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1. Introduction
1.1. Background

The existence and properties of Brownian motion on £(K), the pinned loop group
of a compact Lie group K, have been studied in a number of papers starting with
Refs. 20, 21 and then followed by Refs. 2, 3, 6, 8, 9, 12, 14, 16, 24. (This is only a
partial list.) Similar results have been obtained on W(K), the pinned path group,
in Ref. 11. Of fundamental importance in these constructions is the compactness of
K; in particular, the fact that a compact-type Lie group admits an Adg-invariant
inner product on its Lie algebra, ¢. In addition, several recent works (Refs. 1, 13 and
22) have constructed Brownian motion on the diffeomorphism group of the circle.

This paper extends results that can be found in Refs. 6, 8 and 9 to a more
general type of diffusion. In particular, we eliminate the compactness assumption
on K and any need of an Adg-invariant inner product on £. The existence of
the heat kernel measures and the properties of finite-dimensional approximations
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summarized herein are important to the first author’s analysis of the Taylor map
on complex path groups in Ref. 4.

1.2. Statement of results

Let G be a connected real Lie group, g = T.G be its Lie algebra, I" be a linearly
independent® subset of g, and V := span(I") C g. Further let

B(t,s) =Y Bt s)A, (1.1)

AeT

where {34} 4cr is a collection of independent R-valued Brownian sheets or Brow-
nian bridge sheets. To be more precise, if

k(o,s) =s Ao and ko(o,8) =sANo —os Vo,s€l0,1], (1.2)

then for each A € T', {34(t,s) : s € [0,1],¢ > 0} is a mean zero continuous Gaussian
process such that

E[ﬁA(t, s)ﬁA(T, o)) = k(o,s)(t AT), (1.3)

where k(o,s) = k(o, s) in the Brownian case and k(o,s) = ko(o, s) in the Brownian
bridge case.

Suppose that (2, F, P) is a complete probability space on which the processes
{ﬁA} Acr are defined. For each t > 0, let .7:,9 be the smallest sub-sigma-algebra of F
such that 84(r, s) is measurable for all s € [0,1], 7 € [0,¢] and A € T. Let {F; }+>0
be the filtration which is the right continuous extension of the filtration {F?};>0,
augmented by all the P-null subsets of F. This filtration then satisfies the “usual
hypothesis,” i.e. {F¢}i>0 is right continuous and each F; contains all of the P —
null sets.

For g, v € G, let Lyx = gx and Ryx = zg. In addition, for A € g let A be the
unique left invariant vector field satisfying fl(e) = A € g. In general we will use “¢”
for the Stratonovich differential and “d” for the It6 differential of a semimartingale.
In particular, 3(dt,s) and [(dt,s) denote the Stratonovich and It differentials,
respectively, of the process t — 3(t, s).

Define W(G) and L(G) C W(G) to be the based path group and loop group
respectively on G. Specifically,

W(G) = {0 : [0,1] — G|o is continuous and o(0) = e}
and

L(G) ={0:]0,1] — G|o is continuous and ¢(0) = o(1) =e}.

2See the Appendix to see why it is sufficient to consider only the case where I' C g is linearly
independent.
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To each partition,
P={0=sp<s$1< <8, <1}, (1.4)
of [0, 1], we associate a projection map, mp : W(G) — G#(P)| defined by

mp(o) = (o(s1),0(s2),...,0(sn)), (1.5)

where #(P) := n. We make W(G) and £(G) into measurable spaces by endowing
each with the smallest o-algebra for which all of the projection maps, {mp : P
a partition of [0, 1]}, are measurable. The existence of W(G) and L(G) valued
diffusions is given in the following theorem.

Theorem 1.1. Suppose G is a Lie group and oo € W(G). Then there exists a
continuous Fi-adapted W(G)-valued process, {E(t) }1>0, such that for each s € [0, 1],
3(-, 8) solves the stochastic differential equation:

%(0t,5) = Ly,s)0(0t,s)  with 3(0,s) = ao(s) . (1.6)
More precisely,
S(3t,s) = Y A(S(t,5))B%(dt,s) with B(0,s) = ao(s) . (1.7)
Aer

We will prove Theorem 1.1 by first proving it in the case where G is the general
linear group, GL(n,R), (see Sec. 2), then in the case that G is a (not necessarily
closed) Lie sub-group of GL(n,R) (see Sec. 3), and then finally for general G (see
Sec. 4).

Remark 1.1. When (¢, s) is a g-valued Brownian bridge sheet, then the process
given by Theorem 1.1 is £(G)-valued. In this case we will denote ¥ by 0.

Definition 1.1. When ¥ and X° are as in Theorem 1.1 and Remark 1.1 with
oo(s) = e € G, let 1, and 1) be the measures on W(G) and £(G) which are the
laws of (¢, -) and 3°(¢, -) respectively. Given a bounded or non-negative measurable
map, f: W(G) — R, we will use the following definition;

w(f) = / F(g)dvi(g) = EF(S(t,)) (18)
W(G)
and
W(f) = / Fg)d?(g) = EF((t, ). (1.9)
w(@)

Because of Proposition 1.1 below, we will refer to v, and 1) as heat kernel measures.

Let (-, -)y denote the unique inner product on V for which I' is an orthonormal
basis and for a path h: [0,1] — V, let

1
(o h) / |h'(s)|3-ds, if h is absolutely continuous
shaw) =g Jo

0, otherwise .
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We define the “horizontal” Cameron—Martin spaces as
H(V)={h:[0,1] = V|h(0) = 0 and (h,h)g) < oo}
and
Hy(V)={h e HV)|h(1) =0}.

