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Certain natural geometric approximation schemes are developed for Wiener
measure on a compact Riemannian manifold. These approximations closely mimic
the informal path integral formulas used in the physics literature for representing
the heat semi-group on Riemannian manifolds. The path space is approximated by
finite dimensional manifolds H, (M) consisting of piecewise geodesic paths adapted
to partitions Z of [0, 1]. The finite dimensional manifolds H, (M) carry both an
H' and a L? type Riemannian structures, G, and GY, respectively. It is proved
that (l/Z"g)e“l/z)E“’)dVolG;(a)—>p,-(a) dv(o) as mesh(2)— 0, where E(o) is
the energy of the piecewise geodesic path e Hy, (M), and for i=0 and 1, Z/,
is a “normalization” constant, Volg, is the Riemannian volume form relative
to G, and v is Wiener measure on paths on M. Here p,(¢)=1 and py(o)=
exp( f%j}) Scal(a(s)) ds) where Scal is the scalar curvature of M. These results are
also shown to imply the well known integration by parts formula for the Wiener
measure.  © 1999 Academic Press
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1. INTRODUCTION

Let (M, g,0) be a Riemannian manifold M of dimension d, with
Riemannian metric g (we will also use <-,-)> to denote the metric) and a
given base point oe M. Let V be the Levi-Civita covariant derivative,
A=tr V? denote the Laplacian acting on C*(M) and p,(x, y) be the
fundamental solution to the heat equation, du/ds = 1Au. More explicitly,
p.(x, y) is the integral kernel of the operator ¢4 acting on L*(M, dx),
where dx denotes the Riemannian volume measure.

For simplicity we will restrict our attention to the case where M is either
compact or M is R4 If M = R% we will always take o=0 and < -,-) to be
the standard inner product on R In either of these cases M is stochasti-
cally complete, i.e, jMpS(x, y)dy=1 for all s>0 and xe M. Recall, for s
small and x and y close in M, that

1\ 1/2s) d 2
pin s (5 et (1)

where d(x, y) is the Riemannian distance between x and y. Moreover if
M =R’ then 4=%7_,0%/0x?, d(x, y)=|x— y| and Eq. (1.1) is exact.

i=1

DeFNITION 1.1.  The Wiener space W([0, T]; M), T>0 is the path
space

W([0,T]; M)={0:[0,T] > M:0(0)=o0and ois continuous}. (1.2)

The Wiener measure v associated to (M, {-,->, o) is the unique probability
measure on W([0, 7]; M) such that

fo) dvr(a)

J‘W([O, T]; M)

=] B ) T paglirx) dvy ey, (13)

i=1

for all functions f of the form f(o¢)=F(o(s,),..,a(s,)), where 2 :=
{0=s0<s5,<8,<---<s,=T} is a partition of [:=[0,T], 4;5:=
s;—S;_1, and F: M" — R is a bounded measurable function. In Eq.(1.3), dx

1
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denotes the Riemann volume measure on M and by convention x, := 0. For
convenience we will usually take 7=1 and write W(M) for W([0, 1]; M)
and v for v,.

As is well known, there exists a unique probability measure v, on
W([0, T]; M) satisfying (1.3). The measure v, is concentrated on continuous
but nowhere differentiable paths. In particular we get the following path
integral representation for the heat semi-group in terms of the measure v,

W2 A1) =

Sa(s)) dvy(a), (14)

JW([Os T]; M)

where f is a continuous function on M and 0 <s< T.

Notation 1.2. When M =R? (.,.) is the usual dot product and 0 =0,
the measure v defined in Definition 1.1 is standard Wiener measure on
W(R?). We will denote this standard Wiener measure by u rather than v. We
will also let B(s): W(R?) — R? be the coordinate map B(s)(g):=B(s, g) :=
a(s) for all o W(RY).

Remark 1.3 (Brownian Motion). The process { B(s)};cro, 17 is a standard
R“valued Brownian motion on the probability space (W(R?), u).

1.1. A Heuristic Expression for Wiener Measure. Given a partition
P ={0<s;<8,< -+ <s,=1} of [0,1] and x:=(xy, .., X,) € M", let o,
denote a path in W(M) such that o,(s;) = x; and such that o, |,  ,;isa
geodesic path of shortest length for i=1, 2, .., n. (As above, x,:=0€ M.)
With this notation and the asymptotics for p,(x, y) in Eq. (1.1), we find

n n 1 dj2 1 )
l;[ S Xi_1,X ' l;[ <27IA S> exp{_md(xilsxi) }

1 e, )
e | =5 [ lnP i),

where ' (s) := (d/ds) a,(s) for s¢ # and Z, :=T[]"_, (2n4,s)> Using this
last expressmn in Eq. (1.3) and letting the mesh of the partition # tend to
zero we are lead to the heuristic expression

1
dv(o_) “:”26_(1/2)E(0-)90-> (15)

where
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is the energy of g, Yo denotes a “Lebesgue” like measure on W(M) and Z
is a “normalization constant” chosen so as to make v a probability measure.

Let V' be a continuous function on M. Then Eq.(1.5) and Trotter’s
product formula leads to the following heuristic path integral formula for the
parabolic heat kernel of the Schrédinger operator 14—V,

eS((1/2) 4— V)f(o)

1

~ jW(M) f(O'( 1 )) e—((1/2s) E(o)+s j(l) V(o(r)) dr) @0_' ( 17)

Equation (1.7) can be interpreted as a prescription for the path integral
quantization of the Hamiltonian }g%p,p,+ V. The use of “path integrals” in
physics including heuristic expressions like those in Egs. (1.5) and (1.7) star-
ted with Feynman in [47] with very early beginnings being traced back to
Dirac [26]. See Gross [54] for a brief survey of the role of path integrals
in constructive quantum field theory and Glimm and Jaffe [52] for a more
detailed account.

The heuristic interpretation of the “measure” Z¢ is somewhat ambiguous
in the literature. Some authors, for example, [ 21, 23-25] tend to view W(M)
as the infinite product space M’ and Z¢ as an infinite product of Riemann
volume measures on this product space. This is the interpretation which is
suggested by the “derivation” of Eq. (1.5) which we have given above.

Other authors, [4, 11] interpret Z¢ as a Riemannian “volume form” on
W(M). We prefer this second point of view. One reason for our bias towards
the volume measure interpretation is the fact that the path space W(M) is
topologically trivial whereas the product space M is not. This fact is reflected
in the ambiguity (which we have glossed over) in assigning a path o, to a
point X = (x4, .., X,) € M" as above in the case when there are multiple dis-
tinct shortest geodesics joining some pair (x;_;, x;). However, from the
purely measure theoretic considerations in this paper we shall see that the
two interpretations of Yo are commensurate.

Of course Eqgs. (1.5) and (1.7) are meaningless as they stand because:
(1) infinite dimensional Lebesgue measures do not exist and (2) Wiener
measure v concentrates on nowhere differentiable paths which renders the
exponent in (1.5) meaningless. Nevertheless, in Theorem 1.8 we will give two
precise interpretations of Eq. (1.5).

1.2. Volume Elements on Path Space. To make the above discussion
more precise, let H(M)< W(M) be the Hilbert manifold modeled on the
space H(RY) of finite energy paths:

H(M)={oe W(M): g is absolutely continuous and E(c) <co}. (1.8)
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Recall that 0 € W(M) is said to be absolutely continuous if fo ¢ is absolutely
continuous for all fe C*(M). (It is easily checked that the space H(M) is
independent of the choice of Riemannian metric on M.) The tangent space
T,H(M) to H(M) at ¢ may be naturally identified with the space of
absolutely continuous vector fields X:[0,1] —» TM along o (ie., X(s)e
T, M for all s) such that X(0)=0 and G'(X, X) < o0, where

1 /VX(s) VX

G'(X, X)::L <d§” d§”> ds, (1.9)
VX(S)._ ﬁ -1

=2 = /14(0) S A0 X)), (1.10)

and //,(¢): T,M — T, M is parallel translation along ¢ relative to the Levi—
Civita covariant derivative V. See [ 35, 36, 48, 64, 85] for more details.

By polarization, Eq. (1.9) defines a Riemannian metric on H(M). Similarly
we may define a “weak” Riemannian metric G° on H(M) by
setting

GO(X, X) ::jl CX(s), X(5)) ds (1.11)

for all Xe TH(M). Given these two metrics it is natural to interpret Yo as
either of the (non-existent) “Riemannian volume measures” Volgi or Volgo
with respect to G' and G° respectively. Both interpretations of %o are
formally the same modulo an infinite multiplicative constant, namely the
“determinant” of d/ds acting on H(T,M).

As will be seen below in Theorem 1.8, the precise version of the heuristic
expressions (1.5) and (1.7) shows that depending on the choice of volume form
on the path space, we get a scalar curvature correction term.

1.3. Statement of the Main Results. In order to state the main results, it
is necessary to introduce finite dimensional approximations to H(M), G!, G°,
Volgi and Volgo.

Notation 1.4. Hy(M)={ceH(M)n C*(I\?): Vd'(s)/ds =0 for s¢ P} —
the piecewise geodesics paths in H(M) which change directions only at the
partition points.

It is possible to check that H, (M) is a finite dimensional submanifold
of H(M). Moreover by Remark 4.3 below, H, (M) is diffeomorphic to
(R%)". For o € H,(M), the tangent space T, H, (M) can be identified with
elements Xe T, H,(M) satisfying the Jacobi equations on I\Z, see
Proposition 4.4 below for more details. We will now introduce Riemann
sum approximations to the metrics G' and G°.
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DEFINITION 1.5 (The 2-Metrics). For each partition 2 = {0 =15, <s; <
$,< - <s,=1} of [0,1], let G, be the metric on TH, (M) given by

1 % /VX(sioi+) V(s +)
GL(x, Y).—i;< T >A,.s (1.12)

forall X, Ye T,H,(M) and 0 e H,(M). (We are writing VX(s;_; + )/ds as
a shorthand for lim,, (VX(s)/ds).) Similarly, let GY be the degenerate
metric on H, (M) given by

n

G%(X, Y): Z ), Y(5,)) 4,5, (1.13)

forall X, Ye T,H,(M) and 6 e H,(M).

If N? is an oriented manifold equipped with a possibly degenerate
Riemannian metric G, let Vol; denote the p-form on N determined by

Volg(0y, vy s U,) 1= /det({G(v;, 1)} 7, _ ), (1.14)

where {v;, vy, .., v,} = T,N is an oriented basis and ne N. We will often
identify a p-form on N with the Radon measure induced by the linear func-
tional f'e C.(N) - |y fVolg.

DErFINITION 1.6 (#-Volume Forms). Let Volg o and V01G1 denote the

volume forms on H, (M) determined by GY% and Glg, in accordance with
Eq. (1.14).

Given the above definitions, there are now two natural finite dimensional
“approximations” to v in Eq. (1.5) given in the following definition.

DEerFINITION 1.7 (Approximates to Wiener Measure). For each partition
P={0=s50<5,<5,<---<s,=1} of [0,1], let v} and vl denote
measures on H, (M) defined by

1

0 ._ —(/2)E
Vyp =5 € Volgo
2
and
1 L _ape
Ve ==1€ Volg,

2
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where E: H(M)— [0, o0) is the energy functional defined in Eq. (1.6) and
7% and Z, are normalization constants given by

Z% =[] /2rd;)* and  ZL :=(2rn)"> (1.15)

We are now in a position to state the main results of this paper.

THEOREM 1.8. Suppose that f: W(M)— R is a bounded and continuous,
then

lim f(o) dvl,(c) = jW(M) 1(a) dv(a) (1.16)

122 - 0 JE (A1)
and
lim [ o) dS(0)
|21 =0 YH (M)
:f f(o) e WO §b Scal(a(s)) ds (o), (1.17)
W(M)

where Scal is the scalar curvature of (M, g).

Equation (1.16) is a special case of Theorem 4.17 which is proved in
Subsection 4.1 and Eq.(1.17) is a special case of Theorem 6.1 which is
proved in Section 6 below. An easy corollary of Eq. (1.17) of this theorem is
the following “Euler approximation” construction for the heat semi-group
e*42 on L?(M, dx). The following corollary is a special case of Corollary 6.7

COROLLARY 1.9. For s>0 let Q, be the symmetric integral operator on
L*(M, dx) defined by the kernel

1
0.(x, y) := (27s) %2 exp < A%, p) +— Scal(x) + — Scal(y))
2 12 12
forall x, yeM.

Then for all continuous functions F: M — R and xe M,

(e“P4F)(x) = lim (Q%, F)(x).
1.4. Remarks on the Main Theorems. Let us point out that the idea of
approximating Wiener measure by measures on spaces of piecewise
geodesics is not new, see for example [ 18, 86]. What we feel is novel about

our approach is the interpretation of Yo in Eq. (1.7) as a volume form on
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H, (M) relative to a suitable metric. However (as will be shown in
Propositions 5.6 and Proposition 5.14 below), the measure dv%(a) is, up to
small errors, equivalent to a product measure on M" where # is the number
appearing in Definition 1.5. Reformulated in this guise, there is a large
literature pertaining to Eq.(1.17) and especially Corollary! 1.9, see [15,
49, 58, 60, 94] to give a very small sampling of the literature. These papers
along with [18,86] are based on using a Trotter product or Euler
approximation methods which are well explained in [ 16]. Moreover, once
dv%,(a) is replaced by a product measure, it would be possible to invoke
weak convergence arguments to give a proof of Eq. (1.17), see, for example,
Section 10 in Stroock and Varadhan [90, 91] and Ethier and Kurtz [45].
We will not use the weak convergence arguments in this paper, rather we
will make use of Wong and Zakai [96] type approximation theorems for
stochastic differential equations. This allows us to get the stronger form of
convergence which is stated in Theorems 4.17 and 6.1 below. This stronger
form of convergence is needed in the proof of the integration by parts
Theorem 1.10 stated at the end of this introduction.

