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Abstract

We prove Li-Yau type inequalities for positive harmonic functions on Riemannian
manifolds by using methods of Stochastic Analysis. Rather than evaluating an exact
Bismut formula for the differential of a harmonic function, our method relies on
a Bismut type inequality which is derived by an elementary integration by parts
argument from an underlying submartingale. It is the monotonicity inherited in
this submartingale which allows to establish the pointwise estimates.
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1 Introduction

The effect of curvature on the behaviour of harmonic functions is a classical
problem: it manifests itself most directly in gradient estimates and Harnack
inequalities with constants depending only on a lower bound of the Ricci cur-
vature of the manifold, the dimension, and the radius of the ball on which the
function is defined. Such estimates in global form, i.e., for positive harmonic
functions on Riemannian manifolds, are due to S.T. Yau [9]; local versions
have been established by Cheng and Yau [3].
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The classical proof of gradient estimates relies on two ingredients: the use
of comparison theorems for the Laplacian of the Riemannian distance, which
allow to bound the mean curvature of geodesic spheres from above in terms
of the lower bound of the Ricci curvature, and Bochner’s formula which yields
a lower bound for A|gradu|? for a harmonic function w in terms the lower
Ricci bound. The estimate itself then relies on a clever use of the maximum
principle, see [6].

In this paper we show that gradient estimates for positive harmonic functions
can be derived from elementary submartingales by means of stochastic analy-
sis. In particular, we give a stochastic proof of the following gradient estimate
due to Cheng and Yau [3]. It should be noted that our approach gives in
addition an explicit value for the constant.

Theorem 1.1 Let M be a complete Riemannian manifold of dimension n > 2
and let D C M be a relatively compact domain. Let u: D — R be a harmonic
function which is strictly positive. Put r(z) = dist(x,0D). Then:

|du]

u

() < c(n) [k + r(lx)] (1.1)

if Ric > —(n — 1) k? where k > 0.

Our method of proof is inspired by the stochastic approach to gradient es-
timates used in [8], [1] where one represents the differential of a harmonic
map by a Bismut type mean value formula which can be evaluated in explicit
terms. As in [8], explicit estimates depend on a reasonable choice of a finite-
energy process which is used for integration by parts on path space. See [7]
for background on Bismut formulas.

2 Some elementary calculations

Let M be a (not necessarily complete) Riemannian manifold of dimension n >
2, and u: M — R be a harmonic function. For x € M let p(z) = | grad u|(x).
For x € M with ¢(z) # 0, let n(z) = p(z) "' grad u(z).

If f: M — R is a smooth function, then we have the well-known formula
Ograd f = grad Af + Ric* grad f, (2.1)

where [J = trace V? denotes the rough Laplacian on T'(T'M), and where by
definition,
(Ric* X,Y) = Ric(X,Y), X,Y € I(TM).



Eq. (2.1) applied to u gives

Ograd u = Ric? grad u. (2.2)

In the following Lemma we calculate grad ¢ and Ay in terms of n.

Lemma 2.1 Let u: M — R be a harmonic function, ¢ = |gradul, and
n = (grad u)/p where it is defined. Then on M, where ¢ does not vanish,

gradlog ¢ = Vun — (divn)n, (2.3)
and
Ap = ¢ [Ric(n,n) + [Vnlis |- (2.4)
In particular,
lgradlog o|* < (n — 1) |Vngg - (2.5)

Proof (i) We start by proving Eq. (2.4). To this end, fix x € M such
that ¢(z) # 0 and choose an orthonormal frame (e;)1<;<, at @ such that
(Ve,e;)(x) =0 for all 4, 5. Then, we have at z,

O(pn) = (Ap)n+2(V,, gradu,n) V. n + ¢ On.

Taking scalar product with n makes the second term of the r.h.s. to vanish
and yields
Ap = (d(pn),n) — ¢ (On,n). (2.6)
It is easily seen that
(On,n) = —[Vnlgs
so that with Eq. (2.2) the claimed equality for Ay follows.

(ii) To establish (2.3), note that Au = 0 writes as
0 = div(en) = dp (n) + pdivn.
Let 0’ = (n,-) = ¢! (gradu, -) = ¢~ 'du. Then on one hand,

Lnd = 1y (—cp_ngo A du) = —¢ 2 (dp (n) du — du (n) dy)

= o2 (—pdivadu— ¢ n[*dp)
= divn(n,-) + (gradlogy, -),

while on the other hand,
dn’ = (Vo ) — (Vn,n) = (Van, -) .

