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5 GULYHU DQG VULPXUWK\

41 YA|iNa�W|�NA

Ohw N eh d frqqhfwhg frpsdfw Olh jurxs/ M � WhN eh wkh Olh dojheud ri N/ dqg
k�> �l @ k�> �l

�
eh dq DgN0lqyduldqw lqqhu surgxfw rq M1 Wr vlpsoli| qrwdwlrq odwhu zh

zloo dvvxph wkdw N lv d pdwul{ jurxs1 +Vlqfh N lv frpsdfw/ wklv lv qr uhvwulfwlrq/
vhh iru h{dpsoh Wkhruhp 714 rq s1 469 lq ^:`1,

H{dpsoh 4141 Dv dq h{dpsoh/ ohw N @ VR+6, eh wkh jurxs ri 6�6 uhdo ruwkrjrqdo
pdwulfhv zlwk ghwhuplqdqw 4= Wkh Olh dojheud ri N lv M @ vr+6,> wkh vhw ri 6�6 uhdo
vnhz v|pphwulf pdwulfhv/ dqg wkh lqqhu surgxfw kD>El� =@ �wu+DE, lv dq h{dpsoh
ri dq DgN ~ lqyduldqw lqqhu surgxfw rq M=

Hohphqwv D 5 M zloo eh lghqwl�hg zlwk wkh xqltxh ohiw lqyduldqw yhfwru �hog rq
N djuhhlqj zlwk D dw wkh lghqwlw| lq N> l1h1 li i 5 F4+N, wkhq

Di+{, @
g

gw
m3i+{hwD,=

Wkh sdwk dqg orrs jurxsv rq N duh gh�qhg e|

Z +N, � i� 5 F +^3> 4`$ N, m� +3, @ hj+414,

dqg

O +N, � i� 5Z +N, m� +4, @ hj+415,

uhvshfwlyho|1

Qrwdwlrq 4151 Wkh frqvwdqw sdwk dw h zloo eh ghqrwh e| h> l1h1 h+v, @ h iru
v 5 ^3> 4`=

Slqqhg Zlhqhu phdvxuh +�3w , rq vxfk d _orrs jurxs% +vhh ^54`/ ^56`/^6`/ ^4:` dqg
Gh�qlwlrq 5144 ehorz, lv wkh odz ri d N0ydoxhg Eurzqldq prwlrq vwduwlqj dw h 5 N
dqg frqglwlrqhg wr hqg dw h 5 N= Khdw nhuqho phdvxuh +�3w , rq O+N, +vhh ^4;`/
^46`/ dqg Fduvrq ^;/ <` dqg Gh�qlwlrq 5147 ehorz, lv wkh hqg srlqw glvwulexwlrq ri
d _O+N, ~ ydoxhg Eurzqldq prwlrq1% Wkh pdlq wkhruhp +Wkhruhp 5149, lq wklv
sdshu dvvhuwv wkdw �3w lv devroxwho| frqwlqxrxv zlwk uhvshfw wr �3w dqg wkh Udgrq0
Qlnrg|p ghulydwlyh g�3w@g�

3
w lv erxqghg1 Wkh surri ri wklv wkhruhp khdylo| uholhv

rq d wkhruhp ri Dludxow dqg Pdooldylq +Wkhruhp 514; ehorz, zklfk vkrzv wkdw �3w
vroyhv d khdw htxdwlrq zlwk d srwhqwldo1 D qhz surri ri Wkhruhp 514; zloo eh jlyhq
lq Vhfwlrq 91

Rqh ri rxu prwlydwlrqv iru lqyhvwljdwlqj Wkhruhp 5149 lv O1 Jurvv* orjdulwkplf
Vrerohy lqhtxdolw| rq +O+N,> �3w ,= Wr vwdwh wkh lqhtxdolw|/ ohw

njudgin5 @
[
k5V3

+Cki,
5
>

zkhuh V3 lv dq ruwkrqrupdo edvlv iru K3 +K3 lv wkh M ~ ydoxhg Fdphurq 0Pduwlq
vsdfh lq Gh�qlwlrqv 614, dqg Ck lv d ohiw lqyduldqw yhfwru �hog rq O+N, gh�qhg lq
Gh�qlwlrq 6171 Dovr ohw xv lqwurgxfh wkh iroorzlqj qrwdwlrq1 Li � lv d phdvxuh rq
vrph phdvxudeoh vsdfh  dqg i = $ U lv d phdvxudeoh ixqfwlrq/ ohw

�+i, @

]


ig�=+416,

O1 Jurvv suryhv lq ^53` wkdw wkhuh lv d frqvwdqw F ?4 vxfk wkdw]
O+N,

i5 orj
i5

�3w +i
5,
g�3w � F

]
O+N,

q
njudgin5 . Y i5

r
g�3w+417,
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zkhuh Y lv hvvhqwldoo| wkh vdph srwhqwldo wkdw dsshduv lq wkh Dludxow ~ Pdooldylq
Wkhruhp 514; ehorz1 Lw lv vwloo dq rshq txhvwlrq dv wr zkhwkhu wkh srwhqwldo whup
Y i5 lq Ht1 +417, lv qhfhvvdu| ru qrw1

Rq wkh rwkhu kdqg/ lw zdv vkrzq lq Gulyhu dqg Orkuhq} ^4;` wkdw li �3w lv uhsodfhg
e| �3w > wkh srwhqwldo whup Y lv qrw qhhghg/ l1h1 wkhuh lv d frqvwdqw F ?4 vxfk wkdw]

O+N,

i5 orj
i5

�3w +i
5,
g�3w � F

]
O+N,

njudgin5 g�3w =+418,

Qrz Wkhruhp 5149 ehorz vkrzv wkdw ]w =@ g�3w@g�
3
w lv erxqghg1 Li rqh frxog vkrz

wkdw ]�4w zhuh dovr erxqghg/ wkhq wkh Krooh| ~ Vwurrfn ohppd +vhh ^55` dqg Uhpdun
4153 lq ^43`, dorqj zlwk Ht1 +418, zrxog lpso| wkdw Ht1 +417, krogv zlwkrxw wkh
Y i5 whup1 Lw lv doprvw fhuwdlqo| vhhpv wrr pxfk wr h{shfw wkdw ]w lv erxqghg iurp
ehorz lq jhqhudo1 +Lw lv qrw hyhq nqrzq li ]w A 3> �3w 0 d1v1/ zkhq N lv qrq0deholdq1,
Vr wkh dxwkruv gr qrw h{shfw wklv olqh ri uhdvrqlqj wr zrun zlwkrxw prgl�fdwlrq1
Qhyhuwkhohvv/ ehwwhu nqrzohgjh ri wkh ghqvlw| ]w pd| eh xvhixo lq ghwhuplqlqj li
srwhqwldo lv qhhghg lq Ht1 +417,1

4141 Frqmhfwxuh rq htxlydohqfh1 Ohw xv hqg wklv lqwurgxfwlrq zlwk wkh iroorzlqj
frqmhfwxuh1
Frqmhfwxuh1 Li N lv vlpso| frqqhfwhg +vr wkdw O+N, kdv rqo| rqh frqqhfwhg frp0
srqhqw, wkhq ]w A 3> �3w 0 d1v1 Wkdw lv wr vd| �

3
w lv devroxwho| frqwlqxrxv uhodwlyh wr

�3w = Li N lv qrw vlpso| frqqhfwhg/ wkhq zh h{shfw wkdw �3w lv devroxwho| frqwlqxrxv
uhodwlyh wr d vxp ri ohiw wudqvodwhv ri �3w e| �qlwh hqhuj| orrsv iurp hdfk krprwrs|
fodvv1

Wkh h{solflw fdofxodwlrqv lq Vhfwlrq : vkrzv wkdw wkh frqmhfwxuh lv wuxh iruN @ Ug

dqgN @ V4> vhh Ohppd :14 dqg Sursrvlwlrq :181 Pruhryhu/ wkh uhvxowv lq Vulpxuwk|
^64` dovr vxssruw wkh frqmhfwxuh1 Ohw I� eh wkh � ~ dojheud frqvlvwlqj ri wkh
phdvxudeoh vhwv lq Z +N, ghshqglqj rqo| rq wkh sruwlrq ri wkh sdwkv lq Z +N,
ryhu wkh lqwhuydo ^3> �`> vhh Gh�qlwlrq 518 ehorz1 Vulpxuwk| suryhv wkdw �3w dqg �3w
duh htxlydohqw rq I� iru dq| � ? 4= Ri frxuvh wkhvh � ~ dojheudv duh qrw deoh
wr ghwhfw wkh krprwrs| fodvvhv lq O+N, dqg lw lv fhuwdlqo| qrw wuxh wkdw �3w lv
devroxwho| frqwlqxrxv zlwk uhvshfw wr �3w li N lv qrw vlpso| frqqhfwhg1 Wklv lv
ehfdxvh slqqhg Zlhqhu phdvxuh �3w fkdujhv doo ri wkh krprwrs| fodvvhv ri N zkloh
wkh khdw nhuqho phdvxuh �3w rqo| fkdujhv wkh wulyldo krprwrs| fodvv1

51 �N|B|�NA BAa 7|B|j6jA|t Nu -jt�,|t

5141 Eurzqldq Vkhhwv1

Gh�qlwlrq 514 +0 ~ ydoxhg Eurzqldq Vkhhw,1 Ohw i�+w> v,j3�v�4>3�w?4 eh d M ~

ydoxhg Eurzqldq vkhhw dqg i"+w> v,j3�v�4>3�w?4 eh d M ~ ydoxhg Eurzqldq eulgjh

vkhhw gh�qhg rq vrph suredelolw| vsdfh +>J> S , = Wr eh pruh suhflvh/ ohw v a � �
plq+v> �,> J3 +v> �, @ v a � � �v> �D+w> v, @ kD> �+w> v,l dqg "D+w> v, @ kD>"+w> v,l=
Wkhq zh duh dvvxplqj wkh � dqg " duh fhqwhuhg Jdxvvldq udqgrp �hogv zlwk fr0
yduldqfh ixqfwlrqv

H^�D+w> v,�E+�> �,` @ kD>El+w a � ,+v a �,+514,

iru doo v> �> w> � 5 ^3>4, dqg D>E 5 M dqg
H^"D+w> v,"E+� > �,` @ kD>El+w a � ,J3 +v> �,+515,
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iru doo v> � 5 ^3> 4`> w> � 5 ^3>4, dqg D>E 5 M= +Khuh dqg lq wkh vhtxho zh zloo xvh H
wr ghqrwh wkh h{shfwdwlrq uhodwlyh wr wkh phdvxuh S=,

Lw lv zhoo nqrzq wkdw �+w> v, dqg "+w> v, pd| eh fkrvhq wr kdyh frqwlqxrxv vdpsoh
sdwkv/ vhh iru h{dpsoh wkh glvfxvvlrq diwhu wkh surri ri Fruroodu| 416 lq ^66`1 Wklv
idfw pd| dovr eh suryhg e| devwudfw Zlhqhu vsdfh frqvlghudwlrqv/ vhh Uhpdun 616
lq ^47`1 Vr lq wkh vhtxho zh zloo dvvxph wkdw +w> v,$ �+w> v, dqg +w> v,$ "+w> v, duh
frqwlqxrxv surfhvvhv1

Gh�qlwlrq 5151 D M ~ ydoxhg surfhvv iEvj lv vdlg wr eh d Eurzqldq prwlrq zlwk
yduldqfh w li 4s

w
Ev lv d vwdqgdug M ~ ydoxhg Eurzqldq prwlrq1 Dowhuqdwlyho|/ E pd|

eh ghvfulehg xvlqj O�hy|*v fkdudfwhul}dwlrq +vhh iru h{dpsoh Wkhruhp 6< rq s1;3 lq
^5:`, ri Eurzqldq prwlrq/ e| uhtxlulqj iEvj wr eh d phdq }hur pduwlqjdoh zlwk
txdgudwlf fr0yduldwlrqv jlyhq e| gEF

v gE
G
v @ wkF>Glgv iru doo F>G 5 M=

Uhpdun 5161 Qrwlfh wkdw iru �{hg v> w $ �+w> v, dqg w $ "+w> v, duh M ~ ydoxhg
Eurzqldq prwlrqv zlwk yduldqfh v dqg J3+v> v, uhvshfwlyho|1 Wklv iroorzv e| wkh
lqghshqghqw lqfuhphqwv ri wkhvh surfhvvhv lq wkh w yduldeoh/ Ohppd ;14 ri wkh
Dsshqgl{/ dqg Gh�qlwlrq 5151 Vlploduo| iru �{hg w> v $ �+v> w, lv d M ~ ydoxhg
Eurzqldq prwlrq zlwk yduldqfh w= Wkh surfhvv v$ "+w> v, lv d Eurzqldq Eulgjh iru
3 � v � 4 zlwk txdgudwlf fr0yduldwlrq jlyhq e| "D+w> gv,"E+w> gv, @ wkD>Elgv> vhh
Uhpdun 5145 ehorz1

