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C o r n e l l  U n i v e r s i t y  1986 

I t  is  shown t h a t  i n  f o u r  space - t ime  d i m e n s i o n s  t h e  

compact  U ( 1 )  l a t t i c e  gauge  t h e o r y  w i t h  g e n e r a l  e n e r g y  

f u n c t i o n  c o n v e r g e s  t o  a r e n o r m a l i z e d  f r e e  e l e c t r o - m a g n e t i c  

f i e l d  o n  t h e  c u r r e n t  s e c t o r  as  t h e  l a t t i c e  s p a c i n g  

a p p r o a c h e s  z e r o ,  p r o v i d e d  t h e  c o u p l i n g  c o n s t a n t  is  

s u f f i c i e n t l y  l a r g e .  For  t h e  Wi lson  e n e r g y  f u n c t i o n ,  i t  is 

p o s s i b l e ,  by j u d i c i o u s  c h o i c e  o f  t h e  G ibbs  s ta te ,  t o  g e t  

c o n v e r g e n c e  f o r  a r b i t r a r y  c o u p l i n g  s t r e n g t h s .  Fu r the rmore ,  

f o r  a l l  b u t  a c o u n t a b l e  number o f  v a l u e s  o f  t h e  c o u p l i n g  

c o n s t a n t ,  t h e  l i m i t  e x i s t s  and  i s  i n d e p e n d e n t  o f  t h e  

p a r t i c u l a r  s t a t e  c h o s e n  t o  d e f i n e  t h e  l a t t i c e  model.  
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Chapter 1 

INTRODUCTION 

Section 1.1 The Yang-Millst Measure 

The "quantized" Yang-Millst fields are widely taken as 

the basic mathematical model for the description of the four 

known forces of nature; strong, electro-magnetic, weak, and 

the gravitational force. The problem of mathematical 

existence of quantized Yang-Millst fields is (on an informal 

level) equivalent to defining a certain probability measure 

on a space of connection forms. The informal description of 

this (Yang-Millst) measure is 

-1 dp(A) = 2 exp trace(~t~ (xI2)dx DA, (1.1.1) 

,d i<j 

where A runs over a space of connection forms (A) on the 
d A trivial vector bundle lEN x IR , F = dA+A*A is the curvature 

d 
of A, DA = I7 I7 d(Ai(x)) is "infinite dimensional 

i=l xER 

Lebesque measureff on (A), g2 is a positive ffcouplingff 
constant, and 2 is a normalization constant which makes p a 

probability measure. The connection forms are restricted to 

take their values in the Lie Algebra (GI  of the structure 

(or gauge) group (GI, which is taken to be a closed subgroup 

of U(N). See Appendix B and especially equation (B.2.9) for 

motivation of (1.1.1). 

The informal description of p has a number of ailments. 



F i r s t ,  t h e  i n f i n i t e  d imens iona l  Lebesque measure is n o t  w e l l  

d e f i n e d .  Second, t h e  measure ( p )  w i l l  c e r t a i n l y  g i v e  z e r o  

measure t o  t h e  s p a c e  o f  d i f f e r e n t i a b l e  o r  even c o n t i n u o u s  

c o n n e c t i o n  forms. Thi rd ,  t h e  n o r m a l i z a t i o n  c o n s t a n t  ( 2 )  i n  

s i m i l a r  s i t u a t i o n s  h a s  t h e  i n t e r p r e t a t i o n  o f  b e i n g  e i t h e r  

z e r o  o r  i n f i n i t e .  

B e s i d e s  t h e s e  t e c h n i c a l  problems, t h e  in fo rmal  

d e s c r i p t i o n  o f  p  s u f f e r s  from t h e  a l g e b r a i c  p r o p e r t y  o f  

"gauge i n v a r i a n c e " .  The exponent  o f  (1.1.1) is i n v a r i a n t  

under  gauge t r a n s f o r m a t i o n s  (Kobayashi  and Nomizu [ I ] ) ,  t h a t  

d  is under t h e  mapping A + A ~ .  Here g:lR + G is a  cm 

f u n c t i o n  c a l l e d  a  gauge t r a n s f o r m a t i o n ,  and A ~ ( X )  = 

g ( x ) - l ~ ( x )  g ( x )  + g ( x ) - l d g ( x ) .  ( G e o m e t r i c a l l y ,  a  gauge 

t r a n s f o r m a t i o n  is a  change of  g l o b a l  t r i v i a l i z a t i o n  o f  t h e  

t r i v i a l  v e c t o r  bundle  IENxlRd. 1 Due t o  t h i s  gauge i n v a r i a n c e ,  

i f  p  is t o  have a  chance  o f  be ing  a  p r o b a b i l i t y  measure, 

e q u a t i o n  (1.1.1) must be i n t e r p r e t e d  a s  d e s c r i b i n g  a  measure 

on a  s p a c e  of  gauge e q u i v a l e n c e  c l a s s e s  of  c o n n e c t i o n  forms.  

See L. Gross  [ 4 1  and [ 5 1  and t h e  r e f e r e n c e s  t h e r e i n  f o r  more 

d e t a i l s .  

I g n o r i n g  t h e s e  d e t a i l s ,  i t  is expec ted  (see Appendix B )  

t h a t  from a  p r e c i s e  d e s c r i p t i o n  o f  t h e  measure ( p ) ,  one w i l l  

be a b l e  t o  c o n s t r u c t  t h e  quantum mechanical  sys tem 

c o r r e s p o n d i n g  t o  t h e  r e l a t i v i s t i c  Yang-Mills' e q u a t i o n s  - 

i . e .  q u a n t i z e d  Yang-Millsr f i e l d s .  A t  t h i s  t i m e  i t  is 



i m p o s s i b l e  t o  f o r m u l a t e  a  p r e c i s e  theorem t o  t h i s  e f f e c t ,  

s i n c e  t h e  d e f i n i t i o n  and e x i s t e n c e  o f  t h e  measure ( p )  i s  

s t i l l  unknown f o r  n o n - a b e l i a n  gauge g r o u p s  i n  space - t ime  

d imens ion  d  L 3 ( b u t  see S e c t i o n  1 . 6 ) .  Hence t h e  f i r s t  s t e p  

i n  q u a n t i z i n g  Yang-Mil lsf  f i e l d s  is t o  make p r e c i s e  

ma themat i ca l  s e n s e  o f  t h e  i n f o r m a l  d e s c r i p t i o n  o f  t h e  

measure p  i n  ( 1.1.1). 

S e c t i o n  1 . 2  W i l s o n ' s  L a t t i c e  Approximat ion  

A s  shown i n  Appendix B it  is  o f t e n  p o s s i b l e  t o  make 

s e n s e  o u t  o f  i n f o r m a l  e x p r e s s i o n s  o f  t h e  form (1.1.1) by 

I tapproximat ing"  t h e  measure w i t h  o t h e r  measures  t h a t  are 

b e t t e r  u n d e r s t o o d .  These a p p r o x i m a t i n g  measu res  s h o u l d  

p r e s e r v e  a s  many symmet r i e s  o f  t h e  t h e o r y  a s  p o s s i b l e ,  s o  

t h a t  t h e  symmet r i e s  p e r s i s t  a f t e r  t a k i n g  l i m i t s .  I n  

p a r t i c u l a r  f o r  t h e  Yang-Mills '  measure it is d e s i r a b l e  t h a t  

t h e  a p p r o x i m a t i n g  measures  are gauge i n v a r i a n t .  

The l a t t i c e  a p p r o x i m a t i o n  o f  Ken Wilson [ 1 1  n i c e l y  

p r e s e r v e s  gauge i n v a r i a n c e .  The b a s i c  i d e a  is t o  r e p l a c e  R d  

by t h e  l a t t i c e  a z d  ( a  > 01, and t h e  c o n n e c t i o n  form A by i t s  

c o r r e s p o n d i n g  p a r a l l e l  t r a n s l a t i o n  o p e r a t o r s .  For  

m o t i v a t i o n ,  l e t  A be a c m c o n n e c t i o n  form w i t h  compact  

s u p p o r t .  Recall (Kobayashi  and  Nomizu [ I l l  t h a t  

A 3 
P ( a p )  = I + a 2 ~ 4 j ( x )  + O ( a  1 ,  ( 1 . 2 . 1 )  

A where P ( a p )  d e n o t e s  p a r a l l e l  t r a n s l a t i o n  w i t h  r e s p e c t  t o  



3 3 
t h e  c o n n e c t i o n  form A around t h e  c u r v e  ( d p ) ,  and O(a  ) / a  

remains  bounded a s  a  + 0. The c u r v e  ( d p )  t r a v e r s e s  t h e  edge 

( i n  t h e  c o r r e c t  d i r e c t i o n )  o f  a n  axa-dimensional  p l a n a r  

s q u a r e  ( p )  p a r a l l e l  t o  t h e  i f t h  and j  ' t h  c o o r d i n a t e  

d i r e c t i o n s  which c o n t a i n s  t h e  p o i n t  x .  Such a  s q u a r e  ( p )  

is c a l l e d  a  p l a q u e t t e .  Hence 

A A A * 
F . .  ( x 1 2 =  -F . .  ( x ) F i j  ( x )  
1 3  1 3  

where O ( a ) / a  r emains  bounded a s  a  + 0. The f a c t  t h a t  G is 

a  subgroup o f  U ( N )  ( s o  G_ is a  subspace  o f  a n t i - h e r m e t i a n  

m a t r i c i e s )  h a s  been used i n  t h e  f i r s t  and t h i r d  e q u a l i t i e s .  

With a  l i t t l e  more c a r e ,  i t  c a n  be shown t h a t  

where t h e  sum is o v e r  a l l  " o r i e n t e d M  p l a q u e t t e s  ( p )  wi th  

d  c o r n e r s  i n  t h e  l a t t i c e  aZ . 
To d e f i n e  t h e  approx imat ing  measures we need t h e  

f o l l o w i n g  n o t a t i o n  which i s  covered  i n  more d e t a i l  i n  

Chapter  2. L e t  (8+) 8 d e n o t e  t h e  se t  o f  ( p o s i t i v e l y )  

d  " o r i e n t e d "  bonds on 2  , and ( P + )  P  t h e  se t  o f  ( p o s i t i v e l y )  

d  o r i e n t e d  p l a q u e t t e s  on Z . L e t  R - Cu:8++ GI, where u ( b )  

A shou ld  be though t  o f  a s  p a r a l l e l  t r a n s l a t i o n  ( P  ( b ) )  a l o n g  

t h e  o r i e n t e d  bond b .  The c o n f i g u r a t i o n  s p a c e  ( Q )  is 



identified with (u:8 --t G, such that a(-b) = b ,  where 

-b denotes the bond b with the opposite orientation. If pEP 

is a plaquette, we put tracelu(i3p)l = 
A 

trace[w(b4)w(b3)u(b2)~(b1)l (corresponding to P (ap)), see 

Figure (1.2.1). Because of the trace, trace[u(dp)l is 

independent of the corner from which we begin to traverse 

the edge of p. 

Figure 1.2.1 

With this notation and the motivation of equation 

(1.2.3) it is reasonable to "approximate" (1.1.1) by, 

where dv(u1 = IZ dX(u(b11 with X normalized Harr measure on 
bEB+ 

G, and Za is the normalization constant to make p a a 

probability measure. The expression (1.2.4) is to be 

interpreted as a Gibbs state, see Appendix A, and Chapter 2. 

Also the lattice aZd has now been implicitly identified with 



d t h e  l a t t i c e  Z . T h i s  i d e n t i f i c a t i o n  l e a d s  t o  t e c h n i c a l  

s i m p l i f i c a t i o n s  l a t e r  o n .  

The u l t i m a t e  g o a l  is t o  show t h e  measu res  pa c o n v e r g e  

i n  some s e n s e  t o  a measure  p  w i t h  d e s i r a b l e  p r o p e r t i e s ,  s u c h  

as  gauge  i n v a r i a n c e ,  E u c l i d e a n  i n v a r i a n c e ,  " r e f l e c t i o n  

p o s i t i v i t y t t ,  etc.  T h i s  problem h a s  p roved  t o  b e  v e r y  

d i f f i c u l t  i n  g e n e r a l .  However, t h e  s p e c i a l  case where t h e  

gauge  g r o u p  is U ( 1 )  p r o v i d e s  good t e s t i n g  g r o u n d s  f o r  

t e c h n i q u e s  o f  p r o v i n g  c o n v e r g e n c e .  The r e a s o n  is t h a t  t h e  

measure  p  o f  (1.1.1) may be  u n d e r s t o o d  as  a n  i n f i n i t e  

d i m e n s i o n a l  G a u s s i a n  measure .  B e f o r e  d e m o n s t r a t i n g  t h i s  

w e l l  known f a c t ,  w e  f i r s t  s p e c i a l i z e  ( 1 . 2 . 4 )  t o  t h e  case 

t h a t  G = U ( 1 ) .  

When G = U ( 1 1 ,  i t is c o n v e n i e n t  t o  i d e n t i f y  U ( 1 )  w i t h  

1-n,nl w i t h  t h e  end  p o i n t s  i d e n t i f i e d .  Under t h i s  

i d e n t i f i c a t i o n  ur is r e p l a c e d  by ei', where now w:8+--+ R . 
The Harr measure  on U ( 1 )  s i m p l y  becomes n o r m a l i z e d  Lebesque 

measure  ( A )  o n  [-17,171, a n d  t h e  measure  i n  ( 1 . 2 . 4 )  t h e n  

becomes 

( 1 . 2 . 5 )  

where d v ( u )  = R d A ( u ( b ) ) .  



S e c t i o n  1 . 3  U(1)-Model a s  a  Gauss ian  Measure 

We now s p e c i a l i z e  (1.1.1) t o  t h e  c a s e  where t h e  v e c t o r  

bundle  i s  E x I R ~  and t h e  gauge group is U (  1 ) .  We a l s o  make a  

s l i g h t  change of  c o n v e n t i o n s  by r e p l a c i n g  A by i A .  T h i s  

makes A r e a l ,  s i n c e  t h e  L i e  a l g e b r a  o f  U ( 1 )  i s  i R .  

Express ion  (1.1.1) t h e n  becomes 

-1 -1 dp(A)  = 2 expLT (dA,dA)IDA, ( 1 . 3 . 1 )  
29 

where ( . , - I  d e n o t e s  t h e  n a t u r a l  b i l i n e a r  form ( s e e  e q u a t i o n  

( 2 . 2 . 3 ) )  on t h e  compact ly  s u p p o r t e d  d i f f e r e n t i a l  forms on 

d  R . ( E q u a t i o n  ( 1 . 3 . 1 )  is  t h e  same a s  ( B . 2 . 9 )  o f  Appendix 

B . )  Hence t h e  c o n n e c t i o n  form ( A )  o n l y  e n t e r s  i n  t h e  

exponent  q u a d r a t i c a l l y ,  s o  t h a t  t h e  ( 1 . 3 . 1 )  would be 

i n t e r p r e t a b l e  a s  a n  i n f i n i t e  d imens iona l  Gauss ian  measure 

( a s  i n  S e c t i o n  B.2)  i f  i t  were n o t  f o r  t h e  gauge problem 

mentioned i n  S e c t i o n  1.1. 

d  Every smooth gauge t r a n s f o r m a t i o n  g:R + U ( 1 )  is  o f  t h e  

i X  d  form g  = e  , where X:R + R is a  smooth f u n c t i o n .  T h i s  

f o l l o w s  by P o i n c a r e l s  lemma (Sp ivak  [ l l )  and t h e  e a s i l y  

v e r i f i e d  f a c t  t h a t  d(g-ldg)  = 0, s i n c e  U ( 1 )  is  a b e l i a n .  

(The f u n c t i o n  X is unique  up t o  a n  i n t e g e r  m u l t i p l e  o f  2 n . )  

We w i l l  i d e n t i f y  t h e  f u n c t i o n  X w i t h  i t s  c o r r e s p o n d i n g  gauge 

i X  t r a n s f o r m a t i o n  g  = e  , and write A' f o r  A ~ .  I n  t h i s  c a s e  

d  A' = A + dX. Hence, L A 1  = { A  + dX: X:R + IRI is t h e  gauge 

e q u i v a l e n c e  c l a s s  a s s o c i a t e d  t o  t h e  c o n n e c t i o n  form A .  A s  

h a s  a l r e a d y  been noted ,  i t  i s  such a  s p a c e  o f  [ A l l s  on which 

t h e  measure p shou ld  be d e f i n e d .  



I n  o r d e r  t o  see how t o  proceed,  I w i l l  c o n s i d e r  t h e  

ana logous  f i n i t e  d imens iona l  s i t u a t i o n .  L e t  B be a  k  by k  

p o s i t i v e  s e m i - d e f i n i t e  m a t r i x  w i t h  a  n o n - t r i v i a l  k e r n e l  ( N ) .  

The ana logue  o f  ( 1 . 3 . 1 )  is  

-1 -1 
d p ( x )  = Z e x p [ - ( B ~ , x ) ~ k l d x ,  2  

( 1 . 3 . 2 )  

t o  be i n t e r p r e t e d  a s  a  p r o b a b i l i t y  measure on  t h e  s p a c e  

R k / ~ .  S i n c e  Rk i s  t h e  o r t h o g o n a l  d i r e c t  sum o f  N and M E 

l k  N . R / N  is  n a t u r a l l y  i somorphic  t o  M .  Hence, e q u a t i o n  

( 1 . 3 . 2 )  is  n a t u r a l l y  i n t e r p r e t e d  a s  t h e  p r o b a b i l i t y  measure 

-1 -1 dp(m) = Z e~p[-(Bm,m)~kIdrn 2  ( 1 . 3 . 3 )  

on M wi th  dm d e n o t i n g  Lebesque measure on  M .  I n  e f f e c t  t h e  

" e x t r a  f a c t o r "  o f  Lebesque measure ( d n )  on N h a s  been 

removed from t h e  measure ( d x )  i n  ( 1 . 3 . 2 ) .  

Now choose  a  p o s i t i v e  s e m i - d e f i n i t e  m a t r i x  ( C )  such  

t h a t  clM= 0, and c I ~ : N  + R k  is one t o  one .  For such  a  C, 

p u t  

-1 -1 
d p C ( x )  = ZC exp[-((B + C ) ~ , x ) ~ k  Idx, 2  ( 1 . 3 . 4 )  

where ZC is chosen  such  t h a t  pC is a  p r o b a b i l i t y  measure on  

k  R . Each f u n c t i o n  F:M + R may be c o n s i d e r e d  t o  be a  

f u n c t i o n  on Rk by p u t t i n g  F(m + n )  = F(m) i f  mEM and nEN. 

With t h i s  c o n v e n t i o n  and d e f i n i t i o n s  ( 1 . 3 . 3 )  and ( 1 . 3 . 4 )  it 

is e a s y  t o  check t h a t  

p ( F )  = p C ( F ) ,  ( 1 . 3 . 5 )  

f o r  a l l  measurable  p - i n t e g r a b l e  f u n c t i o n s  F  on M .  Hence, p  

and pC have t h e  same e f f e c t  on a l l  f u n c t i o n s  ( F )  on Rk which 



k  
a r e  i n v a r i a n t  under  t h e  a c t i o n  o f  N on  iRk; ( x  4 x  + n )  :IR 4 

k  
iR f o r  e a c h  nEN. 

With t h i s  f i n i t e  d imens iona l  example i n  mind, w e  a r e  

l e d  t o  r e p l a c e  ( 1 . 3 . 1 )  by 

* 
where d  is t h e  a d j o i n t  of  d ,  and a is any p o s i t i v e  number. 

* * 
One shou ld  t h i n k  o f  B a s  d  d  and C a s  add . The e x p r e s s i o n  

( 1 . 3 . 6 )  shou ld  c a p t u r e  t h e  meaning o f  ( 1 . 3 . 1 )  p rov ided  o n l y  

gauge i n v a r i a n t  f u n c t i o n s  a r e  i n t e g r a t e d .  Fur thermore ,  t h i s  

"gauge f i x i n g v  p r o c e s s  has  r e n d e r e d  t h e  exponent  o f  ( 1 . 3 . 6 )  

non-degenerate ,  s o  pa may be i n t e r p r e t e d  a s  a n  i n f i n i t e  

d imens iona l  Gauss ian  measure. (Compare w i t h  S e c t i o n  B.2, 

s p e c i f i c a l l y  e q u a t i o n  ( B . 2 . 5 1 . )  According t o  t h e  d i s c u s s i o n  

above, t h e  measures pa shou ld  be independent  o f  a > 0 when 

a c t i n g  on gauge i n v a r i a n t  f u n c t i o n s .  

I w i l l  i n t r o d u c e  some n o t a t i o n  b e f o r e  g i v i n g  t h e  

p r e c i s e  d e f i n i t i o n  o f  t h e  f r e e  E u c l i d e a n  measure.  L e t  

d  d  ReS1(iR )@Rd IS'(IR 1 is t h e  s p a c e  o f  tempered d i s t r i b u t i o n s )  

be t h e  space  o f  g e n e r a l i z e d  1-forms on iRd under  t h e  

i d e n t i f i c a t i o n ,  A ( j  = 2 A i (  j i ) ,  where A = 2 A l e i  i n  

i=l i=l 

d  d  ReS'(iR )@R and j = ) j idxi is  a  t e s t  (cW wi th  compact 

d  s u p p o r t )  1-form on iR . Let  ? be t h e  s m a l l e s t  



d  a - a l g e b r a  o n  ReS' (IR )CARd s u c h  t h a t  t h e  maps ( A  4 

d  
A ( j ) ) : R e S ' ( I R  )WRd 4 lC are m e a s u r a b l e  f o r  a l l  t es t  1-forms 

* 
( j )  w i t h  d  j = 0 .  The a - a l g e b r a  ( F )  i s  c a l l e d  t h e  gauge  

* 
i n v a r i a n t  a - a l g e b r a ,  s i n c e  ( A  + d X ) ( j )  = A ( j )  + X(d j )  = 

d  
A ( j )  f o r  a l l  XEReSa(R 1 .  

D e f i n i t i o n  1 . 3 . 1 :  The f r e e  E u c l i d e a n  measure  i s  t h e  

u n i q u e  p r o b a b i l i t y  measure  ( p )  o n  t h e  gauge  i n v a r i a n t  

a - a l g e b r a  ( F )  s u c h  t h a t  f o r  a l l  complex t e s t  1-forms ( j )  o n  
* md w i t h  d  j = 0, 

- * * 
where A = - ( d  d  + dd i s  t h e  L a p l a c i a n  on  forms ,  and  ( . , . I  

i s  t h e  n a t u r a l  complex b i l i n e a r  form o n  t es t  forms,  see 

e q u a t i o n  ( 2 . 2 . 3 ) .  

Remark 1 . 3 . 1  The e x i s t e n c e  o f  t h e  measure  p  i s  

g u a r a n t e e d  by a s l i g h t  v a r i a t i o n  o f  M i n l o f s  Theorem, see 

Simon [ 2  I .  

Remark 1 . 3 . 2 :  The r i g h t  hand s i d e  o f  ( 1 . 3 . 7 )  i s  found 

by u s i n g  t h e  i n f o r m a l  e x p r e s s i o n  ( 1 . 3 . 6 )  w i t h  a = 1 a l o n g  

w i t h  a c o m p l e t i o n  o f  t h e  s q u a r e s  a rgument  t o  compute 

( i n f o r m a l l y )  t h e  l e f t  hand s i d e  o f  ( 1 . 3 . 7 ) .  F u r t h e r m o r e ,  

any  d i f f e r e n t  v a l u e  o f  a > 0  w i l l  g i v e  t h e  same measure  o n  
* * -1 F, s i n c e  i f  Aa = - ( d  d  + add  t h e n  A:' = A  - 

-1 -1 * -1 * 
( 1 - a ) A a  A dd . Hence, Aa j  = ~ - ' j  i f  d  j  = 0 .  

Remark 1 . 3 . 3 :  I f  F is  a tes t  2-form, t h e n  t h e  f u n c t i o n  

A * 
A 4 F  (F)  = A(d F) is a gauge  i n v a r i a n t  f u n c t i o n  o f  A ,  



* * A 
s i n c e  d  d  F  = 0 .  Hence, t h e  i n t e g r a l  o f  f u n c t i o n s  o f  F  ( F )  

are d e f i n e d  i n d e p e n d e n t  o f  t h e  method o f  gauge  f i x i n g  which 
* 

w e  u sed ,  i . e .  t h e  c h o i c e  o f  C = dd . 
Remark 1.3.4: Suppose F  = d j ,  where j i s  a t e s t  

1-form, t h e n  

S e c t i o n  1.4: Convergence R e s u l t s  f o r  d  = 3 

L e t  F  b e  a t e s t  2-form o n  Rd and  a > 0  ( t h e  l a t t i c e  

I 2  s p a c i n g  p a r a m e t e r ) ,  t h e n  p u t  F  ( p )  : F  Z +a F  ( a x ) ,  a i j  

a P  

( D e f i n i t i o n  2 . 2 . 1 1 ,  where PEP i s  a p l a q u e t t e ,  x  is  a c o r n e r  

o f  p, and  p  is  p a r a l l e l  t o  t h e  i l t h  and  j I t h  c o o r d i n a t e  

d i r e c t i o n s .  The f u n c t i o n  Fa i s  c a l l e d  a l a t t i c e  

a p p r o x i m a t i o n  t o  t h e  form F .  Also  l e t  F ( p ) ( w )  = s i n ( w ( d p ) ) ,  

where 0:23++ R - compare w i t h  t h e  i m a g i n a r y  p a r t  ( G  = U ( 1 ) )  

o f  e q u a t i o n  ( 1 . 2 . 1 )  and  see D e f i n i t i o n  2 . 3 . 2 .  F i n a l l y ,  l e t  

( F , F a ) ( o )  e 1 2  F ( p )  ( u ) F a ( p ) .  The f o l l o w i n g  theorem is  due  2  
PEP 

t o  L. G r o s s  [ 3 1 .  

