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�Ot|iBW|� ì �ti 4@h|�?}@*i 4i|�L_t |L }��i ��t4�| |)Ti _ih��@|��i uLh4��
*@t uLh _�gihi?|�@*t @?_ UL�_�gihi?|�@*t Lu �i@| ti4�}hL�Tt L? uLh4tc @?_ 4Lhi
}i?ih@**) uLh tiU|�L?t Lu �iU|Lh M�?_*it� A�i uLh4�*@t @hi 4@�?*) �? |ih4t Lu
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OhwP eh dq q0glphqvlrqdo rulhqwhg Ulhpdqqldq pdqlirog +qrw qhfhvvdulo| frp0
sohwh, zlwkrxw erxqgdu| dqg H d vprrwk Khuplwldq yhfwru exqgoh ryhuP 1 Ghqrwh
e| �+H, wkh vprrwk vhfwlrqv ri H1 Ixuwkhu dvvxph wkdw O lv d vhfrqg rughu hoolswlf
gl�huhqwldo rshudwru rq �+H, zkrvh sulqflsoh v|pero lv wkh gxdo ri wkh Ulhpdqqldq
phwulf rqP whqvruhg zlwk wkh lghqwlw| vhfwlrq ri Krp+H,1 Lq wklv sdshu zh ghulyh
vwrfkdvwlf fdofxoxv irupxodv iru GhwO� dqg hwOG� zkhuh � 5 �+H, dqg G lv dq
dssursuldwho| fkrvhq �uvw rughu gl�huhqwldo rshudwru rq �+H,1
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5 GULYHU DQG WKDOPDLHU

Dv dq h{dpsoh ri wkh nlqg ri irupxod irxqg lq wklv sdshu/ ohw xv frqvlghu rqh
uhsuhvhqwdwlyh vshfldo fdvh1 Qdpho| vxssrvh wkdw P lv d frpsdfw vslq pdqlirog/
H @ V lv d vslqru exqgoh ryhu P / G lv wkh Gludf rshudwru rq �+V, dqg O @ �G51
Ohw vfdo ghqrwh wkh vfdodu fxuydwxuh ri P 1 Wkhq�
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zkhuh[w+{, lv d Eurzqldq prwlrq rqP vwduwlqj dw { 5P / @@w lv vwrfkdvwlf sdudooho
wudqvodwlrq dorqj [1+{, lq V uhodwlyh wr wkh vslq frqqhfwlrq/ Ew lv d W{P 0ydoxhg
Eurzqldq prwlrq dvvrfldwhg wr [w+{, dqg �EW lv wkh Fol�rug pxowlsolfdwlrq ri EW

rq V{1 Wklv uhvxow lv ghvfulehg lq pruh ghwdlo lq Vhfwlrq 815 ehorz1
Lw lv dovr srvvleoh wr jhw d irupxod iru G5h�WG

5@5� e| lwhudwlqj d plqru jhqhu0
dol}dwlrq ri wkh suhylrxv irupxod1 Iru h{dpsoh li 3 ? W4 ? W wkhq�

G5h�WG
5@5�

�
+{,

@
4

W4+W � W4,
H

k
h�

4

;

U
W
3
vfdo+[w+{,,gw �EW4

�EW�EW4
@@�4W �+[W +{,,

l
>

vhh Wkhruhp :17 ehorz1
Wkhuh duh d qxpehu ri rwkhu uhodwhg dssurdfkhv wr ghulydwlyh irupxodv lq wkh olw0

hudwxuh/ vhh iru h{dpsoh Qruulv ^77`/ Hozruwk| dqg Ol ^57/ 59`/ Vwurrfn dqg Wxuhwvn|
^87/ 88` dqg Kvx ^68/ 67`1

Ohw xv hqg wkh lqwurgxfwlrq zlwk d vkruw rxwolqh ri wkh sdshu1 Vhfwlrq 5 lq0
wurgxfhv wkh edvlf vwrfkdvwlf dqg gl�huhqwldo jhrphwulf qrwdwlrq dorqj zlwk wkh
vwdqglqj Dvvxpswlrq 4 xvhg wkurxjkrxw wkh sdshu1 Jhrphwulf h{dpsohv vdwlvi|0
lqj Dvvxpswlrq 4 duh dovr suhvhqwhg khuh1 Pruh ghwdlov rq wkh qrwdwlrq dqg wkh
h{dpsohv ri Vhfwlrq 5 pd| eh irxqg lq Dsshqgl{ L1

Vhfwlrq 6 lqwurgxfhv d qxpehu ri orfdo pduwlqjdohv dvvrfldwhg wr wkh jhrphwulf
gdwd ri Vhfwlrq 51 Wkhruhp 61: dqg Fruroodu| 61< ri wklv vhfwlrq duh ixqgdphqwdo wr
wkh uhvw ri wkh sdshu1 Lq Vhfwlrq 7 zh ghvfuleh vrph jhqhudo khdw htxdwlrq ghulydwlyh
irupxodv xqghu wkh dvvxpswlrq wkdw wkh orfdo pduwlqjdohv lqwurgxfhg lq Vhfwlrq 6
duh lq idfw pduwlqjdohv/ vhh lq sduwlfxodu Htv1 +7155, dqg +7156,1

Vhfwlrq 8 looxvwudwhv rxu uhvxowv iru frpsdfw P= Gludf rshudwruv duh fryhuhg lq
Vhfwlrq 815 dqg wkh gl�huhqwldo g dqg fr0gl�huhqwldo g� duh wuhdwhg lq Vhfwlrq 8161
Khdw htxdwlrq ghulydwlyh irupxodv lqyroylqj fryduldqw ghulydwlyhv duh fryhuhg lq
Vhfwlrq 817/ dqg Vhfwlrq 818 lq wkh frqwh{w ri 40irupv1 Lq Vhfwlrq 9 zh vkrz krz wr
uhod{ wkh frpsdfwqhvv dvvxpswlrq rqP= Vrph whfkqlfdo khdw vhpl0jurxs surshuwlhv
xvhg lq wkh vhfwlrq duh jdwkhuhg lq Dsshqgl{ LL1

Vhfwlrq : lv ghyrwhg wr kljkhu ghulydwlyh irupxodv1 Wkh lghdv duh looxvwudwhg lq
Wkhruhpv :17 dqg :1:1 Wkhruhp :17 jlyhv d irupxod iru wkh vtxduh ri wkh Gludf
rshudwru rq vslqru ydoxhg vroxwlrqv wr wkh khdw htxdwlrq zkloh Wkhruhp :1: jlyhv
d irupxod iru wkh Khvvldq ri d vroxwlrq wr wkh vfdodu khdw htxdwlrq1

51 DjAjiB, 7|NW�Bt|�W BAa DjN6j|i�W �N|B|�NA

5141 Eurzqldq Prwlrq rq P 1 Ohw P eh dq q0glphqvlrqdo rulhqwhg Ulhpdqq0
ldq pdqlirog +qrw qhfhvvdulo| frpsohwh, zlwkrxw erxqgdu|/ +� > �, eh wkh Ulhpdqq0
ldq phwulf rq P / dqg uWP eh wkh Ohyl0Flylwd fryduldqw ghulydwlyh rq WP 1 Ohw�
>I > iIwjw�3>S

�
eh d �owhuhg suredelolw| vsdfh vdwlvi|lqj wkh xvxdo k|srwkhvlv/

dqg iru hdfk { 5 P ohw i[w+{, = w ? �+{,j eh dq P 0ydoxhg Eurzqldq prwlrq rq
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�
/ vwduwlqj iurp {/ zlwk srvvleo| �qlwh olihwlph �+{,1 Uhfdoo wkdw

[w @ [w+{, lv vdlg wr eh dq P 0ydoxhg Eurzqldq prwlrq surylghg wkdw [ lv d
gl�xvlrq surfhvv vxfk wkdw

Pi
w =@ i+[w,� i+[3,� 4

5

] w

3

�i+[v,gv rq iw ? �+{,j

lv d uhdo orfdo pduwlqjdoh iru hyhu| i 5 F4+P,1 Khuh �i ghqrwhv wkh Ulhpdqqldq
Odsodfldq ri i 1

5151 Fryduldqw Ghulydwlyhv dqg Sdudooho Wudqvodwlrq1 Ohw H $P dqg �H $
P eh wzr yhfwru exqgohv ryhu wkh Ulhpdqqldq pdqlirog P 1 Ixuwkhu dvvxph wkdw
H dqg �H duh htxlsshg zlwk fryduldqw ghulydwlyhv/ uH dqg u �H uhvshfwlyho|1 Lq wkh
fdvh wkdw H dqg �H duh Ulhpdqqldq yhfwru exqgohv zlwk �ehu phwulfv +�> �,H dqg

+�> �, �H uhvshfwlyho|/ zh zloo dozd|v dvvxph wkdw uH dqg u �H duh phwulf frpsdwleoh
fryduldqw ghulydwlyhv1 Jlyhq d vprrwk fxuyh � = ^3>4^$P / ohw

@@WPw +�, = W�+3,P $ W�+w,P> @@Hw +�, = H�+3, $ H�+w, dqg @@
�H
w +�, = �H�+3, $ �H�+w,

ghqrwh sdudooho wudqvodwlrq dorqj � xs wr wlph w uhodwlyh wr uWP / uH / dqg u �H

uhvshfwlyho|1 Wkh fruuhvsrqglqj vwrfkdvwlf sdudooho wudqvodwlrqv dorqj wkh Eurzqldq
prwlrq [1+{, zloo vlpso| eh ghqrwhg e| @@WPw = W{P $ W[w+{,P / @@Hw = H{ $
H[w+{, dqg @@

�H
w = �H{ $ �H[w+{, uhvshfwlyho|1

Qrwdwlrq 5141 Lq zkdw iroorzv/ ohw k� > �l ghqrwh wkh sdlulqj ehwzhhq d yhfwru vsdfh
Y dqg lwv gxdo vsdfh Y �1 Iru d olqhdu rshudwru F = Y $ Z / ohw Fwu = Z � $ Y �

ghqrwh wkh wudqvsrvh ri F1 Li Y dqg Z duh lqqhu surgxfw vsdfhv/ F� = Z $ Y
zloo ghqrwh wkh dgmrlqw ri F uhodwlyh wr wkh lqqhu surgxfwv rq Y dqg Z 1 Wkh lqqhu
surgxfw rq Y zloo eh ghqrwhg e| +�> �, ru +� > �,Y 1

Wkh fryduldqw ghulydwlyhv uWP / uH / dqg u �H lqgxfh fryduldqw ghulydwlyhv rq
dq| yhfwru exqgoh H ryhu P zklfk lv frqvwuxfwhg e| wdnlqj whqvru surgxfwv ri wkh
exqgohv WP / H/ �H dqg wkhlu gxdo exqgohv1 Lq rughu wr vlpsoli| qrwdwlrq zh zloo
vlpso| zulwh u iru wkh lqgxfhg fryduldqw ghulydwlyh rq dq| vxfk yhfwru exqgoh H
dqg vlploduo| zh zloo zulwh @@w = H{ $ H[w+{, iru vwrfkdvwlf sdudooho wudqvodwlrq dqg
U iru wkh fxuydwxuh whqvru uhodwlyh wr wklv fryduldqw ghulydwlyh1

H{dpsoh 5151 Vxssrvh wkdw H @ WP H�  �H dqg wkdw y  � � 5 H{/ wkhq
@@w +y  � �, @

�
@@WPw y

� �+@@H wu
w ,�4�

� �@@ �Hw ��+514,

dqg iru d> e 5 W{P /

U+d> e,+y  � �, @ UWP +d> e,y  � �

. y  +�� �UH+d> e,, � . y  �U
�H+d> e,�>

zkhuh +@@H wu
w ,�4� =@ � � +@@Hw ,�4 dqg UWP / UH / dqg U

�H duh wkh fxuydwxuh whqvruv

iru uWP / uH dqg u �H uhvshfwlyho|1 Rxu frqyhqwlrq ri ghqrwlqj sdudooho wudqvodwlrq
dqg wkh fxuydwxuh whqvru dv @@w dqg U uhvshfwlyho| rq doo exqgohv dvvrfldwhg wr

WP / H/ dqg �H ohdgv wr wkh vwudqjh orrnlqj lghqwlwlhv/ @@wuw @ @@�4w dqg Uwu @ �U1
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Iru h{dpsoh/ rq H @ WP H�  �H/

@@wuw @
�
@@WPw

�wu  �+@@H wu
w ,�4

�wu  �@@ �Hw �wu
@

�
@@W

�P
w

��4  �@@Hw ��4  �@@ �H�w ��4
zklfk lv @@�4w rq H� @ W �P H �H�1 Vlploduo|/ Uwu @ �U lv d frqvhtxhqfh ri wkh
idfw wkdw/ lq jhqhudo/ UH� @ �+UH,wu1

Gh�qlwlrq 5161 Wkh ruwkrjrqdo iudph exqgoh ri P zloo eh ghqrwhg e| R+P,1
Jlyhq d srlqw { 5P / wkh sulqflsoh exqgoh R+P, pd| eh uhdol}hg dv ^p5PRp+P,/
zkhuh

Rp+P, =@ ix = W{P $ WpP m x lv dq lvrphwu|j=
+Wkh edvh srlqw { zloo eh vxssuhvvhg iurp wkh qrwdwlrq vlqfh gl�huhqw {*v ohdg wr
htxlydohqw sulqflsoh exqgohv1, Ohw � = R+P, $ P eh wkh �ehu surmhfwlrq pds
gh�qhg e| �+x, @ p li x 5 Rp+P, dqg ohw & eh wkh W{P 0ydoxhg rqh0irup rq
R+P, gh�qhg e| &+�, @ x�4��� iru doo � 5 WxR+P,1

Gh�qlwlrq 517 +Eurzqldq Prwlrq rq W{P,1 Dvvrfldwhg wr wkh Eurzqldq prwlrq
[w+{, rq P lv d W{P 0ydoxhg orfdo pduwlqjdoh Ew gh�qhg rq ^3> �+{,^ e| wkh Ilvn
Vwudwrqrylfk vwrfkdvwlf lqwhjudo/

Ew =@

] w

3

@@�4v �[v+{, =@

] w

3

&+�@@WPv ,>

vhh ^5;`/ ^55`1

5161 Odsodfldqv dqg Iluvw Rughu Gl�huhqwldo Rshudwruv1 Iru d yhfwru exqgoh
H ryhu P / ohw �+H, ghqrwh wkh vprrwk vhfwlrqv ri H1 Lq fdvh ri d Ulhpdqqldq
yhfwru exqgoh H ryhuP / ohw O5+H, ghqrwh wkh vtxduh0lqwhjudeoh vhfwlrqv uhodwlyh wr
wkh Ulhpdqqldq yroxph phdvxuh rq P dqg O50�+H, wkh vtxduh0lqwhjudeoh vprrwk
vhfwlrqv ri H1

Gh�qlwlrq 518 +Krul}rqwdo Odsodfldqv,1 Wkh krul}rqwdo Odsodfldqv � = �+H, $
�+H, dqg �� = �+ �H,$ �+ �H, duh wkh vhfrqg rughu gl�huhqwldo rshudwruv jlyhq e|

�d =@
q[
l@4

u5
hlhld dqg ���d =@

q[
l@4

u5
hlhl�d>

zkhuh ihljql@4 lv dq| orfdo ruwkrqrupdo iudph ri WP dqg iru d 5 �+H,

u5
hlhld =@ +uH

hl,
5d�uH

uWP
hl

hl
d+515,

zlwk u5
hlhl�d ehlqj gh�qhg dqdorjrxvo|1 Lq rwkhu zrugv/ � lv jlyhq dv wkh iroorzlqj

frpsrvlwlrq/

� = �+H, uH��$ �+W �P H,
uW�PH����$ �+W �P  W �P H,

|h��$ �+H,=

Gh�qlwlrq 5191 D pxowlsolfdwlrq pds iurp H wr �H lv d vprrwk vhfwlrq p ri wkh
yhfwru exqgoh Krp+W �P H> �H, �@ WP H�  �H1 Wr hdfk pxowlsolfdwlrq pds p
zh gh�qh d �uvw rughu gl�huhqwldo rshudwru Gp = �+H,$ �+ �H, e|

Gpd @ pud=+516,
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Qrwdwlrq 51:1 Iru y 5 W{P / ohw py 5 Krp+H{> �H{, eh jlyhq e|

py� =@ p++y> �, �, 5 �H{

iru doo � 5 H{1 Lq wkh vhtxho zh zloo w|slfdoo| ghvfuleh p e| ghvfulelqj py iru
y 5 WP 1

Gh�qlwlrq 51; +Frpsdwlelolw| zlwk u,1 D pxowlsolfdwlrq pds p lv vdlg wr eh
frpsdwleoh zlwk u surylghg up @ 3/ l1h1

u �H
y +p[d, @ p+uWP

y [,d.p[

�uH
y d
�

iru doo [ 5 �+WP,/ d 5 �+H,/ dqg y 5 WP 1

Vlqfh d 5 W �{P H{ �@ Krp+W{P>H, pd| eh zulwwhq dv d @
Sq

l@4+hl> �,d+hl,
zkhuh ihljql@4 lv dq ruwkrqrupdo iudph iru W{P / lw iroorzv wkdw

pd @
q[
l@4

phld+hl,=+517,

Lq sduwlfxodu/ wkh rshudwru Gp gh�qhg lq Ht1 +516, pd| eh h{suhvvhg dv

+Gpd,{ @
q[
l@4

phluhld>+518,

zkhuh d 5 �+H, dqg ihljql@4 lv dq ruwkrqrupdo iudph iru W{P 1

Gh�qlwlrq 51<1 Wr hdfk pxowlsolfdwlrq pds p/ wkhuh lv d gxdo pxowlsolfdwlrq pds
pwu zklfk lv wkh vprrwk vhfwlrq ri wkh exqgoh Krp

�
W �P  �H�> H�

�
ghwhuplqhg

e| pwu
y @ +py,

wu iru doo y 5 WP 1 Li H dqg �H duh Ulhpdqqldq yhfwru exqgohv/ wkh

dgmrlqw pxowlsolfdwlrq pds p� iurp �H wr H lv ghwhuplqhg e| p�
y =@ +py,� iru doo

y 5 WP 1

Uhpdun 51431 Lw lv hdvlo| fkhfnhg wkdw li p lv frpsdwleoh zlwk u wkhq vr lv lwv
gxdo pwu dqg lwv dgmrlqw p�1 Pruhryhu/ li p lv u0frpsdwleoh/ wkhq @@�4w p @ p>
@@�4w pwu @pwu dqg @@�4w p� @p�1 Pruh suhflvho|

py @ +@@
�H
w ,
�4p@@WPw y @@

H
w >

pwu
y @ +@@Hw ,

wupwu
@@WPw y +@@

�H wu
w ,�4>

dqg

p�
y @ +@@Hw ,

�4p�
@@WPw y @@

�H
w

iru doo y 5 W{P 1 Dovr uhfdoo wkdw zkhq uH dqgu �H duh phwulf frpsdwleoh fryduldqw

ghulydwlyhv/ wkhq +@@Hw ,
�4 @ +@@Hw ,

� dqg +@@
�H
w ,
�4 @ +@@

�H
w ,
�1

Lq jhrphwulfdoo| qdwxudo vlwxdwlrqv rqh lv riwhq suhvhqwhg zlwk wkh iroorzlqj
irupdolvp1

Dvvxpswlrq 41 Zh vxssrvh wkdw p lv d pxowlsolfdwlrq rshudwru dqg O dqg �O duh
jlyhq vhfrqg rughu gl�huhqwldo rshudwruv rq �+H, dqg �+ �H, uhvshfwlyho| zklfk vdwlvi|
wkh iroorzlqj frqglwlrqv1

41 Wkh rshudwruv G =@ Gp/ O/ dqg �O reh| wkh frppxwdwlrq uhodwlrq=

GO @ �OG � �>

iru vrph � 5 �+Krp+H> �H,,1
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51 Wkh rshudwruv U =@ � � O = �+H, $ �+H, dqg �U =@ �� � �O = �+ �H, $
�+ �H, duh }hurwk rughu rshudwruv/ l1h1 U dqg �U duh vhfwlrqv lq �+Hqg+H,, dqg
�+Hqg+ �H,, uhvshfwlyho|1

5171 H{dpsohv1 Ohw xv qrz jlyhv vrph h{dpsohv zkhuh Dvvxpswlrq 4 lv vdwlv�hg1
Pruh ghwdlohg frpphqwv derxw wkhvh h{dpsohv dqg wkh jhqhudo vhwxs pd| eh irxqg
lq Vhfwlrq ;16 ri Dsshqgl{ L 1

H{dpsoh 5144 +H{whulru Exqgoh H{dpsohv,1 Ohw �W �P =@ �qn@3�nW �P ghqrwh
wkh h{whulru exqgoh ryhu P / n+P, ghqrwh wkh vhfwlrqv ri �nW �P dqg +P, =@
�qn@3n+P, eh wkh vsdfh ri gl�huhqwldo irupv ryhu P 1 Ohw g ghqrwh wkh h{whulru
gl�huhqwldo rq +P,/ g� eh wkh fr0gl�huhqwldo dqg

� @ �+g. g�,5 @ � +g�g. gg�,

eh wkh gh Ukdp0Krgjh Odsodfldq rq +P,1 Zh qrz jlyh wkuhh uhodwhg h{dpsohv
vdwlvi|lqj Dvvxpswlrq 4 zlwk � @ 31