In the literature one often finds “verifications” (or rather tests) of path
integral formulas like (1.7) by studying the small s asymptotics. This
technique, known as “loop expansion” or “WKB approximation,” when
applied in the manifold case leads to the insight that the operator con-
structed from the Hamiltonian 3¢%;p;+ V depends sensitively on choices
made in the approximation scheme for the path integral. Claims have been
made that the correct form of the operator which is the path integral quan-
tization of the Hamiltonian 3g%; p,+ V'is of the form —/*(34 —x Scal) + V'
where % is Planck’s constant, Scal is the scalar curvature of (M, g) and
is a constant whose value depends on the authors and their interpretation
of the path integrals. Values given in the literature include =5, k=1
[22], k=4, [20, Eq. (6.5.25)] all of which are computed by formal expan-
sion methods. The ambiguity in the path integral is analogous to the
operator ordering ambiguity appearing in pseudo-differential operator
techniques for quantization, see the paper by Fulling [ 50] for a discussion
of this point. In [50] it is claimed that depending on the choice of
covariant operator ordering, the correction term has x ranging from 0 (for
Weyl quantization) to L. For a discussion in the context of geometric quan-
tization, see [97, Sect. 9.7], where the value = {; is given for the case of
a real polarization. In addition to the above one also finds in the literature
claims, based on perturbation calculations, that noncovariant correction terms
are necessary in path integrals, see, for example, [ 19] and references therein.

! After finishing this manuscript, we received the paper of Jyh-Yang Wu [98] where the
Trotter product formula method is carried out in detail to give a proof of Corollary 1.9.
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It should be stressed that in contrast to the informal calculations men-
tioned in the previous paragraph, the results presented in Theorem 1.8 and
Corollary 1.9 involve only well defined quantities. Let us emphasize that
the scalar curvature term appearing in Eq.(1.17) has the nature of a
Jacobian factor relating the two volume forms Vong) and VOIG; on path

space. This scalar curvature factor would also be found using the Trotter—
Euler product approximation methods as a result of the fact that the right
hand side of Eq. (1.1) is a parametrix for ¢"4/2—Scal/6)__pot o472,

We conclude this discussion by mentioning the so called Onsager-
Machlup function of a diffusion process. The Onsager-Machlup function
can be viewed as an attempt to compute an “ideal density” for the prob-
ability measure on path space induced by the diffusion process. In the
paper [93], the probability for a Brownian path to be found in a small
tubular e-neighborhood of a smooth path ¢ was computed to be asymptotic
to

Ce—M/e . exp < —% E(a(s)) +é Jl Scal(a(r)) dr>,
0

where 4, is the first eigenvalue for the Dirichlet problem on the unit ball
in R? and C is a constant. The expression 3E(g) — 15 [ Scal(a(r)) dr thus
recovered from the Wiener measure on W(AM) is in this context viewed as
the action corresponding to a Lagrangian for the Brownian motion. It is
intriguing to compare this formula with Egs. (1.16) and (1.17).

1.5. Integration by Parts on Path Space. An important result in the
analysis on path space, is the formula for partial integration. Here we use
the approximation result in Theorem 1.8 to give an alternative proof of this
result.

THEOREM 1.10. Let ke H(RY) n C'([0,1]; RY), 6 € W(M) and X,(c) e

T,y M be the solution to

a(s

XXS(J)+lRicXS(a):/N/S(J)k’(s) with  Xo(c) =0,
ds 2

where WS(O') denotes stochastic parallel translation along o, see Defini-
tion 4.15. Then for all smooth cylinder functions f (see Definition 7.15) on
W(M),

jW(M) Xfdv= jW(M) f< fol K, d13>> .
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Here b is the R%valued Brownian motion which is the anti-development of o,
see Definition 4.15 and Xf is the directional derivative of f with respect to X,
see Definition 7.15.

Section 7 is devoted to the proof of this result whose precise statement
may be found in Theorem 7.16.

Remark 1.11. This theorem first appeared in Bismut [ 10] in the special
case where f(og)= F(o(s)) for some Fe C®(M) and se[0,1] and then
more generally in [30]. Other proofs of this theorem may be found in
[1, 2, 31, 40-42, 44, 46, 56, 57, 70, 73, 75, 84].

2. BASIC NOTATIONS AND CONCEPTS

2.1. Frame Bundle and Connections. Let n: O(M)— M denote the
bundle of orthogonal frames on M. An element ue O(M) is an isometry
u: R - T,yM. We will make O(M) into a pointed space by fixing
uy en (o) once and for all. We will often use u, to identify the tangent
space T, M of M at o with R

Let 0 denote the R%valued form on O(M) given by 0,,(&)=u""'n ¢ for
all ue O(M), £e€T,0(M) and let w be the so(d)-valued connection form
on O(M) defined by V. Explicitly, if s — u(s) is a smooth path in O(M)
then (u'(0)) :=u(0) = Vu(s)/ds|,_,, where Vu(s)/ds is defined as in
Eq. (1.10) with X replaced by u. The forms (6, w) satisfy the structure equations

do= —w A0, (2.1a)
do=—w Ao+ Q, (2.1b)

where Q is the so(d)-valued curvature 2-form on O(M). The horizontal lift
Hy: TryM — T,0(M) is uniquely defined by

0 u=idgs, @, H,=0. (2.1c)

DEerFINITION 2.1. The curvature tensor R of V is
RX,Y)Z=VyVyZ—-VyVyZ -V x 1nZ (2.2)

for all vector fields X, Y and Z on M. The Ricci tensor of (M, g)
is RicX:=Y9% R(X,e;)e; and the scalar curvature Scal is Scal=

13

¢_, {Rice;, e;», where {e;} is an orthonormal frame.

The relationship between £ and R is

Q&) =u"R(n, & mon) u=QA,m, & Hym,n) (2.3)
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for all ue O(M) and &, neT,O(M). The second equality in Eq.(2.3)
follows from the fact that €2 is horizontal, i.e., (&, #) depends only on the
horizontal components of ¢ and #.

2.2. Path Spaces and the Development Map. Let (M,o0,<{-,->, V),
(O(M), uy), W(M), and H(M) be as above. We also let H(O(M)) be the
set of finite energy paths u: [0, 1] —» O(M) as defined in Eq. (1.8) with M
replaced by O(M) and o by u,.

For 0 e H(M), let s+ u(s) be the horizontal lift of ¢ starting at u,, i.e.,
u is the solution of the ordinary differential equation

U(s)=Huso'(s),  u(0)=u,.

Notice that this equation implies that w(u'(s))=0 or equivalently that
Vu(s)/ds=0. Hence u(s)=//,(g) uy, where as before //,(o) is the parallel
translation operator along ¢. Again since u, € O(M) is fixed in this paper
we will use u, to identify 7, M with R? and simply write u(s) =//,(c). By
smooth dependence of solutions of ordinary differential equations on
parameters, the map o e H(M)+— //(6) e H(O(M)) is smooth. A proof of
this fact may be given using the material in Palais [85], see also
Corollary 4.1 in [28].

DEFINITION 2.2 (Cartan’s Development Map). The development map
@: H(RY) - H(M) is defined, for be H, by ¢(b) =0 e H(M) where o solves
the functional differential equation,

a'(s)=//s(a) b'(s),  a(0)=o, (2.4)
see [ 13, 34, 65].

It will be convenient to give another description of the development map
¢. Namely, if be H(R?) and ¢ =¢(b) e H(M) as defined in equation (2.4)
then o =mn(w) where w(s)e O(M) is the unique solution to the ordinary
differential equation

W(s) = Hsw(s) b'(s), w(0) =u,. (2.5)

From this description of ¢ and smooth dependence of solutions of ordinary
differential equations on parameters it can be seen that ¢: H(RY) — H(M)
is smooth. Furthermore, ¢ is injective by uniqueness of solutions to
ordinary differential equations.

The anti-development map ¢ ~': H(M)— H(R?) is given by b=¢ (o)
where

b(s) = j: /7Y (6) ' (r) dr. (2.6)
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This inverse map ¢ ' is injective and smooth by the same arguments as
above. Hence ¢: H(R?) — H(M) is a difftomorphism of infinite dimensional
Hilbert manifolds, see [ 34]. However, as can be seen from Eq. (3.5) below,
¢ is not an isometry of the Riemannian manifolds H(A/) and H(R?) unless
the curvature Q of M is zero. So the geometry of H(R?) and that of
(H(M), G') are not well related by ¢.

For each he C*(H(M)— H) and ce H(M), let X"(¢)e T,H(M) be
given by

X"o):=//,(a) hy(a) forall sel, (2.7)
where for notational simplicity we have written /(o) for h(a)(s). The
vector field X" is a smooth vector field on H(M) for all 7 e H. The reader
should also note that the map

(o, h) = X"()) : H(M) x H > TH(M) (2.8)

is an isometry of vector bundles.

3. DIFFERENTIALS OF THE DEVELOPMENT MAP

For ue O(M) and v, we T, M, let
R, (v,w)=Q(Hv, £,w)=u"'R(v, w) u
and for a, be R? let
Q. (a, b):=Q(HA,ua, #,ub)=u""R(ua, ub) u.

For ce H(M) and Xe T _H(M), define ¢,(X) € so(d) by

0.0 = [ Ry ('), X)) (3.1)

where u=//(¢) is the horizontal lift of a.

Remark 3.1. The one form ¢, in Eq. (3.1) naturally appears as soon as
one starts to compute the differential of parallel translation operators, see,
for example, Theorem 2.2 in Gross [53] and Theorem 4.1 in [28] and
Theorem 3.3 below.

Notation 3.2. Given Ae€so(d) and ue O(M), let u- AeT,O(M) denote
the vertical tangent vector defined by u- A4 := (d/dr)|, ue™.
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THEOREM 3.3. Let ceH(M), let u=//(a) be the horizontal lift of o and
let b=¢~"(a). Then for Xe T,H(M),

(//Ew)(X)=q,(X), (32)
(//¥0)(X)=u""(s) X(s), (3.3)
(// X)(s) =uls) - q,(X) + Ay X(s), (34)
and
($*X)5) =" (5) X5) = [ q,(X) B'(r) . (35)

where $*X(b) := ¢ X(¢(b)).

Remark 3.4. The results of this theorem may be found in one form or
another in [10, 17, 29, 30, 53, 72]. We will nevertheless supply a proof to
help fix our notation and keep the paper reasonably self contained.

Proof. Choose a one parameter family ¢+ o, of curves in H(M) such
that 0, =0 and d,(s) = X(s) where d,(s) = (d/dt) o,(s). Let u,(s) :=//,(a,),
be the horizontal lift of a,, u(s)=//,(c), u,(s):=du,(s)/ds, u,(s):=

(s)/dt and u(s) :=du,(s)/dt|,_,. (In general t-derivatives will be denoted
by a “dot” and s-derivatives will be denoted by a “prime.”) Notice, by defini-
tion, that

8)=(//s)sx X=(//4X)(s)
and w(u,(s))=0 for all (¢, s). The Cartan identity
do(X, Y)=Xo(Y)— Y(X)—o([ X, Y]), (3.6)
valid for any 1-form a and vector fields X, Y, gives

0= o) = dootii, ') +%w(d) = Qi u') +

ar (i),

ds
where we have used the structure equations (2.1b) and 0 =w(u') in the

second equality. Setting ¢ =0 and integrating the previous equation relative
to s yields

(//F0)(X) == o((//5) X) = f »u(0, 7)) dr

j iy (7510 (0, 1), 7,110, 7)) dr

J uo(r) X(r)) dr,
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where we have made use of the fact that Q2 is horizontal and the relation
o,(s)=n(u,(s)). This proves Eq. (3.2). Equation (3.3) is verified as follows:

d
00 =001, 20 = 00is)) =5 (5) |~ wluts)
G| at=1e s

Recall that for ue O(M), (0, w): T,0(M) — R x so(d) is an isomorphism.
Therefore Egs. (3.2) and (3.3) imply (3.4), after taking into account the
definition of # and the identity,

ou-A):=u"

r=0

To prove Eq. (3.5), let b=¢ (o) and u(s) =//,(5). Then

b(s) = L W=\ (r) o' (r) dr = j 0/ (r)) dr,

0
or equivalently,

b'(s) = 0('(s)).

Therefore

d

d ,_, _a .,
$¢* X(s)—dte(uz(s))|t=0

O(ui(s)) + dO(u(s), u'(s))
(=" (s) X(5)) — 0 A O(i(s), u'(s5))

~ds
d
“ds
d —1 . ’

= (7 (5) X(5)) — w(u(s)) 0(u'(5))
d

= (™" (s) X(5)) — q5(X) b'(s),
A)

where we have used Egs. (3.6), (2.1a), (3.2), and the fact that w(u'(s)) =0.
Integrating the last equation relative to s proves (3.5). ||
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3.1. Bracket Computation.

THeOREM 3.5 (Lie Brackets). Let h, k: H(M) — H(RY) be smooth func-
tions. (We will write hy(a) for h(c)(s).) Then [ X", X*]=X""5_ where
f(h, k) is the smooth function H(M) — H(R?) defined by

f.;(h’ k)(O') ::Xh(o-) ks_Xk(O-) hs+qs(Xk(o-)) hs_qs(Xh(o-)) ks)

where q=//*w as in Eq.(3.2) and X"(c) k, denotes derivative of o — k(o)
by the tangent vector X" (o).

