for all se P\ {1}.

Proof. Recall that on a general Riemannian manifold
LxVol == (Lxei,e;)Vol = > ([e;, X}, €;)Vol,

where {e;} is an orthonormal frame. Therefore we must show that

n d
(7.3) 3> GR([X e, XFP] X ety = 0.

i=1a=1

Suppressing o € Hp(M) from the notation and using Theorem 3.5 to expand the Lie bracket, we find

n
G%’([ (“ ka Xhal Z kah@l)’ az>|(51 1+)A S
Jj=1
n
+ D ((@(X*)has — q(X oV kp) 1 (s, 0y Ags.
Jj=1

For s € P\ {1}, (X"=ikp)'(s+) = Xheikl,(s+) = 0, since k'(s+) is independent of 0. For the same reason,
(X*kPh, ;) (s+) = 0 for s € P\ {1}. Moreover for s € P\ {1},
<((I(ka)ha,2)/a a, s+ = (g (X’m)h:z,i + Ru(UI,XkP)ha,i,h;,i>|s+ =0.

because g(X*7) is skew symmetric and because either hq;(s+) or k), ;(s+) are equal to zero for all s € P\{1}.

Similarly,
((a(X k) )5 = ((X")kip + Ru(0', X" )kp, ity )]s = 0
because for all s € P\ {1}, either g,y (X"*) = 0 or A/ ;(s+) = 0 and either h, ;(s+) = 0 or A/, ;(s+) = 0.

Thus every term in the sum in equation (7.3) is zero. (]

Theorem 7.6. Suppose that k € PC*, P is a partition of [0,1], b € Hp and o = ¢(b) € Hp(M). Then

(7.4) (Lkpvh)s = — (Z<k/<sz—1+>,Aib>) (vh)o

i=1
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i.e. the divergence of X*P relative to the volume form 1/71D 18

n

(7.5) (div,y X*7)(0) = = > (K (si-1+), Aib).

=1

Proof. By Lemma 7.5,
1
(Lxer e = |~5(X* E))| - 0,

and by Lemma 7.1,

(X7 E) (o)

1 k2 (g) (s
2/0 (0’(5),“(172)())%

1
2 / (/o0 (), //a(0)kp(0, 5)) ds
0

23 / W), k(o ) ds

Now for s € J; := (s;—1, si),
(t'(s), kp(0,8)) = <b'(8i—1+)7k§a(0a8i—1+)>+/: b(r) - kp(o,r)dr
= (V' (si-1t), kp(si-1t)) h
+/: (V'(8), Quiry (V' (r), kp (o, )b’ (1)) dr
W) (i),

wherein the last equality we used the skew adjointness of Q) (b'(r), kp(co,7)) and the fact that b'(s) =
b'(r) = Ab/A;s for all s,r € J;. Combining the previous three displayed equations proves equation (7.4). O

Corollary 7.7. Let k € PC', P be a partition of [0,1] as above, and let f : Hp(M) — R be a C* function
for which f and its differential is bounded, then

kp v — - (g . VL
(7.6) /HP(M) (X f) 7 /HP(M)f <Z<k( ' 1+),Alb>> 7

i=1

where in this formula A;b is the to be understood as the function on H(M) defined by

(7.7) Aib(0) == ¢ (0)(s:) — ¢ (o) (si-1)-

Proof. First assume that f has compact support. Then by Stoke’s theorem
0 = / d[ixen (fb)] = / Lyen (f0b)
Hp (M) Hp (M)
_ / (X" f)vb + Ly b]
Hp (M)

which combined with equation (7.4) proves equation (7.6). For the general case choose x € C°(R) such
that x is one in a neighborhood of 0. Define x,, := x(£E(:)) € C*(Hp(M)) and f, := xnf € C(Hp(M)).
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Observe that
1 1
(X*7fn) = xn X[~ X (CE()X"E
S TS '(lE(')) iW(S' +), Aib)
n " X " — i—17T )y B s

wherein the last equality we have used the formula for X*? E computed in the proof of Lemma 7.6. Because
of Theorem 4.10, Y1 (k'(s;—1+), A;b) is a Gaussian random variable on (Hp(M),v3) and hence is in LP
for all p € [1,00). Also

XFf] < O\JGh(Xh XEe)