Theorem 1.4.1: L e t  d=3  and  G = U ( l ) .  L e t  F = d j  w i t h  j 

3 a rea l  v a l u e d  t e s t  1-form o n  R . Then 

where pa is  a t r a n s l a t i o n  and  90 ' - ro t a t i on  i n v a r i a n t  Gibbs  

s t a t e  c o r r e s p o n d i n g  t o  e q u a t i o n  ( 1 . 2 . 5 ) .  



Remark 1 .4 .1 :  A s  p o i n t e d  o u t  by L.  Gross ,  t h e  

r e q u i r e m e n t  t h a t  P be  e x a c t  is r e l a t e d  t o  t h e  f a c t  t h a t  t h e  

l a t t i c e  v e r s i o n  o f  dF is n o t  z e r o  as  it is f o r  t h e  f r e e  

E u c l i d e a n  f i e l d  ( D e f i n i t i o n  1 . 3 . 1 ) .  I t  is shown i n  Gross  

[31 ,  t h a t  i f  t h e  c o s i n e  i n t e r a c t i o n  i n  ( 1 . 2 . 5 )  is  r e p l a c e d  

by t h e  V i l l a i n  a c t i o n  (Example 2 . 3 . 3 1 ,  t h e n  

f o r  a l l  rea l  t e s t  3-forms o n  IR3 and  r L 1. So i n  t h i s  case 

t h e  B i a n c i  i d e n t i t y  ( d F  = 0 h o l d s  i n  t h e  l i m i t ,  i . e .  t h e r e  

are no m a g n e t i c  monopoles i n  t h e  l i m i t .  

Remark 1 .4 .2 :  The s t a t e m e n t  o f  Theorem 1 . 4 . 1  is  a l s o  

shown t o  h o l d  ( G r o s s  [ 3 1 )  f o r  c e r t a i n  more g e n e r a l  

i n t e r a c t i o n s  o t h e r  t h a n  t h e  c o s i n e  i n t e r a c t i o n  o f  ( 1 . 2 . 5 ) .  

S e c t i o n  1 . 5  Convergence R e s u l t s  f o r  d  > 3  

When d  > 3, t h e  h e u r i s t i c s  l e a d i n g  up t o  t h e  l a t t i c e  

a p p r o x i m a t i n g  measu res  o f  e q u a t i o n  ( 1 . 2 . 5 )  are n o t  s o  

c o n v i n c i n g .  The key  a s s u m p t i o n  was t h a t  w(dp1 was " c l o s e "  

t o  z e r o .  When d  = 3  t h e  f a c t o r  o f  a i n  t h e  e x p o n e n t  o f  

( 1 . 2 . 5 )  f o r c e s  t h e  measu res  pa t o  c o n c e n t r a t e  o n  

c o n f i g u r a t i o n s  f o r  which w(dp)  is c l o s e  t o  z e r o ,  a n d  i n  f a c t  

t h i s  is a main i n g r e d i e n t  o f  t h e  p r o o f  o f  Theorem 1 . 4 . 1 .  On 

t h e  o t h e r  hand when d  > 3, t h e  measu res  p  o f  ( 1 . 2 . 5 )  are no a 

l o n g e r  c o n c e n t r a t e d  o n  c o n f i g u r a t i o n s  w i t h  w ( d p )  small .  

N e v e r t h e l e s s ,  s imilar  r e s u l t s  t o  Theorem 1 . 4 . 1  s t i l l  h o l d  i n  

f o u r  d i m e n s i o n s .  I n  t h i s  case, t h e  key  f a c t  is  t h e  



c l u s t e r i n g  p r o p e r t i e s  o f  e x t r e m e  o r  u n i q u e  Gibbs  s ta tes ,  see 

Theorems A . 3 . 1  and  A.3 .2 .  

A s  i n  G r o s s  [31 ,  we res t r ic t  o u r  a t t e n t i o n  t o  s t u d y i n g  
* 

t h e  l a t t i c e  c u r r e n t  (J = d  F )  r a t h e r  t h a n  t h e  f i e l d  

s t r e n g t h s  ( F ) .  T h i s  a l l o w s  u s  t o  a v o i d  t h e  Dirac monopoles  

(breakdown o f  t h e  B i a n c h i  i d e n t i t y )  which are i n a d v e r t e n t l y  

i n t r o d u c e d  i n t o  t h e  l a t t i c e  t h e o r y .  Avoidance o f  t h e  

monopoles seems r e a s o n a b l e  i n  t h e  a b e l i a n  t h e o r y  b e c a u s e  a 

similar mechanism f o r  a v o i d i n g  them i n  t h e  n o n - a b e l i a n  

t h e o r y  is  now a v a i l a b l e ,  G r o s s  [ 4 1 .  

The r e s u l t s  o f  t h i s  t h e s i s  p e r t a i n  t o  a more g e n e r a l  

s t a t i s t i ca l  m e c h a n i c a l  model t h a n  t h a t  i n d i c a t e d  i n  ( 1 . 2 . 5 ) .  

We w i l l  b e  c o n c e r n e d  w i t h  G ibbs  s t a t e s  g i v e n  i n f o r m a l l y  by 

2  where h:R + R is  a n  ( e n e r g y )  f u n c t i o n  which i s  C , even ,  

a n d  2 n - p e r i o d i c  ( S e e  S e c t i o n  2 . 3  1 .  The c o l l e c t i o n  o f  Gibbs  

s tates  a s s o c i a t e d  t o  ( 1 . 5 . 1 )  w i l l  be d e n o t e d  by 

G ( g  - 2 a ( d - 4 ) h ) .  The l a t t i c e  v e r s i o n  o f  t h e  f i e l d  s t r e n g t h  

t e n s o r  (F) f o r  t h i s  model is  F ( p ) ( w )  r h l ( w ( a p ) ) ,  t h i s  

a g r e e s  w i t h  t h e  p r e v i o u s  d e f i n i t i o n  when h ( x )  = c o s ( x )  - 1. 

( S e e  C h a p t e r  2  and  Appendix A f o r  more p r e c i s e  d e f i n i t i o n s . )  

The main r e s u l t s  o f  t h i s  t h e s i s  w i l l  now be  summarized.  

The e n e r g y  f u n c t i o n  h  is  assumed t o  have  t h e  p r o p e r t i e s  

d e s c r i b e d  above .  



Theorem 1.5.1 L e t  d  > 4, and 'P be a  c l o s e d  (d'P = 0 )  

d  
complex va lued  t es t  2-form on IR . For each  a  > 0, l e t  

-2, ( d-4 
h )  paEG ( 9  , t h e n  

l i m  p a ( e x p ( a  ( d - 4 ) ( ~ , ' P a ) )  = 1, 
a10 - - 

where (F, 'Pa)(w) = 1 1  2  F ( p ) ( u ) P a ( p )  a s  b e f o r e .  

PEP 

Remark 1.5.1 The f a c t  t h a t  'P is  c l o s e d  is  e q u i v a l e n t  

t o  t h e  e x i s t e n c e  o f  a  t es t  1-form ( j  such t h a t  'P = d j  

( p r o v i d e d  d  > 21, a s  f o l l o w s  from s t a n d a r d  compact D e  Rham 

cohomology t h e o r y  ( B o t t  and Tu [ I ] ) .  Hence t h e  theorem i s  a  
* 

s t a t e m e n t  a b o u t  t h e  l a t t i c e  c u r r e n t  d  F, s i n c e  (F,'P) = 

Proof :  T h i s  i s  Theorem 3 . 3 . 1  a f t e r  a  r e s c a l i n g  o f  h .  

I n  t h e  f o l l o w i n g ,  w e  w i l l  assume t h a t  d  = 4.  T h i s  is  

a n  e x c e p t i o n a l  c a s e ,  s i n c e  t h e  i n t e r a c t i o n  i n  ( 1 . 5 . 1 )  no 

l o n g e r  depends on t h e  l a t t i c e  s p a c i n g .  The i n f l u e n c e  o f  t h e  

l a t t i c e  s p a c i n g  is o n l y  f e l t  i n  t h e  l a t t i c e  approx imat ions  

'Pa t o  t h e  t es t  2-form 'P.. 

Theorem 1.5.2 ( d  = 4 )  Suppose t h a t  ~ ( ~ - ~ h )  = (p3, is 

a  one e lement  se t .  Then f o r  any c l o s e d  complex t es t  2-form 

4  
( ' P I  on  IR , 

l i m  r ( e  a 2  ( F n P D , ) )  = e x p ( - p  ('P,'P) 1, 
a  10 

where a = p ( h W ( w ( i 3 p ) ) )  2 0  ( i n d e p e n d e n t  of  PEP).  

Fur thermore ,  a = 0  i f  and o n l y  i f  h  is  a  c o n s t a n t  f u n c t i o n .  

P roof :  T h i s  is Theorem 3 . 2 . 2  and Lemma 3 . 2 . 1 .  



Remark 1 . 5 . 3  The theorem s a y s  t h a t  t h e  l a t t i c e  L a p l a c e  

t r a n s f o r m s  r e s t r i c t e d  t o  c l o s e d  2-forms c o n v e r g e  t o  t h e  

c o r r e s p o n d i n g  L a p l a c e  t r a n s f o r m s  o f  t h e  f r e e  E u c l i d e a n  

2  f i e l d  p r o v i d e d  t h e  c o u p l i n g  c o n s t a n t  ( g  ) is  r e n o r m a l i z e d  by 

t h e  f a c t o r  a. 

C o r o l l a r y  1 . 5 . 1  L e t  h  b e  a g i v e n  e n e r g y  f u n c t i o n ,  a n d  

2  l e t  t h e  c o u p l i n g  c o n s t a n t  ( g  b e  c h o s e n  s u f f i c i e n t l y  l a r g e  

2  s u c h  t h a t  [ s u p ( h )  - i n f ( h ) l  ( 29 / 9 .  Then l ~ ( g - ~ h ) l  = 1, 

and  hence  t h e  c o n c l u s i o n  o f  Theorem 1 . 5 . 2  h o l d s .  

P r o o f :  An a p p l i c a t i o n  o f  D o b r u s h i n ' s  u n i q u e n e s s  

theorem, see Lemma 3 . 2 . 1 .  

Theorem 1 . 5 . 3  ( d  = 4 )  L e t  + be  a real  v a l u e d  e x a c t  

4  t e s t  2-form on  IR . Suppose t h a t  p € ~ ( g - ~ h )  is  a n  e x t r e m e  

Gibbs  s t a t e  which is  a l s o  t r a n s l a t i o n  and  g o 0 - r o t a t i o n  

i n v a r i a n t  . Then 

l i m  p ( e  ( 1 . 5 . 4 )  
a40 

where a i s  t h e  c o n s t a n t  d e f i n e d  i n  Theorem 1 . 5 . 1 .  

P r o o f :  T h i s  is Theorem 3 . 2 . 2 .  

Remark 1 . 5 . 4  Theorem 1 . 5 . 3  i s  a s p e c i a l  case o f  

Theorem 1 . 5 . 2  i f  ~ ~ ( ~ - ~ h ) l  = 1. 

Theorem 1 . 5 . 4  ( d  = 4 )  Suppose h  is  a W i l s o n - l i k e  

e n e r g y  f u n c t i o n ,  t h a t  i s  h ( x )  = b  -! b k c o s ( k x )  w i t h  bk ? 0  

k = l  

( D e f i n i t i o n  5 . 1 . 1 ) .  L e t  p O € ~ ( g - ~ h )  be  t h e  G ibbs  s t a t e  
g  

c o n s t r u c t e d  by t a k i n g  t h e  thermodynamic l i m i t  w i t h  z e r o  



boundary c o n d i t i o n s ,  s e e  e q u a t i o n  ( 5 . 1 . 2 ) .  Then p0 
g  

s a t i s f i e s  t h e  h y p o t h e s i s  o f  Theorem 1 . 5 . 3 ,  and hence a l s o  

t h e  c o n c l u s i o n .  

P roof :  T h i s  is  Theorem 5 . 1 . 1  and C o r o l l a r y  5 . 1 . 1 .  

Theorem 1 .5 .5 :  ( d  = 4 )  L e t  h  be a  Wilson- l ike  energy  

4  
f u n c t i o n ,  and F  a  c l o s e d  r e a l  va lued t es t  2-form on  IR . L e t  

p  EG ( g-2h 1 d e n o t e  any t r a n s l a t i o n  and 90 '-rotat ion i n v a r i a n t  
g  

Gibbs s t a t e .  Then f o r  a l l  b u t  a t  most a  c o u n t a b l e  number of  

g  > 0  ( independent  o f  F ) ,  

l i m  p  ( e  i(F.'a)) = e x p ( % 2 ( ~ , ~ )  1, 
a  10 9  

where a E p O ( h " ( w ( a p )  1 )  independent  o f  t h e  p a r t i c u l a r  c h o i c e  
9  

of  t h e  Gibbs s t a t e  ( p  1 .  
9  

Proof :  T h i s  is Theorem 5 . 2 . 1 .  

I t  s h o u l d  be p o i n t e d  o u t  t h a t  Theorems 1 . 5 . 3  - 1 . 5 . 5  

a r e  o n l y  needed when t h e r e  is a  f i r s t  o r d e r  phase  t r a n s i t i o n  

f o r  t h e  model, t h a t  is when ~ ~ ( ~ - ~ h ) l  > 1. Otherwise  t h e  

s t r o n g e r  r e s u l t  o f  Theorem 1 . 5 . 2  would be a p p l i c a b l e .  The 

e x i s t e n c e  o f  a  f i r s t  o r d e r  phase  t r a n s i t i o n  is s t i l l  a n  open 

q u e s t i o n  f o r  t h e s e  U (  114-gauge models.  R e c a l l  t h a t  G u t h l s  

theorem (Guth [ l l )  a s s e r t s  t h a t  i n  d  = 4, t h e  U ( 1 I 4  l a t t i c e  

gauge t h e o r y  wi th  t h e  V i l l a i n  a c t i o n  does  have a  phase  

t r a n s i t i o n .  However, t h i s  phase  t r a n s i t i o n  is  c h a r a c t e r i z e d  

by t h e  decay p r o p e r t i e s  o f  "Wilson l o o p  v a r i a b l e s "  a s  t h e  

s i z e  o f  t h e  l o o p  i n c r e a s e s  t o  i n f i n i t y .  I t  i s  n o t  c l e a r  how 

a  phase  t r a n s i t i o n  o f  t h i s  t y p e  is r e l a t e d  t o  t h e  more 



standard phase transitions which are characterized by 

smoothness properties of the thermodynamic potentials. 

Section 1.6 Related Work and Discussion 

T. Balaban 11-141 and P. Federbush 11-71 have some of 

the most promising results towards constructing the 

non-abelian Yang-Millsf measure (1.1.1). Balabants idea is 

to use a renormalization group transformation (modeled on 

the transformation introduced in K. G. Wilson 121) to 

construct the measure in three and four space-time 

dimensions. Balaban has found a number of "stability" 

estimates on the renormalized lattice actions and partition 

functions independent of the lattice spacing (a). P. 

Federbush has some similar results for four space-time 

dimensions using methods based, in part, on the "averaging" 

techniques of Balaban. 

C. King 11-21 has used the results and idea's of 

Balaban 11-31 to prove the existence of the continuum 

U(1)-Higgs (abelian) model in two and three space-time 

dimensions. The existence is in the sense of convergence of 

Laplace transforms of the field strength variables (F(x)) 

and the gauge invariant renormalized Higgs field variables 

( : 1 :  x . However, the appoximating measures that King 

uses are non-compact versions of the Wilson lattice 

approximation. The generalization of these non-compact 

approximations to the non-abelian setting is as yet unknown. 



Part of the motivation of the work of Gross [ 3 1  and of 

this thesis was to use an abelian model which did have a 

non-abelian analogue. As already mentioned, the abelian 

case is considered to be a testing ground for techniques to 

be applied in the non-abelian case. With this criterion in 

mind, one might object to using the smoothed field strengths 

( F ( F ) )  as the basic variables of the theory, since they do 

not immediately generalize to gauge invariant functions in 

the non-abelian case. However, there are non-abelian 

analogues of the field strengths (F(x)) (called lassos) 

which are path dependent functions, see Gross [ 4 1  for their 

definition and properties. It is hoped that these lassos 

(which are essentially the field strengths when the gauge 

group is abelian) will prove to be useful in defining the 

Yang-Mills1 measure in the non-abelian case. 

Another collection of gauge invariant functions which 

may be useful for defining the Euclidean Yang-Mills1 fields 

are the ("renormalizedw) Wilson-loop variables. (The 

A A Wilson-loop variables are the maps (A + P (a)) where P (a) 

denotes parallel translation around a closed curve (a) with 

respect to the connection form A.). The Wilson-loop 

variables have the disadvantage of being extremely singular. 

In fact, it seems that the Wilson-loop variables are too 

singular to be nsmoothed" into a genuine measurable 

function. (The free Euclidean electo-magnetic field, 



D e f i n i t i o n  1 . 3 . 1 ,  is  a  t e s t i n g  ground f o r  t h e s e  s t a t e m e n t s . )  

For t h i s  r e a s o n  t h e  f i e l d  s t r e n g t h  v a r i a b l e s  seem more 

d e s i r a b l e  t h a n  t h e  Wilson-loop v a r i a b l e s .  However, s e e  

Chapter  8 o f  S e i l e r  1 1 1  f o r  a  t e n t a t i v e  s e t  o f  axioms t h a t  

t h e  E u c l i d e a n  Yang-Millsf f i e l d s  might s a t i s f y  i n  terms o f  

" e x p e c t a t i o n s "  i n v o l v i n g  t h e  Wilson-loop v a r i a b l e s .  



Chapter  2 

PRELIM1 NARIES 

S e c t i o n  2 . 1  L a t t i c e  Complexes and Forms 

be t h e  s t a n d a r d  u n i t  D e f i n i t i o n  2 . 1 . 1  L e t  EeiIizl 

d  v e c t o r s  i n  R , and k  be a  non-negat ive  i n t e g e r  less t h a n  d .  

d  
The p o s i t i v e l y  o r i e n t e d  k - c e l l s  based a t  xEZ , a r e  t h e  

formal  symbols: (e i  ,ei ,,...... ,,ei I X  where 
1 2  k  

l l i  < i  < o m n . . . . < i  c i  prov ided  k > l .  The p o s i t i v e  o r i e n t e d  1 2  k- d' 
d  

0 - c e l l s  a r e  t h e  symbols ( + I X ,  where xEZ . When t h e r e  is no 

c o n f u s i o n  ( + I x  w i l l  be a b b r e v i a t e d  s imply  by x .  We a l s o  

d e f i n e  n e g a t i v e l y  o r i e n t e d  k - c e l l s  based a t  x  t o  be t h e  

formal  symbols - ( e i  ,,ei ,,.... ..,,ei 1, i f  k z l ,  and ( - I x  o r  -X 
1 2  k  

( k )  d e n o t e  t h e  s e t  o f  k - c e l l s  o f  f o r  t h e  0 - c e l l s .  L e t  ( 2  

b o t h  o r i e n t a t i o n s .  

The b a s i c  k - c e l l  ( e  ,,ei ,,...... ,,e i k ) x  shou ld  be 
2  

though t  o f  a s  a  k-dimensional  o r i e n t e d  cube w i t h  x  a s  i t s  

lllower l e f t  hand" c o r n e r .  The edges  o f  t h e  cube c o n s i s t  o f  

t r a n s l a t e s  o f  t h e  u n i t  v e c t o r s  Eei 3 k  

j j=1 

D e f i n i t i o n  2 .1 .2  A k-chain  ( c )  is t h e  formal  sum of  a  

f i n i t e  number o f  k - c e l l s  w i t h  i n t e g e r  c o e f f i c i e n t s :  

c=a  c + . . .  . . .  
1 1  +ancn ( 2 . 1 . 1 )  

where t h e  c i f s  a r e  k - c e l l s  and t h e  a i f s  a r e  i n t e g e r s .  I f  c 

is a  k - c e l l ,  i d e n t i f y  -1c wi th  -c, where -c d e n o t e s  c w i t h  

t h e  o p p o s i t e  o r i e n t a t i o n .  



Remark 2.1.1 Another way t o  s t a t e  D e f i n i t i o n  2 . 1 . 2  is: 

t h e  se t  o f  k-chains  i s  t h e  f r e e  Z-module g e n e r a t e d  by t h e  

k - c e l l s  modulo t h e  r e l a t i o n  -1c = -c. 

D e f i n i t i o n  2.1.3 L e t  k  1 2 .  The boundary o p e r a t o r  (a1 

a p p l i e d  t o  a  k - c e l l  ( c  = ( e i  ,e ,......, ei  1, 1 i s  t h e  k-1 
1 i2 k  

c h a i n :  

where t h e  b a s i s  v e c t o r  under t h e  c i r c u m f l e x  is  t o  be 

o m i t t e d .  I f  k = l ,  and c=(e i Ix ,  p u t  

I f  c is a  0 - c e l l ,  p u t  ac=O. 

Remark 2.1.2 The d e f i n i t i o n  o f  t h e  boundary o p e r a t o r  

conforms t o  t h e  u s u a l  n o t i o n  o f  t h e  induced o r i e n t a t i o n  o f  a  

f a c e  de te rmined  by t h e  "outward p o i n t i n g  normalw.  

Remark 2.1.3 An e a s y  computa t ion  shows t h a t  a2=aoa l o .  

D e f i n i t i o n  2.1.4 A ( l a t t i c e )  k-form is  a  homomorphism 

on t h e  Z module o f  k-chains  t o  t h e  complex numbers. So i f  Y 

is a  k-form and c i s  t h e  k-chain g i v e n  i n  e q u a t i o n  ( 2 . 1 . 1 1 ,  

t h e n  

Y ( c )  = a l Y ( c l l + . . . . m .  +anY ( cn 1 . ( 2 . 1 . 4 )  

I n  p a r t i c u l a r ,  Y ( - c )  = - Y ( c 1 .  

D e f i n i t i o n  2.1.5 A k-form is s a i d  t o  have compact 

s u p p o r t  i f  it is i d e n t i c a l l y  z e r o  on a l l  k - c e l l s  based 

s u f f i c i e n t l y  f a r  from 0 .  



There i s  a  n a t u r a l  complex b i - l i n e a r  form on t h e  

c o l l e c t i o n  o f  compact ly  s u p p o r t e d  k-forms. Namely, i f  P and 

Y a r e  two k-forms wi th  compact s u p p o r t ,  s e t  

I t  is f o r  l a t e r  convenience  t h a t  w e  do n o t  c o n j u g a t e  one o f  

t h e  f a c t o r s  i n  ( 2 . 1 . 5 ) .  

D e f i n i t i o n  2 .1 .6  The d i f f e r e n t i a l  (dY) o f  k-form ( Y )  

is  t h e  k + l  form determined on  ( k  + 1 ) - c e l l s  ( c )  by 

A k - c e l l  p  is s a i d  t o  be i n  ac  i f  p  is one o f  t h e  summands 

( i n c l u d i n g  t h e  c o r r e c t  o r i e n t a t i o n )  o f  e q u a t i o n  ( 2 . 1 . 2 ) .  I f  

Y is  a  d-chain,  t h e n  dY is t o  be i n t e r p r e t e d  a s  z e r o .  

2  2  Remark 2 .1 .4  S i n c e  a = 0, we have a l s o  d  = 0 .  
* 

D e f i n i t i o n  2 .1 .7  The c o - d i f f e r e n t i a l  ( d  Y )  o f  

( k + l ) - f o r m  ( Y 1  is t h e  k  form de te rmined  on k - c e l l s  ( p )  by 
* 

d  Y(p)  = 2 Y ( c 1 .  ( 2 . 1 . 7 )  

c : pEac 
* 

I f  Y is  a  0-chain,  t h e n  d  Y is  t o  be i n t e r p r e t e d  a s  z e r o .  

* 
Remark 2 .1 .5  I t  is e a s i l y  checked t h a t  d  and d  a r e  

a d j o i n t  t o  each o t h e r  wi th  r e s p e c t  t o  t h e  b i l i n e a r  form 

( 2 . 1 . 5 )  on t h e  s p a c e  o f  compact ly  s u p p o r t e d  forms.  