Remark 3.6. This theorem also appears in Eq. (1.32) in Leandre [71],
Eq. (6.2.2) in Cruzeiro and Malliavin [17], and is Theorem 6.2 in [ 32]. To
some extent it is also contained in [48]. Again for the readers convenience
will supply a short proof.

Proof. The vector fields X* and X* on H(M) are smooth, hence
[ X", X*] is well defined. In order to simplify notation, we will suppress the
arguments ¢ and s from the proof of Eq. (3.7).

According to Eq.(3.3), h=(//*0)(X"), k=(//*0)(X*), and f(h, k)=
(//*0)([ X", X*¥7). Using Egs. (3.1)—(3.6) we find that

S(h, k)= X"L(//*0) (X )] — XL(//*0)0(X™)] — (d(//*0))(X", X*)
= X" — X*h — (//* dO)( X", X*)
= X" — X*h + (//*(w A 0)) (X", X¥)
= X"k — X*h+ (//*w A //*0)(X", X¥)
= X"k — X*h+ q(X") k—q(X*) h. |

4. FINITE DIMENSIONAL APPROXIMATIONS

DEFINITION 4.1. Let Z2={0=ys,<s,<s$,< --- <s,=1} be a partition
of [0,1] and let |2|=max,|s;—s;_;| be the norm of the partition,
Jii=(8;_1,8;] fori=1,2,..,n and s=s,_, when seJ,. For a function k,
let A,k :=k(s;)—k(s;_,) and 4,s=s,—5;_;. For a piecewise continuous
function on [0, 1], we will use the notation f(s+ ) =1im,, f(r).

Notation 42. Hy, ={xeHn C*(I\?): x"(s)=0 for s¢ 2#}—the piece-
wise linear paths in H:=H(R?); which change directions only at the
partition points.
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Remark 4.3 (Development). The development map ¢: H— H(M) has
the property that ¢(H,)=H,(M), where H, (M) has been defined in
Notation 1.4 above. Indeed, if o =¢(b) with be H,, then differentiating
Eq. (2.4) give

Va'(s)
ds

:dXS(//s(o) b'(s))=//,(a)b"(s)=0  for all s¢2.

We will write ¢, for ¢y,

Because ¢: H— H(M) is a difftomorphism and H, < H is an embedded
submanifold, it follows that H, (M) is an embedded submanifold of H(A).
Therefore for each 6 e H, (M), T,H,(M) may be viewed as a subspace of
T,H(M). The next proposition explicitly identifies this subspace.

ProrosiTiON 4.4 (Tangent Space). Let e Hy(M), then Xe T,H(M) is
in T,Hyu(M) if and only if

V2
e X(s)=R(d'(s), X(s)) a'(s) on I\2. (4.1)
Equivalently, letting b=¢ (o), u=//(c) and heH, then X"e T,H(M)
defined in Eq.(2.7) is in T,Hz,(M) if and only if

h'(5)=Q,5(b'(5), h(s)) b'(s) on I\2.

Proof. Since H, (M) consists of piecewise geodesics, it follows that for
ceH,(M), any Xe T,H, (M) must satisfy the Jacobi Eq. (4.1) for s¢ 2.
Equation 4.2 is a straightforward reformulation of this using the definitions.

It is instructive to give a direct proof of Eq. (4.1). Since H,, is a vector
space, T,H, =~ H, for all beH,. Since ¢,: H, - H, (M) is a diffeomor-
phism, we must identify those vectors Xe T,H(M) such that ¢*XeH,,
ie., those X such that (¢*X)":=0 on I\Z?. Because be H, and hence
b"(s)=0 on I\Z, it follows from Eq.(3.5) that (¢*X)" =0 on I\Z? is
equivalent to

0=h"(5) — Quy(b'(s), h(s)) b'(s)  on I\Z. |

Remark 4.5. The metric G, in Definition 1.5 above is easily seen to be
non-degenerate because if GL(X, X)=0 then VX(s,+ )/ds=0 for all i. It
then follows from the continuity of X and the fact that X solves the Jacobi
Eq. (4.1) that X is zero. Also note that G, is a “belated” Riemann sum
approximation to the metric on H, (M) which is inherited from G' on
H(M). Moreover, in the case M =R the metric G, is equal to G' on
TH,,(M).
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DerFINITION 4.6. Let Vol, be the Riemannian volume form on H,
equipped with the H'-metric, (A, k) := [ (' (s), k'(s)> ds.

Notation 4.7. Let Z={0=,<s,<s,< --- <s,=1} be a partition of
[0,1]. Foreachi=1,2,..n and se(s;,_,, s;], define

q7(X)=q,,,(X) (4.3)
and
PN =0 —q, (=] Q0. XrNd.  (44)
Note that ¢ =§¢Z +§? and hence Eq. (3.5) becomes
(P*X™) (s)=N'(s) —q,(X") b'(s)
=N'(5) = §,(X") b'(s) = 5 (X") b'(s) (4.5)
for all h e H(RY).

THEOREM 4.8. ¢% Volgly =Vol,.

Proof. Let {h,} be an orthonormal basis for Hy,, be H,, o =¢(b) and
u=//(g). Using the definitions of the volume form on a Riemannian
manifold we must show that

det(Gy (P, $ohy)) =1,

where ¢, hy = (d/dt)|o §(b + thy).
Let Hy(s)=u""(s)(¢.(h))(s) and set

(H, K> 5 = z CH'(si-1+ ), K'(s;-1+ ) 4;5.

i=1

Then X =¢_(h,) and
det(G (¢, (hi), ¢4 (h)))) = det({Hy, Hy) ).
By Eq. (4.5)
B = (9*(X™))' = Hj.— q(X ) b' = H}e — G(X ™) b' — G(X ) b’

so that
hy + G Xy b = H) — §( X ) b'. (4.6)
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Noting that h}, §(X*), and b’ are all constant on (s, ;,s;) and that

c]si_l(XHk)zo, it follows that both sides of Eq.(4.6) are constant on
(s;_1,s;) and the constant value is H}(s;,_; + ). Therefore

1
(Hi H)y o= | CHy=(X™) b H)—q(X™) ' ds
1
=J Chy+ (X H) b, 4 G(X) b ds.
0
Define the linear transformation, 7: H, — H, by

(Th)(s)= [ d,(94h) b'(r) i

We have just shown that

det(G (¢ (hy), d(h))) =det({ T+ T) by, T+ T) by 5} 1)
=det({<he, I+ T)* T+ T)h;> 5}, 1)
=det((I+ T)* (I+T))=[det(I+T)]2

So to finish the proof it suffices to show that det(/+ 7') = 1. This will be
done by showing that T is nilpotent. For this we will make a judicious
choice of orthonormal basis for Hy. Let {e,}¢_, be an orthonormal basis
for T,M =R and define

1 s
hea(s) = </ﬂ [ ma)e,

for i=1,2,..,n a=1,..d Using the causality properties of ¢ and ¢, it
follows that ¢, h; ,:=0 on [0,s,_,] and hence §(¢,(h;,)) :=0 on [0, s,).
Thus for any a, b, {Th; ,, h; ,» =0 if j<i. This shows that 7" is nilpotent
and hence finishes the proof. |

DEFINITION 4.9. Let Ega(b) := [ |b'(s)|? ds denote the energy of a path
beH. For each partition Z ={0=1sy<s5; <s5,< --- <s,=1} of [0, 1], let
ul, denote the volume form

1
1 _ —(1/2) E,
Uy _7; e " Voly,
on H,, where ZL, :=(2n)%? (By Lemma 4.11 below, u’, is a probability

measure on Hy,.)
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Let beH and o:=¢(b)e H(M). Because parallel translation is an
isometry, it follows from Eq. (2.4) that Eg«(b) = E(c). As an immediate
consequence of this identity and Theorem 4.8 is the following theorem.

TueoreM 4.10.  Let ul, (Definition 4.9) and v, (Definition 1.7) be as
above. Then ul, is the pull back of vl, by ¢4, ie, nk =¢%vL.

Before exploring the consequences of this last theorem, we will make a
few remarks about the measure ). Let n,: W(R?) — (R9)" be given by
Tp(x) :=(x(s;), X(55), ..., X(5,)). Note that m,:H, — (RY)”" is a linear
isomorphism of finite dimensional vector spaces. We will denote the inverse
of Ty |y, bY iyp.

Lemma 4.11. Let dy,dy,---dy, denote the standard volume form on
(RY)" and y,:=0 by convention. Then

. |- _ 1
i3y = (11 ) exp { — i1y v 1P} ) o s o
P \i=1 i
(4.7)

where Z, is defined in Eq. (1.15). Using the explicit value on Z,, this equa-
tion may also be written as

i}ﬂ}=<n Pas(Viz1 y,-)> dyydy, -+ dy,, (4.8)
i=1

where p(x, y) := (2rs)~“* exp { — |x — y|?/2s} is the heat kernel on R%. In
particular i %u’, and hence ul, are probability measures.

Proof. Let xeH,, then

1 n A~X2 n 1
E(x)= "(s)|% ds = = As=Y — |4,x]2
(0= WP ds= X |70 A= X 14
Hence if x =i,(y), then
! ’ 2 ‘ 1 2 ‘ 2
J, @Pds= Y iy yil?= Y P (49)

i=171 i=1

where &;:=(4,;5)"?(y,— y,_;). This last equation shows that the linear
transformation

xeHy = {(4;5) 712 (x(s,) = X(5,-1))} 7=y € (RY)”
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is an isometry of vector spaces and therefore
i% Voly, =d& dé, ---dé,. (4.10)

Now an easy computation shows that

n

dz, dz, ~~-d5n=<l_[ (A,-s>—d/2> dyy dys - dy,, @.11)

i=1
From Egs. (4.9)-(4.11), we see that Eq. (4.7) is valid. ||

Notation 4.12. Let {B(s)}cro,17 be the standard R%valued Brownian
motion on (W(R9), 1) as in Notation 1.2. Given a partition 2 of [0, 1] as
above, set B, =i, on,(B). The explicit formula for B, is

A;B
A8

1

By(s)=B(s;_ 1)+ (s—s5,_1) it se(s;_q,5:],

where 4,B := B(s;) — B(s;_;). We will also denote the expectation relative
to u by E, so that E[ /] = [y ge, fdu.

Note that B, is the unique element in H, such that B, = B on 2. We
now have the following easy corollary of Lemma 4.11 and the fact that the
right side of Eq. (4.8) is the distribution of (B(s,), B(s,), ..., B(s,)).

COROLLARY 4.13.  The law of B, and the law of ¢(By) (with respect to
W) is uk and vl,, respectively.

4.1. Limits of the Finite Dimensional Approximations. Let us recall the
following Wong and Zakai type approximation theorem for solutions to
Stratonovich stochastic differential equations.

THEOREM 4.14. Let f: RYx R" — End(R% R") and fy: R*xR" > R" be
twice differentiable with bounded continuous derivatives. Let &, € R" and &
be a partition of [0, 1]. Further let B and B, be as in Notation4.12 and
E»(s) denote the solution to the ordinary differential equation

Co(5) = f(Cp(5)) Bo(5) + fo(Ca(s),  Ex(0)=& (4.12)
and ¢ denote the solution to the Stratonovich stochastic differential equation,
di(s) = f(&(s)) 0B(s) + fo(&(s)) ds,  £(0) =<,. (4.13)

(we are using 0B(s) for the Stratonovich differential of B and dB(s) for the
1td differential.)
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Then, for any ye (0, %), pe[1, o), there is a constant C(p, ) < o depending
only on f, f, and M, so that

hm E[sup [€5(s) —<(s)[7]1 < Cp, p) | 2] (4.14)

2|0 s<1

This theorem is a special case of Theorem 5.7.3 and Example 5.7.4 in
Kunita [ 66]. Theorems of this type have a long history starting with Wong
and Zakai [ 95, 96]. The reader may also find this and related results in the
following partial list of references: [3, 5, 6, 9, 12, 27, 39, 55, 59, 61, 62, 68,
69, 74, 76, 79-83, 86, 88, 89, 90, 92]. The theorem as stated here may be
found in [33].

DerFINITION 4.15. (1) Let u be the solution to the Stratonovich
stochastic differential equation

ou=H,udB, u(0) =u,.

Notice that u may be viewed as p-ae. defined function from
W(RY) - W(O(M)).

(2) Let ¢:=nou: W(RY) — W(M). This map is will be called the
stochastic development map.

(3) Let /7 .(o) denote stochastic parallel translation relative to the
probability space (W(M), v). That is, /7 .(g) is a stochastic extension of
/] (o).

(4) Let b(s)=13 ] ~\(o) 6(r), where da(r) denotes the Stratonovich
differential.

Remark 4.16. Using Theorem4.14, one may show that ¢ is a
“stochastic extension” of ¢, ie., ¢ =lim,| _ ¢ ¢(By). Moreover, the law of
(/’) (ie., u¢ ") is the Wiener measure v on W(M). It is also well known that
b is a standard R%valued Brownian motion on (W(M), v) and that the law
of u under x# on W(R9) and the law of // under v are equal.

The fact that ¢ has a “stochastic extension” seems to have first been
observed by Eells and Elworthy [34] who used ideas of Gangolli [51].
The relationship of the stochastic development map to stochastic differen-
tial equations on the orthogonal frame bundle O(M) of M is pointed out
in Elworth [37-39]. The frame bundle point of view has also been
developed by Malliavin, see, for example, [ 77, 76, 78]. For a more detailed
history of the stochastic development map, see pp. 156-157 in Elworthy
[39]. The results in the previous remark are all standard and may be
found in the previous references and also in [43, 59, 66, 79]. For a fairly
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self contained short exposition of these results the reader may wish to
consult Section 3 in [30]. Using Theorem 4.14 and Corollary 4.13 above,
we get the following limit theorem for v},.

