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ABSTRACT. Given a non-negative Hermitian form on the dual of the Lie algebra of a
complex Lie group, one can associate to it a (possibly degenerate) Laplacian on the
Lie group. Under Hérmander’s condition on the Laplacian there exists a smooth time-
dependent measure, convolution by which gives the semigroup generated by the Lapla-
cian. Fixing a positive time, we may form the Hilbert space of holomorphic functions on
the group which are square integrable with respect to this “heat kernel” measure. At the
same time, under Hormander’s condition, the given Hermitian form extends to a time
dependent norm on the dual of the universal enveloping algebra.

In previous work we have shown that, for each positive time, the Taylor map, which
sends a holomorphic function to its set of Taylor coefficients at the identity element, is a
unitary map from the previous Hilbert space of square integrable holomorphic functions
onto a Hilbert space contained in the dual of the universal enveloping algebra.

The present paper is concerned with the behavior of these two families of Hilbert
spaces when the Lie group is replaced by a product of complex Lie groups or by a
quotient by a not necessarily normal subgroup. We obtain thereby the first example of
unitarity of the Taylor map for a complex manifold which is not a Lie group. In addition,
we determine the behavior of these spaces as the given Hermitian form varies.
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1. INTRODUCTION

Let G be a complex Lie group with Lie algebra g. Denote by e the identity element of
G. Let & be the left-invariant vector field on G associated with £ € g. For a holomorphic
function f on G, the map

g2 (&, &) |—>(§1~--5€f)(e)

is a multilinear map into the complex numbers and is consequently represented by a
unique element of the dual space of g®*. Allowing k to vary and putting these elements
together yields an element f of the algebraic dual space T, wherein T' denotes the tensor
algebra over g. We refer to f as “the Taylor coefficient” of f at the identity element of
G. Because of the Lie algebra relations, f belongs, in fact, to a subspace J° of 7" that is
naturally isomorphic to the dual U’ of the universal enveloping algebra U of g.

Let ¢ be a Hermitian form on the dual g* of g. The Hermitian form ¢ naturally yields
a family of seminorms indexed by ¢ > 0 on 7. Namely, if « € T” is given by a = > ay,
ay, being an element of the dual space (g*)®* of g®*, then define

where ¢ is the Hermitian form induced by ¢ on (g*)®*. Let J, be the subspace of J° on
which || - ||q¢ is finite. Then | - || is a seminorm on J7,.

The left-invariant extension of the real part of the Hermitian form ¢ determines a sub-
Laplacian A on G. In this context, Hormander’s condition for the hypoellitcity of this
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sub-Laplacian can be understood as a condition on the Hermitian form ¢. It is proved in
[5] that Hérmander’s condition is equivalent to the property that each of the semi-norms
| - [lq;¢ is actually non-degenerate and, consequently, the space .J7, is a Hilbert space.
Let dz be a fixed right-invariant Haar measure on G. The sub-Laplacian A defined on
C*(G) C L*(G,dx) is essentially self-adjoint. Abusing notation, we will also denote by

tA/4 commutes with

A its unique self-adjoint extension. The associated heat semigroup e
left multiplication in G, and thus determines a unique family of probability measures {p; }

defined by the identity e/*/* = (right convolution by p;), that is,

5/ () = / fay)pldy), = € G, f € (G da).

We call p; the heat kernel measure on G. Under Hormander’s condition, p; admits a
smooth positive density w.r.t. the right Haar measure. Somewhat abusively, we will denote
this density by = + p,(x). Hence, we have p,(dz) = p,(x)dx. Note that ¢!~/ also admits a
transition kernel f;(z, y), the heat kernel, so that e'®/* = [ hy(z,y) f(y)dy. The function
p+(z) and the heat kernel hy(x, y) are related by the formula hy(x,y) = p;(x~'y)m(z) where
m is the modular function on G. See [5] for more details. For each t > 0, z — p;(x) decays
fast enough at infinity so that the Hilbert space HL?(G, p;), consisting of holomorphic
functions in L?*(G, p;), is non-empty and is in fact a quite substantial space.

There is a remarkable identity of norms involving f and its Taylor coefficients. On the
one hand one has the norm || f||z2(c,,) while on the other hand one has the norm 1F 1l
as an element of J° C T”. These norms are equal. In fact the map f f is unitary if
G is simply connected. This theorem has a long history, starting with the classical case,
G = C. When the form g is positive definite and thus induces a left-invariant Riemannian
metric on G, the unitarity of the Taylor map f — f was proved in [4]. We refer the
reader to [4] for a precise description of the results and some history. The case when g is
degenerate but satisfies Hormander’s condition is treated in [5].

These theorems concerning the unitarity of the Taylor map have two parts. First, one
proves that the Taylor map is an isometry from HL?*(G, p;) into Jg’t. Next one shows
that this map is surjective. This part can be thought of as the problem of constructing
a holomorphic function from a set of Taylor coefficients using some sort of Taylor series
(either explicitly or implicitly). Both parts are technically involved and use refined heat
kernel estimates. But the surjectivity of the Taylor map has always been the most difficult
issue. Moreover, the proof of surjectivity given in [5] for the general case when ¢ satisfies
Hormander’s condition is substantially different and more complicated than the proof
given in [4] in the positive definite case.

In this context, it is natural to ask how the families of Hilbert spaces associated with
two distinct Hermitian forms ¢!, ¢*> compare. Given two (monotone) families of Hilbert
spaces Hi, t > 0, i = 1,2, all contained in a common underlying vector space, 17", we
say that the second family controls the first if for each ¢t > 0 there is an s > 0 such that
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H? C H!. In terms of norms, this means that for each ¢t > 0 there is C' € (0,00) and
s > 0 such that |[f[|g: < CJfllgz. A particularly interesting question is whether the
family Jgt associated with a positive definite Hermitian form can be controlled by the
family associated with a form that merely satisfies Hormander’s condition. This is one of
the main problems that motivates the results presented in this paper.

Section 2 reviews the definition of the spaces Jg’t, t > 0, which all lie in J° C 7" and
which are associated with a Hermitian form ¢ on the dual g* of g. It also describes the
main results of [5] regarding the Taylor map.

Section 3.2 shows how known heat kernel estimates and the fact that the Taylor map
is unitary (the main result of [5]) imply that the family of Hilbert spaces J, , associated
with any given Hermitian form ¢? satisfying Hormander’s condition controls the family
of Hilbert spaces ng’t associated with any other such Hermitian form ¢'. Section 3.1
points out that, if one can prove such a control a priori, then the surjectivity of the
Taylor map for the form ¢! actually implies the surjectivity of the Taylor map for ¢,. In
particular, this opens the door to the possibility of deducing the main result of [5] (i.e.,
the surjectivity of the Taylor map for Hermitian forms satisfying Hormander’s condition)
from the main result of [4] (i.e., the surjectivity of the Taylor map for positive definite
Hermitian forms). This raises the question of whether this control between families of
Hilbert spaces can be deduced directly on the tensor side (i.e., Taylor coefficients side) by
algebraic or combinatorial means. Section 4 shows that this can indeed be done for the
three dimensional (complex) Heisenberg group H5 and, more generally, for Hy,, ;.

In Sections 5, we consider the situation wherein the group G is the direct product of
two simply connected complex Lie groups G, x Gy, (i.e., the Lie algebra g is the direct sum
of two Lie algebras g,, g5) and ¢ = q, ® g, with q,, ¢» Hermitian forms on g, g; satisfying
Hormander’s condition. We show that there is a unique natural surjective isometry from
Jo it ® JSM onto Jgt. As an application, we observe that this allows us to extend the
comparison of families obtained for the Heisenberg groups Hs, 41 in Section 4 to products
of such groups.

In section 6, we discuss the case of homogeneous spaces M = K \ G where K is a closed
connected Lie subgroup of G. When K is normal, M = K \ G is a simply connected Lie
group and we stay in the same framework as in the previous sections of this paper. In this
case, the results of Section 6 show that the comparison of two families of Taylor coefficient
Hilbert spaces on G descends to M = K\ G. However, when K is not a normal subgroup,
we obtain a host of new complex manifolds for which we can produce a unitary Taylor
map between an L? space of holomorphic functions on M and a Hilbert space of Taylor
coefficients. These are the first examples of such a result for complex manifolds that are
not complex Lie groups. In Section 7, we discuss in some detail two simple examples: the
Grushin two dimensional complex space and a quotient of the group of holomorphic affine

motions on the complex plane.
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2. NOTATION AND BACKGROUND

In this section we will review some notation and basic results from [5]. We will use
angle brackets (-, ) to denote the pairing of a vector space V' and its algebraic dual V”,
ie., (a,v) := a(v) for all v € V and o € V'. Let G be a complex connected Lie group
equipped with its right Haar measure dz and let H = H(G) denote the space of complex
valued holomorphic functions on G. Given A € g := Lie(G) (the complex Lie algebra
of @), let A denote the unique left invariant vector field acting on C'* (G) such that
A(e) = A. We let g* be the dual of g (we use * instead of ’ in this case because of the
possible confusion with the derived subalgebra).

Denote by T'(g) the tensor algebra over g. An element of T'(g) is a finite sum:

N

(2.1) B=> 0  Beecg®™
k=0
We may and will identify T'(g)’ with the direct product [];~,(g*)®* via the pairing,
(22) <CY, ﬁ> = Z(alm 616)7
k=0
where
(2.3) a= Zak ax € (g")%".
k=0

NOTATION 2.1 (Left Invariant Differential Operators). We define a real linear map
<6 — B) from T (g) to left invariant differential operators on G determined by

(1) 1f = f and
(2)for B=A1® - @A, € g%, Bf:=A,---Apf for feC®).

If fis a C™ function on G, the Taylor coefficient of f at z € G is the element f (z) in
T (g)g. (the real linear functionals on T (g)) defined by

(2.4) (f (z),B) = (Bf)(x) for all B T (g).

If we further assume f € H, then § — (Gf)(x) is complex linear and in this case f () €
T (g)'. In either case, f () annihilates the two-sided ideal J C T'(g) generated by

(2:5) {E@n—no-[5n¢n o}
Soif f € H and z € G, then f (z) € J° where
(2.6) J" = {a € T(g)'s (a, ) = {0}}.

The space JY is complex isomorphic to U’ where U := T(g)/J is the universal enveloping
algebra of g.
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NOTATION 2.2. Let ¢ be a nonnegative Hermitian form on the dual space g*. Thus

(2.7) q(a) = (a,a)q

for some, possibly degenerate, nonnegative sesquilinear form (, ), on g*.

As is shown in [5, Lemma 2.2], there exists a linearly independent (over C) subset
{X;}2, C g such that

|(a, X;)|? for all a € g*.

'MS

(2.8) q(a) = (a,a), =

7j=1

The space, H := span (X3, ..., X,,) equipped with the unique Hermitian inner product
(,)g, for which {Xj}gnzl is an orthonormal basis, is called the Hormander subspace
associated to ¢q. H is the backwards annihilator of the kernel of ¢. See, e.g., [5, Equation
(2.3)]. Also associated to ¢ is the second order left invariant differential operator

(2.9) A= Z( X

It can be shown that A and (H,(-,-),) depend only on ¢ and not on the choice of basis
{X;}2, C g for which Eq. (2.8) holds (see [5]).

The form ¢ induces a degenerate Hermitian form g, := ¢®* whose inner product, (-, -) 0
on (g*)®* is determined by

k
(2.10) (a1 @+ @ ag, by @ @ by)g, Ha], i)g aibiegt, i=1,...k
j=1

for k > 1. If a € (g*)®*, we will write g () or |0z|3)c for (o, @), . By convention, V¥ = C
and we define gy on (g*)®° so that go (1) = 1. For ¢t > 0, define

[e.9]

tk
(2.11) g = > planls,

k=0
when « is given by (2.3).
The function ||-, , defines a seminorm in the subspace of T'(g)" on which [|a||?, is finite.
But we will, by restriction, always consider [-[|,, to be a semi-norm on
(2.12) Jo, i ={a e J%|al?, < oo}
Whenever there is no risk of confusion concerning which form ¢ is under consideration,
we will often drop the reference to ¢ and write

Il = lI-llg, and " = Jg),.

REMARK 2.3. Similar constructions can be carried out over a real Lie algebra equipped
with a non-negative quadratic form. See [5] and Section 5 of the present paper.
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DEFINITION 2.4. We say that Hormander’s condition holds for ¢ if the smallest Lie
subalgebra, Lie (H), containing H is g. It is permissible here to view Lie (H) as the Lie
algebra generated by H C g with g regarded as either a complex or a real Lie algebra.

The significance of Hormander’s condition is twofold. 1) By [5, Theorem 2.7|, Lie (H) =
g iff for some ¢ > 0 (hence for all ¢ > 0), | - || is a norm on J?. 2. By Hoérmander’s
theorem [13], Lie (H) = g iff A is hypoelliptic, see the end of Section 1 in [5] for a
more detailed discussion on this last point. So under Hormander’s condition on ¢, the

tA/4

operator A in Eq. (2.9) induces a heat semigroup, ¢"2/* with a smooth convolution kernel,

G 3z px) € (0,00), satisfying
(2.13) (em/4f) (e) = / f(x)pi(z)dx for all f € L*(G,dx).
e

Recall that A : C2°(G) — C(G) is essentially self-adjoint in L? (G, dx) and that, abusing
notation, we use the same letter A for its unique self-adjoint extension. We call the

measure
pi(dz) = p(z)dz

the heat kernel measure on G associated to the sub-Laplacian A. In what follows, we will
refer to x — p;(x) as the heat kernel associated with A although, properly speaking, the
heat kernel h;(z,y) is a function of time and two space-variables (z,y) related to p; by
hi(z,y) = pi(x~ y)m(x) where m is the modular function on G. See [5, Section 3| for
more details of this construction.