Given h, | € H(V), we can define a real inner product on H (V') by

(hy [ (v :/0 (R (s),1'(s))vds.

With this inner product, Ho(V) C H(V) are Hilbert spaces. We will use Sp
and S to denote orthonormal bases of the Hilbert spaces (Ho(V), (-,-)m(v)) and
(H(V),(-,-)m(v)) respectively.

Definition 1.2. A function f : W(G) — C is called a smooth cylinder function
if there exist a partition P of [0,1] and a function F € C°°(G#(P)) such that
f =Fo p.

For h € H(V), g € W(G), and f : W(G) — C a smooth cylinder function, let

B (9) = Hlof(g - ™), (1.10)

where (g - e'")(s) := g(s)et™®) for all s € [0,1]. In Sec. 5, we will show that the
linear operators

LH(V)f = Z isz and LHO(V)f = Z isz (111)

hes h€So

on smooth cylinder functions on W(G) and L(G) respectively are the generators
of our diffusions given by Theorem 1.1. As will be shown in Sec. 5.1, the heat
kernel measures, v; and 1, satisfy (in the distributional sense) the following “heat”
equations.

Proposition 1.1. If f = F onp is a smooth cylinder function, then

%zxt(f) _ %z/t(LH(V)f) with i (£) = f(e) (1.12)
and

00 =1 ith lim v} (f) = 1.13

O R(P) = 2 g ) with Tim (1) = f(e), (1.13)

where e is the identity path in W(QG).
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2. W(GL(n,R))-valued Diffusions

We will first prove Theorem 1.1 in the special case where G := GL(n,R) is the
general linear group of n x n-real invertible matrices. Let gl(n, R) = Lie(GL(n,R))
be the Lie algebra of GL(n,R) consisting of all real n x n matrices. We will make
gl(n,R) into a Hilbert space with the aid of the Hilbert—Schmidt inner product and
norm given by (A, B) := tr(A" B) and |A| := /tr(A% A) respectively. It is easily
verified that |I| = y/n where I is the identity matrix in GL(n,R) and |[AB| < |A||B|
for all A, B € gl(n,R).

Remark 2.1. Throughout the paper, Cp(I',T) will be used to denote a generic
finite constant which may vary from line to line. However, Cp(I',T') will always
only depend on p € [2,00), T € [0,00), and TV where T" is a finite subset of g.

Theorem 2.1. For each s € [0,1], let g(t, s) be the GL(n,R)-valued solution to the
linear stochastic differential equation,

g(dt,s) = g(t,s)B(dt, s) with g(0,s) =1. (2.1)

Then for any T < oo and p € [2,00),

E[OréltanT lg(t,s) —g(t,0)|P] < Cp(T',T)|s — c7|p/2 YV o,s€0,1], (2.2)
and
Elg(t, s) — g(,0)[" < Cp(T, T)[|t — 7"/ + |s — o]"/?] (2.3)

for all o, s € [0,1] and t, 7 € [0,T]. Both of these estimates hold, with the same
1

constants, when g is replaced by the inverse process, g~ .

The proof of Theorem 2.1 will be completed in Sec. 2.2 below after first prov-
ing some preliminary results. The following result is a simple corollary of Theo-
rem 2.1 along with Kolmogorov’s continuity criteria (see for example Theorem 1.4.1
of Ref. 19 and Corollary 1.2 of Ref. 25).

Corollary 2.1. Keeping the same definition as in Theorem 2.1, there is a jointly
continuous version of g solving Eq. (2.1). Moreover, for any « € (0,1/2) there exists
a random variable, Cyp, < 00 a.s., such that

sup |g(t75) —g(f,,O')| < COC|S_O-|Q (24)
0<t<T

and

l9(t,8) = g(7,0)| < Callt = 7% +|s — o] (2.5)
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2.1. Preliminary results

Let us begin by recalling a standard Brownian semi-martingale estimate, see
Eq. (2.7) below. First we need some definition. Let T be an arbitrary linearly in-
dependent subset of gl(n,R), {B4} scr be independent Brownian motions, and B
be the gl(n, R)-valued Brownian motion defined by,

By =) BAt)A. (2.6)

AeTl

For any gl(n,R)-valued process Vi, let Y;* := sup,,|Y;|. Suppose 7 — Q, €
End(V, gl(n,R)) and 7 — a, € gl(n,R) are continuous adapted processes and

¢ ¢
Y, = / Q-dB, —|—/ ardr € gl(n,R).
0 0

Then for each p € [2,00) there exists ¢, < oo such that

O <6 {E (f t IIQT%dT)M +E( t |aT|dr)p} , (27)

1Q-IF =Y 1Q-(A)*, (2.8)

Ael

where

see for example Proposition 9.2 of Ref. 7. For a > 1 and u, > 0, Jensen’s inequality
implies,

[e3%

t t d o t d t
(/ qu’T) =t¢ </ uT—T) < to‘/ uf_‘—T = to‘*l/ uddr .
0 0 3 0 3 0

Combining this estimate with Eq. (2.7) gives,

¢ ¢
E(Y," )P <¢, {tp/zlE/ ||QT||’11dT+tp’1E/ andT} . (2.9)
0 0

In applying Eq. (2.9), Q- will be of the form, Q- := L, R, with z; and y; in

gl(n,R). The || - |[p-norm of such a Q, may easily be estimated as:
Q-1 = D [er Ayr > < CO)lar [Ply- (2.10)

AeT
where

C) =Y |AP. (2.11)

AeT
Now let {g;}+>0 be the GL(n,R)-valued solution to the stochastic differential

equation;
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The integrated Itd form of Eq. (2.12) is

t 1 t
g —T= /0 9.dB, + 5/0 . 1dB, %, (2.13)

where

[dB;]? = (Z dB;“A) =) A%dt.