S e c t i o n  2 .2  Approximation o f  D i f f e r e n t i a l  Forms 

T h i s  s e c t i o n  d e a l s  w i t h  approx imat ing  d i f f e r e n t i a l  

forms on IRd by l a t t i c e  forms on !Zd. ( A  d i f f e r e n t i a l  form i s  



always assumed to be cm. 1 A lfsmallm parameter (a) will be 

introduced into the definitions which should be thought of 

d as the "lattice spacingv of 2 , That is for conceptual 

purposes it will often be clearer to think of the lattice 2 d 

d as the lattice aZ . 
d Definition 2.2.1 If Y is a differential k-form on IR , 

and a>O, then put 

ac 

(ax+s e.+-..+s e Idsl---dsk 
*ili2= - -ik k ik (2.2.1) 

[O,al 
k I1 

where c = (ei ,ei , . . . . ,ei J X  
and 

1 2  k 

il i 
dx , . . ,dx ? The sum in the last *i1i2- - ik 

expression is over all increasing sequences i <i < - - -  <ik, 1 2  
d and the dxifs are the standard basis forms on IR . The 

k-form (Fa) is called a lattice approximation of the 

differential k-form (Y). 

Remark 2.2.1 By a change of variables, equation 

(2.2.1) is the same as 

k Thus Ya(c) = a Pi (ax) for a close to zero. 
1 2"'ik 

d If Y is a differential form on IR , let dY denote its 

exterior differential. The symbol (dl now has two uses, 



However, t h e y  a r e  e s s e n t i a l l y  t h e  same, and a f t e r  t h e  n e x t  

lemma no d i s t i c t i o n  w i l l  be made between t h e  two v e r s i o n s  o f  

Lemma 2 . 2 . 1  Le t  Y be a  d i f f e r e n t i a l  k-form on fRd and 

Y be a l a t t i c e  approx imat ion .  Then (dYIa and d(Ya)  a r e  t h e  
a  

d  same k-forms on  Z , where t h e  f i r s t  d  is  t h e  e x t e r i o r  

d i f f e r e n t i a l  and t h e  second d  is t h e  l a t t i c e  d i f f e r e n t i a l .  

The second e q u a l i t y  is  S t o k e s f  theorem, s e e  Spivak i l l .  The 

r e s t  is  o n l y  a  matter o f  unwinding d e f i n i t i o n s .  Q . E . D .  

R e c a l l  t h e  " u s u a l "  complex b i l i n e a r  form on  t h e  s p a c e  

o f  compactly s u p p o r t e d  d i f f e r e n t i a l  k-forms i s  

'ili2- * m i k  ( x )  Pi 1 2  i . . . i  ( X I  dx, ( 2 . 2 . 3 )  
k  

where t h e  sum is  over  i n c r e a s i n g  subsequences  o f  l e n g t h  k  o f  

E 1 , 2 , 3 , . . . .  . , d l ,  and Pi 2 - - ik  ( X I  and Pi 
2-.ik ( X I  a r e  t h e  

components o f  t h e  d i f f e r e n t i a l  k-forms Y and P r e s p e c t i v e l y .  

Again t h e  same n o t a t i o n  is used f o r  t h e  i n n e r  p r o d u c t s  on 

l a t t i c e  forms a s  w e l l  a s  on d i f f e r e n t i a l  forms.  T h i s  s h o u l d  

c a u s e  no c o n f u s i o n  s i n c e  t h e  type  o f  form i n  t h e  i n n e r  

p r o d u c t  i n d i c a t e s  which d e f i n i t i o n  is i n  f o r c e .  

Lemma 2 .2 .2  L e t  Y and P be compact ly  s u p p o r t e d  

d  d i f f e r e n t i a l  k-forms on fR , t h e n  



(Y,F)  = l i m  a (d-2k 
(Ya,Fa) .  

a 10 
P r o o f :  L e t  f  = Pi  , , , i  be a f i x e d  component o f  Y, 

1 2  k  

and  c = ( e  ,ei ,. . . . . . I x .  By t h e  mean v a l u e  theorem 
il 2  k 

and  t h e  d e f i n i t i o n  o f  P a ( c )  i t  f o l l o w s  t h a t ,  

k  la f ( a x )  - P C  1 1  K - a  ( k t l ) s u p  Ivf  ( y )  1 ,  ( 2 . 2 . 5 )  

d  
where t h e  supremum is o v e r  {yER : l a x  - y l  5 Kal,  a n d  K is a 

d i m e n s i o n  d e p e n d e n t  c o n s t a n t .  L e t  N b e  a n y  number l a r g e r  

t h a n  t h e  d i m e n s i o n  ( d l .  S i n c e  t h e  s u p p o r t  o f  f  is  compact ,  

t h e r e  e x i s t s  a c o n s t a n t  ( B )  s u c h  t h a t  l ~ f ( ~ ) l  5 B ( ~ + J ~ J ) - ~  

d  f o r  a l l  y  E IR . So f o r  a s u f f i c i e n t l y  s m a l l  

k  
la f t a x )  - f ( c )  I I z ~ K B ~ ( ~ + ' )  ( l + a l x l  )-N ( 2 . 2 . 6 )  

d  h o l d s  f o r  a l l  x E Z  . Fur the rmore ,  t h e  estimate 

h o l d s  f o r  a small, where C is  a c o n s t a n t  ( C  < s i n c e  

N > d l .  E q u a t i o n  ( 2 . 2 . 7 )  is  e a s i l y  v e r i f i e d  by compar ing  

t h e  sum w i t h  a n  i n t e g r a l .  

Us ing  t h e  estimates o f  t h e  form ( 2 . 2 . 4  - 2 . 2 . 7 )  and  

s t a n d a r d  Riemann i n t e g r a l  t e c h n i q u e s ,  w e  f i n d  t h a t  

a  ( d-2k (Ya,Pa) = a d  2 2 ' i l i 2 .  m i  k  ( a x )  pi 1 2  k  ( a x  
xEZ 

where O ( a )  - 0 as a - 0. The l e m m a  now f o l l o w s  by 

Riemann i n t e g r a l  t e c h n i q u e s  and  e q u a t i o n  ( 2 . 2 . 8 ) .  

Q.E.D. 



S e c t i o n  2 .3  D e f i n i t i o n  o f  t h e  Model 

Le t  h:fR --+ fR be a  r e a l  twice c o n t i n u o u s l y  

d i f f e r e n t i a b l e  even p e r i o d i c  f u n c t i o n  wi th  p e r i o d  2n. Any 

such f u n c t i o n  ( h )  w i l l  be c a l l e d  a n  energy  f u n c t i o n .  The 

main examples o f  i n t e r e s t  a r e  g i v e n  below. 

Example 2 .3 .1  Wilson a c t i o n :  h ( x ) = l - c o s ( x ) .  

Example 2 .3 .2  Gene ra l i z ed  Wilson a c t i o n :  h ( x )  = 

1-cos(mx),  where m i s  any i n t e g e r .  

Example 2 .3 .3  V i l l a i n  a c t i o n :  For each  B > 0, d e f i n e  

n=-m 

where c i s  a  c o n s t a n t  chosen such t h a t  t h e  r i g h t  hand s i d e  
B 

is one a t  x=O. 

The model w i l l  now be de f i ned ,  f o l l owing  t h e  n o t a t i o n  

i n  t h e  appendix .  Le t  (8+) 8 be t h e  se t  o f  ( p o s i t i v e l y  

d  o r i e n t e d )  one ce l ls  on 2 . Le t  (P+)  P be t h e  se t  o f  

( p o s i t i v e l y  o r i e n t e d )  two ce l l s .  The 1-cells w i l l  a l s o  be 

r e f e r r e d  t o  a s  bonds and t h e  2 - c e l l s  a s  p l a q u e t t e s .  The 

l a t t i c e  ( L )  f o r  t h e  model is  t h e  s e t  o f  p o s i t i v e l y  o r i e n t e d  

1 bonds 8+. The s t a t e  space  f o r  t h e  model is S  = S  . t h e  u n i t  

c i r c l e .  The u n i t  circle w i l l  be i d e n t i f i e d  wi th  t h e  

i n t e r v a l  1 -n ,n l  w i t h  t h e  end p o i n t s  i d e n t i f i e d .  The a p r i o r i  

measure is normal ized Lebesque measure ( A )  on [-n,nl . The 

1 8t c o n f i g u r a t i o n  space  ( R )  is t h e n  ( S  . 



I t  is c o n v e n i e n t  t o  embed c o n f i g u r a t i o n  s p a c e  ( R )  i n  

1 
I3 

( S  . by d e f i n i n g  u ( - b )  = - u ( b )  where b  E 23, and u  E R .  

(Remember t h a t  t h e  u n i t  c i r c l e  h a s  been i d e n t i f i e d  wi th  

[ - n , n l . )  With t h i s  c o n v e n t i o n  e a c h  c o n f i g u r a t i o n  may be 

d  c o n s i d e r e d  a s  a  1-form on 2 . 
D e f i n i t i o n  2 . 3 . 1  L e t  h  be a  g i v e n  energy  f u n c t i o n ,  

t h e n  t h e  a s s o c i a t e d  i n t e r a c t i o n  p o t e n t i a l  ((pb= {$lBcc13+ 1 is  

g i v e n  by 

h ( d u ( p ) )  i f  B = f o r  some p  E P+ 
( 2 . 3 . 2 )  

0 o t h e r w i s e  

where B d e n o t e s  t h e  s e t  o f  bonds i n  B d i s r e g a r d i n g  

o r i e n t a t i o n .  (The n o t a t i o n  Been+ means BcB+ and 181 < m. 

The energy  (H:(uls' 1 1 o f  a  con£ i g u r a t o n  ( u )  g i v e n  t h e  

boundary c o n d i t i o n s  ( o ' )  o v e r  Bccs, is  

'ph The c o r r e s p o n d i n g  s p e c i f i c a t i o n  ( R  is deno ted  by ih = 

h  
{ ' ~ ) ~ c c 1 3 + .  I f  ( f  is a  c o n t i n u o u s  f u n c t i o n  o n  R then ,  

h  where Z ( w )  i s  t h e  n o r m a l i z a t i o n  c o n s t a n t .  The s e t  o f  B 

( ex t reme  Gibbs s t a t e s  w i l l  be deno ted  by ( G e ( h ) )  G ( h ) .  

D e f i n i t i o n  2.3.2 The l a t t i c e  v e r s i o n  o f  t h e  f i e l d  

s t r e n g t h  t e n s o r  is 



where PEP, and uER.  (Remember t h a t  e a c h  u i s  ex tended  t o  be 

Remark 2.3.1 S i n c e  t h e  energy  f u n c t i o n  ( h )  is  assumed 

t o  be even,  h '  i s  t h e n  odd. So f o r  each  c o n f i g u r a t i o n  ( a ) ,  

d  F(  ( a )  may be c o n s i d e r e d  a  2-form on  Z . 
D e f i n i t i o n  2.3.3 The I t cu r ren t "  a s s o c i a t e d  t o  F  is  

* 
J ( ~ ) ( u )  = d  F ( b ) ( a )  = F ( P ) ( U ) ,  

PEP: bEaP 

f o r  a l l  bE8, and u E R .  

Remark 2.3.2 The f a c t o r  a  (d-4)g-2  i n  ( 1 . 5 . 1 )  h a s  been 

absorbed i n t o  t h e  energy  f u n c t i o n  ( h ) .  T h i s  f a c t o r  is 

e a s i l y  r e - i n s e r t e d  i f  one n o t e s  t h a t  F  and J depend l i n e a r l y  

S e c t i o n  2.4 P r e s s u r e  

The purpose  o f  t h i s  s e c t i o n  is  t o  g e n e r a l i z e  t h e  n o t i o n  

o f  p r e s s u r e  and i t s  p r o p e r t i e s  t o  t h e  c a s e  where t h e  

u n d e r l y i n g  l a t t i c e  is  8,. I n  t h i s  s e c t i o n  t h e  i n t e r a c t i o n  

p o t e n t i a l  (F) is a l lowed  t o  be a r b i t r a r y  e x c e p t  f o r  t h e  

r e s t r i c t i o n  o f  f i n i t e  r a n g e .  The r e s u l t s  o f  t h i s  s e c t i o n  

w i l l  o n l y  be used i n  t h e  proof  o f  Theorem 5 . 2 . 1  o f  

Chapter  5 .  

The g roup  Zd n a t u r a l l y  a c t s  on t h e  l a t t i c e  8+ v i a  

T x [ ( e . )  I = 
1 Y (e i )  ( x + y )  

( 2 . 4 . 1 )  

So Tx a c t s  on a  bond s imply  by t r a n s l a t i n g  t h e  base  p o i n t .  

A s  i n  t h e  appendix ,  t h e  a c t i o n  on zd n a t u r a l l y  i n d u c e s  



actions on R ,  and the functions on R, 

Tx(w) = woT 
-X 

(2.4.2) 

Tx(f)(w) = f(woTX). (2.4.3) 

We will only consider interaction potentials (PI which are 

translation invariant, 

Definition 2 . 4 . 1  Let ACZ! the set of positively 

oriented bonds associated to A is 

A( 1) d = ( (eiIx I xEA and i = 1,2..... .d 3. (2.4.5) 

Definition 2 . 4 . 2  The pressure (PA(w,P) of a 

translation invariant, finite range interaction potential 

d 
(PI on R, given a configuration (w) and AccZ . is 

where 2 (u) is the normalization constant in the 
A( 1) 

definition of the specification, see Definition A.2.4. 

d Definition 2 . 4 . 3  If BcCB+. put BO = (xE2 13 a bond bEB 

with x as its base point}, the base of B. 

Theorem 2 . 4 . 1  The in£ inite volume pressure (PI defined 

by the limit 

P(P) = lim P (w,P) (2.4.7) 
atzd " 

exists and is independent of the boundary conditions (w), as 

A increases to Zd through cubes. Furthermore. as in Theorem 

A.8.1, there is a one to one correspondence between tangent 

functionals to the pressure at P and translation invariant 



Gibbs s t a t e s  o f  t h e  i n t e r a c t i o n  p o t e n t i a l  'P. I f  p is a  

t r a n s l a t i o n  i n v a r i a n t  Gibbs s t a t e ,  t h e  a s s o c i a t e d  t a n g e n t  

f u n c t i o n a l  is  

I f  a is a  t a n g e n t  f u n c t i o n a l ,  t h e  a s s o c i a t e d  t r a n s l a t i o n  

i n v a r i a n t  Gibbs s t a t e  is de te rmined  by 

where f  is a c o n t i n u o u s  ?(A)-measurable f u n c t i o n  f o r  some 

A c c ~ + ,  and 

f ( w T x )  i f  B = T x ( A )  f o r  some xEZ d  
f  

Y B ( d  = ( 2 . 4 . 1 0 )  
o t h e r w i s e  

Proof :  We w i l l  r educe  t h i s  theorem t o  Theorem A.8 .1  o f  

Appendix A .  The p rocedure  is t o  map a l a t t i c e  sys tem over  

d  8+ t o  a l a t t i c e  sys tem over  Z . The s ta te  space  o f  t h e  new 

d  sys tem is T = S , where S is t h e  u n i t  c i r c l e  a s  b e f o r e .  The 

B mapping between t h e  two c o n f i g u r a t i o n  s p a c e s  is K :  S + --+ 
d  d  T' , g i v e n  by K(o)  ( X I  = {u( e x  I .  Each i n t e r a c t i o n  

* 
p o t e n t i a l  ( ' P I  o v e r  B maps t o  a n  i n t e r a c t i o n  p o t e n t i a l  ('P ) + 

d  over  2  , 

where ACCL. By a n  e a s y  computa t ion  w e  f i n d  
* 

d  f o r  a l l  A c c Z  . Hence, t h e  c o r r e s p o n d i n g  s p e c i f i c a t i o n s  obey 



B 
where f  i s  any  c o n t i n u o u s  f u n c t i o n  o f  R = S +. Using Remark 

A.2 .4  o f  Appendix A and  e q u a t i o n  ( 2 . 4 . 1 3 1 ,  K i n d u c e s  a n  

a f f i n e  b i j e c t i o n  

which p r e s e r v e s  t h e  s u b s e t  o f  t r a n s l a t i o n  i n v a r i a n t  s t a tes .  

The f i n i t e  volume p r e s s u r e s  o f  t h e  two s y s t e m s  behave  

i n  a similar  f a s h i o n ,  

* 
where P  i s  t h e  p r e s s u r e  i n  t h e  s y s t e m  o v e r  !Zd.passing t o  

t h e  l i m i t  i n  e q u a t i o n  ( 2 . 4 . 1 5 )  y i e l d s  

Hence t h e  two s y s t e m s  are  e s s e n t i a l l y  t h e  same. The theorem 

f o l l o w s  by s i m p l y  t r a n s c r i b i n g  t h e  known r e s u l t s  a b o u t  t h e  

s y s t e m  o v e r  !Zd t o  t h e  d e s i r e d  r e s u l t s  f o r  t h e  s y s t e m  o v e r  

B+ Q . E . D .  



Chapter  3  

CONVERGENCE RESULTS 

Genera l  c r i t e r i a  a r e  s t u d i e d  f o r  t h e  convergence  o f  t h e  

l a t t i c e  Lap lace  and F o u r i e r  t r a n s f o r m s  ( o n  t h e  c u r r e n t  

a l g e b r a )  t o  t h e  r e s p e c t i v e  t r a n s f o r m s  o f  E u c l i d e a n  f r e e  

e l e c t r o m a g n e t i c  f i e l d .  The c a s e  o f  most i n t e r e s t  w i l l  be 

when t h e  d imension ( d l  is  f o u r .  The r e s u l t s  f o r  d=3 is  t h e  

s u b j e c t  o f  Gross 131. I f  d > 4 ,  t h e  Lap lace  t r a n s f o r m  

converges  b u t  t o  t h e  t r i v i a l  l i m i t  ( t h e  f u n c t i o n  1 ) .  

R e c a l l  from t h e  i n t r o d u c t i o n ,  t h a t  d=4 h a s  t h e  d i s t i n g u i s h e d  

f e a t u r e  t h a t  t h e  l a t t i c e  measure does  n o t  depend on t h e  

l a t t i c e  s p a c i n g  pa ramete r  ( a ) .  

The main theorems o f  t h i s  c h a p t e r  conc lude  t h a t  l a t t i c e  

F o u r i e r  ( L a p l a c e )  t r a n s f o r m s  r e s t r i c t e d  t o  t h e  " c u r r e n t  

a l g e b r a "  converge  t o  t h e  ( r e n o r m a l i z e d l  F o u r i e r  ( L a p l a c e )  

t r a n s f o r m s  o f  t h e  f r e e  E u c l i d e a n  e l e c t r o m a g n e t i c  f i e l d  

p rov ided  t h e  l a t t i c e  measure is  a n  ex t reme  ( u n i q u e )  Gibbs 

s t a t e .  Fur thermore ,  i f  d=4, t h e  r e s u l t i n g  t r a n s f o r m s  a r e  

n o t  " t r i v i a l "  p rov ided  t h e  energy  f u n c t i o n  ( S e c t i o n  2 . 3 )  is  

n o t  c o n s t a n t .  

S e c t i o n  3 . 1  Schwinger - Dyson Equa t ions  

Lemma 3.1.1 (Schwinger-Dyson Equa t ions ,  see Gross  131) 

L e t  h  be a n  energy  f u n c t i o n ,  flEG(h) be a n  a r b i t r a r y  Gibbs 



s t a t e .  Le t  f  be a  d i f f e r e n t i a b l e  p e r i o d i c  f u n c t i o n  

depending on o n l y  f i n i t e l y  many bond v a r i a b l e s  ( i . e .  f  is  

F(B)-measurable  f o r  some Been+). Then f o r  any bond b  

p ( a f / a ~ ( b ) )  = p ( ~ ( b ) . f ) ,  ( 3 . 1 . 1 1  

where J ( b )  is  t h e  l a t t i c e  c u r r e n t  i n  D e f i n i t i o n  2 . 3 . 3 .  

( R e c a l l  t h a t  t h e  c o n s t a n t s  a  (d-4 )g-2 have been absorbed  i n t o  

t h e  energy  f u n c t i o n  ( h ) ,  see Remark 2 . 3 . 2 . )  

P roof :  Choose Been+ such t h a t  f  is  F(B)-measurable  and 

such t h a t  b  and t h e  bonds o f  any n e i g h b o r i n g  p l a q u e t t e s  a r e  

c o n t a i n e d  i n  B .  Then by f i n i t e  d imens iona l  i n t e g r a t i o n  by 

p a r t s ,  n o t i n g  t h a t  t h e  boundary terms a r e  z e r o  by 

p e r i o d i c i t y ,  

h  h  n B ( u , a f / a u ( b ) )  = n B ( ~ , ~ ( b ) = f ) ,  ( 3 . 1 . 2 )  

f o r  a l l  c o n f i g u r a t i o n s  u .  See e q u a t i o n s  ( 2 . 3 . 3 1 ,  ( 2 . 3 . 4 )  

and t h e  d e f i n i t i o n  o f  J ( b )  ( D e f i n i t i o n  2 . 3 . 3 )  and t h e  

f o l l o w i n g  computa t ion .  

I n  t h e  second e q u a l i t y  w e  used t h e  assumpt ion  t h a t  h '  is  

odd, t h e  c o n v e n t i o n  o f  u '  b e i n g  ex tended  t o  a  1-chain,  and 

t h e  assumpt ion  t h a t  b  was i n  t h e  " i n t e r i o r "  o f  B .  

The theorem now f o l l o w s  by i n t e g r a t i n g  b o t h  s i d e s  o f  

e q u a t i o n s  ( 3 . 1 . 2 )  w i t h  r e s p e c t  t o  t h e  Gibbs s t a t e  ( p )  and 

u s i n g  t h e  D.L.R. e q u a t i o n s  ( A . 2 . 3 ) .  Q . E . D .  



We w i l l  see t h a t  t h i s  form o f  i n t e g r a t i o n  by p a r t s  is a  

v e r y  powerful  t o o l  f o r  s t u d y i n g  t h e  p r o p e r t i e s  o f  U ( 1 )  

l a t t i c e  gauge models.  Th i s  t e c h n i q u e  was p u t  t o  good u s e  by 

Gross 131 i n  s t u d y i n g  t h e  c a s e  d=3. 

S e c t i o n  3 .2  Convergence o f  Transforms i n  Dimension Four 

Although t h e  main r e s u l t s  i n  t h i s  s e c t i o n  a r e  f o r  d=4, 

many o f  t h e  r e s u l t s  a r e  d imension independen t .  Unless  

e x p l i c i t l y  s t a t e d ,  i t  is assumed t h a t  t h e  d imension is d .  

Through o u t  t h i s  s e c t i o n  h  w i l l  d e n o t e  a n  energy  

f u n c t i o n  a s  i n  S e c t i o n  2.3,  and j w i l l  be a  t es t  1-form on 

. A t e s t  1-form is  a  cm d i f f e r e n t i a l  1-form w i t h  compact 

d  s u p p o r t  on  IR . 
D e f i n i t i o n  3 . 2 . 1  A Gibbs s t a t e ,  pEG(h),  i s  s a i d  t o  be 

i n v a r i a n t  i f  p  is i n v a r i a n t  under  b o t h  t r a n s l a t i o n s  and 

g o 0 - r o t a t i o n s .  

Theorem 3.2 .1  ( d  = 4 )  L e t  j be a  complex va lued  t e s t  

4  1-form on R . Assume t h a t  t h e r e  is  o n l y  one Gibbs s t a t e  ( p )  

a s s o c i a t e d  t o  t h e  energy  f u n c t i o n  ( h ) ;  G ( h ) = E p l .  Then 

a 
l i m  p ( e  ( J ' j a ) )  = exp(- (d j ,d j  1 )  2 ( 3 . 2 . 1 )  
a  4 0  

where a = p ( h " ( d w ( p ) ) )  - p  is any p l a q u e t t e .  Note: t h e  

b i l i n e a r  form i n  t h e  l e f t  hand exponent  o f  ( 3 . 2 . 1 )  is on 

l a t t i c e  forms, whereas i n  t h e  r i g h t  hand exponent  i t  is on 

d i f f e r e n t i a l  forms.  

Remark 3 . 2 . 1  The Gibbs s t a te  p  must be i n v a r i a n t  



( t r a n s l a t i o n  and 90 '-rotat ion i n v a r i a n t ) ,  s i n c e  such a Gibbs 

s t a t e  a lways  e x i s t s  ( b y  Remark A.8 .1 )  i f  t h e  i n t e r a c t i o n  

p o t e n t i a l  i s  i n v a r i a n t .  S i n c e  p i s  unique,  it m u s t  be t h e  

i n v a r i a n t  s t a t e .  Thus t h e  c o n s t a n t  (a) i s  well d e f i n e d .  