= Z (k' (8i_174), k' (5i-14)) Ays < C||K|| oo,

where C' is bound on the differential of f. Using these remarks and the dominated convergence theorem,
we may replace f by f, in equation (7.6) and pass to the limit to conclude that equation (7.6) holds for
bounded f with bounded derivatives. O

Remark 7.8. Obviously Corollary 7.7 holds for more general functions f. For example the above proof works
if f and df are in LP(Hp (M), v3) for some p > 1. O

We would like to pass to the limit as |P| — 0 in equation (7.6) of Corollary 7.7. The right side of this
equation is easily dealt with using Theorem 4.17. In order to pass to the limit on the left side of equation
(7.6) it will be necessary to understand the limiting behavior of kp as |P| — 0. This is the subject of the

next subsection.
7.2. The limit of kp.

Notation 7.9. Let P = {0 =59 < 51 < s2 < --- < s,, = 1} be a partition of [0, 1] and for r € (s;_1, s;], let
r:=s;_1. For k € PC', define ||k'||;» and |||¥'|||p by

(7.8) 1K 1o =) 1K (si14)|Ass,
=1

and

(7.9) 1 Nl = / K (r) — K (2)\dr-

Note that |||%'[||p = 0 if k € Hp.

Lemma 7.10. Let P be a partition of [0,1], o € Hp(M), b = ¢~ (o), u=//(0), k € PC' and kp(o,-) be
as in definition 7.4. Then with A;b given by (7.7) and ||K'||1,» given by (7.8),

(7.10) lkp(0,5)| < ||K||1pe3 Ei=1 180 s e [0,1]
and

1
(7.11) lkp(0,s) — kp(0,si-1)] < (k'(si1+)|Ais + 5 lkp (0, 5i-1)|A Aib|2) cosh VA |Azb|,



34 ANDERSSON AND DRIVER
and

1
(7.12) |kp(0,8) — kp(0,8i-1)| < |K (si—1+)|Ais + §A|Aib|2\|kp(a, Moo Vs € (s5i-1,5),

where A is a bound on the curvature tensor.

Proof. Let k(-) := kp(0,-) € Hp ;- and A(s) := Qy(5)(V/(s), )b/ (s). By Definition 7.4 of kp, & satisfies

(7.13) k"(s) = A(s)k(s) for all s ¢ P
and
(7.14) K (s+)=K(s+) VseP\ {1}

Noting that |Qys) (b (s), )V (s)| < A (s))? = A@Z—Sffor s € (8i-1,8:], Lemma 8.2 of the Appendix and
equation (7.12) implies that
sinh v/A |A;b|

VA A

1
(|k’(si_1+)Ais + 5 lA(si-1)]A |Aib|2) cosh VA | Az

IN

|k(si_1)| (cosh\/K|Aib| - 1) + |k (si_1+)|Ass

|K(s) — K(si-1)]

IN

where we have made use of the elementary inequalities

1 inh
(7.15) cosh(a) —1 < §a2 cosh(a), and sinh(a) < cosh(a) VaeR.
In particular, equation (7.11) is valid and
inh v/A |A;b|
k(8)| < |k(si_1)| cosh VA |A;b| + |k (si_1+ Aissm—z
)] < Do) osh VR G K (501 0T
1

(7.16) < (IK(si-)| + [K (si-1+)[Ais) exp{5 A 1A%},

since cosh(a) < e®’/2 for all a. Using the fact that r(sg) = #(0) = 0 and an inductive argument, equation
(7.16) with s = s; implies that

r(s)l < | D0 I (s514)18ys | et 2om 180,
j=1

Combining this last equation with equation (7.16) proves the bound in equation (7.10). O

In the rest of this section, unless otherwise stated, C' will be a generic constant depending only on the

geometry of M and C(v,p) will be a generic constant depending only on v, p and the geometry of M.