41 Ohw H =@ �nW �P / �H =@ �n.4W �P dqg ohw py @ Fy eh wkh h{whulru surgxfw
ru fuhdwlrq rshudwru zklfk lv gh�qhg e| Fy� =@ +y> �, a � iru y 5 W{P /
� 5 �nW �{P dqg { 5P 1 Wkhq

GF @ gn @ gmn+P,> O =@ �n =@ �mn+P,> �O =@ �n.4 @ �mn.4+P,

vdwlvi| Dvvxpswlrq 4 zlwk � @ 31
51 Ohw H =@ �nW �P / �H =@ �n�4W �P dqg py @ Dy eh wkh lqwhulru surgxfw

ru dqqlklodwlrq rshudwru zklfk lv gh�qhg e| Dy� =@ �+y> � > = = = > �, iru doo y 5
W{P / � 5 �nW �{P dqg { 5P 1 Wkhq

GD @ �g�n @ �g�mn+P,> O @ �n @ �mn+P,> �O @ �n�4 @ �mn�4+P,

vdwlvi| Dvvxpswlrq 4 zlwk � @ 31
61 Ohw H @ �H =@ �W �P / O @ �O =@ � dqg ohw p @ � eh wkh _Fol�rug% pxowlsol0

fdwlrq gh�qhg e| � @ F �D1 Wkhq

G� @ g. g�> O @ �O @ �

vdwlvi| wkh Dvvxpswlrq 4 zlwk � @ 31

Lwhp 6 ri wkh odvw h{dpsoh jhqhudol}hv wr gl�huhqwldo irupv zlwk ydoxhv lq d yhfwru
exqgoh1 Wklv lv ghvfulehg lq wkh qh{w h{dpsoh1

H{dpsoh 5145 +Yhfwru0ydoxhg Irupv,1 Ohw V $P eh d Hxfolghdq yhfwru exqgoh
ryhu P +zlwk �ehu lqqhu surgxfw ghqrwhg e| +�> �,V, htxlsshg zlwk d phwulf frp0

sdwleoh fryduldqw ghulydwlyh uV 1 Ohw H @ �H @ �W �P V dqg ohw p eh wkh Fol�rug
pxowlsolfdwlrq � ghwhuplqhg e| � @ F � D/ zkhuh dv deryh Fy =@ +y> �, a d dqg
Dyd @ d+y> � > = = = > �, iru doo y 5 W{P / d 5 �nW �{P  V dqg { 5 P +vhh Vhfwlrq
;14 ri Dsshqgl{ L iru rxu frqyhqwlrqv,1 Wkhq G� @ gu . g�u zkhuh gu dqg g�u
duh wkh fryduldqw gl�huhqwldo dqg fr0gl�huhqwldo rq D+H, =@ �+�W �P  V,1 Wkhq

O @ �O =@ �G5
� @ �+gu . g�u,

5 dqg � vdwlvi| Dvvxpswlrq 4 zlwk � @ 31

H{dpsoh 5146 +Gludf Rshudwru rq d Vslq Pdqlirog,1 Dvvxph qrz wkdw P lv d
vslq pdqlirog dqg V $ P d vslqru exqgoh ryhu P 1 Ohw uV ghqrwh wkh vslq
frqqhfwlrq rq V dqg ohw �V @ V1 Ixuwkhu ohw py� @ �y� ghqrwh wkh Fol�rug dfwlrq
ri y 5 W{P rq � 5 V{1 Wkhq G� lv wkh Gludf rshudwru rq �+V, dqg O @ �O =@ �G5

�
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vdwlvi| Dvvxpswlrq 4 zlwk � @ 3 dqg U @ �U @ 4
7 vfdo/ zkhuh vfdo lv wkh vfdodu fxu0

ydwxuh ri P 1 Iru ghwdlov rq wklv dqg wkh qh{w h{dpsoh/ vhh +iru lqvwdqfh, Wkhruhp
6185 rq s1 459 ri ^7`1

H{dpsoh 5147 +Wzlvwhg Gludf Rshudwruv,1 Wkh vslqru exqgoh V lv whqvruhg zlwk
dq dx{loldu| Ulhpdqqldq2Khuplwldq yhfwru exqgoh I ryhu P wr jlyh d Gludf rshu0
dwru ri wkh irup

G = �+V  I ,
uVI��$ �+W �P  V  I ,

�4��$ �+V  I ,>+519,

zkhuh dv lq wkh suhylrxv h{dpsoh � ghqrwhv Fol�rug pxowlsolfdwlrq1 Wkhq djdlq
O @ �O @ �G5 vdwlvi| Dvvxpswlrq 4 zlwk � @ 31

Sursrvlwlrq 5148 +u rq d Jhqhudo Yhfwru Exqgoh,1 Ohw H $P eh d yhfwru exq0
goh zlwk fryduldqw ghulydwlyh uH/ UH eh wkh fxuydwxuh whqvru ri uH/

�H =@ W �P H �@ Krp+WP>H,

dqg p = W �P  H $ �H @ W �P  H eh wkh lghqwlw| pds frqvlghuhg dv d pxo0
wlsolfdwlrq pds iurp H wr �H1 +Qrwlfh wkdw Gp @ uH1, Jlyhq U 5 �+Hqg+H,,
ohw

�U @ Ulfwu4H � 5UH �. 4W�P U 5 �+Hqg+ �H,,+51:,

dqg

� @ u �UH .uHqg +H,U 5 �+Krp+H> �H,,>+51;,

zkhuh iru � 5 �H{ @ W �{P  H{ �@ Krp+W{P>H{,/ y 5 W{P / d 5 H{/ dqg ihlj
djdlq dq ruwkrqrupdo iudph iru W{P /�

UH � �� +y, @ q[
l@4

UH+y> hl,�+hl,>+51<,

�u �UH d
�
+y, �

q[
l@4

+uhlU
H,+hl> y,d>+5143,

�uHqg +H,Ud
�
+y, @

�uHqg +H,
y U�d>+5144,

dqg Ulf lv wkh Ulffl whqvru ri P /

Ulf y �
q[
l@4

UWP +y> hl,hl=+5145,

Wkhq O =@ ��U/ �O @ ��� �U/ �/ dqg p @ lg vdwlvi| Dvvxpswlrq 41

Surri1 E| Ht1 +;14;, ri Dsshqgl{ L/

uH
y Od @ uH

y +��U,d @ uH
y �d�

�uHqg +H,
y U�d�UuH

y d

@
�
��uHd

�
+y,�uUlf yd. 5

q[
l@4

UH+y> hl,uhld

� �u �UH d
�
+y,� �uHqg +H,

y U�d�UuH
y d

@
�
�OuHd

�
+y,� +�d, +y,=
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5181 Wkh Dgmrlqw ri Gp1 Zh zloo hqg wklv vhfwlrq e| frpsxwlqj wkh irupdo dg0
mrlqw ri Gp zkhq p lv frpsdwleoh zlwk u1
Ohppd 51491 Vxssrvh wkdw H dqg �H duh yhfwru exqgohv zlwk �ehu phwulfv +� > �,H
dqg +� > �, �H dqg wkdw uH dqg u �H duh phwulf frpsdwleoh fryduldqw ghulydwlyhv rq H

dqg �H uhvshfwlyho|1 Dovr dvvxph wkdw p lv d u0frpsdwleoh pxowlsolfdwlrq pds dqg
ohw p� eh wkh dgmrlqw pxowlsolfdwlrq pds1 Wkhq wkh rshudwru Gp� = �+ �H, $ �+H,
lv wkh irupdo dgmrlqw ri �Gp1 Pruh suhflvho|/]

P

+GpV> W , �H gyro @ �
]
P

+V>Gp�W ,H gyro

iru doo vprrwk vhfwlrqv V 5 �+H, dqg W 5 �+ �H, vxfk wkdw V  W kdv frpsdfw
vxssruw1

Surri1 Iru V dqg W �{hg dv deryh/ ohw [ eh wkh frpsdfwo| vxssruwhg yhfwru �hog
rq P ghwhuplqhg e|

+pyV> W , �H @ +[> y,WP

iru doo y 5 WP 1 Ohw ihljql@4 eh d orfdo ruwkrqrupdo iudph rq P / wkhq

hl+[> hl,WP @ hl +phlV> W , �H @ +uhl +phlV, > W , �H . +phlV>uhlW , �H
@

�
puhl

hlV> W
�
�H
. +phluhlV> W , �H .

�
V>p�

hluhlW
�
H

@ +[>uhlhl,WP . +phluhlV> W , �H .
�
V>p�

hluhlW
�
H
=

Khqfh

gly+[, @
q[
l@4

+uhl[> hl,WP @
q[
l@4

�
hl+[> hl,WP � +[>uhlhl,WP

�
@

q[
l@4

�
+phluhlV> W , �H .

�
V>p�

hluhlW
�
H

�
@ +GpV> W , �H . +V>Gp�W ,H =

Wkh Ohppd qrz iroorzv e| lqwhjudwlqj wklv odvw h{suhvvlrq ryhuP dqg xvlqj Vwrnhv*
wkhruhp wr frqfoxgh wkdw]

P

gly+[,gyro @

]
P

g +D[ yro, @ 3=

Uhpdun 514:1 Dq dqdorjrxv surri vkrzv wkdw lip lv du0frpsdwleoh pxowlsolfdwlrq
pds/ wkhq ]

P

kGpV> W lgyro @ �
]
P

kV>GpwuW lgyro

iru doo vprrwk vhfwlrqv V 5 �+H, dqg W 5 �+ �H�, vxfk wkdw V  W kdv frpsdfw
vxssruw1
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61 wNWB, �Bi|�A}B,jt

Lq wklv vhfwlrq/ vxssrvh wkdw p lv d pxowlsolfdwlrq pds dqg O @ � � U dqg
�O @ �� � �U duh vhfrqg rughu gl�huhqwldo rshudwruv rq �+H, dqg �+ �H, vdwlvi|lqj
Dvvxpswlrq 4/ l1h1 � =@ �OGp � GpO 5 �+Krp+H> �H,,1 Ohw Tw 5 Hqg+H{, dqg
�Tw 5 Hqg+ �H{, ghqrwh wkh vroxwlrqv wr wkh ruglqdu| gl�huhqwldo htxdwlrqv/

g

gw
Tw @ �4

5
TwU@@w

zlwk T3 @ lgH{+614,

dqg

g

gw
�Tw @ �4

5
�Tw

�U@@w
zlwk �T3 @ lg �H{

>+615,

zkhuh U@@w
=@ +@@Hw ,

�4U @@Hw dqg �U@@w
=@ +@@

�H
w ,
�4 �U @@

�H
w duh olqhdu rshudwruv rq

H{ dqg �H{ uhvshfwlyho|1

Qrwdwlrq 6141 D wlph ghshqghqw vhfwlrq idwj3�w?W ri H lv vdlg wr eh vprrwk li
+w> {, :$ dw+{, lv lq�qlwho| gl�huhqwldeoh iru +w> {, 5 `3> W ^ � P zlwk ghulydwlyhv
h{whqglqj frqwlqxrxvo| wr ^3> W ^�P 1

Sursrvlwlrq 6151 Ohw p/ O dqg �O eh dv lq Dvvxpswlrq 4 dqg T dqg �T eh gh�qhg
e| Htv1 +614, dqg +615, uhvshfwlyho|1 Vxssrvh ixuwkhu wkdw idwj3�w?W lv d vprrwk
wlph ghshqghqw vhfwlrq ri H zklfk vdwlv�hv wkh edfnzdugv khdw htxdwlrq/

C

Cw
dw .

4

5
Odw @ 3=+616,

Iru w lq wkh vwrfkdvwlf lqwhuydo ^3> �+{, a W ^/ ohw
Qw =@ Tw @@

�4
w dw+[w+{,,+617,

dqg

�Qw =@ �Tw @@
�4
w Gdw+[w+{,,=+618,

Wkhq wkh vwrfkdvwlf gl�huhqwldov ri Qw dqg �Qw duh jlyhq e|

gQw @ Tw @@
�4
w u@@WPw gEwdw+[w+{,,+619,

dqg

g �Qw @ �Tw @@
�4
w u@@wgEw

Gdw+[w+{,, .
4

5
�Tw @@

�4
w +�dw, +[w+{,,gw>+61:,

zkhuh � =@ �OGp �GpO 5 �+Krp+H> �H,, dv lq Dvvxpswlrq 41

Surri1 Wkh surri lv dq dssolfdwlrq ri Lwar*v ohppd dqg wkh frppxwdwlrq uhodwlrqv
lq Dvvxpswlrq 41 Lq pruh ghwdlo zh kdyh/

gQw @ Tw @@
�4
w u@@wgEw

dw+[w+{,,

.
4

5

� �TwU@@w
@@�4w dw+[w+{,, .Tw @@

�4
w �dw+[w+{,,

�Tw @@
�4
w Odw+[w+{,,

�
gw

@ Tw @@
�4
w u@@wgEw

dw+[w+{,,>

zkhuh lq wkh odvw htxdolw| zh xvhg wkh lghqwlw|/

�U@@w
@@�4w . @@�4w � @ @@�4w +��U, @ @@�4w O=
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Vlploduo|/

g �Qw @ �Tw @@
�4
w u@@wgEw

Gdw+[w+{,,

.
4

5

� � �Tw
�U@@w

@@�4w Gdw+[w+{,, . �Tw @@
�4
w

��Gdw+[w+{,,

� �Tw @@
�4
w GOdw+[w+{,,

�
gw

@ �Tw @@
�4
w u@@wgEw

Gdw+[w+{,, .
4

5
�Tw @@

�4
w +�d, +[w+{,,gw

ehfdxvh

� �U@@w
@@�4w G . @@�4w ��G� @@�4w GO @ @@�4w +�OG�GO, @ @@�4w �=

6141 Gxdo Sdluv1

Gh�qlwlrq 6161 D sdlu ri dgdswhg frqwlqxrxv surfhvvhv cw 5 H�{ dqg �cw 5 �H�{ lv

fdoohg d gxdo sdlu li ]w @ k �Qw> �cwl � kQw> cwl lv d orfdo pduwlqjdoh1
Wkhruhp 6171 Vxssrvh wkdw cw 5 H�{ dqg �cw 5 �H�{ duh frqwlqxrxv vhplpduwlqjdohv
vxfk wkdw

gcw @ �w gEw . �w gw

dqg

g�cw @ ��w gEw . ��w gw>

zkhuh �w 5 Krp+W{P>H�{,/ ��w 5 Krp+W{P> �H�{,/ �w 5 H�{ dqg ��w 5 �H�{ duh suh0

glfwdeoh surfhvvhv1 Wkhq c dqg �c lv d gxdo sdlu surylghg

�� � 3>+61;,

4

5
�wu@@w �T

wu
w
�cw @ @@wT

wu
w �w> dqg+61<,

pwu
@@wy

@@w �T
wu
w
��w @ @@wT

wu
w �wy iru hdfk y 5 W{P=+6143,

Surri1 Ohw ]w @ k �Qw> �cwl�kQw> cwl dqg zulwh g[ * g\ li[�\ lv d orfdo pduwlqjdoh1
Frpsxwlqj g]w xvlqj Sursrvlwlrq 615 jlyhv

g]w * kg �Qw> �cwl. k �Qw> g�cwl. kg �Qw> g�cwl � kQw> gcwl � kgQw> gcwl
* 4

5
�Tw @@

�4
w +�dw, +[w+{,,> �cw

�
gw

.

�Qw> ��w

�
gw.


�Tw @@

�4
w u@@wgEw

Gdw+[w+{,,> ��w gEw

�
� kQw> �wlgw�


Tw @@

�4
w u@@wgEw

dw+[w+{,,> �w gEw

�
@

4

5


�Tw @@

�4
w +�dw, +[w+{,,> �cw

�
gw

.
q[
l@4


�Tw @@

�4
w p@@w hl

u@@whl
dw+[w+{,,> ��w

�
gw

.
q[
l@4


�Tw @@

�4
w u@@whl

Gdw+[w+{,,> ��whl
�
gw� Tw @@

�4
w dw+[w+{,,> �w

�
gw

�
q[
l@4


Tw @@

�4
w u@@whl

dw+[w+{,,> �whl
�
gw=
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Nhhslqj lq plqg wkdw @@w @ +@@�4w ,wu +l1h1 @@H
�

w @ ++@@Hw ,
�4,wu, zh �qg/ e| frp0

sdulqj whupv lqyroylqj d/ u@@w hl
d/ dqg u@@whl

Gd/ wkdw g]w * 3 surylghg wkdw Htv1
+61;,/ +61<, dqg +6143, duh vdwlv�hg1

Wkh xsvkrw ri wkh suhylrxv wkhruhp lv wkdw wr pdnh d gxdo sdlu zh vkrxog fkrrvh
�� @ 3 +l1h1 g�cw @ ��w gw,/

�w @
4

5

�
Twu
w

��4
@@�4w �wu@@w �T

wu
w
�cw dqg

�wy @
�
Twu
w

��4
@@�4w pwu

@@wy
@@w �T

wu
w
��w iru hdfk y 5 W{P=

Ehfdxvh wkh surfhvvhv Twu
w dqg �Twu

w zloo dulvh riwhq lq wkh vhtxho/ lw lv frqyhqlhqw
wr lqwurgxfh wkh iroorzlqj qrwdwlrq1

Qrwdwlrq 6181 Ohw Tw =@ Twu
w 5 Hqg+H�{, dqg �Tw =@ �Twu

w 5 Hqg+ �H�{,1 Wdnlqj wkh
wudqvsrvhv ri Htv1 +614, dqg +615, vkrzv wkdw T dqg �T vroyh wkh iroorzlqj ruglqdu|
gl�huhqwldo htxdwlrqv=

g

gw
Tw @ �4

5
Uwu
@@w
Tw zlwk T3 @ lgH�{+6144,

dqg

g

gw
�Tw @ �4

5
�Uwu
@@w

�Tw zlwk �T3 @ lg �H�{
=+6145,

Gh�qlwlrq 619 +Ilqlwh Hqhuj| Surfhvv,1 Ohw Y eh d �qlwh glphqvlrqdo yhfwru vsdfh1
D Y 0ydoxhg surfhvv icvjv5^3>W ^ lv vdlg wr eh d �qlwh hqhuj| surfhvv surylghg c
lv dgdswhg dqg +rq d vhw ri phdvxuh rqh, v $ cv lv devroxwho| frqwlqxrxv dqgU W
3 mgcv@gvm5Y gv ?4/ zkhuh m � mY ghqrwhv dq| rqh ri wkh htxlydohqw qrupv rq Y 1 Li
lq dgglwlrq wkhuh lv d s 5 ^4>4, vxfk wkdw

H

57#] W

3

mgcv@gvm5Y gv
$s@5

68 ?4>

wkhq zh vd| wkdw icvjv5^3>W ^ lv dq Os0�qlwh hqhuj| surfhvv1

Zh kdyh wkh iroorzlqj lpphgldwh frqvhtxhqfh ri Wkhruhp 6171 Lq wklv wkhruhp
dqg lq wkh uhvw ri wkh sdshu zh zloo zulwh c udwkhu wkdq �c iru d �qlwh hqhuj| surfhvv
zlwk ydoxhv lq �H�{1

Wkhruhp 61:1 Ohw d/ Q / dqg �Q eh dv lq Sursrvlwlrq 615/ cw 5 �H�{ eh d �qlwh hqhuj|
surfhvv dqg gh�qh wkh H�{0ydoxhg surfhvv/

Xc
w =@

] w

3

T�4v @@�4v pwu
@@vgEv

@@v �Tvc
3
v .

4

5

] w

3

T�4v �wu@@v
�Tvcv gv>+6146,

zkhuh �@@v =@ @@�4v �+[v+{,,@@v dqg

�wu@@v @ @@wuv �
wu+[v+{,,

�
@@�4v

�wu
@ @@�4v �wu+[v+{,,@@v=+6147,

+Vhh wkh uhpdunv dw wkh hqg ri H{dpsoh 515 h{sodlqlqj wkh lghqwlw| @@wuv @ @@�4v 1,
Wkhq

]c
w =@ k �Qw> cwl � kQw> X

c
w l+6148,
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lv d orfdo pduwlqjdoh rq ^3> �+{, a W ^ dqg
g]cw @


�Tw@@

�4
w u@@wgEw

Gdw+[w+{,,> cw
�� Tw @@

�4
w u@@wgEw

dw+[w+{,,> X
c
w

�
� Qw>T�4w @@�4w pwu

@@wgEw
@@w �Tw c

3
w

�
=+6149,

Surri1 Ehfdxvh ri Wkhruhp 617 dqg wkh frpphqwv diwhu lwv surri/ zh qhhg rqo|
suryh Ht1 +6149,1 Vlqfh zh douhdg| nqrz wkdw ]c

w lv d orfdo pduwlqjdoh/ zh qhhg
rqo| nhhs wudfn ri wkrvh whupv lq g]cw zklfk ghshqg olqhduo| rq gEw1 Khqfh Ht1
+6149, iroorzv iurp wkh lghqwlw|

g]c
w @ kg �Qw> cwl. k �Qw> gcwl. kg �Qw> gcwl

� kgQw> X
c
w l � kQw> gX

c
w l � kgQw> gX

c
w l

dqg Htv1 +619,/ +61:, dqg +6146,1

E| Uhpdun 5143/ li wkh pxowlsolfdwlrq rshudwru p lv frpsdwleoh zlwk u/ wkhq
pwu
y @ @@wuv p

wu
@@vy

+@@�4v ,wu @ @@�4v pwu
@@vy

@@v

iru doo y 5 W{P 1 Khqfh/ wkh irupxod iru X c
w lq Ht1 +6146, vlpsol�hv wr

X c
w @

] w

3

T�4v pwu
gEv

�Tv c
3
v .