Aer Aer
It is standard, see Theorem 5.2.9 of Ref. 18 for example, that this linear stochastic
differential equation has a unique global strong solution.

The next Proposition 2.1 summarizes some well-known estimates on the process
{gt}+>0 solving Eq. (2.12). Since we will need to keep fairly careful track of the
constants appearing in these estimates, we will sketch the proof of Proposition 2.1.
It will be convenient in what follows to let

K(p,T,T) := 2P"L¢, [C(T)P/2T% + 27PTPC(I)7], (2.14)
where ¢, is as in Eq. (2.7) and C(I') is defined in Eq. (2.11).

Proposition 2.1. Let g be the process given by Eq. (2.12). Then for each p €

[2,00),
sup E[|g;|P] < 2P~ 1nP/2eK @ T (2.15)
t<T
and, for all s, t > 0,
Ellg: — gs[*] < 2°7'nPK (p, [t — 5|, T)e = tDTE @ lt=s.T) (2.16)

Similarly, the inverse process, gt_l, satisfies the exact same estimates in Eqs. (2.15)

and (2.16) with g replaced by g~*.

Proof. Let T < oo be fixed and throughout suppose that ¢, 7 € [0, T]. Applying the
estimate in Eq. (2.9) with @, := L, and o, := %gT > Aer A?, using the estimates

1
lar| < 5C(I)lgr| and Q-2 < C(T)lg- [,
implies
t
E(g. — I)[* < ¢, [C(D)P/21(5 =1 4 ¢p=127PC(I)?)] < / E|ngdT> : (2.17)
0

Since
|96/ < 1]+ (g. = D7IP < 277 [0P? + (9. — I);7]
it follows from Eq. (2.17) that

) t
Elg[? < 2~ P> 1 20, [O(D)PTE D 4 TP 12O (/ EgTV’dT)
0
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and, assuming sup, < E|g:|? < oo, it follows by Gronwall’s inequality that
Elg|P < 2P71nP/2 - exp(2P e, [C(D)P/2T(E Y 4 TP=127PC(D)P)t)
< 9p—Lyp/2  JK(p.TT) (2.18)

By stopping g and B at first exit time of g; from an increasing sequence of com-
pact subsets which exhaust GL(n,R), we can easily remove the assumption that
sup,<7 E|g¢|? < oo used to derive Eq. (2.18). Feeding Eq. (2.18) back into Eq. (2.17)
at t = T then implies

E(g. — I);? <nP/?K(p, T,T)eK @1 (2.19)

Now suppose that s € (0,00), t = s + T for some T > 0, and let u, := g7 1gr s
for 7 > 0. Since

dur = ur07[B(r4s) — Bs] with ug =1,
and {B:r4+s — Bs}r>0 has the same law as {B;}; >0, it follows from Eq. (2.19) that
E|gglgS+T —I°P =Elup — I < np/2K(p, T, I‘)eK(p’T’F) .
Since
|9t = 95| = |gs+1 = 95| = 19s(95 g5+ = DI < |gs| - 1(95 gsrr = 1)
and g5 is independent of g; 'gsir — I, we find

Elg: — gs|" < Elgs|” - El(g5 ' gssr — I)|?
< P~ 1pp/2 . K(psT) | np/2K(p, T, F)eK(p,T,F)
= 227 InPK (p, T, F)eK(p,s,FHK(p,T,F)
from which Eq. (2.16) easily follows.
Since

69, " = —g; ' (690)9; " = —9: (9:0B)g; = —0Bug;

it follows that

t 1 t
gt_l —-I= _/ dBTgT + _/ [dB'r}zg‘r .
0 2 0

The process, Q, := —R,_ satisfies (see Eq. (2.10)) the same estimates as L, . There-
fore, by the same methods as above, g~! also satisfies the estimates in Eqs. (2.15)
and (2.16). O
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2.2. Proof of Theorem 2.1

For each s € [0, 1], let g(¢,s) € GL(n,R) solve the stochastic differential equation
g(dt,s) = g(t, s)B(dt, s) with ¢g(0,s) =1I. (2.20)

For an s € (0,1) (fixed), let

- = . Ay
Is:= {A = k(s,s)A} , and Bf* = M (2.21)
Aer k(s,s)
With this definition, {B{i} Aer, are independent Brownian motions such that
By = f(t,s)= > BJA. (2.22)
Aer,

Thus we may apply Eq. (2.16) with I replaced by T's to estimate g(t,s) — g(7, s)
as,

Ellg(t,s) = g(r,8)|"] < 2" 'nP K (p, |t — 7|, L) PrABTIFRA=TIT) - (2.93)

Using C(Ts) = k(s,s)C(I') < C(I) (C(T) was defined in Eq. (2.11)) and the
definition of K in Eq. (2.14), we find

E[lg(t, s) — g(7,8)|P] < Cp(T, T)|t — 7|P/2 ¥V s € [0,1] and t,7 € [0,T].  (2.24)