THEOREM 4.17. Suppose that F: W(O(M))—> R is a continuous and
bounded function and for c e H(M) we let f(o) := F(//.(a)). Then

lim j f(0) dv}y(a)zj F(o) dv(o), (4.15)
2] =0 YH (M) W(M)
where f((f) = F(/7.(0)).
Proof. By Remark 4.16
[ Fio)dvio)=ELFu)]. (4.16)
W(M)

By embedding O(M) into R” for some DeN and extending the map
v~ Huv to a compact neighborhood of O(M)c=R”, we may apply
Theorem 4.14 to conclude that

lim E[ sup |ugz(s)—u(s)|&p]=0, (4.17)

1Z1=-0  o<s<1

where u, solves Eq. (2.5) with b replaced by B,. But the law of u, is equal
to the law of //(-) under v.,, see Corollary 4.13. Therefore,

flo) dviy(o) =E[ f(uz)]. (4.18)

fﬂy(M )

The limit in Eq.(4.15) now easily follows from (4.16)—(4.18) and the
dominated convergence theorem. ||

5. THE L?> METRIC

In Section 4 we considered the metric G, (see Definition 1.5) on H,, (M)
and the associated finite dimensional approximations of the Wiener
measure v on W(M). It was found that under the development map ¢, the
volume form with respect to. G, pulls back to the volume form of a flat
metric on H,(RY), see Theorem 4.8. As a consequence, we found that
under the development map ¢, the volume form v, on H, (M) pulls back
to the Gaussian density x), on H,(RY).
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DEFINITION 5.1. Let MZ:=M" and 7n,: W(M)—> M? denote the
projection

p(a) :=(a(sy), ..., a(s,)). (5.1)

We will also use the same notation for the restriction of 7, to H(M) and
H,(M).

In this section we will consider two further models for the geometry on
path space, namely the degenerate L*-“metric” G% defined in Definition 1.5
on H,(M) and the product manifold M7 with its “natural” metric.

Remark 52. The form GY is non-negative but fails to be definite
precisely at e H,(M) for which o(s;) is conjugate to o(s;,_,) along
a([s;_1,s;]) for some i. In this case there exists a nonzero Xe TH, (M)

for which G%(X, X)=0. Hence, Volgo will also be zero for such
oceH,(M).

DEFINITION 5.3. Let M? be as in Definition5.1. For x=
(X1, Xq, oy X,,) €M7, let

E(x):= i dz(xi—l, X;)

5.2
T (5.2)

where d is the geodesic distance on M. Let g, be the Riemannian metric
on M7 given by

8p =(415) gx(4y5) gx -+ x(4,5) g, (5.3)
Le., if v=(vy, vy, ..., v,) € TM"=(TM)" then

Let the normalizing constant Z9, be given by Eq. (1.15) and let y, denote
the measure on M?Z defined by

1 1

Y5 (dX) :=Z;exp<—2Eg,(x)> Vol, _(dx), (5.4)

where Vol,  denotes volume form on M Z defined with respect to g,.
Remark 5.4. An easy computation shows that

Vol = <ﬂ (A,.s)d/2> x Vol”, (5.5)

i=1
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where Vol, is the volume measure on (M, g) and Vol denotes the n-fold
product measure of Vol, with itself.

The next proposition shows the relationship between v (defined in
Definition 1.7 above) and y,. For the statement we need to define a subset
of paths ¢ in H, (M) such that each geodesic piece o([s;_1, s;]) is short.
The formal definition is as follows.

DerFNITION 5.5. (1) For any ¢>0, let

HY, (M) = {aeHg(M) : j I6'(s)| ds <é fori=1,2, .., n}.

Si—1
(2) For any £>0, let
M?={xeM?” :d(x;_,x;)<efori=1,2,..,n},

where d is the geodesic distance on (M, g) and x,:=o.

PropPoSITION 5.6.  For £ >0 less than the injectivity radius of M, we have

(1) G% is a Riemannian metric on H%,(M).
(2) The image of H%(M) under n, is M? and the map

e (HEW(M): G(G)J) - (ng) g?)

is an isometry, where g, is the metric on M? in Eq. (5.3).
(3) 73yp =V on HL(M).

Proof. Because ¢ is less than the injectivity radius of M, it follows that
any Xe T,H,(M) is determined by its values on the partition points 2.
Therefore, if G% (X, X)=0 for Xe T,H%, (M), then X :=0. This proves the
first item. The second item is a triviality. The last item is proved by noting
that for e H (M), o, ;18 a minimal length geodesic joining a(s;_)
to a(s;), and therefore

GRS

Si—1

(Mﬁszd%am_l), 20l (s

Aa;s Aa;8

1

Summing this last equation on i shows,

i d*(a(s;—1), a(s))

1
E(g)= | lo'(s)* ds = -
i=1 i

=Ey(ny(0)).  (57)
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Hence by the definition of y,, the fact that 7, is an isometry on H%, (M)
(point(2) above), and (5.7) above, we find that on H%, (M),

Note that in general, for xe M?, n,'(x) has more than one element,
and may even fail to be a discrete subset. Therefore using the product
manifold M7 as a model for H, (M) requires some care. The important
aspect of the isometric subsets M? and H% (M) is that in a precise sense
they have nearly full measure with respect to y,, v), and v%. This will be
proved in Section 5.1 below.

Before carrying out these estimates we will finish this section by comparing
9, to v,

Notation 5.7. Let R* denote the Euclidean space (R9)" equipped with
the product inner product defined in the same way as g, in Eq. (5.3) with
R replacing TM.

To simplify notation throughout this section, let

ceH,(M), b:=¢ (o), u:=//(o), and

A(5) := Q) (B'(5), ) b'(5). (5.8)
Since b € H,(RY),
b'(s)=4;b/4,s  and  A(s)=Q,, <j"_1;, > jf (5.9)

for se(s;,_;,s;]. Let us also identify X e T,H (M) with & :=u~'X. Recall
from Proposition 4.4 that 4:[0,1] — R? is a piecewise smooth function
such that 4(0) =0 and Eq. (4.2) holds, i.e.,

h"=Ah on I\Z and h(0)=0e R (5.10)

In order to compare Volg? and VOIG; it is useful to define two linear maps
Jo:(T,Hy(M), GY) — RY
Ji: (T,H,(M), GL) - R4”
by
Jo(X) = (h(sy), h(s3), ... h(s,))
and
JiI(X) =N (so+ ), A (s1+), 0 K (S_1 +))s

where h:=u"'X as above.
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It follows from the definition of G, and the metric on R*” that if o is
such that J, is injective, then J, is an isometry. By point (2) of Proposi-
tion 5.6 this holds on H%,(M). However, by Remark 5.2 there is in general
a nonempty subset of H,, (M) where J,, fails to be injective. Clearly, J,, fails
to be injective precisely where GY fails to be positive definite. Similarly, it
is immediate from the definitions and the fact that G, is a nondegenerate
Riemann metric, see Remark 4.5, that J, is an isometry at all o € H,(M).

To simplify notation, let ¥ denote the vector space (R?)” and let
T=T,(o) be defined by T:=J,-J;'. Thus T: V- V is the unique linear
map such that

T(h'(xo+ ), 1'(s1+ ), o W' (5,1 +)) = (h(s1), h(s3), ... h(s,))  (5.11)
for all A=u"'X with Xe T,H,(M). With this notation it follows that

VOIG; =JEVolgwr =(ToJ,)* Volgew
=J¥T* Volgewr =det(T) J§ Vol ger
=det(7) VolG;, (5.12)
Note that in this computation o€ H, (M) is fixed and we treat VongD ,
Volg! as elements of the exterior algebra A% (T #H,(M)) and Volg as

an element of A% ((R%)*).
Our next task is to compute det(7).

LEMMA 5.8. Let Z,_,(s) denote the dx d matrix-valued solution to

i—1(s)=A(s) Z;_1(s)
with Z;_,(s;_1)=0 and Z,_,(s;,_,)=1. (5.13)
Then
det(T,(c ]_[det i1(s)).

i=1

Proof. We start by noting that for o€ H,(M) such that G is non-
degenerate, then det(Z;,_,)#0 for i=1,2,..,n To see this assume that
det(Z,_,)=0 for some i. In view of the fact that Z solves the Jacobi
Eq. (5.13), this is equivalent to the existence of a vector field X,;_; along
o([s;_1, s;]) which solves (4.1) for se[s;_,,s;] and which satisfies

Xi_1(s;-1)=0, X;_1(s;)=0.
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Define X by

Xifl(s)a SE[S,?I,S]
0 se[0, 1\[s;_1,s;]

Then XeT,H,(M) and it is clear from the construction that

G%(X, X)=0. Thus for such g, Volg 0|, =0. Hence we may without loss of
generahty restrict our considerations to the case when det(Z;_;) #0 for all i.
Let C;_,(s) be the d x d matrix-valued solutions to

i—1(8)=A(s) C;_1(s)
with C,_,(s;_;)=1 and Ci_y(s;_y)=0.
Forie{1,2,..,n} and h=u"'X with Xe T,H,(M) let
k(s):=Ci_1(8)h(s;—)+Z;_1(s) W' (s;,_1+).
Then k" =Ak on (s;_;,s;), k(s;_1)=h(s;_1) and k'(s;_;)=h'(s;_;+).
Since /i satisfies the same linear differential equation with initial conditions
at s;_,, it follows that A=k on [s,_,, s;] and in particular that
h(s;))=C;_1(s;) h(s;_ )+ Z;_1(s) W' (s;_1+).
Solving this equation for A'(s;_, + ) gives
W(s;i_1+)=2Z;_1(s;) " (h(s;) — Ci_1(s;) h(s;_1))
from which it follows that T=Y(&,, &,, .., E,) = (11, 115, .. 11,,) Where
ni=o,;C,—f.Ei_y for i=1,2,..n,
w;:=2Z; ;(s) " and B,:=Z,_,(s;)"" C,_,(s,). (In the previous displayed

equation &, should be interpreted as 0.) Thus the linear transformation
T~': V- V may be written in block lower triangular form as

Fa, 00 0
By ay O oo 0
T '=| 0 B3 o 0
o 0

L0 0 - B oo,
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and hence for o € H, (M) such that GY is nondegenerate,
det(T ]_[ det(a ﬁ det(Z;_;(s)7 ).
i=1 i=1
It follows by the above arguments that for all ¢ € H, (M)
det(T Z det(Z,_,(s)). 1
i=1

: 0 1
As a consequence, we have the key theorem relating v, to v,.

THEOREM 5.9. Let

_ - Zi_1(s;)
_,1;[1 det (A, s >, (5.14)

0 _ 1
then vy =psvy,.

Proof. From Definition 1.6 for vJ,, Eq. (5.12), and Lemma 5.10 we find
that

1

vo, zz—gy e_(l/z)EVOIGt;
1 n
22708_(1/2)E n det(Z;_(s;) VOI
> i=1

1 i " 1
de_mw [T (4;_y9)? T det <A

i=1 i=1 i—1

Zia(s )> Volg,

Equation (5.14) now follows from Definition 1.7 (for v}, ) and the expres-
sions for Z, and Z9% in Eq. (1.15). |

Using this result and Bishop’s Comparison Theorem we have the follow-
ing estimate on p, (o).

COROLLARY 5.10. Let K> 0 be such that Ric = — (d— 1) KI ( for example
take K to be a bound on Q) then

n sinh(\/E|A,.b|)>d1
< —_— ) 5.15
r=2) ,1:[1< VK |4,b] 6.15)

Proof. The proof amounts to applying Theorem 3.8 on p. 120 of [ 14]
to each of the Z;_,(s;)’s above. In order to use this theorem one must keep
in mind that 4,;b/4;s is not a unit vector and the estimate given in [14]
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corresponds to the determinant of Z,_,(s;) restricted {&:=4,b/A,s}*
Noting that Z,_,(s;) {=4;s-& and accounting for the aforementioned
discrepancies, Theorem 3.8 in [ 14] gives the estimate

sinh(,/K |4,b|
d 1
M2l < <f|Ab|/As>

or equivalently that

e (2 ) < (LK 0
4;i_ys VK |4;b]

This clearly implies the estimate in Eq. (5.15). |

5.1. Estimates of the Measure of H%(M) and M?. We will need the
following lemma, which is again a consequence of Bishop’s comparison
theorem.

LemMMmA 5.11. Let w,_, denote the surface area of the unit sphere in R,
R be the diameter of M and let K= 0 be such that Ric> — (d—1) KI. Then
for all F: 10, R]—> [0, o0],

J Fd(o,-)) dvol <w,_, jR =1 F(r) <Sinl\l(f}?7<r)>d_l .
M 0 ;

Proof. See Chavel [14, Eqgs. (2.48) on p.72, (3.15) on p.113, and
Theorem 3.8 on p. 120]. |

We are now ready to estimate the measures of M? and H%(M). We
start by considering y,(M?\M?).