4

5

] w

3

T�4v �wu@@v
�Tv cv gv=+614:,

Uhpdun 61;1 Vxssrvh wkdw cw 5 �H{ lv d �qlwh hqhuj| surfhvv1 Xqghu wkh ixuwkhu
dvvxpswlrq wkdw H dqg �H duh Ulhpdqqldq yhfwru exqgohv dqgp lv frpsdwleoh zlwk
u/ wkh uhvxowv ri Wkhruhp 61: uhpdlqv wuxh zlwk X c

w dqg ]cw gh�qhg e|

X c
w =@

] w

3

+T�4v ,�p�
gEv

�T�v c
3
v .

4

5

] w

3

+T�4v ,���@@v
�T�v cv gv+614;,

dqg

]c
w =@ + �Qw> cw, �H � +Qw> X

c
w ,H >+614<,

zkhuh ��@@v =@ @@�4v ��+[v+{,,@@v1

Zh zloo �qlvk wklv vhfwlrq zlwk dqrwkhu htxlydohqw yhuvlrq ri Wkhruhp 61:1

Fruroodu| 61<1 Vxssrvh wkdw p lv frpsdwleoh zlwk u +iru vlpsolflw|,/ nw lv dq
�H�{0ydoxhg �qlwh hqhuj| surfhvv dqg d/ Q duh dv lq Sursrvlwlrq 6151 Dovr gh�qh=

aQw =@ @@�4w Gdw+[w+{,,>+6153,

aXn
w =@

] w

3

T�4v pwu
gEv

�
n3v .

4

5
�Uwu
@@v

nv
�
.

4

5

] w

3

T�4v �wu@@vnv gv+6154,

dqg

a]n
w =@ k aQw> nwl � kQw> aX

n
w l=+6155,

Wkhq a]n
w lv d orfdo pduwlqjdoh rq ^3> �+{, a W ^ zkrvh Lwar gl�huhqwldo lv jlyhq e|

g a]n
w @


@@�4w u@@wgEw

Gdw+[w+{,,> nw
�� Tw @@

�4
w u@@wgEwdw+[w+{,,> aX

n
w

�
� T�4w Qw>p

wu
gEw

�
n3w .

4

5
�Uwu
@@w

nw
��
=+6156,
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Surri1 Frpsdulqj Htv1 +618, dqg +6153, vkrzv wkdw �Qw @ �Tw
aQw1 Gh�qh wkh �qlwh

hqhuj| surfhvv cv e| cv =@ + �Tv,�4nv vr wkdw nv @ �Tvcv= Ehfdxvh

n3v @ �Tvc
3
v �

4

5
�Uwu
@@v

�Tvcv @ �Tvc
3
v �

4

5
�Uwu
@@v

nv>+6157,

lw iroorzv iurp Ht1 +614:, wkdw aXn
w @ Xc

w 1 Wklv lghqwlw| dqg

k �Qw> cwl @ k �Tw
aQw> + �Tw,

�4nwl @ k aQw> nwl
vkrzv wkdw a]nw @ ]cw dv zhoo1 E| Wkhruhp 61: a]nw @ ]cw lv d orfdo pduwlqjdoh rq

^3> �+{, a W ^ dqg e| Ht1 +6149, dqg Ht1 +6157, wkh gl�huhqwldo ri a]n
w lv jlyhq e|

g a]n
w @


�Tw@@

�4
w u@@wgEw

Gdw+[w+{,,> + �Tw,
�4nw

�
� Tw @@

�4
w u@@wgEwdw+[w+{,,> aX

n
w

�
� Qw>T�4w pwu

gEw

�
n3w .

4

5
�Uwu
@@w
nw
��

zklfk lv wkh vdph dv Ht1 +6156,1

71 C�j 8�AaB6jA|B, $ji��B|��j 8Ni6�,Bt

Lq wklv vhfwlrq/ zh zloo jlyh d qxpehu ri ghulydwlyh irupxodv xqghu wkh dvvxpswlrq
wkdw wkh orfdo pduwlqjdohv lq Sursrvlwlrq 615 dqg Wkhruhp 61: duh lq idfw pduwlq0
jdohv1 Lq wkh odwhu vhfwlrqv zh zloo yhuli| wklv k|srwkhvlv lq d qxpehu ri fdvhv1 Wr
vlpsoli| qrwdwlrq/ zh zloo iurp qrz rq dvvxph wkdw wkh pxowlsolfdwlrq pds p lv
frpsdwleoh zlwk wkh fryduldqw ghulydwlyh u1 Wkxv wkh dvvxpswlrqv zklfk duh lq
irufh lq wkh uhpdlqghu ri wkh sdshu duh=

Dvvxpswlrq 5 +Vwdqglqj Dvvxpswlrqv,1 Ohw H dqg �H eh yhfwru exqgohv hqgrzhg

zlwk fryduldqw ghulydwlyhv1 Dvvxph wkdw O/ �O/ dqg p duh jlyhq vdwlvi|lqj Dvvxps0
wlrq 4 dqg wkdw p lv frpsdwleoh zlwk wkh fryduldqw ghulydwlyhv1

Doo ri rxu h{dpsohv lq Vhfwlrq 6 vdwlvi| wklv dvvxpswlrq1 Wkh iroorzlqj wkhruhp
frqwdlqv wkh edvlf ghulydwlyh irupxodv lq wklv sdshu1

Wkhruhp 714 +Edvlf Ghulydwlyh Irupxod L,1 Ohw d eh d vroxwlrq wr Ht1 +616, dqg T
dqg �T eh jlyhq e| +614, dqg +615,1 Dovr ohw � eh d vwrsslqj wlph erxqghg e| W ?4
vxfk wkdw � ? �+{, dqg ohw cw 5 �H�{ eh d �qlwh hqhuj| surfhvv rq wkh vwrfkdvwlf
lqwhuydo ^3> � `1 Dvvxph wkdw � dqg c kdyh ehhq fkrvhq vxfk wkdw

H

��� �T�@@
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� Gd� +[� +{,,> c�

���� ?4> H

���T�@@
�4
� d� +[� +{,,> X

c
�

���� ?4>

zkhuh Xc lv gh�qhg lq Ht1 +614:,1 Ixuwkhu dvvxph +]c,�w =@ ]c
wa� lv d pduwlqjdoh

zkhuh ]c
w lv wkh orfdo pduwlqjdoh lq Ht1 +6148,1 Wkhq

H
�
Gd3+{,> c3

��
@ H

k
�T�@@

�4
� Gd� +[� +{,,> c�

�l� HkT�@@
�4
� d� +[� +{,,> X

c
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�l
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+714,

Wkhuhiruh/

41 li c� @ 3 dqg c3 @ � 5 �H�{ wkhq
Gd3+{,> �

�
@ �H �T�@@

�4
� d� +[� +{,,> X

c
�

��
>+715,
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51 ru li c3 @ 3 dqg c� @ � 5 �H�{ +zkhuh � pd| eh udqgrp khuh, wkhq

H

k
�T�@@

�4
� Gd� +[� +{,,> �

�l
@ H

�
T�@@

�4
� d� +[� +{,,> X

c
�

��
=+716,

Surri1 Vlqfh zh kdyh dvvxphg wkdw wkh h{suhvvlrq +]c,� lq Ht1 +6148, ri Wkhruhp
61: lv d pduwlqjdoh/ lw iroorzv wkdw H]c

3 @ H +]c,�W @ H]c� / l1h1

H k �Q� > c� l � H k �Q3> c3l @ H kQ� > X
c
� l

zklfk dorqj zlwk wkh gh�qlwlrqv ri Q / �Q lq Sursrvlwlrq 615 suryhv Ht1 +714,1

Uhpdun 7151 Vxssrvh wkdw cw 5 �H{ lv d �qlwh hqhuj| surfhvv1 Xqghu wkh ixuwkhu
dvvxpswlrq wkdw H dqg �H duh Ulhpdqqldq yhfwru exqgohv dqgp lv frpsdwleoh zlwk
u/ Wkhruhp 714 uhpdlqv ydolg zlwk doo sdlulqjv k� > �l uhsodfhg e| wkh dssursuldwh
lqqhu surgxfwv +�> �,H ru +�> �, �H dqg doo wudqvsrvhv uhsodfhg e| dgmrlqwv dqg Xc

gh�qhg dv lq Ht1 +614;, deryh1

Wkhruhp 716 +Edvlf Ghulydwlyh Irupxod LL,1 Ohw d eh d vroxwlrq wr Ht1 +616, dqg
T eh jlyhq e| +614,1 Dovr ohw � eh d vwrsslqj wlph erxqghg e| W ? 4 vxfk wkdw

� ? �+{, dqg ohw nw 5 �H�{ eh d �qlwh hqhuj| surfhvv rq wkh vwrfkdvwlf lqwhuydo ^3> � `1
Dvvxph wkdw � dqg n kdyh ehhq fkrvhq vxfk wkdw

H

���@@�4� Gd� +[� +{,,> n�
���� ?4> H

���T�@@
�4
� d� +[� +{,,> aX

n
�

���� ?4>

zkhuh aXn lv gh�qhg lq Ht1 +6154,1 Ixuwkhu dvvxph + a]n,�w =@ a]n
wa� lv d pduwlqjdoh

zkhuh a]n
w lv wkh orfdo pduwlqjdoh lq Ht1 +6155,1 Wkhq

H
�
Gd3+{,> n3

��
@ H

k
@@�4� Gd� +[� +{,,> n�

�l� HkT�@@
�4
� d� +[� +{,,> aX

n
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+717,

Wkhuhiruh/

41 li n� @ 3 dqg n3 @ � 5 �H�{ wkhq
Gd3+{,> �

�
@ �H

k
T�@@

�4
� d� +[� +{,,> aX

n
�

�l
>+718,

51 ru li n3 @ 3 dqg n� @ � 5 �H�{ +zkhuh � pd| eh udqgrp khuh, wkhq

H
�
@@�4� Gd� +[� +{,,> �

��
@ H

k
T�@@

�4
� d� +[� +{,,> aX

n
�

�l
=+719,

Surri1 Wkh surri lv wkh vdph dv Wkhruhp 714 h{fhsw wkdw zh xvh Fruroodu| 61< lq
sodfh ri Wkhruhp 61:1

Wkh irupxodv dsshdulqj lq Wkhruhp 61: wdnh rq d vlpsohu irup zkhq p lv frp0
sdwleoh zlwk u dqg cw lv ri wkh irup cw @ �cw� zkhuh �cw lv dq U0ydoxhg �qlwh hqhuj|
surfhvv dqg � 5 �H�1 Wr zulwh rxw wkhvh irupxod/ lw lv frqyhqlhqw wr lqwurgxfh wkh
surfhvv Y

�c
w 5 Krp+H{> �H{, e|

Y
�c
w @

] w

3

�c3v �TvpgEvT
�4
v .

4

5

] w

3

�cv �Tv�@@vT
�4
v gv>+71:,

zkhuh �@@v =@ @@�4v �+[v+{,,@@v dqg wkh �H{0ydoxhg surfhvv

�]
�c
w =@ �cw �Qw � Y

�c
w Qw=+71;,
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Fruroodu| 7171 Ohw d eh d vroxwlrq wr Ht1 +616, dqg T dqg �T eh jlyhq e| +614,
dqg +615,1 Dovr ohw � eh d vwrsslqj wlph erxqghg e| W ?4 vxfk wkdw � ? �+{, dqg
ohw �cw eh dq U0ydoxhg �qlwh hqhuj| surfhvv rq wkh vwrfkdvwlf lqwhuydo ^3> � `1 Dvvxph
wkdw � dqg �c kdyh ehhq fkrvhq vxfk wkdw

H

����c� �T�@@
�4
� Gd� +[� +{,,

��� ?4> H

���Y �c
� T�@@

�4
� d� +[� +{,,

��� ?4>

zkhuh Y
�c lv gh�qhg lq Ht1 +71:,1 Ixuwkhu dvvxph + �]

�c,�w =@ �]
�c
wa� lv d pduwlqjdoh

zkhuh �]
�c
w lv wkh orfdo pduwlqjdoh lq Ht1 +71;,1 Wkhq

Gd3+{, @ H

k
�c� �T�@@

�4
� Gd� +[� +{,,

l
� H

k
Y
�c
� T�@@

�4
� d� +[� +{,,

l
=+71<,

Pruhryhu/

41 li �c� @ 3 dqg �c3 @ 4 wkhq

Gd3+{, @ �H
k
Y
�c
� T�@@

�4
� d� +[� +{,,

l
>+7143,

51 ru li �c3 @ 3 dqg �c� @ 4 wkhq

H

k
�T�@@

�4
� Gd� +[� +{,,

l
@ H

k
Y
�c
� T�@@

�4
� d� +[� +{,,

l
=+7144,

Lq wkh uhpdlqghu ri Vhfwlrq 7/ zh zloo looxvwudwh wkh w|sh ri irupxodv wkdw fdq
eh ghulyhg iurp Wkhruhp 7141 Iru qrz zh zloo mxvw dvvxph wkdw wkh k|srwkhvlv ri
Wkhruhp 714 ru Fruroodu| 717 duh vdwlv�hg1 Wkh vxevhtxhqw vhfwlrqv zloo dgguhvv
wkh lvvxh ri yhuli|lqj wkhvh k|srwkhvhv lq d qxpehu ri gl�huhqw frqwh{wv1

Lq rughu wr dsso| Wkhruhp 714/ lw lv qhfhvvdu| wr kdyh d vroxwlrq d wr Ht1 +616,1
Wkhuh duh edvlfdoo| wzr fkrlfhv zklfk zloo eh xvhg lq wkh vhtxho= l, dw @ h+W�w,O@5�
zkhuh � 5 �+H, dqg ll, dw @ � zkhuh O� @ 31 Wkh vhfrqg fdvh lv irupdoo| d vshfldo
fdvh ri wkh �uvw1

7141 Ih|qpdq0Ndf Irupxodv1 Iru wklv vxevhfwlrq/ zh zloo dvvxph wkdw wkh olih0
wlph �+{, ri wkh Eurzqldq prwlrq lv lq�qlwh1 Zh ehjlq e| uhfdoolqj wkh Ih|qpdq0

Ndf uhsuhvhqwdwlrq iru hwO dqg hw
�O1

Sursrvlwlrq 718 +Ih|qpdq0Ndf,1 Vxssrvh wkdw � dqg �� duh vprrwk vhfwlrqv ri H

dqg �H vxfk wkdw wkhuh h{lvw vprrwk vroxwlrqv wr wkh sduwldo gl�huhqwldo htxdwlrqv

C

Cw
x+w, @

4

5
Ox+w, zlwk x+3, @ �+7145,

dqg

C

Cw
�x+w, @

4

5
�O�x+w, zlwk �x+3, @ ��=+7146,

Ixuwkhu dvvxph wkdw wkhuh lv d vroxwlrq wr Ht1 +7146, zkhq �� @ G�1 Zh zloo zulwh

hwO@5� iru x+w,/ uhvshfwlyho| hw
�O@5�� iru �x+w,/ dqg hw

�O@5G� iru wkh vroxwlrq wr Ht1
+7146, zkhq �� @ G�1 Ohw dw @ x+W � w, @ h+W�w,O@5�/ uhvshfwlyho|1 �dw @ �x+W � w, @
h+W�w,

�O@5��/ dqg ohw Qw dqg �Qw eh gh�qhg e| Htv1 +617, dqg +618,1 Li wkh orfdo
pduwlqjdohv Qw dqg

w$ �Tw @@
�4
w ��+[w+{,,

duh lq idfw pduwlqjdohv iru 3 � w � W / wkhq�
hWO@5�

�
+{, @ H

�
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hW
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=+7148,

Xqghu wkh ixuwkhu dvvxpswlrqv=

l,

] W

3

H

��� �Tw �@@wT
�4
w QW

��� gw ?4+7149,

+zlwk �@@w dv lq Ht1 +6147,, dqg ll, wkh orfdo pduwlqjdoh

w$
] w

3

�Tu @@
�4
u u@@ugEu

Gdu+[u+{,,+714:,

lv d pduwlqjdoh rq ^3> W `/ wkhq�
hW
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%#] W

3
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=+714;,

Uhpdunv 7191 l, Htxdwlrq +714;, lv d vwrfkdvwlf yhuvlrq ri Gxkdpho*v sulqflsoh1
ll, Wkh k|srwkhvhv ri wkh suhylrxv sursrvlwlrq duh hdvlo| vdwlv�hg zkhq P lv frp0
sdfw/ vhh Sursrvlwlrq 814 ehorz1

Surri1 Vlqfh Qw lv dvvxphg wr eh d pduwlqjdoh/�
hWO@5�

�
+{, @ H ^Q3` @ H ^QW ` @ H

�
TW @@

�4
W �+[W +{,,

�
zklfk suryhv Ht1 +7147,1 Wkh surri ri Ht1 +7148, lv wkh vdph/ mxvw sxw _wloghv% rq
hyhu|wklqj1

Wdnlqj h{shfwdwlrqv ri Ht1 +61:, ri Sursrvlwlrq 615 dqg xvlqj Ht1 +7148, zlwk
�� @ G�/ zh �qg wkdw�

hW
�O@5G�

�
+{, @ H

k
�TW @@
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W G�+[W +{,,

l
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�
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H

] W

3

�Tw �@@wT
�4
w Qw gw=+714<,

Qrwh wkdw Ht1 +7149,/ dorqj zlwk wkh pduwlqjdoh surshuw| ri Qw/ lpsolhv dv zhoo
wkdw ] W

3

H

��� �Tw �@@wT
�4
w Qw

��� gw ?4=+7153,

Wr vlpsoli| qrwdwlrq/ ohw �w =@ �Tw �@@wT
�4
w 1 Iurp wkh erxqgv lq Htv1 +7149, dqg

+7153, dqg Ixelql*v Wkhruhp/ lw iroorzv wkdw

H m�wQW m ?4 dqg H m�wQwm ?4+7154,

iru doprvw hyhu| w 5 ^3> W `1 Dw dq| w zkhuh Ht1 +7154, krogv/ rqh vkrzv xvlqj
wkh pduwlqjdoh surshuw| ri Qw wkdw H ^�wQw` @ H ^�wQW `1 +Wklv lv grqh e| �uvw
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wuxqfdwlqj �w dqg wkhq sdvvlqj wr wkh olplw1, Vlqfh H ^�wQw` @ H ^�wQW ` iru doprvw
hyhu| w/ zh �qg wkdw

H

] W

3

�Tw �@@wT
�4
w Qw gw @

] W

3

H ^�wQw` gw @

] W

3

H ^�wQW ` gw>

zklfk dorqj zlwk Ht1 +714<, lpsolhv Ht1 +714;, vlqfh

QW @ TW@@
�4
W dW +[W +{,, @ TW@@

�4
W �+[W +{,,=

7151 Vhpljurxs Ghulydwlyh Irupxodv1 Ohw dw @ h+W�w,O@5� zkhuh � 5 �+H,
dqg hwO@5 lv wkh vhpljurxs jhqhudwhg e| d vxlwdeoh h{whqvlrq ri O1 Wdnlqj � @ W
lq Wkhruhp 714/ zh �qg wkh iroorzlqj ghulydwlyh irupxod iurp Ht1 +715,/

GhWO@5�+{,> �
�
@ �H �TW@@

�4
W �+[W +{,,> X

c
W

��
iru dq| � 5 �H�{+7155,

zkhuh c lv dq dssursuldwh �qlwh hqhuj| surfhvv zlwk ydoxhv lq �H�{ vxfk wkdw cW @ 3
dqg c3 @ �1 Vlploduo|/ xvlqj Sursrvlwlrq 718 dqg Ht1 +716,/
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k
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iru dq| � 5 �H�{>+7156,

zkhuh qrz cW @ � dqg c3 @ 31

Uhpdun 71:1 Lw lv lqwhuhvwlqj wr qrwlfh wkdw e| fkrrvlqj cW wr eh udqgrp/ zh pd|

dovr xvh Ht1 +716, ri Wkhruhp 714 wr jhw d irupxod iru hW
aO@5G�+{, iru dq| rshudwru

aO rq �+ �H, ri wkh irup aO @ ��� aU1 Wr gr wklv/ ohw
g

gw
aTw @ �4

5
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aU@@w zlwk
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>+7157,
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w / dqg fkrrvh c vxfk wkdw c3 @ 3 dqg cW @