Gh�qlwlrq 517 +F|olqghu Ixqfwlrqv,1 Iru 3 � v � 4> ohw �v = Z +N, $ N eh wkh
surmhfwlrq pds �v+�, @ �+v,= Pruh jhqhudoo| li

S @ i3 @ v3 ? v4 ? v5 ? � � � ? vq ? 4j+516,

lv d sduwlwlrq ri ^3>4`> ohw vq.4 @ 4 e| frqyhqwlrq dqg ohw �S = Z +N, $ Nq eh
jlyhq e|

�S+�, @ +�+v4,> �+v5,> = = = > �+vq,,=+517,

D f|olqghu ixqfwlrq i rq Z +N, ru O+N, lv d ixqfwlrq ri wkh irup i @ I � �S iru
vrph sduwlwlrq S dqg vrph phdvxudeoh ixqfwlrq I = Nq $ U= Wkh ixqfwlrq i lv
vdlg wr eh erxqghg +vprrwk, surylghg wkdw I lv erxqghg +vprrwk,1

Gh�qlwlrq 5181 Iru v 5 ^3> 4`> ohw Iv ghqrwh wkh � ~ dojheud rq Z +N, jhqhudwhg
e| wkh vprrwk f|olqghu ixqfwlrqv ri wkh irup i @ I � �S zkhuh S uxqv wkurxjk
sduwlwlrqv dv lq Ht1 +516, zlwk vq � v= Zh zloo zulwh I iru I41

Wkh � ~ dojheud/ I > lv wkh vdph dv wkh Eruho � ~ dojheud rq Z +N,> zkhuh Z +N,
lv htxlsshg zlwk wrsrorj| ri xqlirup frqyhujhqfh uhodwlyh wr d phwulf rq N ghulyhg
iurp d Ulhpdqqldq phwulf rq WN=

Uhpdun 5191 l, Iru qrwdwlrqdo vlpsolflw| zkhq zrunlqj rq O+N,> zh kdyh gh�qhg
�S dv lq Ht1 +517, udwkhu wkdq e| �S+�, @ +�+v4,> �+v5,> = = = > �+vq,> �+vq.4,, zklfk
zrxog eh pruh qdwxudo rq Z +N,= Wklv uhvxowv lq d voljkwo| vpdoohu fodvv ri f|olqghu
ixqfwlrqv/ exw wklv lv ri qr vljql�fdqfh iru rxu sxusrvhv1

Wkh qh{w uhvxow lv zhoo nqrzq/ exw zh lqfoxgh lw iru wkh uhdghu*v frqyhqlhqfh1

Ohppd 51:1 Vxssrvh wkdw T lv d �qlwh phdvxuh rq +Z +N,>I, dqg 4 � s ? 4=
Wkhq wkh vprrwk f|olqghu ixqfwlrqv duh ghqvh lq Os+Z +N,>I> T,=



KHDW NHUQHO YV1 SLQQHG ZLHQHU PHDVXUH 8

Surri1 Ohw P ghqrwh wkh vprrwk f|olqghu ixqfwlrqv dqg K ghqrwh wkrvh ixqfwlrqv
lq wkh Os+Z +N,>I >T, ~ forvxuh riP zklfk duh dovr erxqghg1 Wkhq K lv d yhfwru
vsdfh frqwdlqlqj wkh frqvwdqw ixqfwlrqv dqg zklfk fohduo| vdwlv�hv wkh surshuw|> li
iiqj4q@4 lv d vhtxhqfh ri ixqfwlrqv lq K vxfk wkdw 3 � i4 � i5 � i6 � = = = > dqg
i =@ olpq$4 iq lv erxqghg/ wkhq i 5 K= Vlqfh P lv forvhg xqghu pxowlsolfdwlrq/
zh pd| dsso| wkh prqrwrqh fodvv wkhruhp +vhh Wkhruhp ; rq s1 : lq ^5:`, wr
frqfoxgh K frqwdlqv doo erxqghg I @ �+P, ~ phdvxudeoh ixqfwlrqv1 Vlqfh +e| wkh
grplqdwhg frqyhujhqfh wkhruhp, K lv ghqvh lq Os+Z +N,>I> T,> zh duh grqh1
5151 N~ ydoxhg Eurzqldq prwlrq dqg Zlhqhu phdvxuhv1

Gh�qlwlrq 51; +Zlhqhu Phdvxuh rq Z +N,,1 Il{ w A 3> ohw ijvjv5^3>4` ghqrwh wkh
vroxwlrq wr wkh vwrfkdvwlf gl�huhqwldo htxdwlrq

gjv @ jv�+w> �v, zlwk j3 @ h 5 N>+518,

zkhuh �+w> �v, ghqrwhv wkh Vwudwrqrylfk gl�huhqwldo ri wkh Eurzqldq prwlrq v $
�+w> v,= Wkh Zlhqhu phdvxuh zlwk yduldqfh w rq I lv �w =@ Odz+j�,=

Ohw M3 � M eh dq ruwkrqrupdo edvlv iru M> dqg �N eh wkh vhfrqg rughu hoolswlf
rshudwru/

�N @
[
D5�3

D5=+519,

Vlqfh N lv frpsdfw dqg khqfh xql0prgxodu/ �N lv wkh Odsodfh Ehowudpl rshudwru
iru wkh ohiw lqyduldqw Ulhpdqqldq phwulf rq N ghwhuplqhg e| k�> �l rq M @WhN> vhh
iru h{dpsoh Uhpdun 515 lq ^48`1 Xvlqj Lwar*v ohppd/ rqh hdvlo| vkrzv wkdw ijvjv5^3>4`
lv d gl�xvlrq surfhvv rq N zlwk jhqhudwru 4

5 w�N = Vxfk d N ~ ydoxhg surfhvv zloo
eh fdoohg d Eurzqldq prwlrq rq N zlwk yduldqfh w=

Gh�qlwlrq 51< +Khdw Nhuqho rq N,1 Ohw sNw ghqrwh wkh vprrwk ixqfwlrq riN vxfk
wkdw Odz+j4, @ sNw +{,g{> zkhuh g{ ghqrwhv qrupdol}hg Kddu phdvxuh rq N=

Wkh ixqfwlrq sNw lv wkh frqyroxwlrq nhuqho iru wkh khdw rshudwru hw�N@5= Lq sdu0
wlfxodu/ +w> {, $ sNw +{, lv d vprrwk srvlwlyh ixqfwlrq vxfk wkdw iru dq| i 5 F+N,>
wkh ixqfwlrq x gh�qhg e|

x +w> {, �
]
N

i +|, sNw
�
{�4|

�
g| iru +w> {, 5 +3>4,�N

vdwlv�hv wkh khdw htxdwlrq

Cwx @
4

5
7Nx zlwk olp

w$3
x+w> {, @ i+{,

zkhuh Cw @ C@Cw=

Uhpdun 51431 Lw lv zhoo nqrzq wkdw sNw +{, @ sNw
�
{�4

�
iru doo { 5 N> vhh iru

h{dpsoh Lwhp 5 ri Sursrvlwlrq 614 lq ^48`1 Lw dovr zhoo nqrzq wkdw sNw lv d fodvv
ixqfwlrq/ l1h1

sNw +{|, @ sNw +|{, iru doo {> | 5 N=+51:,

Wklv lv d frqvhtxhqfh ri wkh idfw wkdw �N lv d el0lqyduldqw gl�huhqwldo rshudwru
ehfdxvh ri wkh DgN ~ lqyduldqfh ri k�> �l= Wkxv iru doo erxqghg phdvxudeoh ixqfwlrqv
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i rq N>]
N

i+|,sNw
�
{�4|

�
g| @

]
N

i+{|,sNw +|, g|

@
�
hw�N@5i � O{

�
+h, @

�
hw�N@5i

�
+{, @

�
hw�N@5i �U{

�
+h,

@

]
N

i+|{,sNw +|, g| @

]
N

i+|,sNw
�
|{�4

�
g|>

zkhuh O{ dqg U{ ghqrwh ohiw dqg uljkw pxowlsolfdwlrq e| { 5 N uhvshfwlyho|1 Wkh
odvw glvsod|hg htxdwlrq lpsolhv Ht1 +51:,1

E| wkh Pdunry surshuw| ri j� dqg wkh suhylrxv frpphqwv/ li i lv d erxqghg
f|olqghu ixqfwlrq ri wkh irup i +�, @ I � �S zkhuh S lv dv lq Ht1 +516,/ wkhq

�w+i, �
]
Nq

I +{4> � � � > {q,
q\
l@4

sNw�lv

�
{�4l�4{l

�
g{4g{5 = = = g{q>+51;,

zkhuh {3 =@ h dqg �lv @ vl � vl�4=

Gh�qlwlrq 5144 +Grre*v Frqvwuxfwlrq ri Slqqhg Zlhqhu Phdvxuh,1 SlqqhgZlhqhu
phdvxuh/ �3w > rq Z +N, zlwk yduldqfh w/ lv wkh xqltxh phdvxuh rq I vxfk wkdw li i
lv d erxqghg I� phdvxudeoh ixqfwlrq iru vrph � 5 +3>4,> wkhq

�3w +i, �
4

sNw +h,
�w+is

N
w+4��,+��,,=

Lq sduwlfxodu li i lv d erxqghg f|olqghu ixqfwlrq i ri wkh irup i +�, @ I ��S zkhuh
S lv dv lq Ht1 +516,/ wkhq

�3w +i, �
]
Nq

I +{,�S+w> {,g{>+51<,

zkhuh { @ +{4> � � � > {q, > g{ @ g{4g{5 = = = g{q lv qrupdol}hg Kddu phdvxuh rq Nq

dqg

�S+w> {, =@
4

sNw +h,

q.4\
l@4

sNw+vl�vl�4,

�
{�4l�4{l

�
+5143,

zkhuh e| frqyhqwlrq {3 @ {q.4 @ h=

Wkh h{lvwhqfh ri wkh suredelolw| phdvxuh �3w dqg wkh idfw wkdw �3w +O+N,, @ 4
lv zhoo nqrzq1 D surri pd| eh irxqg/ iru h{dpsoh/ lq Wkhruhp 516 lq ^44`1 Wr
dsso| wklv wkhruhp/ wkh uhdghu vkrxog wdnh wkh fryduldqw ghulydwlyh u dsshdulqj lq
Wkhruhp 516 lq ^44` wr eh wkh xqltxh rqh iru zklfk ohiw lqyduldqw yhfwru �hogv rq N
duh fryduldqwo| frqvwdqw1

Uhpdun 51451 Lq Uhpdun 516 lw zdv dvvhuwhg wkdw wkh surfhvv v$ "+w> v, lv d Eurzq0
ldq eulgjh zlwk txdgudwlf fr0yduldwlrq jlyhq e| "D+w> gv,"F+w> gv, @ wkD>Flgv> wkdw
lv wr vd| Odz+"+w> �,, lv slqqhg Zlhqhu phdvxuh rq O+M, zlwk yduldqfh w= Wr fkhfn

wklv ohw sw+{, @ +5�w,� glp �@"h�m{m
5
�
@5w eh wkh Hxfolghdq khdw nhuqho rq M= Wkhq iru

d f|olqghu ixqfwlrq i rq O+M, edvhg rq d sduwlwlrq S @ i3 @ v3 ? v4 ? v5 ? � � � ?
vq ? 4j> zh pxvw vkrz wkdw

Hi+"+w> �,, @ H

�
i+E,

sw+4��,+E�,

sw+3,

�
>+5144,

zkhuh Ev @ �+w> v, ~ d M ~ ydoxhg Eurzqldq prwlrq zlwk yduldqfh w1
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Surri1 Wr suryh Ht1 +5144,/ ohw ]v @ sw+3,
�4sw+4�v,+�+w> v,, iru 3 � v ? 4> wkhq e|

Lwar*v ohppd dqg wkh idfw wkdw
C

Cv
sw+4�v,+{, @ �4

5
w��sw+4�v,+{, dqg u orj sw+4�v,+{, @ � 4

w+4� v,
{

zh kdyh

g]v @ �]v 4

w+4� v,
kEv> gEvl zlwk ]3 @ 4=

E| Jluvdqry*v wkhruhp +vhh iru h{dpsoh Wkhruhp 53 rq s143< lq ^5:`,

Pv =@ Ev �
] v

3

4

]u
g]ugEu @ Ev .