Now suppose 0 < 0 < s < 1 and let

ug := g(t,8)g(t,o)~ ! and (2.25)

By := B(t.s) = 6(t,0) (2.26)
in which case u; solves

dus = g(t,8)[3(6t,s) — B(6t,0)|g(t,0) " = utAdg(s,0)0 By - (2.27)
Since
di[Adgt,0)|dBy = Adg,yadq,pt,0)dBs
= Ady o adaAdy3* (t,0)ds B = 0,
AeT
we find
1
dt[utAdg(to-)]dBt = §(dtut)Ad9(t70—)dBt

1
5 [utAdg(to-) dBt] [Adg(t,o) dBt}

1
=3 > urAdy o) A*(dB})?
Ael

_ % S lt, $)A%(t,0) "M (dB)?, (2.28)
Ael
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where Bf' := 34(t,s) — A(t, o). If we let

F(o,s) = [k(s,s) + k(o,0) — 2k(0, 5)], (2.29)
[ys:={A:=\/F(o,5)A: AcT}, and (2.30)
B;@ _ ﬂA(t,S) — ﬂA(t,J) _ B{‘ (2.31)

v/ F(o,s) - JF(o,s)’

then, by checking covariances, {Bfi} Aer, . are independent Brownian motions such
that '

By =f(t,s) - B(t.o) = Y B{A. (2.32)
Aer,

(A simple direct computation shows that F'(o,s) > 0 if o # s.) Furthermore, since
B = \/F(0,s)B{, it follows that (dB{*)? = F(o, s)dt. From this observation and
Eq. (2.28), the integrated It6 form of Eq. (2.27) is given by

t 1 t
uy — I = / Lg(T,s)Rg(T’J)fldBT + §F(U, 8)/ Z g(T, 8)A2g(7', o')fldT . (2.33)
0 0 Aer

Using the decomposition of B; in Eq. (2.32), we may apply the estimate in Eq. (2.9)
to Eq. (2.33) to find

t
E[(U - I):p] < Cp{tp/zlE/O HLg(T,s)Rg(T,a)_l ||i')‘,,vsd7_

t
1

—l—tpflE/ §F(0',S) g g(r,8)A%g(r,0)7!

0 Aer

Z g(T, S)Azg(T, 0)71

Ael
C(Tys) = F(0,s)C(T") and by Eq. (2.10),
| Lg(r ) Ry(roy1IIE, . < C(D)F(a,8)|g(r,8)[*|g(r,0) 71,
it follows from Eq. (2.34) that
E((u— 1)})P < ¢,(C(T)P/2FP/% (0, 5)tP/>~1 4 27PC(T)PFP (0, s)tP"Y)N  (2.35)

p
dT} . (2.34)
Since

< CM)lg(r, 9)llg(r,0) 7,

where

t
N := E/ lg(r,8)|Plg(7, o)~ [Pdr .
0

By Holder’s inequality and the estimate in Eq. (2.15),

T
N<C@pT):= /O (Ellg(r, s)[*P])V/2(Ellg(r,0) 7' [*])/2dr < o0



Heat Kernel Measure on Loop and Path Groups 145

which combined with Eq. (2.35) implies
E[(u — I);?] < ¢,C(p, T)(C(T)P/2FP/2(g, s)tP/2~1 + 27PC(T)PFP(a, s)tP71) .

(2.36)
Since
l9(t,5) = g(t,0)| = llg(t,5)g(t,0)~" = I]g(t,0)|
< lg(t,s)g(t, o) ™" = Il|g(t, 0)]
= |ur — 1|g(t,0)],
it follows that
[9(-,8) —g( 0)l7" < [u. — I]797°(-,0) - (2.37)

By Holder’s inequality, the estimate in Eq. (2.36), and Proposition 2.1 we have
(E[g(a 3) - 9(7 U)];“p)2 S E[u - I];?p . Eg;zp('a 0)
< CD,T)[F(o,5)” + Flo.s)?].  (2.38)

In each of the two cases considered (Brownian sheets and Brownian bridge sheets),
we have |2 F(,s)| < 2 and F(o,0) = 0 and therefore,

e
/U EF(O’, r)dr

Combining the estimates in Egs. (2.38) and (2.39) then implies
Elg(,s) = g(, o)) < Cp(T, T)lls — o’ + |s — o|*#]*/2

F(o,s) = <2|s—o]. (2.39)

< Cp(D,T)|s — a|P/?. (2.40)
Finally, let 0 < 7 < T and 0 < ¢ < s < 1. From Eqgs. (2.24), (2.40), and the
triangle inequality we have,
lg(t,s) = g(7,0)l[r < llg(t, s) — g(7,9)l|Le + [lg(7, 8) — 9(7, 0)l| v
< Cp(T, D[t = 7Y% + |s — o] /?]

which implies the estimate in Eq. (2.3).

3. Matrix Groups

Though G may not have a finite dimensional real representation, Ado’s Theorem
(p. 199 of Ref. 17) states that g has a faithful representation, ¢ : g — go, where
go is a matrix Lie sub-algebra of gl(n,R) for some n € N. Let Gy C GL(n,R)
be the unique connected Lie subgroup of GL(n,R) with Lie(Go) = go. If we let
D:={A:A¢cgoCgl(n,R)}, then D is an involutive distribution and Gy may be
described as the unique maximal D-integral manifold in GL(n,R) which contains
I € GL(n,R), see Theorem 3.19 of Ref. 26.
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Remark 3.1. While Gy is a subgroup, it is not necessarily closed as a subset of
GL(n,R). See Sec. 3.8 of Ref. 15 for an example of such a matrix group.