�
aTW

�T�4W
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zlwk � 5 �H�{ qrq0udqgrp1 Wkhq e| wkh Ih|qpdq0Ndf irupxod +Sursrvlwlrq 718,
hW
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Wklv htxdwlrq dorqj zlwk Ht1 +716, dqg dW @ � lpsolhv wkdw
hW

aO@5G�+{,> �
�
@ H

�
TW @@

�4
W �+[W +{,,> X

c
W

��
>+7159,

zkhuh c lv dq �H�{0ydoxhg surfhvv vxfk wkdw c3 @ 3 dqg cW @
�
aTW

�T�4W
�wu
�1

Uhpdun 71;1 Htv1 +7155, dqg +7156, surylgh vwrfkdvwlf irupxodv iru GhWO@5d dqg

hW
�O@5G�/ qrw frqwdlqlqj ghulydwlyhv ri wkh vhfwlrq �1 Wkhvh dqg uhodwhg irupxodv

uho| rq wkh idfw wkdw rqh ri wkh orfdo pduwlqjdohv jlyhq e| Ht1 +6148,/ ru Ht1 +614<,/
ru Ht1 +6155,/ lv d pduwlqjdoh iru fhuwdlq fkrlfhv ri d �qlwh hqhuj| surfhvv icwj/
uhvshfwlyho| inwj1 Qhyhuwkhohvv wkhuh lv dq hvvhqwldo gl�huhqfh ehwzhhq irupxod
+7155, dqg +7156,1 Wr jhw wkh irupxod iru GhWO@5�/ zh qhhg wr nqrz wkdw wkh orfdo
pduwlqjdoh

]c
w @ k �Qw> cwl � kQw> X

c
w l>
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dv jlyhq e| Ht1 +6148,/ lv d pduwlqjdoh iru d �qlwh hqhuj| surfhvv c vxfk wkdw
c3 @ � dqg cW @ 31 Dv zh vkdoo vhh +Vhfwlrq 9,/ wklv fdq dozd|v eh dfklhyhg
+lqghshqghqwo| ri zkhwkhu P lv frpsdfw ru frpsohwh,/ iru lqvwdqfh/ e| wdnlqj
cv @ 3 douhdg| iru v � � a W zkhuh � lv wkh �uvw h{lw wlph ri [+{, iurp vrph
uhodwlyho| frpsdfw qhljkerukrrg ri {1 Rq wkh rwkhu kdqg/ wr jhw wkh irupxod iru

hW
�O@5G�/ wkh pduwlqjdoh surshuw| iru ]c lv h{sorlwhg zkhuh qrz c3 @ 3 dqg cW @ �/

zklfk qr orqjhu lv d orfdo sureohp1 Lw lpsolhv wkh vhfrqg htxdolw| lq +7156,/ zklfk

frpelqhg zlwk wkh Ih|qpdq0Ndf uhsuhvhqwdwlrq iru hW
�O@5G� jlyhv erwk htxdolwlhv

lq Ht1 +7156,1 Dv zloo eh vhhq lq Vhfwlrq 8/ wkh pduwlqjdoh surshuw| lq wklv fdvh
lv hdvlo| fkhfnhg li P lv frpsdfw +iru prvw dssolfdwlrqv/ frpsohwhqhvv ri P lv
vx�flhqw,/ exw lw lv qrw dxwrpdwlfdoo| vdwlv�hg lq jhqhudo1 Iru lqvwdqfh/ vwlfnlqj wr
wkh fdvh � @ 3 iru vlpsolflw|/ dqg xqghu wkh dvvxpswlrq wkdw ]c lv d pduwlqjdoh
dovr iru cv � �/ zh jhw wkh irupxod

k+GhW �O@5�,+{,> �l @ H

k
�TW@@

�4
W G�+[W +{,,> �

�l
zklfk frpelqhg zlwk Ht1 +7156, vkrzv wkdw GhW

�O@5� @ hW
�O@5G�/ vhh dovr Ht1

+714;,1 Wkh ydolglw| ri vxfk frppxwdwlrq uxohv lv nqrzq wr eh dq lqwuljxlqj txhvwlrq
iru +qrq0frpsohwh, Ulhpdqqldq pdqlirogv1

7161 Kduprqlf Vhfwlrq Ghulydwlyh Irupxod1 Vxssrvh wkdw d 5 �+H, lv d O0
kduprqlf vhfwlrq +l1h1 Od @ 3, gh�qhg orfdoo| lq d qhljkerukrrg Y ri {1 Ohw �
eh wkh �uvw h{lw wlph ri [w+{, iurp vrph uhodwlyho| frpsdfw qhljkerukrrg ri {
zklfk lv frqwdlqhg lq Y 1 Li icwj3�w?� lv d erxqghg O40�qlwh hqhuj| surfhvv +l1h1�U �

3
mc3+v,m5gv�4@5 5 O4, vxfk wkdw c3 @ � 5 �H�{ dqg c� @ 3/ wkhq

Gd+{,> �
�
@ �H�T�@@

�4
� d+[� +{,,> X

c
�

��
+715:,

zkhuh Xc lv wkh surfhvv gh�qhg lq Ht1 +614:,1

81 �VV,�WB|�NAt uNi �N6VBW| P

Lq rughu wr dyrlg whfkqlfdo frpsolfdwlrqv zh zloo �uvw ghprqvwudwh vrph dssol0
fdwlrqv ri wkh suhylrxv uhvxowv xqghu wkh dvvxpswlrq wkdwP lv d frpsdfw pdqlirog
zlwkrxw erxqgdu|1 Dssolfdwlrqv lq wkh fdvh wkdw P lv qrw frpsdfw zloo eh jlyhq lq
wkh qh{w vhfwlrq1 Rqh nh| frqvhtxhqfh ri wkh frpsdfwqhvv ri P lv wkdw �+{, @4
d1v1 iru doo { 5P 1 Djdlq uhfdoo wkdw Dvvxpswlrq 5 +dw wkh ehjlqqlqj ri Vhfwlrq 7,
lv lq irufh wkurxjkrxw wkh uhpdlqghu ri wklv sdshu1

E| vwdqgdug hoolswlf S1G1H1 wkhru| dqg wkh Plqdnvklvxqgdudp0Sohlmho phwkrg
iru frqvwuxfwlqj khdw nhuqhov zh kdyh wkh iroorzlqj idfwv1 Wkh khdw htxdwlrq

Cwdw @ Odw zlwk d3 @ � 5 �+H,+814,

kdv d xqltxh vroxwlrq zklfk zh zulwh dv Sw�1 Wkh olqhdu rshudwru Sw = �+H,$ �+H,
h{whqgv frqwlqxrxvo| wr d rqh0sdudphwhu vhpljurxs rq O5+H,/ vhh iru h{dpsoh
Fkdswhu 5 ri ^7`1 Wkh O5 jhqhudwru ri wklv vhpljurxs lv wkh forvxuh �O ri O1 Wr

yhuli| wklv odvw dvvhuwlrq/ ohw aO eh wkh O5 jhqhudwru ri Sw dqg O| ghqrwh wkh irupdo
dgmrlqw ri O1 Wkhq xvlqj wkh uhvxow lq ^7`/ O| jhqhudwhv +lq wkh vdph zd| O jhqhudwhg

S , wkh dgmrlqw vhpljurxs S �w 1 Wkhuhiruh/ iru d 5 G+aO, dqg e 5 �+H,/ zh kdyh wkdw

+aOd> e, @
g

gw

���
3.
+Swd> e, @

g

gw

���
3.
+d> S �w e, @ +d> O|e,=



KHDW HTXDWLRQ GHULYDWLYH IRUPXODV 4<

Wklv vkrzv wkdw O � �O � aO � +O|,�1 Krzhyhu/ e| edvlf hoolswlf uhjxodulw| wkhru|/
G++O|,�, @ G+�O, @ K5 ~ wkh Vrerohy vsdfh zlwk wzr ghulydwlyhv lq O51 Wkhuhiruh/
�O @ aO @ +O|,�1 Iurp qrz rq zh zloo zulwh hwO iru Sw1

Sursrvlwlrq 8141 Vxssrvh wkdw � dqg �� duh O5 vhfwlrqv ri H dqg �H uhvshfwlyho|/
wkhq wkh Ih|qpdq0Ndf irupxod lq Htv1 +7147, dqg +7148, ri Sursrvlwlrq 718 duh
ydolg1 Li zh ixuwkhu dvvxph wkdw � lv dq K4 vhfwlrq ri H +l1h1 � lv dq O5 vhfwlrq
ri H zlwk rqh zhdn ghulydwlyh lq O5,/ wkhq Ht1 +714;, lv ydolg dv zhoo1

Surri1 Xvlqj d frqwlqxlw| dujxphqw/ lw vx�fhv wr suryh Htv1 +7147,/ +7148, dqg

+714;, xqghu wkh dvvxpswlrq wkdw � dqg �� duh vprrwk vhfwlrqv ri H dqg �H uhvshf0
wlyho|1 Vlqfh P lv frpsdfw/ Tw/ T

�4
w dqg �Tw duh erxqghg e| d hNw/ zkhuh N lv

d qrq0udqgrp frqvwdqw ghshqglqj rq wkh erxqgv rq U dqg �U1 Xvlqj wkhvh idfwv
dqg wkh dvvxphg vprrwkqhvv ri � dqg ��/ lw lv hdv| wr vhh wkdw wkh dvvxpswlrqv lq
Sursrvlwlrq 718 duh vdwlv�hg1

Uhpdun 8151 D vlpsoh frqvhtxhqfh ri Ht1 +714;, lv wkdw GhwO@5� @ hw
�O@5G� zkhq

� @ 31 Ri frxuvh wklv pd| eh suryhg gluhfwo| dv zhoo1 Lqghhg/ iru � 5 �+H,/ dw @

GhwO@5� dqg ew @ hw
�O@5G� duh erwk vroxwlrqv wr wkh khdw htxdwlrq g

gwdw @
4
5
�Odw

zlwk lqlwldo frqglwlrq dwmw@3 @ G�1 Xqltxhqhvv ri vroxwlrqv wr wkh �O khdw htxdwlrq
jlyhv dw @ ew/ l1h1

GhwO@5� @ hw
�O@5G� iru doo � 5 �+H,=

E| frqwlqxlw|/ wkh suhylrxv htxdwlrq h{whqgv wr doo K4 vhfwlrqv � ri H1

Iru d pruh jhqhudo dffrxqw rq wkh hoolswlf wkhru| ri wkh khdw htxdwlrq +814,/ lq0
foxglqj hoolswlf erxqgdu| sureohpv lq wkh fdvh ri frpsdfw pdqlirogv zlwk erxqgdu|/
wkh uhdghu lv uhihuuhg wr Djudqrylfk ^4`/ Juxee ^66`/ dv zhoo dv Vhhoh| ^7:/ 7;/ 7<`1

8141 Fruroodulhv ri Wkhruhp 7141

Fruroodu| 8161 Vxssrvh wkdw � lv d erxqghg phdvxudeoh vhfwlrq ri H dqg � 5 �H�{1

Ohw icwj3�w�W eh dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �H�{ +vhh Gh�qlwlrq 619,

vxfk wkdw cW @ 31 Wkhq/ zlwk � =@ c3 5 �H�{/
GhWO@5�+{,> �

�
@ �H �TW@@

�4
W �+[W +{,,> X

c
W
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>+815,

zkhuh X c lv jlyhq e| Ht1 +614:,1 Pruh jhqhudoo|/ ohwwlqj s 5 +4>4, dqg t @ s@+s�4,
eh wkh frqmxjdwh h{srqhqw ri s/ li icwj3�w�W lv dq Ot0�qlwh hqhuj| surfhvv dqg � lv
dq Os vhfwlrq ri H/ wkhq Ht1 +815, lv vwloo ydolg1

Surri1 Zh zloo dsso| Wkhruhp 714 zlwk dw+{, =@ +h+W�w,O@5�,+{,1 E| wkh Exun0
kroghu0Gdylv0Jxqg| lqhtxdolw|/ wkhuh h{lvwv d frqvwdqw F/ ghshqglqj rqo| rq t 5
^4>4,/ N dqg W / vxfk wkdw

H
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Wkhvh htxdwlrqv wrjhwkhu vkrz wkdw X c
W lv Ot0lqwhjudeoh1

Iluvw vxssrvh wkdw � lv d erxqghg phdvxudeoh vhfwlrq ri H1 Dv lq wkh surri
ri Sursrvlwlrq 814/ wkh orfdo pduwlqjdohv Q dqg �Q ri Sursrvlwlrq 615 dqg ]c ri
Wkhruhp 61: duh douhdg| pduwlqjdohv1 Lq fdvh mGhwO@5�m lv qrw erxqghg rq +3> W `�P
lw pd| eh qhfhvvdu| wr �uvw prgli| c vxfk wkdw c+W � %, @ 3 iru vrph vpdoo % A 3
dqg wkhq wr wdnh wkh olplw dv %$ 3/ vhh ^8;` iru ghwdlov1

Ilqdoo|/ li s 5 +4>4, dqg icwj3�w�W lv dq Ot0�qlwh hqhuj| surfhvv/ wkhq erwk
vlghv ri Ht1 +815, ghshqg frqwlqxrxvo| rq � 5 Os+H,/ khqfh lw vx�fhv wr suryh Ht1
+815, zkhq � lv vprrwk1 Exw iru vprrwk � lw lv hdv| wr yhuli| wkh k|srwkhvlv ri
Wkhruhp 7141

Fruroodu| 8171 Vxssrvh wkdw � 5 �+H, lv dq O0kduprqlf vhfwlrq +l1h1 O� @ 3,
dqg � 5 �H�{1 Ohw icwj3�w�W eh dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �H�{ vxfk

wkdw cW @ 3 dqg c3 @ � 5 �H�{1 Wkhq
G�+{,> �

�
@ �H �TW@@

�4
W �+[W +{,,> X

c
W

��
>+816,

zkhuh djdlq X c lv jlyhq e| Ht1 +614:,1

Surri1 Wklv lv d frqvhtxhqfh ri Wkhruhp 714 zlwk dw =@ � ru gluhfwo| iurp wkh
suhylrxv Fruroodu| xsrq qrwlqj wkdw hWO@5� @ � vlqfh O� @ 31

Fruroodu| 8181 Vxssrvh wkdw � lv d F4 vhfwlrq ri H dqg � 5 �H�{1 Ohw icwj3�w�W
eh dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �H�{ vxfk wkdw c3 @ 3 dqg cW @ � 5 �H�{1
Xqghu Dvvxpswlrq 5/

hW
�O@5G�+{,> �

�
@ H

�
TW @@

�4
W �+[W +{,,> X

c
W

��
>+817,

zkhuh Xc lv jlyhq e| Ht1 +614:,1 Li lqvwhdg zh fkrrvh c dv deryh h{fhsw zlwk c3 @
� 5 �H�{ dqg cW @ 3/ wkhq
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Surri1 Ht1 +817, iroorzv iurp Ht1 +716, ri Wkhruhp 714 zlwk dw =@ h+W�w,O@5�1 Ht1
+818, lv d frqvhtxhqfh ri Ht1 +715, ri Wkhruhp 714 dqg Ht1 +714;, zklfk lpso|/
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Uhpdun 8191 Vxssrvh wkdw H dqg �H duh Khuplwldq yhfwru exqgohv zlwk phwulf
frpsdwleoh fryduldqw ghulydwlyhv1 Xqghu wkhvh frqglwlrqv/ wkh uhvxowv ri Fruroodulhv
816/ 817/ dqg 818 pd| eh uhzulwwhq e| uhsodflqj wkh gxdo vsdfh �H�{ e| �H{ dqg wkh
gxdo sdlulqjv k�> �l e| wkh dssursuldwh Khuplwldq phwulfv dqg wkhq xvlqj Ht1 +614;,
wr gh�qh wkh surfhvv X c

w 1
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8151 Irupxodv iru Gludf Rshudwruv1 Ohw xv vshfldol}h Fruroodulhv 816 dqg 818 wr
wkh fdvh zkhuh H @ �H @ V lv d vslq exqgoh ryhu P 1 Uhfdoo wkdw V lv Ulhpdqqldq
yhfwru exqgoh zlwk phwulf frpsdwleoh vslq frqqhfwlrq uV / vhh H{dpsoh 51461 Lq
wklv fdvh U @ �U @ 4

7vfdo/ � @ 3/

TW @ �TW @ h�
4
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W
3
vfdo+[w+{,,gw lgV{

dqg

X c
W @ �

] W
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�gEvc
3
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zkhuhlq zh kdyh xvhg wkh idfw wkdw �� @ ��1 Fruroodu| 816 +vhh Uhpdun 819,
ehfrphv
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zkhuh c lv dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq V{ vxfk wkdw cW @ 3 dqg
c3 @ � 5 V{1 Wdnlqj cw @ kw� lq wkh suhylrxv htxdwlrq +zkhuh � 5 V{ dqg kw lv dq
O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq U, jlyhv
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&+819,

zkhuhlq zh kdyh xvhg wkh idfw wkdw ��y @ ��y1 Fkrrvlqj kw @ 4 � w@W lq wklv
htxdwlrq lpsolhv�
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Vlploduo|/ xvlqj Ht1 +817, ri Fruroodu| 818 +zlwk � 5 V{,/
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zkhuh c lv dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq V{ vxfk wkdw cW @ � dqg
c3 @ 31 Wdnlqj cw @ w�@W lq wkh suhylrxv htxdwlrq jlyhv wkh vdph irupxod iru

h�WG
5@5G�+{, dv lq wkh uljkw kdqg vlgh ri Ht1 +81:,1 Wklv ri frxuvh vkrxog eh wkh

fdvh vlqfh ^G>O` @ 31

8161 Dssolfdwlrq wr g dqg g�1 Ohw H @ �H @ �W �P / O @ �O @ � dqg Sw =@ hw
��@5

zkhuh �� lv wkh vhoi0dgmrlqw h{whqvlrq ri �1 Dq dssolfdwlrq ri Fruroodu| 816 zlwk
p ehlqj hlwkhu wkh lqwhulru surgxfw D ru wkh h{whulru surgxfw F +vhh H{dpsoh 5144
dqg Gh�qlwlrq ;14 lq Dsshqgl{ L lq Vhfwlrq ; iru wkh qrwdwlrq, jlyhv wkh iroorzlqj
wkhruhp1
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Wkhruhp 81:1 Ohw P eh d frpsdfw pdqlirog/ d eh d erxqghg phdvxudeoh vhfwlrq
ri �W �P dqg y 5 �W{P iru vrph { 5P 1 Wkhq
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>+81<,

zkhuh c lv dq| O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �W{P vxfk wkdw c3 @ y dqg
cW @ 3/ Tw lv wkh vroxwlrq wr wkh gl�huhqwldo htxdwlrq

g

gw
Tw @ �4

5
Uwu
@@w
Tw zlwk T3 @ lg�W{P >+8143,

Uwu
@@w

@ @@�4w Uwu@@w dqg Uwu lv wkh Zhlw}hqe�rfn fxuydwxuh whup ghvfulehg lq Ht1

+;149, ri Ohppd ;1</ Dsshqgl{ L1

Vlploduo| dq dssolfdwlrq ri Fruroodu| 818 zlwkp ehlqj hlwkhu wkh lqwhulru surgxfw
D ru wkh h{whulru surgxfw F lpsolhv wkh iroorzlqj wkhruhp1

Wkhruhp 81;1 Ohw P eh d frpsdfw pdqlirog/ d eh d F4 vhfwlrq +K4 zrxog gr, ri
�W �P dqg y 5 �W{P iru vrph { 5P 1 Wkhq

k+SWgd,{> yl @ H
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+8144,

k+SWg�d,{> yl @ H
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>+8145,

zkhuh c lv dq| O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �W{P vxfk wkdw c3 @ 3 dqg
cW @ y dqg Tw vroyhv Ht1 +8143, dv deryh1

Wklv wkhruhp dovr iroorzv iurp Wkhruhp 81: ehfdxvh gSWd @ SWgd dqg g
�SWd @

SWg�d iru F4 vhfwlrqv d ri �W �P / vhh Uhpdun <1< ehorz1
Lq wkh vshfldo fdvh zkhuh c3 � frqvwdqw/ wkh irupxodv +81<, dqg +8143, kdyh ehhq

ghulyhg e| Hozruwk| dqg Ol ^59` iurp d qrq0lqwulqvlf irupxod e| wkh whfkqltxhv ri
�owhulqj rxw uhgxqgdqw qrlvh/ dv ghyhorshg lq Hozruwk| dqg \ru ^5:`> vhh ^56` iru d
jhqhudo dffrxqw rq wklv1

Vshfldol}lqj Ht1 +81;, wr }hur irupv jlyhv wkh iroorzlqj Elvpxw w|sh irupxod/ vhh
^57`/ ^8;`/ ^89`1

Fruroodu| 81<1 Ohw i =P $ U eh erxqghg dqg phdvxudeoh/ { 5P dqg y 5 W{P 1
Wkhq/ iru dq| O40�qlwh hqhuj| surfhvv c zlwk ydoxhv W{P vxfk wkdw c3 @ y/ dqg
cW @ 3/ wkhq
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zkhuh Tw lv wkh Dxw+W{P,0ydoxhg surfhvv vdwlvi|lqj wkh gl�huhqwldo htxdwlrq=

g

gw
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Ulf@@wTw zlwk T3 @ lgW{P =+8146,
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Surri1 Ohwwlqj d @ i 5 �3+W �P, lq Ht1 +81;, dqg xvlqj wkh idfw wkdw @@w dqg Tw

dfw dv wkh lghqwlw| rq 30irupv zh �qg wkdw

k+gSW i,{> yl @ �H
%
i+[W +{,,

] W

3

DgEwTw c
3
w
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] W

3

+Tw c
3
w> gEw,
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>

zkhuh Tw lv wkh uhvwulfwlrq ri wkh vroxwlrq ri Ht1 +8143, wr W{P 1 E| Ht1 +;14:, ri
Dsshqgl{ L/ UwumWP @ Ulf/ dqg wkxv Tw uhvwulfwhg wr W{P vroyhv Ht1 +8146,1