] v

3

4

+4� u,
Eugu+5145,

lv d pduwlqjdoh rq ^3> �` uhodwlyh wr wkh phdvxuh ]�S= Vlqfh P kdv wkh vdph txd0
gudwlf yduldwlrq dv �+w> �,> e| O�hy|*v fulwhuld/ P lv d M ~ ydoxhg Eurzqldq prwlrq
zlwk yduldqfh w xqghu wkh phdvxuh ]�S= Lqwhusuhwlqj +5145, dv vwrfkdvwlf gl�huhqwldo
htxdwlrq iru E>

gE @ gP � 4

+4� v,
Evgv zlwk E3 @ 3>

zh �qg e| yduldwlrq ri sdudphwhuv wkdw

Ev @

] v

3

h�
U
v

u
4

+4��,g�gPu @

] v

3

4� v

4� u
gPu=

Wklv vkrzv wkdw/ xqghu ]�S> iEvj3�v�� lv vwloo d Jdxvvldq surfhvv1 Pruhryhu/ iru
3 � � � v � �>

H^EF
v E

G
u ]�` @ H^

�] v

3

4� v

4� u
gPF

u

��] �

3

4� �

4� u
gPG

u

�
]�`

@ w+4� v,+4� �,kF>Gl
] �

3

4

+4� u,5
gu

@ w+4� v,+4� �,

�
4� 4

4� �

�
kF>Gl

@ w�+4� v, @ wJ3+�> v,kF>Gl
zklfk lv wkh vdph fryduldqfh ixqfwlrq dv "+w> �,= Wkhuhiruh iEvj3�v�� xqghu wkh

phdvxuh ]�S kdv wkh vdph odz dv i"+w> v,j3�v�� xqghu wkh phdvxuh S= Wklv lv wkh

dvvhuwlrq lq Ht1 +5144,1

5161 Khdw nhuqho phdvxuh rq Z +N, dqg O+N,1 Lq wklv vhfwlrq zh duh jrlqj
wr gh�qh khdw nhuqho phdvxuhv rq Z +N, dqg O+N, e| irupdoo| uhsodflqj N iurp
wkh suhylrxv vhfwlrq e| Z +N, dqg O+N, uhvshfwlyho|1 Iroorzlqj Pdooldylq ^57`/ zh
kdyh wkh iroorzlqj wkhruhp1

Wkhruhp 5146 +Eurzqldq Prwlrq rq Z +N, dqg O+N,,1 Wkhuh duh mrlqwo| frqwlq0
xrxv vroxwlrqv 	+w> v, dqg 	3+w> v, wr wkh vwrfkdvwlf gl�huhqwldo htxdwlrqv=

	+�w> v, @ 	+w> v,�+�w> v, zlwk 	+3> v, @ h ;v 5 ^3>4,>+5146,

dqg

	3+�w> v, @ 	3+w> v,"+�w> v, zlwk 	+3> v, @ h ;v 5 ^3> 4`=+5147,

Dv ehiruh �+�w> v, ghqrwhv wkh Vwudwrqrylfk gl�huhqwldov ri wkh surfhvvhv w$ �+w> v,
dqg vlploduo| iru 	+�w> v,> 	3+�w> v,> dqg "+�w> v,1



; GULYHU DQG VULPXUWK\

Surri1 Vxfk uhvxowv pd| eh irxqg lq Ed{hqgdoh/ ^7`/ Pdooldylq ^57`/ ru lq Wkhruhp
61; lq Gulyhu ^46`1 Wkh odvw wzr uhihuhqfhv fryhu wkh O+N, fdvh/ krzhyhu wkh surri
ri wkh Z +N, fdvh lv wkh vdph/ mxvw uhsodfh J3+v> �, e| va � wkurxjkrxw1

Gh�qlwlrq 5147 +Khdw Nhuqho Phdvxuhv rq Z +N, dqg O+N,,1 Wkh phdvxuhv �w @
Odz+	+w> �, dqg �3w @ Odz+	3+w> �,, duh fdoohg khdw nhuqho phdvxuhv rq Z +N, dqg
O+N, uhvshfwlyho|1 Vr �w dqg �3w duh ghwhuplqhg e|

�w+i, @ Hi+	+w> �,, dqg �3w +i, @ Hi+	3+w> �,,+5148,

iru doo erxqghg I ~ phdvxudeoh i= Qrwlfh wkdw �3w +O+N,, @ 4 ehfdxvh 	3+w>3, @
	3+w>4, @ h> S ~ doprvw vxuho|1

Fruroodu| 6143 ehorz mxvwl�hv fdoolqj �w dqg �3w khdw nhuqho phdvxuhv1

5171 Vwdwhphqw ri Uhvxowv1 Wkh iroorzlqj wkhruhp lv Ohppd 4 lq Dludxow dqg
Pdooldylq ^4`1

Wkhruhp 51481 Ohw w A 3> wkhq �w @ �w rq Z +N,> l1h1 khdw nhuqho phdvxuh dw
wlph w dqg Zlhqhu phdvxuh zlwk yduldqfh w duh wkh vdph rq Z +N,=

Wklv wkhruhp lv dovr suryhg lq Ohppd 616 ri Vulpxuwk| ^64`1 Vlqfh wklv wkhruhp
lv fuxfldo wr wkh uhvw ri wkh sdshu/ zh zloo jlyh d surri lq Vhfwlrq 7 ehorz1 Wkh
iroorzlqj wkhruhp lv wkh pdlq uhvxow ri wkh sdshu1

Wkhruhp 51491 Ohw w A 3> wkhq �3w � �3w > l1h1 khdw nhuqho phdvxuh dw wlph w lv
devroxwho| frqwlqxrxv uhodwlyh wr slqqhg Zlhqhu phdvxuh zlwk yduldqfh w= Pruhryhu/
wkh Udgrq0Qlnrg|p ghulydwlyh/ g�3w@g�

3
w > vdwlv�hv wkh erxqg

g�3w
g�3w

� hFw

zkhuh

Fw � orj
k
+5�w,

4
5 glp �sNw +h,

l
=+5149,

+Vwdqgdug khdw nhuqho dv|pswrwlfv vkrzv wkdw olpw$3Fw @ 3> vhh Ohppd 914 ehorz1,

Wkh surri ri wklv wkhruhp +jlyhq lq Vhfwlrq 9, zloo eh d frpelqdwlrq ri wkh
pd{lpxp sulqflsoh dorqj zlwk d wkhruhp ri Dludxow dqg Pdooldylq ^5`1 Lq rughu
wr vwdwh wkh Dludxow0Pdooldylq wkhruhp/ ohw xv uhfdoo wkdw wkh frruglqdwh surfhvv
�v = O+N,$ N +vhh Gh�qlwlrq 517, lv d vhpl0pduwlqjdoh uhodwlyh wr slqqhg Zlhqhu
phdvxuh/ �3w / vhh iru h{dpsoh Elvpxw ^9` ru Wkhruhp 516 lq ^45`1 Khqfh zh pd|
gh�qh wkh M ~ ydoxhg vhpl0pduwlqjdohievj3�v�4 e|

ev =@

] v

3

��4u ��u=+514:,

Uhpdunv 514:1 l, Whfkqlfdoo| vshdnlqj wkh vwrfkdvwlf lqwhjudo lq Ht1 +514:, ghshqgv
rq wkh phdvxuh �3w dqg lq sduwlfxodu rq w A 3= Vr d pruh dssursuldwh qrwdwlrq zrxog
eh wr glvsod| wklv w ghshqghqfh dqg zulwh ewv iru wkh �

3
w ~ d1h1 gh�qhg vwrfkdvwlf

lqwhjudo
U v
3 �

�4
u ��u= Vlqfh zh zloo rqo| qhhg wkh surfhvv ev iru rqh �{hg ydoxh ri w>

zh zloo vwlfn zlwk wkh qrwdwlrq lq Ht1 +514:,1
ll, Jurvv vkrzv +vhh Ohppd 71; dqg Uhpdun 71< lq ^53`, wkdw e4 5 Os+O+N,> �3w ,

dqg wkdw ev $ e4 lq Os+O+N,> �3w , dv v$ 4 iru doo 4 � s ?4=
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Wkhruhp 514; +Dludxow ) Pdooldylq,1 Ohw Yw = O+N,$ U eh wkh _srwhqwldo/%

Yw @
4

5w5
me4m5� � fw+514;,

zkhuh e4 lv gh�qhg lq Ht1 +514:, dqg

fw � gFw
gw

@
glp M

5w
. Cw orj s

N
w +h, =+514<,

Wkhq iru dq| vprrwk f|olqgulfdo ixqfwlrq i = O +N,$ U +vhh Gh�qlwlrq 517,

Cw�
3
w +i, @ �3w

��
4

5
7O+N, . Yw

�
i

�
>+5153,

zkhuh 7O+N, lv wkh jhqhudwru ri wkh surfhvv 	3+w> �,> vhh Gh�qlwlrq 619 dqg Sursr0
vlwlrq 61< ehorz1

Zh zloo jlyh d vlpsol�hg +lq rxu ylhz, surri ri wklv wkhruhp lq Vhfwlrq 81 Wkh
surri uholhv rq Wkhruhp 5148 dqg lqwhjudwlrq e| sduwv rq +Z +N,> �w,=

61 DjAjiB|Nit Nu 	+w> �, BAa 	3+w> �,
Pxfk ri wkh pdwhuldo lq wklv vhfwlrq pd| eh irxqg lq ^4;` dqg ^46`1 Qhyhuwkhohvv/

lq rughu wr lqwurgxfh wkh qrwdwlrq dqg iru wkh uhdghuv frqyhqlhqfh zh zloo vxppdul}h
vrph ri wkh uhvxowv lq wkhvh sdshuv1

6141 Fdphurq0Pduwlq vsdfhv1

Gh�qlwlrq 6141 Jlyhq d frqwlqxrxv ixqfwlrq k = ^3>4`$ M gh�qh

+k>k,K @

� U 4
3
mk3 +v,m5 gv li k lv devroxwho| frqwlqxrxv
4 rwkhuzlvh1

Wkh Fdphurq~Pduwlq vsdfh ri M lv

K � ik 5 F+^3>4`$ M,mk +3, @ 3 dqg +k>k, ?4j
zklfk zh htxls zlwk wkh lqqhu surgxfw

+k> n, @

] 4

3

kk3 +v, > n3+v,lgv=

Wkh slqqhg Fdphurq~Pduwlq vsdfh lv

K3 � ik 5 K +M, mk +4, @ 3j
zklfk lv d forvhg vxevsdfh ri K= +Wkh Kloehuw vsdfhv K dqg K3 duh wr eh wkrxjkw
ri dv wkh _Olh dojheudv% wr wkh jurxsv Z +N, dqg O +N,1,

Qrwdwlrq 6151 Ohw V � K dqg V3 � K3 eh ruwkrqrupdo edvhv iru K dqg K3

uhvshfwlyho|1

Ohppd 6161 Ohw M3 � M eh dq ruwkrqrupdo edvlv iru M> J+v> w, @ vaw dqg J3+v> w, �
va w � vw iru doo v> w 5 ^3>4`= Wkhq[

k5V
k+v, k+w, @ J+v> w,

[
D5�3

DD 5 M M=+614,

[
k5V3

k+v, k+w, @ J3+v> w,
[
D5�3

DD 5 M M=+615,
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Surri1 Ohw D>E 5 M= Vlqfh J+w> �,E dqg J+v> �,D duh lq K>