Definition 3.1. Let 79 be the manifold topology on Gy and 7; be the topology on
Gy which is inherited from GL(n,R). In general, 7; may be a proper subset of 7.

We give GL(n,R) a Riemannian structure by extending the inner product, (-, -),
on gl(n, R) to a right invariant Riemannian metric on GL(n, R). This metric induces
a right-invariant distance on GL(n,R) defined by,

1
dot sy () = int / o/ (s)o~ ()| ds (3.1)
9 Jo

where the infimum is taken over piecewise C''-paths, o : [0,1] — GL(n,R), such
that 0(0) = z and (1) = y.
Let exp : gl(n,R) — GL(n,R) be the matrix exponential map defined by,

o0 An
exp(A) :i=et =) — forall A € gl(n, R) (3.2)
n=0
and
- L,
log(x Z ﬁ "for |I —x| <1 (3.3)
n=1

be its local inverse.

Lemma 3.1. There exists connected open mneighborhoods, N C go and W C
GL(n,R), of 0 € go and I € GL(n,R) respectively such that exp(N) is the 1¢-
connected component of Go N W containing I € Gy.

Proof. Let g{, be a complementary subspace to go in gl(n, R) and define 9 : g x
g, — GL(n,R) by; ¥(A4, B) := ePe?. Then it is well known (see for example
Theorem 1.5.3 of Ref. 10) that

d v
= o(A+tA'B) = Lw(A,B)*/O e 1 A'ds € Lya,py«80 = Dy(a,B) -

Hence for each B € g, and a sufficiently small open neighborhood, N, of 0 € go,
N 5 A — eBe” is a D-integral sub-manifold in GL(n,R).

Let us choose connected open neighborhoods, N and N’, of 0 in gy and g
respectively such that ¢ : N x N’ — GL(n,R) is a diffeomorphism onto W :=
(N x N') — an open connected neighborhood of I € GL(n,R). We have just
shown that z := (z,y) := ¥| 5.+ is a chart on W C GL(n,R) such that {y = B}
with B € N’ are integral submanifolds of D.

Let C be the 79-connected component of Gy N W which contains I € Gy. Since
GoNW is 1p-locally path connected, C is 7p-open (and closed in general) in Go N W
and therefore C is a connected integral submanifold of D. So for h € C, T},C =
Lp«go = Dy and therefore, dy(TrC) = 0. Now y|c is constant because C is also
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connected in the weaker topology, 7;, on Go N W inherited from GL(n,R). Since
I € Cand y(I) = 01it follows that C C {y = 0} = exp(N). Asexp: N — (GoNW, 19)
continuous map, exp(N) C Go N W is a 7g-connected set containing I. Therefore
exp(N) C C and thus C = exp(N). |

Proposition 3.1. There exists a connected open neighborhood, 8, of 0 € gl(n,R)
such that:

(i) 6 := exp(0) is a connected open neighborhood of I € GL(n,R),
(ii) exp: 0 — 0 is a diffeomorphism,
(iii) there are constants Cy, Cy > 0 such that

Cl‘y - 1’| < dGL(n,R) (:L'vy) < C?‘y - 1’| (34)

for all , y € 0,
(ili) there exists C' < oo such that

|log(z)| < C|I — x| for all z €6, (3.5)

(v) and the T9-connected component, C, of Go N 6 containing I is exp(6 Ngo).

Proof. Items (i)—(iv) will hold for any sufficiently small open neighborhood, 6, of
0 € GL(n,R). This is true for items (i) and (ii) by the inverse function theorem.
Ttem (iii) holds because GL(n,R) is an open subset of gl(n,R) and the fact that
the metric space topology coincides with topology determined by the differentiable
structure (see Corollary I1.6.1 of Ref. 5). Item (iv) holds by a simple estimate of the
power series expansion for log(x) in Eq. (3.3).

For item (v), we take § = W = (N x N') as in the proof of Lemma 3.1 with
N and N’ sufficiently small so that 6 := log(f) satisfies assertions (i)-(iv) of the
proposition and exp : N + N’ — exp(N + N’) is a diffeomorphism with inverse
given by the log function. Since N C g¢ and

0:10g(eN/ -eM) Dlog(eN) =N,

we see that N C go N 6. As exp(go N 0) is a 1p-connected subset of G N 6 which
contains I, we must have

exp(go NO) C C =exp(N). (3.6)
Since exp : 8 — 6 is bijective and N C go N @ C 6, we may conclude from Eq. (3.6)
that goN# C N. Thus we have shown goNé = N and hence exp(goNf) = exp(N) =
C, which completes the proof of item (v). O

Definition 3.2. For the rest of this section, we will assume 6 has been chosen as
in Proposition 3.1. Moreover, we will let U := 6 Ngg and U := exp(U) which may
also be described as the 7g-connected component of Gy N 6 which contains I € Gy.
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Since go C gl(n,R), go inherits the Hilbert—Schmidt inner product from gl(n, R)
and this inner product induces a unique right-invariant Riemannian metric on Gy.
Let dg, denote the induced right-invariant distance on Gy. That is, for z, y € Go,

oy (@) = in / o/ ()0~ (3)]ds (3.7)

where the infimum is now taken over all piecewise C! paths, o : [0,1] — G with
0(0) =z and 0(1) = y.