Comparing these last two equations proves Eq. (2.3).



(iii) Finally, to establish (2.5), note first that, as a consequence of (2.3),
lgrad log ¢|* = (divn)? + |V.n|?. (2.7)

Next, fix x € M such that p(z) # 0 and choose an orthonormal frame (€})1<;<,
at x such that e], = n. Then

2
n—1
lgradlog ¢|* = (Z <V69_n, e}>> + |Van]?
i=1
n—1 9 9
< (n — 1) Z <ve;l‘l, 6;> + ’Ve’ne;z
i=1
<mn-DY|Von[ =(m-1) Vg, O
=1

3 Gradient estimates for positive harmonic functions
The following theorem gives the submartingale property which will be crucial
for our estimates, see Bakry [2] for related analytic results.

Theorem 3.1 Let M be a (not necessarily complete) Riemannian manifold
of dimension n > 2. Let X be a Brownian motion on M and let u: M — R
be a harmonic function. For any o > Z—j, the process

¥, = | grad ul*(X,) exp{—;‘ /Ot Ric(n, n)(Xr)dr} (3.1)

is a local submartingale (with the convention that Ric(n,n)(x) = 0 at points x
where grad u(x) vanishes).

Proof First assume that grad u does not vanish on M. Then, making use of
Eq. (2.4), we have

Ag® = ag® ' Ap + o — 1) [grad |
= ag® (Ric(n,n) + [Vnfis + (@ — 1) [grad log o)

From the assumption on «, along with estimate (2.5), we obtain
1
[Vafis. + (o = 1) jgradlog of* > [Vnffs — — [aradlog ¢[* > 0,
n —

and hence
Ap® > ap® Ric(n,n). (3.2)



An application of It6’s lemma now shows, Y; = N; + A; where

dﬁ@::exp{——gmAtRhin,nX)Q)dr}<//;1gnu1¢aLYﬁ,d@>

and

1 [(Ap®

dAt = 5 < L (Xt) — OzRiC(l‘t, n)(Xt)> }/;5 dt
gpa

By the inequality (3.2), dA; > 0 and therefore, Y; is a local submartingale,

which completes the proof under the assumption that ¢ never vanishes on M.

This assumption however is easily removed by letting Ric(n,n)(z) = 0 in (3.1)

at points x where grad u(z) = 0.

Indeed, let [0, ¢[ be the maximal interval on which our Brownian motion X is
defined. Fixing ¢ > 0, we consider the partition

O=m<o<nn<o<n<..
of [0, ¢[ defined by
op=if{t >7_1:Y,<e/2} and ,=inf{t >0;:Y, >}, >1.

Now consider Y := Y; V e which is seen to be a local submartingale on each
of the sub-intervals of our partition. Indeed, on [0;, 7;] the process is constant,
Ye = ¢, while on [r;_1,0;] it is a local submartingale, since there Y itself is
a local submartingale by Ito’s formula, as shown above, using the fact that
X|[Ti-1, 0i] takes its values in {z € M: gradu(z) # 0}. Now since each Y* is
a local submartingale, Y; = lsiﬁ)l Yy itself is a local submartingale. O

Remark 1 In (3.1) we adopted the convention Ric(n,n)(z) = 0 at points x
where grad u(x) vanishes. It should be noted that any other convention gives
a local submartingale as well.

Remark 2 In Appendix A we provide a generalization of Theorem 3.1, along
with a unified proof of the submartingale property of (3.1), which directly
takes care of the possible vanishing of the gradient of u and does not require
the case distinction made in the proof of Theorem 3.1.

Let ¢; be a real-valued non-negative adapted continuous process with C! paths.
Since

t
d(vite~ [ Vidods) = tav,
0
the process

t . t
7, = Y, —/ Yo, ds = Yoly +/ 0,dY, (3.3)
0 0

is a local submartingale. Fix x € M and assume Xy = x. Further let 7 be a
stopping time such that (3.3) stopped at 7 is a (true) submartingale. (Note



that this can always be achieved by choosing 7 to be the first exit time of
X from some relatively compact neighbourhood of x.) Then, if 5 = 1 and
¢, = 0, the inequality
Zo <E (2]
yields
Yo< —E U lfsésds]
0

which gives in our situation

o (z) < —E [/0 o (X,) exp{—‘;‘/os Ric(n, n)(X )dr}é ds} (3.4)

Assuming a < 2, by Holder’s inequality, we may estimate

([ ¢xas)” (3.5)