Wkh iroorzlqj wkhruhp lv d vshfldo fdvh ri Ht1 +81<, ri Wkhruhp 81: dqg lpsuryhv
d uhvxow lq ^4<` +vhh Fruroodu| 814; ehorz, e| jlylqj d irupxod iru H ^u � \ +[W +{,,`
zklfk grhv qrw frqwdlq ghulydwlyhv ri wkh fxuydwxuh whqvru1

Wkhruhp 81431 OhwP eh d frpsdfw Ulhpdqqldq pdqlirog/ Tw ghqrwh wkh vroxwlrq
wr Ht1 +8146,/ \ eh d vprrwk yhfwru �hog rq P / u � \ ghqrwh wkh glyhujhqfh ri \ /
W A 3 dqg c eh d uhdo0ydoxhg O40�qlwh hqhuj| surfhvv1 Li c3 @ 3 dqg cW @ 4/ wkhq
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Surri1 Ohw d @ +\> �, 5 4+P,1 E| Ht1 +;1<, ri wkh Dsshqgl{
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[
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Dhluhld @ �
[
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Dsso|lqj Ht1 +8145, zlwk y @ 4 5 �3+W{P, lpsolhv/
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�4c3w gEw
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zkhuh zh kdyh xvhg wkh idfw wkdw Uwu @ 3 rq �3+WP, dqg Uwu @ Ulf rq �4+WP,
dqg khqfh wkdw Twm�3+W{P, @ lg dqg Twm�4+W{P, vroyhv Ht1 +8146,1 Wklv suryhv
Ht1 +8147, ehfdxvh @@�4W d+[W +{,, @ +@@�4W \ +[W +{,,> �,1

Qrwh wkdw frpsdfwqhvv ri P lv qrw hvvhqwldo khuh= wkh irupxodv lq Wkhruhp 81;
rqo| uhtxluh wkh pduwlqjdoh surshuw| ri +6148,/ ru +614<,/ iru vrph c vxfk wkdw c3 @ y
dqg cW @ 31 Dv lqglfdwhg lq Uhpdun 71;/ wklv fdq dozd|v eh dfklhyhg dqg jlyhv
d irupxod iru +gSWd,+{,/ uhvshfwlyho|1 +g

�SWd,+{,/ dv orqj dv SWd lv zhoo0gh�qhg/
l1h1 T�4W @@�4W d+[W +{,, 5 O41 Lq sduwlfxodu/ d qhhg qrw eh gl�huhqwldeoh1 Dovr wkh
�qlwh olihwlph ri wkh Eurzqldq prwlrq rqo| h�hfwv wkh vwrfkdvwlf uhsuhvhqwdwlrq ri
SWd/ vhh Vhfwlrq <14 ri Dsshqgl{ LL/ exw qrw wkh jlyhq dujxphqw1 +Vhh Vhfwlrq 9 iru
suhflvh vwdwhphqwv lq wklv gluhfwlrq1, Lq wkh vlwxdwlrq ri Wkhruhp 8143 wklv vkrzv
wkdw wkh uljkw0kdqg vlgh ri Ht1 +8147, lv mxvw �g�SWd zkhuh d @ +\> �,1 Wr yhuli|
krzhyhu wkdw

g�SWd @ �H ^+u � \ ,+[W +{,,` +� SWg
�d,+8148,

uhtxluhv dvvxpswlrqv +lq sduwlfxodu/ gl�huhqwldelolw| ri d,= lw suhflvho| uh�hfwv wkh
surshuw| wkdw wkh orfdo pduwlqjdoh +618, lv dfwxdoo| d pduwlqjdoh/ iurp zkhuh +8148,
iroorzv e| wdnlqj h{shfwdwlrqv1
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816141 Dq Lqwhjudwhg Orjdulwkplf Judglhqw Hvwlpdwh iru wkh Khdw Nhuqho rq P 1 Dv
dq dssolfdwlrq ri irupxod +8147, zh jhw wkh iroorzlqj lqwhjudwhg hvwlpdwh iru wkh
judglhqw ri wkh orjdulwkplf ghulydwlyh ri wkh khdw nhuqho rqP 1 Ri frxuvh wklv uhvxow
pd| eh ghulyhg e| sduwldo gl�huhqwldo htxdwlrq whfkqltxhv dv zhoo1

Wkhruhp 81441 Ohw P eh d frpsdfw Ulhpdqqldq pdqlirog zlwkrxw erxqgdu|1 Iru
hyhu| t 5 ^4>4^ wkhuh lv d frqvwdqw Ft ?4 vxfk wkdw iru doo w � 4/

�]
P

mu} orj sw+{> },mt sw+{> }, yro+g},
�4@t

� Ft h
5Nww�4@5>+8149,
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iru vrph frqvwdqw Ft ?4= Fkrrvlqj cw =@ w@W lq wklv lqhtxdolw| vkrzv/����]
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Vroylqj wklv htxdwlrq iru
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��u} orj sW +{> },
��tsW +{> }, yro+g},�4@t suryhv Ht1 +8149,1

8171 Irupxodv iru uhWO@51 Lq wklv vxevhfwlrq/ zh zloo zulwh rxw wkh uhvxowv lq
Fruroodulhv 816/ 818 dqg Wkhruhp 716 zkhq G @ u1 Ohw H $ P eh d Ulhpdqqldq
yhfwru exqgoh zlwk phwulf frpsdwleoh fryduldqw ghulydwlyh uH / U 5 �+Hqg+H,,/
�H =@ W �P  H/ p @ lg +wkh lghqwlw| pxowlsolfdwlrq pds,/ Gp @ uH / dqg O @

��U1 Zh dovr gh�qh �U 5 �+Hqg+ �H,, dqg � 5 �+Krp+H> �H,, e|

�U @ Ulfwu lgH �5UH �.lgW�P U>
dqg

� @ u �UH .
�uHqg +H,U�=

E| Sursrvlwlrq 5148/ O =@ ��U/ �O @ ��� �U/ �/ dqg p vdwlvi| Dvvxpswlrq 51 Zh
kdyh wkh iroorzlqj lpphgldwh frqvhtxhqfhv ri Fruroodulhv 816 dqg 8181

Wkhruhp 81461 Vxssrvh wkdw � lv d erxqghg phdvxudeoh vhfwlrq ri H dqg � 5
�H�{ @ W{P  H�{ dqg icwj3�w�W d O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �H�{ +vhh
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E| xvlqj Wkhruhp 716/ zh pd| jhw dqrwkhu +pruh h{solflw, irupxod iru uhWO@51
Wklv wkhruhp zloo eh jlyhq diwhu wkh iroorzlqj suhsdudwru| Ohppd1

Ohppd 81481 Wkh wudqvsrvh ri wkh pxowlsolfdwlrq pds p @ lg lv wkh _dqqlklod0
wlrq% rshudwru D/ zkhuh Dy = �H

� @ WP H� $ H� lv ghwhuplqhg e|

Dy+z  �, @ +y> z,� iru doo y> z 5 W{P> � 5 H�{> { 5P=
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�
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Surri1 Ohw y> z 5 W{P / � 5 H{ dqg � 5 H�{1 Vlqfh py = H{ $ �H{ @ W �{P  H{ lv
jlyhq e| py� @ +y> �, �/ lw iroorzv wkdw
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Htv1 +8154,/ +8155, dqg +8156, duh suryhg vlploduo|=
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zkhuh lq wkh odvw htxdolw| uhfdoo wkdw UH�+y> z, @ �+UH+y> z,,wu1 Wklv frpsxwdwlrq
dorqj zlwk Ht1 +718, ri Wkhruhp 716 jlyhv=
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Frpelqlqj wkh odvw wzr htxdwlrqv suryhv Ht1 +8158,1

Fruroodu| 814:1 Ohw � 5 O5+H, dqg W A 3 dqg Tw eh wkh Hqg+W{P,0ydoxhg sur0
fhvv gh�qhg dv wkh vroxwlrq wr wkh ruglqdu| gl�huhqwldo htxdwlrq
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Dv dq dssolfdwlrq ri Wkhruhp 8149 zh pd| uhfryhu wkh iroorzlqj uhvxow lq ^4<`
+vhh Wkhruhp 714 dqg Fruroodu| 716,1 D ehwwhu yhuvlrq ri wklv irupxod kdv douhdg|
dsshduhg lq Wkhruhp 8143 deryh1
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Fruroodu| 814;1 Vxssrvh wkdw \ lv d F4 yhfwru �hog rq P dqg k lv dq O40�qlwh
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zkhuh �uvfdo ghqrwhv wkh judglhqw ri wkh vfdodu fxuydwxuh riP 1 Wkh surri surfhhgv
dv iroorzv=

kvUlf@@v
#�
gEv @ kvUlf@@v gEv . kv gUlf@@v gEv

@ kvUlf@@v gEv .
q[
l@4

kv @@
�4
v

�u@@vhl Ulf
�
@@vhl gv

@ kvUlf@@v gEv . kv @@
�4
v u � Ulf gv+8164,

zkhuh u � Ulf lv wkh yhfwru �hog rq P jlyhq e|

u �Ulf =@
q[
m@4

�uhmUlf
�
hm

zkhuh ihmjqm@4 lv d orfdo ruwkrqrupdo iudph rqP 1 Rq wkh rwkhu kdqg iru y 5 W{P /

y vfdo @
q[
l@4

y +Ulf hl> hl, @
q[
l@4

+uy Ulf hl> hl,

@
q[

l>m@4

�
+uyU

WP,+hl> hm,hm > hl
�

zklfk e| wkh Eldqfkl lghqwlw| +guU
WP @ 3, pd| eh zulwwhq dv

y vfdo @ �
q[

l>m@4

�
+uhmU

WP ,+y> hl,hm > hl
�� q[

l>m@4

�
+uhlU

WP ,+hm > y,hm > hl
�

@
q[

l>m@4

�
+uhmU

WP,+y> hl,hl> hm
�
.

q[
l>m@4

�
+uhlU

WP ,+y> hm,hm > hl
�

@ 5
q[
m@4

�
+uhmUlf,y> hm

�
@ 5

q[
m@4

�
+uhmUlf,hm > y

�
@ 5 +u � Ulf> y,=

Khqfh u � Ulf @ �uvfdo@5 zklfk frpelqhg zlwk Ht1 +8164, suryhv Ht1 +8163,1

8181 Irupxodv iru uhw�@5 rq 4+P,1 Xvlqj H{dpsoh 5144/ Wkhruhp 8146 zh
pd| zulwh irupxodv iru uhw�@5 rq n+P, iru 3 � n � q1 Udwkhu wkdq grlqj wklv
lq jhqhudo/ zh zloo frqwhqw rxuvhoyhv zlwk wkh fdvh n @ 41 Vr lq wklv vhfwlrq ohw
H @ W �P / �H @ W �P  W �P / dqg � @ �g�g� gg� rq 4+P,1

Sursrvlwlrq 81531 Vxssrvh wkdw � lv d erxqghg phdvxudeoh gl�huhqwldo 40irup +l1h1

vhfwlrq ri W �P, dqg � 5 �H�{ @ W{P  W{P 1 Ohw icwj3�w�W eh dq O40�qlwh hqhuj|
surfhvv zlwk ydoxhv lq W{PW{P +vhh Gh�qlwlrq 619, vxfk wkdw cW @ 3 dqg c3 @ �1
Wkhq uhW�@5�+{,> �� @ �H

k
TW @@

�4
W �+[W +{,,> X

c
W

�l
>+8165,

zkhuh

Xc
w @

] w

3

T�4v DgEv
�Tv c

3
v .

4

5

] w

3

T�4v �wu@@v
�Tvcv gv>+8166,

�wu 5 �+Krp+WP  WP> WP,, lv jlyhq e|

�wu+y z, @ +uyUlf,z �
�u �UWP

�
+y,z>+8167,
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T dqg �T duh gh�qhg e| Htv1 +6144, dqg +6145, zlwk Uwu @ Ulf dqg

�Uwu @ Ulf lgWP .5
q[
l@4

hl UWP +�> hl, . lgWP Ulf>+8168,

zkhuh +vhh Ohppd 8148,

hl UWP +�> hl,+y z, @ hl UWP +y> hl,z

iru y> z 5 W{P 1

Surri1 E| Ht1 +;14:, ri Ohppd ;1</ zh kdyh � @ � � U zkhuh U @ Ulfwu1 Ohw
H @ W �P / �H @ W �PW �P dqgp/ � dqg �U eh dv lq Sursrvlwlrq 51481 E| Ohppd
8148 deryh/ pwu

y @ Dy/ �Uwu lv jlyhq e| Ht1 +8168, dqg

�wu @
�u �UW�P

�wu
.
�uHqg +W�P,Ulfwu

�wu
=

Vlqfh UW�P +y> z, @ � �UWP +y> z,
�wu

dqg lq jhqhudo uy +Dwu, @ +uyD,
wu/ wkh suh0

ylrxv htxdwlrq lv wkh vdph dv Ht1 +8167, deryh1 Ilqdoo| Ht1 +8165, iroorzv iurp
Fruroodu| 8161

Zh pd| jhw dqrwkhu irupxod e| xvlqj Wkhruhp 8149 lq sodfh ri Fruroodu| 8161

Sursrvlwlrq 81541 Vxssrvh � lv d erxqghg phdvxudeoh 40irup rq P dqg cv lv d
W{P 0ydoxhg O40�qlwh hqhuj| surfhvv vxfk wkdw c3 @ y 5 W{P dqg cW @ 31 Wkhq

uyh
W�@5�+{, @ �H

k
Y c
W TW@@

�4
W �+[W +{,,

l
zkhuh

Y c
w =@

] w

3

��
c3v .

4

5
Ulf@@v cv> gEv

��UW�P
@@v

�
cv> �Ev

�
.

4

5

�
cv>
#�
gEv

�
Ulfwu@@v

�
T�4v

dqg T vroyhv

gTv

gv
@ �TvUlf

wu
@@v zlwk T3 @ lgW�{P =

Vhh Wkhruhp 8149 iru wkh phdqlqj ri �Ev dqg
#�
gEv1

Uhpdun 81551 Wkh h{suhvvlrq iru Y c
w pd| eh zulwwhq vroho| lq whupv ri Lwar gl�huhq0

wldov xvlqj

UW�P
@@v

+cv> �Ev, @ UW�P
@@v

+cv> gEv, .
4

5

q[
l@4

�u@@vhlU
W�P

�
@@v

+cv> hl,gv

@ UW�P
@@v

+cv> gEv,� 4

5

�u �UW�P
�
@@v

+cv,gv

dqg

+cv>
#�
gEv,Ulf

wu
@@v @ +cv> gEv,Ulf

wu
@@v .

q[
l@4

+cv> hl,
�u@@vhlUlf

�wu
@@v
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@ +cv> gEv,Ulf
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91 �VV,�WB|�NAt uNi �NA��N6VBW| P

Iru H @ �W �P ohw djdlq � @ ��U eh wkh gh Ukdp0Krgjh Odsodfldq rq �+H,
zkhuh U 5 �+HqgH, ghqrwhv wkh Zhlw}hqe�rfn fxuydwxuh whup/ vhh Sursrvlwlrq ;1:
ri Dsshqgl{ L1 Ixuwkhu/ ohw U @ plqVshfU/ l1h1

U+{, @ plq ikU{y> yl = y 5 H{> mym @ 4j >+914,

dqg frqvlghu wkh vfdodu vhpljurxs S
U
w dv gh�qhg lq Dsshqgl{ LL/ Vhfw1 <141

Qrz ohw a� eh wkh Iulhgulfkv h{whqvlrq ri �m�f+H, dqg Swd @ hw@5
a�d eh wkh

vhpljurxs rq O5+H, jhqhudwhg e| a�@5 dqg Tw ghqrwh wkh vroxwlrq wr Ht1 +614,1
Wkhq/

Swd+{, @ H
�
Tw @@

�4
w d+[w+{,, 4iw?�+{,j

�
+915,

iru doo d 5 O5+H, zlwk S
U
w mdm+{, ?4/ vhh Dsshqgl{ LL/ Wkhruhp <171

Rq d frpsohwh pdqlirog/ e| wkh vshfwudo wkhruhp/ rqh kdv gSwd @ Swgd/ dqg
gxdo wr wklv/ g�Swd @ Swg�d/ vhh Vhfwlrq <15 lq Dsshqgl{ LL ehorz1 Li zh gurs
frpsohwhqhvv wkhq wkhvh htxdwlrqv duh qr orqjhu wuxh/ hyhq li P lv EP0frpsohwh/
vhh ^8<`1 Exw zh zloo vkrz wkdw wkhuh dozd|v h{lvw Elvpxw w|sh irupxodv iru gSwd
dqg g�Swd/ qrw lqyroylqj ghulydwlyhv ri d/ lqghshqghqwo| zkhwkhu d lv vprrwk ru
qrw1

Wkhruhp 9141 Ohw P eh d Ulhpdqqldq pdqlirog/ d 5 O5+�W �P, dqg { 5P vxfk

wkdw S
U
w mdm+{, ?4/ ixuwkhu ohw � eh wkh �uvw h{lw wlph ri [+{, iurp vrph uhodwlyho|

frpsdfw qhljkerukrrg ri { dqg W � @ +W � %, a � iru vrph duelwudu| vpdoo % A 31
Wkhq iru dq| y 5 �W{P wkh iroorzlqj irupxodv krog=

k+gSWd,{> yl @ �H
%G

@@�4W d+[W +{,,4iW?�+{,j>TW

] W

3

Tw
�4 +DgEwTw c

3
w,
H&

k+g�SWd,{> yl @ �H
%G

@@�4W d+[W +{,,4iW?�+{,j>TW

] W

3

Tw
�4 +gEw aTw c

3
w,
H&

iru dq| erxqghg �qlwh hqhuj| surfhvv c zlwk ydoxhv lq �W{P vxfk wkdw c3 @ y/

cw @ 3 iru doo w � W �/ dqg wkh surshuw| wkdw H
��U W�

3
mc3vm5gv

�4@5�
? 41 Li/ lq

dgglwlrq/ d 5 O5+�W �P, lv erxqghg rq wklv qhljkerukrrg/ rqh fdq wdnh % @ 31

Surri1 Zh �{ d uhodwlyho| frpsdfw qhljkerukrrg X ri {1 Wkhq m+SW�wd,+[w,m/
m+gSW�wd,+[w,m dqg m+g�SW�wd,+[w,m/ zkhuh [ � [1+{, ghqrwhv rxu Eurzqldq pr0
wlrq vwduwlqj iurp {/ dv zhoo dv Tw dqg Twu

w / duh doo erxqghg rq wkh vwrfkdvwlf
lqwhuydo ^3> W �`1 Wklv vkrzv wkdw wkh orfdo pduwlqjdohv lq Sursrvlwlrq 615 dqg lq
Wkhruhp 61: duh xqlirupo| lqwhjudeoh pduwlqjdohv zkhq vwrsshg dw w @ W �1 Wdnlqj
h{shfwdwlrqv dw wlph 3 dqg W � ohdgv wr

k+gSWd,{> yl @ �H
%G
TW�@@

�4
W� +SW�W�d,+[W�,>

] W�

3

Tw
�4
�
DgEwT

wu
w c

3+w,
�H&

=

Qrwh wkdw

TW� @@
�4
W� +SW�W�d,+[W�, @ H

IW�
�
TW @@

�4
W d+[W , 4iW?�+{,j

�



KHDW HTXDWLRQ GHULYDWLYH IRUPXODV 66

zklfk lv e| gh�qlwlrq d erxqghg IW�0phdvxudeoh udqgrp yduldeoh1 Wklv jlyhv wkh
�uvw irupxod ri wkh Wkhruhp/ wkh vhfrqg rqh lv ghulyhg lq d frpsohwho| dqdorjrxv
zd|1

Li d lv erxqghg/ hyhqwxdoo| e| prgli|lqj c/ zh dvvxph �uvw wkdw c � 3 douhdg|
rq ^W a �> W ` _ ^W � %> W ` iru vrph vpdoo % A 31 Ilqdoo|/ wklv uhvwulfwlrq fdq djdlq
eh uhpryhg lq wkh uhvxowlqj irupxodv e| ohwwlqj % whqg wr 3/ vhh ^8;` iru whfkqlfdo
ghwdlov1

9141 Elvpxw*v Irupxod1 Wkh iroorzlqj h{dpsoh lv wdnhq iurp ^8;`1 Wkhuh duh
vlplodu irupxodv iru +gx,{ li x lv kduprqlf rq vrph grpdlq derxw {/ vhh ^8;`/ ^93`1

Wkhruhp 9151 Ohw i = P $ U eh d erxqghg phdvxudeoh ixqfwlrq/ { 5 P dqg
y 5 W{P 1 Wkhq/ iru dq| erxqghg �qlwh hqhuj| surfhvv icwjw5^3>4^ zlwk ydoxhv lq

W{P vxfk wkdw H
��U �aW

3
mc3vm5 gv

�4@5�
?4/ dqg wkh surshuw| wkdw c3 @ y/ cv @ 3 iru

doo v � � a W / wkh iroorzlqj irupxod krogv=

k+gSWi,{> yl @ �H
%
i +[W +{,, 4iW?�+{,j

] �aW

3

+Tvc
3
v> gEv,

&
+916,

zkhuh � lv wkh �uvw h{lw wlph ri [+{, iurp vrph uhodwlyho| frpsdfw rshq qhljkeru0
krrg G ri { dqg T lv wkh surfhvv gh�qhg lq Ht1 +8146, ri Fruroodu| 81<1