R e m a r k  3 .2 .2  The c o n s t a n t  (a) m u s t  be nonnega t ive  

o t h e r w i s e  t h e  r i g h t  hand s i d e  o f  ( 3 . 2 . 1 )  would be l a r g e r  

t h a n  one when e v a l u a t e d  on p u r e l y  imaginary  t es t  1-forms, 

which is  i m p o s s i b l e .  Th i s  f a c t  w i l l  a l s o  be shown 

e x p l i c i t l y  i n  Lemma 3 . 2 . 2 ,  where i t  is a l s o  shown t h a t  u>O 

i f  h  is n o t  a  c o n s t a n t .  

L e m m a  3 . 2 . 1  I f  [ s u p ( h )  - i n f ( h ) l  < 2/(3[d-111,  t h e n  

I G ( ~ )  1 = 1. 

Proof: We f i r s t  n o t e  t h a t  G(h - c )  = G ( h )  f o r  any r e a l  

(h -c )  = Jli f o r  a l l  r e a l  c and Bcca+. c o n s t a n t  ( c ) ,  s i n c e  nB 

Thus w e  may assume t h a t  h  i s  normal ized  such t h a t  IlhMm= 

1 
-[sup(h)  - i n f ( h 1 1 .  2  

An e a s y  computa t ion  u s i n g  t h e  D e f i n i t i o n  2 . 3 . 2  shows 

s u p  2 ( 18 1 - l ) l l p h g l l ,  = 3(d-1)  11hll, 

bEB+ B:bEB 

i n  d-dimensions.  The f a c t o r  3  is  from t h e  f a c t  t h a t  lapI=4 

i f  p  i s  a  p l a q u e t t e .  The f a c t o r  d-1 c o u n t s  t h e  number of  

p o s i t i v e l y  o r i e n t e d  p l a q u e t t e s  wi th  b  i n  t h e  boundary.  Thus 

t h e  lemma is a consequence o f  D o b r u s h i n f s  un iqueness  theorem 

(Theorem A.4.11, and e q u a t i o n  ( 3 . 2 . 2 ) .  Q.E.D. 

A s  a  consequence o f  Lemma 3 . 2 . 1  and Theorem 3 . 2 . 1 ,  we 

have t h e  immediate c o r o l l a r y .  



C o r o l l a r y  3 . 2 . 1  I f  d=4 and [ s u p ( h )  - i n f ( h 1 1  ( 2/9,  

t h e n  t h e  c o n c l u s i o n  o f  Theorem 3 . 2 . 1  h o l d s .  

Theorem 3.2 .2  Suppose d=4, and pEG(h) ( G ( h )  n o t  

n e c e s s a r i l y  a one e lement  s e t )  such t h a t  p is  b o t h  ext reme 

(among a l l  Gibbs s t a t e s  n o t  j u s t  t h e  i n v a r i a n t  s t a t e s )  and 

i n v a r i a n t  . Then 

i ( J , j a ) )  -a l i m  p ( e  = e x p (  --+dj,dj)), ( 3 . 2 . 3 )  
a 10 

where j i s  a real t e s t  1-form, and u a s  above.  

Remark 3 .2 .3  The c o l l e c t i o n  o f  Gibbs s t a t e s  ( G ( h ) )  is  

n o t  assumed t o  c o n t a i n  o n l y  one e lement  i n  Theorem 3 . 2 . 2 .  

I n  f a c t ,  Theorem 3 . 2 . 2  would be a consequence o f  Theorem 

3 . 2 . 1  i f  I G ( ~ )  l=l. 

Remark 3 .2 .4  I t  w i l l  be  shown i n  Chap te r  5 t h a t  f o r  

Wilson " l i k e "  energy  f u n c t i o n s  t h e r e  a lways  e x i s t s  a n  

ext reme and t r a n s l a t i o n  i n v a r i a n t  Gibbs s t a t e .  I n  f a c t ,  t h i s  

s t a t e  may be found by t a k i n g  t h e  thermodynamic l i m i t  

r e s u l t i n g  from z e r o  boundary c o n d i t i o n s .  

The p r o o f s  of t h e  two main theorems (Theorems 3 . 2 . 1  and 

3 . 2 . 2 )  w i l l  be pos tponed.  F i r s t  w e  w i l l  p rove  a number o f  

lemmas which w i l l  l e a d  t o  t h e  main r e s u l t s .  

Lemma 3 .2 .2  L e t  p be a n  i n v a r i a n t  Gibbs s ta te ,  t h e n  

2  a = p ( h t v ( d u ( p )  1 )  = (2(d-1)  ) - l s p ( ~ ( b )  1, ( 3 . 2 . 4 )  

where b is any bond, and d  is t h e  d imension.  Fur thermore ,  

a > O  i f  h  is n o t  a c o n s t a n t .  



Proof: 

The Schwinger-Dyson equations were used in the first 

equality, the definition of J in the second, the definition 

of F in the third, and the fact that 2(d-1) is the number of 

plaquettes with a given bond in their boundaries. So the 

validity of equation (3.2.4) has been shown. 

Suppose that J(b) were identically zero. Let pEB+ with 

bEdp, and choose b'Eap such that b'# b. Then aJ(b)/aw(b')~O 

implies that hU=O. Hence, h' is a constant. Since h n  is 

odd, the constant must be 0. So J(b) is not identically 

zero if h is not a constant. 

Fix a bond bEB+, and let B C C ~ +  be such that bEB and 

J(b) is F(B)-measurable. If h is not constant there is a 

2 neighborhood in R with J(b) >0, using the continuity of 

2 J(b). It then follows that ihg(u,~(b) )>O for 

configurations w, since finite dimensional Lebesque measure 

2 h 2 charges open sets. Since p(J(b) 1 = piB(*,J(b) ) by the 

2 D.L.R. equations, we conclude that p(J(b) )>0, and thus u>O. 

Q.E.D. 

Lemma 3.2.3 (See Gross r 3 1 . 1  Let j be a lattice 

1-form with finite support, pEG(h1, and u(s) = p( e s(J,j 1 )  

for s real. Then 



P r o o f :  u ' ( s )  = s p (  ( J , j ) e  s ( J , j  

where t h e  sums a r e  o v e r  a l l  bonds,  The Schwinger-Dyson 

e q u a t i o n s  were used i n  t h e  t h i r d  e q u a l i t y .  

S e t  V=dj, s o  by D e f i n i t i o n s  2 .3 .2  and 2 .3 .3 ,  ( J , j )  = 

F , .  We now compute t h e  d e r i v a t i v e  i n  ( 3 . 2 . 6 ) .  

= ( I 1 2 1  x V ( p ) h t l ( d u ( p )  [ d j ( p ) - d j  ( - P )  ] 
P  
2  

=X t ( p )  h n ( d u ( p ) ) ,  
P  

1 i f  bEap 
where 1 ( b ) z  

a p  0 o t h e r w i s e  

Plug ( 3 . 2 . 7 )  i n t o  ( 3 . 2 . 6 )  t o  f i n i s h  t h e  p roof ,  n o t i n g  t h e  

e x t r a  f a c t o r  o f  two i n  ( 3 . 2 . 5 )  a r i s e s  from t h e  r e s t r i c t i o n  

of  t h e  sum t o  P+. Q . E . D .  

P r o p o s i t i o n  3 . 2 . 1  ( d = 4 )  Suppose t h a t  j is a complex 

va lued  tes t  1-form on lR4 and pEG(h1 is  a n  i n v a r i a n t  Gibbs 

s t a t e .  Def ine  

where cov ( f , g )  E ~ ( f g )  - P (  f  ) p ( g ) .  Suppose t h a t  
P  



l i m  c ( a )  = 0, t h e n  
a  10 

u  
l i m  p ( e  ( J n j a )  1 = exp(-(dj.dj 1 ) .  
a  10 2  

w i t h  a a s  i n  Theorem 3 . 2 . 1 .  

P roof :  L e t  ka = a ( d j a , d j a ) .  u a ( s ) = p ( e  S ( J . j a )  1 ,  and 

2  
v a ( s )  = exp(-kas  1 2 ) - u a ( s ) .  Then by Lemma 3 . 2 . 3  

2  x C d j a ( p )  cov ( h f l ( d u ( p ) ) , e  s (J . ja)  ) }  ( 3 . 2 . 1 1 )  
P  

Cr 

where 

2  K = s u p  { ( s / 2 ) e x p ( - k a s  / 2 ) 1  O < a < l  . 0 5 ~ 5 1 1 .  ( 3 . 2 . 1 3 )  

and 

By Lemma 2 . 2 . 2  ka - k  u ( d j , d j )  a s  a  - 0, s o  t h a t  K<m.  

S i n c e  by assumpt ion  c ( a )  - 0  a s  a  - 0, v: -+ 0  a s  

a  - 0  un i fo rmly  i n  sE[O,11. S i n c e  v a ( 0 )  = 1 ( u a ( 0 ) =  1). 

i t  f o l l o w s  t h a t  va converges  t o  one un i fo rmly  i n  s .  P u t t i n g  

s=l, we conc lude  t h a t  u a ( l )  - e k / 2  a s  a  -+ 0 .  

Q.E.D. 

I n  view o f  t h i s  p r o p o s i t i o n ,  t h e  p r o o f s  o f  t h e  main 

theorems a r e  r educed  t o  showing i n  e a c h  c a s e  t h a t  c ( a )  - 
0  a s  a  + 0 .  The remainder  o f  t h i s  s e c t i o n  w i l l  be devo ted  

t o  t h i s  g o a l .  



Lemma 3 . 2 . 4  (Dimension = d . )  L e t  j be a  complex 

l a t t i c e  1-form wi th  f i n i t e  s u p p o r t ,  pEG(h) a  t r a n s l a t i o n  

i n v a r i a n t  Gibbs s t a t e ,  and u ( s )  = p ( e  s ( J ' j )  1 .  Then 

where lldj 112 is d e f i n e d  i n  e q u a t i o n  ( 3 . 2 . 1 4 ) .  

P roof :  Without  l o s s  o f  g e n e r a l i t y ,  it may be assumed 

t h a t  j is r e a l  s i n c e  l u ( s )  1 5 p (  le s ( J , j )  = p ( e ~ ( J , R e j )  1 ,  

and IldRe ( j 1 112 i lid j l12 .  So assume j is  r e a l .  

By e q u a t i o n  ( 3 . 2 . 5 1 ,  

2  l u *  ( s )  1 I slldjll I l h ~ l l m u ( s ) .  

Hence 

The lemma f o l l o w s  by e x p o n e n t i a t i n g  t h i s  l a s t  i n e q u a l i t y  

u s i n g  u(O)  = 1. Q . E . D .  

For n o t a t i o n a l  e a s e ,  l e t  K ( . , . , . . * * , - )  d e n o t e  a  g e n e r i c  

f u n c t i o n  which is i n c r e a s i n g  i n  each  o f  i t s  v a r i a b l e s .  From 

lemma t o  lemma and even l i n e  t o  l i n e  t h e r e  may be many such 

f u n c t i o n s  K ,  which w i l l  a l l  be deno ted  by t h e  same l e t t e r .  

Lemma 3 . 2 . 5  (Dimension = d l  L e t  pEG(h) be a n  

i n v a r i a n t  Gibbs s t a t e ,  and j be a  complex l a t t i c e  1-form on 

d  Z , with  f i n i t e  s u p p o r t .  Then 

2 2  p (  l e ( J n j ) -  11 ) I K(llh~ll~lldj112)11hffl lm~lldj112. ( 3 . 2 . 1 7 )  

P r o o f :  L e t  

V ( S )  = p (  le 2  s ( J , j ) -  l l  



D i f f e r e n t i a t i n g  ( 3 . 2 . 1 8 )  u s i n g  e q u a t i o n  ( 3 . 2 . 5 )  one  e a s i l y  

f i n d s  t h e  e s t i m a t e  

2 s ( J n j ) ~ )  + p ( l e  s ( J , j )  I ) ] ,  l v n  ( s )  1 5 S I I ~ ~ I I _  E i d j  ( p 1 2  1 [ P (  le 
P  

By u s i n g  t h e  estimate i n  e q u a t i o n  ( 3 . 2 . 1 5 )  and  t h i s  l a s t  

e q u a t i o n  w e  c o n c l u d e  t h a t  

2  I v a  ( s )  1 6 K(l lh~ l l~ l ld j112 )11h~ l l_ - l ld jN2  ( 3 . 2 . 1 9 )  

f o r  s E C 0 , l I .  S i n c e  v ( 0 )  = 0, t h e  same estimate h o l d s  f o r  v .  

Q.E.D. 

The i d e a  b e h i n d  t h e  p r o o f s  o f  t h e  main theorems i s  t o  

u s e  t h e  c l u s t e r  p r o p e r t i e s  o f  u n i q u e  o r  e x t r e m e  Gibbs  s ta tes  

t o  c o n c l u d e  t h a t  c ( a )  ---+ 0  as a ---+ 0 .  To c a r r y  t h i s  

p r o c e d u r e  o u t  w e  must d i v i d e  t h e  t e s t  1-form i n t o  " n e a r "  and  

" f a r "  p i e c e s .  The c l u s t e r  p r o p e r t i e s  w i l l  b e  a p p l i e d  t o  t h e  

f a r  p i e c e s .  The f o l l o w i n g  l e m m a  e n a b l e s  u s  t o  c o n t r o l  t h i s  

s p l i t t i n g  o f  t h e  t e s t  1-form. 

For  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n  l e t  g  be  a real  

i n f i n i t e l y  d i f f e r e n t i a b l e  f u n c t i o n  w i t h  compact  s u p p o r t  o n  

lltd. Fu r the rmore  assume g i s  r a d i a l ,  0 I g  5 1, and  

. - - 
P u t  g r ( x )  = g ( r  l x )  f o r  a l l  r > 0. 

Lemma 3 . 2 . 6  L e t  j  be  a complex t e s t  1-form o n  lRd and  

r 
gr be as above .  D e f i n e  j r  E g  s j  f o r  a l l  r > 0. Then 

ad -411(d j r ) a l l~  5 K * [ l ~ j l l ~ . r ( ~ - ~ )  00 + lldjll: r d l ,  ( 3 . 2 . 2 1 )  



f o r  a l l  p o s i t i v e  r and a .  The sup-norms a r e  supremums 

d over  a l l  t h e  components o f  t h e  forms and over  a l l  o f  R . K 

is a c o n s t a n t  which o n l y  depends o n  t h e  d imension ( d l ,  and 

t h e  f u n c t i o n  ( g ) .  

Proof: 

r 2 r H(dj  ) a l l 2  I [ l l (dg  , j ) a l 1 2  + l l ( g r - d j ) a ~ 2 ] 2  

2 J 2[l l (dgr , j  + 1 1 ( ~ ~ * d j  ) a l l 2 ]  ( 3 . 2 . 2 2 )  

We estimate t h e  two terms o f  ( 3 . 2 . 2 2 )  s e p a r a t e l y .  S t a r t i n g  

wi th  t h e  f i r s t  term obse rve ,  

where t h e  a b s o l u t e  v a l u e  o f  a form d e n o t e s  t h e  maximum over  

t h e  a b s o l u t e  v a l u e  o f  t h e  components By t h e  d e f i n i t i o n  o f  

r g , t h e r e  e x i s t s  a d imension dependent  c o n s t a n t  ( c )  s u c h  

t h a t  

f (dgr l  = 0 i f  d i s t ( a p . 0 )  cr .  

a P  
Using t h e  e s t i m a t e ,  

and ( 3 . 2 . 2 4 )  we conc lude  t h a t  

where 

1 i f  d i s t ( p , O )  I 1 
x s ( p )  ( 3 . 2 . 2 7 )  

0 o t h e r w i s e  

Combine t h e  e s t i m a t e s  ( 3 . 2 . 2 3 )  i n t o  ( 3 . 2 . 2 6 )  t o  g e t  

r -1 2 I ( d g  ,j ) , ( P I  I 5 K l l j l l m r  a x c r / a ( p ) .  ( 3 . 2 . 2 8 )  



Square and t h e n  sum t h i s  l a s t  e s t i m a t e  over  a l l  p l a q u e t t e s  

t o  o b t a i n  

To o b t a i n  t h i s  l a s t  i n e q u a l i t y  I have used 

where K d e n o t e s  a  c o n s t a n t  o n l y  depending on d .  

By a  s i m i l a r  ( e a s i e r )  argument it f o l l o w s  

where K is  a  c o n s t a n t  o n l y  depending on d .  

The theorem now f o l l o w s  from t h e  e s t i m a t e s  (3 .2 .221,  

( 3 . 2 . 2 9 )  and ( 3 . 2 . 3 1 ) .  Q . E . D .  

Theorem 3.2 .3  ( d = 4 )  L e t  h  be a n  energy  f u n c t i o n ,  

4  pEG(h1, and j be a  complex t es t  1-form o n  IR . F i x  a  

4  
p l a q u e t t e  ( p o l  based a t  OEZ . Then 

a )  i f  J G ( ~ )  1 = 1, t h e n  

b )  i f  p  is ext reme (pEGe(h) )  and j  is p u r e l y  

imaginary,  t h e n  t h e  estimate ( 3 . 2 . 3 2 )  s t i l l  h o l d s .  

Where i n  (3 .2 .321 ,  0 ( a )  d e n o t e s  a  f u n c t i o n  which is  
Po 

independent  o f  t h e  t es t  1-form ( j ) ,  and t e n d s  t o  z e r o  a s  a  

t e n d s  t o  z e r o .  

P r o o f :  L e t  r be a  p o s i t i v e  number less t h a t  one, jr be 

r a s  above, and p u t  k re  j - j . For n o t a t i o n a l  e a s e  p u t  j r  = 
a  

r r r 
( j  l a ,  ka = ( k  la ,  and f ( u )  = h t l ( d o ( p o ) ) .  The pa ramete r  ( r )  



w i l l  e v e n t u a l l y  be chosen t o  be a  f u n c t i o n  o f  a  which 

converges  t o  z e r o  a s  a  goes  t o  z e ro .  

F i r s t  s p l i t  cov ( f , e  ( J , j a ) )  i n t o  two p a r t s ,  
Cc 

cov ( f , e  ( J , j a ) )  = cov ( f , e  ( J8 j ; )  e ( ~ 8 k : ) )  
Cr P 

+ cov ( f , e  (J,k:)) 
Cc 

C a l l  t h e  f i r s t  t e r m  i n  ( 3 . 2 . 33 )  A and t h e  second term B .  

We now e s t i m a t e  J A J ,  

r 
5 K ( lld j :11 2, 1ldk:ll I d  j 

5 K(lldjII,,lljllb3,lIdjall2) ' r ,  ( 3 . 2 . 3 4 )  

where K ( . , . , - )  d e n o t e s  a f u n c t i o n  (depending on h )  which is 

i n c r e a s i n g  i n  i t s  arguments .  The Cauchy-Schwartz i n e q u a l i t y  

was used i n  t h e  second i n e q u a l i t y ,  Lemma 3 .2 .4  and 

Lemma 3 . 2 . 5  i n  t h e  t h i r d ,  and lldk:112 5 lldjal12 + lldj:l12, 

Lemma 3 . 2 . 6  and r 5 l  i n  t h e  l a s t  i n e q u a l i t y .  

To e s t i m a t e  I B I  we w i l l  have t o  d i v i d e  t h e  proof  i n t o  

two c a s e s  co r r e spond ing  t o  t h e  two c a s e s  o f  t h e  theorem. 

However, f i r s t  n o t e  t h a t  (J,k:) (el depends o n l y  on t h e  bond 

v a r i a b l e s  o u t s i d e  a b a l l  o f  r a d i u s  ( c r / a ) ,  where c is  a 

p o s i t i v e  c o n s t a n t .  A t  t h i s  t i m e  choose  r = a ( 1 / 2 ) 8  hence 

Case ( a )  I G ( h ) l  = 1: By t h e  s t r o n g  c l u s t e r  p r o p e r t y  



(Theorem A.3.21, t h e r e  e x i s t s  a  f u n c t i o n  0 ( a )  as i n  t h e  
Po 

s t a t e m e n t  o f  t h e  theorem such t h a t  

Using Lemma 3 .2 .4  , Lemma 3 .2 .6  and e q u a t i o n  ( 3 . 2 . 3 5 )  we 

conclude t h a t  

r 
(cov ( f , e  ( J ' k a ) )  I 5 0 ( a )  - K ( l l j l l m ,  lldjllm, lldjal12). ( 3 . 2 . 3 6 )  

Cc Po 

Case ( b )  pEG(h) is  ext reme and j is  p u r e l y  imaginary:  

The o b s e r v a t i o n  t h a t  l e  ( J ' ~ : )  1 = 1 and t h e  c l u s t e r  p r o p e r t y  

o f  Theorem A.3.1  a s s e r t s  a g a i n  an  e s t i m a t e  o f  t ype  ( 3 . 2 . 3 6 )  

ho ld s  ( w i t h  K independent  o f  j i n  t h i s  c a s e ) .  

The e s t i m a t e  ( 3 . 2 . 3 2 )  f o l l ows  from combining t h e  

e s t i m a t e s  (3 .2 .341 ,  (3 .2 .361 ,  and ( 3 . 2 . 3 3 ) .  Q . E . D .  

Lemma 3.2.7 Suppose t h a t  pEG(h) is  a n  i n v a r i a n t  

( t r a n s l a t i o n  and 90° r o t a t i o n  i n v a r i a n t )  Gibbs s t a t e  

s a t i s f y i n g  a n  e s t i m a t e  o f  t h e  form (3 .2 .321 ,  t hen  

( 3 . 2 . 3 7 )  

ho ld s  f o r  a l l  PEP. 

Proof :  Le t  T deno t e  t h e  n a t u r a l  t r a n s l a t i o n  o p e r a t o r s  x 

on d i f f e r e n t i a l  forms and on l a t t i c e  forms.  Then i f  j is  a  

t e s t  1-form 

So u s i n g  ( 3 . 2 . 3 8 )  and t h e  f a c t  t h a t  bo th  s i d e s  o f  t h e  



e s t i m a t e  ( 3 . 2 . 3 2 )  a r e  i n v a r i a n t  under  t r a n s l a t i o n s  o f  j ,  

a l l o w s  u s  t o  conc lude  t h a t  i n e q u a l i t y  ( 3 . 2 . 3 7 )  i s  v a l i d  i f  

t h e  p l a q u e t t e  ( p o l  i n  t h e  l e f t  hand s i d e  o f  ( 3 . 2 . 3 7 )  is  

r e p l a c e d  by any o f  i t s  t r a n s l a t e s .  Using a  s i m i l a r  

argument f o r  r o t a t i o n s  we conc lude  t h a t  t h e  p l a q u e t t e  ( p o l  

on  t h e  l e f t  hand s i d e  o f  t h e  e s t i m a t e  ( 3 . 2 . 3 7 )  may be 

r e p l a c e d  by any p l a q u e t t e  ( p ) .  Q.E.D.  

Proof  o f  Theorems 3.2.1 and 3.2.2: L e t  c ( a )  be a s  i n  

e q u a t i o n  ( 3 . 2 . 9 1 ,  

c ( a )  z supEcov ( h n ( d u ( p ) , e  s ( J . j a ) )  l p ~ l , ,  s ~ [ 0 , 1 1 1 .  
P 

By h y p o t h e s i s  o f  Theorem 3 . 2 . 1 ,  Theorem 3 . 2 . 3  and Lemma 

3 . 2 . 7  may be used t o  conc lude  t h a t  c ( a )  + 0 a s  a  + 0 i f  j 

i s  a  t es t  1-form. S i m i l a r l y ,  under t h e  h y p o t h e s i s  o f  

Theorem 3.2.2,  c ( a )  + 0 a s  a  -+ 0 i f  j is p u r e l y  imaginary  

t es t  1-form. Both theorems now f o l l o w  by a p p l y i n g  

P r o p o s i t i o n  3 .2 .1 .  Q.E.D. 

S e c t i o n  3.3 Convergence f o r  d  > 4 

I n  t h i s  s e c t i o n  it is shown t h a t  t h e  Lap lace  t r a n s f o r m  

o f  t h e  l a t t i c e  measure ( o n  t h e  c u r r e n t  a l g e b r a )  converges  t o  

t h e  f u n c t i o n  one, which is t h e  Lap lace  t r a n s f o r m  o f  t h e  F r e e  

E u c l i d e a n  measure wi th  i n f i n i t e  c o u p l i n g  c o n s t a n t .  

U n f o r t u n a t e l y ,  t h e  l i m i t i n g  v a l u e  is r a t h e r  u n i n t e r e s t i n g .  

Theorem 3.3.1 Assume t h e  d imension ( d l  is l a r g e r  t h a n  

f o u r .  L e t  h  be a n  energy  f u n c t i o n ,  a  > 0 t h e  l a t t i c e  



spac ing  parameter,  and paEG(a ( d - 4 ) h )  be any Gibbs s t a t e  of  

t h e  energy f u n c t i o n  Qd-4)h.  Then f o r  each t e s t  1-form ( j )  

d  on Iff . 
l i m  pa (exp [a  (d-4 1 ( J . j a ) l )  = 1, 
a  80 

where J  is t h e  c u r r e n t  a s s o c i a t e d  wi th  t h e  energy f u n c t i o n  

( h ) ,  s e e  D e f i n i t i o n  2 .3 .3 .  