NOTATION 2.5. We denote by H the space of holomorphic functions on GG and define
(2.14) HL*(G, pr) = HN L*(G, py).

For any complex matrix group, the matrix entries and polynomials in these entries lie in

this space for any such subelliptic Laplacian.
We may now summarize some of the main theorems from [5].

THEOREM 2.6 (][5, Theorem 4.2]). Let G be a connected complex Lie group. Suppose that
q s a non-negative Hermitian form on the dual space g* and assume that Hormander’s
condition holds, (cf. Definition 2.4). Let p; denote the heat kernel measure associated to
q. Then the Taylor map

(2.15) f—fe
is an isometry from HL*(G, p;) into JP.

PROPOSITION 2.7 ([5, Proposition 4.3]). Let f € H(G) and assume that f () € JO (see
Eq. (2.4)) for somet > 0. Then f € HL*(G, p;).
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THEOREM 2.8 ([5, Theorem 6.1]). Let G be a connected, simply connected complex Lie
group. Suppose that q is a non-negative Hermitian form on the dual space g* and assume
that Hormander’s condition holds, (cf. Definition 2.4). Then the Taylor map, f — f(e)
is a unitary map from HL*(G, p;) onto J2.

3. COMPARISON OF NORMS

3.1. Surjectivity via comparison of norms. Suppose g is a complex Lie algebra, GG
is the simply connected complex Lie group with g = Lie (G), and that we are given two
nonnegative Hermitian quadratic forms, say ¢/, 7 = 1,2, on the complex vector space,
g". Assume that both satisfy Hormander’s condition. By (2.9) and (2.13), second order
differential operators A7 and heat kernels z — pJ(z) on G for j = 1,2 are associated to
these Hermitian forms.

By (2.11), each of the Hermitian forms ¢/, j = 1,2, induces on J° the seminorms (where
finite)

1/2
(3.1) ol = <Z(tk/k’!)|ak|z£> >0,
and yields the family of Hilbert spaces

J(?j,t = {OZ S JO, ||Oé||qj,t < OO}, t > 0.

We will say that the ¢* family (partially) controls the ¢! family if, for each ¢ > 0, there is
a s > 0 and a constant C' such that

(3.2) lellgrs < Cllallg.
Our interest in this definition comes from the following proposition.

PROPOSITION 3.1. Suppose that the ¢* family controls the ¢* family as in (3.2). Suppose
also that the Taylor map from HL*(G, p}) to ng’t 1s surjective for all t > 0. Then the
Taylor map from HL*(G, p}) to J2, is also surjective for allt > 0.

PRrROOF. If o € J(?Q’t then we learn from (3.2) that a € J;ﬁ’s for some s > 0, and
consequently there exists a function f € H(G) such that f(e) = a. It now follows from
Proposition 2.7 that f € HL*(G, p?). Therefore, the Taylor map is also surjective from

HL*(G, p;) onto J, ,. O

REMARK 3.2. If the ¢* family controls the ¢' family and ¢ is positive definite, then [4,
Theorem 2.6] shows that the hypothesis of Proposition 3.1 holds, that is, the Taylor map
from HL*(G, p}) to J(?l’t is surjective for all ¢ > 0. Therefore Proposition 3.1 implies that
the Taylor map from HL*(G, p}) to Jp, , is surjective for all £ > 0. This surjectivity in the
Hormander case is the main result of [5] (see Theorem 2.8 above). But the comparison
inequalities (3.2) and Proposition 3.1 provide an alternate proof based on the result for

the positive definite case obtained earlier in [4].
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In Section 3.2 we will show (see Theorem 3.3) that, for any two quadratic forms sat-
isfying Hormander’s condition, each family controls the other. The proof depends on
Theorem 2.8 and, in particular, on the already known surjectivity of the Taylor map. But
in Section 4 we will give a direct combinatorial proof of the inequalities (3.2) in case g is

the three dimensional complex Heisenberg Lie algebra.

3.2. Comparison of norms via heat kernels. In this section we will show that, as a
consequence of the unitarity theorem, Theorem 2.8, the family of inequalities (3.2) holds.

THEOREM 3.3. Let g be a complex Lie algebra and let ¢, ¢* be nonnegative Hermitian
forms on the dual space g* which satisfy Hormander’s condition (cf. Definition 2.4.).
Then there exists € € (0,1) such that for any 0 < s < et < oo and o € J°, we have

(3:3) laflgrs < C (s, t)llallgz,e
with C(s,t) € (0,00).

The proof of Theorem 3.3 depends on the following lemma which compares the size of
two heat kernels.

LEMMA 3.4. Assume that q',¢* satisfy Hormander’s condition. Then there exists € €
(0,1) such that for all 0 < s < et < oo we have

igg{%} = R(s,1) < o0.

PrOOF. This follows from [18, Prop. II1.4.2], which states that any two proper left
invariant length distances are comparable on a large scale on GG, and from the heat kernel
bounds in [5, Theorem 3.4]. These yield

R(s,t) < Ci(1+41/5)" exp(cat).
U

REMARK 3.5. For nilpotent groups (and, more generally, for Lie groups with polynomial
volume growth), the better heat kernel estimates of [18, Chap. IV] give

R(s,t) < C1(1+ 1/)" (1 +t/s).

The positive finite constants ¢, ¢, ¢ and C; depend on the group and the forms ¢*, ¢* but
not on s and ¢ as long as 0 < s < et. In the nilpotent (or polynomial volume growth)
case, under the additional assumption that the form ¢? is dominated by the form ¢' in
the sense that there exists k € (0,00) such that ¢> < kq', the heat kernel estimates of
[18, Chap. IV] give the improved estimate

R(s,t) < Cy(1+t/s)*.

As an immediate corollary of Lemma 3.4 we have the following proposition.
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PROPOSITION 3.6. Let G be a connected, complex Lie group. Suppose that ¢',q* are
nonnegative Hermitian forms on the dual space g* of the complex Lie algebra of G. Assume
that q', ¢* satisfy Hormander’s condition. Then there exists € € (0,1) such that, for any
0 <s<et<oo and for any f € H(G), we have

1 (€) llgs < Cs0)I1F (€) llg2s
with C(s,t) € (0,00).

PROOF. By Lemma 3.4, there exists ¢ € (0, 1) such that, for 0 < s < et and f € H,

[ @R < Bt [ 17)P6)ds
G G

Hence the desired bound (with a constant C' = C(s, t) given by Lemma 3.4) follows from
the fact that f — f(e) is an isometry from HL*(G, pl) to Jy . T >0, =12 See

Theorem 2.6. O

REMARK 3.7. As an application of Proposition 3.6, one may take ¢! to be a positive
definite Hermitian form, i.e., a form inducing a Riemannian metric on G and ¢ to be a
nonnegative Hermitian form satisfying Hormander’s condition but not positive definite.
Then the proposition gives control of the series

o0

D (sF/RDIF () o

k=0

which involves “all” Taylor coefficients of f in terms of the series

o0

DAV (@) [

k=0

which only involves “horizontal” Taylor coefficients of f.

PROOF. We may assume |||,z < 00, for otherwise there is nothing to prove. Let G
be the complex, connected, simply connected Lie group such that Lie (G) = g and let p{ ,
j = 1,2 be the heat kernels on G associated to ¢ for j = 1,2. By Theorem 2.8, there
exists f € H (@) such that f(e) = a. The result now follows directly form Proposition
3.6. 0

REMARK 3.8. The proof of Theorem 3.3 given above yields the desired inequality with
C(s,t) = R(s,t), R(s,t) being the heat kernel ratio defined in Lemma 3.4. However,

4~ are increasing functions of 7. It follows that, in Theorem 3.3, it

the norms || -
suffices to treat the case when s = et. Consequently, one can replace C(s,t) = R(s,t) by
K(s,t) = min{R(s,e7's), R(et,t)}. For general Lie groups, the bounds mentioned in the
proof of Lemma 3.4 yield

K(s,t) < Cymin{(1 + 1/s), e},
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whereas, for nilpotent groups (or groups of polynomial volume growth), they yield
K(s,t) <Ci(1+1/s)%

for some ¢, ¢y, co, C, depending on G and ¢',¢%. In this latter case, if one assumes in
addition that ¢u < kg for some k € (0,00), then one obtains

K(S,t) S Cl.

~2 2
REMARK 3.9. Let G be a complex Lie group, A =" X; +iX; a sub-Laplacian on
G satisfying Hormander’s condition and p; the associated heat kernel. The well-known

two-sided heat kernel estimates mentioned earlier easily implies that the spaces

ﬂHLQ(G,pt) and UHLQ(G’,pt)

>0 >0
are algebras under pointwise multiplication. Lemma 3.4 shows that these algebras are
independent of the choice of the sub-Laplacian A, as long as Hormander’s condition is

assumed.

As we shall see in the next Section 4, proving Eq. (3.1) by a direct computation in-
volving commutators appears to be a combinatorial challenge, even under very strong

assumptions.

4. COMBINATORIAL APPROACH TO COMPARISON FOR THE HEISENBERG ALGEBRA

In this section we will give a direct combinatorial proof of the comparison inequalities
(3.2) when b is the three dimensional complex Heisenberg Lie algebra, ¢? is the natural
degenerate form and ¢! is a particular nondegenerate form. As pointed out at the end
of this section, the same argument applies to the higher dimensional Heisenberg algebras
b5, 1. As already noted in Proposition 3.1, the inequalities (3.2) then yield a proof of
surjectivity of the Taylor map in our degenerate case quite different from the proof given
in [5, Sections 5 and 6.].

THEOREM 4.1. Suppose g is the complex 3 dimensional Heisenberg Lie algebra, so that
g is the span of X,Y and Z with Z in the center of g and [X,Y]| = Z. Given o € g,
define

¢' () = [, X)[* + [{a. V)" + [{a, Z)[°
and
¢*() = (e, X)* + [{a. V).
For a € T', define ||a||,i s as in (3.1). Then, for a € J°,

lad3r o < Cls, )l Ze.s
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where

C(s,t) = i (es/t)" (% + 1)k,

k=0
which is finite provided that (es/t) ((4/t) + 1) < 1.

Let g be a Lie algebra, U(g) be its universal enveloping algebra, and for x € g, let R,
and L, denote right and left multiplication by z on & = U(g) and ad, = L, — R,. Hence
for « € U we have

L,a=za, R,a=ar and ad,a = za — ax.
Let us recall the following basic result.

PROPOSITION 4.2. For each x € g, ad, acts as a derivation on U and e'*d is an
automorphism on U.

PROOF. The first assertion is a consequence of the computation

ad,(af) = zaf — afx
= (ad,) f + azff — afx
= (ad, ) B + aad,f.

For the second assertion, let «, 5 € U (g) and let

o(t) := efdeq . ot 3,

Then
%a(t) = ad e q - e 3 4 e - ad, B
= ad,o(t) with o (0) = af,
and this implies
etodegy L e g — (1) = e (o),
i.e., €= is an automorphism on . O

LEMMA 4.3. Let g be a Lie algebra, x,y € g be linearly independent, and suppose
z = ady = [z, Y]
commutes with x and y. Then

n __ 1 n.on __ 1 - k. n n—=k
(4.1) z —Hadm,y = 0 (k)x y"(—z)" "
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PRrOOF. Notice that ad,y = ad;“lz =0 for all n > 2 so that

ey =y + tz,

and hence by Proposition 4.2,
Moyt = (ey)" = (y +t2)".

Comparing the coefficients of t™ on both sides of this equations proves the first equality
in Eq. (4.1). Since L, and R, commute,

" /n
4.2 no__ . — mn: xk_mnfk
(4.2 ol = (L~ 1) = Y () LR
k=0
and hence the second equality in Eq. (4.1) is an immediate consequence of the first and
of Eq. (4.2). O
Proof of Theorem 4.1. Since Z is in the center of g and o € J°,
k
k 2
(4.3) yak|§1:2(l> > (o, 29 @A @ Ay @+ @ Apy)|”
=0 Aq,Aq,..., Ak,ZE{X,Y}
Moreover,

Z=X®Y —-Y ® XmodJ.
Thus, dropping the tensor product symbol from the notation, by Lemma 4.3,

7t = dXY’ Z'Z()XJYZ X)" mod J.