PROPOSITION 5.12.  Fix ¢>0 and let M7 be as in Definition 5.5 and let
v be the measure on M7 defined by (5.4). Then there is a constant C < oo
such that

82
M?\M?7)<C . .
PP \MZ) < Cenp ( ~ 515 )

Proof. Let f[0,0)"—>[0,00) be a measurable function. Let
dx =TT7_, Vol,(dx,) and note that

dx = ﬂ (4,5)~9 d Vol (x). (5.16)

i=1
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An application of Lemma 5.11 and Fubini’s theorem proves

J‘ f(d((), xl): d(xla x2)a (] d(xnfls xn)) yﬂ’(dx)
M7

r

n 2
< J[o, o S(ry, oy ey I'y) EXP < — ,;1 2Ais>

ﬁ <smh \/Eri)>d_1 wq_ " dr;
i JKr,; (2 A;_y5)7

As usual let {B(s)},cro 17 be a standard R%valued Brownian motion in
Notation 4.12 and 4,B = B(s;) — B(s;_;). Noting that

—1
wq_ ¥ dr;

eXp( L34 s) U s, o

is the distribution of (|4, B|, |4, B, ..., |4,,B|), the above inequality may be
written as

[ Ao, x1), dxy, xa), s d(x, -1, %)) 7 (dX)
M?

n /sinh(,/K |4,B| )>d— 1}
E 4,B|, |4,8B|, ..., |4,B —_— . 5.17
[fu \Bl. |48, .. | '),-11< s (5.17)

For ie{l,2, .., n}, let o:={xeM”: d(x;_,,x;)>¢} so that M"\M7 =
-1 and

Vo (MPIAMT) < Y. 75 (A). (5.18)

Since 1, (X)=y,(d(x;_1, x;)), where y,(r)=1,,, we find from Eq. (5.17)
that

sinh(\/I?|AiB|) d-1
—F, B[ T/ 2 [Tv(/4;s .19
[E|:/(s(|At |)< f|Al | > :|j#ilp( AJ‘S)9 (5 )

where  is defined in Eq.(8.19) of the Appendix. An application of
Lemma 8.7 of the Appendix now completes the proof in view of (5.18) and
(5.19). 1

yo(h) <E {xeumn

Jj=1
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We also have the following analogue of Proposition 5.12.
ProrposiTION 5.13.

For any ¢>0 there is a constant C < oo such that

2
vy (Hy(M)\H% (M)) < Cexp < - 4Tg;|>~

Proof. Let us recall that ¢(H,(RY)=H,(M) and let us note that
#(H%,(RY))=H%(M). By Theorem4.10 and Corollary 4.13 this implies
that

vy (Hy (M)\HE(M)) = 15 (Hyp (RY)\HE, (R))
=p({max{|4,_Bl:i=1,2,.,n} >¢})

<

S

INeE

u(ld;- 1Bl =¢)

i=1

n

=Y E[x.(14;B])]

i=1

< Ce —&%/4 I!?I,
where as above y,(r)=1,.,. The last inequality follows from Lemma 8.7
with K=0. |

Finally we consider v%,(H,(M)\H%(M)).

PROPOSITION 5.14. Let ¢>0. Then there is a constant C < oo such that

82
v?y(Hg,(M)\H';(M))<Cexp<—4|y|>. (5.20)
Proof. Let B be the standard R? valued Brownian motion. For i=
1,2,..,n let o={|4,B|>¢} and set o/ =)7_, 4. Then H,(M)\
H%,(M)=¢, (/) where ¢,: Hu(RY) — Hy, (M) denotes the development
map.

By Theorem 5.9, v%, = p,vL,, where p, is given by (5.14). By Theorem 4.10
and Corollary 5.10 above,

V(H (MNHG (M) = [ po(d(B,)) duy

4 0 <sinh(/1?|AiB|)>d_ld,
i1\ JK|4,B]
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wherein we have used the fact that the distribution of {4,B,}; under L,
is the same as the distribution of {4,B}, under x. Thus arguing as in the
proof of Proposition 5.12 we have with y,=1,.,,

n

V(¢ (7)) < Y Vo(da(4))

i=1

<& el woam fi (=00

=§1 E {Xg(m,.m) <w> ) L};{l_w/@),

where  is defined in Eq.(8.19) of the Appendix. An application of
Lemma 8.7 in the Appendix completes the proof. ||

6. CONVERGENCE OF v}, TO WIENER MEASURE
This section is devoted to the proof of the following theorem.

THEOREM 6.1. Let F: W(O(M)) - R be a continuous and bounded func-
tion and set f(a) :=F(//.(a)) for ae H(M). Then

lim floydS(o)=] (o) e N0 fisalc) gyq),

|2] =0 YH,(M) W(M)
where f(o):=F( /~/ (0)) and /7,(0) is stochastic parallel translation, see
Definition 4.15.

Because of Theorem 4.17, in order to prove this theorem it will suffice to
compare v}, with v%. Of course the main issue is to compare Volg 0 with
VOl . In view of Proposition 5.14 and the boundedness of / and Scal

f(0) ()| < C |l f ] o e~ 57417

j H,(M)\H,(1)

which tends to zero faster than any power of |2|. Therefore, it suffices to
prove that for any ¢ >0 smaller than the injectivity radius of M,

lim flo)dvl(o) =] (o) emMORSAeDE o). (6.1)
W(M)

|| -0 H;(M)

6.1. Estimating the Radon Nikodym Derivative. In this section we will
continue to use the notation set out in Eq. (5.8).
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PROPOSITION 6.2.  Suppose that A is given by Eq.(5.9) and that Z;_, is
defined as in Lemma 5.8. Let A be an upper bound for both the norms of the
curvature tensor R (or equivalently Q) and its covariant derivative VR. Then

Zi—l(si):Ais(I+%‘Q (4,b,-) A4;b+6,_1), (6.2)

u(s;_1)

where
61| <L(24 14,b1> + 142 |4,b]*) cosh(\/A |4,b]). (63)
In particular, if ¢ >0 is given and it is assumed that |A;b| <& for all i, then
611 < C14;6)%, (6.4)
where C=C(¢, R, VR) = §(24 + 3 A%) cosh(\/z ).
Proof. By Lemma 8.3 of the Appendix,

A,83 Ab N\ 4,b ]
Ziso) = A+ 280, (55 ) 504 060 (69)
with &;_, satisfying the estimate
|6, 1| = (2K, (4,5)* + 1K?(4,5)*) cosh(/K 4,5), (6.6)

where K:=sup,c(, ) [A(s)] and Ky :=sup,c(,_, s [4'(s)]-
By (5.9), for se[s;,_1, 51,

|A(s)| <A 14;01 (4;5) 72

and hence K(4,5)>< 4 |4,b|%
Since u'(s) = Ay u(s) b'(s), we see for s, | <s<s, that
A'(5) = (D)) (b'(s), b'(5), ) b'(s)
(4:5) 7> (DQ) () (4,5, 4;D, -) A;b,

1

where (D), (b'(s), -, ) := (d/ds) Q. Therefore |A'(s)] <A(A;5)73 14,63
which combined with Eq. (6.6) proves Eq. (6.3). |

ProrosiTION 6.3.  Let Y(U) be given as in Lemma 8.1 of the Appendix
and define
U4 5:%914(%71)(4’1'17")Aib"‘é)i—l, (6.7)

z

where &;_, is defined in Proposition 6.2. Then

p»(0) =exp(W,(0)) exp (—s%5(0)), (6.8)
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where

Ap(0):= Y (Ric,, ,4:b, 4;b>

i=1

and
Wao(a):= ) (tré_+P(—U;_y)). (6.9)
Moreover there exists 3> 0 and C, < oo such that for all € (0, g, ],
| Wy(a)| <Cy Y |4;:6°  forall oeH%(M). (6.10)
i=1

Proof. Recall that by definition, the trace of the linear map
v Q) (4;0,v) 4;b equals —(Ric,, ,4:b, 4;b) and hence

u(s;_
tr U;_y = —§<{Ricy,_,4;b, 4;b) +tr &,_,.

From the definitions of %, and W,, we get using Lemma 5.8 and
Lemma 8.1,

prp(0)= l_[ eXP(—%<RiCu(s,.71) Ab, A;b) +tr &+ ¥P(=U;_,))

i=1

=exp <—é Y., {Ricy,, ,4,b, Aib>>

i=1
xexp(Z tré,_;+ Y/(—Ui_l)>
i=1 i=1

which proves Eq. (6.8).
Letting 4 be a bound on the curvature tensor £2, it follows using
Eq. (6.4) that

1
[U; 1] <8 |Qu(s,._1) (4;b,-) 4;b] +16;_4]

4
<E 1462 +C 4]

A A 1
<<C€+6> |Alb|2<<cﬁ+6> 82<§



464 ANDERSSON AND DRIVER

for ¢ sufficiently small. So, using Lemma 8.1 of the Appendix, W, satisfies
the estimate

[Wy(o Z (Jtr &1+ 1P(=U;_1)))

—

(| U P =0 DY

{CIA bI? +2<<C€+ >|A D] >2}

1
<C Y b
Let %,: H,y(M) - R be given as
Iyp(o): Z Scal(a(s;_,)) 4;s, (6.11)
i=1
where Scal is the scalar curvature of (M, (-, - )).

ProrosiTION 6.4. Let peR and &>0. Then there exists C=
C(p, e, M) < oo such that

1 — Ce—2412I <J P @A) =L 5D gy ()
HE(M)
<N _ Como17), (6.12)

and hence

Le » eP@AN =T gyl (5) — 1‘ <eRNZI | 4 Ce=#MPIL C 2] (6.13)

for all partitions P with | 2P| sufficiently small.

Proof. Let uy, be the solution to Eq.(2.5) with b replaced by B,
R;:=Ric and

ugp(s;_1)°

Y :=e? 2;’21 ({R;4,B, 4,B) —tr(R;) Ais).

By Theorem 4.10, the distribution of e?##~“#) under v, is the same as the
distribution of Y under u. Therefore,

J PAAD) =T Gy () :f Y du,
Hy(M) S
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where o7 :=)7_, o and .o/ :={|4;B|>¢} as in the proof of Proposi-
tion 5.14. By Proposition 8.8 of the Appendix

1< Ydlu:f Ydlu_l_f Ydugedsz”g",
¢ 4

W(RY)

where K 1s a bound on Ric. Therefore,

- L" res JH;<M)

P @A) =5 g1 () < oW K12 7{ Y du.
=

So to finish the proof it suffices to show that |, ¥ du < Cexp( —&?/4|2]).
Since
Y, (KR;4;B, 4;B) —tr(R;) 4;5)

i=1

<K< Y |AiB|2+d>,

i=1

it follows that
[ vaus| exp <K|p| < 5 |AjB|2+d>> du
K74 K4 j=1

<;L. exp <K 1P| <]Z |AjB|2—|—d>> du

i =1

<yE {exp <K|p| <,~ > |“fb|2+d>>}

=1,j#i

X E[1,(14,B|) eKlP1 (482 + )], (6.14)

where y,(r)=1,- .. The first factor of each term in the sum is bounded by
Lemma 8.5. Using the same type of argument as in the proof of Lemma 8.6
one shows for |2| sufficiently small that there is a constant C < oo such
that

FLxo(14,B1) X1 042 D] = B[, (\/4,5 | B(1)]) X171 (o 12DF+ ]
< C(4,5) e~ 421,
Hence the sum in Eq.(6.14) may be estimated to give j v Ydu<
Cexp(—e%/4(2]). 1

COROLLARY 6.5. Let 9,:H,(M)— R be given as in Eq.(6.11). Then
for all & >0 sufficiently small there is a constant C= C(g) such that

j Ipy—e~ V%o vl < C /|2 (6.15)
(M)

for all partitions P with |P| sufficiently small.
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Proof. Let C be a generic constant depending on the geometry and the
dimension of M. Let J denote the left side of Eq. (6.15) and let K be a con-
stant so that |Scal| < K. Then

J= pp —e WO 72| dvi,
:f e~ (/O HrgWor _ o =06 5| gL,
HY(M)

SeR[ e WO T DM 1| dvl, T+ 11,
Hi(M)

where

]::er le =W)X A =2 _ 1| ¢Wo dy
HE, (M)

and

II:=eKj le"? —1] dv.
H(M)
Since |e?— 1| <e! —1<|a| e for all ae R,

% — 1| dv, 4 (W, "o dvl,. (6.16)

J‘H‘;:(M) H(M)
By Proposition 6.3 there exist ¢, >0 such that |W,(c)| < CX7_, |4,b|* on
H%, (M) for ¢ <e¢,. Therefore, with the aid of Theorem 4.10,

(IR
(M)

n

<cy |

i=1 “HyM j=1

|A,-b|3exp Ceo Y |4:b)? ) dv?
J P

<C Zf |Aib|3exp<C6 Z 14,617 ) v,

=1 H@(M)

n

=CZJ

i—1 " W(RY)

|4,B| exp <C80 |4 B|2> du
j—l

=C Z E[ |4,B|? exp(Ce, |4,B|*)] Eexp ( Ce, |A,-B|2>.

i=1 j/#z
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By Lemma 8.5, lim sup , _, o E[ e 0 i1 48] = ¢9% < oo and hence
I1<2e%Ce?“0 Yy E[|4,B|* exp(Ceq |4,B|%)]

i=1

=2¢%Ce? i (4;5)*2 E[1B(1)|° exp(Ceo 4,5 | B(1)|?)]

i=1
<2eXCe?E[|B(1)]* exp(Ceo |2 |B(1)[*)] /12|
<C.J/|2], (6.17)

for all partitions £ with |#| sufficiently small.
To estimate 7, apply Holder’s inequality to get

peex([ jewomraipg([ - amig)
HY,(M) H(M)

The second term is bounded by the above arguments. Expanding the
square gives

e~ WO Pp=T5) _ |2 = (e~ WRo=F5) _ ) _ (e~ 1As=5) _])