Lemma 3.2. Suppose v : [0,T] — GL(n,R) is a continuous map such that y(t) €
Gy for allt € [0,T). Then vy is a To-continuous map into Go. Moreover, if we further
assume that v([0,T]) C Go N 0, then

(a) v(t) € U for all t € [0,T], and
(b) dgo(I,7(t)) < C|I —~(t)| for all t € [0,T], where C is the constant appearing
in Eq. (3.5).

Proof. The assertion that v is continuous as a map into Gy follows from The-
orem 1.62 of Ref. 26 and the construction of Gy as a maximal integral manifold
(Theorem 3.19 of Ref. 26) as described above.

For assertion (a), notice that ([0, 7)) is the mo-continuous image of a connected
set and is therefore a 7o-connected subset of GoNA. As I € 4([0,T]), it now follows
that v([0,7]) C U.

Finally, for any Lie group, d(I,e?) < |A| which follows from the fact that

s — e is a path joining I, at s = 0, to e, at s = 1 and hence

1 1
d(I,e?) §/ (165A> e A ds :/ |Alds .
0 ds 0

Assertion (b) follows by substituting A = log~(¢) and using Eq. (3.5). O

Lemma 3.3. Let p: H — G be a Lie homomorphism of two Lie groups, H and G,
b :=Lie(H), g := Lie(G), T be a finite subset of b, and { B4} acr be a collection of
independent Brownian motions. If hy € H solves the stochastic differential equation,

Shy =Y A(hy)dB{* with hg =e € H (3.8)
Aer
then g := p(ht) € G solves the stochastic differential equation,

39 =Y psA(g)dB; with go=e € G, (3.9)
Ael

where p, A = Liop(e!t) € g.

Proof. For f € C*(G) (so that fop e C>®°(H)) and A € g we have
- d d
A(F o)) = Lo f(pthe ) = Lo oot )

= (- Af)(p(h)) .
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Therefore it follows that

5f(ge) = 6(f o p(he)) =Y _(A(f 0 p))(hu)d B

Ael

= S (AN (p(h))SBE = 3" (0. Af) ()0

Ael Ael

That this last identity holds for all f € C*°(G) is precisely the meaning of the first
identity in Eq. (3.9). This completes the proof since go = p(ho) = p(e) =e € G. O

Proposition 3.2. Let T' be any linearly independent subset of go, B: =
> acr BA(t)A where {B*} , p are independent Brownian motions, and let g, €
GL(n,R) solve the stochastic differential equation

0gr = g:0By with go = I € GL(n,R). (3.10)
Then, almost surely, g, € Gy for all t and g. = h. where
Ohy = Lht*(;Bt with hg =1 € Gg. (311)

The stochastic differential equation in Eq. (3.11) is to be interpreted as an equation
on Gy.

Proof. By Theorem 4.8.7 of Ref. 19, there exists a unique solution, h; € Gy,
to the stochastic differential equation in Eq. (3.11). Applying Lemma 3.3 with
H = Gy, G = GL(n,R), and p being the inclusion map, shows p(h;) = h; also
solves Eq. (3.10) with g changed to h. Since solutions to Eq. (3.10) are unique, we
know that g. = h. a.s. O

We now prove Theorem 1.1 with G replaced by Go. We will let fy(t,s) =
w(B(t, s)), where ((t, s) is given in Eq. (1.1) and ¢ : g — go C gl(n,R) is a faithful
representation of g.

Theorem 3.1. For each s € [0,1], let g(t, s) be the Gy valued process solving
g(dt,s) = g(t, s)Bo(dt, s) with g(0,s) =1I. (3.12)

Then g(t,s) has a version, go(t,s), which is jointly continuous in the manifold
topology, 19, on Gy.

Remark 3.2. Proposition 3.2 gives that g in Eq. (3.12) is Go-valued, and Theo-
rem 2.1 indicates that it has a jointly continuous version when viewed as a GL(n, R)-
valued process. It remains to show how this implies a jointly continuous version in
the 19-topology on Gy.

Proof. Let A := U2, {m27"|0 < m < 2"} be the dyadic rationals in [0, 1].
Applying Kolmogorov’s continuity criterion (Theorem 1.4.1 of Ref. 19) to Eq. (2.40)
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implies that, for every « € (0,1/2), there exists a random variable C,, : Q — (0, 00]
such that C, < oo a.s. and

sup |g(t,s) —g(t,0)| < Cqls —o|* Vo,s €A. (3.13)
0<t<T

By Proposition 2.1, C' := supg<i<7 [9(t,0) 71| < 00 a.s. Since
‘g(ta S)Q(t, 0-)71 - I| = |(g(t7 5) - g(t7 O))g(ta 0-)71‘

S \g(t,s) - g(t,0)||g(t,0)_1| ’
we have

sup |g(t, s)g(t,o0) P —I| < Culs —0o|* Vo, s€eAN, (3.14)
0<t<T
where C,, := CC, < x a.s.