. s Cu (2—a)/2] /e
(/ exp {— a / Ric(n,n)(X,) dr} 2 ds) ] .
0 2—alo

Theorem 3.2 Let o € [2=2,2[ and let p > 1, ¢ > 1 such that p~* + ¢~ ' = 1.
Then

p(r) <E

2

| grad u|(z) < I1(a, p) - Io(a, p) (3.6)

_E K/o | grad ul2(X,) ds)ap/j o
L(a,p) =E [(/ eXp{ / Ric(n,n) dr}

and where Uy is a real-valued non-negative adapted continuous process with C*
paths such that o =1 and £, = 0.

where

: 12/(2—a) ds) (2—a)q/2] L/aq

Proof We apply one more time Hélder’s inequality to Eq. (3.5). O

To estimate I;(«, p) we use the following Lemma.

Lemma 3.3 Let 5 €]0,1] and

[ (1=6\\ V7
Cy=2"12 (r((i))) . (3.7)

For every positive local martingale Y with infinite lifetime and deterministic
starting point Yo =y,

E (Y, Y)ﬁ/ﬂ < Cyy. (3.8)



Proof Without loss of generality we may assume that y = 1. Moreover, apply-
ing the Dambis, Dubins-Schwarz Theorem (cf. [4] or [5]), by “enriching” the
filtered probability space if necessary, we may assume there exists a Brownian
motion B started at 0 such that

Y =1+ B(yy).

Let T :=inf{t > 0, 1+ B; = 0}. By the reflection principle which yields
1

and the scaling property of Brownian motion, we conclude that T has the
same law as 1/B?. Consequently,

(12"’ =E[|B.]"" = Cs.

Moreover, we have
(YY) <T as.,
so that

18

E[(}/,Y}QQ]I/BSE[TWQ} Cy. O

To exploit estimate (3.6) we now choose o € {Z—:Q 1{ ifn >3, a€]0,l1]if

1
n =2, and p > 1 such that § :=ap < 1.
Proposition 3.4 (Gradient estimate; general form) Let M be a Rieman-
nian manifold. Assume that uw: M — R is a positive harmonic function and

let n = grad u/| grad u| where it is defined. Further, let a € [:—j, 1{ and g > 1
such that 3 := ﬁ a < 1. Then, for each x € M, the following estimate holds:

| grad log u|(x) (3.9)

T s o (2—a)q/2] 1/
< CsE l(/ exp {— a / Ric(n, n)(X,) dr} 2 d5> ]
0 2—alo

where Cg is given by (3.7) and the process {5 is chosen as in Theorem 3.2.

s

Proof Lemma 3.3 applied to Y; := u(X7) gives

E l(/OT 02(X,) ds)ﬁ/2

Bounding the term I;(a, p) in estimate (3.6) by means of (3.10), and dividing
by u(z), the claimed inequality follows from (3.6). O

/B
< Culx). (3.10)




Corollary 3.5 We keep the assumptions of Proposition 3.4 and assume that
Ric > — K for some constant K > 0. Then

s 5 . (3.11)

osz}

r . 2/(2—a (2—a)q/27 /24
| grad log ul|(x) gCgEK/ exp{2 O ) ]
0

4 Explicit constants

For methods of estimating the right hand sides in Egs. (3.9) and (3.11) we
refer to [8] and see especially [8, Corollary 5.1]. The remaining question then
is to optimize the choices of o and p.

Fix z € M and let D C M be a relatively compact open neighbourhood of
x in M such that 9D is smooth. Let f € C%(D) be a positive function on D
which is bounded by 1 and vanishing on 0D. Define

() = /Otf2(Xs(a:))ds and  p(t) = inf {s > 0: T(s) > 1}

We have p(t) < t. The process X| := X, is a diffusion with generator
L’ := 1 f2A and infinite lifetime, see [8, Proposition 2.5]. We fix ¢ > 0 and let

ho(s) = [ F (X&) Lreptop dr:
Hence ho(s) = ho(p(t)) = T(p(t)) =t for s > p(t). Let hy € C1([0,t],R) be
a function with non-positive derivative such that h,(0) = 1 and hy(t) = 0,

and define ¢; := (hy o hg)(s). Since ¢, has non-positive derivative, |(,|ds is a
probability measure on [0, p(t)].