Using this equation in Eq. (4.3) implies that

2 - k
wk=3()) %
Aq,Az

=0 ~ 7 Aj1,As,..., Ap_1e{X,Y}

k l
k 2! l A .
) (l) > (112 > (J) [, XIVIX' T A Ap - A) P
=0

A1,Az,.. A 1€{X,Y}

k l
kz) 2! (l) ) E\ 4!
— Nz = |Qest] 2o
- (1) 25 () owtt =2 () e

where, in the second line, we have used the Cauchy-Schwarz inequality for the measure

(l) (o, XIYN (= X) T A Ay - - Ay - 1

IN

(4.4)

IN

on {0,1,...,1} giving weight ( ) to j, along with the binomial formula.
Now suppose that

[e.o]

a2, = > (/KN axlZ = M < oc.
k=0
Then

(4.5) ’ak+l|22 < M(k; + l)!/t("”rl).
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Combining Eq. (4.5) with Eq. (4.4) shows that

o2 <MZ( ) S(k 4+ D)1/t

-2 (e )
= %(”z) Cs

wherein Cj, is given by Cj, = max{(k + 1)!/(k!(1!)?);0 <1 < k}. In order to estimate the
constant Cj,, we may write (k+1)!/(k!(l!)?) as a product of factors (k+7)/(7(I+1—3)),j =
1,...,0. Let f(z) = (k+x)/(x(I+1—x)) for x € [1,1]. Then f'(x) = (2* + 2kz — k(I +
1))/{z(l +1 —z)}*. The quadratic formula shows that the numerator has only one zero
on the positive z axis. Since f'(I) > 0, this zero lies to the left of x = [. Hence f takes its
maximum on [1,[] at one of the two endpoints. Since f(I) > f(1) for [ > 1, we see that
(k+0D! _ (k+1\"_
(4.6) R = ( z ) ¢
for [ > 1. The overall inequality clearly holds for [ = 0 also. Hence C}, < e*.

Inserting this estimate for C} into the previous inequalities, we find that

Z |Oék| <ZS 4/t + 1)MalZ, = Cs, 1) g,

where i
. 4
t) = (- +1
o= Ytesftf (1)
which is finite provided that (es/t) ((4/t) +1) < 1. O

REMARK 4.4. Recall that the (2n+1)-dimensional complex Heisenberg Lie algebra b, 11
is spanned over C by {X1,..., X,,,Y1,...,Y,, Z}, where [X},Y;] = Z and all other com-
mutators are zero. In this case we consider the two Hermitian forms

G (@) = Y ([, X0)” + [, Yi)IP) + e, Z2)I°

1

and
n

Brr(0) = (o, X) P + [, i) P) .
1
The proof of Theorem 4.1 holds for hs,11 with minor modification. One need only use

Z = [X1,Y1] in Lemma 4.3 instead of Z = [X,Y]. The conclusion is that, for 0 < s,¢ < o0
satisfying (es/t) ((4/t) +1) < 1, and for o € J° C T"(hapns1),

ladgr o < Cls,t)llallGes
with C(s,t) as in Theorem 4.1.
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REMARK 4.5. In contrast with the previous remark, it is worth pointing out that
despite the relative simplicity of the above combinatorial argument, we have not been
able to generalize it yet for the (2n + 1)-dimensional complex Heisenberg Lie algebra.
Obvious candidates for a generalization are the so called H-algebras and, more generally,
nilpotent step 2 algebras. Difficulties already appear when one tries to treat the simplest
possible case, namely, the direct sum of two Heisenberg algebras §o, 11 @ hopmy1, even
for n = m = 1. In the next section, we indeed study direct sums and obtain basic
functoriality results. Together with Theorem 4.1 (extended to ha,.1 as in the previous
remark), these results yield the obvious generalization of Theorem 4.1 for any direct sum
C™ @ bopy41 D -+ - D hop, +1 of a finite dimensional abelian algebra and a finite number of
Heisenberg algebras ha,,+1, ¢ = 1,..., k. See Example 5.18.

5. FUNCTORIALITY UNDER DIRECT SUMS/PRODUCTS

This section is concerned with the functoriality properties of the Hilbert spaces Jgt =
J9 (@) and HL*(G, p;) under direct sums (at the Lie algebra level) and direct products
(at the Lie group level). These fundamental functoriality properties will be derived inde-
pendently on both sides from first principles so that they can be used in the study of the
Taylor map. Although we have been concerned only with complex Lie algebras because of
our focus on holomorphic functions, much of the machinery for dealing with comparison
of norms applies to real Lie algebras also. In this section we will consider both real and

complex Lie algebras.

5.1. Functoriality of Jgt under direct sums.

NoOTATION 5.1. Let g, and g, denote two real (resp. complex) finite dimensional Lie
algebras and let ¢, and ¢, denote non-negative quadratic (resp. Hermitian) forms on the
corresponding dual spaces. The direct sum g = g,®g, is a Lie algebra and its dual space,
which we may identify as g* = g.®g;, supports the quadratic (resp. Hermitian) form,
q := qo ® qp. Further, as in Section 2, let (H,, (+,-),), (Hs, (+,-),) and (H, (-,-)) denote the
Hormander (Hilbertian) subspaces associated to ¢,, ¢, and ¢ respectively.

We will assume that both ¢, and ¢, satisfy Hérmander’s condition, i.e., Lie (H;) = g;
for i € {a,b}. Under this assumption it is easily shown that Lie (H) = g or, equivalently
stated, ¢ also satisfies Hormander’s condition. Let T, = T (g,) , Tp = T (gp) and T' = T (g).
Let J, C T,, J, C Ty and J C T be the two-sided ideals in each of these tensor algebras
as described in Section 2. For each t > 0, these structures induce the three Hilbert tensor
spaces (J7), (Jp): and J(g) with norms denoted by [|-||, , lIll,, . and [|-[|,,, respectively
(see Egs. (2.11) and (2.12)). For w and v both in T, both in T} or both in T, we will
write uv rather than u ® v. We will reserve the tensor symbol for the tensor product of
two different vector spaces. For example, if u € T, and v € T}, then u ® v € T, ® T},
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It has been long known, and extensively used as a tool in the study of quantum fields
that, if g, and g, are commutative and the forms are nondegenerate, then the three tensor
Hilbert spaces are just spaces of symmetric tensors over the respective dual spaces and
(J9); @ (J?); is naturally isomorphic as a Hilbert space to Jp (g). Indeed, this kind of
theorem has even been developed for the sum of continuum many summands [12], [16].
If the Lie algebras are not commutative, then such a functorial relation has already been
proved when the forms ¢, and ¢, are non-degenerate [10, Theorem 4.3]. It has also been
proved in the non-degenerate case by probabilistic techniques when the associated groups
are compact [9, Corollary 5.8]. Our objective in this section is to extend this theorem to
the case where ¢, and ¢, may be degenerate but satisfy Hérmander’s condition.

NOTATION 5.2. There is a natural embedding of T, into T'. It maps the zero rank tensor
1e€T,tol €T. It maps an element £ € g, to £ 0 € g and is otherwise an algebra
isomorphism of the tensor algebra T, into the tensor algebra 7. This isomorphism will
be denoted T, 3 3 — (3 € T (g). The similarly defined isomorphism of T}, into 7" will also
be denoted as Ty 3 8 — (€ T (g).

The main theorem of this section is the following.

THEOREM 5.3. Assume that q, and q, satisfy Hormander’s condition. Then there exists
a unique surjective isometry (i.e., an orthogonal or unitary map)

(5.1) L:(J3)e @ (J))e = ()

such that

(5:2) (L, Bafh) = (w, 8. ® B} for all By € To, By € Ty and w € (JE), & (9.
Here the product 3,0, refers to the product in the algebra T', as already noted.

REMARK 5.4. This theorem will be proved by direct algebraic and combinatorial means.
In the complex case, one could derive this theorem indirectly from the main theorem of

[5] in conjunction with the Section “Functoriality of HL?” below.
Before starting the proof, let us give the following corollary.

COROLLARY 5.5. Suppose that g, and g, are two real (resp. complex) finite dimensional
Lie algebras. Let ¢ and ¢, i = 1,2 be non-negative quadratic (resp. Hermitian) forms on
g and g;, respectively. Assume that all four forms satisfy Hormander’s condition. Let
s> 0 andt > 0 and suppose that, for some constants c, and cy,

(5.3) llallgr,s < callllg2e for all a € J(?g,t
and

(5.4) [allgrs < collellgze for all o€ J%J,
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Let g = g, ® gy be the direct sum as Lie algebras. Let ¢' = ql ® ¢} and ¢* = ¢> ®q?. Then

(5.5) lallgrs < cacnlla|lg2s for all a € J[?z’t c T'(g).

In particular, if the ¢* family controls the qp family for g, and the g¢ family controls the
qi family for g, then the ¢* family controls the q' family for g.

PROOF. Let
Ly Jg ®Jp = Jp, and Ly Jp, @ Jp, — Jp,
denote the isometric isomorphisms of Theorem 5.3. By hypotheses (5.3) and (5.4), ng . C

J% ., J% c J% and the inclusion operators ¢, : J%, — J% _and ¢ 1 J%, — JO _ satisfy
9a»S qy»t qy S qa:t daS qy»t qp S

the norm bounds
(5.6) all o, —go, < caand [wp]lo, yo, < cp
Gt qa:s apst qyss

Hence it follows that ¢, @1, : Jgg +® J%’ , = Jgé s ® J;’g’s is also an inclusion map satisfying
the norm bound

(5.7) HLa@LbHJ% 2% —J0 ®J9 = CaCh:
ag.t  apst 9ass  9yS

Now let o € Jgg’t and then define o/ := L; (1, ® 1) Ly *a. By virtue of (5.7) and the fact
that L; and Lo are unitary, it follows that ||o/||,1s < cqac||@|| 2. Therefore, to prove the
theorem it suffices to prove that o/ and « (although possibly lying in different Hilbert
spaces) are the same element of 7' (g)". To this end, it suffices to show that they have
the same value on the fundamental set {Baﬁb;ﬁa €Ty By € Ty}t Let w= (Ly) ' €

Jé)g,t ® Jgg’ .- Then
<O/75)zzﬁb> <L1(La ® Lzz)w7BaﬁAb>
(5.8) = (1 ® ), Ba @ B = (w, B, @ By) = (@, Bufly ).

O

5.2. Proof of Theorem 5.3. Rather than follow the pattern of proof in [10, Theorem
4.3], we are going to give a proof that avoids using completions, as were used in [10],
because, in our present context, many of our semi-norms are not norms on convenient
subspaces. We will begin with a number of preliminary results needed for the proof of
Theorem 5.3, which will be completed at the end of this subsection.

NOTATION 5.6. We will write T, ®41, T}, for the algebraic tensor product and (7}, @i 13)’

for its algebraic dual space. T" will denote the algebraic dual space of T.

The space T}, ®a15 T, may also be viewed as an algebra over R or C, respectively, using
the multiplication law determined uniquely by

(5.9) (u@v) - (v @)= (uw)® (vv') for all u,u' € T, and v,v" € T,
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DEFINITION 5.7. Let
(5.10) 0:T — T, Rag T
be the unique algebra homomorphism such that

(5.11) f(1)=1®1 and
(5.12) Olu+v)=u®l+1®v

for all u € g, and v € g;. Also, let
ki Ty Qag Ty — T
be the linear map uniquely determined by & (8, ® 8y) = [af3 for all 3, € T, and 3, € Ty,
DEFINITION 5.8. Let I be the two sided ideal in the algebra T' generated by
{EAn=E&n—n&E € gaandn € g},

7 : T — T/I be the quotient map, and I° = {a € T" : {a, I) = 0} be the annihilator of I
in 7".

As [z,y] =0if z € g, and y € gy, it follows that I C J. We will make use of this fact
in the proof of the next theorem.

THEOREM 5.9. Assuming that 0, k and I are as in Definitions 5.7 and 5.8, then:

(1) 0ok = idr,e,,7- ) )

(2) Nul(§) =1 and if 0 : T/1 — T, ®ag T} is the factor map associated to 0, then 0 is
an isomorphism of algebras.

(3) The map, k:=mok: T, ®ug Ty, — T/I is the inverse map to 0.

(4) The spaces, (T, @az Ty)", (T/I) and I° are all isomorphic. In particular, the map,

¢ : (Ta ®alg Tb)/ - [Oa
defined by
(5.13) Y (a)=aol

18 an isomorphism of linear spaces.

(5) Moreover,

(5.14) (W (w), Bally) = (w, Bu @ o)

for all w € (T, Rag T, B. € T, and 3, € Ty,
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R

Ta ®alg Tb ™ Ta ®alg Tb

N

T/

m

PROOF. Suppose that {z;};", C g, and {y;}_; C gy, then

Qor((1- Tm) @ W1 Ym) =0 (T1 T - Y1 Ym)
=@ @) (Zm@l)-(1ey) - (1Qymn)
=(9€1---$m)®1-1®(y1---ym)
= (@1 2m) @ (Y1 Ym)

from which it follows that 8 o x = idr,,,,7,. This shows that the map 0 is surjective.
Since, for x € g, and y € gy,

Olzy—yz)=(z®1) - 1®y) - (10y) (t®1)
=rQy—-—r®y=0,

it follows that I C Nul (0). Therefore, the factor map 0:T /I — T, ®a4 Ty is well defined.
We are going to show that 0 is an algebra isomorphism by showing & o 6 = idr/r. Let us
begin by computing « o f. First observe that the general element of T'/I may be written
as a linear combination of elements of the form

[xl...xm.yl...ym] ::xl...mm.yl...ym_i_I,

where {z;}!", C g, and {yj}?zl C gp. For such an element, it easily seen that

~

O([zr T yrYml) = O (1 T Y1 ) = (21 Tn) @ (Y1 -~ Yon)
and hence
Ko O[Ty yn)) = (@1 ) - (Y1 Ym)
Therefore, it follows that kol = idy /1 and hence 0 is an algebra isomorphism with inverse
k. This also shows that I = Nul (6).