Theorem 7.11. Let k € PC' and B and Bp be the R*wvalued processes defined in Notation 1.2 and
Notation 4.12 respectively. Also let u be the O(M)-valued process which solves the Stratonovich stochastic

differential equation
(7.17) ou = H,udB, u(0) = wo,
up = //(¢(Bp)) and zp = kp(d(Bp),-). (Note by Theorem 4.14 that u = lim|p|_,o ¢(Bp) is a stochastic

extension of ¢.) Let z denote the solution to the (random) ordinary differential equation

(7.18) Z(s)+ %Ricu(s)z(s) —K(s),  (0)=0.
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Then for ~ € (0,), p € [1,00),

E

sup |zp(s) — z(s)|P
s€[0,1]

< C(r.p) (1K1 PP + 1K 1115 -

We will prove this theorem after the next two lemmas. Before doing this let us note that zp in Theorem

7.11 above is determined by

(7.19) 25 (s) = A(s)zp(s) for s ¢ P, 2p(0) =0, and 2p(s+) = k'(s+) Vs € P\ {1},
where

A;B (A;B
(7.20) A(8) == Qs ( A5 . As when s € (s;_1, 8i]-

Lemma 7.12. Let §; be defined by
84 1
8; := zp(s;) +/0 <§Ricup(1)2'p(7‘) - k"([+)> dr.
Then there for all p € [1,00) and v € (0,1/2) there is a constant C = C(p,~y, ) < oo such that
B [max |5:]7] < ClIK| o [PI™,
where A is a bound on 0 and its horizontal derivative.

Proof. With out loss of generality, we can assume that p > 2. Throughout the proof C' will denote generic
constant depending only on p, v, A, and possibly the dimension of M. By Taylor’s theorem with integral

remainder and equation (7.19) and equation (7.20) we have
2p(8i) = 2p(si—1) + 2p(sic1+H)Ais + / (si —r)zp(r))dr
Si—1
= 2,’73(81'_1) + k/(si_l—i-)AiS

+ /sl (si — T)Qup(r)(Bég(r), zP(T))Bép(T)dr

(7.21) = 273(81‘71) + ]CI<SZ;1+)AZ‘S + %QUP(SFI)(AZ‘B, Z'p(Si,1))AiB + B;
where
(7.22) Bi= / (8i = 1) (Qup () (Bp (1), 2p(1)) = Qup(s;_1) (Bp(r), 2p(si-1))) Bp (r)dr.

By It6’s lemma,

Quror 1) (DB, 2p(s1))A; B :/ Qupor 1) (B(r) — Blsj—1), zp(3;-1))dB(r)

Sj—1

[ Q@B 25 1) B~ By )

j—1
—Ricm,(ﬁ)zP(sj,l)Ajs.
Using this equation and the fact that zp(0) = 0, we may sum equation (7.21) on 7 to find

(7.23) ZP(Si) _ /Osi (]4;/(£_|_) — %RiCUP(E)ZP(T)> dr + ng + Z,Bj,

j=1
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where MF is the R? — valued Martingale,
MP . = / Q) (B(r) — B(x), 2p(r))dB(r)
+ / Qo) (AB(r), 2p(r)) (B(r) — B(r)).

Therefore 6; = MT + 22:1 B;.
By the martingale moment inequality [63, Prop. 3.26],

(7.24) B s 7P| < Gy [0
where C), is a constant and (M7”) is the quadratic variation of M”. It is easy to estimate (M%), by
(MP)y < 2dA? /01 |B(r) = B(o)|* |zp(0)| dr
and hence by Jensen’s inequality
(MP)/? < (2a)"2 AP /01 [B(r) = B(x)|” |2p(z)[" dr.

Because {zp(r)}rep0,1] is adapted to the filtration generated by B we may use the independence of the

increments of B along with scaling to find
1
B(MP)? < (2d)"? A”/ E|B(r) — B(r)|” - E|zp(r)[" dr
0

1
_ Cp(2d)p/2Ap/ i — o2 B | (o) dr
0

IA

1
Cy (2) P NPIIK I 5 [ 17 = 2"/ BeEN i 1P,
0
where equation (7.10) was used in the last equality. By Lemma 8.5 of the Appendix, EefA )= 12, B/* is

bounded independent of P when |P| is sufficiently small. Hence we have shown that
1
B swp 2P| < G [ 1= dr < GNP
s 0

So finish the proof it suffices to show that

p

(7.25) E( > _18il| <CIKIE P/
j=1

By assumption, up solves the differential equation

up(s) = Hup(syup(s)Bp(s)  up(0) = uo,
so that for any F' € CY(O(M)), r € (si—1, i),