We want to estimate I/ where

( p(t) aKs 2/(2—a) (2=a)a/2
/ exp { } ds .
0 2—«

Assume that (2 — a))g/2 > 1 (note this is automatically satisfied if n > 3 and

n—2
(2—a)q/2
ds)

I =F /.

a = "=7). By means of Jensen’s inequality, we get

(t) K .
I=E (/p exp{a s} g
0 2—«

qo/2

a/(2—a) | -
/( )gs

a

a+2)/2
(qa+2)/ ds]

2




=K -/Op(t) exp {aK } ‘hl ho( ))‘(qa+2)/2 ‘hg(s)‘(qa+2)/2 ds]
_E -/Op(t)exp{aKq } [ (ho(s))| “ " fra2(x )ds}
=& [ [T { O30 o)} i) pre ) ]

= /Ot ‘h1 (r)‘(qaﬂ)/? E {exp {oc.;(q p(r)} fq“(X;)} dr.

Let Z, = eKar()/2 f=ea(X") We have

dZ, = -7, (aKqﬁ(X;) —aq(fAf) (X)) + ag(ag + 1) |grad f|? (X;)) ds

<Clo,K,q, f)Zsds

[\3\»—!

where

ClaK.q. ) = 5 sup {akaf*(2) — ag(FAN@) + aglag + 1) grad fI* ()}

zeD

Let C := C(a, K,q, f). Then
E[Z,] < Zye®* = f~9(z)e"
which yields

. a+2)/2 1/aq
‘(q +2)/ d5>

hl (S)

. (qet2)/2 |\
1(3)‘ ds) :

1_6 as
1—e@

]1/aq ( aq
[~

<>(/

We fix a > 0 and let hy(s) = 1 —
I =1(t,a), we have

- for s € [0,¢]. Then, in terms of

| grad log u|(z) < Cj inf inf I'/*(t, a).

a>01>0
But, if a > 2C'/(qa + 2), then

a+2)/(2a 1/a
Il/aq(t,a) < f_l(x) ( a >(q /o) (/t e(C—(q0+2)a/2)s ds) !
0

1 —eat
a >(qa+2>/(2aq> (1 _ e(C—(qa+2>a/2)t> 1/aq

@) (

1 —e o (g +2)a/2 — C

and

t>0

qlaa+2)/2 1/aq
inf IV/°9(t, a) < Jlim IMei(t a) = f~(x) ( )

(g +2)a/2 — C



The minimum in a > 2C/(qa + 2) of the last expression is attained for a =
2C'/aq, and is equal to (QC/aq)l/Q. Consequently

20)1/2

| gradlog u|(z) < f(z) Cs <aq

Recall that

(7))
_ — 91l
i ()

NI | N

Combining our results, we get

Theorem 4.1 (Gradient estimate; specific form) Let M be a Rieman-
nian manifold such that Ric > —K for some constant K > 0. Let u be a
positive harmonic function defined on some relatively compact open domain
D C M with smooth boundary OD. Further, let f € C?(D) be strictly positive
on D, bounded by 1 and vanishing on 0D. Then, for any x € D,

F(l—;ép) L/ap
lgradlog u| (z) < f(z) (F(l)) Ci(a, K, q, f) (4.1)

where
Cila Ko, f) = g sup { K P(0) = (AN (@) + (ag-+ 1) lgrad (@)} (4.2

n—2
n—1"

Here we have a € [ 1{ and p > 1, ¢ > 1 such that p* +q¢ ' =1 and

pa < 1.

Note that C (o, K, q, f) differs from the constant ¢;(f)/2 in [8], Eq. (4.2) only
by the term ag + 1. In the following remark we specify estimate (4.1) by a
particular choice of the function f.

Remark 3 Let M be a complete Riemannian manifold and D C M be a
relatively compact open domain with smooth boundary. Fixing x € D and
using the function

T d(z,-) >

] = cos (2 dist(z,0D)

defined on the open ball B(z,dist(xz,0D)) about x of radius dist(x,dD), we
may follow the method applied in [8], Sect. 5 to obtain for strictly positive
harmonic functions v on D the estimate

T 1—ap 1/ap
lgradlog u| (z) < <1§<3))) \/C’(dist(a:,aD)) (4.3)

10



where

2 1 Kn-1
Oy = T ntoatl w1
4 2 2 r

Here —K < 0 is again a lower bound for Ricci on M.

+ K. (4.4)

It remains to minimize the r.h.s. of (4.1) in o and p (resp. ¢q). Letting for
instance m = dimM V 3, a = Zj, p = 32:2 so that 0 = ap = 32:3 <1,
q = 2m — 3 the conjugate exponent of p, the estimate depends only on the
dimension of M, the lower bound K for the Ricci curvature, and on the the
distance dist(z, D) to the boundary. This establishes estimate (1.1) claimed

in the Introduction.