Rq wkh rwkhu kdqg vkrzlqj/ iru lqvwdqfh/ wkdw

k+gSW i,{> yl @ H
�kTW @@

�4
W +gi,[W +{,> yl 4iW?�+{,j

�
lv d txlwh gl�huhqw pdwwhu= lw uhtxluhv wkh pduwlqjdoh surshuw| ri

Tw @@
�4
w +gSW�wi,[w+{, 4iw?�+{,j > 3 � w � W>

zklfk frphv grzq wr d txhvwlrq ri gl�huhqwldwlrq xqghu wkh h{shfwdwlrq1 Lq sdu0
wlfxodu/ lw lv qhfhvvdu| iru i wr eh gl�huhqwldeoh1

9151 Glulfkohw Sureohp iru Kduprqlf Irupv1 Zh frqfoxgh wklv vhfwlrq e|
vshfldol}lqj rxu uhvxowv lq fdvh ri wkh Glulfkohw sureohp iru kduprqlf irupv rq
erxqghg grpdlqv1 Lq sduwlfxodu/ zh suhvhqw vwrfkdvwlf irupxodv iru gl�huhqwldov
dqg fr0gl�huhqwldo ri kduprqlf irupv rq pdqlirogv zlwk erxqgdu|1 Wkhvh irupxodv
fdq eh xvhg wr suryh orfdo Kduqdfn w|sh hvwlpdwhv iru kduprqlf irupv lq wkh vdph
zd| dv kdv ehhq grqh iru kduprqlf ixqfwlrqv lq ^93`1

Wkhruhp 9161 Ohw P eh d frpsdfw Ulhpdqqldq pdqlirog zlwk qrq0hpsw| erxqg0
du| CP> d 5 �+�W �P,> { 5 PqCP dqg � eh wkh �uvw wlph wkh Eurzqldq prwlrq
[+{, klwv wkh erxqgdu| CP= +Iru vlpsolflw|/ d lv dvvxphg wr eh vprrwk xs wr wkh
erxqgdu| ri P 1, Ohw Tw ghqrwh wkh vroxwlrq wr Ht1 +8143, ri Wkhruhp 81: gh0
�qhg rq wkh vwrfkdvwlf lqwhuydo ^3> � ` dqg Tw @ Twu

w = Li d lv kduprqlf +l1h1 �d �
� +g�g. gg�,d @ 3, rq PqCP> wkhq

d+{, @ H
�
T� @@

�4
� d+[� +{,,

�
+917,

dqg iru dq| y 5 �W{P wkh iroorzlqj irupxodv krog=

k+gd,{> yl @ �H
�G
T�@@

�4
� d+[� +{,,>

] �

3

Tw
�4 +DgEwTw c

3
w,
H�

+918,

k+g�d,{> yl @ �H
�G
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�4
� d+[� +{,,>
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3

Tw
�4 +gEw aTw c

3
w,
H�

+919,
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zkhuh icjv5^3>4^ lv d erxqghg O40�qlwh hqhuj| surfhvv wdnlqj ydoxhv lq �W{P vxfk

wkdw c3 @ y/ c� @ 3/ dqg wkh surshuw| wkdw
�U �

3 mc3vm5gv
�4@5 5 O41

Surri1 Qrwh wkdw d/ gd/ g�d h{whqg dv erxqghg vhfwlrqv wr P vlqfh P lv frpsdfw1
Wkh surri lv qrz hvvhqwldoo| wkh vdph dv wkh surri ri Wkhruhp 81: deryh zlwk
Swd uhsodfhg e| d dqg W e| �= Wkh nh| srlqw lv wkdw wkh orfdo pduwlqjdohv ri
Sursrvlwlrq 615 dqg Wkhruhp 61: duh hdvlo| vhhq wr eh pduwlqjdohv xs wr wkh �uvw
h{lw wlph �= Khqfh wkh rswlrqdo vdpsolqj wkhruhp dssolhv wr jlyh vwrsshg yhuvlrqv
ri Sursrvlwlrq 718/ Fruroodu| 816 dqg Fruroodu| 818 iurp zklfk Htv1 +917,/ +918, dqg
+919, iroorz1

Wkh phwkrg xvhg lq Wkhruhp 916 fdq hdvlo| eh dgdswhg wr rwkhu vlwxdwlrqv/ iru
lqvwdqfh/ li d lv vprrwk rq PqCP dqg h{whqgv rqo| frqwlqxrxvo| wr CP 1

Iru whfkqlfdo ghwdlov derxw krz wr frqvwuxfw �qlwh hqhuj| surfhvvhv c vdwlvi|lqj
wkh frqglwlrqv lq Wkhruhpv 914/ 915 dqg 916 wkh uhdghu lv uhihuuhg ^8;` dqg ^93`1

:1 Q�}�ji $ji��B|��j 8Ni6�,Bt

Zh fdq jhw kljkhu ghulydwlyh irupxodv e| lwhudwlqj rxu suhylrxv irupxodv iroorz0
lqj wkh lghdv ri Hozruwk| dqg Ol lq ^57` dqg ^59`1 Lq rughu wr fduu| wklv rxw/ zh zloo
qhhg d plqru h{whqvlrq ri wkh uhvxowv lq Vhfwlrq 71 Ohw iIwj ghqrwh wkh �owudwlrq
dvvrfldwhg wr wkh Eurzqldq prwlrq [w+{, dqg H

Iw ghqrwh frqglwlrqdo h{shfwdwlrq
uhodwlyh wr wkh �0�hog Iw1 Dv xvxdo zh zloo dvvxph wkdw H/ �H/ O/ �O/ p vdwlvi|
Dvvxpswlrq 5 dw wkh ehjlqqlqj ri Vhfwlrq 71 Iru vlpsolflw|/ ohw xv dvvxph wkdw P
lv d frpsdfw pdqlirog1 Wkh qh{w wkhruhp lv wkh frqglwlrqhg yhuvlrq ri Wkhruhp
61: dqg Fruroodulhv 816 dqg 8181

Wkhruhp :141 Ohw 3 � � ? W / � eh d erxqghg phdvxudeoh vhfwlrq ri H/

dw =@ h+W�w,O@5�>

icwj��w�W eh dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq �H�{ +vhh Gh�qlwlrq 619,/ dqg

Q dqg �Q eh dv lq Htv1 +617, dqg +618,1 Iru 3 � � � w � W ohw
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dqg 
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k
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k
TW @@
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51 ru li c� @ 3 wkhq

H
I�
k

�TW @@
�4
W G�+[W +{,,> �T�4� cW

�l
@ H

I�
k
TW @@

�4
W �+[W +{,,> X

c
�>W

�l
=+:19,

Uhpdun :151 Wkh uhvxowv lq wklv wkhruhp duh gluhfw dqdorjxhv ri Wkhruhpv 61:/
dqg Fruroodulhv 816 dqg 8181 Lq idfw wklv wkhruhp frxog eh ghgxfhg xvlqj wkhvh
uhvxowv dorqj zlwk wkh vwurqj Pdunry surshuw| ri wkh Eurzqldq prwlrq [w+{,1 +Li
K = F+U.>P,$ U. lv erxqghg phdvxudeoh dqg � d �qlwh vwrsslqj wlph/ wkhq

H
I� ^K �[�.�+{,` @ H ^K �[1+|,` m|@[� +{, d1v1,+:1:,

Zh zloo vnhwfk d surri khuh xvlqj wkh phwkrgv douhdg| ghyhorshg lq Vhfwlrq 61

Surri1 Qrwlfh wkdw gXc
�>w @ T�4w pwu

@@wgEw
�Tw

�T�4� c3w .
4
5T�4w �wu@@w

�Tw
�T�4� cw gw dqg khqfh

e| Wkhruhp 617/ Xc
�>w dqg �T�4� cw iru � � w � W duh d gxdo sdlu/ l1h1 i]c

�>wj��w�W lv
dq iIwj0pduwlqjdoh1 Wkh vdph frpsxwdwlrqv ohdglqj wr Ht1 +6149, lq Wkhruhp 61:
suryhv Ht1 +:16,1 +Lq idfw Ht1 +:16, lv Ht1 +6149, zlwk cw uhsodfhg e| �T�4� cw dqg wkh

orzhu olplwv lq wkh lqwhjudov gh�qlqj X
�T�4� c
w ehlqj fkdqjhg iurp 3 wr �=,

Vlqfh ]c�>w lv dq iIwj0pduwlqjdoh/ ]c
�>� @ H

I� ^]c
�>W `1 Wklv lghqwlw| lv wkh vdph dv

Ht1 +:17, ehfdxvh

]c
�>� @
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dqg
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�TW @@
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W GdW +[W +{,,> �T�4� cW

�l� HI� kTW @@
�4
W dW +[W +{,,> X

c
�>W

�l
=

Ilqdoo|/ Htv1 +:18, dqg +:19, duh lpphgldwh frqvhtxhqfhv ri Ht1 +:17,1

Wkh iroorzlqj Fruroodu| lv wkh frqglwlrqhg dqdorjxh ri Ht1 +7143, ri Fruroodu| 7171

Fruroodu| :161 Ohw 3 � � ? W / � eh d erxqghg phdvxudeoh vhfwlrq ri H/ i�cwj��w�W
eh dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq U vxfk wkdw �cW @ 31 Iru 3 � � � w � W
ohw

Y
�c
�>w @

] w

�

�T�4� �Tv

�
�c3vpgEv .

4

5
�@@v

�cv gv
�
T�4v =+:1;,

Wkhq

@@�4� Gh+W��,O@5�+[� +{,, �c� @ �HI�
k
Y
�c
�>W TW @@

�4
W �+[W +{,,

l
=+:1<,

Surri1 Ohw � eh d erxqghg I� 0phdvxudeoh udqgrp yduldeoh zlwk ydoxhv lq �H�{ dqg
ohw cw @ �cw�1 Lq wklv fdvh

X c
�>W @

] W

�

T�4v pwu
gEv

�Tv
�T�4� �c3v� .

4

5

] W

�

T�4v �wu@@v
�Tv

�T�4� �cv� gv @ +Y
�c
�>W ,

wu�

zkhuh Y
�c
�>W lv gh�qhg lq Ht1 +:1;,1 Khqfh e| Ht1 +:18, deryh/

@@�4� Gh+W��,O@5�+[� +{,,> �c��
�
@ �HI�

k
TW @@

�4
W �+[W +{,,> +Y

�c
�>W ,

wu�
�l

@ �HI� �Y �c
�>W TW @@

�4
W �+[W +{,,

�
> �
�
=

Vlqfh � lv duelwudu|/ wklv suryhv Ht1 +:1<,1
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:141 Kljkhu Ghulydwlyh Irupxod iru Gludf Rshudwruv1 Ohw H @ �H @ V $P
eh d vslqru exqgoh ryhuP / p @ � eh wkh Fol�rug pxowlsolfdwlrq/ G @ G� wkh Gludf

rshudwru/ dqg O @ �O @ �G51 Uhfdoo wkdw lq wklv fdvh � @ 3/ dqg U @ �U @ 4
7vfdo=

Wkhruhp :171 Vxssrvh wkdw 3 ? W4 ? W dqg c lv dq O40�qlwh hqhuj| surfhvv zlwk
ydoxhv lq U vxfk wkdw c3 @ 5> cW4 @ 4 dqg cW @ 3/ wkhq

�
G5h�WG

5@5�
�
+{, @ H

k
h�

4

;

U
W
3
vfdo+[w+{,,gw �U W4

3
c3v4gEv4

�U W
W4

c3v5gEv5
@@�4W �+[W +{,,

l+:143,

zkhuh � lv d erxqghg phdvxudeoh vhfwlrq ri V1 Iru h{dpsoh/ li c3v @ �+W�44 4^3>W4,.
+W � W4,

�44^W4>W `,/ Ht1 +:143, ehfrphv�
G5h�WG

5@5�
�
+{,

@
4

W4+W � W4,
H

k
h�

4

;

U
W

3
vfdo+[w+{,,gw �EW4�EW�EW4 @@

�4
W �+[W +{,,

l
=+:144,

Surri1 Vlqfh U @ �U @ 4
7vfdo dqg � @ 3/

Tw @ �Tw @ h�
4

;

U
w

3
vfdo+[v+{,,gv>

Y
�c
�>w @ h

4

;

U
�
3
vfdo+[v+{,,gv

] w

�

�c3v�gEv @ h
4

;

U
�
3
vfdo+[v+{,,gv�U w

�
�c3vgEv

dqg khqfh e| Fruroodu| :16/ iru 3 � � ? w/

@@�4� Gh�+w��,G
5@5�+[� +{,,�c� @ �HI�

k
h�

4

;

U
w
�
vfdo+[v+{,,gv�U w

�
�c3vgEv

@@�4w �+[w+{,,
l+:145,

zkhuh �c lv dq U0ydoxhg O40�qlwh hqhuj| surfhvv vxfk wkdw �cw @ 31
Ohw k =@ cm^3>W4`�4 dqg n =@ cm^W4>W ` vr wkdw k dqg n duh O40�qlwh hqhuj| surfhvvhv

rq ^3> W4` dqg ^W4> W ` uhvshfwlyho| vxfk wkdw k3 @ 4/ kW4 @ 3/ nW4 @ 4/ dqg n3 @ 31

Xvlqj wkh vhpljurxs surshuw| ri h�wG
5

dqg wkh idfw wkdw G frppxwhv zlwk h�wG
5

/

G5h�WG
5@5� @ Gh�W4G

5@5Gh�+W�W4,G
5@5�=

E| Ht1 +:145, zlwk � @ 3 dqg w @ W4/�
G5h�WG

5@5�
�
+{,

@ �H
k
h�

4

;

U W4
3

vfdo+[w+{,,gw �U W4
3

k3vgEv
@@�4W4 Gh

�+W�W4,G
5@5�+[W4+{,,

l
dqg e| Ht1 +:145, zlwk � @ W4 dqg w @ W

@@�4W4 Gh
�+W�W4,G

5@5�+[W4+{,,

@ �HIW4
k
h
�4

;

U
W
W4

vfdo+[v+{,,gv�U W
W4

n3vgEv
@@�4W �+[W +{,,

l
=

Frpelqlqj wkhvh wzr htxdwlrqv lpsolhv wkdw�
G5h�WG

5@5�
�
+{, @ H

k
h�

4

;

U
W

3
vfdo+[w+{,,gw �U W4

3
k3v4gEv4

�U W
W4

n3v5gEv5
@@�4W �+[W +{,,

l
@ H

k
h�

4

;

U
W

3
vfdo+[w+{,,gw �U W4

3
c3v4gEv4

�U W
W4

c3v5gEv5
@@�4W �+[W +{,,

l
=
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Uhpdun :181 Wkh phwkrg xvhg lq wklv surri douhdg| dsshduv lq wkh zrun ri Hozruwk|
dqg Ol/ vhh ^57` lq wkh frqwh{w ri 30irupv rq d pdqlirog dqg ^59` iru surylqj irupxodv
iru gg�Swd/ g

�gSwd/ �
nSwd zkhuh d lv d gl�huhqwldo irup1

Uhpdun :191 Ohw 3 ? W4 ? W5 ? � � � ? Wq�4 ? Wq @ W 1 Wkh suhylrxv Wkhruhp
pd| hdvlo| eh h{whqghg wr jlyh�
Gqh�WG

5@5�
�
+{,

@ H

�
h�

4

;

U
W

3
vfdo+[w+{,,gw

]
M

c3v4 c
3
v5 = = = c

3
vq�gEv4

�gEv5
= = = �gEvq@@

�4
W d+[W +{,,

�
>

zkhuh c lv dq U0ydoxhg O40�qlwh hqhuj| surfhvv vxfk wkdw c3 @ q/ cW4 @ q� 4> = = = /
cWq�4 @ 4 dqg cWq @ 3 dqg

M @ i+v4> v5> = = = > vq, = 3 � v4 � W4 � v5 � W5 � � � � � Wq�4 � vq � Wqj=
:151 D Khvvldq Irupxod1 Lq wklv vhfwlrq zh zloo zrun rxw d irupxod iru

Khvv
�
hW�@5i

�
=@ ughW�@5i

zkhuh i lv d erxqghg phdvxudeoh ixqfwlrq rq P 1
Vlplodu irupxodv krog iruughW�@5�/ zkhuh � lv d gl�huhqwldo irup rqP 1 Uhodwhg

Khvvldq irupxodv pd| dovr eh irxqg lq Qruulv ^77`/ Hozruwk| dqg Ol ^57/ 59`/ Vwurrfn
dqg Wxuhwvn| ^87/ 88` dqg Kvx ^68/ 67`1

Wkhruhp :1:1 Ohw P eh d frpsdfw Ulhpdqqldq pdqlirog/ � 5 W{P  W{P iru
vrph { 5P / ixuwkhu i =P $ U eh d erxqghg phdvxudeoh ixqfwlrq rq P 1 Dovr iru
3 ? W4 ? W / ohw icvj3�v�W4 eh dq O40�qlwh hqhuj| surfhvv zlwk ydoxhv lq W{PW{P
vxfk wkdw c3 @ � dqg cW4 @ 3/ dqg ohw ikvjW4�v�W eh dq U0ydoxhg O40�qlwh hqhuj|
surfhvv vxfk wkdw kW4 @ 4 dqg kW @ 3= Wkhq

Khvv
�
hW�@5i

�
+{,> �

�
@ H

%
i+[W +{,,

] W

W4

k3v+TvX
c
W4 > gEv,

&
>+:146,

zkhuh T vroyhv

T3v @ �4

5
Ulf@@v Tv zlwk T3 @ lgW{P+:147,

dqg X c
W4

lv jlyhq lq Ht1 +8166, ri Sursrvlwlrq 81531 +Wkh surfhvv X c
W4

ghshqgv rq
wkh fxuydwxuh whqvru dqg lwv �uvw ghulydwlyhv1,

Surri1 Vlqfh g� @ �g/

ughW�@5i @ ughW4�@5h+W�W4,�@5i @ uhW4�@5gh+W�W4,�@5i=
Frqvhtxhqwo| e| Sursrvlwlrq 8153/

kughW�@5i> �l @ �H
k
TW4@@

�4
W4
gh+W�W4,�@5i+[W4+{,,> X

c
W4

�l
@ �H

k
@@�4W4 gh

+W�W4,�@5i+[W4+{,,>TW4X
c
W4

�l
=+:148,

Vxssrvh qrz wkdw invjW4�v�W lv dq W{P0ydoxhg O40�qlwh hqhuj| surfhvv vxfk
wkdw nW @ 3 dqg nW4 @ TW4X

c
W4
1 E| Ht1 +:18, ri Wkhruhp :14 deryh dssolhg wr wkh

fdvh zkhuh H @ P � U/ �H @ W �P / O @ �+3,/ �O @ �+4,>U @ 3/ �U @ Ulfwu dqg
p @ F +dv lq lwhp 41 ri H{dpsoh 5144, jlyhv

@@�4W4 gh
+W�W4,�@5i+[W4+{,,>TW4X

c
W4

�
@ �HIW4 �i+[W +{,,X

n
W4>W

�
+:149,
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zkhuh

Xn
W4>W @

] W

W4

Fwu
gEvTvT�4W4 n3v @

] W

W4

+TvT�4W4 n3v> gEv,=+:14:,

+Qrwlfh wkdw zkhq dsso|lqj Wkhruhp :14/ T @ lg dqg �T lv wkh T gh�qhg e| Ht1
+:147, deryh1, Soxjjlqj Ht1 +:149, lqwr Ht1 +:148, vkrzv wkdw

kughW�@5i> �l @ H

%
i+[W +{,,

] W

W4

+TvT�4W4 n3v> gEv,

&
=

Wdnlqj nv =@ kvTW4X
c
W4

lq wklv irupxod lpsolhv Ht1 +:146, zklfk suryhv wkh wkhruhp1

Uhpdun :1;1 Lq d pruh jhqhudo vhwwlqj/ lw lv srvvleoh wr ghyhors kljkhu ghulydwlyh
irupxodv lq wkh iroorzlqj vlwxdwlrq1 Ohw G4 = �+H, $ �+H3, eh d _Gludf w|sh%
rshudwru vxfk wkdwG4O�O3G4 @ 3/ dvvxplqj frqglwlrqv wr hqvxuh wkdwG4h

�wO@5 @
h�wO

3@5G41 Ohw G5 = �+H3, $ �+H33, eh dqrwkhu Gludf w|sh rshudwru vxfk wkdw
G5O

3�O33G5 @ �1 Wkhq xvlqj wkh lghdv ghvfulehg deryh/ rqh fdq ghulyh d vwrfkdvwlf
uhsuhvhqwdwlrq irupxod iru G5G4h

�wO@51

;1 �VVjAa�! YH $�uujijA|�B, DjN6j|i�W �N|B|�NA BAa YajA|�|�jt

;141 Frqyhqwlrqv rq Gl�huhqwldo Irupv1 Ohw Y dqg Z eh �qlwh glphqvlrqdo
yhfwru vsdfhv dqg ohw �Y � =@ �n�nY � eh wkh h{whulru dojheud ryhu Y �1 Dv lv xvxdo/
zh zloo lghqwli| hohphqwv ri �nY � Z dqg dowhuqdwlqj n0irupv rq Y zlwk ydoxhv
lq Z 1 Rxu frqyhqwlrq iru grlqj wklv lv wr gh�qh/ zkhq � @ �4 a�5 a � � � a�n z/