Since 6 : T/I — T, @4, T is an isomorphism, it follows that 0% : (T, ®uy Tp) — (/1)
is also an isomorphism. Clearly 7' : (T'/I)" — I° is also an isomorphism. By definition
of § we have § = 6 o mr, and therefore ¢ = 0" = 7" 0 §'" - (T, ®Rag Ty) — I° is also an
isomorphism. This proves (4).

Finally, (5.14) follows from the identities

<¢(w), Baﬁb) = <w> Q(Baﬁb» = <wa 5{1 & ﬁb)
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0

NOTATION 5.10. Let ¢ : T! Qg T}, — (T4 Qalg T,)" be the natural injection determined
by

(p(uxwv),f@n) = (u,§) (v,n)

foralueT,, veT), T, and n €.

LEMMA 5.11. The four ideals, J, J,, Jy and I are related as follows:

(5.15) J=J,-Ty+T,-Jy+1,
(516) Q(J) = Ja ®a1g Tb + Ta ®a1g Jb C Ta ® Tb7
(5.17) Yo p(Jp Qg Jy) C J°,

where the map [ — B 1s given as in Notation 5.2.

PrOOF. Let K = J, - Ty + 1, - Jy+ 1. Clearly J,- Ty, C J, T, -J, C J and I C J.
Therefore K C J. To prove equality of K and J, it suffices to show that K contains the
generators of J and is a two-sided ideal. For ¢ = 1,2, let x; € g, and y; € g,. Define

Yo = X1 N X2 — [$1,$2] s o =1 ANY2 — [ylva]’ Then

v =(x1+y1) A (22 +y2) — [21 + Y1, 22 + Yo
=Y.+ 7% mod [I.

The generators of J are therefore contained in K. Now if £ € g, and (5, € T, then
€6, = o€ mod I. Therefore &(J, - Ty) C J, - Ty + I. Similarly £(T, - J,) € T - Jy + 1
since J,, is a two-sided ideal. A similar argument applies to right multiplication and also
to the case where ¢ € g,. Thus K = J and (5.15) holds. Equation (5.16) now follows by
applying 0 to (5.15).

To prove (5.17) let a® € JO, ot € J?, B, € J, and u € Tp,. Then, by (5.14),

<w © @(O‘a ® ab)? Ba ’ fL> = <90(05a X ab)7 ﬁa X u> = <aa7 ﬁa><aba U’> =0

Similarly, 1 o ¢(a, ® ) annihilates the second summand on the right in (5.15). It also
annihilates I by Theorem 5.9. (5.17) now follows from (5.15). O

The next two lemmas are analytic.

LEMMA 5.12. Let S; C H; be an orthonormal basis for (H;, (-,-),) for i = a ori = b.
Then for o € J° and t > 0 we have
o tk+l

(5.18) o= T S e X X Vi W

k,l=0 X,€54,Y;€S,
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PrOOF. The set S = S,US, C H is an orthonormal basis for (H, (+,-)), and so, by the
definition of ||-||

q,t’
(5.19) ey, = Z Z (&6l
----- &n€esS
For &, ,&, € S, we may associate a subset A C {1,2,...,n} =T, as

A={ie{l,2,...,n};& € S.}.

From this observation it follows that

(5.20) > ok =Y > &)

&1,..,6n€S ACTy, &;€8, for i€A
;€8 for jEA

Now suppose that A C I';, with # (A) =k € {0,1,2,...,n} is given. Because §;§; —&;&; €
I C Jforeachie Aandj¢ A, it follows that

S e &= Y e X X ViYoo)

£ €S, for ieA X;€8, Y;€S,
&€Sy for jEA

As there are (}) such subsets A C I',, with # (A) = k, we may rewrite Eq. (5.20) as

(5.21) > |<a,§1...§n>‘2:z<z> ST e X X ViYoo) P

51,"' ,£n€S k=0 X,L‘ESE X/jESb
Combining Egs. (5.19) and (5.21) implies Eq. (5.18). O
LEMMA 5.13. The restriction of 1o ¢ to JP (ga) Qayg J7 (@) is an isometry into J; (g).

PROOF. Suppose that a®, 3% € J?(g,) and o, 3° € J?(g). Then for X; € S, and
Y; € Sy we have

<¢og0(a“®ab),X1~-Xk-Y1~~Y}>:<g0(a“®ab),90(X1~~Xk'Y1--~Y})>
={(p(@"®a"), X1 X3 @Y, Y))
:<oz“,X1---Xk)<ab,Y1---Y}>.
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From this identity along with the polarization of Eq. (5.18), we find

00 ikt
<’¢O()0(Oéa®ab)7w0¢(6a®6b)>q,t: Z%X

k,1=0

Z Z <04“,X1---Xk><ab,Y1---Yl>(ﬁ“,Xl---Xk> (BY1---Y)

X'ESEY'ESb
=2 2 X X)) (X X))
k=0 " X;€8,

Z Z<aY1 Y (80, Y1 YD)

= Y €Sy
= (a®, 8%, (0", 8", = (" ®a", B @ B") jo oo

which shows that 1 o ¢ is isometric on J? (g.) Qaig I (85)- O

%),

We are now ready to complete the proof of the main Theorem 5.3.

Completion of proof of Theorem 5.3. By Lemma 5.13, the restriction of o to J} (ga)®alg
J? (g3) extends uniquely to an isometry of Hilbert spaces, L : J? (ga) ® J7 (gs) — J (g).
Moreover, the determining equation, Eq. (5.2), for L follows from Eq. (5.14) by continuity.
So to complete the proof of Theorem 5.3, we need only show that L : J? (g,) ® J? (gp) —
J? (g) is surjective.

Suppose a € J (g) and (o, L (a* ® a’)) = 0 for all a® € J} (g,) and o € J? (gy) . By
polarization of Eq. (5.18) and the identity

<L(a“®ab),X1---Xk-Y1“-Yz>:<g0(a“®ab),X1---Xk®Y1'“Yl>
:(aa,Xl...Xk><Oéb’Y1...Yl>,
we have

O:<a L(a“@ab)>

q,t

(5.22) Z ZZ ZaXl Xi Yy ) (o, Xy - X)) (b, Yy - ).

= XGSa =0 YES{;

We now are going to show that there is an element u € (J?), such that
(523) u ﬂa Z Z ﬁa : Yl e Y2> <ab’ Yi e YE) for all ﬁa € Ta7
=l Y €Sy

and, in particular, that the sum is convergent. Assuming for the moment that the sum in
Eq. (5.23) is convergent, it follows from Eq. (5.15) and Eq. (5.23) that v € J°. Moreover,
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by the Cauchy-Schwarz inequality we have

[(u, 5a)] _{Z Z\ Bu Vi Y) (@8 Vi V)

¥

=0 YESb
(5.24 <35 Xl Yoo o,
=0 YESb
So according to Lemma 5.12,
lully, . Z > u, X X

" X;€Sq

< |la quthk'ZZ ZV@Xl X Y1 V)P

= X;€8, =0 YES[,

(5.25) = Hab” |O‘||q,t < 00,

b5t
and therefore, u € (J?),. In order to see that the sum in Eq. (5.23) is convergent, recall
from [5, Lemma 2.11] that for any 3, € T, there exists 5, € T (H,) such that 8, — 3, € J,.
For each ¢ we have (8, —3,)-Y1-- Y, € J, - T, C J. Therefore 3, may be replaced by gl
in each term of (5.23). Since (3, may be written as a finite linear combination of elements
in Iy = {1} U, {X1 - Xy; X; € 5.}, it suffices to verify the convergence in Eq. (5.23)
when (3, € I',. However, the convergence of the sum in this case is now clear from the
estimates in Egs. (5.24) and (5.25).
With u as in Eq. (5.23), Eq. (5.22) may be written as

N a
0= Z Z u, X1 Xk> <CYa Xl Xk> (U, o )qa7t7
k=0 = X;€S,

which is assumed to hold for all a® € (J?),. Taking a” = w in this identity then shows
u =0, ie.,

(5.26) O—Z Z Ba-Yi V) (0, Y1 - Y)) for all B, € T,

= Y €Sy

For fixed 3, € T,, we may now define v € J° (g;) by

(527) <U7ﬂb> = <Oj7ﬁa ’ ﬁb> for all ﬁb € Tb-
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Working as above, v may be written as a linear combination of functions of the form
{1y 3 B — {a,n - Bo)}yer,» and if B, =n € Ty, then

[e.9]

tl
loll?, , = Zﬁ PORICR RER Alk
=0 " Y;€ES,
=35 S e Vi W < Jall2, < oo,
=0 " Y;€ES,

wherein we have used Lemma 5.12 in the last line. Hence we have shown that v € J} (gs) -
Taking o’ = v in Eq. (5.26) shows 0 = (v,v)qw, ie., v =0. As 3, € T, was arbitrary, it
follows from Eq. (5.18) that {(a, 3, - §p) = 0 for all g, € T, and 3, € T}, and this suffices
to show a = 0. U

5.3. Functoriality of HL? under products. Suppose that M is a complex manifold
equipped with smooth positive measure u, and let HL? (1) denote the Hilbert space of
complex square integrable functions on M. As is well known (see [4, Lemma 3.4] for
example), for any m € M, the evaluation map e,, (f) = f(m) for all f € HL*(u), is
a bounded linear functional on HL? (1) . So by the Riesz theorem, there exists a unique
element F (-, m) € HL?(p) such that f (m) = (f, F (-,m)) 2, for all f € HL?(u). (We
will often write F},, for F'(-,m).) The function F': M x M — C so defined is called the
reproducing kernel for HL? (1) . The following proposition summarizes some of the well

known properties of this reproducing kernel.

PROPOSITION 5.14. The reproducing kernel F': M x M — C for HL? (i) satisfies:

(1) F(m,m')=F (m/,m) for allm,m' € M.
(2) The map, M > m — F,, € HL* (u) is continuous.

(3) The reproducing kernel F' is continuous.
PrOOF. 1. The first assertion is a consequence of the identity
(5.28) (Fpr, Fr) = Fr (m) = F (m,m),

which follows from the reproducing properties of F.
2. If K C M is a compact set and f € HL? (1) , we have sup,,c i |ém (f)| = maxper | f (m)] <
00. Therefore, by the uniform boundedness principle,

C (K) = :1121[)( HFmHHLQ(u) = 221]){ HemHHLQ(,u)* < 00.

Therefore, if || f{l;72(,) < 1 then maxpex |f (m)] < C(K). Hence, using the Cauchy
estimates (see [4, Lemma 3.4]), we may easily show that, for any m € M, there exists
a chart (z,V) of M with m € V (V is the domain of x) such that (V') is a poly disk
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centered at x (m) := 0 in a Euclidean space and

0
C;:= sup max f;(m) <oofori=12,...,dimg (M).
”fHHLQ(,u)Sl meV 81‘
Then, for m’ € V., we have
[Em = Fvllygrogy = sup [(f; Fin = Fir)
Hf||7-¢L2(#)S1
dimg (M) |
= swp |fm)—=fm)< D> Gl (m)],
1l <1 pay

which proves m’ — F,, is continuous at m € M.
3. The third assertion now follows from the second and the identity in Eq. (5.28). O

Now suppose that N is another complex manifold equipped with a smooth positive
measure v. Let G, (-) = G (-,n) be the reproducing kernel for HL?* (v) .

THEOREM 5.15. Suppose that M, N, u, v, F' and G are as defined above. Then the
function
(F, @ Gyp) (m/,n') := F,, (m') - Gy, (n') form,m’ € M and n,n' € N
is the reproducing kernel for HL? (u ® v) where u ® v is the product measure on M x N.

PROOF. Since F,, ® G,, € HL? (1 ® v), we need only show for any h € HL* (u® v)
that & (m,n) = h(m,n), where

h(m,n):= (h,F,, ® G,) for all m € M and n € N.

We will do this by showing h is continuous and then by showing h = h a.e. with respect
to p®v.

The continuity of & follows from the continuities of M > m — F,, € HL?(u) and
N 3 n — F, € HL?(v) and the following simple estimate

h(m,n) —h(m',n")| = |(h, F;, ® G,, — Fry @ G|
< Al z2usny 1 Fm @ Go = For @ G| 20
= ||h||L2(M®V) [(Frn = Fow) © Gy = Fiy @ (G — Gn/)HLQ(u@)V)
< Pl 2wy 1HFm = Foll g2y 1Gnll 220
+ 1l 2y |G = Gl 2, -
If
Mos= fo € 21 [ h (ot () < oo
and 3
Ny := {n’ € N;/M b (m!, ) dp (m) < oo} :
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then by Fubini’s theorem we know pu (M \ My) = 0 and v (N \ Ny) = 0. For m’ € M,,
h(m/,-) € HL? (v) and therefore, for all n € N, we have

(5.29) h(m',n)=(h(m',-),G,) = /Nh (m/,n") Gy, (n")dv (n').