Remark 3 .3 .1  By Dobrushints  uniqueness theorem ( s e e  

Lemma 3 . 2 . 1 )  I G ( ~  ( d - 4 ) h )  I = 1. i f  a  is  s u f f i c i e n t l y  smal l .  

So a s  i n  Remark 3.2.4 t h e  measures ( p a )  i n  Theorem 3 .3 .1  a r e  

i n v a r i a n t  f o r  smal l  a .  

a  Proof: For n o t a t i o n a l  ease ,  l e t  P  z d j ,  R B ( u ' . n )  E 

(d-4Ih s a  
(u,-), and u ( s )  = p a ( e  ( d - 4 ) ( ~ . j  

a  a  f o r  sE[O, l l .  

Then by Lemma 3 . 2 . 3  wi th  h  r ep l aced  by a  (d-4Ih. 

Since ( s / 2 ) a  (d -4 )  1 P ~ ( ~ ) ~  - S(P,P) a s  a  -B 0,  i t  s u f f i c e s  

t o  show t h a t  pa(h t t  ( d u ( p )  )esa ( d - 4 ) ( ~ . j  a  ---0 uniformly i n  

p  a s  a  -B 0, because ua ( 0  1 = 1. 

Le.t p  be a  p l a q u e t t e  based a t  ze ro .  Choose a  s u b s e t  

BccB, which c o n t a i n s  a l l  t h e  bonds ( d i s r e g a r d i n g  

o r i e n t a t i o n )  of  any p l a q u e t t e s  having a  bond i n  common with  

p. By t h e  f i n i t e  volume Schwinger-Dyson equa t ions  ( s e e  

equa t ion  ( 3 . 1 . 2 ) )  with h  r ep l aced  by a  (d-4Ih. 



where b  is any bond i n  t h e  ape, and w ' E R  is any 

c o n f i g u r a t i o n .  Dividing equa t ion  ( 3 . 3 . 3 )  by a  ( d-4 , us ing  

t h e  f a c t  t h a t  J and F a r e  uniformly bounded, we f i n d  

~ l ; ( e ' , h " d u ( ~ )  I d K a  (d-4)  , ( 3 . 3 . 4 )  

where K is  a c o n s t a n t  depending on llhlloo. 

AS i n  Theorem 3 .2 .3 ,  s p l i t  t h e  1-form ja i n t o  i t s  

"near f f  and l f f a r V  p i eces ,  

n  j a ( b )  i f  b  o r  -b is i n  B 
j a ( b )  = ( 3 . 3 . 5 )  

o therwise  

and 

We do n o t  have t o  be s o  c a r e f u l  i n  t h i s  c a s e .  

Now 

where K is a c o n s t a n t  depending on I B I  and IlhW_. The D.L.R. 

equa t ions  were used i n  t h e  second e q u a l i t y  a long  with t h e  

. f  f a c t  t h a t  ( J , J ~ )  is FB-measurable ( i . e .  on ly  depends on t h e  

bond v a r i a b l e s  o u t s i d e  of B ) .  The i n e q u a l i t y  is  a  

consequence of equa t ion  ( 3 . 3 . 4 )  and t h e  easy  e s t i m a t e  



where K o n l y  depends  on  I B I .  But by Lemma 3 . 2 . 4  w i t h  h  

r e p l a c e d  by a (d-4lh ,  

5 expEa (d-4)  11djall~11h11_/2), ( 3 . 3 . 9 )  

Combine t h e  estimates ( 3 . 3 . 9 )  and ( 3 . 3 . 7 )  t o  g e t  

where K is a n  i n c r e a s i n g  f u n c t i o n  i n  i t s  arguments .  A s  i n  

Lemma 3 .2 .7  t h e  estimate ( 3 . 3 . 1 0 )  r emains  v a l i d  when ( p )  is  

any p l a q u e t t e ,  s i n c e  f o r  small a t h e  Gibbs s t a t e  pa is  

i n v a r i a n t .  Hence w e  have shown t h a t  

p a ( h W ( d u ( p )  )esa ( d - 4 ) ( J , j  a + o un i fo rmly  i n  p  a s  a + 0, 

s o  t h e  theorem is  proved.  Q .E .D .  



Chapter  4  

CORRELATION INEQUALITIES 

T h i s  c h a p t e r  r e v i e w s  some b a s i c  c o r r e l a t i o n  

i n e q u a l i t i e s  f o r  s t a t i s t i c a l  mechanical  models w i t h  t h e  

circle as s t a t e  s p a c e  and " c o s i n e t t  t y p e  i n t e r a c t i o n s .  These 

c o r r e l a t i o n  i n e q u a l i t i e s  a l o n g  w i t h  t h e i r  consequences  w i l l  

be used  i n  Chapter  5 t o  prove  (among o t h e r  r e s u l t s )  f o r  

t tWilson- l ike t t  a c t i o n s  t h e  e x i s t e n c e  o f  a n  ext reme i n v a r i a n t  

Gibbs s t a t e .  

I w i l l  f o l l o w  c l o s e l y  t h e  t r e a t m e n t  o f  Messager, 

Miracle-Sole,  and P f i s t e r  [ l l ,  and P f i s t e r  [ l l .  Also see 

F r o h l i c h  and P f i s t e r  [ 1 1  and [ 2 1 .  For r e l a t e d  m a t e r i a l  see 

B r  icmont,  F o n t a i n e  and Landau [ 1 1 . 

S e c t i o n  4.1 N o t a t i o n  

1 L e t  S  = S  be t h e  u n i t  circle which is  t o  be i d e n t i f i e d  

wi th  [-n,nl  w i t h  end p o i n t s  i d e n t i f i e d  a s  b e f o r e .  L e t  N be 

N N a  p o s i t i v e  i n t e g e r .  I f  w € IR and m E 2  , t h e n  l e t  m a w  

N d e n o t e  t h e  u s u a l  i n n e r  p r o d u c t  on  R , m - w  = 

i=l 

D e f i n i t i o n  4.1.1 L e t  J and be r e a l  va lued  f u n c t i o n s  

on  z N  w i t h  f i n i t e  s u p p o r t .  The a s s o c i a t e d  p r o b a b i l i t y  

J measure (pb)  on  sN is  

J d p 0 ( u l  ='Z($)-lexp{ 2 J ( m l c o s ( m - u  - $ ( m ) l }  dw, ( 4 . 1 . 1 )  
m € z N  



N where a€[-n,nl . z ( @ )  is the normalization constant, and du 

is N-dimensional Lebesque measure. If @ is the zero 

function, we write p 
J J 
0 for p@. 

Section 4.2 Correlation Inequalities 

The following lemma is basic to all correlation 

inequalities involving measures of the form (4.1.11, see 

Ginibre 111. 

N Lemma 4.2.1 Let F:R 4 R be a bounded function which 

is 2n-periodic in each coordinate when the other coordinates 

are fixed. Furthermore, it is assumed that 

is 2n-periodic in each coordinate of u and a', where 

N u , '  € R . Then 

where each integral in the above iterated integrals is over 

any interval of length 2n (which interval is not important 

due to the periodicity assumptions). 

Proof: Let I be the left hand side of (4.2.2). By the 

periodicity assumptions on G, 

Now make the change of variables a = [u+u'1/2 and 

a8=Iu-u' 1/2. Then d~da'=2-~dudu', and the new domain of 

integration is the N fold product of the domain D C R ~  which 



is t h e  u n i o n  o f  r e g i o n s  1-4 i n  F i g u r e  4 . 2 . 1 .  So,  

F i g u r e  4 . 3 . 1  

U s i n g  t h e  p e r i o d i c i t y  a s s u m p t i o n s  o n  F, i t  is  e a s y  t o  c h e c k  

t h a t  f o r  e a c h  c o m p o n e n t  ( a i , u !  t h e  i n t e g r a l  o v e r  a n y  o f  t h e  
1 

r e g i o n s  1-4 may b e  r e p l a c e d  by a n  i n t e g r a l  o v e r  1 ' - 4 '  

r e s p e c t i v e l y .  F o r  i n s t a n c e ,  t h e  c h a n g e  o f  v a r i a b l e s  

(a .a! 1-+(ai-2n.u'-2n) t a k e s  r e g i o n  1 t o  r e g i o n  1' w i t h o u t  
i 1 i 

c h a n g i n g  t h e  i n t e g r a n d  i n  e q u a t i o n  ( 4 . 2 . 4 ) .  Hence  w e  may 

i n t e g r a t e  o v e r  t-2n. 2 n I  2N i n  ( 4 . 2 . 4 )  p r o v i d e d  w e  d i v i d e  t h e  

N r e s u l t  by  2  . B u t  t h i s  i s  p r e c i s e l y  t h e  statement o f  t h e  

l e m m a .  Q . E . D .  

Remark 4 . 2 . 1  The k e y  r e s u l t  u s e d  f r o m  t h i s  l e m m a  is 

n o t  t h e  e x p l i c i t  e x p r e s s i o n  o n  t h e  r i g h t  h a n d  s i d e  o f  

e q u a t i o n  ( 4 . 2 . 4 1 ,  b u t  t h e  f a c t  t h a t  t h i s  q u a n t i t y  is 

n o n - n e g a t  i v e  . 



P r o p o s i t i o n  4 . 2 . 1  Let  J ,  J '  and @ be r e a l  va lued 

f u n c t i o n s  on ZN with  f i n i t e  s u p p o r t .  Fur thermore ,  assume 

t h a t  J ( m )  L I ~ ' ( m ) l  f o r  a l l  m .  L e t  < . >  and < . > '  d e n o t e  t h e  

J e x p e c t a t i o n s  w i t h  r e s p e c t  t o  t h e  measures po and p 

r e s p e c t i v e l y .  Then f o r  any m,n E ZN and r e a l  f u n c t i o n  @ on 

Remark 4 . 2 . 2  The s p e c i a l  c a s e  when J = J '  , and b o t h  @ 

and @ a r e  z e r o  may be found i n  G i n i b r e  [ l l .  The p r o p o s i t i o n  

i n  t h i s  form i s  P r o p o s i t i o n  1 o f  Messager e t  a l .  [ l l .  

P r o o f :  The t r i c k  i n  c o r r e l a t i o n  i n e q u a l i t i e s  i s  t o  

i n t r o d u c e  a u x i l l  i a r y  v a r i a b l e s ,  and t h e n  r e f o r m u l a t e  t h e  

i n e q u a l i t i e s  i n  such a  f a s h i o n  t h a t  t h e  n o r m a l i z a t i o n  

c o n s t a n t s  o f  t h e  measures p l a y  no r o l e .  

The i n e q u a l i t y  ( 4 . 2 . 5 )  is e q u i v a l e n t  t o  showing t h e  

q u a n t i t i e s  

a r e  g r e a t e r  t h a n  o r  e q u a l  t o  z e r o .  But I+ may be w r i t t e n  i n  - 
terms o f  a u x i l l i a r y  v a r i a b l e s  a s  



where p  and p '  denote  pJ and pJ '  r e s p e c t i v e l y .  So t h e  lemma 0 + 
is e q u i v a l e n t  t o  showing t h i s  l a s t  exp res s ion  is  g r e a t e r  

t han  o r  equal  t o  zero;  a  s t a t emen t  t h a t  is  independent of  

t h e  no rma l i za t ion  c o n s t a n t s  ( t h e  no rma l i za t ion  c o n s t a n t s  a r e  

p o s i t i v e ) .  

The r e s t  of  t h e  proof is  a  mat te r  of  u s ing  

t r i gonomet r i c  i d e n t i t i e s  t o  g e t  t h e  exp res s ions  i n  ( 4 . 2 . 7 )  

i n t o  a  form f o r  which Lemma 4 . 2 . 1  is  a p p l i c a b l e .  The 

r e l e v a n t  i d e n t i t i e s  a r e :  

and 

The main consequence of  t h e s e  l a s t  two equa t ions  is t h a t  

a r b i t r a r y  produc ts  wi th  f a c t o r s  of t h e  form [ c o s ( m m u )  + 
cos (m-Y '  - \ I r ( m )  I may be w r i t t e n  a s  F( [ w t w '  l / 2 ) F (  [Y-Y'  1 / 2 1  

wi th  F  obeying t h e  hypothes i s  of  Lemma 4.2 .1 .  Hence t h e  

i n t e g r a l  o f  such produc ts  is  non-negative.  

Now t h e  measure f l (dw)f l (dw8)  is  p ropor t iona l  t o  

But t h e  summand i n  t h e  exponent may be w r i t t e n ,  



By assumption, the coefficients [J(m) 2 J'(m)l are greater 

than or equal to zero. Thus upon expanding out the exponent 

in (4.2.10) using the factorization (4.2.11) and the 

expression (4.2.7) for I,, we find that I+ - may be written in 

the form 

+ 
with G i  a function of the form in Lemma 4.2.1, and ak ? 0. 

So by Lemma 4.2.1, each term in the sum (4.2.12) is 

non-negative which shows that I, L 0. Q . E . D .  

Corollary 4.2.1 With the same notation as above, 

<cos(m*u)> L I<cos(m.u - #(m) 1 ) '  1, (4.2.13) 

where #(m) is an arbitrary real number. 

Proof: The case m = 0 is trivial, so assume m # 0. 

Choose n = 0 and apply Proposition 4.2.1 with $(O) = 0 and 

n, noting that the right hand side of (4.2.5) is larger than 

or equal to zero. Q.E .D .  

Corollary 4.2.2 (Messager et al. [ll) Suppose that 

N <cos(m*w)> = <cos(m*w)>' for some mEZ , then <sin(m*w)>' = 

0. 

Proof: Again, if m = 0 the result is trivial, so 

assume m # 0. Apply Proposition 4.2.1 to the case n = 0, 

$(m) = 0, and $(0) = Y (Y an arbitrary real number) to find 

<cos(m*w)> L <cos(m.u - Y))' 

= cos(Y)<cos(m-a)>' + sin(Y)<sin(m-o))'. (4.2.14) 

Using the assumption that <cos(m*w)> = <cos(m-a))' in 



equation (4.2.14) yields 

11 - cos(Y)l<cos(m~a)> L sin(Y)<sin(m-a)>'. (4.2.15) 

Divide both sides of (4.2.15) by 191 and then take the 

limits as Y tends to zero from above and below to prove the 

corollary. Q.E.D. 

Corollary 4.2.3 Let m,n€ZN and J be a non-negative 

function on ZN with finite support. Then 

a J 
aJ(n1 p0(cos(m.a)) L 0. (4.2.16) 

Proof: An easy computation shows that 

a J 
aJ(n) 

pO(cos(m~a)) = cov J(cos(m~a),cos(n~~)). 
Po 

This last expression is non-negative by Proposition 4.2.1 

with #f = ~ 0 ,  and J = J'L 0. Q.E.D. 

Section 4.3 Extreme States 

The above correlation inequalities are useful for 

producing extreme Gibbs states in "ferromagneticw models 

with cosine interaction terms, see Messager et al. [ll. 

This will be demonstrated in an abstract setting. The 

application to lattice gauge models will be given in 

Chapter 5. 

Following the notation in the appendix, the lattice (L) 

will be a countable set, the state space (S) will be the 

unit circle, and the configuration space (R) will be the 

collection of functions from L to S, R s sL. Let J be a 

function on ZL satisfying the following assumptions: 



All J 2 0 (ferromagnetic) 

A21 There exists a positive integer M, such that 

J(m) = 0 if Isupp(m)l > M, where supp(m)= {xEL: 

m(x) # 0). 

A31 For each xEL, I{m: J(m) > 0, and xEsupp(m1 ) I < = .  
Definition 4.3.1 The interaction potential P = PJ 

associated to a function (J) satisfying A1-A3 is given by 

m:supp(m) = A 

where m m u  I m(x)u(x). The sum in (4.3.1) is finite by C 
xEL 

assumptions A2 and A3. 

J As in the appendix, the specification (n associated 

to the interaction potential PJ is determined by, 

(4.3.2) 

J where f is any continuous function on R, ZA(o) is the 

normalization constant, and dui denotes Lebesque measure on 

A n(n) = s . 
Lemma 4.3.1 Let ACCL (ACL I A ~ <  -1 and m€zL with 

supp ( m 1 CA, then 

where 0 denotes the zero configuration. 

Proof: This is an immediate consequence of Corollary 

4.2.2, and the definition of the specification in equation 

(4.3.2). Q.E.D. 



L e m m a  4 . 3 . 2  Let f  be a cont inuous f u n c t i o n  on R, and 

+ J 
n A ( f )  = max RA(w,f) .  

wER 
+ 

Then I A ( f )  dec reases  as A i n c r e a s e s .  

Proof :  Let  AcAs ccL. Then by Lemma A .  2 . 1  

J J J J + + nAs c ~ , f )  = nAs ( ~ , n ~ ( ~ , f ) )  5 n A S ( s , n A ( f ) )  = n A ( f )  ( 4 . 3 . 5 )  

+ + f o r  a l l  wER. Hence, n A s ( f )  I n A ( f ) .  Q . E . D .  

+ + 
A s  a r e s u l t  o f  t h i s  lemma, p ( f  = l i m  HA( f e x i s t s  f o r  each 

AtL 
cont inuous f u n c t i o n  f  . 

Remark 4 . 3 . 1  Lemma 4.3.2 is a s t anda rd  r e s u l t ,  s e e  f o r  

example P re s ton  1 1 1 .  

Lemma 4 . 3 . 3  For each cont inuous f u n c t i o n  ( f ) ,  

e x i s t s .  Furthermore, 

f o r  any m € z L  wi th  f i n i t e  suppor t .  

Proof: By t h e  Stone-Weiers t rass  theorem, l i n e a r  

combinations o f  func t ions  o f  t h e  form e  i m m w  a r e  dense ( i n  

t h e  sup-norm) i n  t h e  s e t  of cont inuous func t ions  on R .  So 

by an  E/3 argument it s u f f i c e s  t o  show t h a t  ( 4 . 3 . 7 )  i s  

J v a l i d .  But nA(O,e i m - w  J = nA(O,cos(m~w) 1 ,  s i n c e  by 

J r e f l e c t i o n  inva r i ance  AA(O,sin(maw)) = 0.  So by Lemmas 

4 . 3 . 1  and 4 .3 .2 ,  it fo l lows  t h a t  

po(eim-u J i m a w  = l i m  nA(O,e J = l i m  nA(O,cos(m-w)) 
AtL "tL + + 

= l i m  RA(cos(m-w))  = p  ( c o s ( m m w ) ) .  ( 4 . 3 . 8 )  
AtL 

Q.E.D.  



Lemma 4.3.4 The correlation inequality (4.2.5) still 

holds with < - >  replaced by pO( 1 (of equation (4.3.6) 1 and 

< . > I  replace by p(= 1 ,  where p is any Gibbs state for the 

J interaction F . Consequently, the inequality 

0 p (cos(m*w)) L p(cos(m.w)) (4.3.9) 

and the result that if p0(cos(rn-w)) = p(cos(m-w)) then 

pO(sin(m-w) 1 = p(sin(m.w) 1 are still valid. 

Proof: Let m and n be integer valued functions on Z 

with finite support and ACCL be such that A contains the 

supports of both m and n. By Proposition 4.2.1, inequality 

J (4.2.5) holds with < - >  replaced by nA(O,.) and < . > I  

J replaced by nA(w, . Replace the absolute value in (4.2.5 

by (21, and then integrate the equation with respect to the 

Gibbs state p. After using the D.L.R. equations we get 

J 
~A(O,cos(m~w)cos(n-w)) - p(cos(rn8w - #(m))cos(n-u - #(n))) 

J 
2 2[nA(0,cos(m.w))p(cos(n.w - #(n)) 

J - p(cos(m~w - #(m))nA(O,cos(n-w))l, (4.3.9) 

where #(m) and #(n) are arbitrary real numbers. The desired 

inequality follows by letting AIL in equation (4.3.9). The 

rest of the Lemma follows by the same arguments as in the 

proofs of Corollaries 4.2.1 and 4.2.2. Q.E.D. 

Proposition 4.3.1 The thermodynamic limit pO(. (see 

(4.3.6)) is an extreme Gibbs state. (See Theorem 1 of 

Messager et al. [I].) 



P r o o f :  Suppose t h a t  p0 = s p l  + ( 1 - s ) p 2  w i t h  s E ( O . 1 ) .  

0 
I w i l l  show t h a t  pl = p 2  = p  , s o  t h a t  p0 must be ext reme.  

L  L e t  mEZ be a  f u n c t i o n  o f  f i n i t e  s u p p o r t .  By Lemma 

0 4 . 3 . 4 ,  p 0 ( c o s ( r n ~ u ) )  ? p i ( c o s ( m . a ) ) ,  s o  p  (cos (mnw))  = 

p i ( c o s ( m a w ) )  f o r  i = 1 o r  2.  Hence, a g a i n  by Lemma 4 . 3 . 4 ,  

0 p  ( s i n ( m m u ) )  = p . ( s i n ( m a w ) )  f o r  i = 1 o r  2 .  S i n c e  l i n e a r  
1 

combina t ions  o f  such c o s i n e s  and s i n e  f u n c t i o n s  a r e  dense  i n  

t h e  c o n t i n u o u s  f u n c t i o n s  w i t h  t h e  sup-norm topo logy  

( S t o n e - W e i e r s t r a s s  theorem) ,  it f o l l o w s  t h a t  2 ( f  = p l (  f  = 

p 2 ( f  f o r  a l l  c o n t i n u o u s  f .  So t h e  p r o b a b i l i t y  ( n e c e s s a r i l y  

0 B o r e l )  measures p  , pl,  and p2  a r e  a l l  e q u a l .  Q . E . D .  

S e c t i o n  4 . 4  I n v a r i a n c e  P r o p e r t i e s  o f  p0 

L e t  T : L 4 L  be a  b i j e c t i o n  o f  t h e  l a t t i c e  ( L ) .  The map 

( T I  i nduces  a c t i o n s  on  R and f u n c t i o n s  on R, 

T ( u )  = w o T  -1 ( 4 . 4 . 1 )  

and 

T ( f ) ( w )  = £(GOT)  ( 4 . 4 . 2 )  

r e s p e c t i v e l y .  

P r o p o s i t i o n  4 . 4 . 1  L e t  J be a n  i n t e g e r  v a l u e d  f u n c t i o n  

on Z L  s a t i s f y i n g  t h e  assumpt ions  A 1  - A3 i n  S e c t i o n  4 . 3  and 

which is a l s o  i n v a r i a n t  under  t h e  a c t i o n  o f  T,  t h a t  is 

L  J ( m o T )  = J ( m )  f o r  a l l  mEZ . Then t h e  Gibbs s t a t e  p0 ( s e e  

0 -1 0 ( 4 . 3 . 6 ) )  is i n v a r i a n t  under t h e  a c t i o n o f  T,  p  T = p  . 
Before  p r o v i n g  P r o p o s i t i o n  4 . 4 . 1 ,  we f i r s t  o b s e r v e  t h e  

f o l l o w i n g  e a s y  lemma. 



Lemma 4.4.1 Let J satisfy the hypothesis of 

Proposition 4.4.1, then the associated interaction potential 

J pJ vJ (F 1, energy (HJ z H 1 ,  and specification (IJ= I have 

the transformation properties : 

where u, w'ER, AccL, and f is a bounded function on R. 

Proof: a) 

= 2 J(mo~-~)cos(rno~-~-a) = 2 J(m)cos(m-a), 
m:supp(m) = A m:supp(m) = T(A) 

(a), = 'T(A) 

where the invariance of J was used in the third inequality. 

The proofs of (b), and (c) are also easy computations 

of the same spirit as the proof of (a). Q.E.D. 

Proof of Proposition 4.4.1: Let f be a function on R, 

then 

= lim IT(A) (ooT-',~) = l i m n  J 

AtL AtL 
T(A)(~'~) 

where equation (4.4.5) was used in the third equality, the 

fact that the zero configuration is invariant under the 

action (TI in the fourth, and the observation that T(A)tL as 

AtL in the last equality. Q.E.D. 



Chapter  5 

CONVERGENCE FOR WILSON ACTION 

I n  t h i s  c h a p t e r  we w i l l  f i n d  a  class o f  i n t e r a c t i o n  

f u n c t i o n s  ( h )  and a s s o c i a t e d  Gibbs s t a t e s  which v e r i f y  t h e  

h y p o t h e s i s  o f  Theorem 3 . 2 . 2 .  Fur thermore ,  f o r  t h i s  class of  

ene rgy  f u n c t i o n s  i t  w i l l  be shown ( f o r  a l l  b u t  a  c o u n t a b l e  

number o f  v a l u e s  of  t h e  c o u p l i n g  c o n s t a n t )  t h a t  t h e  l i m i t  i n  

Theorem 3 . 2 . 2  e x i s t s  and is independent  o f  t h e  i n v a r i a n t  

Gibbs s t a t e  chosen .  

S e c t i o n  5 . 1  Extreme S t a t e s  f o r  Wilson- l ike  A c t i o n s  

D e f i n i t i o n  5 . 1 . 1  The f u n c t i o n s  h:R ---, R of  t h e  form 

N 

h ( x )  = b -1 b k c o s ( k - x ) ,  ( 5 . 1 . 1 )  

k = l  

where bk L O,and b€R are c a l l e d  Wilson- l ike  energy  

f u n c t i o n s .  