Theorem 4.2 (Gradient estimate; Cheng-Yau [3]) Let M be a complete
Riemannian manifold and let D C M be a relatively compact domain. Let
u: D — R be a harmonic function which is strictly positive. Put r(x) =
dist(x,0D). Then:
|dul
u

() < c(n) [k + r(lx)]

if Ric > —(n — 1) k?* where k > 0.

Corollary 4.3 (Gradient estimate on geodesic balls) Let M be a com-
plete Riemannian manifold with Ric > —(n — 1)k*, k > 0. If u is a positive
harmonic function on a geodesic ball B,(x) C M, then

sup 1 < ) (1 * ’”) | (4.5)

r

In particular, if Ric > 0 then any positive harmonic function w on M is
constant.

Corollary 4.4 (Elliptic Harnack inequality) Let M be a complete Rie-
mannian manifold with Ric > —(n — 1)k%. Suppose that u is a positive har-
monic function on a geodesic ball B.(x) C M. Then

sup u < c¢(n,r k) inf w. (4.6)
B, /3(z) By /2(2)

Proof ~ By the gradient estimate, we have supg_, () [dul/u < c(n,r k). Let
z1,29 € B,js(x) be such that SUDpR ,(x) U = u(ry) and infp @) u = u(zs).
Let v be a minimal geodesic joining x; and x5. Then

o 208 = | 20

d
§/|u|gc(n,'r,k)/lgc(n,r,k)%.
you ¥

Therefore, u(xy) < exp (2rc(n,r, k)) u(zy). O

11



A Expansion on the submartingale proof

We start by generalizing inequality (3.2).

Lemma A.1 Let >0, u: M — R be a harmonic function,

M ={zxeM: gradu(z) #0}, ¢.=/|gradul?+ €2,

~1/2
n. (z) == o' gradu = ( lgrad u|* + 52) / grad u,

and

with the convention that ng (z) := 0 if x ¢ M'. Then for a € [Z—:f, 1},
Ap? > apd Ric (n.,n,) (A.1)

where (A1) holds for all x € M if ¢ > 0 and for all x € M’ if e = 0.

Proof  Suppose either ¢ > 0 or ¢ = 0 and gradu (z) # 0. We begin by
observing that

Ap® = ap® A, + a (o — 1) @72 |grad .|

A
= ap { gfe + (o — 1) |grad log <p€|2} . (A.2)

£

Set . (s) = (2 +5)"/*, so that ¢. (x) = f-(|gradu (2)|* ). Then

1/2

1 - 1 -3/2
! _ = 2 " - - 2
fs(s)—Q(e +s) and f! (s) = 4(5 +s)
and for v € TM,

vp. = 2f! ( lgrad u|2) (V, grad u, grad u)
= o' (V, grad u, grad u)
= (Vygradu,n.) = (V,_gradu,v) (A.3)

where in the last equality we have used the fact that V has zero torsion. From
this equation it follows that

grad . = Vy, gradu = Vi (pente) = 0@ - 0z + 9V, tie, (A.4)
and in particular that
gradlog . = n.log . - n. + Vy n.. (A.5)
Since

divn, = div (gos_l grad u) = —goE_Q (grad ¢, grad u) + SOE_IAU

12



— (grad log ., n.) = —n.log ¢,
Eq. (A.5) may be written as
gradlog . = V,_n. — (divn,) n.. (A.6)
From Eq. (A.3) we also have
VigoPe = <Vz®v grad u, n5> + (V, grad u, V,n.)
— <V3®U grad u, n5> +(V, (pen.) , Von.)
= (V2,, gradu,n.) +vg. - (n., Von.) + ¢. (Vone, Vone)
which upon summing on v running through an orthonormal frame shows
Ap. = (Ogradu, n.) + (e, Vrad . 1) + @2 | V|
<grad Au + Ric* grad u ng> + (e, Vgradp Ne) + ©: |Vn€|2
<RIC# Vu, n8> (ne, Vgrad o 1e) + @ ]Vnal2
¢ {Ric (n2,n.) + (M, Viradiog . ) + VP ] (A.7)

When ¢ # 0 and grad u (z) = 0, we see from Eq. (A.7) that

Ap. (z) = ¢ () [Vn.]* (z)

and from Eq. (A.4) that (gradlog ¢.) () = 0. Combining these identities with
Eq. (A.2) gives

(Ag?) () = agl (x) [Vn|* (x) 2 0 = ap? (z) Ric (n,n.) (x) . (A8)

This shows that Eq. (A.1) is valid for x ¢ M’. To finish the proof it suffices
to show that Eq. (A.1) is valid for all x € M.