Now take n € Ny so that h(-,n) € HL?(u). Multiply Eq. (5.29) by F,, (m’) and then
integrate with respect to du (m'), to find

h(m,n):/Mh(m',n) Fo (m/)dp (m”)

= [ ([ wtot o @ ) Tt o)

= (h>Fm®Gn):h(m>n)a

wherein we have used Fubini’s theorem for the third equality. Hence we have shown
h(m,n) = h(m,n) for all m € M and n € Ny. As Ny is dense in N and h and h are
continuous, we may now conclude that h (m,n) = h (m,n) = (h, F,, ® G,,) for all m € M
and n € N. 0J

As a corollary we have the following theorem.

THEOREM 5.16. Suppose M and N are complex manifolds equipped with smooth positive

measures (. and v, respectively. Let
pr: ()@ L (v) = L* (u®v)
be the natural unitary isomorphism determined uniquely by

(5.30) e (f©g)(m,n):=f(m)g(n)
for all f € L*(u) and g € L* (v). Then
¢ (HL? (1) ® HL? (v)) = HL? (n® V)
so that
(P’HLQ(M)Q@HL?(V) : HL? (1) ® HL? (v) — HL? (n®v)

1 again a unitary isomorphism of Hilbert spaces.

PROOF. Since the projection maps from M x N to M and N are holomorphic and
the product of holomorphic functions is holomorphic, ¢ (f ® g) € HL?* (u ® v) for all f €
HL? (p) and g € HL? (v) . As linear combinations of elements of the form f ® g are dense
in HL? (1) @ HL? (v) and HL? (n ® v) is a closed subspace of L? (1 ® v), it follows that
0 (HL? (n) @ HL? (v)) € HL? (n® v). To see that the inclusion is not proper, suppose
h € HL? (1 ® v) is perpendicular to the closed linear space ¢ (HL? (1) ® HL? (v)) . Under
this assumption, it follows from Theorem 5.15 that

h(m,n) = (h, F, ®G,) = (h,o(F, ®G,)) =0 for all (m,n) € M x N,
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i.e., that h = 0. 0

5.4. Applications of the sum/product functoriality to the Taylor map. Let us
now suppose that G, and G, are two simply connected complex Lie groups with Lie
algebras denoted by g, and g,. Further assume that ¢, and ¢, are non-negative Hermitian
forms on g} and g;, respectively, which satisfy Hormander’s condition. Then G' = G, x G},
is again a simply connected Lie group with Lie algebra g := g, ® g, and ¢ = ¢, & ¢, being
a non-negative Hermitian form on g* satisfying Hormander’s condition. Let us continue

to use the assumptions and notation introduced above.

COROLLARY 5.17. If we know that
HL* (Gipt) o f = f € ) (9:)
is an isometry (resp. a unitary isomorphism) for both i = a and i = b, then
(5.31) HL* (G, pr) 5w — € J} (g)
is also an isometry (resp. a unitary isomorphism) of Hilbert spaces, where p; := p? @ p.
PROOF. Letu, € HL? (Gq, pf) and uy, € HL? (G, p?) and ua@uy € HL? (Gq x Gy, pi @ pb)

be defined by (ug ® up) (ga, g) = ta (ga) up (gs) - Then, recalling the defining equation Eq.
(5.2) of L, for §; € T; for i = a or b, we have

(tia @i, B+ B ) = (s B} (i, Bo) = (L (10 @ ), B - o)

from which it follows that ti, @ u, = L (il ® @) . Since HL? (G, pi) = JO (g;) and L :
JP (gq) @ J (gp) — J? (g) is unitary, it follows that

HE? (Go ) @uig HL? (Go ) 3w = b € JP (g)

is an isometry. From Theorem 5.16, we know that HL? (Gy, pf) Qae HL? (Gb, ,0?) is dense
in HL? (G, p;), and therefore the map in Eq. (5.31) extends uniquely to an isometry from
HL? (G, p;) to J? (g) . By the Cauchy estimates (see the proof of Proposition 5.14 below),
if w, — w in HL? (G, p;) then Bw, — pw for all 3 € T. Therefore the isometry from
HL? (G, p;) to JP (g) is still given by w +— @ where (), 3) = fw.

We will now finish the proof by showing the map in Eq. (5.31) is surjective when the
Taylor maps on the factors are surjective. Let

D = {u(ﬁ@\ub; w; € HL? (Gi,pi) for i = a and b} )
Since 1, @ w, = L (ily @ @) and HL? (G, pi) = J° (g;) , we may write
D={L(a"®a");a' € J)(g;) fori=aandb}.

As L is unitary and {a® @ o’;a’ € J?(g;) for i = a and b} is total in J? (g.) ® J? (gs)
it follows that D is total in J? (g). Hence the range of the map in Eq. (5.31) is dense in
J? (g), which suffices to prove that the map is surjective. O
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EXAMPLE 5.18. Consider the complex Heisenberg algebras ho, 1 = bS, 41 each equipped
with the two natural Hermitian forms ¢}, ,, i = 1,2, of Remark 4.4 (¢3,., is positive
definite, whereas g3, is degenerate but satisfies Hormander’s condition). Let

g:CHO@b%lJA@...@b%kJA.

Equip this direct sum with the two Hermitian forms

1 0 1 1
and
2 0 2 2
¢ =49 DGy 11D DGy, 41,

where ¢ is the canonical Hermitian form on C™. Observe that, of course, ¢' is positive
definite whereas ¢ is degenerate but satisfies Hormander’s condition. Now applying the
result stated in Remark 4.4 together with Corollary 5.5 yields the inequality

laflgs < C(&t)kHquzﬂf for all o € J(?z,t c T'(g),

with C(s,t) as in Theorem 4.1. In particular, C(s, t) is finite for all s, ¢ € (0, 00) satisfying
(es/t)((4/t)+1) < 1. Hence, the ¢* family controls the ¢* family on g (that the ¢! family
controls the ¢ family is obvious from the definition). Now, the results of [4] concerning
the positive definite case, together with the control of ¢! by ¢? and Proposition 3.1, yields
the unitarity of the Taylor map between J(?Q’ , and the corresponding space of holomorphic
functions on the associated group GG. This proof of the unitarity of the Taylor map for the
form ¢? uses functoriality only on the tensor side. However, it also uses Proposition 3.1
which involves knowledge of some properties of the Taylor map in the Hormander case.
The point is that the properties of the Taylor map that are used in Proposition 3.1 are
proved in exactly the same way in both the positive definite and the Hormander case (see
[5, Section 4]). Alternatively, one can use Corollary 5.17 which uses functoriality on both
the tensor side and the function side. This yields the desired result, i.e., the unitarity of
the Taylor map for ¢?, using only the properties of the Taylor map in the positive definite

case.

6. FUNCTORIALITY UNDER QUOTIENTS

6.1. The K-invariant Taylor isomorphism. Let G be a connected, simply connected,
complex Lie group, K a connected, closed, complex subgroup of G, g = Lie(G), and
t = Lie(K). Recall that T = T (g) denotes the algebraic tensor algebra over g and
J = J(g) is the two sided ideal generated by {E @ n—n® & — [&,n];&,n € g}. We let
Tt (resp. €T) be the left (resp. right) ideal in T" generated by €. Given a subspace V' of
T, we let V° be its annihilator in 7" and V;? the subspace of those elements o € V;? such
that ||| < oo.
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In this subsection we are going restrict the isomorphism in Theorem 2.8 to the right
K-invariant functions in HL?(G). The next lemma is key to the main results of this

section.

LEMMA 6.1. Let f € H(G). Then
(6.1) fis right K invariant iff (f,T%) =0,
(6.2) fis left K invariant iff (f €T) = 0.

PROOF. First note that, for any function f € C'(G), f is right K-invariant if and only
if 7f =0 on G for all n € &. Now suppose that f € H(G). Let &,...,&, € g and let
n € t. Since {51 . -fn(ﬁf)}(e) = (f, & -+ &,m), the holomorphic function 7f is zero on G
if and only if (f, Tn) = 0. Hence f is right K-invariant if and only if (f, Tn) = 0 for all
n et

To discuss left K invariance, let 77 denote the right invariant extension of n. Of course,
any C! function on G is left K invariant if and only if 7jf = 0 on G for all n € . Suppose
that f € H(G). Then 71f is holomorphic. So f is left K-invariant if and only if, for all

URS E7 {gl o gn(ﬁf)}(e) = 0 for all fj cg But

~ ~ 8n+1
{51 .. fn(ﬁf)}(e) = —831 s at|51:m:sn:t:0f(et77681§1 e esnfn)

O

The following theorem is a holomorphic version of the main theorem in [8]. It is based
on Lemma 6.1 and Theorem 2.8, which is taken from [5, Theorem 6.1].

THEOREM 6.2. The Taylor map H(G) > f f € JO restricts to a surjective isom-
etry from the space of right K-invariant functions in HL*(G,p;) onto (J + T®)Y and
restricts to a surjective isometry from HL% (G, p;), the space of left K-invariant functions

in HL?(G, p;), onto (J + €T')?.

PROOF. Theorem 2.8 asserts that the map H(G) > f — f is a surjective isometry
from HL*(G, p;) onto Jp. Hence we need only identify the ranges of these two restrictions
properly. If f is in H(G) and is left K-invariant then, by Lemma 6.1, f annihilates the
right ideal 7" and is therefore in (J + €7)Y. Conversely, if f lies in this space, then f
annihilates 7" and by Lemma 6.1 f is left K-invariant. A similar argument applies to
right invariant functions. U

6.2. The quotient theorem. Let G and K be as in Subsection 6.1, let M be the space
of right K cosets M = K \ G, and let 7 : G — M be the associated quotient map.
In this general situation, the hypothesis that K is connected is equivalent to the simple
connectedness of M (for example see [7, I. Chap. 1, Theorem 4.8]). In a standard way,
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M admits a smooth right G action defined by 7 (z) g := 7 (zg) for all x,g € G, and the
linear map . : g — Tk M is surjective with ker (r,.) = €. Hence if we let m := g/€, then

(6.4) m>A+¢t—m. A€ T M

is a linear isomorphism of vector spaces. In the sequel, we will use Eq. (6.4) to identify

m with Tx.M without further mention.

NOTATION 6.3. The formula,

- d
(6.5) A(m) = %‘0 (me') forallm € M and A € g

defines a linear map g > A — A € Vect (M), where Vect (M) denotes the linear space of

smooth vector fields on M.

LEMMA 6.4. The map g > A — A € Vect (M) has the following properties:

(1) For all A € g, A is © — related to A, i.e., m,A = Aon. (As usual A is the left
invariant vector field on G associated to A € g.)

(2) For all g € G and A € g, we have A and (Ad, 1 A)* are Ry-related.

(3) If Ae g, then A(Ke) =0 iff A€t

PROOF. (1) For the first assertion we have, for all g € G, that

7 A(9) = Sy (9e%) = o (x (9) ") = A (9)).

(2) Similarly if ¢ € G and m € M, then

. d d _
Ry A(m) = Elome“‘g = —lomgg letyg
- %IomgetAdg‘lA = (Ady1A)* (mg)

= (AdgflA). o Rg (m) .

(3) Observe that A (Ke) = m,. (A) and therefore the assertion in (3) follows from the
comments before Notation 6.3. 0J

We suppose that ¢ is a given Hermitian form on g* satisfying Hormander’s condition.
Let H be the Hormander subspace of g associated with ¢, equipped with its Hermitian
inner product (-, )y and an orthonormal basis (X;)7*. See (2.8). As in Section 2, let A
denote the associated hypoelliptic Laplacian on G and let p;(dz) = pi(x)dx denote the
associated heat kernel measure (in this section, we will abuse notation and use p; for the
heat kernel measure and p;(x) for its density). We may also define a sub-Laplacian Ay,
on M given by

(6.6) Ay = Z (Xf + Y]Z) , where Y; 1= iXj.
j=1
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Using (1) of Lemma 6.4, one sees that Ay, may also be characterized by the relation
(6.7) A(fom)=(Ayf)omforall feC™ (M),

and that the family of vector fields {X],Y;} satisfies Hormander’s condition, i.e.,

S j=1
X;,Y;, j=1,...,m, together with their brackets of all orders, span the tangent space at

any point m of M. Consequently, A, is hypoelliptic.
DEFINITION 6.5. Let \;(dm) be heat kernel measure on M given by
(6.8) Ae(dm) = (mepe)(dm).

The interpretation of \; as a heat kernel measure will be discussed in Subsection 6.4
below. The following lemma follows readily from the definition of \; in (6.8) and the fact
that 7 is a quotient map for the complex differential structures of G and M.

LEMMA 6.6. The pullback map 7 : u — 7*u = w o 7 is unitary from L*(M,)\;) onto
the subspace L3.(G,p;) C L*(G,p;) of left K-invariant functions and from HL*(M,\;)
onto HL% (G, p:), the space of holomorphic left K-invariant functions in L*(G,p;). In
particular, for uw € HL*(M, \;), we have

(6.9) /M fu(m) P Ae(dim) = /G i u(g)Pu(dg).

DEFINITION 6.7 (G-space Taylor map). For u € H(M), define @ € T" by; (u,1) =
u(Ke) and, for all n € N|

(6.10) (i,6® - @ &) = (& Lu)(Ke) for all & € g.
The map H(M) > u+— u € T" is called the Taylor map on M viewed as a G-space.

The following corollary of Theorem 6.2 can be interpreted in terms of a Taylor map
defined for holomorphic functions on the homogeneous space M.