(7.26) Flup(r) — Flup(si0) <O [ Bp(s)ds| < ClABI,

Si—1

where C' bounds the horizontal derivatives of F. Applying this estimate to 2 implies

(7.27) 1 (r) = Qup(ss_)| < AJAB].
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Using the inequalities in (7.12) and (7.27) and equation (7.22) we find that

1 .
18] < 51\5_711113;25_ |2p(s) — zp(si—1)||Ai B> + Alzp(si—1)||Ai B
< %A (|kf’($21+)|A15 + %‘273(52,1)‘/& |AZB|2) cosh (\/K ‘AZBD |AZB|2
(728) +A|Z73(Si,1)||AiB|3.

Letting K, denote the random variable defined in equation (8.15) of Fernique’s Lemma 8.3, the above

estimate implies that

A
6 < SIK (sl Aiscosh (VALK [PI) K2P

A2
+ (IK;‘ Ass|* cosh (\/1_\K7|7?|) + O K3 |Ai537) |2 (si_1)|

where v € (0,1/2). We will now suppose that 7 is close to 1/2. Then by equation (7.10) of Lemma 7.10, we
find that

IN

A
SII¥l1:p cosh (VA [P]) K2[PI

> 164l
=1

+C||K |1, p| PP (K;1 cosh (\/KKW|’P|) + Kg) g2 AT 18, B

IN

ClII Nl p P (K + K2) cosh (VAR [P]) + K3 ) 3 2= 185517,
Using Lemma 8.4 and 8.5 of the Appendix, it follows that

(3 + K2) cosh (VA [P]) + K2) ¢3S 12,5

P
is bounded in all L? for |P| small. This proves E (Z?Zl \,Bj|) < C||K[|} pIP|®7=1P which proves equation
(7.25) since (3y — 1) approaches 1/2 when ~ approaches 1/2. O

Lemma 7.13. Let ep be defined by

el
(7.29) ep(s) = zp(s) +/() (aRiCuP(T)ZpO”) — k'(r)) dr.
Then for all v € (0, %) and p € [1,00),

(7.30) E [max |ep(s)] < C(.) ([IF]

PRlPP? + N1 ) -
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Proof. Let 6; be as in the previous lemma and set dp(s) := Y ;| 0il(s,_,,s,1(s). By the definitions of ep,
(7.29) and dp, we have for s € (s;_1, s,

ep(s) = 0p(s) = 2p(s) — zp(si)

(/ RiCuP(T)Zp(T)dT */ 1 RiCuP(E)Z'p(f)dT>
0 0
l K (r+)dr —/ K (r)dr

0

+

+

Si

(RiCuP(T)ZP (T) — RiCuP (r)*P (ﬁ)) dr

N =

M“do\o\ N =

/ I Ricy, (ryzp(r)dr
+ (2p(s) = 2p(5:)) + (k(s) = k(s))
- [ W - Koy
0
1 1
= A, +=-B; + C1<S) + E;,
2 2
where for r € (sj_1,s;], r := s;_1. We will now prove the estimate
E [sup ep(s) - 57>(s>|P] < Cp) (IKIR 2P + K11

This will complete the proof (7.30) in view Lemma 7.12.
By definition of |||k’|||» in equation (7.9)

(7.31) max | E;| < [[[K'][|-

In the argument to follow let { K} denote a collection functions on (W(R?), 1) such that supp || Kp|| e, <
oo for all p € [1,00). Using equation (7.10) with b = B and o = ¢(Bp) and Lemma 8.5 of the Appendix,

|Bi| < |[Riclloo|Plll2plloc < [Riclloc Kpll|E]|1,p[P]-

So for p € [1, ),
B [max| B | < ||Ric|%|I¥|12 2B [K3] [PI* < CIPP".