+J+w> �,E>J+v> �,D, @
[
k5V

+J+w> �,E>k,+k>J+v> �,D,+616,

zkhuh wkh vxp lv devroxwho| frqyhujhqw1 E| wkh ixqgdphqwdo wkhruhp ri fdofxoxv/
J vdwlv�hv wkh uhsurgxflqj surshuw|/] 4

3

CvJ+w> v,k
3+v,gv @ k+w, iru doo k 5 K=

Frpelqhg wklv htxdwlrq zlwk Ht1 +616, vkrzv wkdw

J+v> w,kE>Dl @
[
k5V

kE> k+w,lkk+v,>Dl

zklfk lpsolhv Ht1 +614, vlqfh D dqg E duh duelwudu|1 Htxdwlrq +615, lv suryhg
vlploduo|/ vhh Ohppd 61; lq ^4;` iru pruh ghwdlov1

6151 Ghulydwlyhv dqg Odsodfldqv rq O+N, dqg Z +N,1

Gh�qlwlrq 617 +Ohiw lqyduldqw ghulydwlyhv,1 Jlyhq k 5 K +ruK3, dqg i =Z +N,$
U +ru i = O+N,$ U, d vprrwk f|olqghu ixqfwlrq/ gh�qh

+Cki, +�, =@
g

gw
m3i+�hwk, iru doo � 5Z +N, +� 5 O+N,,

zkhuh �hwk 5 Z +N, +�hwk 5 O+N,, lv gh�qhg e|
�
�hwk

�
+v, =@ �+v,hwk+v, iru v 5

^3> 4`=

Uhpdun 6181 Vxssrvh wkdw i @ I��S zkhuh S @ i3 @ v3 ? v4 ? v5 ? � � � ? vq ? 4j
lv d sduwlwlrq ri ^3> 4` dqg I = Nq $ U lv d vprrwk ixqfwlrq1 Iru D 5 M dqg
l 5 i4> 5> = = = > qj> ohw

D+l,I +{4> {5> = = = > {q, @
g

gw
m3I +{4> {5> = = = > {l�4> {lhwD> {l.4> = = = > {q,>

vr wkdw D+l, lv wkh dfwlrq ri D rq wkh lwk yduldeoh ri I= Wkhq iru k 5 K +ru k 5 K3,>

Cki @
q[
l@4

�
k+vl,

+l,I
�
� �S=+617,

Lq sduwlfxodu Cki lv vwloo d vprrwk f|olqghu ixqfwlrq1 Wkhuhiruh wkh rshudwru C5ki lv
zhoo gh�qhg dqg lv jlyhq e|

C5ki @
q[

l>m@4

�
k+vm,

+m,k+vl,
+l,I

�
� �S=+618,

Gh�qlwlrq 6191 Djdlq vxssrvh wkdw i @ I � �S lv d vprrwk f|olqghu ixqfwlrq dv
lq Gh�qlwlrq 5171 Gh�qh wkh Odsodfldqv rq Z +N, dqg O +N,, e|

7Z +N,i �
[
k5V

C5ki dqg

7O+N,i �
[
k5V3

C5ki

uhvshfwlyho|1
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Uhpdun 61:1 Frpelqlqj Htv1 +614,/ +615, dqg +618, zh �qg

7Z +N,i @
[
k5V

q[
l>m@4

�
k+vm,

+m,k+vl,
+l,I

�
� �S

@
[
D5�3

q[
l>m@4

J+vl> vm,
�
D+m,D+l,I

�
� �S+619,

dqg

7O+N,i @
[
k5V3

q[
l>m@4

�
k+vm,

+m,k+vl,
+l,I

�
� �S

@
[
D5�3

q[
l>m@4

J3+vl> vm,
�
D+m,D+l,I

�
� �S=+61:,

Qrwdwlrq 61;1 Jlyhq/ S @ i3 @ v3 ? v4 ? v5 ? � � � ? vq ? 4j> d sduwlwlrq ri ^3> 4`
dqg I 5 F4+Nq,> ohw

OSI @
[
D5�3

q[
l>m@4

J+vl> vm,D
+m,D+l,I+61;,

dqg

O3
S
I @

[
D5�3

q[
l>m@4

J3+vl> vm,D
+m,D+l,I=+61<,

Zlwk wklv qrwdwlrq zh pd| zulwh Htv1 +619, dqg +61:, dv

7Z +N,+I � �S, @ +OSI , � �S dqg 7O+N,+I � �S, @
�
O3SI

� � �S=+6143,

6161 Khdw htxdwlrqv1

Sursrvlwlrq 61<1 Wkh surfhvvhv 	+w> �, dqg 	3+w> �, duh gl�xvlrq surfhvvhv zlwk
7Z +N, dqg 7O+N, dv jhqhudwruv1 Pruh suhflvho|/ li i @ I � �S lv d f|olqghu
ixqfwlrq dv deryh/ wkhq

Pi
w @ i+	+w> �,, � i+h,� 4

5

] w

3

�
�Z +N,i

�
+	+� > �,,g�+6144,

dqg

Pi
w @ i+	3+w> �,,� i+h, � 4

5

] w

3

�
�O+N,i

�
+	3+� > �,,g�+6145,

duh pduwlqjdohv1

Surri1 Zh zloo rqo| suryh Ht1 +6144, vlqfh wkh surri ri Ht1 +6145, lv frpsohwho|
dqdorjrxv1 Ohw 	S+w, =@ �S+	+w> �,, 5 Nq dqg ES+w, @ +�+w> v4,> = = = > �+w> vq,, > wkhq
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i+	+w> �,, @ I +	S+w,, dqg e| Lwar*v Ohppd zh kdyh wkdw

gi+	+w> �,, @ gI +	S+w,,

@
q[
l@4

[
D5�3

D+l,I +	S+w,,�
D+�w> vl,

@
q[
l@4

[
D5�3

D+l,I +	S+w,,�
D+gw> vl,

.
4

5

q[
l>m@4

[
D>E5�3

E+m,D+l,I +	S+w,,�
D+gw> vl,�

E+gw> vm,

@
q[
l@4

[
D5�3

D+l,I +	S+w,,�
D+gw> vl,

.
4

5

q[
l>m@4

[
D5�3

J+vl> vm,D
+m,D+l,I +	S+w,,gw

@
q[
l@4

[
D5�3

D+l,I +	S+w,,�
D+gw> vl, .

4

5

�
�Z +N,i

�
+	+w> �,,gw=

Wklv vkrzv wkdw Pi
w lv wkh pduwlqjdoh>

Pi
w @

q[
l@4

[
D5�3

] w

3

D+l,I +	S+� ,,�
D+g� > vl,=

Fruroodu| 61431 Wkh phdvxuhv �w dqg �
3
w vdwlvi| wkh khdw htxdwlrqv rq Z +N, dqg

O+N, lq wkh iroorzlqj zhdn vhqvh1 Li i =Z +N,$ U lv d vprrwk f|olqghu ixqfwlrq
wkhq

Cw�w+i, @
4

5
�w+�Z +N,i,+6146,

dqg

Cw�
3
w +i, @

4

5
�3w +�O+N,i,=+6147,

Surri1 Wdnlqj h{shfwdwlrqv ri Ht1 +6144, vkrzv wkdw

3 @ HPi
w @ Hi+	+w> �,,� i+h, � 4

5

] w

3

H
�
�Z +N,i

�
+	+� > �,,g�

@ �w+i, � i+h,� 4

5

] w

3

��
�
�Z +N,i

�
g� =

Gl�huhqwldwlqj wklv htxdwlrq lq w suryhv Ht1 +6146,1 Ht1 +6147, lv suryhg dqdor0
jrxvo|1

Fruroodu| 6144 +Khdw vroxwlrq,1 Vxssrvh wkdw x = O+N,$ U lv d vprrwk f|olqghu
ixqfwlrq dqg ohw

K+w> �, @

]
O+N,

x+���4,g�3w +�,>+6148,
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wkhq

CwK+w> �, @
4

5
7O+N,K+w> �, dqg olp

w$3
K+w> �, @ x+�,+6149,

Surri1 Iru � 5 O+N,> ohw x� = O+N, $ U eh wkh f|olqghu ixqfwlrq gh�qhg e|
x�+�, @ x+���4,= Qrwlfh wkdw iru k 5 K>

+Ckx�, +�, @
g

g�
m3x�+�h�k, @ g

g�
m3x+�h��k��4, @ �Ck+�$ x�+�,,

dqg wkhuhiruh �
�O+N,x�

�
+�, @ �O+N,+� $ x�+�,,=

Wkxv e| Fruroodu| 6143/

CwK+w> �, @
4

5

]
O+N,

�7O+N,x�
�
+�,g�3w +�,

@
4

5

]
O+N,

�O+N,+�$ x�+�,,g�
3
w +�,

@
4

5
�O+N,

#
� $

]
O+N,

x�+�,g�
3
w +�,

$

@
4

5
7O+N,K+w> �,=

Zrunlqj zlwk wkh h{solflwo| uhsuhvhqwdwlrq ri x dv d f|olqghu ixqfwlrq dqg xvlqj Ht1
+6143,/ lw lv hdv| wr mxvwli| wkh lqwhufkdqjh ri �O+N, zlwk wkh lqwhjudo lq wkh wklug
htxdolw|1 Wklv suryhv wkh �uvw dvvhuwlrq lq Ht1 +6149,1 Wkh vhfrqg iroorzv iurp wkh
grplqdwhg frqyhujhqfh wkhruhp dqg wkh lghqwlw|/

K+w> �, @ H
�
x+�	3+w> �,�4,� >

zkhuh 	3+w> v, lv wkh surfhvv gh�qhg lq Ht1 +5147, ri Wkhruhp 51461

71 C�j VB|� }iN�V WBtj

Lq wkh qh{w vxevhfwlrq zh zloo jlyh d surri ri Wkhruhp 51481 Krzhyhu/ ehiruh
grlqj wklv ohw xv uhfrug wkh iroorzlqj wulyldo Fruroodu| ri Wkhruhp 5148 dqg Fruroodu|
6143 deryh1 Wklv fruroodu| zloo eh nh| wr rxu surri ri wkh Dludxow Pdooldylq wkhruhp
lq Vhfwlrq 81

Fruroodu| 7141 Wkh Zlhqhu phdvxuh �w zlwk yduldqfh w vdwlv�hv +zhdno|, wkh khdw
htxdwlrq rq Z +N,> l1h1 li i =Z +N,$ U lv d vprrwk f|olqghu ixqfwlrq wkhq

Cw�w+i, @
4

5
�w+�Z +N,i,=+714,

7141 Surri ri Wkhruhp 51481

Surri1 Dv phqwlrqhg lq Vhfwlrq 5/ wkh uhdghu pd| �qg wklv wkhruhp lq Ohppd 4 ri
Dludxow dqg Pdooldylq ^4` ru Ohppd 616 ri Vulpxuwk| ^64`1 Lw zrxog dovr eh srvvleoh
wr jlyh d surri xvlqj wzr sdudphwhu vwrfkdvwlf fdofxoxv dv ghyhorshg lq Qruulv ^59`1
Udwkhu wkdq lqwurgxfh wklv pdfklqhu|/ zh zloo jlyh d pruh shghvwuldq exw shukdsv
ohvv looxplqdwlqj surri1 Rxu surri lv vlplodu wr wkdw lq ^64`1
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Ohw 	 ghqrwh wkh surfhvv gh�qhg lq Wkhruhp 5146 dqg S @ i3 @ v3 ? v4 ? v5 ?
� � � ? vq ? 4j eh d sduwlwlrq ri ^3> 4`= Ohw

Xl+w, =@ 	+w> vl,	+w> vl�4,�4+715,

dqg

El+w, =@

] w

3

Dg	+� >vl�4, +�+�� > vl,� �+�� > vl�4,,+716,

iru l @ 4>5> = = = > q= E| Ht1 +5146, dqg Lwar*v Ohppd/

�w	+w> v,
�4 @ ��+�w> v,	+w> v,�4

dqg wkhuhiruh

�Xl+w, @ 	+w> vl, +�+�w> vl,� �+�w> vl�4,, 	+w> vl�4,�4

@ Xl+w,Dg	+w>vl�4, +�+�w> vl,� �+�w> vl�4,,
@ Xl+w,�El+w,=+717,

Ehfdxvh/ w $ �+w> vl�4, dqg w $ �+w> vl, � �+w> vl�4, duh lqghshqghqw Eurzqldq
prwlrqv rq M>