COROLLARY 6.8 (The quotient theorem). For all t > 0, the Taylor map H(M) 3 u +—
@ € T' restricts to a unitary map from HL*(M, ;) onto (J + €T)Y.

ProoF. If f = wom, then u = f as elements of 7'. Moreover, the map u — uom
is unitary from HL?(M,)\;) onto the space of left invariant functions in HL*(G, p;) as
already noted in connection with Equation (6.9). The Corollary is therefore a restatement

of Theorem 6.2 for the left invariant case. O

6.3. Normal subgroups. In this subsection, we are going to specialize the results of
subsection 6.2 to the case wherein K is a normal subgroup of G and ¢ is an ideal in g.
Recall that a connected subgroup K of G is normal if and only if £ = Lie (K) is an ideal

in g.
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Suppose that the closed connected complex subgroup K is normal and ¢ = Lie (K)
is the associated Lie ideal inside of g. In this case, M = K \ G is itself a Lie group,
m: G — M is a surjective Lie homomorphism, and the projection map,

(6.11) Yig—om:=g/e =T M = Lie (M)

is a Lie algebra homomorphism. At the global level, M = K\ G is now a simply connected
complex Lie group (see, e.g., [7, I. Chap. 1, Theorem 4.8]). Since K is normal, left and
right cosets coincide and therefore M admits a smooth left and right action of G.

LEMMA 6.9. To each A € g, the vector field A € Vect (M) (see Notation 6.3) is invari-
ant under the left action of G on M. In particular, A is a left invariant vector field on
M. Moreover, A =0 iff A € t.

PRrROOF. For g € G and m € M, we have
A(gm) = E|Ogmet’4 = £|0Lgmet’4 =L, A(m).

Since A is left invariant, it follows that A = 0 iff A (eK) = 0. Hence the last assertion
follows from (3) in Lemma 6.4. O

As we did for g, we associate to m the tensor algebra T}, over m and the two-sided ideal

Jm in Ty, which is generated by the elements
{E@n—-nwi-[¢n] ;&nem}.
By universality, the projection map ¢ in Eq. (6.11) extends to a surjective homomorphism,

¢ T — Ty. (We continue to let 7" and J be the tensor algebra over g and the two-sided
ideal in T" generated by the element in Eq. (2.5).)

LEMMA 6.10. Continuing the notation introduced above, we have

(6.12) J+TET =J+ Tt
and
(6.13) ¢*(J2) = (J + TeT)? = (J + T¢)°.

PROOF. Since £ is a two-sided ideal in g, modulo J, we may commute tensors with £
up to brackets lying in £. This observation shows that T¢T C J + T¢, which suffices to
prove Eq. (6.12). So to complete the proof, we must verify the first equality in Eq. (6.13).

We begin with the claim that

(6.14) ker ¢ = T¢T.

Indeed, the kernel of ¢ is a two-sided ideal in 7" which contains £ and therefore contains
the two-sided ideal T®T), i.e., T¥1T C ker ¢. To prove the opposite inclusion, let v be a

complementary subspace to € in g. Then v restricted to v is an isomorphism of v onto m
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and therefore ¢|yen : 0% — m®™ is also an isomorphism. Writing (T¢T),, = (T¢T) N g®"
we have the direct sum decomposition g®" = v¥" + (T¢T),,. Hence ker ¢|g®" = (T¢T),.
Since ¢ takes n-tensors to n-tensors, (6.14) follows.

Now

(@ —n®&—I[5n]) =v(E&) ®@v(n) —vn) @P(E) — [¥(&),v(n)],

and therefore ¢ takes the generators of J onto the generators of Jy,. It follows that
(6.15) O(J+TE) = ¢(J) = .

Therefore, ¢*((Jw)?) C (J + T€T)°. Furthermore, if v € 7" annihilates T¢T', then we
may define o € T}, by (o, ¢(8)) = (v,5). This « is well defined because ¢ : T — Ty, is
surjective and (6.14) holds. Moreover, in view of (6.15), o annihilates .J,, if v annihilates
J. This establishes the first equality in (6.13). O

DEFINITION 6.11. Given a Hermitian form ¢ on g*, let ¢, denote the Hermitian form
on m* given by

am(@) =Y W &I°, & = ¥(X0),

where (X;)7" is an orthonormal basis (over C) of the Hormander space H C g of ¢. As
in Eqs. (2.10) and (2.11), ¢w induces degenerate Hermitian inner products (-,-)., ) on

(m*)®* for all k € N and a possibly degenerate semi-norm ||| gne o1 Ty for all £ > 0.

LEMMA 6.12. The map
0" (Jm)i — (J+TE);
18 unitary.
PROOF. The form ¢, extends as usual to a Hermitian form on the dual 77 of the

tensor algebra Ty,. Although the vectors & = ¥(X;), i = 1,...,m, are not necessarily

orthonormal, for any a = a; ® -+ - ® ay € (m*)®*, we still have

() = Z H|<O{j7£ij>|27

(i1, sig)E{1,....m}k j=1

and thus
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A similar computation shows that the inner product between two decomposable tensors
is preserved by ¢*. From this, it follows readily that ¢* is an isometry from (Jy,)? into
(J + T%)?. The surjectivity of ¢* follows readily from (6.13). O

The elementary Lemmas 6.6, 6.1 and 6.12 yield the following analogue of Corollary 5.5.
We include the real case which can be treated in exactly the same way as the complex

case.

PROPOSITION 6.13. Suppose that g is a real (resp. complex) finite dimensional Lie
algebra. Let q*, i = 1,2, be non-negative quadratic (resp. Hermitian) forms on g*. Assume
that these two forms satisfy Hormander’s condition. Let s > 0 and t > 0 and suppose

that, for some constant c,
(6.16) edllgrs < cllallgzy for all e o, C T

Let € be a Lie subalgebra of g which is also an ideal. Let m = g/ be the quotient Lie
algebra. Let gL and g2, be the corresponding forms on m* as in Definition 6.11. Then

(6.17) ol s < cllafl,z . for all a € Jg%,t C Ty,

In particular, if the ¢* family controls the q' family for g, then the q2 family controls the
qr. family for m.

6.3.1. Application to quotient groups. The previous machinery can be used to give an
alternative proof of the unitarity of the Taylor map for quotient groups M = G/K when
the result is known on G. For instance, in [6], we gave a proof of the unitarity of the
Taylor map for stratified nilpotent groups. Since any simply connected nilpotent group is
the quotient of a stratified nilpotent group by a connected normal subgroup, this yields
the unitarity of the Taylor map on any complex simply connected nilpotent group as an
immediate corollary of the stratified case (in [6], this was done by an ad hoc argument).

More generally, let GG be a closed complex simply connected Lie group with Lie algebra
g. Let K be a connected, closed, normal Lie subgroup of G with Lie algebra ¢ C g. Let
M = G/K be the associated quotient group and let m = g/ be its Lie algebra. Let ¢ be
a Hermitian form on g* satisfying Hormander’s condition. Let ¢, be the Hermitian form
on m* given by Definition 6.11. Let p; and \; be the corresponding heat kernel measures
on G and M, respectively. If we know that

HL (G.p) > [ [ € J (9)
is an isometry (resp. a unitary isomorphism) then
(6.18) HL* (M, \) 2w w € J (m)

is also an isometry (resp. a unitary isomorphism) of Hilbert spaces.
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REMARK 6.14. Because K is normal, one may easily check that A, in Eq. (6.6) is the
Laplacian associated to ¢, and that \; in Eq. (6.8) is the associated heat kernel measure
on the group M. See the next section for the case where K is not normal.

6.4. Intrinsic interpretation of )\;. Observe that although the “heat kernel measure”
A in Definition 6.5 is well defined by Eq. (6.8), its interpretation in terms of a heat
semigroup requires some care because it is not clear, in general, what reference measure
on M is the appropriate one in discussing the heat kernel density. However, on G, we

tA/4

may regard the heat semigroup e as a semigroup acting on L*°(G) (obviously, this is

not a strongly continuous semigroup). Namely, (with some abuse of notation),

B/ () = / F(zy)puldy) = /G FWhi(e, 9y, fe L),

The first equality can be taken as the definition of e'*/* on L=(G). It reflects the fact
that A/4 is the generator of a symmetric Markov semigroup acting originally on L?(G)
and which commutes with left translation, i.e., [e!2/4f](zz) = [e!A/*£,)(x) where f, : 2
f(zz). This property is of course inherited from A. As p, admits a continuous density
with respect to Haar measure, it implies that e*/4L®(G) C Cy(G), where Cy(G) is the
space of bounded continuous function on G. Because A is subelliptic, the heat kernel
hi(z,y) is a positive smooth symmetric function of (x,y) and is related to the density
2 +— pi(z) of the measure p; by hy(x,y) = pi(x~ y)m(x), where m is the modular function
on G (see, e.g., [5]).

Obviously, the semigroup e*~/4 leaves invariant the subspace L32(G) of bounded mea-

tA/4

surable K-left invariant functions on G. Hence, e induces a semigroup on L*>(M)

(again, not a strongly continuous semigroup) defined by the formula

(6.19) (Hyp) o = e®* (pom) for all p € L™ (M).

In particular, the measure )\; in Definition 6.5 is given for any Borel set A C M, by
(6.20) M(A) = pi(n 1 (A)) = H14(0), o= Ke.

Further, making use of Eq. (6.7) and of the Gaussian bounds satisfied by = — p.(z) and
its derivatives on G (see, e.g., [5, 18]), one checks that

d 1
EH@ = ZHt(AMéb)a ﬁb € C:O(M)

Write 1u(¢) for [ ¢du when p is a probability measure and observe that Eq. (6.20) implies
At (¢) = (Hyp) (0) for all bounded and measurable ¢ : M — R. Hence it follows that, for
any ¢ € C(M), the function ¢ — M\ (¢) = (Hyp) (0) is continuously differentiable and

satisfies

d

1 .
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The following theorem shows that these properties yield an alternative intrinsic definition
of the measure \;. See [3, Theorem 2.6] for a similar theorem in the setting of Riemannian
geometry.

THEOREM 6.15. The family of probability measures {\;t € (0,00)} introduced in Defi-
nition 6.5 is the unique family of probability measures on M such that, for all ¢ € C°(M),

the function t — M\(¢) 1= fM od)\; is continuously differentiable and satisfies
d 1

%)\t(éb) = Z)\t(AMQS) and 1}%1 A(¢) = (o).

PROOF. As noted above, {)\;} in Definition 6.5 satisfies Eq. (6.21). Hence we are left
to prove the uniqueness assertion of the theorem.

(6.21)

We need to introduce some notation. For f € C.(G), set

frlg) = /K F(kg)dk.

where dk denotes the right invariant measure on K. As fx € C(G) is invariant under the
left action of K on G,

Kg ' [it(Kg) = fx(9)
is a well defined function on M. Observe that fif € C.(M) and is in C°(M) whenever f
is in C°(G). Moreover, the image of C.(G) by the map f +— f;?E is C.(M). See [2, chap
VIL§2, Prop. 2]. For any probability measure v on M, define the measure v on G (using
the Riesz theorem) by requiring

(6.22) o(f) = v(ff) for all f € C.(G).

Note that the map v +— 7 is injective since Co(G) 3 f — ff € C.(M) is surjective.
REMARK 6.16. Given a measurable section s : M — G, the map v — v defined above

can be described as follows. Observe that © : K x M — G, © (k,m) := ks(m), is a

measure theoretic isomorphism, and set 7 := O, [a ® v|, where « is the right invariant

Haar measure on K. This map is easily seen to be injective and one can check that the
measures v, U are related by (6.22).

If feCX(G) and g € G, then

(ASYE (K g) = /K (AS) (kg) i = / A, [f (kg)] i = A, /K £ (ko) dk

K

= (8fx) (9) = A(fFom) (9)

= (Auff) (Kg).

This computation gives the key identities

(6.23) Anfi = (AfE, forall f € CP(G).

Il
—
>
=
=k
o
)
~—
S
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Let {v;t € (0,00)} be any family of probability measures satisfying (6.21) (in partic-
ular, this includes \;). Using the definitions and Eq. (6.23), we have

(6.24) ;%%Qﬂ::imuxﬂ,ami%%m(ﬂzzl;ﬁm for all f € C(G).

It follows that the measure-valued map ¢ — 7, can be viewed as a solution of the heat
equation on (0, 00) X G in the sense of distributions. That is, for any n € C2°((0,00) x G),

/ / (_ - A) (t, ) Ti(dg)dt = 0.

As d/dt — A is hypoelliptic, it follows that 7;(dg) = w(t, g)dg, where w is a non-negative
classical solution of heat equation on (0,00) x G. However, it is known (see [1]) that the
positive solutions u of the heat equation on (0,7) x G are exactly the functions of the

form
(6.25) (t,z) — u(t,z) = /ht(x,y)w(dy),

where w is a Radon measure on G such that f edale.9)? w(dg) < oo for some a > 0 large
enough (for any o > 0 if 7" = o00). Here dg(e,x) is the sub-Riemannian distance on G.
Further, for any such solution u and any f € C.(G), we have limy_ [, u(t,z)f(z)dr =
w(f).