< e~ WAFs=) _ | 42 |e~WOFs=T5) _ ||,

By Eq. (6.13) of Proposition 6.4 to each term above, there is a constant
C=C(e, M) < o0, such that I*>< C|2| for all partitions 2 with || suf-
ficiently small. From this we see that

1< C |2

which together with (6.17) proves the corollary. ||

6.2. Proof of Theorem 6.1. To simplify notation, let p: W(M) — (0, o0)
be given by

p() 1= exp (—g jl Scal(a(s)) ds>, (6.18)

0

where Scal is the scalar curvature of (M, g). Recall, by the remark follow-
ing Theorem 6.1, to prove Theorem 6.1 it suffices to prove Eq.(6.1) for
some ¢ >0. Let F: W(O(M)) - R, f H(M)—- R, and f: W(M) —> R be as in
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the statement of Theorem 6.1. Then by Corollary 6.5 and Proposition 5.13,
for ¢ > 0 sufficiently small and for partitions & with |2| sufficiently small,

s =]

1
. JPr dvy
Hy(M)

J H(M)

= fe=WO T iyl 47,
H(M)

Hy(M)

and |e,| < C || f]l, |2]"* where C is a constant independent of 2. Because

of Theorem 4.17, to finish the proof, it suffices to show that

lim fle= MO — pydvl, =0.

|21 =0 YH,(M)
As above, let B be the R%Brownian motion in Notation 1.2, B, be its

piecewise linear approximation, o, =@(B,) and uy, :=//(0,). If A is a
constant such that |Scal| <A and |VScal| < 4, then

e W07 p) av,

'[Hg(M )

<[[ |f(uy)(e—(l/6) §o Scal(o 4(s)) ds __ e—(l/ﬁ)_\'(l) Scal(ag(s))ds)u
1

<1 f o e*°E “ |Scal(a5(s)) — Scal(a,(s))| ds (6.19)
0

wherein the last step we used the inequality |e® — e?| < ™3 ) |g —b|. For
se[s;_1,5;), we have

IScal(g(s)) —Scal(g5(s; 1)) < 4 |4;B]

and hence

[ e OT— py vl | <f o €04 Y B |4,B] 4,5
Hy(M) i=1

f ) e AE (B S (4ys)

i=1

<SCflo 121

This finishes the proof of Theorem 6.1. |
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DEFINITION 6.6. Let 2 be a partition of [0, 1]. To every point xe M?
we will associate a path o, e H,(M) as follows. If for each i, there is
a unique minimal geodesic joining x;_; to x;, let o, be the unique path
in H,(M) such that o (s;)=x; and Sii,l lo'(s)| ds=d(x;_,, x;) for
i=1,2, .., n Otherwise set g,(s):=o for all s.

COROLLARY 6.7. Let a€[0,1], F: W(O(M))— R be a continuous and
bounded function and set f(o) :=F(//.(0)) for ce H(M). Then ae [0, 1],

l;llmo . f.(o_x) e(1/6) Z:'zl (aScal(x;_ )+ (1 —a) Scal(x;)) 4;s dyg(x)

=[  Jio)du(o),
W(M)

~

where f(a):zF(/ (0)) and /7,(0’) is stochastic parallel translation, see
Definition 4.15.

Proof. For ce H(M), let

Y (O') — 6(1/6) > _1 (xScal(a(s;_ 1)) + (1 —a) Scal(a(s;))) 4;s
> & .

Let A4 be a constant such that |Scal|<A and |VScal|<A. Then
Z#..(0) <e?® so by Proposition 5.12

Jyon o 100 10,000 a9 =0,

where C 171w 12|12 Therefore it is sufficient to consider
jMyf 79 «(0x) dy»(x). By Proposition 5.6 we have

| 100 15.0l0) diox)=]  [(0) 15,0(0) dvS (o).

7 HE,(M)

Let p(o) be given by (6.18). Arguing as in the proof of Theorem 6.1, the
corollary will follow if

lim j
|21 =0 YH, (M)

f0) (x5, .(0) p(a)—=1) dvi(a) =0.
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Let 64, By, be as in the proof of Theorem 6.1. We estimate, as in the proof
of Theorem 6.1,

lim j
[2] =0 YH (M)

f(0)(x2..(0) pla) = 1) dvi (o)

n

Y (aScal(g,(s;_1)) + (1 —a) Scal(a ,(s;))) 4;s

which completes the proof of Corollary 6.7. |1

<|f|oo€A/6[E[

— j ' Scal(0,(s)) ds

0

<Cfllw |21

7. PARTIAL INTEGRATION FORMULAS

As an application of Theorem 4.17, we will derive the known integration
by parts formula for the measure v. This will be accomplished by taking
limits of the finite dimensional integration by parts formulas for the
measure v),. The main result appears at the end of this section in
Theorem 7.16. A similar method for proving integration by parts formula
for laws of solutions to stochastic differential equations has been used by
Bell [7, 8].

7.1. Integration by Parts for the Approximate Measures. The two
ingredients for computing the integration by parts formula for the form v),
is the differential of E and the Lie derivative of Volg. The following
lemma may be found in any book on Riemannian geometry. We will
supply the short proof for the readers convenience.

LemMmA 7.1. Let Ye T,H(M). Then

YE:azE(Y)zzfo1 <a'(s),vzs)> ds. (7.1)

Proof. Choose a one parameter family of paths at g, e H(M) such that
oo=0c and (d/dt) |,_o0,= Y. Then

_4
dt

\%

1 1
[Mlors) ds=2 <a;<s)|t=o,a'<s)>ds.
0 0

YE
dt

t=0



PATH INTEGRAL FORMULAS ON MANIFOLDS 471
Since V has zero torsion,

v, vV d
a (S)|t=0:%$ g,
t=0

dr’
The last two equations clearly imply Eq. (7.1). |

To compute the Lie derivative of Volglg is will be useful to have an
orthonormal frame on H, (M) relative to GL. We will construct such a
frame in the next lemma.

Notation 7.2. Given ge H,(M), let H,, , be the subspace of H given
by

Hy, , :={veH:v"(s) =Q,(b'(s), v(s)) b'(s), Vs ¢ 2}, (7.2)

where u=//(c) and b=¢ ().

Because of Eq.(4.2) of Proposition4.4, veH, , if and only if
X%(o):=//(g) ve T,Hu(M).

LEMMA 7.3 (G,-Orthonormal Frame). Let & be a partition of [0, 1]
and G, be as in Eq.(1.12) above. Also let {e,}?_, be an orthonormal

a=1
frame for T,M=R? For ceH,(M), i=1,2,..n and a=1,..,d let
h; o(s, o) :=v(s) be determined (uniquely) by:

(1) veHy,,.

(2) ’(s +)=0ifj#i—1

(3) V(siy+)=(1//d;5)e

Then {X"a, ni=1,.,na=1, .., d} is a globally defined orthonormal
Sframe for (H, (M), GL).

Proof. This lemma is easily verified using the definition of G in
Eq. (1.12), the identity

VX*(o)(s+)

= @) V(s ),

and the fact that //,(¢) is an isometry. |

DEerFINITION 7.4. Let PC! denote the set of ke H which are piecewise
C'. Given ke PC', define k,: H, (M) — H by requiring k(o) e H, , for
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all ceH, (M) and kly(o, s+ )=k'(s+ ) for all se 2\{1}. Note that with
this definition of k,, X*# is the unique tangent vector field on H_ (M) such
that
VX2 (s+) VX*(s+)
ds - ds

for all se2\{1}.

LemMA 7.5. If ke PC', then Ly, Volg! =

Proof. Recall that on a general Riemannian manifold

LyVol=—) (Lye; e;» Vol=) ([e;, X1, e;> Vol,
where {e,} is an orthonormal frame. Therefore we must show that

i H([XTai, X*2], X"ar) =0. (7.3)

HM:

Suppressing 0 € H,(M) from the notation and using Theorem 3.5 to
expand the Lie bracket, we find

G,lﬂ([Xha'i’ ng]) Xha’i)

=2 {(X"tky — X hy ) Hy (s 4 45

+ 2 @X) hy = q(X") k) iy D s, 4 4)5.

Jj=1

For se 2\{1}, (X"«iky,) (s+)=X"aikl,(s+)=0, since k'(s+) is inde-
pendent of o. For the same reason, (X*2h,,;)(s+)=0 for se 2\{1}.
Moreover for se 2\{1},

<(q(ng)ha,i)l’hiz,i>|s+:<q(Xky)h;,i+Ru(OJ’Xky) a,i’ az>|s+: s

because ¢(X*#) is skew symmetric and because either A, ;(s+) or i, ;(s+)
are equal to zero for all se 2\{1}. Similarly,

Aq(X ) kp), hy ]y = Lq(X ") klp + R, (0", X" 0) kg, iy 3|5 =0
because for all se 2\{1}, either ¢,, (X"+1)=0 or ] ;(s+)=0 and either

h, i(s4+)=0 or h, ;(s+)=0. Thus every term in the sum in Eq.(7.3) is
zero. ||
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THEOREM 7.6. Suppose that ke PC', 2 is a partition of [0,1], be H,,
and 6= d(b)e Hy(M). Then

(Lyvl), <Z<k ,1+>,A,~b>>(v;>g, (74)

ie., the divergence of X*? relative to the volume form v, is

(divy, X92)(0) = — 3 CK'(s5,_y+ ). 4;b. (7.5)

i=1

Proof. By Lemma 7.5,

(Lyiov)o=[—2(X“E)(0)]-(v5),

and by Lemma 7.1,
’ VX 2 (0)(s)
(X*E)( 2f < S> ds
=2 fo /[ (0) b'(s), [/ s(0) k'p(a, 5)) ds

=2ZJ<b (0, 8)) ds.

Now for seJ;:=(s;_1,5;],

CH(5), Kip(0, )5 = (B (5,21+ ) Kip (0,5, +)) + | b'(r)- k(o r) dr
=B (5514 ) Kp(s,_ 1 +)) :

) Quin (B0 g (1) B(0)>

=81+ ), Ko (5214 ),

wherein the last equality we used the skew adjointness of 2, (b'(r), k»(a, 1))
and the fact that b'(s)=>0'(r)=4,b/4;s for all s,reJ,. Combining the
previous three displayed equations proves Eq. (7.4). |

COROLLARY 7.7. Let ke PCY, 2 be a partition of [0, 1] as above, and
letf: Hy (M) — Rbe a C! function for which f and its differential is bounded, then

[oaen=] (3 sy )b 00
Hy(M) Hy(M) i=
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wherein this formula 4;b is to be understood as the function on H(M) defined
by

A;b(a) := ¢~ (0)(s:) — ™" (0)(s;_1)- (1.7)

Proof. First assume that f has compact support. Then by Stoke’s
theorem

0= i (bI=] L ()

Hy(M) 2(

= [ LX) L+ vy ]

Hy(M)
which combined with Eq.(7.4) proves Eq.(7.6). For the general case
choose ye CX(R) such that y is one in a neighborhood of 0. Define
Ini=x(LE(-)e CP(Hyu(M)) and f, :=y,f € CP(H,(M)). Observe that

(Xf) =0 X 2 -7 (5 B ) X

n

1 1 “
X 1 £ (SO E Rlsii). 40 )
i=1

wherein the last equality we have used the formula for X*2E computed in
the proof of Lemma 7.6. Because of Theorem 4.10, >7_, {(k'(s;_,+ ), 4,b)
is a Gaussian random variable on (H (M), v.,) and hence is in L” for all
pell, o). Also

| X*7f| < C/GH(X7, X*2)

=C/Z K (s; 1+ ), K'(s;1+)) 4is < C K|
i=1

where C is bound on the differential of f. Using these remarks and the
dominated convergence theorem, we may replace f by f, in Eq. (7.6) and
pass to the limit to conclude that Eq. (7.6) holds for bounded f with
bounded derivatives. ||

Remark 7.8. Obviously Corollary 7.7 holds for more general functions
/- For example the above proof works if fand df are in L?(H, (M), v}, ) for
some p > 1.

We would like to pass to the limit as |#|—0 in Eq.(7.6) of
Corollary 7.7. The right side of this equation is easily dealt with using
Theorem 4.17. In order to pass to the limit on the left side of Eq. (7.6) it
will be necessary to understand the limiting behavior of k, as |#2| — 0.
This is the subject of the next subsection.
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7.2. The Limit of k.

Notation 79. Let Z?={0=5,<s5,<$,<..<s,=1} be a partition of
[0,1] and for re(s;_,,s;], let r:=s; ;. For ke PC', define ||k'|,, , and
ll&lll» by

1K'y, = 1K' (521 +)] 4y, (7.8)
i=1

and

1
Kl = | 1K) =K ()] . (79)
Note that [|k'[|, =0 if ke H,.

Lemma 7.10. Let 2 be a partition of [0,1], e H,(M), b=¢ (o),
u=//(o), ke PC' and k (o, ) be as in Definition 71.4. Then with A,b given
by (1.7) and ||k'|1, » given by (7.8),

ko (0, 5)| <K', VP AT yse[0,1]  (7.10)
and
lkp(0,5)—kp(a,s;_1)l

SUK (51 )| A5+ % lkp (0, 5,_1)] A 14,6 cosh /A |4,b],  (7.11)
and

|k9(0-7 S) —kg;(O', Si—l)|

<|k’(si—l+)|Ais+%A |Aib|2Hk.@(o”')Hoo Vse(s,_1,5], (7.12)

where A is a bound on the curvature tensor.