� +y4> y5> = = = > yn, =@ ghw
k
i�l+ym,jnl>m@4

l
z+;14,

iru doo iyljnl@4 lq Y 1 Ht1 +;14, jlyhv ulvh wr wkh sdlulqj k� > �l = �nY � � �nY $ U

ghwhuplqhg e|

k�> y4 a y5 a � � � a ynl @ � +y4> y5> = = = > yn, =+;15,

Wklv sdlulqj doorzv xv wr lghqwli| +�nY ,� zlwk �nY �1
Vxssrvh Y dqg Z duh htxlsshg zlwk lqqhu surgxfwv +� > �,Y dqg +� > �,Z uhvshf0

wlyho|1 Jlyhq wklv gdwd/ zh pd| gh�qh wkh lqqhu surgxfw ri � 5 �nY � Z dqg
� 5 �cY � Z e|

+�> �, @ �n>c
4

n$

[
y4>y5>===>yn5�

�
� +y4> y5> = = = > yn, > � +y4> y5> = = = > yn,

�
Z

@ �n>c
[

4�l4?l5?���?ln�q

�
� +hl4 a hl5 a � � � a hln, > � +hl4 a hl5 a � � � a hln,

�
Z

+;16,

zkhuh � @ ih4> h5> = = = > hqj lv dq| ruwkrqrupdo edvlv ri Y 1 Lw pd| eh fkhfnhg wkdw
+�> �, rq �nY � Z lv wkh xqltxh lqqhu surgxfw zlwk wkh surshuw| wkdw

�
�4 a � � � a �n z> �4 a � � � a �c z3

�
@ �n>c ghw

k
i+�l> �m,Y �jnl>m@4

l
+z>z3,Z

iru doo �l> �m 5 Y � dqg z>z3 5 Z 1 Wkh gxdo lqqhu surgxfw rq �Y uhodwlyh wr wkh
sdlulqj lq Ht1 +;15, lv ghwhuplqhg e|�

�4 a �5 a � � � a �n> �4 a �5 a � � � a �c
�
@ �n>c ghw

k
i+�l> �m,Y jnl>m@4

l
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dv lv hdvlo| fkhfnhg ehfdxvh/ e| Ht1 +;16,/

ihl4 a hl5 a � � � a hln = 4 � l4 ? l5 ? � � � ? ln � qj
lv dq ruwkrqrupdo edvlv iru �nY 1

Gh�qlwlrq ;141 Iru y 5 Y / wkh fuhdwlrq +h{whulru surgxfw, rshudwru Fy lv wkh
olqhdu rshudwru rq �Y � �Y � jlyhq e| Fy� @ y a � dqg Fy� =@ +y> �,Y a � iru
� 5 �Y dqg � 5 �Y �1 Wkh dqqlklodwlrq +lqwhulru surgxfw, rshudwru Dy lv wkh olqhdu
rshudwru rq �Y ��Y � jlyhq e| wkh dgmrlqw ri Fy1 Qrwlfh wkdw Fy

�
�nY � �nY �

�
@

�n.4Y � �n.4Y �dqg Dy
�
�nY � �nY �

�
@ �n�4Y � �n�4Y �1

Zh kdyh wkh iroorzlqj zhoo nqrzq +dqg hdvlo| fkhfnhg, idfwv derxw F dqg D1

Ohppd ;151 Ohw D dqg F eh dv lq Gh�qlwlrq ;14/ wkhq

41 +Irupxod iru Dy, Iru y> y4> y5> = = = yn 5 Y dqg � 5 �Y �/ Dy� =@ �+y> �> = = = > �,
dqg

Dy+y4 a y5 a � � � a yn, @
q[
l@4

+�4,l.4+y> yl, y4 a y5 a � � � a ayl � � � a yn=

51 +Ghulydwlrq Surshuw|, Iru hdfk y 5 Y /

Dy+� a �, @ Dy� a � . +�4,n� aDy�
zkhuh � 5 �nY � dqg � 5 �Y � ru � 5 �nY dqg � 5 �Y 1

61 +Pxowlsolfdwlyh Surshuw|, Iru hdfk y 5 Y /

Fy+� a �, @ +�4,n� aFy�
iru � 5 �nY � dqg � 5 �Y � ru � 5 �nY dqg � 5 �Y 1

71 +Wudqvsrvhv, Wkh sdlulqj lq Ht1 +;15, doorzv xv wr lghqwli| �Y � zlwk +�Y ,�

dqg khqfh +�Y �,� zlwk +�Y ,�� �@ �Y 1 Xqghu wkhvh lghqwl�fdwlrqv/ Fwu
y @ Dy1

81 +Frppxwdwlrq Uhodwlrqv, Iru doo y> z 5 Y /

FyFz .FzFy @ 3>

DyDz .DzDy @ 3> dqg

DyFz .FzDy @ +y> z, lg+�Y��Y �, =

Ohw �y =@ Fy �Dy/ dq rshudwru rq H =@ �nY � iru doo y 5 Y 1 Wkhq

��y @ F�y �D�y @ Dy �Fy @ ��y
dqg e| surshuw| 81 deryh/

�y�z . �z�y @ �5+y> z,Y lg =+;17,

Qrwdwlrq ;161 Li Z lv dqrwkhu yhfwru vsdfh/ zh zloo dexvh qrwdwlrq e| xvlqj Dy
dqg Fy wr ghqrwh wkh rshudwruv Dy  lgZ dqg Fy  lgZ rq +�Y � �Y �,Z 1

Gh�qlwlrq ;17 +Fol�rug Pxowlsolfdwlrq,1 Ohw Y dqg H eh lqqhu surgxfw vsdfhv/ d
pxowlsolfdwlrq pds � = Y �  H $ H lv fdoohg d Fol�rug pxowlsolfdwlrq surylghg
��y @ ��y iru doo y 5 Y dqg

�y�z . �z�y @ �5+y> z,Y lgH

krogv iru doo y> z 5 Y 1



73 GULYHU DQG WKDOPDLHU

;151 Fxuydwxuh1 Vxssrvh wkdw H $ P lv d yhfwru exqgoh dqg wkdw WP dqg H
duh htxlsshg zlwk fryduldqw ghulydwlyhv uH dqg uWP uhvshfwlyho|1 Dv lq Vhfwlrq
515/ wkhvh fryduldqw ghulydwlyhv lqgxfh d fryduldqw ghulydwlyh rq W �P  H dv zhoo1
Iru d 5 �+H, dqg y> z 5 W{P / ohw u5

yzd @
�uW�PHuHd

�
+y>z,1 Xvlqj wklv

qrwdwlrq/ zh kdyh wkh iroorzlqj xvhixo irupxod iru wkh fxuydwxuh ri uH 1

Ohppd ;181 Iru y> z 5 W{P /

u5
yzd�u5

zyd @ UH+y> z,d�uH
W +y>z,d>

zkhuh UH lv wkh fxuydwxuh whqvru ri uH dqg W lv wkh wruvlrq whqvru ri uWP 1 Khqfh
li uWP lv wruvlrq iuhh/ dv lv wkh Ohyl0Flylwd frqqhfwlrq/ wkhq

u5
yzd�u5

zyd @ UH+y> z,d=

Surri1 Ohw [>\ 5 �+WP,/ wkhq

u5
[\ d @ uH

[uH
\ d�uH

uWP
[ \ d

dqg khqfh

u5
[\ d�u5

\[d @ uH
[uH

\ d�uH
uWP
[ \ d�uH

\uH
[d.uH

uWP
\ [d

@ uH
[uH

\ d�uH
\uH

[d�uH
^[>\ `d

�uH

+uWP
[

\�uWP
\

[�^[>\ `,d

@ UH+[>\ ,d�uH
W +[>\ ,d=

;161 Zhlw}hqe�rfn Irupxodv iru Jhqhudol}hg Gludf Rshudwruv1 Vxssrvh wkdw
H $P lv d Ulhpdqqldq yhfwru exqgoh zlwk phwulf frpsdwleoh fryduldqw ghulydwlyh1
Vxssrvh ixuwkhu wkdw � = W �P  H $ H lv d Fol�rug pxowlsolfdwlrq pds/ l1h1
�y�z . �z�y @ �5+y> z, iru doo y> z 5 W{P dqg { 5P 1 Zh dovr dvvxph wkdw � lv
frpsdwleoh zlwk wkh fryduldqw ghulydwlyh rq H dqg wkdw �y dfwv dv d vnhz dgmrlqw
rshudwru rq H{ iru doo { 5P 1 Wklv lpsolhv e| Ohppd 5149 wkdw wkh irupdo dgmrlqw
ri G� lv G� 1 Ohw O =@ �G5

� / wkhq wkh iroorzlqj Zhlw}hqe�rfn irupxod krogv=

O @ �� 4

5

[
l>m

�hl�hmU
H+hl> hm,>+;18,

zkhuh ihljql@4 lv dq| orfdo ruwkrqrupdo iudph ri WP 1 Il{lqj { dqg fkrrvlqj ihljql@4
vxfk wkdw +uhl,{ @ 3 iru doo l/ wklv lv yhul�hg e| wkh iroorzlqj frpsxwdwlrq=

G5
� @

[
l>m

�hluhl�u @
[
l>m

�hl�uhlu

@
[
l>m

�hl�hmu5
hlhm @

4

5

[
l>m

�
�hl�hmu5

hlhm . �hm�hlu5
hmhl

�
@

4

5

[
l>m

�
��hm�hlu5

hlhm � 5�l>mu5
hlhm . �hm�hlu5

hmhl

�
@ ��.

4

5

[
l>m

�hm�hl

�
u5
hmhl �u5

hlhm

�
@ ��.

4

5

[
l>m

�hm�hlU+hm > hl,>
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zkhuh wkh odvw htxdolw| lv d frqvhtxhqfh ri Ohppd ;181 Fohduo| zh dovr kdyh wkdw
G�O @ OG� 1

;16141 Gludf Rshudwru rq d Vslqru Exqgoh1 Li P lv d vslq pdqlirog/ H @ V lv d
vslqru exqgoh ryhu P / dqg uV lv wkh vslq frqqhfwlrq rq V/ wkhq wkh suhylrxv
irupxod uhgxfhv wr G5

� @ ��. 4
7vfdo/ zkhuh vfdo lv wkh vfdodu fxuydwxuh ri P / vhh

s1 459 lq ^7`1

;16151 Yhfwru0Ydoxhg Gl�huhqwldo Irupv1 Ohw P eh d Ulhpdqqldq pdqlirog zlwk
Ohyl0Flylwd frqqhfwlrq dqg H $ P eh d Ulhpdqqldq yhfwru exqgoh ryhu P / hq0
grzhg zlwk d Ulhpdqqldq olqhdu frqqhfwlrq1 Ohw Ds+H, @ �+�sW �P  H, eh wkh
vsdfh ri s0irupv rq P zlwk ydoxhv lq wkh yhfwru exqgoh H dqg ohw

D+H, @ �+�W �P H, @
P
s�3

Ds+H,=

Wkh vdph v|pero u zloo eh xvhg wr ghqrwh ydulrxv fryduldqw ghulydwlrqv lqgxfhg
qdwxudoo| iurp wkh Ulhpdqqldq phwulf rq P dqg wkh phwulf frqqhfwlrq lq H1 Ohw
F = W �P +�W �P H,$ �W �PH eh wkh fuhdwlrq pxowlsolfdwlrq rshudwru dqg
gh�qh gu = D+H,$ D+H, e| gu =@ GF @ Fu1 Wkh h{solflw irupxod iru gu lv

gud+y4> = = = > ys.4, @

s.4[
l@4

+�4,l.4+uyld,+y4> = = = > eyl> = = = > ys.4,>
zkhuh d 5 Ds+H, dqg y4> = = = > ys.4 5 W{P iru vrph { 5P 1

Vlqfh

u[ +F+� d,, @ u[ +� a d, @ u[� a d. � au[d

@ F +u[� d. �u[d,+;19,

wkh h{whulru pxowlsolfdwlrq F lv frpsdwleoh zlwk u1 Wkh iroorzlqj surshuwlhv ri gu
+vhh ^53`/ ^54`, iroorz iurp wkh surgxfw uxoh iru u/ Ht1 +;19,/ dqg edvlf surshuwlhv
ri F=

41 gud @ ud iru d 5 D3+H, @ �+H,1
51 gu+�ad, @ g�ad.+�4,ghj+�,�agud iru doo krprjhqhrxv gl�huhqwldo irupv

� rq P dqg d 5 D+H,1
61 g 5u+� a d, @ � a g 5ud iru doo krprjhqhrxv gl�huhqwldo irupv � rq P dqg

d 5 D+H,1
71 Li d 5 D3+H, =@ �+H,/ wkhq g 5ud @ UHd ehfdxvh

g 5ud @ FuFud

@
q[

l>m@4

FhlFhmu5
hlhmd

@
4

5

q[
l>m@4

k
FhlFhm

�
u5
hlhmd�u5

hmhld
�l

@
4

5

q[
l>m@4

FhlFhmU+hl> hm,d @ UHd>

zkhuhlq zh kdyh xvhg Ohppd ;181
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81 Surshuw| 7 pd| eh h{whqghg wr doo d 5 D+H, wr uhdg g 5ud @ UHad/ zkhuhUHa
lv wkh olqhdu rshudwru rq �+W �P,H ghwhuplqhg e| UH a +� e, @ �aUHe
iru � 5 �+W �P, dqg e 5 D3+H,1 Dowhuqdwlyho|/

g 5ud @
4

5

q[
l>m@4

FhlFhmU+hl> hm,d>+;1:,

zkhuh qrz U lv wkh fxuydwxuh whqvru iru wkh lqgxfhg frqqhfwlrq rq �+W �P,
H1

Uhpdun ;191 Li H @ P � U lv wkh wulyldo yhfwru exqgoh vr wkdw UH @ 3 dqg khqfh
g5u @ 3/ wkhq gu lv suhflvho| wkh h{whulru gl�huhqwldo g rq gl�huhqwldo irupv rq P 1

Uhodwlyh wr wkh Ulhpdqqldq vwuxfwxuhv rq H dqg WP / wkh fr0gl�huhqwldo rshudwru
g�u = Ds+H,$Ds�4+H, lv fkdudfwhul}hg dv wkh dgmrlqw ri gu yld

]
P

�
gud+{,> e+{,

�
�s+W�P,H

yro+g{, @

]
P

�
d+{,> g�ue+{,

�
�s�4+W�P,H

yro+g{,

+;1;,

iru d 5 Ds�4+H, ri frpsdfw vxssruw dqg e 5 Ds+H,1 E| Ohppd 5149 dqg wkh idfw
wkdw F�y @ Dy>

g�ud @ �
[
l

Dhluhld iru d 5 Ds+H,+;1<,

vhh ^54`/ s1 ;1 Vlqfh g 5u lv d }hur rughu rshudwru/ vhh Ht1 +;1:,/ lw iroorzv wkdw g�5u lv
wkh }hur rughu rshudwru=

g�5u e @
4

5

q[
l>m@4

UH+hl> hm,DhlDhme @
[

4�l?m�q

UH+hl> hm,DhlDhme>+;143,

ehfdxvh�
UH a d> e� @ 4

5

q[
l>m@4

�
FhlFhmU

H+hl> hm,d> e
�
@

4

5

q[
l>m@4

�
UH+hl> hm,d>DhmDhle

�
@ �4

5

q[
l>m@4

�
d>UH+hl> hm,DhmDhle

�
@

4

5

q[
l>m@4

�
d>UH+hl> hm,DhlDhme

�
=

Wkhuh duh qrz gl�huhqw Odsodfldqv rq H0ydoxhg gl�huhqwldo irupv/ h1j1/

� @ �+gug�u . g�ugu, dqg �3 @ �+gu . g�u,
5 @ �G5

� >+;144,

zkhuh � lv wkh Fol�rug pxowlsolfdwlrq gh�qhg e| �y @ Fy �Dy1 Wkh Odsodfldqv �
dqg

�3 @ �� g5u � g�5u @ ��
[

4�l?m�q

UH+hl> hm,
�
DhlDhm .FhlFhm

�
+;145,

gr qrw frlqflgh rq D1+H,/ h{fhsw lq wkh fdvh ri �dw exqgohv1 Erwk � dqg �3 duh
hoolswlf/ qhjdwlyh/ dqg hvvhqwldoo| vhoi0dgmrlqw rq frpsohwh pdqlirogv1 Wkh rshudwru
� lv wkh prvw srsxodu fkrlfh vlqfh lw kdv wkh dgydqwdjh ri ehlqj krprjhqhrxv/ l1h1
� = Ds+H,$Ds+H,1 Iru rxu sxusrvhv krzhyhu/ �3 vhhpv wr eh pruh qdwxudo1
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Sursrvlwlrq ;1: +Zhlw}hqe�rfn*v Irupxod,1 Wkh uhodwlrq ehwzhhq � dqg � lv � @
��U/ zkhuh

U @ �
q[

l>m@4

FhlDhmU+hl> hm,=+;146,

Dowhuqdwlyho|/ U pd| eh ghvfulehg e| uhtxlulqj

+Ud, +y4> = = = > ys, @
s[

n@4

q[
m@4

+�4,n�U+yn> hm,d� +hm > y4> = = = > ayn> = = = > ys,
iru doo d 5 Ds+H,/ y4> = = = > ys 5 W{P / { 5P dqg s � 4 dqg Ud @ 3 li d 5 D3+H,1
Vlploduo| +xvlqj Ht1 +;145,,/ �3 @ ��U3/ zkhuh

U3 @ U.
[

4�l?m�q

UH+hl> hm,
�
DhlDhm .FhlFhm

�
=+;147,

Surri1 E| wkh gh�qlwlrq ri �/

� @ FuDu.DuFu
@ FhluhlDu.DhluhlFu
@ FhlDuhlu.DhlFuhlu
@ FhlDhmu5

hlhm .DhmFhlu5
hmhl

@ FhlDhmu5
hlhm .