Remark 5 . 1 . 1  A Wilson- l ike  energy  f u n c t i o n  is  a n  

energy  f u n c t i o n  a s  d e f i n e d  i n  S e c t i o n  2.3.  The Wilson and 

G e n e r a l i z e d  Wilson a c t i o n s  o f  Examples 2 . 3 . 1  and 2 .3 .2  a r e  

examples o f  Wilson- l ike  f u n c t i o n s .  

Remark 5 . 1 . 2  The c o n s t a n t  b is i r r e l e v a n t  s i n c e  t h e  

a s s o c i a t e d  s p e c i f i c a t i o n s  are independen t  b, see e q u a t i o n  



Theorem 5.1.1 L e t  h  be a  Wilson- l ike  f u n c t i o n  and n h  

i t s  a s s o c i a t e d  s p e c i f i c a t i o n ,  s e e  e q u a t i o n  ( 2 . 3 . 4 ) .  Then 

t h e  thermodynamic l i m i t  

h  2 . weak-lim R B ( O ,  . I ,  
BtB+ 

e x i s t s  ( i n d e p e n d e n t  o f  how BfB,), and f u r t h e r m o r e  p0 is  a n  

ext reme ( t r a n s l a t i o n  and 90 ' - ro ta t ion)  i n v a r i a n t  Gibbs 

s t a t e .  

P roof :  To e a c h  p o s i t i v e l y  o r i e n t e d  p l a q u e t t e  ( p ) ,  l e t  

m ( b )  = 1 ( b )  - l - a p ( b ) ,  
a p  

( 5 . 1 . 3 )  
P  

B  
where bEB+ ( s o  m €2 + ) .  Define  a n  i n t e g e r  va lued  f u n c t i o n  

P  
B  ( J )  on  2  + , 

i f  m = km f o r  some p€P+ and k  = l , . . . , N  
J ( m )  = P  , 

I 0  o t h e r w i s e  

wi th  t h e  b k l s  a s  i n  ( 5 . 1 . 1 ) .  With t h i s  d e f i n i t i o n  o f  J i t  

F~ i s  e a s y  t o  check t h a t  t h e  s p e c i f i c a t i o n  ( R  1 a s  d e f i n e d  i n  

h  e q u a t i o n  4 . 3 . 2  is  t h e  same a s  t h e  s p e c i f i c a t i o n  ( n  1 a s  

d e f i n e d  i n  e q u a t i o n  ( 2 . 3 . 4 ) .  Also t h e  i n v a r i a n c e  o f  J wi th  

r e s p e c t  t o  t r a n s l a t i o n s  and g o 0 - r o t a t i o n s  is obv ious .  

Hence, t h e  e x i s t e n c e  o f  t h e  l i m i t  i n  ( 5 . 1 . 2 )  and t h e  f a c t  

t h a t  p0 is ext reme f o l l o w s  from Lemma 4 . 3 . 3  and P r o p o s i t i o n  

4 . 3 . 1  r e s p e c t i v e l y .  The i n v a r i a n c e  o f  t h e  measure f o l l o w s  

by a p p l y i n g  P r o p o s i t i o n  4 . 4 . 1  a  number o f  t i m e s  w i th  T b e i n g  

a  t r a n s l a t i o n  i n  t h e  v a r i o u s  c o o r d i n a t e  d i r e c t i o n s  o r  a  

g o 0 - r o t a t i o n .  Q.E.D. 



Coro l l a ry  5 .1 .1  (d=4)  Let  h  be a Wilson-like a c t i o n ,  

p0 be t h e  Gibbs s t a t e  as i n  Theorem 5.5 .1 ,  and j be a r e a l  

4 
valued t e s t  1-form on R . Then 

where J is  t h e  l a t t i c e  c u r r e n t  a s s o c i a t e d  t o  h, j a  is  t h e  

l a t t i c e  approximat ion t o  j ,  ( S e c t i o n  2-31 ,  and a = 

p O ( h " ( d ~ ( ~ ) ) )  where p  is any p l a q u e t t e .  

Proof:  The Coro l l a ry  is  a d i r e c t  consequence of 

Theorems 5 . 1 . 1  and 3 .2 .2 .  Q . E . D .  

S e c i t o n  5.2 Independence of  t h e  Limit  

Theorem 5.2 .1  (d=4)  Let  h  be a Wilson-like energy 

4 func t ion ,  j a r e a l  valued t e s t  1-form on lR . and B > 0 ( B  = 

-2 g  . where g  is t h e  coupl ing  c o n s t a n t ) .  Let  p  E G(Bh) be B 
any i n v a r i a n t  Gibbs s t a t e .  Then f o r  a l l  b u t  a t  most a  

countab le  number of  B ( independent  of j  1 ,  

l i m  p  ( e  B i ( J n j a ) )  = e x p ( z ( d j , d j )  ), a 10 2 8  

0 0 where CI = pB(htf  ( d u ( p )  and p  is t h e  Gibbs s t a t e  f o r  t h e  B 
i n t e r a c t i o n  Bh a s  de f ined  i n  equa t ion  ( 5 . 1 . 2 ) .  

The proof of  Theorem 5 . 2 . 1  w i l l  be postponed. Our 

f i r s t  goal  w i l l  be t o  f i n d  a c r i t e r i a  on a Gibbs s t a t e  which 

i n s u r e s  t h a t  t h e  l i m i t  i n  ( 5 . 2 . 1 )  e x i s t s  and is t h e  d e s i r e d  

va lue .  The fo l lowing  theorem is  c l o s e l y  r e l a t e d  t o  Theorem 

3.2.3,  and w i l l  t ake  i t s  p l ace  i n  t h i s  s e t t i n g .  



Theorem 5 . 2 . 2  L e t  h  be a  Wilson- l ike  energy  f u n c t i o n ,  

Po 
be a  f i x e d  p l a q u e t t e  based a t  0, and pEG(h) be any Gibbs 

Icovp(h" (du(po)  1.e a 5 K l l j l l , l l d j l l , l l d j a l 1 2 0  ( a ) ,  
Po 

where K is  a n  i n c r e a s i n g  f u n c t i o n  i n  i t s  arguments ,  

0 ( a )  4 0  as a  4 0, and j is any real t es t  1-form o n  R 
4  

Po 

( i . e .  t h e  estimate ( 3 . 2 . 3 2 )  is s t i l l  v a l i d ) .  

P roof :  For ease o f  n o t a t i o n  se t  f o =  h t t ( d w ( p o ) ) .  By 

Theorem A.5.1 w e  may decompose p  i n t o  i t s  ext reme s t a t e s ;  

where P  is a  p r o b a b i l i t y  measure o n  Ge(h)  and f  is  any 

c o n t i n u o u s  f u n c t i o n  on R .  S e t  f  = f O  i n  ( 5 . 2 . 3 )  and u s e  

p ( f  ) r p o ( £  1 r v ( f o )  f o r  a l l  vEG(h) (Lemma 4 . 3 . 4 )  t o  
0 0 

conc lude  t h a t  

A 

I f  f  is any c o n t i n u o u s  f u n c t i o n  on R, l e t  f :  Ge(h)  4 R be 
A A 

t h e  f u n c t i o n  f ( v )  = v ( f ) .  By d e f i n i t i o n ,  t h e  f u n c t i o n  f  is  

measurable  on  Ge(h) ,  see Theorem A . 5 . 1 .  With t h i s  n o t a t i o n  
A 

0 w e  may restate ( 5 . 2 . 4 )  as f o  = p  ( f o )  P-almost s u r e l y .  

Now i f  f  and g  are two c o n t i n u o u s  f u n c t i o n s  o n  R and p  

is g i v e n  by e q u a t i o n  ( 5 . 2 . 3 1 ,  a n  e a s y  computa t ion  shows t h a t  
A A 

cov (5.g)  = c o v v ( f , g ) P ( d v )  + c o v p ( f , g ) .  
Ir 

( 5 . 2 . 5 )  



I n  p a r t i c u l a r  i f  f  = fo ,  t h e n  

cov ( f o , g )  = 1 c o v v ( f o , g ) P ( d v ) ,  
( 5 . 2 . 6 )  

P  
Ge(h) 

A 
s i n c e  fo  is a c o n s t a n t  P-almost s u r e l y .  By Theorem 3 .2 .3 ,  

f o r  e a c h  vEGe(h) t h e r e  e x i s t  f u n c t i o n s  K and O v  such  t h a t  

where K is i n c r e a s i n g  i n  i t s  arguments ,  O v ( a )  --i 0 a s  a + 

0, and j is any r e a l  t es t  1-form. Fur thermore ,  l o o k i n g  a t  

t h e  proof  o f  Theorem 3 .2 .3 ,  t h e  f u n c t i o n  K may be chosen  t o  

be c o n t i n u o u s  and independent  o f  t h e  Gibbs s ta te  v. For 

l a t e r  convenience  t h e  f u n c t i o n  K is  a l s o  chosen  t o  be l a r g e r  

t h a n  one .  I t  w i l l  be shown below (Lemma 5 . 2 . 3 )  t h a t  t h e  

f u n c t i o n s  O v ( a )  may be chosen  s o  t h a t  f o r  each  f i x e d  a t h e  

map v  + O v ( a )  is measurable  on  Ge(h)  and t h e  map is  bounded 

by one .  So u s e  t h e  estimate ( 5 . 2 . 7 )  i n  e q u a t i o n  ( 5 . 2 . 6 )  

wi th  g  = e i ( J . J a )  t o  g e t  

Icov ( f o . e  i ( J n J a ) )  I I K(IIjII,,lldjII,,lldjal12)~0 ( a ) ,  ( 5 . 2 . 8 )  
P  Po 

where 

An a p p l i c a t i o n  o f  t h e  dominated convergence  theorem shows 

t h a t  0  ( a )  -4 0  a s  a  + 0 .  Q . E . D .  
Po 

Corollary 5.2.1 L e t  h  be a  Wilson- l ike  energy  f u n c t i o n  

and pEG(h1 be  a n  i n v a r i a n t  Gibbs s t a t e  such t h a t  

0 p ( h m ( d w ( p ) ) )  = P ( h W ( d w ( p ) ) )  f o r  some p l a q u e t t e  p  ( and  hence 



4  
a l l  p ' s ) .  Then f o r  each  r e a l  t e s t  1-form on IR , 

l i m  p ( e  i ( J , j a )  -a = e x p ( + d j , d j  1 ) .  ( 5 . 2 . 1 0 )  
a 40  

where a = p o ( h m ( d o ( p o ) )  ) .  

Proof :  The proof  is  t h e  same as t h e  proof  o f  Theorem 

3 . 2 . 2  a f t e r  u s i n g  Theorem 5 . 2 . 2  i n  p l a c e  o f  Theorem 3 . 2 . 3  

p a r t  ( b ) .  Q.E.D. 

T h i s  c o r o l l a r y  is t h e  d e s i r e d  convergence  c r i t e r i a  t h a t  

w e  were s e e k i n g .  I t s  proof  w i l l  be comple te  once  we 

d i s p e n s e  w i t h  t h e  t e c h n i c a l  d e t a i l  o f  m e a s u r a b i l i t y  i n  t h e  

proof  o f  Theorem 5 . 2 . 2 .  

Lemma 5 . 2 . 1  The c o l l e c t i o n  o f  r e a l  c o n t i n u o u s  

4  f u n c t i o n s  on  IR4 w i th  compact s u p p o r t  ( C  (IR 1 )  is s e p a r a b l e  
C 

i n  t h e  sup-norm topo logy .  Fur thermore ,  a c o u n t a b l e  dense  

4  s e t  DCCc(R may be chosen  t o  have t h e  f o l l o w i n g  p r o p e r t y .  

4  I f  fECc(R and n  is  s u f f i c i e n t l y  l a r g e  such  t h a t  t h e  

4  s u p p ( f ) c B ( O , n )  E ExEIR : 1x1 5 n l ,  t h e n  t h e r e  e x i s t s  gED 

a r b i t r a r i l y  c l o s e  t o  f with  t h e  s u p p ( g ) C  B ( O , n + l ) .  

Proof :  L e t  D '  be t h e  c o l l e c t i o n  o f  c o n t i n u o u s  

f u n c t i o n s  formed by t a k i n g  polynomials  wi th  r a t i o n a l  

4  c o e f f i c i e n t s  of  t h e  f u n c t i o n s  x  + Ix - y  1 :IR + IR, where 

y ~ I R 4  w i t h  r a t i o n a l  components.  The c o l l e c t i o n  D '  is a 

c o u n t a b l e  s e t .  By t h e  S tone-Weie r s t r ass  theorem t h e  

c o l l e c t i o n  D '  when r e s t r i c t e d  t o  any compact se t  l(cIR4 i s  

dense  i n  C ( K ) .  



4  
For each  p o s i t i v e  i n t e g e r  n, choose  gnECc(R such t h a t  

s u p p ( g n ) c B ( O , n + l ) ,  gn 1 o n  B(O,n),  and 0  5 gn 51. We now 

d e f i n e  t h e  c o u n t a b l e  c o l l e c t i o n  o f  f u n c t i o n s  ( D l  a s  D = 

{fg,: fEDt and n  a p o s i t i v e  i n t e g e r ) .  Then i f  ~ E C ~ ( R ~ )  w i t h  

s u p p ( f ) c B ( O , n )  t h e r e  e x i s t s  hkEDt such t h a t  

' I f  - h k l ' ~ w ( ~ ( O , n + l )  
+ 0 a s  k  + -. Hence Ilf - g  h  II -4 0  n k -  

a s  k  -4 -, s i n c e  Ilf - gnhkllw 5 Ilf - h k l ' ~ m ( ~ ( ~ , n + l )  ' 

Q.E.D. 

D e f i n i t i o n  5 . 2 . 1  A c o n t i n u o u s  k-form (PI  on  id is a  

c o n t i n u o u s  f u n c t i o n  from JRd t o  t h e  degree-k e x t e r i o r  a l g e b r a  

d  over  R . I n  o t h e r  words, P  is  a  d i f f e r e n t i a l  k-form e x c e p t  

t h a t  t h e  s t a n d a r d  c o e f f i c i e n t s  a r e  o n l y  r e q u i r e d  t o  be 

c o n t i n u o u s  r a t h e r  t h a n  smooth. 

Lemma 5.2 .2  L e t  a  > 0  be f i x e d .  L e t  X d e n o t e  t h e  

s p a c e  o f  p a i r s  < j , P > ,  where j is a  c o n t i n u o u s  1-form and P  

is  a  c o n t i n u o u s  ?-form o n  JR4 b o t h  wi th  compact s u p p o r t .  The 

space  X is g i v e n  t h e  norm 

ll<j,P>ll = lljllw+llPllm+llPal12. ( 5 . 2 . 1 1 )  

With t h e  above n o t a t i o n ,  t h e  s p a c e  ( X ,  I1 I1 is a  s e p a r a b l e  

s p a c e .  

P roof :  P u t  I l <  j , P> llm = Il j llm+ IIPallm. L e t  DoCX be t h e  

c o l l e c t i o n  of  p a i r s  which have a l l  o f  t h e i r  components i n  

t h e  set  D o f  Lemma 5 . 2 . 1 .  The c o u n t a b l e  se t  Do is c l e a r l y  

dense  i n  t h e  s p a c e  ( X , l l < - , - > l l m ) .  SO l e t  E > 0, and <j,P>EX 

be g i v e n ,  and suppose  t h a t  s u p p ( < j , P > ) C B ( O , n ) .  Then by 

Lemma 5 . 2 . 1 ,  t h e r e  e x i s t  <jk,Pk>EDo s u p p o r t e d  i n  B(O,n+l)  



converg ing  t o  < j , P >  i n  t h e  sup-norm. I t  f o l l o w s  by t h e  e a s y  

estimate 

4  
II(P - Pk)al12 5 Kln + 1 + 2a l  IIP - PkIIw, ( 5 . 2 . 1 2 )  

t h a t  Y < jk ,Pk> - < j ,P>II -B 0 as  n  -+ m, where K is t h e  volume 

o f  t h e  u n i t  s p h e r e  i n  4-dimensions. Q.E.D. 

Lemma 5 . 2 . 3  Le t  K be a c o n t i n u o u s  f u n c t i o n ,  i n c r e a s i n g  

i n  i t s  arguments ,  K > 1, and such t h a t  a n  e s t i m a t e  o f  form 

( 3 . 2 . 3 2 )  o f  Theorem 3 . 2 . 3  is v a l i d  f o r  a l l  ext reme Gibbs 

s tates v. Then f o r  each  a E ( O , l ) ,  t h e  f u n c t i o n  

( c o v v (  fo ,e  i ( J , j  1 
a ) I  

o V ( a )  = s u p (  : j is a test 1-form. 
K ( l l  jllw,lldjllm,lldjal12~ 

( 5 . 2 . 1 3 )  

is measurable  as a f u n c t i o n  o f  vEGe(h).  Fur thermore  O v ( a )  

is un i fo rmly  bounded by 211hftllw, and O v ( a )  -+ 0 as a -+ 0 .  

Proof: Each r e a l  t es t  1-form ( j may be i d e n t i f i e d  

w i t h  t h e  e lement  <j ,d j>EX,  where X is t h e  s p a c e  d e f i n e d  i n  

Lemma 5 . 2 . 2 .  The s p a c e  of  tes t  1-forms g i v e n  t h e  norm 

l l j l l  = l l< j ,d j> l l  ( 5 . 2 . 1 4 )  

is a subspace  o f  t h e  s e p a r a b l e  normed s p a c e  X, and hence is 

s e p a r a b l e .  The e x p r e s s i o n  i n  t h e  b r a c k e t  o f  e q u a t i o n  

( 5 . 2 . 1 3 )  is e a s i l y  s e e n  t o  be c o n t i n u o u s  i n  t h e  H * l l  - 

topo logy .  So i t  s u f f i c e s  t o  t a k e  t h e  supremum i n  ( 5 . 2 . 1 3 )  

o v e r  a c o u n t a b l e  set.  B u t  t h e  e x p r e s s i o n  i n  t h e  b r a c e s  o f  

( 5 . 2 . 1 3 )  when c o n s i d e r e d  as a f u n c t i o n  o f  v is measurable  

(by  d e f i n i t i o n ) .  and hence s o  is v -+ O v ( a ) .  



The e s t i m a t e  t h a t  O , , ( a )  5 2HhUllm is t r i v i a l .  The f a c t  

t h a t  O u ( a )  4 0 a s  a --+ 0 is Theorem 3 . 2 . 3 .  Q . E . D .  

The n e x t  o b j e c t i v e  is t h e  proof  o f  Theorem 5 . 2 . 1 .  I n  

view o f  C o r o l l a r y  5 . 2 . 1 ,  i t  is enough t o  show t h e  f o l l o w i n g  

p r o p o s i t i o n .  

P r o p o s i t i o n  5 . 2 . 1  (Dimension = d . )  L e t  h  be a 

Wilson- l ike  energy  f u n c t i o n ,  t h e n  each  t r a n s l a t i o n  i n v a r i a n t  

0 measure pEG(Bh) s a t i s f i e s  p ( h M ( d o ( p ) ) )  = p 8 ( h W ( d u ( p ) ) )  ( p  is 

any p l a q u e t t e ) ,  f o r  a l l  b u t  a t  most a c o u n t a b l e  number o f  

Remark 5 . 2 . 1  T h i s  r e s u l t  i s  modeled on C o r o l l a r y  4 . 3  

o f  P f i s t e r  [ I ] ,  and P r o p o s i t i o n  3 . 5  o f  F r o h l i c h  and P f i s t e r  

P roof :  A s  no ted  i n  Remark 5 . 1 . 2  t h e r e  i s  no l o s s  of 

g e n e r a l i t y  i n  assuming t h a t  b  = 0 i n  e q u a t i o n  ( 5 . 1 . 1 ) .  

Under t h i s  assumpt ion  

P(B)  z ~ ( 4 ~ )  ( 5 . 2 . 1 6 )  

where p((DBh) is  d e f i n e d  i n  Theorem 2 .4 .1 .  By Theorem 2 .4 .1 ,  

t h e  f u n c t i o n  P(B)  is a convex c o n t i n u o u s  f u n c t i o n .  So by 

s t a n d a r d  f a c t s  a b o u t  convex f u n c t i o n s ,  P ' ( /3 )  e x i s t s  f o r  a l l  

b u t  a c o u n t a b l e  number o f  B > 0. By Theorem 2 .4 .1 ,  Theorem 

A.8.1,  and - - 



where pEG(Bh) is any  t r a n s l a t i o n  i n v a r i a n t  G ibbs  s t a t e  and  B 

is a p o i n t  where P ' ( B )  e x i s t s .  By e q u a t i o n  ( 5 . 2 . 1 5 1 ,  h" is 

a sum o f  c o s i n e  terms w i t h  p o s i t i v e  c o e f f i c i e n t s ,  a n d  hence  

by Lemma 4 . 3 . 4  

p ; ( h n ( d u ( p )  1 )  2 p ( h f f ( d u ( p )  ) )  

f o r  a l l  p l a q u e t t e s  p  and  p€G(Bh) .  I n  view o f  e q u a t i o n  

( 5 . 2 . 1 7 )  and  ( 5 . 2 . 1 8 )  w e  c o n c l u d e  t h a t  

f o r  a l l  p l a q u e t t e s  p  a n d  t r a n s l a t i o n  i n v a r i a n t  pEG(Bh). 

E q u a t i o n  ( 5 . 2 . 1 9 )  is  v a l i d  f o r  a l l  B f o r  which P ' ( B )  e x i s t s ,  

t h a t  is f o r  a l l  b u t  a c o u n t a b l e  number o f  p ' s .  Q.E.D. 

Proof of Theorem 5 . 2 . 1 :  A s  a l r e a d y  n o t e d ,  Theorem 

5 . 2 . 1  is  a d i r e c t  consequence  o f  C o r o l l a r y  5 . 2 . 1  and  

P r o p o s i t i o n  5 . 2 . 1 .  Q.E.D. 



Appendix 

COMPACT LATTICE BASICS 

S e c t i o n  A . l  Genera l  N o t a t i o n  

T h i s  appendix  is devo ted  t o  some o f  t h e  b a s i c  f a c t s  

a b o u t  compact l a t t i ce  s t a t i s t i c a l  mechanica l  models which 

a r e  used  i n  t h i s  t h e s i s .  I n  p a r t i c u l a r  t h e  n o t i o n  o f  Gibbs 

s tates and t h e i r  b a s i c  p r o p e r t i e s  w i l l  be reviewed.  The 

p r o o f s  o f  t h e  r e s u l t s  s t a t e d  h e r e  may be found i n  t h e  

m a n u s c r i p t s  o f  I s r a e l  [ l l ,  P r e s t o n  [ l l ,  and R u e l l e  [ l l .  

The f o l l o w i n g  n o t a t i o n  w i l l  be f i x e d  i n  t h i s  appendix .  

L e t  S  ( s t a t e  s p a c e )  be a  compact metric space ,  L  a n  

a r b i t r a r y  c o u n t a b l e  set ,  and u a g i v e n  p r o b a b i l i t y  measure 

on t h e  Bore l  sets  o f  S. The c o n f i g u r a t i o n  s p a c e  ( R )  f o r  t h e  

L sys tem is  d e f i n e d  t o  be S  . That  is, R is  t h e  c o l l e c t i o n  o f  

f u n c t i o n s  from t h e  l a t t i ce  ( L )  t o  t h e  s t a t e  s p a c e  ( S ) .  More 

A g e n e r a l l y ,  t h e  c o n f i g u r a t i o n s  o v e r  A ( R ( A ) )  is R ( A ) =  S  , 

where ACL. S i n c e  A is  a c o u n t a b l e  set ,  R ( A )  may be 

c o n s i d e r e d  as a compact metric s p a c e .  

The sets R ( A )  may a l s o  be c o n s i d e r e d  a s  measurable  

s p a c e s  when endowed w i t h  t h e  Bore l  a - a l g e b r a .  The Bore l  

a - a l g e b r a s  on  R ( A )  may be p u l l e d  back t o  a - a l g e b r a s  on  R .  

Namely, l e t  ? ( A )  be t h e  smallest a - a l g e b r a  on  R f o r  which 

t h e  p r o j e c t i o n  maps o f  R o n t o  R ( A )  are measurable .  The 

p r o j e c t i o n  maps R o n t o  R ( A )  w i l l  be deno ted  by w 4 wA, 



where wA is u restricted to the set A. ( A  function (f 1 is 

F(A)-mesurable iff there is a measurable function (g) on 

R(A) with f(w) = g(wA).) It will also be convenient to set 

F = F(L\A), F ~ Z  n FA , and 7 the smallest o-algebra A- ACCL 

containing FA for all AccL. ( A function is FA measurable 

if it only depends on the configurations outside of A.) For 

AcL, vAz I v will denote the product measure on R(A). 
iEA 

Finally if AcL, it is natural to write R as a product 

of two factors, R R(A) x R(L\A). Corresponding to this 

decomposition we write w = wA "L\A' 

Section A . 2  Definition of Gibbs States 

Definition A . 2 . 1  An interaction potential (F) is a 

collection {FA3AccL of real functions on configuration space 

(R), such that FA is F(A) measurable. The notation AccL 

denotes AcL and IAl<m, where I A ~  is the cardinality of A. 
The interaction potential F = {FAIAccL is said to be of 

finite range if there exists a positive integer n, such that 

FA=O if (Al>n. 