Proof. Let k(-):=kyp(o,-)eH, , and A(s) :=Q,,(D'(s),-) b'(s). By
Definition 7.4 of k4, i satisfies
K"(s) = A(s) x(s) for all s¢2 (7.13)
and
K'(s+)=k'(s+) Vse 2\{1}. (7.14)
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Noting that |Q,,(b'(s),-)0'(s)| < A |b'(s)]> = A(|4,b]%/4;5) for s € (s;_1, 5],
Lemma 8.2 of the Appendix implies Eq. (7.12) and that

Jie(5) = (s, _ 1) < I, )| (cosh /A |4,b] = 1)

inh /A |4;
+|k/(si_l+)|A,Sw

T JA4.b|

1
< (Wi st (s, )1 414,61 ) cosh /41,

where we have made use of the elementary inequalities

1
cosh(a) — 1< 3 a® cosh(a), and
inh
Sma(a) <cosh(a) VaeR (7.15)

In particular, Eq. (7.11) is valid and

inh /A4 |4,
)] < () cosh /7 14,51 + (s, +)] 4, S/ A 141

T JA4,b]

1
<(k(s, )1+ WG+l dsexp 541452} (116

since cosh(a) < e’ for all a. Using the fact that x(sy)=x(0)=0 and an
inductive argument, Eq. (7.16) with s =s, implies that

i .
o) € 3 sy dys ) A 1907

=1

Combining this last equation with Eq.(7.16) proves the bound in
Eq.(7.10). 1

In the rest of this section, unless otherwise stated, C will be a generic
constant depending only on the geometry of M and C(y, p) will be a
generic constant depending only on y, p and the geometry of M.
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TaeoreM 7.11. Let ke PC! and B and B, be the Rvalued processes
defined in Notation 1.2 and Notation 4.12, respectively. Also let u be the
O(M)-valued process which solves the Stratonovich stochastic differential
equation

ou= H,uoB, u(0) =uy, (7.17)
Uy =//(¢(By)) and zz=ksu(¢p(Bs), ). (Note by Theorem4.14 that
u=1limy _, ,.//(¢(By)) is a stochastic extension of ¢.) Let z denote the solu-
tion to the (random) ordinary differential equation
Z'(s) + %Ricu(s) z(s) =Kk'(s), z(0)=0. (7.18)
Then for y€(0, 1), pe[1, =),

EL sup [z5(s) —z()I21< CO, )UK 5 12177 + K 15)-

se[0,1]

We will prove this theorem after the next two lemmas. Before doing this
let us note that z, in Theorem 7.11 above is determined by

zu(s)=A(s)z, for s¢ 2, z5(0)=0, and

Zp(s+)=k(s+) Vse2?\{l}, (7.19)
where
A;B A;B
A(s) :=Q, s <A,-s’ > A5 when se(s;_q,s;]. (7.20)

LeEmMMA 7.12. Let 0; be defined by
31:=2(5) + | (Ric, 4 2o (r) —K'(r +)) dr.

Then forallpe[ 1, o) and ye(0, 1/2) there is a constant C= C(p,y, A) < o0
such that

E[max |9,?] < C K| 5 217,

where A is a bound on Q and its horizontal derivative.

Proof. Without loss of generality, we can assume that p>2.
Throughout the proof, C will denote generic constant depending only on p,
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y, A, and possibly the dimension of M. By Taylor’s theorem with integral
remainder and Eq. (7.19) and Eq. (7.20) we have

2a(5) =20 (5, ) + (st ) A+ [ (s,— 1) 2 (r) dir
Si—1
=Zg(si_1) K (s;1+) dss

[ 501 Qu (B 1), 2(1)) By(r) dr

Si—1
=Zp(5;_1) + K (s;_1+) d;s
+%Q (4;B, z5(s;_1)) 4;B+ B, (7.21)

ugp(s;_1)

where
Bi=[" (1= 1N Qo (Bi(r), 2(r))

— Q.5 (Ba(1), 25(5;,-1))) By (r) dr. (7.22)

By 1td’s lemma,

Q A;B, z5(s;_1)) 4;B

”9(5};1)( F
= LI Qu?(sj,l)(B(V) —B(s;_1), z5(s;_1)) dB(r)
+f’ Q

Sj*l

(dB(r), z5(s; 1)) (B(r) — B(s;_1))

ug,(sjfl)
—Ric, 1) 2(2;_1) 4;s.

Using this equation and the fact that z,(0) =0, we may sum Eq. (7.21) on
i to find

zg,(s,.):j:(k'(w)—%Ricw) () dr+MZ+ Y B, (123)
j=1

where M7 is the R%valued Martingale,

s

M? = j: Quin (B(r) = B(r), 25(r)) dB(r)

4[| Qi (dB(r). 2 (1)) (BLr) = BD)).

Therefore 6,= M7 +3_, f;-
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By the martingale moment inequality [ 63, Proposition 3.26],

E[sup |[M 7] < C,E[<{M7>{7], (7.24)

where C, is a constant and (M7 is the quadratic variation of M7. It is
easy to estimate (M?>, by

1
(M?y, <2dA% [ |B(r) = B)|? |25 (1) dr
0
and hence by Jensen’s inequality
1
CM?YE2< Q)P A7 | [B(r) = Br)|” |2, (1) db.
0

Because {z,(r)},cro 17 is adapted to the filtration generated by B we may
use the independence of the increments of B along with scaling to find

1
ECM? Y0 <) A7 [ E |B(r) = B()|7-E |25 (1)) dr
0
1
= C,2d) " A7 [ |r—1]P - |z, (r)|” dr
0
1
<GP A7 K5, [ Ir—r|7®
0

x Ee(P) AX]_ 148 gy

where Eq.(7.10) was used in the last equality. By Lemma 8.5 of the
Appendix, E[e”? X148 is bounded independent of 2 when |2| is
sufficiently small. Hence we have shown that

1
E[sup [M7[7]< C,p(A) Hk'H{’,g»f [r—r|??dr < C,(A) 1K'} 5 |2|7".
Ky 0
So finish the proof it suffices to show that
n P
E( 3 181) <clvig, i (725)
j=1
By assumption, u, solves the differential equation

ué(s)zcﬁy(s)uy(s) B (s), Uz (0) =u,,
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so that for any Fe CY(O(M)), re(s;,_;,s;],

|Flup (1)) = Flugp(s;—1))| < C <Cl4;B],  (7.26)

fr Bl,(s) ds

where C bounds the horizontal derivatives of F. Applying this estimate to
Q implies

2 Quyis,_p| <A |4;B|. (7.27)

"y(r) -

Using the inequalities in (7.12) and (7.27) and Eq. (7.22) we find that

1B <%A max [z5(8) —z5(5;_1)] |AiB|2+A 1z (5:-1)] |AiB|3
Si_1SSSS;

< %A(V(,(Si—l +)] Ais_l_% |zp(s; 1) 4 |AiB|2)
x cosh(y/A |4;B]) |4,B1* + A |z5(s,_1)| |4,B’. (7.28)

Letting K, denote the random variable defined in Eq. (8.15) of Fernique’s
Lemma 8.3, the above estimate implies that

4
Bl 5 1K (51— + )| dis cosh(/4 K, |2]) K3 |21

/12
(G K 4,1 coshl A K, 171) + G Ll ) 5,0 )

where y€ (0, 1/2). We will now suppose that y is close to 1/2. Then by
Eq. (7.10) of Lemma 7.10, we find that

A
fil <7 IK'll1, » cosh(y/4 K, |2]) K2 |27 + C |[K'|1, |27~

I M =

i=1

x (K% cosh(\/A K, |2|) + K3) e VDA X 14,58
<SCK 212171
x (K +K?2) cosh(\/4 K, |2]) + K3) VD AZ] 14,58,
Using Lemma 8.4 and 8.5 of the Appendix, it follows that
((K¥+ K2) cosh(\/4 K, |2]) + K3) eV AZ)-, 1457

is bounded in all L” for |#| small. This proves E(37_,|B;])7<
CIIk'|§ 5 121@7= 1 ? which proves Eq. (7.25) since (3y — 1) approaches 1/2
when y approaches 1/2. |1
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LemMMA 7.13. Let e, be defined by
£5(5) i =2(5) + jo (IRic,, ) 2 (r) —K'(r) dr. (7.29)

Then for all ye(0,3) and pe[1, ),

E[max [e(5)|”]< C(y, )UK 5 1217 + 1K1l 5)- (7.30)

Proof. Let 0, be as in the previous lemma and set J,(s):=
1 5,41(&_1,%](5). By the definitions of &4, (7.29) and J,, we have for
se(s;i—1 51,

ep(8)—045(8)= z5(s)—z4(s;)

+3 <J Ric, ) 25 (r) dr — Li Ric, ) 22 (1) dr)

(]

+ [y dr— [ K dr
0 0
= %Ll (Ric, () 25 (r) = RiC, ) 25 (1)) dr

-1 ri Ric, ) 25 (1) dr
T (25(5) = 25 (s:) + (k(s;) — k(s))
[k dr
=:14,+1B,+ Ci(s) + E;,
where for re(s;_;,s;], r:=s;_;. We will now prove the estimate

E[sup |ex(s) =0, (s)|71< C(y, p)UIKIIT 5 12177 + K111 5)

This will complete the proof (7.30) in view Lemma 7.12.
By definition of ||k'||, in Eq. (7.9)

max |E;| < [K[l|». (7.31)
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In the argument to follow let {K,}, denote a collection functions on
(W(R9), u) such that sup, [Kpll Loy < oo for all pe[l, ). Using
Eq. (7.10) with =B and g = ¢(B,) and Lemma 8.5 of the Appendix,

|B;| < [Ric| o |2] |25l o S IRiC] o Ko | [K'[[1, 5 [2].
So for pe[1, o),

E[max |B;|”] < |Ric| 2 | [K']{ 5 E[K5 ] |27 < C|2]”.

Next we consider C;,. We have C;(s;)=0 and by (7.13) and (7.14) with
b=B and g =¢(By,) for se(s;_4, s;],

Ci(s) =z (s) —K'(s)

K =K )+ [ iy (B0, 25(r)) dr B(s)

Si—1

which implies after integrating
|Ci()| S ANABI ||z [l oo + 1K' » S AKZ 143517 |25 || oo + (1K' 5,

where 4 is a bound on Q and K, is defined in Lemma 8.4. Therefore, again
by (7.10) and Lemma 8.5, if pe[1, o0) and y€(0, 1/2) then

Efmax |C;(5)]”] < €07, p, (K111 5 12177+ 1k15)- 1

So to finish the proof it only remains to consider the 4, term. Applying
the estimate in Eq. (7.26) with F'=Ric gives, for re(s;_y, s;],

IRic, ) — Ric, | < C[4;B| < CK, 2],
where C is a bound on the horizontal derivative of Ric. Therefore,
. 1
411 S CK, 1217 2] o+ IRicl | |z0(r) =25 ()] dr

S CK, |21 K[, €12 A ET1 14,5

+ IRicllo, (K[, 5 12] + 34 max |4,B]? |z | ..)

SCIK |1, p (" ATLIPHK, |27 + K] |217) + |21}
<Ky 1K1, 1217,
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wherein we have made use of Egs. (7.10) and (7.12) of Lemma 7.10 in the
second inequality, Eq.(7.10) and the definition of K, in Eq. (8.15) in the
third inequality, and Lemmas 8.4 and 8.5 in the last inequality. Thus

E[max |4;[7]1< C(y, p) IK'|I] 5 |27

for pe[1, o0) and y € (0, 1/2). This completes the proof of Lemma 7.13. |

Proof of Theorem 7.11. Let ¢, be defined as in Eq. (7.29) and let y,(s)

denote the solution to the differential equation,

Vip(s) +3Ric, ) Yo(s)=k'(s)  with y,(0)=0.
Then

2(5) = 7(5) = = [ IRicy (25 (1) = 7 (1)) i + 25

and hence

20(5) = 2o <[ Cllzo(r) = yolr)] dr+25(5),

where C is a bound on jRic. So by Gronwall’s inequality,

125 (8) = yp (s)] S max(le»(5)] €) Smax [e,(s)] €,

which combined with Eq. (7.30) of Lemma 7.12 shows that

E[max |z5(s) = yo(s)|7T1< C(p, p)UIK'IIE 5 217 + IK15)-

for pe[1, w0), ye (0, 1/2).
To finish the proof of the theorem it is sufficient to prove

E[max |y (s) —z(s)[7]1 < C(y, p)UK'] 5 |21 + KNI |2]7).