This yields a very strong uniqueness result for the positive Cauchy problem on G. In
particular, it implies that v, = Xt since both families of measures can be identified with
the unique positive solution with initial data w given by w(f) = [ f(k)dk, f € C.(G).

Thus v; = \; as desired since the map v +— v is injective. U

REMARK 6.17. The description (6.25) of the positive solutions of the heat equation on
G used above follows from the known uniform local Harnack inequality and the Gaussian
heat kernel bounds on G. See [1, Theorem 4.2 and Remark 2] where this representation
is proved in a very general context. The relevant heat kernel bounds on G are given in
[5, 18]. The harmonic function h appearing in [1, Theorem 4.2] vanishes because of the
validity of the uniform local Harnack inequality.

It is worth noting that, by Fubini’s theorem, for any non-negative f € C.(G),

n=[ [ ruomiegiards = [ [ g
(6.26) /f {/m%)%}@

Hence, the proof of Theorem 6.15 yields the interesting fact that, for any closed subgroup
K of G and (t,g) € (0,00) x G,

wwzéﬁgm%<m
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and (t,g) — u(t, g) is in C*((0,00) x G). It seems rather difficult to prove this by direct
inspection, even if one uses the known Gaussian bounds on the heat kernel. In terms of
x +— py(x), the function u is given by

ult.g) = [ ok gk,
K
where m = mg is the modular function of G.

REMARK 6.18. Since A, satisfies Hormander’s condition, the measure \;(dm) admits
a smooth positive density with respect to any natural reference measure v(dm) associated
with the smooth structure of the manifold M, but it is not clear, in general, whether
or not there is such a reference measure v with the property that v(H;f) = v(f) for all
t>0and f € C.(M). If M admits a G-invariant measure, call it dm, then H, is actually
self-adjoint on L?(M,dm) and [,, H fdm = [,, fdm for all t > 0 and f € C.(M).

A well-known necessary and sufficient condition for the existence of a GG invariant mea-
sure dm on M is that the modular function of G and that of K coincide on K. Under
this condition, the decomposition formula

/G F(g)deg = /M /K F(kgn)dckdm

holds for any continuous compactly supported f on GG. Here, g,, € G is any representative
of me M, [ f(kgn)dxk is understood as a function on M, and dgg (resp. dxk) denotes
an appropriately fixed right invariant measure on G (resp. K). The abuse of notation
used in this formula is standard. Using this formula, it is possible to show that the vector
fields W*(Z), i =1,...,m, are skew-adjoint on L?*(M,dm). Thus H, is self-adjoint on
L?(M,dm) as stated above. Moreover, writing \;(dm) = \;(m)dm on M for m = Kg, we
have

M) = [ pg)ck

7. THE TAYLOR MAP ON HOMOGENOUS SPACES: TWO EXAMPLES

The aim of this section is to illustrate Corollary 6.8 by two very concrete examples. As
far as we know, Corollary 6.8 is the first result that provides the unitarity of the Taylor
map on complex manifolds that do not carry a group structure.

7.1. The Grushin complex 2-space. The Grushin plane is R? equipped with the sub-
Riemannian geometry associated with the sub-Laplacian 9% + :E26§. In some sense, it is
the simplest sub-Riemannian object although it is best understood by observing that it
can be viewed as the quotient of the Heisenberg group by a non central one dimensional
subgroup. In this section, we consider the complex version of this object.

NOTATION 7.1. The complex Heisenberg group is HS = C? with the group law

(21,22, 23) - (21,23, 23) = (21 + 21, 22 + 2, 23 + 25 + (1/2) (2125 — 2227)) -
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Let us observe here that if z; = x; + y; then
212y — 22 = [01@) — 222y — (Y1yh — y2uh)] + i1y — 1o + 12l — 2]
Consider the elements X;,Y;, i = 1,2, of the Lie algebra b5 given by
X; =(1,0,0), Xo=1(0,1,0), Y3 =(4,0,0), Y5 =1(0,4,0).

(In Section 4, we considered the complex Heisenberg Lie algebra hS with generators X, Y
and [X,Y] = Z. To match this with the present notation, set X = X;,Y = X5, 7 =
(X1, Xa]).
Let ¢ be the Hermitian form on (h%)* given by
q(e) = [{or, X1)|* + [{a, X2)|.

The left-invariant vector fields associated to Xi, X, Y7, Y5 are

= 0/0x1 — (22/2)0/0x3 — (y2/2)0/y3
= 0/0xy + (21/2)0/x3 + (y1/2)0/y3
= 0/0yr + (y2/2)0/ 05 — (22/2)0/Oys
Yy = 0/0ys — (y1/2)0/05 + (21/2)0/dys.

(22/2)
(21/2)

The sub-Laplacian associated with ¢ is
(7.1) A=X24 X24+Y2+Y7
Define the kernel p; on HS by the identity e'®/* = xp,.

The complex line K = C = {(z1,22,23);22 = 23 = 0} C HY is a complex closed Lie
subgroup of HY with quotient space M = K\HS = C2. Let S := {(0, 2z, 23) ; 29, 23 € C} =
C2. For g = (z1, 29, 23) € G, we have

Kg=1{(2,0,0)(21,292,23);2 € C} ={(21 + 2, 29, 23 + 229/2) ; z € C},
and
KgnS={(z1+ 220,23+ 222/2) ;2 = —z1} = {(0, 20, 23 — 2122/2) } .
This shows that S is a global section for the left K-action on GG. Therefore the maps,
C? > (29, 23) = (0, 29, 23) € S and
S 3 (0, 29, 23) — K(0, 29,23) € K\ G,
are holomorphic diffeomorphisms. Hence we may now view the natural projection map

m:G — K\ G as a map from G — C? given by

1
m(g) = (22, z3 — §Z122> for all g = (21, 22, 23) € G.
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Since G acts on the right on K \ G, there is an induced right action of G on M = C?
which we now compute. If (wqew3) = 7 (0, we, ws) and g = (21, 22, 23) € G, then

(wq,ws3) - g := 7 ((0,we, ws) g) = 7 ((0, we, w3) (21, 22, 23))

1
=1 (zl, Z9 + Wa, 23 + W3y — §w2z1>

1 1
= | 22 + wo, 23 + w3 — 510221 — 521 (22 + wy)

1
= <22 + wo, 23 + W3 — We21 — 5212’2) .

Hence, if A = (a1, as,a3) € g = C3, then, since the exponential map is the identity in our

coordinates, we have

. d d
A (wy,w3) = E'O (wa, w3) - " = $|0 (w2, w3) - (tA)
= i| by + ws, tas + wy — watay — ~2
= 7t 0 as Wwa, Tag w3 Wolaq B a1Qa9
(72) = (CZQ, as — wgal) .

To simplify notation, let us now write
Wy =w =u-+1, wy=z=2I+1y.

Using Eq. (7.2), we find

(7.3) Xy (w,2) = (0, —w), X5 (w,z) = (1,0),

(7.4) Vi (w, 2) = (0, —iw) and ¥, (w, 2) = (,0)

In particular, the action of these vector fields on any holomorphic function f may be
written as

(7.5) Xof = —wd.f, Xof = 0,1,

(7.6) Vif = —iwd.f, Yof =0, f,

where

(7.7) Dy = % (0)0u—i0)ov), 0. :— % (0/0x — i0/dy) .

7.2. The heat kernel on the Grushin complex 2-space. Identifying C? with R* by
(w, 2) = (u,v,z,y), the vector fields in (7.2) through (7.4) act on C*°(R*) by

X, = —(ud/0x +v0/dy), Xy =0/0u

and

Y, = vd/0x — ud/dy, Yy =0/0v.
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They form a Hoérmander system {X;, X5, Y7, Y2} on M and the associated sub-Laplacian
Ay = (0/0u)? + (0/0v)* + (u* +v*)((0/0x)* + (0/0y)?)

is in fact elliptic at each point of C? except along the complex line {w = 0} where it is
(step two) subelliptic. It is the prototype of a class of subelliptic operators introduced in
[11] and often called Grushin operators. The fields X;,Y;, j = 1,2, are divergence free

tAm/4 i a semigroup of self-adjoint

on M = C? (equipped with Lebesgue measure) and e
operators on L?(C?). The associated heat kernel measure \; admits a density, the “heat
kernel” on M based at (0,0) = Ke, and, abusing notation, we write A\;(d€) = A\ (§)d€,
¢ = (w, z) € M. This heat kernel is studied in [15, 14, 17]. It satisfies the two-sided heat

kernel estimates
1 d (5 )2

(7.8) o (-01 ) ) < M(E) < %exp (_625(?2) ,

where §(€) is the subelliptic distance between the origin and & = (w, z) associated with
the Hormander system of vector fields { X1, X5, Y1, Y3} The volume function V (r) is the
Lebesgue volume of the subelliptic ball {{ € M;(§) < r} around the origin. Furthermore,

it is not hard to estimate §(§) and V' (r). Namely, there are constants ¢,C' € (0, 00) such
that, for £ = (w, 2) = (u + i,z + iy) € M, we have

c(lul + [o] + V/]al + V/yl) < 6(6) < Cful + ol + ]zl + /Ty
This, in turn, implies that
V(r)~7r5 r>0.
This means that the condition that a holomorphic function f be in L?*(M, )\;) imposes
quite different growth conditions in the w direction and in the z direction.

7.3. Taylor coefficients and the unitary Taylor map. We now translate our main
result concerning the Taylor map on homogeneous spaces to the present context.

NOTATION 7.2. For k € N, 1 < j <k, and m,n € Nk, let

k J
ml = Hmj!, Im|; = Zml, |m| = |m|, and
=1 =1

Q(m,n) =m!- I, . nly = [ml, . ]y — |ml, ), — Iml,_,
) . My M ms e M )

where we use the usual convention that 0! = 1 and (Z ) = 0 if p < ¢q. We may also write

k

Q(m,n) = HP (mj> In|; — ’m‘]el) ,
=1

where |m/|, := 0 and
n!
P(m,n) = l{mgn}m,
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where 1<,y is the function which is one if m < n and zero otherwise.

ExAMPLE 7.3. For m = (3,2,0) and n = (4,1, 1), we have

ot - @ () (2) (1) -

NOTATION 7.4. For k € N and m,n € Nf, define m < n if and only if [m|; < |n|; for
1 <j <k.(Then m < n if and only if Q (m,n) #0.)

PROPOSITION 7.5. Let f (w, z) be a holomorphic function on C?. For k € N and m,n €
NE, we have

(7.9) (Xgl (_Xl)ml X (—Xl)m’“ f> (0,0) = Q (m,n) (A7=Ialm ) (0,0).
PrOOF. The proof is by induction on k. We start with the identity

xg (<50)" £ = o o) § = o o) 5
> (Z) O - oo f
k=0

n m‘ m—k n—k qm

Sl

k=0
When evaluating this expression at w = z = 0, we must have k = m < n. Therefore,
. .\m n
a0y (45 (=3)" 1) 0.0) = 1 ()t @2 "00) 0.0,

which proves Eq. (7.9) for £ = 1. For the induction step, replace f in Eq. (7.9) by

ME41

X (_X1> f = et (M g f)
to find
(R (=)™ &g (=%) ™ ) (0,0)
— Q) - (Ol Moot (umess g £)) (0,0)
— Q2 (m,m) - (Bl (e gl £)) (0,0

[n[ + 7k41 — |m]

=0 (m, n) “ Mgy ( ) (81:\+”k+1—|m|—mk+18|Zm|+mk+1f) (07 0) .

Mi+1
which is the desired result. [l

Now given &;,...,&{x € {Xl,Xg}, in order for (& ---&nf)(0,0) # 0, we must have

& = X,y. When & = X, there is unique ¥ € N, n € N¥ and m € NF~! x Ny such that
|m| + |n| = N and

& Enf(0,0) = X P X XX £(0,0).
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Making use of Proposition 7.5 allows us to conclude that
(7.11) - Enf (0,0) = (=)™ Q (m,n) - (Ao £) (0,0) .
NOTATION 7.6. Set I(0) = {((0),(0))} and, for N € N,
I(N) = {(m,n) € (N*7* x Ng) x N* for some k € N and |m|+ |n| = N, m < n}.

According to Eq. (7.11) and the definition of 2 (m,n) (see Notations 7.2 and 7.4), only
those pairs of integer tuples which belong to I(N) for some N will play a role in what
follows.

EXAMPLE 7.7. Here is a listing of 1 (N) for 1 < N < 4;

1(1) = {((0), ()},

1(2) = {((0), (2)), (1), (1))},

1(3) = {((0), 3)), (1), (2)), ((1,0), (1,1)) } and

1(4) = {((0), (4)), (1), (3)), ((2), (2)), ((1,0), (1,2)), (1, 0), (2,1)), (1, 1), (1, 1)) }-.