Next we consider C;. We have C;i(s;) = 0 and by (7.13) and (7.14) with b = B and o0 = ¢(Bp) for

s € (8i—1, Si],
Ci(s) = 2p(s) = K'(s)
= Hsim) =K+ [ Qi (B 1) 2o ) B )
si-1
which implies after integrating
Ci(s)| < AABP||zploe + [IIK lllp < AKZ|A:s|*]|2p |00 + [11K']]]2

where A is a bound on € and K, is defined in Lemma 8.4. Therefore, again by (7.10) and Lemma 8.5, if
p € [1,00) and v € (0,1/2) then

B max G| < OO ) (I o PP + 115
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So to finish the proof it only remains to consider the A; term. Applying the estimate in equation (7.26)
with F' = Ric gives, for r € (s;_1, 551,
[RiCup (r) = RiCup )| < ClA; Bl < CK, [P
where C' is a bound on the horizontal derivative of Ric. Therefore,
1
Al < KPP lepl + [Ricl [ 12p(0) = 2p(ldr
0
1

< CK'Y|’P|FY||]€/H1,7>€2AZ;}=1 1A, B|?

IRic] (w

1
17 [P+ GAmax |5 )

IN

ClIK |1, p {2 18551 (1 [P + K2 [PI7) + [P |
< Kpl|[K'|[1p|P]",
wherein we have made use of equations (7.10) and (7.12) of Lemma 7.10 in the second inequality, equation
(7.10) and the definition of K, in equation (8.15) in the third inequality, and Lemmas 8.4 and 8.5 in the last
inequality. Thus
B [max |4i[| < C(,p)IW|I} I P]?
for p € [1,00) and «y € (0,1/2). This completes the proof of Lemma 7.12. O

Proof. Let ep be defined as in equation (7.29) and let yp(s) denote the solution to the differential equation,

V() + Ricup (yp(s) = K (s) with yp(0) = 0.
Then s
zp(s) —yp(s) = —/0 %Ricup(r)(zp(r) —yp(r))dr + ep(s)

and hence s

#n() = p(3)| < | Cllem(r) = yp(0)ldr + ens).
where C' is a bound on %Ric. So by Gronwall’s inequality,

2p(5) = wp(s)] < e (Jep (5)]e) < maxfep(s)Je,
which combined with equation (7.30) of Lemma 7.12 shows that

B [max |25(s) = yp ()17 < C(v.p) (IIKIF pIPP7 +[1IK]115)
for p € [1,00), v € (0,1/2).
To finish the proof of the theorem it is sufficient to prove
(7.32) B [max |yp(s) — ()| < Cv,p) (1K1 oI + KNI IPI)
First note that a Gronwall estimate gives
(7.33) max |2(s)] < [[K||z2gasy el ™= < CIK| 21.as)
and similarly
mas fyp ()] < CIK |23 a

where [|K||L1(as) = fol |K'(s)|ds. Let w = yp — 2. Then

1. 1,0, .
w'(s) = §R1cup(s)w(s) +3 (Ricyp () — Ricy(s)) 2(5)
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Letting

Ap = mgx%\RicuP(s) — Ricy(y)]
the inequality (7.33) and an application of Gronwall’s inequality gives
(7.34) [w(s)] < CAp]|¥||11eC*
Theorem 4.14 implies

E[|Ap[] < C(v,p)|P|™
and hence by (7.34),
B [max |yp(s) = ()" < Cp) IR |15 P77
This implies (7.32) in view of the fact that
K 1 < K lp + 111K l»-

This completes the proof of Theorem 7.11. O
7.3. Integration by Parts for Wiener Measure.

Proposition 7.14. Let [P| := max{|A;s|:1=1,2,...,n} denote the mesh size of the partition P and f be
a function on H(M) and f on W(M) as in Theorem 4.17. Then

n 1
. 7 . 1 _ 3 /a7
(7.35) lim, HP(M)f<§i_1j<k <s“+>,Azb>> b= " (f / <k,db>) v,

where A;b is to be interpreted as a function on H(M) as in equation (7.7) and b is the anti-development
map. Recall that b is an R wvalued Brownian motion on (W(M),v) which was defined in Definition 4.15.
Here f;(k’,dé} denotes the Ité integral of k' relative to b.

Proof. Let B denote the standard R?valued Brownian motion in Notation 1.2 and « denote the solution to
the Stratonovich stochastic differential equation (7.17). By Lemma 4.11 and Theorem 4.10,

(7.36) /H - f (Z(k’(Si_1+),Aib>> vh =B

=1

f(#(Bp)) <Z<k’(si_1+), AiB>>

i=1

By the isometry property of the Ito integral, we find that
n 1
lim kl Si—1+ ,AlB :/ k,,dB 5
s, (w02 = [
where the convergence takes place in L2(W(R?), 11). As in the proof of theorem 4.17, f(¢(Bp)) converges to

F(u) in L? as well. Therefore we may pass to the limit in equation (7.36) to conclude that
n 1
lim f k' (si—1+), Asb yl:E{Fu / k',dB].
o [ (g (s5-14) >> b=B|rw [ w.am)

Since (B, ) and (b, //) have the same distribution,

B {F(u) /Ol(k’,dB>] _/W(M) (f/01<k’,d5>) .