Let § > 0 be chosen so that if 2 € GL(n,R) satisfies, |I — z| < 8, then z € 6
where 0 is as in Proposition 3.1. As Cy < 00 a.s., the random variable, ¢ := 6/C’a,
is almost surely positive. Hence at a sample point, w € Q, where C, (w) < oo
(equivalently e(w) > 0), we have (t — g(t,s)g(t,0)~') € C([0,T],60) provided o,
s € A and |s — o] < e. Since g(t,s)g(t, o)1 € Gy as well, we may apply Lemma 3.2
to conclude that the map, (t — g(t, s)g(t, o)1) : [0,T] — Go N G, is To-continuous.
Moreover for s, 0 € A with |s — 0| < ¢, Lemma 3.2 implies that

sup_da(g(t,s)g(t,0) "', 1) < C sup lg(t,8)g(t, o)™ — 1| < CCuls —ol”,
0<t<T 0<t<T

wherein the last inequality we have used Eq. (3.14). Since our metric was chosen
to be right invariant, this equation may be written as,

sup dGO(g(ta 8),g(t, U)) < Cé@|8 - O-|a y
0<t<T

provided that s, 0 € A and |s — 0| < €. By repeated use of the triangle inequality
we may now conclude that
sup dGo(g(t’s)79(taO—))Séoc|s_0|ava’ s€A,
0<t<T
where
C, = CC’a(l +e )= CC’a(l + (5*16‘&) < 00 a.s.
This shows that (almost surely) A 3 s — g(-,s) is an a-Hélder continuous map
into C([0,T] — Gy), where C([0,T] — Gy) is equipped with the uniform metric
associated to dg,. This map is therefore uniformly continuous and extends uniquely
to a Holder continuous map from [0,1] — C([0,T] — Go) which is the desired
version. That is, if we define
go(t,s) :== 1)121/3 g(t, \),
A—s
then since [0,1] 3 s — g¢g(-,s) € LP(,C([0,T] — gl(n,R)) is continuous (see
Eq. (2.40)), we may conclude that go(-,s) = g(-, s) a.s. for all s € [0,1]. So that go
is indeed a version of g. O
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4. Pushing Down and Lifting Up

Up to this point we have constructed a jointly continuous Gg-valued process satisfy-
ing the desired stochastic differential equation, Eq. (3.12). We have yet to indicate
how this implies Theorem 1.1, since G is not a matrix group in general. This will
be accomplished by first lifting the process, go(t,s) € Go, of Theorem 3.1 to the
universal cover, G, of both G and Gy and then pushing the resulting process down
to G. The next proposition explains the “pushing down” procedure in this covering
group context.

Lemma 4.1. (Pushing down) Suppose p : H — H is a Lie group homomorphism
which is also a covering map. Let ) := Lie(H) and b = Lie(H), so that pey : h — b
is a Lie algebra isomorphism, where é € H is the identity. Let T be any linearly
independent subset of b,

Ii=p'(0):={A:=p'!Ach:AcT}Ch,

B(t,s) = ZAEF ﬁA(tas)A7 and B(tvs) = ZAeP ﬁA(t,S)A, where {ﬂf}AEF are in-
dependent Brownian sheets or Brownian bridge sheets. If §(t,s) € H is a process
satisfying, for each s € [0,1],

§(5t,8) = Ly(1,5)-B(5t, s) with §(0,s) =é € H (4.1)
then g(t, s) := p(g(t, s)) is an H-valued process satisfying,
g(0t,8) = Ly, s)«3(0t, s) with g(0,s) =e € H. (4.2)

Proof. This is a special case of Lemma 3.3 with §(¢,s) being decomposed as in
Eq. (2.22). Alternatively, one can simply repeat the proof of Lemma 3.3 in this
context. a

Let G be the unique (up to isomorphism) simply connected Lie group such that
g:= Lie(é) is isomorphic to g. The group G is the universal cover for any Lie group
whose Lie algebra is isomorphic to g. Hence there exist covering maps, p : G — G
and pg : G — Go. The maps p and py are also Lie group homomorphisms which are
also locally isomorphisms. By constructing po : G — G to be the unique Lie group
homomorphism such that pg«s = pp«s, we may further assume that pg.c = @pse-

Since [0,00) x [0, 1] is contractible, the continuous Gy-valued process, go(t, s),
of Theorem 3.1 has a unique lift to a continuous process G-valued process, g(t,s),
see for example Lemma 14.2 of Ref. 23. More explicitly, g(t, s) is the the unique
jointly continuous process in G such that §(0,0) = e and po(§(t, s)) = go(t, s). Since
go(t,0) = I for all ¢, and g(-,0) is a lift of go(+,0), we may further conclude that
§(t,0) = é € G for all t.

Corollary 4.1. (Lifting up) The continuous G-valued process, g(t,s), described
above satisfies the stochastic differential equation,

G(0t,8) = Ly1.6)-B(3t, ) with §(0,s) =é € G, (4.3)
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where B(t,s) == po2B(t,s) = pysBo(t,s), with B(t,s) given as in Eq. (1.1) and
Bo(t,s) as in Theorem 3.1.

Proof. Let go(t, s) be as in Theorem 3.1. Fix an s € [0, 1] and let g(, s) solve (see
Theorem 4.8.7 of Ref. 19),
g(ot,s) = Lg(t,s)*ﬁ(ét, s) with §(0,s) =é € G. (4.4)

By the push down Lemma 4.1, po(g(-,s)) solves the same stochastic differential
equation as go(-,s) and therefore by uniqueness of such solutions, we know that
p0(g(-,8)) = go(+,s) a.s. This shows, almost surely, that g(-,s) is a lift of go(:, s)
and since lifts are unique we may conclude that g(-,s) = g(-, s) a.s. In particular,
J(+, s) solves the same stochastic differential equation as g(-, s), i.e. t — g(t, s) solves
Eq. (4.3). |

4.1. Completion of the proof of Theorem 1.1

Let g(t,s) := p(j(t,s)) € G where §(t, s) is the jointly continuous G-valued process
in Corollary 4.1. Clearly g(t, s) is a jointly continuous process which by the push
down Lemma 4.1 satisfies, Eq. (1.6) with o¢(s) = e € G. For general 09 € W(G),
the process, X(t, s) := oo(s)g(t, s), satisfies the conclusions of Theorem 1.1.