COROLLARY 7.8. Suppose that f is a holomorphic function on C* and Q(m,n) and
I(N) are as in Notations 7.2 and 7.6. Then

R X N
(r12) =R =Y 5 > @@k r) 0,0
N=0""" (m,n)el(N)

PROOF. Recall from Corollary 6.8 that || f||7 = || f||? where

(713) =% X e 0.0k

N=0"""¢ ., ENE{Xl,Xz}
However, from Eq. (7.11), we know that
n(—|\m m 2
1) Y @D O0P = Y Q- |@el ) (0,0)]
&15eey §NE{X1,X2} (m,n)€I(N)
Eq. (7.12) now follows from Egs. (7.12) and (7.14). O

We now illustrate Corollary 7.8 by a number of special cases and explicit examples. If
f(w, z) = g(w) (the simplest case) then Eq. (7.12) reduces to

o) e}

r|f|r%=ufn?—zN, YO0, 0 _ZNI O

Indeed, f(PI=ImLimD (0, 0) = 0 unless |m| = 0. Further, if (m,n) € I(N), |m| = 0, and
= |n| +|m| > 1, then k = 1, m = (0) and n = (N), and in this case, 2((0), (N)) = 1.
In particular, if g (w) = e® it follows that || f||? = €’ < oo for all ¢ > 0.
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On the other hand, if f(w, z) = g(z), we obtain

(7.15) =070 =3 Gy > @ mam) | (@0719) 0
N=0 " (m,n)€I(2N)

m|=|n|
Observe that the combinatorial factor > mmnyerem) 0?2 (m,n) always contains the term

[m|=[n|

corresponding to m = n = (N) for which Q(m, m) = N!. Thus

(7.16) TS %#N PRI

EXAMPLE 7.9. If we pick f(w,z) = g(z) = €, then Eq. (7.16) implies that

- i (N!)QtQN

will certainly be infinite if ¢ > 2. In other words, e* is not L?(M, ;) if ¢t > 2.

The final two examples give exact values for the integrals [, |2|°A(d€) and
Jo loPI=oA(de), whete € = (w, 2).

ExAMPLE 7.10. When f(w,z) = g(z) = 23,the only non-zero derivative at (0,0) is
(02f/9%2)(0,0) = 6. So according to Eq. (7.15),

(117) [ @i =il = X 0 man) -6

" (m,n)€I(6)
|m|=|n|=3

The pairs (m,n), which contribute to the above sum, are
(k=1):m=n=(3),
(k=2):m=n=(1,2),m=(1,2),n=(2,1) and m =n = (2,1) and
(k=3):m=n=(1,1,1).

The corresponding €2-values are given by

Q((3),(3)) =6, 2((1,2),(1,2)) = Q((2,1),(2,1)) =2,
0((1,2),(2,1)) = 4and Q((1,1,1),(1,1,1)) = 1,
which combined with Eq. (7.17) gives,
£ 61

.62 = — 15,

/ (@2 + y?)° A (d€) = (36 + 4+ 4+ 16+ 1)
M 6! 20

EXAMPLE 7.11. For f(w, z) = wz?*, we have

R t7
(7.18) 1117 = 625 > Qm,n)?
C\ mero),

The possible pairs (m,n) and values of Q(m,n) are given in Table 1.



GROWTH OF TAYLOR COEFFICIENTS OVER COMPLEX HOMOGENEOUS SPACES 45

TABLE 1. When necessary, an additional 0 should be appended to the end
of m so that m and n have the same number of components.

m\n | (1,1,1,1) [ (1,1,2) | (1,2,1) | (2,1,1) | (1,3) | (2,2) | (3,1) | (4)
(1,1,1) 1 2 8 - - - -
(1,2) - - 2 4 6 12 18 -
(2,1) - - - 2 - 4 12 -
(3) - - - - - - 6 24
Hence

> Q(m,n)* =1385
(n,m)eI(7)
|m|=3,|n|=4
and therefore from Eq. (7.18) we have,

277
O\ (d€) = ="
| TP = 11 = 35

7.4. A one-dimensional complex G-space.

NOTATION 7.12. We let G := C*xC, where we identify G with the affine transformation
group on C by

(7.19) G 3 (a,b)— (z—az+0D).
The map in Eq. (7.19) is an isomorphism of groups provided we define multiplication on
G by
(a,b) (a',V') = (ad',al +b) .
The identity in G is e = (1,0) and the inverse to (a,b) € G is (a,b)"" = (a™', —a™'b).

Let (21, 22) = (21 + iy1, T2 + iy2) denote the standard linear coordinates on C? restricted
to G.

For A = (a, §) € g := Lie (G) = C?, the left invariant vector field A on G associated to
A is given by

A(a,b) = d] (a,b) (14 ta,tf) = %]0 (a(1+ta),atf+b) = (ax,af).

dt

We may express A in coordinates as

- 0 9] 0 9]
A=z (a,0) = Re(az) prn + Im (az) o + Re (B21) 52 +1Im (Bz1) — o0,

= a2181 + 04_2151 -+ 52182 + 62152,

where 0; = 0,,, i = 1,2 (see (7.7)). In particular, it follows that A = 0,0, + 32105 when

acting on holomorphic functions.
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Let
(7.20) Xi = (1,0), X, =(0,1), ¥i=(5,0), Y,=(0,i)€g,
and ¢ be the Hermitian form on g* given by
q(e) = [{o, X0)|* + [{o, X)|".
The left-invariant vector fields associated to X;,Y; € g, ©+ = 1, 2, are given by
X1 = 2,0/0x1 + 110/,
)?2 = 210/0x3 + 310/ 0y,
Y, = —110/0x1 + 110/ 0yr,
Yy = —110/0x5 + 110/dys.
The sub-Laplacian associated with ¢ is
(7.21) A=X24 X24YV2+Y?
(7.22) =1} (0°/02% + 07 /0y; + 07 /0x5 + 0°/0y3)

where 72 := 22 +y2. Define the heat kernel p; on G by the identity e'2/* = xp, and observe
that A is actually an elliptic operator in this example.

We now let K = C* x {0}, a complex closed Lie subgroup of G, and M := K\G be
the associated quotient space of right cosets. Using

(a,b) (¢,d)™" = (a,b) (¢ =c'd) = (ac™',b—ac™'d) ,

we have

b d

K (a,b) = K (¢,d) <= (a,b)(c,;d) ' € K <= b—acld=0 — — = —.

a ¢
In particular, this shows that K (a,b) = K (1,b/a) and the map, 7 : M — C defined by
7 (K (a,b)) = b/a is one to one and onto. Thus, using 7, we may and shall identify M
with C. Using this identification, the right action of G on M induces a right action on C

given by
(7.23) b-(c,d)=c'(b+d).
To each A = (o, §), € g, the right action of G on C induces a vector field A on C via
- d
(7.24) A(B) = Slobo (1)
where ¢ (t) is any smooth curve in G such that ¢ (0) = e = (1,0) and ¢ (0) = A. Explicitly,

we may take g (t) = (1 + ta,tf) in Eq. (7.24) to find

(7.25) Ab) = %\0 (b (1 +ta,tB) = %b (1+ta) (b+1B)) =3 — ab.



GROWTH OF TAYLOR COEFFICIENTS OVER COMPLEX HOMOGENEOUS SPACES 47

In particular, it follows that
X, (b) = —b, Xy(b) =1, Y;(b) = —ib, and Y3 (b) =1,

where X, Xo,Y), Y5 are as in Eq. (7.20). If 2 = = + iy is the standard holomorphic
coordinate on C, 9, is as in (7.7) and f : C — C is a holomorphic function, then Af =
(8 — az) 0, f and, in particular,

(7.26) Xif =—20.f, Xof = 0.f,

7.5. The heat kernel on the G-space. We may rewrite Eq. (7.25) as

- 0 0
(7.28) A=Re(0— az) 2 +1Im (6 — az) By
Taking A = X3, X5, Y) and Y; (see Eq. (7.20)) in Eq. (7.28) shows
: ) Q. o - 9] - 0
X = —t2 —y L Xy= 2 Vimy— 22 and ¥ = —.

A straightforward computation then gives
(7.29) Ay = XT+ X3+ Y2+ Y2 = [1+2°+3°] (024 02).

REMARK 7.13. Notice that A, is elliptic and is in fact the Laplace Beltrami operator

on C when equipped with the Riemannian metric determined by
1
9 (0z,0:) = g(0y,0,) = p and g (0;,0,) =0,

where p := 1+ 2?4+ y*. Indeed, /g = 1/p and therefore,

1 y 1
A - —& K 8j - & (Sij—aj - 833 82 .
of =75 (9"v90;f) = p (p p f) p(%+)) f

The geodesics starting at 0 € C are radial curves, say o, (t) = tw, for w € C. Therefore,
the distance, in this metric, from 0 to w € C is given by

1 2
(7.30) d(0,w) = / det =sinh™! (jw|) 2 In (2 w|) for |w| > 1,
0 1+ 2 |wl

where |w| is the Euclidean norm of w. The volume V' (s) of the ball of radius s centered
at 0 € C is given by

sinh(s) 1
V (S) = 27T/0 mrdr
(7.31) = mln (14 sinh®(s)) = 7 1n (cosh® (s)) .
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The metric g on C is complete (see Eq. (7.30)) and therefore Ajs|co(r2ac) is essentially
self-adjoint on L? (p~! dzdy). The associated heat kernel measure )\; admits a density,
the “heat kernel” on M based at 0 = Ke, and, abusing notation, we write \;(d§) =
M(E)p(&)7rdE, € € C = M. A simple computation shows that the metric g has non-
negative Ricci curvature. Hence the Li-Yau estimates gives

Ce —(1+€)(sinh 1 [¢])2/¢ Ce —(1—€)(sinh ! |¢))2/¢
mg (1+e)( €D*/t < () < me (1=e)( €02/

for any € small enough.

7.6. Taylor coefficients and the unitary Taylor map. We now express Corollary 6.8
in the context of the one dimensional GG-space described in the previous two subsections.

112 = / P

LEMMA 7.14. If a,b € Ng={0,1,2,...} with a > 1 and g : C— C a holomorphic

function, then
(2 (20.)" 9) (0) = a (0) .

PRrROOF. First observe that, for any holomorphic function u : C — C, we have

a

00 (20.u(2)) = (Z)étz-exf*agu(z)::za§+1u(z)4—aégu(z)

k=0
and hence
07 (20:u (2)) |:=0 = a (9Z2u) (0).
The result now follows by induction on b. 0

NOTATION 7.15. Let I' := (J, o I'e where Iy contains pairs of sequences (a, b) € N§° xN§°
such that a; > 1ifi < ¢, b; > 1if i < ¢, and a; = b; = 0 if 7 > ¢. (Notice that b, may be
zero in this definition.) Furthermore, for (a,b) € T'y, let

14 0o 4 (3]
la| = Zai = Zai, | := Zbi = Zbi’ and
i=1 i=1 i=1 i=1

V4 00
v(a,0) =[] (@ + -+ +a)™ =[] (@ + -+ +ar)™.
i=1 i=1
COROLLARY 7.16. Suppose that f is a holomorphic function on C, then

(7.32) IFIE =112 =17 ©@F + > AUWH%%U”W@

1<m<n<oco

(7.33) = en(®)]F™(0)

m=0

‘ 2

2
)
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where ¢y (t) = 1,
(7.34) Cm (t) = Z A(m,n) for all m>1, and

(7.35) A(m,n):

Z Lijaj=m} L{jal+pj=n}Y (@, b)  for all n>m > 1.
(a,b)el’

Proor. If Wy, ..., W, € {0.,20.}, then either W; --- W, f (0) is zero or
Wy Wof (0) = (920 (20.)" 00 (20.)" f) (0)

for some ¢ € N and (a,b) € I'y with |a| + [b|] = n. Moreover, making repeated use of
Lemma 7.14 shows

(02 (20)" -+ 02 (20.)" £ ) (0) = (a, )"/ £ (0)

Therefore, it follows that

R t|‘1‘+|b| a 2
LA =1F O+ > m’ﬂ&»b) o],
(a,b)er )
from which Egs. (7.32) and (7.33) easily follow. O

EXAMPLE 7.17. If m = 1 and n > 1is given, thena = (1,0,0,...),b= (n—1,0,0,...),
and A (1,n) = 1. Therefore,

EXAMPLE 7.18. If m = 2 and n > 2 is given, then a = (2,0,...) and b= (n — 2,0,...)
ora=(1,1,0,...) and b = (b1, b9,0,...) with by > 1 and by + by = n — 2. Therefore,

n—2
A(2n)_22n2+222n2b1) 222n2b1
b1=1 b1=0

4t

n—2 1
D LA
=0

and

:22A(2,n)§!:§2 (a1 —

1, 1, 1

12° "3 Ty
Combining Examples 7.17 and 7.18 with Corollary 7.16 shows

12 =112 =17 OF + (& = )1 OF + 5 (et = 36+ 1) 17" OF +
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REMARK 7.19 (Asymptotic estimate of ¢, (t)). In order to estimate ¢, () from below,

first observe that if we choose (a,b) € I'y with a; = m and by = n —m, then A (m,n) >

7 (a,b) = m*™~™) Thus we may conclude

n>m n!

- t N t t
cm (1) = Z A(m,n) o} > m " Z mQ"E > m 2™ . max (an_) .
n=m n=m

By Stirling’s formula,

n
Znt

A t" 1 (m2te)n
nl = V2rn(n/e)”  2mn \ n .

m

The latter expression has a maximum at approximately n = m?¢, which allows us to

conclude

V

t" 1 2
2n m=-t
max | m  — ~ ———— —€ .
n>m ( n!) ~ my/2mt

Thus we get the following rough approximation to a lower bound for ¢,, (t) :

[1

L

Cm, = = — .

~ /2t mAmtl mA/2mt \ m?
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