The previous two displayed equations prove equation (7.35). O
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Definition 7.15. A function f : W(M) — R is said to be a smooth cylinder function if f is of the form
(7.37) f(0) = Fomp(0) = F(op)
for some partition P and some F € C>(M7). O

We are now prepared for the main theorem of this section.

Theorem 7.16. Let k € PCY, z be the solution to the differential equation (7.18) of Theorem 7.11 and f
be a cylinder function on W(M). Then

(7.38) /W(M) XZfdy_/W(M)f</01<k/,d5>> dv,

where
n n

(X7f)(0) =Y (Vif)(0), X,(0)) = D> (Vif)(0), //5,(0)2(5,0))

i=1 i=1
and (V;f)(c) denotes the gradient F in the i*" variable evaluated at (o(s1),0(s2),...,0(5,)).

Proof. The proof is easily completed by passing to the limit |P| — 0 in equation (7.6) of Corollary 7.7
making use of Proposition 7.14, Theorems 7.11, 4.14, and Corollary 4.13 (]
8. APPENDIX: BASIC ESTIMATES

8.1. Determinant Estimates.

Lemma 8.1. Let U be a d x d matriz such that |U| < 1, then
(8.1) det(I —U) =exp (—trU + ¥(U)),
where W(U) := — Y2, LtrU™. Moreover, U(U) satisfies the bound,

(8.2) wU)| < Z%IUI" <dUPQ-|up

n=2

Proof. Equation (8.1) is just a rewriting of the standard formula:

log(det(I — U)) = — tr (U™
ot - 0) == 3° @),
which is easily deduced by integrating the following identity,
d
o log(det(I —sU)) = —tr((I —sU)U)

—tr (Z s"U”U) =— Z s"tr (U™
n=0 n=0

Since for any d x d matrix [trU| < d|U| and [U*| < |U|¥, it follows that

[tr(U*)] < d|U|*

and hence
oo

@) <3 2w < duPa - o)

n=2
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8.2. Ordinary Differential Equation Estimates.

Lemma 8.2. Let A(s) be a d x d matrix for all s € [0,1] and let Z(s) be either a R? valued or d x d matrix

valued solution to the second order differential equation

(8.3) Z"(s) = A(s)Z(s).

Then

(8.4) 1Z(s) — 2(0)] < |Z(0)] (cosh VEs — 1) + |Z/(0)%
and

(8.5) 1Z(s) — Z(0)| SSIZ'(O)HK%Z*(S)

where Z*(s) :=max{|Z(r)| : 0 <7 < s}, K 1= sup,c(o,1|A(s)| and |A| denotes the operator norm of A.

Proof. By the Taylor’s theorem with integral remainder,

2(s) = 2(0)+s2'(0)+ / " 27 w)(s — u)du

0

(8.6) Z(0) +sZ'(0) + /05 A(u)Z(u)(s — u)du

and therefore

1Z(s) = Z(0)]|

IA

s|Z'(0)] + K/OS |Z (uw)|(s — u)du

(8.7)

IN

S| Z/(0)] + K/OS 12(u) ~ Z(O0)|(5 ~ w)du + S KIZ(0)] = f(5)

One may easily deduce equation (8.5) from the first inequality in this equation.
Note that f(0) =0,

F(s)=12/0) + K / 12w — Z(0)\(s — wydu + sK|Z(0)|
f(0) =12'(0)] and
f"(s) = K|Z(s) — Z(0)| + K|Z(0)| < K f(s) + K|Z(0).
That is:
(8.8) f"(s) = Kf(s)+n(s), f(0)=0, and [f'(0)=]Z(0)],

where n(s) := f"(s) — Kf(s) < K|Z(0)|. Equation (8.8) may be solved by variation of parameters to find:

Oy e L
. sinhvKs # .
\Z (O)|T+|Z(O)|/o VK sinh /K (s — r)dr
sinh\/fs
VK

Combining this equation with equation (8.7) proves equation (8.4). O

IN

SVAQ)] +1Z(0)|(cosh VKs — 1).
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Lemma 8.3. Suppose that Z is a d x d — matriz valued solution to equation (8.3) with Z(0) = 0 and
Z'(0) =1. Let K >0, K1 > 0 be constants so that sup,c(o 1) |A(s)| < K and sup,¢(o 1) [A'(s)| < K1. Then

(8.9) Z(s) = sl + %A(O) + s&(s),

where

(8.10) £(s)| < %(21{133 + %K%‘*) cosh(VEs)

Proof. Using the definition of Z in equation (8.3) we have that Z(0) = Z2”(0) =0, Z'(0) = I,
206) 1= L 2(5) = H(9)2(5) + A)Z'(5),

ds®
and hence Z®)(0) = A(0). By Taylor’s theorem with integral remainder

Z(s) = sI+% /0 () (s - €)%

3 s :
= I+ FA0 5 [ (299 - 40) - ¢,

0
Now using Lemma 8.2 with Z(0) = 0,we find

3
(8.11) AAGE A(0>\ = |A()Z(¢) + A(¢) <I+ /0 A(r)Z(r)dr) — A(0)
(8.12) < Klw-i—l{(cosh(ﬁﬁ) — 1)+ K&
(8.13) < K &(cosh(VKE) +1) + %K%Z cosh(VK¢)
(8.14) < (2K1s+ %K%z) cosh(VKs)

where we used the elementary inequalities sinh(a)/a < cosh(a) and cosh(a) — 1 < 1a?cosh(a) valid for all
a € R. Using Z(®)(0) = A(0) and the definition of £ completes the proof. O

8.3. Gaussian Bounds. In this subsection, B(s) will always denote the standard R? —valued Brownian

motion defined in Notation 1.2.

Lemma 8.4 (Fernique). For~y € (0,1/2) let K., be the random variable,

(8.15) szzsup{w:0<s<r<1}.

s — |7
Then there exists an € = €(7y) > 0 such that E [eeKﬂ < oo

Proof. Since K as a functional of B is a “measurable” semi-norm, equation (8.15) is a direct consequence

of Fernique’s theorem [67, Theorem 3.2]. O

Lemma 8.5. Forp € [1,00),

(8.16) Ee#C X 1887 = T](1 - pCA;s) =4/
j=1

provided that pCAjs < 1 for all j. Furthermore,

(8.17) |7lai\m Ee2CEi=114;BI* — (dnC/2
—0
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Proof. By the independence of increments and scaling properties of B we have
n n d
E e%CZ;;I\AjBF} Sk [epcijP/ﬂ =11 (E {epCAjsNWD :
j=1 j=1

where N is an standard normal random variable. This proves equation (8.16), since an elementary Gaussian

integration gives
E [epCAjSNQ/z] = (1 —pC’Ajs)_l/2

provided that pCAjs < 1. Equation (8.17) is an elementary consequence of (8.16). (]

Lemma 8.6 (Gaussian Bound). For every k > 0 there is a constant C' = C(k,d) which is increasing in k
such that

(8.18) E[eFBDI | B(1)] > p] < C’e_%”z/p2 for all p > 1.
Proof. A compactness argument shows that there is a constant C’(k, d) such that pd—lehre—3r” < C'(k, d)e’%r2

for all » > 0. Passing to polar coordinates and using this inequality shows that

E[eFIPWI: |B(1)| > p] = wd,1(27r)d/2/ rd=tekre=s? gy
P
T 3,2

gwd,l(%)d”é(hd)/ ;e_gT dr
p

~ 4 _:
= wq_1(2m)2C(k, d)3—pe‘§”2

< Ce 1 /2,
where wy_1 is the volume of the d — 1 sphere in R%. O

Lemma 8.7. Fiz e >0 and K > 0. Let x¢(r) = 1y>¢, let B be a standard R4 —valued Brownian motion and
let P={0=s9<s1 <+ < sy, =1} be a partition of [0,1].
Define the function ¢ : Ry — Ry by

sinh(ﬁw(u?)))d‘l . <smh<¢m|3<1>|>>d‘l
VERIB) VRuBO)