So for the rest of the proof we will assume that z € M’. Since (ng,ng) = 1
on M’,

0=vl=2(Vyng,ng) forallveT,M and z € M (A.9)
Taking ¢ = 0 in Eq. (A.7) gives

AQOO ®o (RIC (110, 110) + |V1’10| ) (A10>
and from Eqs. (A.6) and (A.9) we find
|lgrad log @o|” = [V nol” + (divng)® (A.11)

on M. Let F.(s) = (s*+¢%)*” so that ¢® = F.(¢p) and by elementary
calculus,

£

F'(s)—as(s —|—E> 1Fg(s) and

13



F!'(s) =« (32 + 52)_2 <€ —(1—a) 32) F.(s).

Therefore we find

Ap? = AF. (ipg) = div (F. (o) grad ¢o) = F. (00) Apo + F. (o) |grad ¢l
—1
= g (cp?) + 62> F. (o) Ao

+a(pf+e) (- (1 a)@d) Fr (o) grad o
> ap? {900 (w3 +e ) Ao — (pf+¢ )_ (1 —a) @5 |grad | }
= oap?(p%ﬁ_g = {A;;O —(1-a) (p(g)gj_ 2 grad log 900|2}
> a@?gpggf) = {Awio —(1-a) \gradlog<p0|2}
= ap? go%gj—% = {Ric (ng, ng) + |Vig|* — (1 — @) |grad log goo|2} (A.12)

where in the last equality we have used Eq. (A.10).

Letting {e;};_, be an orthonormal frame such that e, = ny shows

(le n0)2 = (i <Veill0, 61)) = <nz (Veino, €$>>

i=1 =1
n—1 n—1
<(n=1)3 (Veng,e)? < (n—1) Y [ Vel
=1 =1

and therefore, using Eq. (A.9),

lgrad log go|* = |Vaynol* + (divng)”
n—1
<(n—1) > |Veno” + [Veuno|* < (n — 1) [Vl

=1

Combining this estimate with Eq. (A.12) shows

04
Aa> (e%
905_04%903_'_5

5 {Ric (no,ng) + (1= (1= ) (n— 1)) |[Vno[*} . (A.13)

Taking o > 2=2 (which is equivalent to 1 — (1 — &) (n — 1) > 0) in Eq. (A.13)
implies

o
Apd > ap? o

Ric (ng, ng) = avp? Ric (n.,n.) . (A.14)

Combining this estimate with that in Eq. (A.8) proves inequality (A.1). O

14



Theorem A.2 We keep the notation and the assumptions of Theorem (3.1).
For all o € [”—_2 1},

n—1"

t
Y, = |gradu(Xt)]anp{—g/ Ric (n,n) (X) ds} (A.15)
0
1s a local submartingale, where

lgradu (z)| ' grad u (z) if gradu(z) #0

n(z) :=mno () = { 0 if gradu(xz) = 0.

Proof Let € > 0, then by Itd’s formula along with Lemma A.1,

1
d? (X1) = <(gfad 02) (Xi) ./ /s dbt> +5 (Ap2) (Xy) dt
= dM? + %gp? (X,) Ric (n.,n.) (X,) dt + pf dt

where p} is a non-negative process. In particular this implies that
a [t
d <exp {—2/ Ric (ng,n.) (X) ds} 7o) (Xt)>
0

t
— exp {—;‘/0 Ric (n., n.) (X,) ds} M,

t
+ exp {_g/o Ric (ng,n.) (X5) ds} p; dt.

Soife >0 and a € {Z—j,l},then

Vi (e) = (Jgradu (X + %) exp {—;‘ /Ot Ric (., n.) (X,) ds}

is a local submartingale. If 7 is the first exit time of X; from a precompact
open subset of M, Y, (¢) is an honest submartingale. If G is a bounded non-
negative .%,-measurable function, then

E[G(yy (e)=YT (5))} =FE {G /St exp {—g /OT Ric (ng, n.) (X5) ds} Jou dr} > 0.

Using the dominated convergence theorem, we may let € | 0 in the above
inequality to conclude,

ElG Y -Y)]=0

which completes the proof. O
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