Remark A . 2 . 1  The space of (finite range) interaction 

potentials naturally forms a real vector space. For our 

purposes it is sufficient to restrict attention to the 

vector space of finite range interaction potentials. This 

restriction will be assumed below without further mention, 

even though the results hold with more general hypotheses. 



Definition A . 2 . 2  II'PII . sup 2 w 
xEL A:xEAccL 

'P 
Definition A . 2 . 3  Let AccL. The energy (HA(u(wB 1 )  of a 

configuration wER ("in" A) given a configuration w8ER 

("outsidelf of A) is defined by: 

'P 'P 
Definition A . 2 . 4  The specification R = CRAIAccL 

assosciated to the interaction potential ( ' P I  is the 

'P 
collection of maps RA:R x 7---+ [O,11, defined by: 

where 6w denotes the point mass at w ~ \ ~  on R(L\A) and 
L\A 

'P YJ ZA(w) is chosen so that RA(w,R) = 1. 

Lemma A. 2 . 1  The specifications ~ 1 ~ s  have the following 

proper ties : 

'P a) RA(.,A) is a continuous FA-measurable function on 

R for all ACCL and AEF, 

YJ b) RA(~,n) is a probability measure on (R,?). 

C) If A c A1ccL, then 

'P 
d) If f is FA measurable, then RA(.,f) = f . 
Remark A . 2 . 2  Lemma A.2.1 follows by inspection and 

straight forward computations. Property (c) and (dl lead to 



'P 
t h e  i n t e r p r e t a t i o n  o f  n A ( w 8  - 1  a s  c o n d i t i o n a l  p r o b a b i l i t i e s .  

The p r o b a b i l i t y  measures ~ 1 ( a . .  ) a r e  s a i d  t o  be a  f i n i t e  

volume Gibbs s t a t e  over  A wi th  boundary c o n d i t i o n s  a .  

D e f i n i t i o n  A . 2 . 5  An i n f i n i t e  volume Gibbs s t a t e  ( p )  

f o r  t h e  i n t e r a c t i o n  p o t e n t i a l  ( ' P I  is a  p r o b a b i l i t y  measure 

on ( a , F )  such t h a t  f o r  each AccL and AEF: 

'P 'P 
where p n A ( = , A )  = p ( n A ( l , A ) )  

Remark A . 2 . 3  The e q u a t i o n s  (A.2 .3 )  are know a s  t h e  

D.L.R. e q u a t i o n s  (Dobrushin,  Lanford,  and R u e l l e ) .  

P r o b a b i l i s t i c l y ,  t h e  D.L.R. e q u a t i o n s  e x p r e s s  t h e  f a c t  t h a t  

p  is a Gibbs s t a te  i f f  ~1 = p ( .  IFA) p-almost s u r e l y  f o r  a l l  

AccL. where p ( - ( F A )  is t h e  c o n d i t i o n a l  e x p e c t a t i o n  o f  p  

g i v e n  FA. Let  G ( F )  d eno t e  t h e  c o l l e c t i o n  o f  Gibbs s t a t e s  

a s s o c i a t e d  wi th  t h e  i n t e r a c t i o n  p o t e n t i a l  ( 'P). 

Remark A . 2 . 4  By p r o p e r t y  (c) o f  Lemma A.2.1, t o  

de te rmine  i f  a p r o b a b i l i t y  measure is a Gibbs s t a t e ,  i t  

s u f f i c e s  t o  check t h e  D .  L.R. e q u a t i o n s  f o r  any f i x e d  

sequence AnccL wi th  A n t  L. 

Let  pn= n, ( w n ,  1, with  a a n  a r b i t r a r y  sequence i n  R. n  n  

and AnCCL such t h a t  A n t  L  i n  t h e  s e n s e  t h a t  An e v e n t u a l l y  

e n c l o s e s  any f i n i t e  s u b s e t  of  L. By compactness w e  may p a s s  

t o  a  subsequence ( a g a i n  denoted by pn )  f o r  which pn 

converges  weakly ( p n (  f  4 p (  f )  f o r  a l l  con t i nuous  f  t o  a 

p r o b a b i l i t y  measure p  on S 2 .  



D e f i n i t i o n  A.2.6 Any p r o b a b i l i t y  measure ( p )  

c o n s t r u c t e d  above is c a l l e d  a  thermodynamic l i m i t .  

Theorem A.2.1 The s e t  o f  Gibbs s t a t e s  G(P) is a  

nonempty convex s e t  of  p r o b a b i l i t y  measures on R.  The s e t  

G(P) c o n t a i n s  a l l  thermodynamic l i m i t s .  I n  f a c t  G(P) may be 

c o n s t r u c t e d  by t a k i n g  convex combinations o f  t h e  

thermodynamic l i m i t s .  

S e c t i o n  A.3 C l u s t e r  P r o p e r t i e s  of  Gibbs S t a t e s  

D e f i n i t i o n  A.3.1 A Gibbs s t a t e  p  is  s a i d  t o  be extreme 

i f  it can  no t  be w r i t t e n  as a convex combination of  two 

d i s t i n c t  Gibbs s t a t e s .  Let  Ge(P) denote  t h e  s e t  o f  extreme 

Gibbs s t a t e s .  

D e f i n i t i o n  A.3.2 A Gibbs s t a t e  ( p )  is s a i d  t o  have t h e  

c l u s t e r  p rope r ty  ( C )  i f  f o r  a l l  fEC(R) t h e r e  e x i s t s  AccL 

such t h a t  i f  gEC(R) and is FA measurable then  

lcov ( f , g )  15 I1 g  Mm, 
CI 

(A .3 .1 )  

where cov ( f , g ) =  p ( f g ) - p ( f ) p ( g ) .  and W . l l m  is t h e  sup-norm. 
CC 

Theorem A.  3 .1  (Rue l l e  ( 1 1  o r  P re s ton  i l l )  A Gibbs 

s t a t e  p  is extreme i f  and on ly  i f  p  has  t h e  c l u s t e r  p rope r ty  

( C ) .  

Co ro l l a ry  A.3.1 G(P) c o n t a i n s  on ly  one element i f f  

each Gibbs s t a t e  s a t i s f i e s  t h e  c l u s t e r  p rope r ty  ( C ) .  

The c o r o l l a r y  is a d i r e c t  consequence of  t h e  theorem, 

s i n c e  G(P) has  more than  one element i f f  t h e r e  e x i s t s  a  

non-extreme Gibbs s t a t e .  



Definit ion A.3.3 A Gibbs s t a t e  ( p )  is s a i d  t o  s a t i s f y  

t h e  s t r o n g  c l u s t e r  p r o p e r t y  (SC) i f  f o r  a l l  fEC(Q) t h e r e  

e x i s t s  AccL such  t h a t  i f  gEC(Q) and is F A  measurable  t h e n  

I c o v p ( f , g I l 5  P (  l g l ) .  (A .3 .2 )  

Theorem A.3.2 ( R u e l l e  [ 1 1 )  I f  G(F)  c o n s i s t s  o f  o n l y  

one e lement  p, t h e n  p  h a s  t h e  s t r o n g  c l u s t e r  p r o p e r t y .  

Section A.4 D o b r u s h i n f s  Uniqueness Theorem 

T h i s  s e c t i o n  c o n t a i n s  a  v e r s i o n  o f  D o b r u s i n f s  

un iqueness  theorem which is a  combina t ion  o f  D o b r u s h i n f s  

r e s u l t s  and a n  e s t i m a t e  o f  B.  Simon [31 .  See Dobrushin [ I ]  

f o r  D o b r u s h i n f s  o r i g i n a l  work, o r  Gross  [ 1 1  o r  Fol lmer  [ I ]  

f o r  a n o t h e r  p r o o f .  For r e l a t e d  material on decay o f  

c o r r e l a t i o n s  s e e  Gross  [21,  and Kunsch [ 1 1  and t h e  

r e f e r e n c e s  t h e r e i n .  

Theorem A.4.1 Suppose s u p  E ( 1~1-1) ii F,N_ < 1, 
xEL A:xEA 

t h e n  G(F)  h a s  o n l y  one e lement .  

Section A . 5  Simplex P r o p e r t i e s  o f  G(F)  

T h i s  s e c t i o n  c o n t a i n s  a  v e r s i o n  o f  t h e  well known f a c t  

t h a t  e v e r y  Gibbs s t a t e  i s  a  unique  convex decompos i t ion  o f  

ext reme Gibbs s tates.  The u s u a l  v e r s i o n  a p p e a l s  t o  theorems 

a b o u t  Choquet s implexes ,  f o r  example see R u e l l e  [ l l .  Ra the r  

t h a n  t a k i n g  t h i s  r o u t e ,  w e  w i l l  f o l l o w  t h e  t r e a t m e n t  o f  

Dynkin [ l l  and P r e s t o n  [ l l ,  and a p p l y  a  theorem o f  D y n k i n f s  

on " S u f f i c i e n t  S t a t i s t i c s w .  



Let A ccL be a  sequence i n c r e a s i n g  t o  L, and n  

Ro r {uER : l i m  IP ( a , f  e x i s t s  f o r  a l l  fEC(R) I *  
n- 'n 

Fix  any poEG(P) and pu t  

P  l i m  ( u , f )  i f  ~ E R ~  
I ( u , f ) s {  n- 'n (A.5.1) 

p o ( f )  o therwise  

where f  is  any cont inuous func t ion .  I t  is easy  t o  check 

P  P  t h a t  I ( a , . )  is  a  p o s i t i v e  l i n e a r  f u n c t i o n a l  wi th  I ( a , l )  = 

P  1. Hence, by the  Riesz r e p r e s e n t a t i o n  theorem I ( a , . )  may 

be cons idered  a s  a  p r o b a b i l i t y  measure on $2. I n  f a c t ,  i f  

P  a E R o  then  A ( a , . )  is a  thermodynamic l i m i t ,  and t h u s  is  a l s o  

a  Gibbs s t a t e .  
P  

Lemma A . 5 . 1  Let  I ( . , - I  be a s  above and p  be any Gibbs 

s t a t e ,  then:  

P  a )  I ( - , A )  is ?- measurable f o r  a l l  A€? .  

P  c )  t h e  c o n d i t i o n a l  p r o b a b i l i t y  p ( ~ l ? = )  = I ( - , A )  p  

a lmost  s u r e l y .  

P d )  I ( a , - ) E G ( P )  f o r  a l l  a E R .  

Proof :  Asse r t i on  (a) is c l e a r  by in spec t ion ,  and ( d l  

has a l r e a d y  been noted.  Let  i f n }  be a  countab le  dense 

s u b s e t  ( i n  t h e  sup-norm) f o r  C ( R ) .  By s t anda rd  ~ / 3  argument 

P  one f i n d s  t h a t  Ro= {@En : l i m  IA ( a , f m )  e x i s t s  f o r  a l l  m . ) .  
n- n  

P But f o r  any f i x e d  m: Xn - nA ( # ,  f m )  is a  r e v e r s e  mar t inga le  
n  

with r e s p e c t  t o  t h e  measure p  and t h e  f i l t r a t i o n  FA . 
n  



Hence, by s t a n d a r d  m a r t i n g a l e  convergence  theorems (see 

Ikeda  and Watanabe [ l l )  t h e  se t  

{uER : l i m  IP ( u , f m )  e x i s t s  1  h a s  p-measure 1 f o r  e a c h  
n- 'n 

f i x e d  m .  S i n c e  Cfnl is a c o u n t a b l e  set ,  it f o l l o w s  t h a t  Ro 

a l s o  h a s  p-measure one, which p roves  ( b ) .  I t  is  e a s y  t o  

P show t h a t  t h e  c o n d i t i o n a l  e x p e c t a t i o n  p ( f l ~ ~ )  = I ( m , f )  

(p-almost  s u r e l y )  i f  f  is  a c o n t i n u o u s  f u n c t i o n .  By t h e  

monotone class theorem one may e x t e n d  t h e  r e s u l t  t o  a l l  

bounded measurable  f u n c t i o n s .  T h i s  p r o v e s  ( c ) .  Q . E . D .  

Theorem A . 5 . 1  For a l l  pEG(P) t h e r e  e x i s t s  a  unique  

p r o b a b i l i t y  measure ( P I  on G e ( P )  such  t h a t  : 

f o r  a l l  bounded 7-measurable f u n c t i o n s  ( f ) .  The o -a lgebra  

on  G e ( P )  i s  t a k e n  t o  be t h e  smallest a - a l g e b r a  such  t h a t  

t h e  maps v+ v ( f ) : G  (PI + l R  a r e  measurable  f o r  a l l  e 

bounded 7-measurable f u n c t i o n s  ( f ) .  Fur thermore ,  t h e  

measure (PI  is  e x p l i c i t l y  g i v e n  by 

where M i s  a  measurable  s u b s e t  o f  G e ( P )  . 
Remark A . 5 . 1  Theorem A.5 .1  is  t h e  c o n t e n t  of  Theorems 

3 .1  and 5 . 1  i n  Dynkin [ l l ,  s p e c i a l i z e d  t o  compact l a t t i ce  

models.  See a l s o  Chapter  2 o f  P r e s t o n  [ l l .  

C o r o l l a r y  A . 5 . 1  To c o n s t r u c t  G ( P )  it s u f f i c e s  t o  

c o n s i d e r  o n l y  convex combina t ions  o f  thermodynamic l i m i t s  o f  



!P 
the form lim n (u,.) where An is any fixed sequence of 

n- "n 

subsets of L converging to L, and uER are points for which 

the limit exists (weak limit). 

Section A . 6  Definition of Pressure 

For the remainder of this appendix we specialize the 

lattice (L) to be Zd where 2 is the set of integers and d is 

zd 
the dimension - a positive integer. Hence, R is now S . 

d d d Let Tx :Z -2 , be translation by the element xEZ . The 

action of Tx naturally induces actions on R by T (u)=uoT 
X -x 

and on functions (f on R by Tx( f ) =  ~OT,~, that is 

Tx(f)(w)=f(~oTx). Note the abuse of notation of using the 

same symbol Tx in all cases. 

All interaction potentials !P = E!PAIAccL are now assumed 

d invariant under translations by elements of 2 . Explicitly, 

this means that 

'P~+x (u)=PA(u0Tx), 
d for all xEZ , AccL, and uER. 

Definition A . 6 . 1  The pressure of a translation 

invariant interaction potential (PI ,  over a finite subset 

AccZd with boundary conditions rER is the function 

'P 
P~(u,'P) = 1~l-l in z,(u), (A.6.2) 

P 
where ZA(w) is the normalization constant in Definition 



Theorem A .  6 . 1  Let An be a sequence of cubes in zd with 
d 

AntZ . Then P(P) E lim PA (w,P) exists for all wER, and is 
n a  n 

in fact independent of the boundary condition w, and the 

sequence An. Furthermore, P ( * )  is a convex function of the 

translation invariant interaction potentials and satisfies 

the following estimate: 

where P,and P are any finite range interaction potentials. 

(11-11 was defined in Definition A.2.2.) 

Section A . 7  Convex Functions 

Let (X.11 M )  be a real normed linear vector space. 

Definition A . 7 . 1  A function P:X --+ I? is said to be 

convex if for all x,yEX and sE[O,lI 

P(sx+(l-s)y)isP(x)+(l-s)P(y). (A.7.1) 

Definition A . 7 . 2  Let P be a continuous convex function 

on X, and x a fixed point in X. A tangent functional to P 

at x is a continuous linear functional (a) on X such that 

P(y)-P(x)l~(y-x) (A.7.2) 

for all yEX. 

Theorem A . 7 . 1  If P is a continuous convex function, 

then 

exists for all x,yEX, and furthermore there exists a tangent 

+ 
functional u at x to P with u(y) = a P(x). 

Y 



Proof: The fact that the limit in equation ( A . 7 . 3 )  

exists follows from the basic fact that convex functions of 

one real variable have one sided derivatives everywhere. 

For the rest of the proof we may assume without loss of 

generality that x=O and P(x)=O. Let Y be the subspace of X 

which is the span of the vector y. Define a linear 

functional a. on Y by ao(sy) s sa'~(0) for all sER. Then 
Y 

a 5 P on the subspace Y. So by the Hahn-Banach theorem (see 
0 

Reed and Simon [11) there exists a continuous linear 

functional (a) on X which is an extension of a on Y 
0 

satisfying a 5 P. This a is the desired tangent functional. 

Q.E.D. 

Corollary A.7.1 The continuous convex function (PI has 

at least one tangent functional at each point x of X. 

Section A . 8  Equilibrium States 

Definition A . 8 . 1  An Equilibrium state is a translation 

invariant Gibbs state. That is pEG(P) is an equilibrium 

state if poTX = p for a11 translations T . 
X 

Definition A . 8 . 2  If Y is a translation invariant 

interaction potential, put 

A P E  -1 1 ~ l - l ~ ~  (A.8.1) 

A: OEAccL 

Definition A . 8 . 3  If f is a continuous ?(Ao)-measurable 

f function, (AoccL) , then let Y be the interaction potential 



f(woTx) i f  A = A +x f o r  some xEZ 
d  

f  0 Y A ( w )  = . (A.8 .2 )  
o t h e r w i s e  

Theorem A.8.1 There is a  one t o  one cor respondence  

between e q u i l i b r i u m  s t a t e s  and t a n g e n t  f u n c t i o n a l s  t o  t h e  

p r e s s u r e .  S p e c i f i c a l l y ,  i f  F is a  f i n i t e  r ange  t r a n s l a t i o n  

i n v a r i a n t  i n t e r a c t i o n  p o t e n t i a l ,  and p a n  e q u i l i b r i u m  s t a t e  

f o r  F t h e n  t h e  c o r r e s p o n d i n g  t a n g e n t  f u n c t i o n a l  a is 

a ( Y )  = p(AY) ( A . 8 . 3 )  

where Y is  any o t h e r  such i n t e r a c t i o n  p o t e n t i a l .  On t h e  

o t h e r  hand, i f  a is a  t a n g e n t  f u n c t i o n a l  t o  P a t  F', t h e  

c o r r e s p o n d i n g  Gibbs s t a t e  ( p )  is de te rmined  by 

where f  and Yf  a r e  a s  i n  d e f i n i t i o n  ( A . 8 . 3 ) .  

C o r o l l a r y  A.8.1 I f  F' is a  t r a n s l a t i o n  i n v a r i a n t  f i n i t e  

r ange  i n t e r a c t i o n  p o t e n t i a l  t h e n  G(F') c o n t a i n s  a n  

e q u i l i b r i u m  s t a t e .  

Proof :  T h i s  f o l l o w s  from C o r o l l a r y  A.7.1 and Theorem 

A.8.1. Q . E . D .  

Remark A.8.1 The c o r o l l a r y  may a l s o  be proved by 

t a k i n g  any Gibbs s t a t e  and t h e n  a v e r a g i n g  o v e r  t r a n s l a t i o n s  

d  by e l e m e n t s  o f  f i n i t e  s u b s e t s  o f  2 . By t r a n s l a t i o n  

i n v a r i a n c e  o f  t h e  p o t e n t i a l  and c o n v e x i t y  o f  G(F'), t h e  

a v e r a g e s  w i l l  s t i l l  be Gibbs s t a t e s .  By compactness,  t h e r e  

w i l l  be a  subsequence  o f  t h e s e  a v e r a g e s  which converges  t o  a  

Gibbs s t a t e  which is n e c e s s a r i l y  t r a n s l a t i o n  i n v a r i a n t .  



Corollary A . 8 . 2 :  L e t  P  and  Y b e  t r a n s l a t i o n  i n v a r i a n t  

i n t e r a c t i o n  p o t e n t i a l s ,  t h e n  & l 0 P ( P  + SF) e x i s t s  i f  and  

o n l y  i f  p(AY) = C  (C a c o n s t a n t )  i n d e p e n d e n t  o f  a l l  pEG(P1 

which are t r a n s l a t i o n  i n v a r i a n t .  F u r t h e r m o r e ,  when t h e  

d e r i v a t i v e  e x i s t s  it i s  g i v e n  by t h e  c o n s t a n t  C. 

Proof: By Theorem A . 7 . 1  and  Theorem A.8 .1 ,  i f  p(AY) = 

+ 
C  i n d e p e n d e n t  o f  t h e  t r a n s l a t i o n  i n v a r i a n t  p,  t h e n  a P P ( P )  = 

C. S i m i l a r l y ,  t h e  l e f t  handed d e r i v a t i v e  a,P(P) must  a l s o  

be  t h e  c o n s t a n t  C. Hence, bl P ( P  + SF) e x i s t s  a n d  i s  e q u a l  d s  0  

t o  C. 

On t h e  o t h e r  hand, it i s  e a s y  t o  c h e c k  t h a t  

a g ( P )  I a ( P )  I d$(P)  ( A . 8 . 5 )  

f o r  a l l  t a n g e n t  f u n c t i o n a l s  ( a )  t o  t h e  p r e s s u r e  ( P I .  So i f  

d  d  -1 P ( P  + SF) e x i s t s ,  U ( P )  = ~ ; P ( P )  = ~ P ( P )  = - 1  P ( P  + SP) 
d s  0  d s  0  

i n d e p e n d e n t  o f  t h e  t a n g e n t  f u n c t i o n a l  a. But  by Theorem 

A . 8 . 1  t h e  t a n g e n t  f u n c t i o n a l s  t o  t h e  p r e s s u r e  are i n  one  t o  

one  c o r r e s p o n d e n c e  w i t h  t h e  t r a n s l a t i o n  i n v a r i a n t  Gibbs  

s tates.  Q.E.D. 



Appendix B 

BASIC IDEAS OF CONSTRUCTIVE FIELD THEORY 

Sec t ion  B . l  Quantum Mechanics 

This  appendix d i s c u s s e s  t h e  b a s i c  i deas  of c o n s t r u c t i v e  

quantum f i e l d  theory,  with t h e  goal  of  mot iva t ing  t h e  

informal exp res s ion  f o r  t h e  Eucl idean Yang-Mills measure. I 

w i l l  c o n c e n t r a t e  on t h e  p r o b a b i l i s t i c  approach f i r s t  

in t roduced by Symanzik [ 1 1  and Nelson [ l l .  The 

computat ional  a s p e c t s  w i l l  n o t  be emphasized i n  an  e f f o r t  

no t  t o  obscure  t h e  main ideas .  For more d e t a i l e d  accounts  

s e e  G l i m m  and J a f f e  (1  1 ,  Simon [ 1 I ,  and Simon [ 21 For a 

more phys i ca l  review, s e e  Kogut [ l l ,  and S e i l e r  [ l l .  

Before jumping i n t o  f i e l d  theory  it is wise t o  f i r s t  

look a t  t h e  p r o b a b i l i s t i c  approach a p p l i e d  t o  quantum 

mechanics. For t h i s  purpose cons ide r  t h e  c l a s s i c a l  

mechanical system desc r ibed  by Newton's equa t ions  of  motion 

x W ( t )  = - v V ( x ( t ) ) ,  ( B . l . 1 )  

where x:IR + IR3,and v:IR3 + IR. The corresponding quantum 

mechanical t ime e v o l u t i o n  is g iven  by t h e  Schordinger 

equa t ion  

i g ' ( t >  = H w t ) ,  (B .1 .2)  

where *:R + ~ ~ ( I R ~ , d ) r l  (1 is Lebesque measure),  and H is t h e  

Hamil ton ian ,  

H = - (1 /2)A + M V .  



The symbol MV denotes multiplication by the function V. The 

domain of H is chosen such that H is self-adjoint. Hence, 

by the spectral theorem the solution to (B.1.2) is given by 

the unitary time evolution operator 

In order to incorporate probability theory into the 

discussion in the relevant form it is necessary to evaluate 

the time evolution operator at imaginary times 

where t L 0. The operators CS(t)lt10 form a bounded 

semigroup provided that Xo= inf spec(H1 > --. (This 

condition on the spectrum of H is physically reasonable, 

since it prevents the system from releasing an infinite 

amount of energy under small perturbations.) We now replace 
A 

H by the physically equivalent Hamiltonian H 5 H - XoI and 
A 

A A 

replace S( t) by S( t) = e-tH, then S is a contraction 
A 

semigroup of positivity preserving operators. Thus S may be 

used to specify transition probabilities for a Markov 

process (Xt). We will see below that the path space measure 

( p )  for the process (Xt) (started with the invariant measure 

if it exists) is well characterized by the informal 

expression 

dplx) = Z-'exp[ !1-(112llx'lt)l~+ Vlx(t))ldt Dx. I (B.1.6) 

Where xER E Ix: x:R + R3 and x is continuousl, 



3 
Dx = I I d x i (  t )  is " i n f i n i t e  d imens iona l  Lebesque 

i=l t E W  

measure",  and 2 is a  n o r m a l i z a t i o n  c o n s t a n t  s o  t h a t  p  is a  

p r o b a b i l i t y  measure on R .  Before  g i v i n g  a  more p r e c i s e  

meaning t o  (B.1 .61 ,  it w i l l  be c o n v e n i e n t  t o  i n t r o d u c e  some 

n o t a t i o n .  