Dg	+w>vl�4, +�+�w> vl,� �+�w> vl�4,,

@ Dg	+w>vl�4, +�+gw> vl,� �+gw> vl�4,,

.
4

5
Dg	+w>vl�4,^�+gw> vl�4,> +�+gw> vl,� �+gw> vl�4,,`�

@ Dg	+w>vl�4, +�+gw> vl,� �+gw> vl�4,, =

Wkhuhiruh wkh Vwudwrqrylfk gl�huhqwldov lq Ht1 +716, pd| eh uhsodfhg e| Lwar gl�hu0
hqwldov wr ohduq wkdw El+w, lv wkh pduwlqjdoh

El+w, =@

] w

3

Dg	+� >vl�4, +�+g� > vl,� �+g� > vl�4,, =

Fodlp1 Wkh surfhvvhv E4> E5> = = = Eq duh lqghshqghqw M ~ ydoxhg Eurzqldq prwlrqv
zlwk yduldqfhv �lv =@ vl � vl�4 iru l @ 4>5> = = = > q=

Wr suryh wklv fodlp/ ohw F>G 5 M> dqg ohw EF
l +w, @ kEl+w,> Fl> EG

m +w, @ kEm+w,>Gl
dqg �l�+w, =@ �+w> vl, � �+w> vl�4,= Wkhq ehfdxvh k�> �l lv DgN ~ lqyduldqw/

gEF
l +w, @ kDg	+w>vl�4,g�l�+w,> Fl @ kg�l�+w,>Dg

�4
	+w>vl�4,

Fl=
Wkxv wkh gl�huhqwldo ri wkh txdgudwlf fr0yduldwlrq ri EF

l dqg EG
m lv jlyhq e|/

gEF
l +w,gE

G
m +w, @ kg�l�+w,> Dg

�4
	+w>vl�4,

Flkg�m�+w,>Dg
�4
	+w>vm�4,

Gl
@

[
D5�3

kD>Dg�4	+w>vl�4,
FlkD>Dg�4	+w>vm�4,

Gl g�l�
D+w, g�m�

D+w,

@ �lm
[
D5�3

kD>Dg�4	+w>vl�4,
FlkD>Dg�4	+w>vl�4,

Gl�lvgw

@ �lmkDg�4	+w>vl�4,
F>Dg�4	+w>vl�4,

Gl�lvgw

@ �lmkF>Gl�lvgw>+718,

zkhuhlq wkh wklug htxdolw| zh kdyh xvhg= l, �l�
D+�, @ �D+�> vl, � �D+�> vl�4, dqg

�m�
D+�, @ �D+�> vm, � �D+�> vm�4, duh lqghshqghqw li l 9@ m dqg �l�

D+�, lv d M ~
ydoxhg Eurzqldq prwlrq zlwk yduldqfh �lv= Lq wkh odvw htxdolw| zh djdlq kdyh xvhg
wkh DgN ~ lqyduldqfh ri k�> �l= Ht1 +718, dorqj zlwk O�hy|*v fulwhuld suryhv wkh fodlp1
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Vlqfh wkhXl*v lq Ht1 +715, vdwlvi| Ht1 +717,/ wkh fodlp lpsolhv wkdw X4+w,>X5+w,> = = = > Xq+w,
duh lqghshqghqw N ~ ydoxhg Eurzqldq prwlrq zlwk yduldqfh �4v>�5v> = = = >�qv uh0
vshfwlyho|1 Vxssrvh wkdw i @ I � �S lv d erxqghg f|olqghu ixqfwlrq rq Z +N,=

Gh�qh �I = Nq $ U vr wkdw

I +{4> {5> {6> = = = > {q, @ �I +{4> {5{
�4
4 > {6{

�4
5 = = = > {q{

�4
q�4,

iru doo {l 5 N= Wkhq

i+	+w> �,, @ �I +X4+w,>X5+w,> = = = > Xq+w,,

dqg wkhuhiruh

�w+i, @ Hi+	+w> �,, @ H �I +X4+w,> X5+w,> = = = >Xq+w,,

@

]
Nq

�I +{4> � � � > {q,
q\
l@q

sNw�lv+{l,g{l=+719,

Ohw {3 =@ h= Xvlqj wkh lqyduldqfh ri Kddu phdvxuh/ pdnh wkh wudqvodwlrqv

{5 $ {5{
�4
4 wkhq

{6 $ {6{
�4
5 wkhq

111

{q $ {q{
�4
q�4

lq wkh odvw lqwhjudo ri Ht1 +719, wr �qg

�w+i, @

]
Nq

�I +{4> {5{
�4
4 � � � > {q{�4q�4,

q\
l@q

sN�lvw+{l{
�4
l�4,g{l

@

]
Nq

I +{4> {5> {6> = = = > {q,
q\
l@q

sN�lvw+{l{
�4
l�4,g{l

@

]
Nq

I +{4> {5> {6> = = = > {q,
q\
l@q

sN�lvw
+{�4l�4{l,g{l+71:,

zkhuhlq wkh odvw htxdolw| zh kdyh xvh wkh idfw wkdw sNw +�, lv d fodvv ixqfwlrq/ vhh
Uhpdun 51431

Frpsdulqj Ht1 +71:, zlwk Ht1 +51;,/ vkrzv wkdw �w+i, @ �w+i, iru doo erxqghg
f|olqghu ixqfwlrqv i rq Z +N, zklfk lpsolhv wkdw �w @ �w e| Ohppd 51:1

81 �iNNu Nu |�j ��iB�,|��B,,�B��A C�jNij6 4��I

Wklv vxevhfwlrq lv ghyrwhg wr wkh surri ri Wkhruhp 514;1 Zh zloo qhhg vrph/
prvwo| zhoo nqrzq/ suholplqdu| uhvxowv uhjduglqj lqwhjudwlrq e| sduwv rq +Z +N,> �w,=
Wkhvh uhvxowv zloo eh jdwkhuhg lq wkh qh{w vxevhfwlrq1

8141 Lqwhjudwlrq e| sduwv dqg vwurqj gl�huhqwldelolw|1 Wkh nh| uhvxow khuh
iru wkh uhpdlqghu ri wkh sdshu lv Fruroodu| 8191 Wkh uhdghu pd| vnls wklv vxevhfwlrq
li vkh2kh lv zloolqj wr dffhsw Fruroodu| 819 ehorz1

Gh�qlwlrq 8141 Ohw O4�+Z +N,> �w, @ _4�s?4Os+Z +N,> �w, dqg k 5 K= D ixqf0
wlrq i 5 O4�+Z +N,> �w, lv vdlg wr eh vwurqjo| k gl�huhqwldeoh surylghg wkhuh lv d
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ixqfwlrq j 5 O4�+Z +N,> �w, vxfk wkdw

j @ Os+�w,~ olp
�$3

i+�h�k,� i+�,

�

iru doo 4 � s ?4= Zh zloo ghqrwh wkh ixqfwlrq j/ li lw h{lvwv/ e| Cki=

F|olqghu ixqfwlrqv duh vwurqjo| k ~ gl�huhqwldeoh iru doo k 5 K dqg Cki lv jlyhq
e| Ht1 +617,1 Dqrwkhu h{dpsoh lv jlyhq lq Ohppd 818 ehorz1

Gh�qlwlrq 8151 Dq hohphqw n 5Z +N, lv d �qlwh hqhuj| sdwk li

n3 +v, h{lvwv gv0d1v1 dqg

] 4

3

��n�4+v,n3+v,��5
�
gv ?4=

Ohwwlqj n 5 Z +N, eh d �qlwh hqhuj| sdwk dqg ev ehlqj dv lq Ht1 +514:,/ wkhq
iru �w ~ d1h1 � 5Z +N,>

ev+�n, @

] v

3

+�+u,n+u,,
�4

� +�n, +u,

@

] v

3

n�4+u,��4+u,^��+u,n+u, . �+u,n3+u, gu`

@

] v

3

Dgn�4+u,geu+�, .

] v

3

n�4+u,n3+u, gu=+814,

VlqfhDgn�4+u, lv ruwkrjrqdo rq M> O�hy|*v fkdudfwhul}dwlrq ri Eurzqldq prwlrq vkrzv

wkdw Ev =@
U v
3
Dgn�4+u,geu rq +Z +N,> �w, lv vwloo d Eurzqldq prwlrq zlwk yduldqfh

w= Wklv revhuydwlrq dqg wkh Fdphurq0Pduwlq wkhruhp lv hvvhqwldoo| wkh surri ri wkh
iroorzlqj txdvl lqyduldqfh wkhruhp ri Doehyhulr dqg Krhjk0Nurkq/ vhh ^6`/ ^5<`/ dqg
^5;`1

Wkhruhp 816 +Doehyhulr ) Krhjk0Nurkq,1 Ohw n eh d �qlwh0hqhuj| sdwk rqN dqg
i =Z +N,$ U eh d erxqghg phdvxudeoh ixqfwlrq1 Wkhq]

Z +N,

i+�,g�w+�, @

]
Z +N,

i+�n,Mn+�,g�w+�,>+815,

zkhuh

Mn =@ h{s

�
�4

w

] 4

3

kn3+v,n�4+v,> gevl � 4

5w

] 4

3

��n3+v,n�4+v,��5 gv� =+816,

Surri1 Ohw k+v, =@
U v
3
n�4+u,n3+u, gu> Ev =@

U v
3
Dgn�4+u,geu > dqg �i eh d phdvxudeoh

ixqfwlrq rq F+^3>4`$ M, vxfk wkdw �i+e�+�,, @ i+�, iru �w ~ d1h1 �= Xvlqj wkh DgN
~ lqyduldqfh ri wkh lqqhu surgxfw k�> �l rq M> zh kdyh] 4

3

��n3+u,n�4+u,��5 gu @ ] 4

3

��n�4+u,n3+u,��5 gu
dqg ] 4

3

kn3+u,n�4+u,> geul @

] 4

3

kn3+u,n�4+u,> Dgn+u,gEul

@

] 4

3

kDgn�4+u,n
3+u,n�4+u,> gEul

@

] 4

3

kn�4+u,n3+u,> gEul=
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Frpelqlqj wkhvh htxdwlrqv vkrz wkdw Mn pd| eh zulwwhq dv

Mn =@ h{s

�
�4

w

] 4

3

kk3> gEul � 4

5w

] 4

3

mk3+u,m5 gu
�
=+817,

E| Ht1 +814,/]
Z +N,

i+�n,Mn+�,g�w+�, @

]
Z +N,

�i+e�+�n,,Mn+�,g�w+�,

@

]
Z +N,

�i+E�+�, . k,Mn+�,g�w+�,

@

]
Z +N,

�i+E�+�,,g�w+�,+818,

zkhuhlq wkh odvw htxdolw| zh kdyh xvhg wkh Fdphurq0Pduwlq +ru Jluvdqry*v, wkhr0
uhp1 Vlqfh E dqg e kdyh wkh vdph odzv/ ehlqj M ~ ydoxhg Eurzqldq prwlrqv zlwk
yduldqfh w>]

Z +N,

�i+E�+�,,g�w+�, @
]
Z +N,

�i+e�+�,,g�w+�, @
]
Z +N,

i+�,g�w+�,=+819,

Frpelqlqj Htv1 +817,/ +818, dqg +819, suryhv wkh wkhruhp1

Fruroodu| 8171 Ohw k 5 K +M, dqg vxssrvh wkdw i dqg j duh vwurqjo| k ~ gl�huhq0
wldeoh/ wkhq

�w+jCki, @ �w++�Ckj . mkj,i,+81:,

zkhuh

mk =@
4

w

] 4

3

kk3 +v, > gevl =+81;,

Wklv fruroodu| kdv ehhq suryhg lq wkh pruh jhqhudo frqwh{w ri Zlhqhu phdvxuh
rq d Ulhpdqqldq pdqlirog lq Gulyhu ^44`1