(8.19) Y(u) =K (

Then there is a constants C = C(K,d) < oo such that

sinh(\/KmiB))dl

[T¢(V/A5s) < Ce? exp (_46_;> ,

J#i

Proof. Tt is easily checked that 1 is an even smooth (in fact analytic) function and that ¢ (u) = 1+ @fﬁ +
O(u*) and hence there is a constant C' < oo such that ¥(u) < eCv for 0 < < 1. Thus

Hzﬂ(\/Ajs) < Oz Bis < €,

J#i
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Recall the elementary inequalities sinh(a)/a < cosh(a) < el®l which are valid for all a € R. Using these
inequalities and the scaling properties of B and Lemma 8.6,

. d—1 ) de1
B |xc(2:B) (%) - E[Xe(\/A—iSB(l)) (BT B0 ]

< E [XeAis—l/Z(‘B( )|) exp ( (d—1)v/KA;s|B(1 )]
Ais
< C(daK|P|)6—2 ( A S)
Als
< CURP) e ().
Combining the above estimates completes the proof of Lemma 8.7. [l

Proposition 8.8. Let B be the R?~valued Brownian motion defined on (W(R?), 1) as in Notation 1.2 above
and let Let R; fori=0,1,,...,n be random symmetric dx d matrices which are o(Bs : s < s;_1)—measurable
for each i. Note that Ry is non-random. Further assume there is a non-random constant K < oo such that
|IR;| < K for alli. Then for all p € R there is an e = e(K,d,p) > 0

(8.21) 1<E [epzzgl(<RzA¢B,AiB>—tr<Ri>A,-s>} < (0’ K*|P|
whenever |P| < e.
Proof. By It6’s Lemma,
(RiAB, A B) — tr(Ri)Ass — 2/ (Ri(B(s) — B(s)), dB(s)),
sic1
and hence >, ((R;A; B, A; B) —tr(R;)A;s) = My, where M, is the continuous square integrable martingale

M, ;:2/0 (Ru(B(s) — B(s)),dB(s))

and Ry := R; if s € (s;-1, s;]. The quadratic variation of this martingale is

M), _4/ IR,(B(s) — B(s))|*ds §4K2/0 |B(s) — B(s)|*ds.

Let p € (1,00). Then by the independent increment property of the Brownian motion B, it follows that

E {e”zW)l} < E {eXp <4p2K2/01 |B(s) B(§)|2d8>}
- ﬁEleXp <4p2K2/Si' |B(s)—B(§)2ds>1
i=1 Si—1
(8.22) = HE [exp <4p2K2 .8 / |B(s)| ds)],

wherein the last equality we have used scaling and independence properties of B to conclude that f;il |B(s)—
B(s)|%ds, fOAis | B(s)|?ds and fo P As|B(5=)[Pds = Ass? fo |B(s)|?ds all have the same distribution.
Fernique’s theorem [67, Theorem 3.2] 1mphes that

v =8 o (5 | 1 B )|
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well defined analytic function of A in a neighborhood of 0. Because 1(0) = 1 and

1 d
v(0) = 5B [ 1B(s)Pds = ]

it follows that () < e?*/? for all positive \ sufficiently near 0. Using this fact in equation (8.22) gives the

bound
E [ep2<M>1} < Hexp (4dp2K2Ai32) = exp | 4dK?p? ZAZ-SQ
i=1 i=1
(8.23) < exp (4dK*p*|P|) < o,

which is valid when the mesh of P is sufficiently small.

By Ité’s Lemma,

is a

2

Zt(p) = exp (th - %<M>t>

positive local martingale. Because of the bound in equation (8.23), Novikov’s criterion [87, Prop. 1.15,

p-308] implies that Zt(p ) is in fact a martingale and hence in particular [Zl(p )} = 1. Therefore,

E[e] =E [epM1%2<M>1e%2<M>l] >E [ele%QWM} =1

and
E[e"™] = B[exp (pMi — p*(M)1) exp (p*(M)1)]
< VE[exp (2pMy — 2p*(M)1)]v/Eexp (p?(M)1)]
= VEZVElew (0*(0)1)] = VElew (? (D))
< exp (4dK?p?|P)).
This completes the proof of Proposition 8.8. O
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