3  For each  T > 0, l e t  RT = {x:  x:[-T,TI --t W , x  is 

c o n t i n u o u s } .  The s p a c e  RT is  a  Banach s p a c e  when g i v e n  t h e  

sup-norm. L e t  v T  d e n o t e  Wiener measure on t h e  Bore1 

a - a l g e b r a  o f  R T  wi th  t h e  s t a r t i n g  d i s t r i b u t i o n  o f  Lebesque 

measure.  E x p l i c i t l y ,  v T  is t h e  unique  measure on R such T 

t h a t  

where f  is  a  bounded measurable f u n c t i o n  on W 3 ( n + l )  - T =  
I 

to< t l<  t2<-  <tn = T, and p t ( x , y )  = [ k e r n e l  o f  e  t A / 2 1  ( x , y )  

2  = ( 2 n t ) - 3 / 2  e - ( 1 / 2 t )  l x - ~ l  . I t  shou ld  be no ted  t h a t  vT is 

n o t  a  p r o b a b i l i t y  measure, i n  f a c t  x ( t )  is  d i s t r i b u t e d  by 

Lebesque measure f o r  each  t E  [ -T, T I  . 
I w i l l  now d e s c r i b e  a  c l a s s  o f  p r o b a b i l i t y  measures 

which is c l o s e l y  r e l a t e d  t o  t h e  in fo rmal  e x p r e s s i o n  ( B . 1 . 6 )  

To each  p a i r  o f  non-negat ive  f u n c t i o n s  f , g € ~ 2 ( W 3 , d ~ ) ,  w e  

a s s i g n  a p r o b a b i l i t y  measure ( p f n g n T  on R T .  The measure pT 



- - 
% , 9 , T  

i s  u n i q u e l y  d e t e r m i n e d  by 

n f i ( x ( t i ) ) p T ( d x )  = S n  i =o 
R~ 

A A A 

3 
where f i t s  are bounded m e a s u r a b l e  f u n c t i o n s  o n  I? , ( = , = I  

2 3 
d e n o t e s  L (I? ,dX) i n n e r  p r o d u c t ,  and  -T = t o<  t l < - . . <  t n = T .  

The e x i s t e n c e  o f  s u c h  a measure  is g u a r a n t e e d  by t h e  

Feynman-Kac f o r m u l a  i f  V is  s u f f i c i e n t l y  n i c e ,  see t h e  p r o o f  

o f  Theorem B . l . l  be low.  

F i n a l l y ,  t o  make t h e  c o n n e c t i o n  be tween  t h e  measu res  

Irf ,9,T 
w i t h  t h e  e x p r e s s i o n  (B .1 .61 ,  it is  u s e f u l  t o  

a p p r o x i m a t e  xER by a p i e c e w i s e - l i n e a r  c u r v e .  I f  xEQT and  P  T 

i s  a p a r t i t i o n  o f  [ - T , T I  ( P  = E t  tl, ., tn) w i t h  

- ~ = t ~ < t ~ < .  " < t n = T ) ,  l e t  xp b e  t h e  p i e c e w i s e  l i n e a r  

a p p r o x i m a t i o n  t o  x  which a g r e e s  w i t h  x  o n  t h e  p a r t i t i o n  P. 

I t  s h o u l d  be  n o t e d  t h a t  i n  t h i s  n o t a t i o n  e q u a t i o n  ( B . 1 . 7 )  

may b e  w r i t t e n  as 



where Z p  is a n o r m a l i z a t i o n  c o n s t a n t .  The c o n s t a n t  Z p  is 

d e f i n e d  by 

T 

zp  = J e x p [ + ~  l ~ g i t r  1 d t  d x ( t l ) d x ( t 2 ) - - - d x ( t n ) ,  ( B . l . 1 0 )  

B3n -T 
1 

3  where x ( t O )  is h e l d  f i x e d  a t  some p o i n t  xER . ( I t  is e a s i l y  

checked t h a t  Z p  is independen t  o f  which x  is chosen .  To 

make s e n s e  o u t  o f  t h e s e  l a s t  e x p r e s s i o n s  one  s h o u l d  

i n t e r p r e t  d x ( t O ) d x ( t l ) . . . d x ( t  as t h e  measure on QT which n  

is induced by Lebesque measure on  t h e  " c o o r d i n a t e s "  

n  { ~ ( t ~ ) l ~ = ~  . S i m i l a r l y ,  d ~ ( t ~ ) d x ( t ~ ) - ~ m d x ( t ~ )  is  t h e  

measure on  RT induced by Lebesque measure o n  t h e  c o o r d i n a t e s  

which is c o n c e n t r a t e d  on  a se t  o f  p a t h s  f o r  { x ( t i ) l i = l ,  

3  which x ( t O )  = xEB . 
3  

Theorem B. 1.1 L e t  V:R -+ R be c o n t i n u o u s ,  and bounded 

from below. ( H  = - ( 1 / 2 ) A  + V is t h e n  e s s e n t i a l l y  

s e l f - a d j o i n t  on  t h e  se t  o f  i n f i n i t e l y  d i f f e r e n t i a b l e  
A A 

f u n c t i o n s  w i t h  r a p i d  d e c r e a s e .  1 L e t  Ao,  H, S, and pT = 

k g , T  
be  as above and F ( x )  be a bounded c o n t i n u o u s  f u n c t i o n  

on  QT. Then 

F ( x ) p T ( d x )  = f 
= l i m  z ; ~ J ~ ( X ( - T )  ) g ( x ( ~ )  ) F ( x p ) e x p { - r t + I x i , ( t )  I 2  

I P I + O  * 3 ( n + l )  -T 



where P  =I-T=tO < tl  < t2 < m m ' < t n  = TI is  a p a r t i t i o n  [-T,Tl, 

Z p  i s  a  n o r m a l i z a t i o n  c o n s t a n t  such t h a t  f o r  each  P  t h e  

r i g h t  hand s i d e  o f  ( B . 1 . 1 1 )  is 1 i f  F  E 1, and I P I  d e n o t e s  

t h e  mesh s i z e  o f  t h e  p a r t i t i o n  P. 

P roof :  By r e p l a c i n g  V by V-Xo w e  may assume t h a t  Xo 

is  ze ro ,  s i n c e  t h i s  change does  n o t  a f f e c t  t h e  r i g h t  hand 

s i d e  o f  ( B . 1 . 1 1 ) .  The e x t r a  f a c t o r  i n  t h e  numerator  is  

c a n c e l e d  by t h e  same f a c t o r  i n  t h e  n o r m a l i z a t i o n  c o n s t a n t  o f  

By t h e  Feynaman-Kac formula  and t h e  Markov p r o p e r t y  o f  

t h e  Wiener measure it is well known ( G l i m m  and J a f f e  [ l l  o r  

Simon [ l  o r  21)  t h a t  

where 

Equa t ion  (B .1 .12)  is  f i r s t  proved f o r  F  o f  t h e  form 

n  
n f i ( x ( t i ) )  where t h e  t i t s  form a  p a r t i t i o n  f o r  1-T.TI ,  and 

i =O 

t h e n  ex tended  t o  more g e n e r a l  F  by s t a n d a r d  measure 

t h e o r e t i c  arguments .  An a p p l i c a t i o n  o f  t h e  dominated 

convergence  theorem i m p l i e s  

~ ~ ( f ~ ( x ~ ( - T ) ) g ~ ( ~ ~ ( T ) ) F ( x ~ ) e  - J I T  v (  x p ( s ) ) d s )  
p T ( F )  = l i m  

Ip I-+o 
u T ( f T ( x ( - T ) ) g T ( x ( T ) ) e  - J T ~ v ( x ( s )  ) d s )  



The theorem now fo l l ows  a f t e r  u s i n g  e q u a t i o n  ( B . 1 . 9 )  i n  

( B .  1 . 1 4 )  wi th  

wi th  G E F i n  t h e  numerator  o f  (B .1 .14)  and G E 1 i n  t h e  

denominator .  Q . E . D .  

Remark B.l.l I n fo rma l ly ,  Theorem 1.1.1 s t a t e s  t h a t  

I t  is i n s t r u c t i v e  t o  v iew t h e  informal  e x p r e s s i o n  

(B .1 .6 )  a s  d e s c r i b i n g  a  measure ( p )  i n  t h e  Gibbs s t a t e  

formalism of  s t a t i s t i c a l  mechanics.  Remark B . 1 . 1  s u g g e s t s  

t h a t  t h e  measures p  shou ld  be c o n s i d e r e d  a s  a  " f i n i t e  
f ,g ,T 

volume" Gibbs s t a t e s  wi th  "boundary c o n d i t i o n s "  determined 

by t h e  two f u n c t i o n s  f  and g .  I t  is t h e n  n a t u r a l  t o  t a k e  

t h e  "thermodynamic l i m i t " ,  t h a t  is  t h e  l i m i t  a s  T t e n d s  t o  

i n f i n i t y .  Th i s  is  t h e  s u b j e c t  o f  t h e  n e x t  theorem. Before  

s t a t i n g  t h e  theorem w e  r e q u i r e  some more assumpt ions  on t h e  

p o t e n t i a l  V .  

Assume t h e  p o t e n t i a l  V is  con t inuous ,  bounded from 

below, and chosen such t h a t  ho is a n  e igenva lue  f o r  t h e  

o p e r a t o r  H wi th  e i g e n f u n c t i o n  ho. I t  is  w e l l  known under 



t h e s e  assumpt ions  (see C o r o l l a r y  3 . 3 . 4  o f  G l i m m  and J a f f e  

I 1 1  t h a t  t h e  m u l t i p l i c i t y  o f  Xo is  one and t h e  

e i g e n f u n c t i o n  ( h o )  may be chosen t o  be s t r i c t l y  p o s i t i v e .  

Furthermore,  by t h e  s p e c t r a l  and dominated convergence 
. - 

theorems, S ( t )  converges  s t r o n g l y  as t --+ OJ t o  t h e  

o r t hogona l  p r o j e c t i o n  on to  t h e  Xo e i genspace .  

Theorem B.1.2 Assume V s a t i s f i e s  t h e  assumpt ions  

above, f , g  a r e  f i x e d  non-negative and non-zero 

2 3 L ( R  ,dX)-funct ions ,  and t h e  measures pT = P f n g n T  are 

d e f i n e d  as b e f o r e .  Then t h e r e  e x i s t s  a  p r o b a b i l i t y  measure 

( p )  on R which is  independent  o f  t h e  f u n c t i o n s  f  and g and 

s a t i s f i e s  

l i m  p T ( F )  = PO?),  
T.- 

f o r  a l l  bounded measurable f u n c t i o n s  F ( x )  o f  t h e  form 

where 0 < To < m, and G is a measurable f u n c t i o n  on R . 
To 

(Under t h i s  assumpt ion t h e  e x p r e s s i o n  p T ( F )  makes s e n s e  f o r  

T > To. ) Furthermore,  t h e  v a l u e  o f  p ( F )  is g iven  by 

where ho i s  t h e  ground s ta te  f o r  H and T is any number 

l a r g e r  t h a n  To.  

2 A 

Proo f :  For T >  To, and fEL (IR3,dX), p u t  f T z S ( T - T o ) f .  

Using t h e  d e f i n i t i o n  o f  p 
f ,  g, T' 

it is  e a s i l y  s e e n  t h a t  



(Aga in  f i r s t  c h e c k  t h e  v a l i d i t y  o f  ( B . 1 . 1 9 )  o n  f u n c t i o n s  o f  

n  
t h e  form I f i ( x ( t i ) )  where t h e  t i ' s  form a p a r t i t i o n  f o r  

i =O 

1-T,Tl, and  t h e n  e x t e n d e d  t o  more g e n e r a l  F  by s t a n d a r d  

measure  t h e o r e t i c  a r g u m e n t s . )  I n  p a r t i c u l a r  ( B . 1 . 1 9 )  

i m p l i e s  t h a t  ph , h  , T  ( F )  = ( F ) .  s i n c e  s ( t ) h o  = ho 
0 0 pho? ho? T~ 

f o r  a l l  t L 0 .  Hence t h e  measu res  ph , h  , T  are c o n s i s t e n t l y  
0 0 

d e f i n e d ,  a n d  t h u s  d e f i n e  a u n i q u e  measure  o n  R, see 1 . 3 . 5  

Theorem o f  S t r o o c k  and  Varadhan 1 1 1 .  

By e q u a t i o n s  (B .1 .191 ,  (B.1 .121 ,  and  ( B . 1 . 1 3 )  w e  g e t  

S i n c e  f T  + ( f , h o ) h o  i n  L ~ ( I R ~ . ~ A ) .  it f o l l o w s  t h a t  

d i s t r i b u t e d  as  Lebesque measure  f o r  e a c h  t E I - T O R T o ]  1 .  A 

s imilar  s t a t e m e n t  h o l d s  f o r  t h e  f u n c t i o n s  gT .  Hence a f t e r  

l e t t i n g  T -m i n  e q u a t i o n  ( B . 1 . 2 0 )  and  c a n c e l i n g  o u t  t h e  

common f a c t o r  o f  ( f . h o ) ( g , h o )  i n  b o t h  t h e  numera to r  and  t h e  

denomina to r ,  one  f i n d s  t h a t  

[ho(x(-To))ho(~(To))F(~)lT 
l i m  p T ( F )  = o 
T - m  C h o ( x ( - T o ) ) h o ( ~ ( T o ) ) l  

To 

Q.E.D. 

Remark B.1.2 The c o m b i n a t i o n  o f  Theorems B . 1 . 1  and  

B . 1 . 2  show t h a t  t h e  measure  ( p )  d e f i n e d  i n  Theorem B .1 .2  may 



be d e s c r i b e d  by approx imat ions  which a r e  s u g g e s t e d  by t h e  

in fo rmal  d e s c r i p t i o n  o f  t h e  measure ( p )  g i v e n  i n  e q u a t i o n  

L e t  u s  now t a k e  s t o c k  i n  what h a s  been accompl ished.  

On one hand t h e r e  is a n a t u r a l  measure ( p )  a s s o c i a t e d  

t o  each  quantum mechanical  sys tem a s s o c i a t e d  t o  t h e  

c l a s s i c a l  sys tem d e s c r i b e d  by ( B . 1 . 1 ) .  On t h e  o t h e r  hand 

Theorems B . 1 . 1  and B .1 .2  may be used t o  c o n s t r u c t  t h e  

measure ( p )  w i t h o u t  r e f e r e n c e  t o  any quantum mechanics ( i . e .  

o p e r a t o r  t h e o r y . )  The in fo rmal  d e s c r i p t i o n  ( B . 1 . 6 )  o f  t h e  

measure ( p )  s u g g e s t s  t h e  method o f  c o n s t r u c t i o n  g i v e n  i n  t h e  

two theorems.  Once w e  have c o n s t r u c t e d  t h e  measure p, w e  

may r e c o n s t r u c t  t h e  quantum mechanical  H i l b e r t  space ,  up t o  

2 a  n a t u r a l  u n i t a r y  e q u i v a l e n c e .  Indeed,  {FEL (R,dp) :  F ( x )  = 

2 3  2 
f ( x ( O ) ) l  is  e q u i v a l e n t  t o  L ( I R  . hodX) by t h e  u n i t a r y  

o p e r a t o r  ( f  ( x ( 0  1 )  4 f  1 ,  where ho is t h e  normal ized  ground 

2 3 s t a t e  f o r  H .  S i n c e  ho> 0, L ( l R  .dX) i s  n a t u r a l l y  e q u i v a l e n t  

2 3 2  t o  L ( I R  ,hodX) by t h e  u n i t a r y  map ( f  4 f / h o ) .  Furthermore,  

from t h e  measure p, w e  may r e c o n s t r u c t  t h e  renormal ized  
A 

quantum mechanical  Hamil tonian  H .  To accompl ish  t h i s ,  w e  
A 

f i r s t  n o t e  t h a t  S may be de te rmined  by 

3 A 

f o r  a l l  bounded f ,  and g on  lR . The o p e r a t o r  H is t h e n  
A 

de te rmined  by d i f f e r e n t i a t i n g  S, 
. . 

A 

Hf= l i m  S ( h )  - I 
h f8 

h 10 



w i t h  t h e  domain o f  H g i v e n  by t h e  s e t  o f  f € ~ ~ ( l l ? ~ , d X )  f o r  

which t h e  l i m i t  e x i s t s .  

So w e  have found t h a t  making s e n s e  o u t  o f  t h e  i n f o r m a l  

e x p r e s s i o n  ( B . 1 . 6 )  is  e s s e n t i a l l y  e q u i v a l e n t  t o  " q u a n t i z i n g "  

t h e  classical mechan ica l  s y s t e m  d e s c r i b e d  by ( B . 1 . 1 ) .  

Section B.2 Quantum F i e l d  Theory 

We now want t o  u s e  t h e  above  i d e a s  t o  q u a n t i z e  c e r t a i n  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  r a t h e r  t h a n  t h e  O . D . E .  

3  ( B .  1.1).  T h i s  amounts  t o  r e p l a c i n g  t h e  "3" i n  R by f f m f f  i n  

some a p p r o p r i a t e  s e n s e .  

The s i m p l e s t  example t o  c o n s i d e r  is  t h e  f r e e  K l e i n  

Gordon e q u a t i o n  

3  where @ = @ ( t , x ) E l ,  (t,x)ElRXlR , A 3  is t h e  L a p l a c i a n  o n l y  

a c t i n g  o n  t h e  x - v a r i a b l e s ,  and  m is a p o s i t i v e  c o n s t a n t  

c a l l e d  t h e  mass. To make t h e  c o n n e c t i o n  o f  ( B . 2 . 1 )  w i t h  

( B . 1 . 1 )  w e  c o n s i d e r  @ a s  a map from R t o  R ~ L ~ ( I R ~ . ~ X ) .  Then 

( B . 2 . 1 )  may be  w r i t t e n  as  

@"(t) = - g r a d v ( @ ( t ) ) ,  ( B . 2 . 2 )  

1 2  
where v ( @ ( t ) )  = --T-(@(t),(-~3+ m ) @ ( t ) ) L 2 ( R 3 , d X ) ,  and  g r a d  

d e n o t e s  t h e  f u n c t i o n a l  g r a d i e n t .  I n  a n a l o g y  w i t h  ( B . 1 . 6 )  

t h e  i n f o r m a l  d e s c r i p t i o n  o f  t h e  p a t h  s p a c e  measure  

a s s o c i a t e d  t o  t h e  e q u a t i o n  ( B .  2 . 2 )  is 



where D+ is a n  " i n f i n i t e  d imens iona l  Lebesque measure",  Z is  

t h e  n o r m a l i z a t i o n  c o n s t a n t ,  and A4  d e n o t e s  t h e  f o u r  

d imens iona l  L a p l a c i a n  a c t i n g  on b o t h  t and x .  

I t  is now p o s s i b l e  t o  g i v e  p r e c i s e  meaning t o  t h e  

measure y  by f o l l o w i n g  p r o c e d u r e s  ana logous  t o  Theorems 

B . l . l  and B.1.2, see Simon 1 1 1 .  Ra the r  t h a n  g o i n g  t h i s  

r o u t e  w e  w i l l  i n s t e a d  e x p l o i t  t h e  f a c t  t h a t  t h e  "measurew 

( y )  is  " G a ~ s s i a n ~ ~ .  R e c a l l  t h e  f i n i t e  d imens iona l  Gauss ian  

F o u r i e r  t r a n s f o r m  formula 

( B . 2 . 4 )  

k which is v a l i d  i f  A is a  p o s i t i v e  d e f i n i t e  m a t r i x  on IR . I n  

ana logy  t o  (B.2 .41 ,  w e  d e f i n e  y  t o  be t h e  unique  p r o b a b i l i t y  

4  measure on ReS'(IR whose F o u r i e r  t r a n s f o r m  is 

( B . 2 . 5 )  

4  where f  is  i n  S(IR 1 .  The e x i s t e n c e  and un iqueness  o f  t h e  

measure p is g u a r a n t e e d  by Minlos '  theorem, s e e  Simon [21 .  

I n  ana logy  t o  t h e  d i s c u s s i o n  a t  t h e  end o f  S e c t i o n  B . 1 ,  



t h e  measure p may be used t o  c o n s t r u c t  a  quantum mechanical  

system a s s o c i a t e d  t o  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  

(B.2.11,  see Simon [ l l  and G l i m m  and J a f f e  [ 1 1  f o r  more 

2  d e t a i l s .  The g e n e r a l i z a t i o n  t o  t h e  c a s e  where t h e  term m 4 
(B .2 .1 )  i s  r e p l a c e d  by a  polynomial  i n  4 i s  a l s o  covered  i n  

Simon [ 1 1  and G l i m m  and J a f f e  [ 1 1  ( i n  t h e  c a s e  where t h e  

s p a t i a l  dimension is  one r a t h e r  t h a n  t h r e e ) .  

A s  a  f i n a l  example, w e  w i l l  c o n s i d e r  t h e  f r e e  Maxwel l fs  

e q u a t i o n s .  Le t  ~ ( t , x ) € l R ~  deno t e  t h e  elect ic  f i e l d  and 

3  3  B(t,x)Ell? deno t e  t h e  magnet ic  f i e l d  ((t,x)ElRxlR 1 .  Put ,  

a  d i f f e r e n t i a l  2-form on R~ c a l l e d  t h e  f  i e l d - s t r e n g t h  

t e n s o r .  With t h i s  n o t a t i o n  t h e  f r e e  Maxwel l fs  e q u a t i o n s  may 

be w r i t  t e n  
* 

dF = 0 and d  F = 0, (B .2 .7 )  
* 

where d  i s  t h e  a d j o i n t  o f  d  computed wi th  r e s p e c t  t o  t h e  

f l a t  Minikowski metric ( g )  wi th  s i g n a t u r e  (1,-1,-1,-1). 

The Maxwellfs  e q u a t i o n s  ( 8 . 2 . 7 )  a r e  f i r s t  o r d e r  i n  

t i m e ,  and hence do n o t  seem t o  be analogous  t o  

"Newtonian-like" e q u a t i o n s  o f  motion. Th i s  c an  be remedied 

by n o t i n g  t h a t  t h e  e q u a t i o n  dF = 0 imp l i e s ,  by P o i n c a r e f s  

Lemma (Sp ivak  [ I l l ,  t h a t  t h e r e  is a  1-form ( A )  such t h a t  F  = 

dA. I n  terms of  t h i s  p o t e n t i a l  A,  t h e  Maxwells e q u a t i o n s  



become, 

Equat ion ( B . 2 . 8 )  w r i t t e n  i n  components y i e l d s  a  system of  

four  coupled p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  t h r e e  o f  which 

a r e  second o r d e r  i n  t i m e .  The o t h e r  e q u a t i o n  is a  

l l c o n s t r a i n t  l1 e q u a t i o n .  The r e a s o n  f o r  t h i s  e x t r a  

comp l i ca t i on  o f  a c o n s t r a i n t  is due t o  t h e  f a c t  t h a t  t h e  

p o t e n t i a l  A is  n o t  un ique ly  determined by t h e  f i e l d  s t r e n g t h  

t e n s o r  F. Th i s  is t h e  s o  c a l l e d  l1gaugel1 problem. For t h e  

purposes  o f  f i n d i n g  t h e  in fo rmal  e x p r e s s i o n  f o r  t h e  pa th  

space  measure, w e  w i l l  i gno re  t h i s  gauge problem ( b u t  see 

Chapter  1 and e s p e c i a l l y  S e c t i o n  1 . 3 ) .  

I n  ana logy  t o  t h e  p r ev ious  examples, t h e  in fo rmal  

e x p r e s s i o n  f o r  t h e  pa th  space  measure i s  

where Z is a  n o r m a l i z a t i o n  c o n s t a n t ,  and DA is a n  " i n f i n i t e  

d imensional  Lebesque measuref1 on a  space  o f  1-forms. Note 

t h a t  1 dA. .  (x12  = 
13 C F~~ (x12 = I E ( X )  l 2  + ~ B ( x )  1 2 ,  which is 

i<  j i<  j 

t h e  c l a s s i c a l  energy o f  t h e  e l e c t ro -magne t i c  f i e l d s .  ( I n  

t h e  examples above, i t  has  a lways  been t h e  energy  t h a t  went 

i n t o  t h e  exponen ts  o f  t h e  pa th  space  measure . )  See S e c t i o n  

1 . 3  f o r  a  p r e c i s e  d e s c r i p t i o n  o f  t h e  in fo rmal  e x p r e s s i o n  

( B . 2 . 9 ) .  

The in fo rmal  d e s c r i p t i o n  o f  t h e  Yang Mills' measure 

( e q u a t i o n  (1.1.1)) is a  n a t u r a l  g e n e r a l i z a t i o n  o f  ( B . 2 . 9 ) .  
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