Surri1 Ohw n @ h�k dqg uhsodfh i e| ij lq Ht1 +815, ri Wkhruhp 816 wr �qg

�w+ij, @

]
Z +N,

i+�h�k,j+�h�k,Mh�k+�,g�w+�,=

Gl�huhqwldwh wklv htxdwlrq lq � lpsolhv

3 @ �w

�
Cki � j . iCkj . ij

g

g�
m3Mh�k

�

zklfk suryhv wkh fruroodu| surylghg wkdw

g

g�
m3Mh�k @ �mk lq Os+�w, iru doo s 5 ^4>4,=

Zh zloo qrw fduu| rxw wkh frqyhujhqfh ghwdlov khuh zklfk duh idluo| urxwlqh1 Wkh
lqwhuhvwhg uhdghu pd| uhihu wr Jurvv ^54` ru Vhfwlrq < lq ^44`1 Krzhyhu/ ohw xv fkhfn
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_dojheudlfdoo|% wkdw wkh irupxod lq Ht1 +81;, lv fruuhfw1 Frpsxwlqj g
g� m3Mh�k jlyhv

g

g�
m3Mh�k @

g

g�
m3 h{s

#
�4

w

] 4

3

k+ g
gu
h�k+u,,h��k+u,> geul � 4

5w

] 4

3

����+ gguh�k+u,,h�k+u,
����
5

gu

$

@ �4

w

g

g�
m3
%] 4

3

k+ g
gu
h�k+u,,h��k+u,> geul � 4

5w

] 4

3

����+ gguh�k+u,,h�k+u,
����
5

gu

&

@ �4

w

] 4

3

kk3+u,> geul=

ehfdxvh

g

g�
m3+ g

gu
h�k+u,,h��k+u, @ k3+u,

dqg

g

g�
m3
����+ gguh�k+u,,h�k+u,

����
5

@ 5

�
+
g

gu
h�k+u,,h�k+u,m�@3> g

g�
m3+ g

gu
h�k+u,,h�k+u,

 

@ 5

�
3>

g

g�
m3+ g

gu
h�k+u,,h�k+u,

 
@ 3=

Ohppd 8181 Iru hdfk k 5 K> wkh ixqfwlrq mk lv vwurqjo| k gl�huhqwldeoh dqg

Ckmk @
4

w

] 4

3


dgk+u,k

3+u,> geu+�,
�
.
4

w

] 4

3

mk3+u,m5gu=+81<,

Surri1 Dffruglqj wr Ht1 +814,/

mk+�h
�k, @

4

w

] 4

3

�
k3+u,>Dgh��k+u,geu+�, . h��k+u,

g

gu
h�k+u, gu

 

@
4

w

] 4

3

kDgh�k+u,k3+u,> geu+�,l.
4

w

] 4

3

�
k3+u,> h��k+u,

g

gu
h�k+u, gu

 
=

Wkhuhiruh/ djdlq ljqrulqj frqyhujhqfh txhvwlrqv/

Ckmk+�, @
g

g�
m3mk+�h�k, @ 4

w

] 4

3


dgk+u,k

3+u,> geu+�,
�
.
4

w

] 4

3

mk3+u,m5gu=

Khuh wkh frqyhujhqfh txhvwlrqv duh hyhq hdvlhu vlqfh zh rqo| kdyh mrlqwo| Jdxvv0
ldq udqgrp yduldeohv wr frqwhqg zlwk dqg O5 ~ frqyhujhqfh ri Jdxvvldq udqgrp
yduldeohv lpsolhv Os frqyhujhqfh iru s ? 4= Wkh uhdghu pd| �qg pruh ghwdlov lq
Vhfwlrq 7 lq Jurvv ^53`1

Wkh iroorzlqj Fruroodu| lv d nh| lqjuhglhqw lq rxu surri ri wkh Dludxow ~ Pdooldylq
Wkhruhp 514;1

Fruroodu| 8191 Ohw i eh d vprrwk f|olqghu ixqfwlrq +vhh Gh�qlwlrq 517, dqg k 5
K +M, vxfk wkdw wkh Olh eudfnhw ^k +v, > k3 +v,` @ 3 iru d=h= v= Wkhq

�w+C
5
ki, @ �w

��
m5k �

4

w

] 4

3

mk3+u,m5gu
�
i

�
>

zkhuh mk> lv dv lq Ht1 +81;,1
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Surri1 Wzr dssolfdwlrqv ri Fruroodu| 817 jlyhv

�w+C
5
ki, @ �w+mkCki, @ �w+

��Ckmk . m5k
�
i,

zklfk frpelqhg zlwk Ht1 +81<, ri Ohppd 818 suryhv wkh Fruroodu|1

8151 Surri ri Wkhruhp 514;1

Surri1 Ohw i @ I � �S eh d f|olqghu ixqfwlrq rq O+N, +vhh Gh�qlwlrq 517, dqg
ohw � 5 +vq> 4,= +Zh zloo hyhqwxdoo| ohw � $ 4=, Uhfdoo wkh gh�qlwlrq ri slqqhg
Zlhqhu phdvxuh �3w +vhh Gh�qlwlrq 5144, vd|v wkdw �3w +i, @ �w+i�w, zkhuh �w =@
sNw+4��,+��,@s

N
w +h,= Wkhuhiruh/ e| Fruroodu| 714/

Cw�
3
w +i, @ Cw�w +i�w,

@ �w +iCw�w, .
4

5
�w
�7Z +N, +i�w,

�
@ L� . M�=+8143,

Qrz

L� @ �w+iCw�w,

@
4

5sNw +h,
+4��,�w

�
i�Ns

N
w+4��,+��,

�
� Cw oq s

N
w +h,�

3
w +i,=+8144,

E| Ht1 +51;,/

�w+i�Ns
N
w+4��,+��,, @

]
N

J+�> {,�Ns
N
w+4��,+{,g{

@

]
N

�NJ+�> {,s
N
w+4��,+{,g{

zkhuh

J+�> {, =@

]
Nq

I +{4> � � � > {q, sNw+��vq,+{�4q {,
q\
l@4

sNw7lv

�
{�4l�4{l

�
g{l=

Iurp wklv h{suhvvlrq zh vhh wkdw �NJ+�>{, uhpdlqv erxqghg dv � $ 4> vr wkdw
ohwwlqj �$ 4 lq Ht1 +8144, jlyhv

olp
�$4

L� @ ��3w +iCw orj sNw +h,,=+8145,

Zh surfhhg wr zrun rq wkh vhfrqg whup/ M�> lq Ht1 +8143,1 Ohw S� eh wkh
sduwlwlrq ri ^3> 4`>

S� @ i3 @ v3 ? v4 ? v5 ? � � � ? vq ? � ? 4j>

dqg vhw vq.4 @ �= Gh�qh J�
3 +v> w, @ +v a w� ��4vw, vr wkdw

J+v> w, @ v a w @ J�
3 +v> w, .��4vw=

Ohw ��w+{4> {5> = = = > {q.4, @ sNw+4��,+{q.4,@s
N
w +h, dqg e| dexvh ri qrwdwlrq xvh I

djdlq wr ghqrwh wkh ixqfwlrq +{4> {5> = = = > {q.4, 5 Nq.4 $ I +{4> {5> = = = > {q,= Wkhq
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e| Htv1 +6143, dqg +61;, dssolhg wr wkh sduwlwlrq S�/

�Z +N,+i�w, @ OS�+I��w, � �S�

@
q.4[
l>m@4

[
D5�3

J�
3 +vl> vm,D

+l,D+m,+I��w, � �S�

.
q.4[
l>m@4

[
D5�3

��4vlvmD+l,D+m,+I��w, � �S�

@ V� . W�=+8146,

Qrz iru D 5 M> ohw

k�D+v, =@ ��4@5+va �,D=
Wkhq e| Ht1 +618,/

W� @
[
D5�3

C5k�D+i�w,=+8147,

Iru wkh V� whup lq Ht1 +8146,/ qrwlfh wkdw e| frqvwuxfwlrq J�
3 +v> w, @ 3 li v ru w lv

lq i3> �j= Wkhuhiruh J�
3 +vl> vm, @ 3 li l ru m @ q. 4 +l1h1 vl ru vm lv �, vr wkdw

V� @
q[

l>m@4

[
D5�3

J�
3 +vl> vm,D

+l,D+m,+I��w, � �S�

@ ��w � �S� �
q[

l>m@4

[
D5�3

J�
3 +vl> vm, +D

+l,D+m,I , � �S=+8148,

Wdnlqj wkh �w h{shfwdwlrq ri Ht1 +8146, dqg pdnlqj xvh ri Ht1 +8147, dqg +8148,
vkrzv wkdw M� iurp Ht1 +8143, vdwlv�hv

M� @
4

5
�3w

3
C q[
l>m@4

[
D5�3

J�
3 +vl> vm, +D

+l,D+m,I , � �S
4
D

.
4

5
�w

#[
D5�3

C5k�
D
+i�w,

$

@ M +4,� . M +5,� =

Vlqfh J�
3 $ J3 dv �$ 4>

olp
�$4

M +4,� @
4

5
�3w

3
C q[
l>m@4

[
D5�3

J3 +vl> vm, +D
+l,D+m,I , � �S

4
D

@
4

5
�3w

3
C q.4[
l>m@4

[
D5�3

J3 +vl> vm, +D
+l,D+m,I , � �S

4
D

@
4

5
�3w
�
�O+N,i

�
>+8149,

zkhuh zh kdyh xvhg Ht1 +6143, iru wkh odvw htxdolw|1
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E| Fruroodu| 819/

5M +5,� @
[
D5�3

�w

��
m5k�

D
� 4

w

] 4

3

m g
gu
k�D+u,m5gu

�
i�w

�

@
[
D5�3

�3w

��
m5k�

D
� 4

w

] 4

3

m g
gu
k�D+u,m5gu

�
i

�
>

zkhuh +e| Ht1 +81;,,

mk�
D
@

4s
�w

] �

3

kD> gevl @ 4s
�w

] �

3

kD>gevl @ 4s
�w
kD> e�l=

Xvlqj wkhvh idfwv dqg] 4

3

m g
gu
k�D+u,m5gu @

4

�

] �

3

mDm5gu @ mDm5=

zh vhh wkdw

M +5,� @
4

5
�3w

�
4

�w5
me�m5 � 4

w
glp M

�

dqg khqfh e| Uhpdun 514:/

olp
�$4

M +5,� @
4

5
�3w

�
4

w5
me4m5 � 4

w
glp M

�
=+814:,

Dvvhpeolqj Htv1 +8149, dqg +814:, vkrzv wkdw

olp
�$4

M� @
4

5
�3w

�
�O+N,i .

�
4

w5
me4m5 � 4

w
glp M

�
i

�
=+814;,

Frpelqlqj Htv1 +8143,/ +8145, dqg +814;, suryhv wkh Wkhruhp1

Fruroodu| 81:1 Vxssrvh wkdw x = O+N,$ U lv d vprrwk f|olqghu ixqfwlrq dqg ohw

J+w> �, @

]
O+N,

x+���4,g�3w +�,>+814<,

wkhq

CwJ+w> �, @
4

5
7O+N,J+w> �, .