�
�lm �FhlDhm

�u5
hmhl

@ �.FhlDhm

�
u5
hlhm �u5

hmhl

�
@ �.FhlDhmU+hl> hm,>

zkhuh zh duh vxpplqj rq uhshdwhg lqglfhv1 Wklv suryhv � @ � � U zkhuh U lv
jlyhq dv lq Ht1 +;146,1 Iru y4> = = = > ys 5 W{P /

�+Ud,+y4> = = = > ys, @
�
+hl> �, aDhmU+hl> hm,d

�
+y4> = = = > ys,

@

s[
n@4

+�4,n.4+hl> yn,
�
DhmU+hl> hm,d

�
+y4> = = = > ayn> = = = > ys,

@

s[
n@4

+�4,n.4�U+yn> hm,d� +hm > y4> = = = > ayn> = = = > ys,
zklfk suryhv Ht1 +;147,1

Uhpdun ;1;1 Ehfdxvh �/ �3/ dqg � duh dv|pphwulf rshudwruv rq frpsdfwo| vxs0
sruwhg vprrwk vhfwlrqv/ lw iroorzv wkdw U dqg U3 duh �ehuzlvh v|pphwulf rshudwruv
dv zhoo1 Lq sduwlfxodu lw iroorzv wkdw

U @ U� @ �
q[

l>m@4

+U+hl> hm,,
�D�hmF

�
hl

@
q[

l>m@4

U+hl> hm,FhmDhl @ �
q[

l>m@4

U+hm > hl,FhmDhl =+;148,

Wkh ghulydwlyh irupxodv wkdw dsshdu lq wkh erg| ri wklv duwlfoh riwhq lqyroyh wkh
rshudwru Uwu udwkhu wkdq U1
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Ohppd ;1<1 Wkh wudqvsrvh Uwu ri U 5 �+Hqg+�+W �P,  H,, lq Ht1 +;146, lv
irupdoo| jlyhq e| wkh vdph irupxod dv U/

Uwu @ �
q[

l>m@4

FhlDhmU+hl> hm, @ �
q[

l>m@4

U+hm > hl,FhmDhl >+;149,

exw qrz dfwlqj rq �+WP,H�1 Lq sduwlfxodu zkhq H @P�U +vr �+W �P,H @
�+W �P,,/ li y 5 WP @ �4WP � �WP / wkhq

Uwuy @
q[

l>m@4

U+hl> hm,hm+y> hl, @ Ulf y=+;14:,

Surri1 Vlqfh U lv wkh fxuydwxuh whqvru lqgxfhg e| wkh fryduldqw ghulydwlyhv rq H
dqg WP / lw iroorzv wkdw U+y> z,wum+�+WP,H�, @ �U+y> z,m+�+W �P,H,1 Khqfh
vwduwlqj zlwk Ht1 +;146, dqg xvlqj Ohppd ;15 zh �qg/

Uwu @ �
q[

l>m@4

U+hl> hm,
wuDwu

hmF
wu
hl

@
q[

l>m@4

U+hl> hm,FhmDhl @ �
q[

l>m@4

U+hm > hl,FhmDhl =

Dq dqdorjrxv frpsxwdwlrq vwduwlqj zlwk Ht1 +;148, vkrzv

Uwu @ �
q[

l>m@4

FhlDhmU+hl> hm,=

Sursrvlwlrq ;1431 Ohw d 5 D3+H, @ �+H, dqg y 5 WP / wkhq

^�>u`y d @ uUlf yd. +u �UH,yd� 5UH+y> hl,uhld+;14;,

zkhuh Ulf y �Sq
l@4U

WP +y> hl,hl dqg +u �UH,y �
Sq

l@4+uhlU
H,+hl> y,1

Surri1 Zh vwduw zlwk wkh uhodwlrq/

�gu � gu� @ gu+g
�
ugu . gug

�
u,� +g�ugu . gug

�
u,gu

@ g5ug
�
u � g�ug

5
u @ U a g�u � g�uU a =

Dsso|lqj wklv uhodwlrq wr d 5 D3+H, jlyhv

+��U,ud�u�d @ �gud� gu�d @ �g�u +U a d,

@
q[
l@4

Dhluhl +Ud, @
q[
l@4

Dhl +uhlUd.Uuhld,

@
q[
l@4

�
+uhlU, +hl> �,d.U+hl> �,uhld

�
@ +u �U,d�U � ud>
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zkhuh U lv gh�qhg lq Sursrvlwlrq ;1: deryh1 Dgglqj wklv htxdwlrq wr wkh irupxod
iru Uud/

+Uud, +y, @ �
q[
l@4

+U+y> hl,ud, +hl,

@ �
q[
l@4

UH+y> hl,uhld.
q[
l@4

uU+y>hl,hld

@ �U � ud.uUlf yd>

frpsohwhv wkh surri1

<1 �VVjAa�! YYH 7j6�}iN�V -jt�,|t

<141 Vrph Vshfwudo Wkhru| iru Yhfwru0Ydoxhg Vfku�rglqjhu Rshudwruv1 Ohw
P eh d Ulhpdqqldq pdqlirog dqg � = H $P d Ulhpdqqldq yhfwru exqgoh ryhuP /
hqgrzhg zlwk d Ulhpdqqldq frqqhfwlrq1 Uhfdoo wkdw �+H, ghqrwhv wkh vprrwk
vhfwlrqv/ �f+H, wkh frpsdfwo| vxssruwhg vprrwk vhfwlrqv/ dqg O50�+H, wkh vprrwk
vtxduh0lqwhjudeoh vhfwlrqv ri H1 Ilqdoo|/ O5+H, lv wkh Kloehuw vsdfh ri vtxduh0
lqwhjudeoh vhfwlrqv ri H zlwk wkh lqqhu surgxfw

+d> e,O5+H, @

]
P

+d+{,> e+{,,H{ yro+g{,=+<14,

Ohppd <141 Wkh rshudwru � @ wuu5 lv qrq0srvlwlyh dqg irupdoo| vhoi0dgmrlqw1
Pruh suhflvho|/

+�d> e,O5+H, @ �+ud>ue,O5+W�PH,+<15,

iru d> e 5 �+H, zlwk d ru e ri frpsdfw vxssruw1

Surri1 Ohw p eh wkh lghqwlw| pxowlsolfdwlrq pds iurp H wr �H =@ W �P  H1 Wkhq
Gp @ uH / p�

yV @ V+y, iru V 5 �+ �H, �@ �+Krp+WP>H,, dqg � @ Gp�Gp dqg
khqfh e| Ohppd 5149/

+�d> e,O5+H, @ +Gp�Gpd> e,O5+H,

@ �+Gpd>Gpe,O5+W�PH,

@ �+ud>ue,O5+W�PH,=

<14141 Vhoi0dgmrlqw H{whqvlrqv dqg Hoolswlf Uhjxodulw|1 Ohw O @ � �U zkhuh U 5
�+HqgH, lv dvvxphg wr eh v|pphwulf/ l1h1 U{ lv d v|pphwulf olqhdu wudqvirupdwlrq
ri H{ iru hdfk { 5P 1 Vxssrvh wkdw +��U,m�f+H, lv erxqghg deryh/ l1h1/

�3+U, =@ vxs

�
++��U,d> d,O5

+d> d,O5
= 3 9@ d 5 �f+H,

�
?4=+<16,

Lq wklv vlwxdwlrq/ wkhuh lv d fdqrqlfdo vhoi0dgmrlqw h{whqvlrq ri ��U/ wkh vr0fdoohg
Iulhgulfkv h{whqvlrq/ fi1 ^78`1 Zh eulh�| vnhwfk wkh frqvwuxfwlrq= Gh�qlqj H+d> e, =@
�+ud>ue,O5 � +Ud> e,O5 iru d> e 5 G+H, =@ �f+H,/ wkhq iru dq| f A �3+U,/

t+d> e, =@ �H+d> e, . f +d> e,O5+<17,
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lv d srvlwlyh txdgudwlf irup rq G+H,1 Rq frpsohwlqj G+H, lq wkh t0qrup wr G+H,
dqg h{whqglqj H e| frqwlqxlw| wr d forvhg txdgudwlf irup H rq G+H,/ zh jhw

H+d> e, @ ++��U,	d> e,O5+<18,

iru vrph vhoi0dgmrlqw rshudwru +��U,	zlwk grpdlq G+H, � O5+H,1 Wkh rshudwru

+��U,	 lv fdoohg wkh Iulhgulfkv h{whqvlrq ri +��U,m�f+H,1
Uhpdun <151 Li wkh pdqlirog P lv frpsohwh/ wkhq +� � U,m�f+H, lv hvvhqwldoo|
vhoi0dgmrlqw dqg +� � U,	 @ +� � U,� zkhuh +� � U,� ghqrwhv wkh forvxuh ri

+��U,m�f+H,1 Vhh iru h{dpsoh Vwulfkduw} ^84` dqg Gdylhv ^44`1

Lq wkh vhtxho/ zh duh jrlqj wr ghdo zlwk wkh O5 vhpljurxs

Swd @ hw+��U,	@5d> d 5 O5+H,>+<19,

gh�qhg e| wkh vshfwudo wkhruhp1 Iluvw/ zh qrwh vrph frqvhtxhqfhv iurp vwdqgdug
hoolswlf wkhru|1

Uhpdun <16 +Hoolswlf Uhjxodulw|,1 Iru d 5 O5+H, wkh iroorzlqj surshuwlhv krog=

+l, Li d 5 nhu+��U,	 wkhq d 5 O50�+H,1

+ll, Wkh pds +w> {, :$ Swd+{, lv vprrwk rq `3>4^ �P / iru d 5 O50�+H, hyhq
rq ^3>4^ � P 1 Lq dgglwlrq/ wkhuh h{lvwv d nhuqho +w> {> |, :$ s+w> {> |, 5
Krp+H|> H{, zklfk lv vprrwk rq `3>4^�P �P / vxfk wkdw

Swd+{, @

]
P

s+w> {> |,d+|, yro+g|,+<1:,

iru wkh F4 yhuvlrq ri Swd/ vhh ^44`1

<14151 Vhpljurxs Grplqdwlrq dqg Ih|qpdq0Ndf Lghqwlwlhv1 Jlyhq � = P $ U frq0
wlqxrxv dqg d phdvxudeoh ixqfwlrq i rq P / ohw

S�
w i+{, @ H

�
h{s

�
�4

5

] w

3

�+[v+{,,gv

�
i+[w+{,, 4iw?�+{,j

�
+<1;,

zkhq wkh uljkw0kdqg vlgh lv zhoo0gh�qhg1
Frqvlghu djdlq O @ � � U zkhuh U 5 �+HqgH, lv dvvxphg wr eh v|pphwulf/

dqg ohw

U+{, @ plq i+U{y> y, = y 5 H{> mym @ 4j =+<1<,

E| xqlirup frqwlqxlw|/ U lv d frqwlqxrxv ixqfwlrq rq P 1 Li +Tw, lv gh�qhg e|

g

gw
Tw @ �4

5
TwU@@w

zlwk T3 @ lgH{ >+<143,

wkhq

mTwmrs � h{s

�
�4

5

] w

3

U+[v+{,,gv

�
=+<144,

zklfk fdq eh vhhq/ iru lqvwdqfh/ e| uhsuhvhqwlqj wkh vroxwlrq wr +<143, lq whupv ri
d surgxfw lqwhjudo +^46`/ s1 5;, ru e| Jurqzdoo*v lqhtxdolw|1
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Wkhruhp <171 Ohw ��U eh dv deryh zkhuh U 5 �+HqgH, lv d v|pphwulf �hog ri
hqgrprusklvpv1 Vxssrvh wkdw +��U,m�f+H, lv erxqghg iurp deryh1 Iru d 5 O5+H,
ohw

Swd @ hw@5 +��U,	d+<145,

eh wkh F4 yhuvlrq ri wkh O5 vhpljurxs1 Wkhq wkh irupxod

Swd+{, @ H
�
Tw @@

�4
w d+[w+{,, 4iw?�+{,j

�
+<146,

krogv iru doo d 5 O5+H, zlwk S
U
w mdm+{, ?41

Surri1 Vlqfh Swd kdv dq lqwhjudo nhuqho/ xvlqj d prqrwrqh fodvv dujxphqw/ lw lv
vx�flhqw wr fkhfn +<146, iru d 5 O5+H,_�f+H,1 Ixuwkhu/ qrwh wkdw dq| +frqqhfwhg,
pdqlirog P fdq eh h{kdxvwhg e| d vhtxhqfh ri uhodwlyho| frpsdfw rshq grpdlqv
Gq zlwk vprrwk erxqgdu|1 Iru lqvwdqfh/ ohw +*c,c5Q eh d sduwlwlrq ri xqlw| vxfk
wkdw 3 � *c 5 F4f +P,1 Frqvlghu !q =@

Sq
c@4 *c1 Fkrrvlqj qxpehuv %q ) 3

vxfk wkdw i!q @ %qj duh vprrwk vxepdqlirogv ri P +zklfk lv srvvleoh e| Vdug*v
wkhruhp,/ wkhq

G3
q =@ i!q A %qj (P

jlyhv d vprrwk h{kdxvwlrq ri P / vlqfh !q ( 4 srlqwzlvh1 Ilqdoo|/ e| �{lqj d srlqw
{3 lqP dqg gh�qlqj Gq dv wkh frpsrqhqw ri G3

q frqwdlqlqj {3/ zh jhw d vhtxhqfh
ri frqqhfwhg vhwv Gq zlwk wkh ghvluhg surshuwlhv1

Qrz/ �{ dq h{kdxvwlqj vhtxhqfh Gq ( P dv deryh/ dqg ohw aOq ghqrwh wkh
Iulhgulfkv h{whqvlrqv ri +��U,m�f+H@Gq,1 Wkhq/ e| prqrwrqh frqyhujhqfh ri wkh
fruuhvsrqglqj txdgudwlf irupv/ vhh h1j1 ^69`/ Wkhruhp YLLL06144/ zh jhw

S
+q,
w d =@ hw

aOq@5d$ Swd lq O5=+<147,

Zh xvh wkh iroorzlqj wzr surshuwlhv ri S
+q,
w d=

41 wkh pds +w> {, :$ S
+q,
w d+{, lv vprrwk +lq sduwlfxodu erxqghg, rq ^3> W `�Gq/

51 wkh vhpljurxs S
+q,
w d ydqlvkhv rq CGq1

Uhfdoo wkdw iru hdfk w A 3/

Q +q,
v =@ Tv @@

�4
v S

+q,
w�vd+[v+{,,+<148,

lv d orfdo pduwlqjdoh zlwk olihwlph w a �q+{, zkhuh �q+{, ghqrwhv wkh �uvw h{lw

wlph ri [+{, iurp Gq1 Vlqfh Q
+q,
v lq Ht1 +<148, lv erxqghg/ zh pd| frqfoxgh

H^Q
+q,
3 ` @ H^Q

+q,
wa�q+{,

`1 Exw qrwh wkdw

H

k
Q

+q,
wa�q+{,

l
@ H

k
Q

+q,
w 4iw?�q+{,j

l
. H

k
Q

+q,
�q+{,

4iw��q+{,j

l
@ H

k
Q

+q,
w 4iw?�q+{,j

l
@ H

k
Tw @@

�4
w d+[v+{,, 4iw?�q+{,j

l
dqg

��Tw @@
�4
w d+[v+{,, 4iw?�q+{,j

�� � h{s

�
�4

5

] w

3

U+[v+{,,gv

�
mdm+[w+{,, 4iw?�+{,j=

E| dvvxpswlrq/ wkh uljkw0kdqg vlgh lv lq O4/ wkxv e| grplqdwhg frqyhujhqfh/

S
+q,
w d+{, @ H

�
Q
+q,
wa�q+{,

�$ H
�
Tw @@

�4
w d+[w+{,, 4iw?�+{,j

�
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zklfk frpelqhg zlwk +<147, jlyhv wkh fodlp1

Qrwh wkdw wkh deryh surri vkrzv lq sduwlfxodu vhpljurxs grplqdwlrq/ vhh Wkhr0
uhp 716 ri Grqqhoo| dqg Ol ^47`=

mSwdm+{, � S
U
w mdm+{,>+<149,

vhh ^83`/ ^6` iru d jhqhudo dffrxqw rq wklv1 Ehiruh glvfxvvlqj wklv srlqw/ ohw xv
vshfldol}h Wkhruhp <17 wr d Ih|qpdq0Ndf lghqwlw| rq ixqfwlrqv1 Wkh iroorzlqj
Fruroodu| lv zhoo0nqrzq dw ohdvw lq wkh fdvh � @ 3/ h1j1 ^45`1

Fruroodu| <181 OhwP eh d Ulhpdqqldq pdqlirog/ �P lwv Odsodfh0Ehowudpl rshud0
wru/ dqg ��

P =@ �P�� zkhuh � = P $ U lv frqwlqxrxv1 Vxssrvh wkdw ��
P mF4f +P,

lv erxqghg iurp deryh/ l1h1/

�3+�, =@ vxs

�
+��

P*>*,

+*>*,
= 3 9@ * 5 F4f +P,

�
?4=+<14:,

Wkhq S�
w mi m+{, ?4 iru dq| i 5 O5+P, dqg { :$ S�

w i+{, lv frqwlqxrxv iru w A 31

Ohw a��
P eh wkh Iulhgulfkv h{whqvlrq ri ��

P mF4f +P,1 Wkhq/

hw
a��
P@5i @ S �

w i+<14;,

iru wkh O5 vhpljurxs jlyhq e| wkh vshfwudo wkhruhp1

Surri1 Wdnh wkh wulyldo exqgoh H @P �U/ wkhq �+H, @ F4+P, dqg �i @ �Pi 1
Wkhruhp <17 jlyhv wkh fodlp dw ohdvw iru vprrwk �/ d uhvwulfwlrq zklfk fdq hdvlo| eh
uhpryhg1

Wkhruhp <19 +Vhpljurxs Grplqdwlrq,1 Iru d �hog U 5 �+HqgH, ri v|pphwulf

hqgrprusklvpv/ ohw OU @ ��U dqg �
U
P @ �P �U1 Wkhq

�3+U, � �3+U,=+<14<,

Lq sduwlfxodu/ li �
U
P mF4f +P, lv erxqghg iurp deryh/ wkhq OUm�f+H, lv dovr erxqghg

iurp deryh/ dqg pruhryhu wkh iroorzlqj hvwlpdwh krogv=

mSwdm � S
U
w mdm=+<153,

Surri1 Zh pd| dvvxph wkdw �3+U, ? 41 Li �3+U, ? 4/ wkhq wkh Iulhgulfkv

h{whqvlrq aOU ri OUm�f+H, lv zhoo0gh�qhg/ dqg e| Ht1 +<149,/

h�3+U,@5 @ vxs
d5�f+H,qi3j

��
d> h

aOU@5d
��

d> d
� �

� vxs
d5�f+H,qi3j

��mdm> h a�UP@5mdm��mdm> mdm�
�
� h�3+U,@5=

Wr vhh wkdw �3+U, ?4 lpsolhv �3+U, ?4/ zh qrwh wkdw wkh deryh dujxphqw fdq
eh dssolhg �uvw wr jlyh �3+UmGq, � �3+U, iru hdfk Gq ri d vhtxhqfh ri vprrwko|
erxqghg/ uhodwlyho| frpsdfw rshq grpdlqv Gq ( P 1 Iurp wklv wkh fodlp iroorzv
reylrxvo|1
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<151 D Frppxwdwlylw| Uhvxow1 Lq wklv vxevhfwlrq/ zh lqyhvwljdwh frqglwlrqv xq0
ghu zklfk d Gludf w|sh rshudwru G frppxwhv zlwk wkh O5 vhpljurxs jhqhudwhg e|
wkh Iulhgulfkv h{whqvlrq ri G51 Lq sduwlfxodu/ zh vkdoo uhfryhu wkh idfw wkdw g dqg
g� frppxwh zlwk hw

�� zkhq P lv frpsohwh1 Wkh suhflvh vwdwhphqw lv jlyhq lq
Uhpdun <1< ehorz1 Vlplodu glvfxvvlrqv pd| eh irxqg lq Eu�xqlqj dqg Ohvfk ^:`/
[xh0Phl Ol ^74/ 73` dqg lq Exhohu ^;`1

Wkhruhp <1:1 Ohw G eh d forvdeoh ghqvho| gh�qhg rshudwru rq d Kloehuw vsdfh K1
Wkhq G� �G dqg �GG� duh ghqvho| gh�qhg/ vhoi0dgmrlqw dqg � 31 Ixuwkhupruh

G�h�w
�GG�

��G+G�, @ h�wG
� �GG� dqg �Gh�wG

� �G
��G+ �G, @ h�w

�GG� �G=+<154,

Surri1 +E| %Qhovrq*v wulfn%/ dv lq ^8:`/ vhfwlrq 815,1 Wkh rshudwru

T =@

�
3 G�

�G 3

�
rq K �K lv vhoi0dgmrlqw +vhh ^8:`/ Ohppd 816,1 Wkxv/ e| wkh vshfwudo wkhruhp/

T5 @

�
G� �G 3
3 �GG�

�
lv ghqvho| gh�qhg/ vhoi0dgmrlqw dqg qrq0qhjdwlyh dqg khqfh duh lwv frpsrqhqwv G� �G

uhvshfwlyho| �GG�1 E| wkh vshfwudo wkhruhp/ Th�wT
5 mG+T, @ h�wT

5

T1 Lw pdnhv qr
gl�huhqfh dsso|lqj wkh vshfwudo wkhruhp wr T5 dv d zkroh ru wr lwv frpsrqhqwv1
Khqfh �

3 G�h�w
�GG�

�Gh�wG
� �G 3

�
@

�
3 G�

�G 3

��
h�wG

� �G 3

3 h�w
�GG�

�
@

�
h�wG

� �G 3

3 h�w
�GG�

��
3 G�

�G 3

�
@

�
3 h�wG

� �GG�

h�w
�GG� �G 3

�
=

Uhpdun <1;1 Lq Wkhruhp <1:/ wkh rshudwru G� �G lv wkh Iulhgulfkv h{whqvlrq ri G5/
h1j1 Uhhg0Vlprq ^78`1 Lq sduwlfxodu/ liG lv hvvhqwldoo| vhoi0dgmrlqw/ l1h1 �G @ G�/ wkhq
�G frppxwhv +rq wkh grpdlq ri �G, zlwk wkh vhpljurxs jhqhudwhg e| wkh Iulhgulfkv
h{whqvlrq ri �G51

Uhpdun <1<1 Ohw H @ �W �P dqg G @ g . � rq frpsdfwo| vxssruwhg vprrwk
vhfwlrqv ri H/ zkhuh g dqg � ghqrwh wkh h{whulru gl�huhqwldo dqg lwv irupdo dgmrlqw/
erwk uhvwulfwhg wr vprrwk vhfwlrqv ri frpsdfw vxssruw1 Xqghu wkh dvvxpswlrq wkdw
P lv frpsohwh/ G @ g.� dqg doo lwv srzhuv duh nqrzq wr eh hvvhqwldoo| vhoi0dgmrlqw
rq �f+H, � O5+H,/ vhh ^<`/ dovr ^84`/ Wkhruhp 5171 Dq lpphgldwh frqvhtxhqfh lv

g. � @ g. � @ �� . g�=+<155,

Khqfh/ wkh Krgjh0gh Ukdp Odsodfldq O @ �G5 lv hvvhqwldoo| vhoi0dgmrlqw rq
�f+H, � O5+H,1 Wkxv/ rq d frpsohwh pdqlirog/

gSw @ Swg rq wkh grpdlq ri g/ dqg

g�Sw @ Swg
� rq wkh grpdlq ri g�/



83 GULYHU DQG WKDOPDLHU

zkhuh Sw lv wkh vhpljurxs jhqhudwhg e| �O @ aO @ �G� �G @ � �GG�1 Lqghhg/ wklv
iroorzv iurp Wkhruhp <1:/ wrjhwkhu zlwk Ht1 +<155,/ e| wdnlqj lqwr dffrxqw wkdw Sw/
g/ g� duh krprjhqhrxv uhvshfwlyho| ri ghjuhh 3/ 4/ �41
Uhpdun <1431 Iru qrq0frpsohwh pdqlirogv P wkhuh duh lq jhqhudo vhyhudo gl�huhqw
vhoi0dgmrlqw h{whqvlrqv ri �G5 @ �+g. �,5m�f+H,/ vhh ^65`/ ^64`/ ^43` iru ghwdlov1
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