5. Heat Equations

We refer to the reader to the Introduction for the definition of cylinder functions
and their derivatives. In this section, we will reference results found primarily in
Refs. 6, 8 and 9.

Definition 5.1. Forn e N, i € {1,2,...,n}, F € C*°(G"), and A € g, let

. d
A(Z)F(wl,xz,...,xn) = E‘OF(wl’ comie mi L my,) (5.1)

for all (z1,xo,...,z,) € G™.

Remark 5.1. Note that if f = F o mp as in Definition 1.2, then

hf = Z(/?(}f)(i)zr) ompVheHYV). (5.2)

In particular, note that Af is still a smooth cylinder function based on the same
partition P.

Recalling the definitions of k, ko : [0,1]? — [0,1] in Eq. (1.2), we have, by the
same methods used to prove Lemma 3.8 in Ref. 8 or Lemma 3.3 in Ref. 9, that

> h(o) @ h(s) = k(s,t) Y A® A and

hes Ael

D h(o) @h(s) =ko(s,t) > A®A.

heSo Ael
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From these identities and Eq. (5.2) it easily follows, see Remark 3.5 in Ref. 9, that
if f=F omp, then

Lyw)(Fomp) = (LpF)omp

and

Ly, f = (LpF) omp,
where Lp and L} are the operators on C'> (G#(P)) defined by,
n
LpF = > k(sj,s)(ADADF), (5.3)
A€T i,j=1
and
n ~ . ~ .
LYF =Y > ko(sj, ) (AVADF). (5.4)
A€T i,j=1

Definition 5.2. Given the Brownian sheet or Brownian bridge sheet, 5(t, s) (see
Eq. (1.1)), and a partition, P, of [0, 1] as in Eq. (1.4), let

ﬁ'P(t) = (ﬂ(tv 81)7ﬂ(t7 82)7 . 7ﬂ(t7 Sn)) .

In the next proposition, X(¢,s) will denote the continuous G-valued process
described in Theorem 1.1 with o¢(s) = e € G for all s € [0,1]. When [ is the
Brownian bridge sheet, we will denote ¥ by V.

Proposition 5.1. If 8(t,s) is a Brownian sheet, P is a partition of [0,1], and
Sp(t) :=7mp o X(t, ), then Xp solves the stochastic differential equation,

Sp(6t) = Ly, 1= 8p(6t) with Sp(0) = (e,e, ... e) € GFP)

and has %Lp (see Eq. (5.3)) as its generator. Similarly, if B(t,s) is a Brownian
bridge sheet and X% (t) := 7p o X°(t,-), then £Y% solves

S (6t) = Lsg 1)3p(6t) with £%(0) = (e,e, ..., e) € GFP)

and has 5LY (see Eq. (5.4)) as its generator.

Proof. We refer the reader to Sec. 3.3 of Ref. 6, specifically the proof of The-
orem 3.10, for a proof of the second statement. This proof is valid despite the
difference in starting assumptions (in Ref. 6, the group G was assumed to be com-
pact and T’ was assumed to span g). The proof of the first statement follows by
replacing ko with k. O
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5.1. Proof of Proposition 1.1
If f = F omp, then by Proposition 5.1 and Egs. (5.3) and (5.4),

O ) = DEP(Sp(0)] = SEI(LpF)(Dp (1)

= SELaw HEO)] = 31w )

and

lim v (/) = B ELF(Sp (1)) = Fle,e,...) = f(e).

This proves Eq. (1.12). Equation (1.13) is proved analogously.

Appendix

Suppose that I' C g is a finite subset which is not necessarily independent in g. We
again may let

ﬂ(tvs) = Z 6A(t75)A7 (Al)

Ael

where {34} er are independent mean zero Gaussian fields with covariances de-
scribed in Eq. (1.1). The following lemma shows that there is no loss of generality,
for the purposes of this paper, in assuming that I" is in fact a linearly independent
subset of g.

Lemma A.1. Let V := span(I') C g. There is a unique inner product on, (-,-)v,
on'V such that if {Ai}?ﬁl(v) is an orthonormal basis for V, then
dim(V)

B(t,s) = Z B(t, s)A;

where {(s,t) := (B(t, s), Ai)}?i:nf(v) is again a collection of independent R-valued
Brownian sheets or Brownian bridge sheets.

Proof. For a, 3 € V*, let q(o, B) := > scp a(A)B(A). Then g defines an inner

product on V* which in turn induces an inner product, (,-)y, on V such that

{AZ—}?E(V) C V is an orthonormal basis for (-, )y iff the the dual basis, {ai}?i:r;l(v),

is an orthonormal basis for (V*, ¢(-,-)). For such a basis we have

dim(V)

Blt,s)= > a'(Blt,s))A,

i=1
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where a/((t, s)) are mean zero Gaussian processes such that

Ela’ (B(t, 9)o’ (B(t,))] = Y E[3*(t, )67 (t, s)][a (A)o’ (B)]

A,B€ET

k(o,8)(t A T) Z [ (A)ad (A)]

AeTl

= k(o,8)(t AT)q(a’,?) = §;k(o, s)(t AT).

As o' (B(t,5)) = (B(t, 5), A;), the proof is complete. O
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