First note that a Gronwall estimate gives

max |z(s)| < K| Ligas) elRieles < C 151 21cas)
s

and similarly

max |y,(s)|<C Hk/HLl(ds)a
s

(7.32)

(7.33)
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where [[k'[| 114y = [ |K'(s)| ds. Let w= y, —z. Then
w'(s) = 3Ric, ) w(s) + 3(Ric, ;) — Ric,() 2(s).
Letting
A, = msax z [Ric, ) — Ric,|

the inequality (7.33) and an application of Gronwall’s inequality give

[w(s)| < CAp K| e (7.34)
Theorem 4.14 implies

E[145171< C(y, p) 121"
and hence by (7.34),

E[max [y, (s) —z(s)|"1< Clp, p) K71 20 |21,

This implies (7.32) in view of the fact that
& < MK 11, 2 + 15"l -

This completes the proof of Theorem 7.11. ||

7.3. Integration by Parts for Wiener Measure.

PrOPOSITION 7.14.  Let |?| :=max{|4;s|:i=1,2, .., n} _denote the mesh
size of the partition 2 and f be a function on H(M) and f on W(M) as in
Theorem 4.17. Then

lim j
|21 =0 YH ()

- <~ jol (k. d17>> v (735)

where A;b is to be interpreted as a function on H(M) as in Eq.(7.7) and b
is the anti-development map. Recall that b is an R%valued Brownian motion
on (W(M), v) which was defined in Definition 4.15. Here Ll) (K, dbY denotes
the It6 integral of k' relative to b.

f(i <k'(si_1+),A,-b>)v;
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Proof. Let B denote the standard R%valued Brownian motion in
Notation 1.2 and u denote the solution to the Stratonovich stochastic differen-
tial Eq. (7.17). By Lemma 4.11 and Theorem 4.10,

f(i <k’<s,-_1+),A,-b>>vg

i=1

ng,(M)

—[E{f(qb By)) <Z CK'(si_14), A,B))} (7.36)

By the isometry property of the It6 integral, we find that

hm (Z <k Si— 1+)’AiB>>:J1 <k,’dB>>
0

|2| -0

where the convergence takes place in L?*(W(R?), ). As in the proof of
Theorem 4.17, f(¢(B,)) converges to F(u) in L? as well. Therefore we may
pass to the limit in Eq. (7.36) to conclude that

lim jH » <§ Si_1+), A,.b>>v [E{ ()f K, dB)}

|2| -0

~

Since (B, u) and (b, //) have the same distribution,

1 ~ 1 ~
E{F(u)j K, dB>} :j <fj K, db>>dv
0 W(M) 0
The previous two displayed equations prove Eq. (7.35). |

DerFINITION 7.15. A function f: W(M) — R is said to be a smooth cylin-
der function if f is of the form

flo)=Feony(o)=Floy) (7.37)
for some partition 2 and some Fe C*(M?).

We are now prepared for the main theorem of this section.

THEOREM 7.16. Let ke PC!, z be the solution to the differential equation
(7.18) of Theorem 7.11 and f be a cylinder function on W(M). Then

XZfdv=f ( )f<£)1 K, d13>>dv, (7.38)

JW(M) W(M
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where

= Z <(V,f)(0'), X§'(6)> = > //s Sl’ J)>
i=1

INeE
N
\\

i=1

and (V. f )(J) denotes the gradient F in the ith variable evaluated at
(0(s1), 0(52), ey 3(5,))-

Proof. The proof is easily completed by passing to the limit |#| - 0 in
Eq. (7.6) of Corollary 7.7 making use of Proposition 7.14, Theorems 7.11,
4.14, and Corollary 4.13. |

8. APPENDIX: BASIC ESTIMATES

8.1. Determinant Estimates.

LemMA 8.1. Let U be a dx d matrix such that |U| <1, then

det(I— U)=exp(—trU+ ¥(U)), (8.1)
where Y(U):= =¥, LirU". Moreover, W(U) satisfies the bound,
« d n 2 —1
P(O)< X SUt<d|uFa—jupT. (82)
n=2

Proof. Equation (8.1) is just a rewriting of the standard formula,

o0

log(det(/~ 1) =~ ¥ ——

tr( U + l)’
which is easily deduced by integrating the identity

%log(det(l—sU)) = —tr(I—sU)"' U)

= —tr < Y s”U"U>= =3 s"tr (U,

=0 n=0

Since for any d x d matrix |tr U| <d |U| and |U*| < |U|%, it follows that

itr(U%)| <d |UI*
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and hence

& d
PO < X ;IUI”SdIUlz(l—IUl)’I- 1

n=2
8.2. Ordinary Differential Equation Estimates.
LemMMA 8.2. Let A(s) be a dx d matrix for all se [0, 1] and let Z(s) be

either a R? valued or dxd matrix valued solution to the second order
differential equation

Z"(s) = A(z) Z(s). (8.3)
Then
|1 Z(s) — Z(0)] <|Z(0)| (cosh /K s— 1)+ |Z'(0)] SthiKS (8.4)
and
2
1Z(s) — Z(0)| < s 1Z'(0)| +K%Z*(s), (8.5)

where Z*(s) :=max{|Z(r)|: 0<r<s}, K:=sup,.;o,17 |4(s)| and |A| denotes
the operator norm of A.

Proof. By Taylor’s theorem with integral remainder,
Z(s) = Z(0) +5Z'(0) + f Z"(u)(s — u) du
0
0) +s2'(0 f u)(s —u) du (8.6)
and therefore
|Z(s) — Z(0)| < s|Z'(0)] +Kf0 |Z(u)| (s — u) du
5 S2
< s |Z'(0)] +Kj | Z(u) — Z(0)| (s —u) a’u+§K |Z(0)]
0

=: f(s). (8.7)
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One may easily deduce Eq. (8.5) from the first inequality in this equation.
Note that f(0) =0,

S =1Z/ O +K [ 1Z(0) = Z(0)] (s —u) du-+ 5K |Z(0).

J'(0)=12'(0)|, and
J"(8) =K |Z(s) = Z(0)[ + K | Z(0)| < Kf(s) + K | Z(0)].
That is,
S($)=Kf(s)+n(s),  f(0)=0, and  f'(0)=[Z"(0)], (8.8)

where 7(s):=f"(s)— Kf(s) <K |Z(0)|. Equation (8.8) may be solved by
variation of parameters to find

£(5)=1Z/(0)| Smhﬁf% [ Jﬁgs—” 0 dr

<|Z’(0)Im\/;<s+|2(0)| rﬁsinh\/}(s—r) dr
0

:|Z(0)|M+|Z(0)|(cosh Ks—1).

JK

Combining this equation with Eq. (8.7) proves Eq. (8.4). |

LemMA 8.3. Suppose that Z is a dxd-matrix valued solution to
Eq. (8.3) with Z(0)=0 and Z'(0)=1. Let K> 0, K, >0 be constants so that
SUPsero0, 17 |[A(s)| < K and SUPscer0,1] |4'(s)| < K;. Then

3

Z(s) =sl+%A(0) 4 5E(s), (8.9)
where
16(5)] < L(2K, s> + 1K%*) cosh(\/K s). (8.10)

Proof. Using the definition of Z in Eq.(8.3) we have that Z(0)=
Z"(0)=0, Z'(0)=1,

d3

Z9(s) =5
S

Z(s)=A'(s) Z(s) + A(s) Z'(s),
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and hence Z® (0) = A4(0). By Taylor’s theorem with integral remainder

Z(s)=st+5 [ ZO@) s &) dz
24,

3

1 rs
=sI+%A(0) +5 fo (Z9(&) — A(0))(s — &) de.

Now using Lemma 8.2 with Z(0) =0, we find

IZ(”(é)—A(0)|=‘ (&) ZE) + A <1+j >—A<0>‘ (s.11)
<Smh\([\{<m+1<(cosh(\/if)—1)+1<lf (8.12)
<K, &(cosh(/K &) +1) +% K¢ cosh(\/K &) (8.13)
< <2K1s + % K252> cosh(\/K s), (8.14)

where we used the elementary inequalities sinh(a)/a <cosh(a) and
cosh(a) — 1 < %a? cosh(a) valid for all ae R. Using Z®(0) = A(0) and the
definition of & completes the proof. |

8.3. Gaussian Bounds. 1In this subsection, B(s) will always denote the
standard R%valued Brownian motion defined in Notation 1.2.

LemMA 8.4 (Fernique). For ye(0,1/2) let K, be the random variable,

Kyimsup (P2 0 <5 <rt . (8.15)

ls—r|”
Then there exists an ¢ =¢&(y) >0 such that [E[eeKi] < oo

Proof. Since K, as a functional of B is a “measurable” semi-norm,
Eq.(8.15) is a direct consequence of Fernique’s theorem [67,
Theorem 3.2]. |

LemMma 8.5. Forpel[l, o),

Ee®/? CEj-1 1487 = TT (1 — pC A,5) = (8.16)

Jj=1
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provided that pC A;s <1 for all j. Furthermore,

lim [Ee®? Xy 1451 = odrC/2 (8.17)
|122] -0

Proof. By the independence of increments and scaling properties of B
we have

n n
[E[e<p/2)cz;’=l |AjB|2] _ n [E[epc |AjB|2/2:| _ 1—[ (u{[epCAjsNz/Z])d’
j=1 j=1

where N is an standard normal random variable. This proves Eq. (8.16),
since an elementary Gaussian integration gives

[E[epCAjsNZ/Z] 2(1 —pCAjs)fl/z

provided that pC 4,5 < 1. Equation (8.17) is an elementary consequence of
(8.16). 1

LEmmA 8.6 (Gaussian Bound). For every k=0 there is a constant
C=C(k, d) which is increasing in k such that

E[* 1BV |B(1)| = p] <Cef(1/4)”2/p2 forall p=1. (8.18)
Proof. A compactness argument shows that there is a constant C(k, d)

such that r?=leke~27 < C(k, d) e~ *®" for all r>0. Passing to polar
coordinates and using this inequality shows that

E[Ck |B(1)|: |B(1)| >p] :wd_l(zn.)d/ZJ rd_lek’e_(l/z)rz dr
p

<wy_,(2n)"* C(k, d) J %efo/s) 4
P

~ 4

=w,_,27)" C(k,d) — e~ ™’
3p

< Ce—(1/4>p2/p2’

where w,_; is the volume of the d— 1 sphere in R |

LemmA 8.7. Fix >0 and K=0. Let y (r)=1,-,, let B be a standard
R%valued Brownian motion and let # = {0=sy<s, <..<s,=1} be a parti-
tion of [0, 1].
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Define the function y: R, - R by

o)
(T A

Then there is a constant C= C(K, d) < oo such that

Z {76 (14, )<W>}E{¢MH)

2

<Ce‘2exp<47@|>. (8.20)

Proof. Tt is easily checked that i is an even smooth (in fact analytic)
function and that y(u) =14+ (d(d—1)/6) u?> + O(u*) and hence there is a
constant C < oo such that y(u) < ¢ for 0<u<1. Thus

[Tw(/4;5) <e“Z#%7 <eC.
J#i

Recall the elementary inequalities sinh(a)/a <cosh(a)<e'*! which are
valid for all « € R. Using these inequalities and the scaling properties of B
and Lemma 8.6,

inh(./K |4.B|)\¢~!

inh . DINe—1
=[E[x£<M|B(1>|><SmgBIB< )|)> }

<[E[)(8A_s_1/z(|B( Yexp((d—1) /K 4,5 |B(1)])]

82
K |21.d) % exp( )

82
a2 e 5.

Combining the above estimates completes the proof of Lemma 8.7. |i

PROPOSITION 8.8. Let B be the R%valued Brownian motion defined on
(W(R?), u) as in Notation 1.2 above and let R; for i=0, 1, ..., n be random
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symmetric dx d matrices which are o(B,:s<s,_,)-measurable for each i.
Note that R, is non-random. Further assume there is a non-random constant
K< oo such that |R;| <K for all i. Then for all peR there is an ¢=
&K, d, p)>0

1 <E[e” . (KR;4,B, 4,B> — tr(R)) 497 < e K212 (8.21)

whenever |2| < e.
Proof. By Itd’s Lemma,
(R;4,B, 4,B) —tr(R,) 4;5 =2 f " (R,(B(s)— B(s)), dB(s)).
Si—1
and hence > 7_, ((R; 4B, 4;,B) —tr(R;) 4,5) =M, where M, is the con-

tinuous square integrable martingale
M,:=2 [ (R, (Bls) — B(s)). dB(s)>
and R, :=R,; if se(s;_;, s;]. The quadratic variation of this martingale is
(M, =4 [ IR(B)~ Bls)I>ds <4K? [ 1Bs) ~ Bls)|ds.

Let pe(1, o0). Then by the independent increment property of the
Brownian motion B, it follows that

E[e”*1]<E [exp <4sz<2 fl |B(s) — B(s)|? dSH
0

~T1E|exp (472 [ 1B19)- B ds )

i=1 Si—1

“[lE {exp <4p21<2A,.s2j1 |B(s)|2ds>}, (8.22)
0

i=1
wherein the last equality we have used scaling and independence prop-
erties of B to conclude that [j |B(s)—B(s)|*ds, [§°|B(s)|*ds and

o A5 | B(s/4;5)|* ds = 4;5% [ | B(s)|? ds all have the same distribution.
Fernique’s theorem [ 67, Theorem 3.27] implies that

A
W) :=F {exp (2 jol |B(s)|2ds>}
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is a well defined analytic function of 4 in a neighborhood of 0. Because
Y(0)=1 and

1 1 d
w'(0>=5[Ej0 [B(s)|ds =

it follows that ¥(4) <e®? for all positive 4 sufficiently near 0. Using this
fact in Eq. (8.22) gives the bound

E[e” M1 < [] exp(4 dp>K? 4,5%) = exp <4 dK*p? Y A,.s2>
i=1

i=1

<exp(4 dK?*p?* |2|) < o0, (8.23)

which is valid when the mesh of 2 is sufficiently small.
By It6’s Lemma,

2
P
2 =exp (o1, - Con), |

is a positive local martingale. Because of the bound in Eq.(8.23),
Novikov’s criterion [87, Proposition 1.15, p. 3087 implies that Z!» is in
fact a martingale and hence in particular E[ Z{?’] = 1. Therefore,

E[ e2M1] = E[ 2M1— (P2XMD 10 2)<MD 1 | > [ oPM1 = (P/2XMD1 ] = |

and

E[e?*1] = E[exp(pM, — p>( M) ) exp(p* (M ),)]
<VELexp(2pM, —2p* (M) 1)] /ELexp(p* (M) ,)]
= VEZPP JELexp(p(M)1)] = /E[exp(p>( M) })]
<exp(4 dK?p* |2)).

This completes the proof of Proposition 8.8. |
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