]
O+N,

Yw+�,x+��
�4,g�3w +�,=+8153,

Surri1 Dv lq wkh surri ri Fruroodu| 6144/ ohw x� = O+N,$ U eh wkh f|olqghu ixqfwlrq
gh�qhg e| x�+�, @ x+���4,= E| wkh Dludxow Pdooldylq Wkhruhp 514;/

CwJ+w> �, @

]
O+N,

�
4

5

�7O+N,x�
�
+�, . Yw+�,x�+�,

�
g�3w +�,=

Xvlqj wkh vdph phwkrg ri surri xvhg iru Fruroodu| 6144/ zh vhh wkdw wklv htxdwlrq
lv wkh vdph dv Ht1 +8153,1
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91 �OtN,�|j WNA|�A��|+ Nu �jB| "jiAj, ��|� ijtVjW| |N V�AAja
b�jAji 6jBt�ij

Lq wklv vhfwlrq zh zloo suryh wkh pdlq Wkhruhp 51491 Zh zloo �uvw qhhg d frxsoh
ri suholplqdu| uhvxowv1

Ohppd 914 +Dv|pswrwlf surshuwlhv ri khdw Nhuqhov rq N,1 Wkh khdw nhuqho/ sNw >
rq N kdv wkh iroorzlqj surshuwlhv=

41 olpw$3+5�w,
4
5 glp �sNw +h, @ 4=

51 Iru hyhu| W ?4> wkhuh lv d frqvwdqw PW ?4 vxfk wkdw

sNw +{, �PW w
�glp �@5h�

4
7wg

5+h>{, iru doo { 5 N dqg 3 ? w � W

zkhuh g+{> |, lv wkh glvwdqfh dvvrfldwhg wr wkh el0lqyduldqw Ulhpdqqldq phwulf
rq N zklfk djuhhv zlwk k�> �l� dw h 5 N=

Surri1 Wkhvh duh vwdqgdug surshuwlhv ri khdw nhuqhov1 Iru lwhp 41/ vhh Wkhruhp 5163
ri ^8`1 Vhh dovr ^58`1 Iru wkh vhfrqg lwhp vhh/ iru h{dpsoh/ Wkhruhp L[1415 lq ^65`1
Wr dsso| wklv wkhruhp/ xvh wkh idfw wkdw N lv frpsdfw vr wkh prgxodu ixqfwlrq lv
frqvwdqw1 Lw lv dovr qhfhvvdu| wr qrwh wkdw wkh wlph sdudphwhu lq ^65` lv wzlfh rxu
wlph sdudphwhu w=

Ohppd 915 +�3w $ �h dv w$ 3,1 Ohw i = O+N,$ U eh d frqwlqxrxv f|olqghu ixqf0
wlrq/ wkhq

olp
w$3.

�3w +i, @ i+h,>+914,

zkhuh h ghqrwhv wkh lghqwlw| orrs lq O+N,> vhh Qrwdwlrq 4151

Surri1 Wklv uhvxow fdq eh suryhg lq d qxpehu ri zd|v1 Iru h{dpsoh rqh frxog xvh
wkh Nroprjrury*v frqwlqxlw| fulwhuld wr vkrz wkdw �3w frqfhqwudwhv qhdu wkh lghqwlw|
orrs dv w $ 3= Vhh wkh dujxphqw lq wkh surri ri Lwhp 4 ri Wkhruhp 516 lq ^45`1
Udwkhu wkdq fduu| wklv rxw lq ixoo ghwdlo/ zh zloo rqo| suryh zkdw zh qhhg1

Ohw S eh d sduwlwlrq ri ^3> 4` dv lq Ht1 +516,/ i @ I � �S dqg �S = +3>4,�Nq $
+3>4, eh dv lq Ht1 +5143,1 E| Ohppd 914/ wkhuh lv d frqvwdqw P ?4 vxfk wkdw

�S+w> {, �Pw
4
5 glp �

q.4\
l@4

+w�lv,
�glp �@5 h{s

�
� 4

7w�lv
g5+h> {�4l�4{l,

�
iru doo w 5 +3> 4`>

zkhuh { @ +{4> � � � > {q,> �lv @ vl � vl�4> dqg {3 @ {q.4 @ h 5 N= E| wkh ohiw
lqyduldqfh ri wkh Ulhpdqqldq phwulf rq N> g+{> |, @ g+h> {�4|,> vr wkh suhylrxv
lqhtxdolw| pd| eh zulwwhq dv

�S+w> {, �PSw
�q

5 glp � h{s

#
� 4

7w

q.4[
l@4

g5+{l�4> {l,
�lv

$
+915,

zkhuh PS =@ P
Tq.4
l@4 +�lv,

�glp �@5= Qrz ohw � A 3 eh jlyhq/ dqg vxssrvh wkdw
g+h> {l, � � iru vrph l 5 i4>5> = = = > qj> wkhq e| wkh wuldqjoh lqhtxdolw| dqg wkh
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Fdxfk|0Vfkzdu} lqhtxdolw|/

�5 � g5+h> {l, �
3
C l[
m@4

g+{m�4> {m,

4
D
5

�
#
q.4[
l@4

g+{m�4> {m,s
�mv

s
�mv

$5

�
q.4[
l@4

�lv �
q.4[
l@4

g5+{l�4> {l,
�lv

@
q.4[
l@4

g5+{l�4> {l,
�lv

Frpelqlqj wklv hvwlpdwh zlwk Ht1 +915, lpsolhv

�S+w> {, �PSw
�q

5 glp � h{s

�
� 4

7w
m{m5

�
+916,

zkhuh

m{m =@ pd{ig+h> {l, = l @ 4> 5> = = = > gj=
Wkhuhiruh �S+w> �, vdwlv�hv=
41 �S+w> {, A 3=
51
U
Nq �

S+w> {,g{ @ 4 zkhuh g{ lv Kddu phdvxuh rq Nq=

61 Iru dq| � A 3> �S+w> {,$ 3 xqlirupo| lq { 5 Nq zlwk m{m � �=

Lw lv qrz urxwlqh wr vkrz/ xvlqj wkhvh wkuhh surshuwlhv/ wkdw

olp
w$3

]
Nq

I +{,�S+w> {,g{ @ I +h> h> = = = > h,

zklfk lv htxlydohqw wr Ht1 +914,1

9141 Surri ri Wkhruhp 51491

Surri1 Ohw x eh d vprrwk qrq0qhjdwlyh f|olqghu ixqfwlrq rq O +N, dqg ohw Fw eh
dv lq Ht1 +5149,1 Qrwlfh wkdw g

gwFw @ fw +fw lv gh�qhg lq Ht1 +514<, ri wkh Dludxow ~
Pdooldylq Wkhruhp 514;, dqg ehfdxvh ri Ohppd 914/ olpw$3Fw @ 3= Gh�qh

K+w> �, @

]
O+N,

x+���4,g�3w +�,> dqg

I +w> �, @ hFw
]
O+N,

x
�
���4

�
g�3w +�, >

wkhq e| Fruroodu| 6144

CwK+w> �, @
4

5
7O+N,K+w> �, dqg olp

w$3
K+w> �, @ x+�,+917,

dqg e| Fruroodu| 81:

CwI +w> �, @
4

5
7O+N,I +w> �, . hFw

]
O+N,

+Yw+�, . fw,x+��
�4,g�3w +�,

@
4

5
7O+N,I +w> �, . hFw

]
O+N,

4

5w5
me4+�,m5� x+���4,g�3w +�,

� 4

5
7O+N,I +w> �,=



57 GULYHU DQG VULPXUWK\

Frpelqlqj wklv zlwk Ohppd 915/ vkrzv wkdw

CwI +w> �, � 4

5
7O+N,I +w> �, dqg olp

w$3
I +w> �, @ x+�,=+918,

Wkh lghd qrz lv wr xvh Htv1 +917,/ +918, dqg wkh pd{lpxp sulqflsoh wr frqfoxgh
wkdw

I +w> �, � K+w> �, iru doo 3 � w ?4 dqg � 5 O+N,=+919,

Zh zloo srvwsrqh wkh ixoo mxvwl�fdwlrq ri Ht1 +919, wr Ohppd 916 ehorz1
Zulwlqj rxw Ht1 +919, zkhq � lv wkh frqvwdqw orrs h> vkrzv wkdw]

O+N,

x+��4,g�3w +�, � hFw
]
O+N,

x
�
��4

�
g�3w +�,

iru doo qrq0qhjdwlyh vprrwk f|olqghu ixqfwlrqv x= Uhsodflqj x e| wkh f|olqghu ixqf0
wlrq �x+�, @ x+��4, wkhq lpsolhv wkdw]

O+N,

x+�,g�3w +�, � hFw
]
O+N,

x +�, g�3w +�,+91:,

iru doo qrq0qhjdwlyh vprrwk f|olqghu ixqfwlrqv x=
Vlqfh/ e| Ohppd 51:/ erxqghg vprrwk f|olqghu ixqfwlrqv duh ghqvh lq

O5+O+N,>I > �3w . �3w ,>

e| sdvvlqj wr wkh olplw/ zh pd| frqfoxgh wkdw Ht1 +91:, lv ydolg iru doo erxqghg
qrq0qhjdwlyh I ~ phdvxudeoh ixqfwlrqv x= E| wdnlqj x wr eh fkdudfwhulvwlf ixqfwlrqv
dqg xvlqj wkh Udgrq0Qlnrg|p wkhruhp/ Ht1 +91:, lpsolhv wkdw �3w lv devroxwho|
frqwlqxrxv uhodwlyh wr �3w = Ohwwlqj ]w =@ g�3w@g�

3
w zh pd| frqfoxgh iurp Ht1 +91:,

wkdw ]
O+N,

x � �]w � hFw
�
g�3w � 3

iru doo erxqghg phdvxudeoh ixqfwlrqv x dqg khqfh wkdw ]w � hFw � 3=

Ohppd 9161 Nhhslqj wkh vdph qrwdwlrq dv deryh/ Ht1 +919, lv ydolg1

Surri1 Lq rughu wr mxvwli| wkh xvh ri wkh pd{lpxp sulqflsoh wr suryh Ht1 +919,/
zulwh x @ X � �S> zkhuh S lv d sduwlwlrq dv lq Ht1 +516, dqg X = Nq $ ^3>4, lv d
vprrwk ixqfwlrq1 Wkhq

K+w> �, @

]
O+N,

x+���4,g�3w +�, @
]
O+N,

X+�S+�,�S+�,
�4,g�3w +�,

@ KS+w> �S+�,,>+91;,

zkhuh iru { 5 Nq

KS+w> {, @

]
O+N,

X+{�S+�,
�4,g�3w +�,

@

]
Nq

X+{|�4,sSw +|,g|>+91<,

dqg sSw +|,g| @ Odz+�S+	+w> �,,= E| wkh surri ri Sursrvlwlrq 61</ �S+	+w> �, lv d
gl�xvlrq rq Nq zlwk hoolswlf jhqhudwru O3

S
gh�qhg lq Ht1 +61<,1 Wkxv sSw +|, lv

wkh vprrwk khdw nhuqho iru wkh rshudwru hwO
3
S
@5= Wklv vkrzv wkdw KS+w> {, lv vprrwk
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rq +3>4, � Nq= Xvlqj wklv lqirupdwlrq/ Ht1 +917, pd| eh uhfdvw dv wkh �qlwh
glphqvlrqdo vwdwhphqw

CwKS+w> {, @
4

5
O3
SKS+w> {, dqg olp

w$3
KS+w> {, @ X+{,=+9143,

Vlploduo|

I +w> �, @ hFw
]
O+N,

x
�
���4

�
g�3w +�, @ hFw

]
O+N,

X+�S+�,�S+�,
�4,g�3w +�,

@ IS+w> �S+�,,>

zkhuh iru { 5 Nq

IS+w> {, @ hFw
]
O+N,

X+{�S+�,
�4,g�3w +�,

@ hFw
]
Nq

X+{|�4,�S+w> |,g|

zkhuh �S = +3>4, � Nq $ +3>4, lv wkh vprrwk ixqfwlrq gh�qhg lq Ht1 +5143,
ri Gh�qlwlrq 51441 Wklv vkrzv wkdw IS+w> {, lv vprrwk rq +3>4, �Nq= Xvlqj wklv
lqirupdwlrq/ Ht1 +917, pd| eh uhfdvw dv wkh �qlwh glphqvlrqdo vwdwhphqw

CwIS+w> {, � 4

5
O3SIS+w> {, dqg olp

w$3
IS+w> {, @ X+{,=+9144,

Qrz wkhuh lv qr sureohp lq dsso|lqj wkh pd{lpxp sulqflsoh rq Nq/ xvlqj Htv1
+9143, dqg +9144,/ wr frqfoxgh wkdw

IS+w> {, � KS+w> {, iru doo 3 � w ?4 dqg { 5 Nq=

Wklv �qlvkhv wkh surri vlqfh wklv odvw dvvhuwlrq lv htxlydohqw +919,1

:1 C�j N @ Ug BAa V4 WBtjt

Lq wklv vhfwlrq/ zh zloo zrun rxw wkh h{solflw uhodwlrqvkls ehwzhhq �3w dqg �3w lq
wkh fdvh wkdw N lv wkh deholdq Olh jurxs Ug ru V4=

:141 Wkh N @ Ug fdvh1 Ohw N eh wkh Olh jurxs Ug zlwk jurxs rshudwlrq ehlqj
dgglwlrq1 Wkh Olh dojheud ri Ug lv M @Ug zlwk wkh wulyldo olh eudfnhw/ ^d> e` @ 3 iru
doo d> e 5 Ug= Dowkrxjk Ug lv qrw frpsdfw dqg lv qrw ehlqj uhsuhvhqwhg dv d pdwul{
jurxs/ wkh wkhru| deryh hdvlo| h{whqgv wr wklv fdvh1 Wkhuh lv rqh qrwdwlrqdo srlqw
wr wdnh fduh ri qrz1 Qdpho|/ wkh pdwul{ h{suhvvlrq ri wkh irup j�4�j pxvw qrz
eh lqwhusuhwhg dv Oj�4��j @ �j= Zh zloo dvvxph wkdw kd> el @ d � e lv wkh xvxdo grw
surgxfw/ dowkrxjk dq| lqqhu surgxfw zrxog zrun1

Ohppd :141 Rq wkh orrs vsdfh ri Ug> O+Ug,> wkh khdw nhuqho phdvxuhv �3w dqg wkh
slqqhg Zlhqhu phdvxuhv/ �3w > duh wkh vdph1

Surri1 Wkh surfhvv 	3+w> v, lq Wkhruhp 5146 dqg wkh surfhvv j lq Ht1 +518, ri
Gh�qlwlrq 51; duh h{solflwo| jlyhq e| 	3+w> v, @ "+w> v, dqg jv @ �+w> v, uhvshfwlyho|1
Vlqfh jv @ �+w> v, lv d vwdqgdug Eurzqldq prwlrq zlwk yduldqfh w> wkh slqqhg Zlhqhu
phdvxuh �3w @ Odz+j�mj4 @ 3, lv wkh odz ri dq Ug ~ ydoxhg Eurzqldq eulgjh zlwk
yduldqfh w= Exw v$ "+w> v, lv d Eurzqldq eulgjh zlwk yduldqfh w +vhh Uhpdun 5145,/
vr wkdw �3w @ Odz+"+w> �,, @ Odz+	3+w> �,, @ �3w =
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:151 Wkh N @ V4 fdvh1 Ohw N @ V4 @ i} 5 F = m}m @ 4j= Wkh Olh dojheud ri N lv
M @ lU zlwk wkh wulyldo Olh eudfnhw1 Zh zloo lghqwli| zlwk M @ lU zlwk U> sxwwlqj lq
wkh l h{solflwo| zkhq qhhghg1 Ohw kd> el @ de iru d> e 5 U �@lU @M=

Uhpdun :151 Ohw sw+{, @ sUw +{, @ +5�w,�4@5 h{s
�� 4

5w{
5
�
eh wkh khdw nhuqho rq U>

dqg tw+}, @
4
5�
sV

4

w +}, ghqrwh wkh khdw nhuqho rq V4 uhodwlyh wr wkh xq0qrupdol}hg

Kddu phdvxuh _g�>% l1h1 iru i = V4 $ U>]
V4

ig� =@

] 5�

3

i+hl�,g�=

Wkh zhoo nqrz uhodwlrqvkls ehwzhhq tw dqg sw lv

tw+h
l�, @

4[
q@�4

sw+� � 5�q, iru � 5 U=+:14,

Wr fkhfn wklv/ vxssrvh wkdw i3 = V
4 $ U lv d frqwlqxrxv ixqfwlrq1 Wkhq

i+w> }, @

] 5�

3

i3+}h
�l�,tw+hl�,g�

vroyhv wkh khdw htxdwlrq rq V4 zklfk lv htxlydohqw wr vd|lqj wkdw I +w> �, =@ i+w> hl�,
vroyhv wkh khdw htxdwlrq rq U= Vlqfh I lv d erxqghg vroxwlrq wr wkh khdw htxdwlrq
lw lv jlyhq e|] 5�

3

i3+}h
�l�,tw+hl�,g� @ I +w> �, @

] 4

�4
I +3> � ��,sw+�,g�

@

] 4

�4
i3+}h

�l�,sw+�,g�

@
4[

q@�4

] 5�

3

i3+}h
�l+��5�q,,sw+�� 5�q,g�

@
4[

q@�4

] 5�

3

i3+}h
�l�,sw+�� 5�q,g�

zkhuh } @ hl�= Wklv htxdwlrq/ kroglqj iru doo frqwlqxrxv i3 = V
4 $ U> suryhv Ht1

+:14,1

Gh�qlwlrq :161 Iru q 5 ]> ohw kq+v, =@ 5�qv>

}q+v, @ hl5�qv @ hlkq+v,

dqg ohw �qw eh wkh ohiw wudqvodwlrq ri �3w e| }q> l1h1 �
q
w lv wkh suredelolw| phdvxuh rq

O+V4, vxfk wkdw ]
O+V4,

i+�,g�qw +�, @

]
O+V4,

i+}q�,g�
3
w +�,=

Dovr ohw Oq+V4, ghqrwh wkrvh � 5 O+V4, zklfk duh krprwrslf wr }q=

Uhpdun :171 Wkh orrsv i}qj4q@�4 duh uhsuhvhqwdwlyhv iurp hdfk ri wkh krprwrs|

fodvvhv ri O+V4,> l1h1 O+V4, lv wkh glvmrlqw xqlrq ri
�Oq+V4,�4q@�4 = E| wkh frq0

vwuxfwlrq ri �3w lq Wkhruhp 5146/ wkh phdvxuh �3w lv frqfhqwudwhg rq O3+V4, dqg
wkhuhiruh �qw lv frqfhqwudwhg rq Oq+V4,> l1h1 �qw +Op+V4,, @ �pq1
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Sursrvlwlrq :181 Wkh uhodwlrqvkls ehwzhhq slqqhg Zlhqhu phdvxuh �3w dqg khdw
nhuqho phdvxuh �3w rq O+V4, lv

�3w @
4

tw+4,

4[
q@�4

sw+5�q,�
q
w =

Lq sduwlfxodu

�3w mO3+V4, @
4

tw+4,
sw+3,�

3
w @

# 4[
q@�4

h�
4
5w +5�q,

5

$�4
�3w =+:15,

Surri1 Wr vlpsoli| qrwdwlrq/ ohw Ev @ �+w> v,= Xvlqj Lwar*v irupxod/ rqh hdvlo| vkrzv
wkdw wkh surfhvv 	3+w> v, lq Wkhruhp 5146 dqg wkh surfhvv j lq Ht1 +518, ri Gh�qlwlrq
51; duh jlyhq e| 	3+w> v, @ hl"+w>v, dqg jv @ hl�+w>v, @ hlEv uhvshfwlyho|1 Vxssrvh
wkdw i = O+V4,$ U lv d f|olqghu ixqfwlrq dv lq Gh�qlwlrq 5171 wkhq iru � 5 +vq> 4,>

�3w +i, @ H

�
i+j,

tw+4��,+j�,
tw+4,

�

@ H

%
i+hlE�,

tw+4��,+hlE�,

tw+4,

&
@

4

tw+4,
H

%
i+hlE�,

4[
q@�4

sw+4��,+E� � 5�q,

&

@
4

tw+4,

4[
q@�4

H
�
i+hlE�,sw+4��,+E� � 5�q,

�
=+:16,

Ohw kq+v, =@ 5�qv> k�q+v, @ 5�q +v a �, > dqg I +E, @ i+hlE�,/ vr wkdw I lv d
erxqghg f|olqghu ixqfwlrq Z +U,= E| wkh Fdphurq0Pduwlq wkhruhp +pdnlqj wkh
wudqvodwlrq E� $ E� . k�q,>

H^I +E,sw+4��,+E� � 5�q,`

@ H

�
I +E . k�q,sw+4��,+E� � 5�q+4� �,, h{s

�
�4

w

] �

3

5�qgEv � 4

5w

] �

3

+5�q,5gv

��

@ H

�
I +E . kq,sw+4��,+E� � 5�q+4� �,, h{s

�
�5�q

w
E� � 4

5w
�+5�q,5

��
=

+:17,

E| gluhfw frpsxwdwlrq/

sw+4��,+{� |+4� �,, @ sw+4��,+{, � h{s
�
4

w
{| � 4

5w
+4� �,|5

�
dqg wkxv wdnlqj { @ E� dqg | @ 5�q>

sw+4��,+E� � 5�q+4� �,, � h{s
�
�5�q

w
E� � 4

5w
�+5�q,5

�

@ sw+4��,+E�, � h{s
�
� 4

5w
+5�q,5

�
=+:18,

Frpelqlqj Htv1 +:17, dqg +:18, vkrzv wkdw

H^I +E,sw+4��,+E� � 5�q,`

@ +5�w,�4@5 h{s
�
� 4

5w
+5�q,5

�
H

�
I +E . kq,

sw+4��,+E�,

sw+3,

�
@ sw+5�q,H ^I +"+w> �, . kq,`
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zkhuhlq wkh vhfrqg htxdolw| zh kdyh xvhg Ht1 +5144, ri Uhpdun 51451 Xvlqj wklv
htxdwlrq/ zlwk I +E, @ i+hlE,> lq Ht1 +:16, jlyhv

�3w +i, @
4

tw+4,

4[
q@�4

sw+5�q,H
k
i+hl+"+w>�,.kq,,

l

@
4

tw+4,

4[
q@�4

sw+5�q,H
k
i+}qh

l"+w>�,,
l

@
4

tw+4,

4[
q@�4

sw+5�q,�
q
w +i,=

;1 �VVjAa�! G#�BaiB|�W �Bi�B|�NAt�

Ohppd ;141 Dv deryh/ iru D 5 M ohw �D+w> v, @ k�+w> v,>Dl� dqg "D+w> v, @
k"+w> v,> Dl� 1 Ohw D>E 5 M dqg v> � 5 ^3>4`> wkhq

�D+gw> v,�E+gw> �, @ kD>El
�
J +v> �, gw>

"D+gw> v,"E+gw> �, @ kD>El
�
J3 +v> �, gw

dqg iru w> � 5 ^3>4,>

�D+w> gv,�E+� > gv, @ kD>El
�
J+w> � ,gv=

Surri1 Ohw i,wj eh dq devwudfw �owudwlrq +vdwlvi|lqj wkh _xvxdo k|srwkhvlv%, dqg
vxssrvh wkdw Pw dqg Qw duh wzr frqwlqxrxv i,wj dgdswhg surfhvvhv vxfk wkdw
+Pw �Pv> Qw �Qv, lv lqghshqghqw ri ,v iru doo w A v dqg HPw @ HQw @ 3 iru doo
w � 3= Wkhq fohduo| P dqg Q duh i,wj ~ pduwlqjdohv1 Zh qrz dovr dvvhuw wkdw

PwQw �H ^PwQw` lv d pduwlqjdoh+;14,

Dvvxplqj Ht1 +;14, iru wkh prphqw/ zh pd| frqfoxgh wkh gl�huhqwldo PgwQgw ri
wkh txdgudwlf fr0yduldwlrq ri P dqg Q lv jlyhq e|

PgwQgw @ gwH^PwQw`=+;15,

Wkh ohppd wkhq iroorzv iurp uhshdwhg dssolfdwlrq ri Ht1 +;15,1 Iru h{dpsoh/

wdnlqj Pw @ �D+w> v, dqg Qw @ �E+w> �,> zh ohduq wkdw

�D+gw> v,�E+gw> �, @ gwH
k
�D+w> v,�E+w> �,

l
@ kD>El

�
J +v> �, gw=

Wr suryh Ht1 +;14,/ ohw w A v> �P @Pw�Pv> �Q @ Qw�Qv dqg Hv @ H+�m,v,=
Wkhq xvlqj wkh pduwlqjdoh surshuwlhv ri P dqg Q dqg wkh lqghshqghqw lqfuhphqw
dvvxpswlrq zh �qg

Hv ^PwQw �PvQv` @ Hv ^+Pv .�P,+Qv .�Q,�PvQv` @ Hv ^�P�Q `

@ H^+Pw �Pv, +Qw �Qv,` @ H^+Pw �Pv, +Qw .Qv,`

@ H^PwQw`�H^PvQv`=

Uhduudqjlqj wkh whupv ri wkh uhvxow ri wklv frpsxwdwlrq vkrzv wkdw

Hv ^PwQw � H^PwQw`` @PvQv � H^PvQv`

dv ghvluhg1
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