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41 YA|iNa�W|�NA

Lq wklv sdshu zh frqvlghu wkh htxlydohqfh ri wzr phdvxuhv rq wkh Orrs vsdfh
ri d frpsdfw Olh jurxs1 Wklv vr0fdoohg _Orrs jurxs% lv wkh vsdfh ri frqwlqxrxv
sdwkv lq wkh Olh jurxs edvhg dw wkh lghqwlw| htxlsshg zlwk d fhuwdlq zhoo0nqrzq
ohiw0lqyduldqw _K40Ulhpdqqldq vwuxfwxuh%1 Wkh vwxg| ri Orrs jurxsv lv prwlydwhg
sulpdulo| e| sk|vlfv dqg wkh wkhru| ri jurxs Uhsuhvhqwdwlrqv1 Wkh| kdyh ehhq
vwxglhg h{whqvlyho| lq erwk wkh pdwkhpdwlfv dqg wkh sk|vlfv olwhudwxuh1 Vhh iru
h{dpsoh ^58`/ ^4:`/ ^56`/^6`/ ^46`/ ^47`/ ^4`/ ^53`/ ^49`/ ^44` dqg wkh uhihuhqfhv wkhuhlq1

Khdw Nhuqho dqg slqqhgZlhqhu phdvxuh duh wzr qdwxudo phdvxuhv wkdw kdyh ehhq
dgyrfdwhg dv wkh _uljkw% phdvxuh rq Orrs jurxsv1 Slqqhg Zlhqhu phdvxuh rq d
Orrs jurxs lv wkh odz ri d jurxs0ydoxhg Eurzqldq prwlrq wkdw kdv ehhq frqglwlrqhg
rq orrsv1 Wklv phdvxuh kdv ehhq h{whqvlyho| vwxglhg lq ^48`/ ^54`/ ^5`/ ^55`1 Khdw
Nhuqho phdvxuh kdv ehhq vwxglhg lq ^45`/ ^43` dv dqrwkhu qdwxudo phdvxuh rq Orrs
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5 VULPXUWK\

Vsdfh1 Lq ^45`/ Gulyhu dqg Orkuhq} vkrzhg wkdw wkhuh h{lvwv d fhuwdlq surfhvv wkdw
ghvhuyhv wr eh fdoohg _Eurzqldq prwlrq% rq wkh sdwk vsdfh ri d Orrs jurxs1 Wkh
Khdw Nhuqho phdvxuhv rq wkh Orrs Vsdfh duh wkh wlph w/ w A 3 glvwulexwlrqv ri wklv
Eurzqldq prwlrq1 Wkxv lw lv d qdwxudo txhvwlrq wr frqvlghu wkh htxlydohqfh ri wkhvh
wzr phdvxuhv1

D ixuwkhu prwlydwlrq frphv iurp orjdulwkplf Vrerohy lqhtxdolwlhv dqg wkh sd0
shuv ri Jhw}ohu ^47`/ Jurvv ^48`/ Gulyhu ^43`/ Kvx/ Dlgd/ dqg Hozruwk|1 Wkh fodvvlfdo
Vrerohy lqhtxdolwlhv duh d ixqgdphqwdo wrro lq dqdo|}lqj �qlwh0glphqvlrqdo pdql0
irogv1 Iru lq�qlwh0glphqvlrqdo pdqlirogv orjdulwkplf Vrerohy lqhtxdolwlhv/ ehfdxvh
ri wkhlu glphqvlrq0lqghshqghqw fkdudfwhu/ duh vhhq wr eh wkh surshu dqdorjxhv ri
fodvvlfdo Vrerohy lqhtxdolwlhv1 Orjdulwkplf Vrerohy lqhtxdolwlhv kdyh ehhq vwxglhg
h{whqvlyho| ryhu lq�qlwh0glphqvlrqdo olqhdu vsdfhv dv zhoo dv �qlwh0glphqvlrqdo pdq0
lirogv +vhh ^:`/ ^;` iru vxuyh|v dqg ^4;`,1 Li d orjdulwkplf Vrerohy lqhtxdolw| grhv
krog iru slqqhg Zlhqhu phdvxuh/ �3/ wkhq wkh Glulfkohw irup �3 kui>uil dvvrfl0
dwhg zlwk slqqhg Zlhqhu phdvxuh zloo kdyh d vshfwudo jds +wkh vr0fdoohg _Pdvv Jds
lqhtxdolw|%,1

Lq ^47`/ Jhw}ohu vkrzhg wkdw wkh Ednu| dqg Hphu| fulwhuld +vhh ^7` dqg ^8`,
iru surylqj d orjdulwkplf Vrerohy lqhtxdolw| grhv qrw krog lq jhqhudo iru orrs
jurxsv zkhq wkh _xqghuo|lqj phdvxuh% lv slqqhg Zlhqhu phdvxuh1 Lq ^48`/ xv0
lqj slqqhg Zlhqhu phdvxuh/ Jurvv vkrzhg wkdw d orjdulwkplf Vrerohy lqhtxdolw|
rq Orrs vsdfh grhv krog/ exw zlwk dq dgghg srwhqwldo whup +d vr0fdoohg _ghihfwlyh%
orjdulwkplf Vrerohy lqhtxdolw|,1 Xvlqj Khdw Nhuqho phdvxuh lqvwhdg/ Gulyhu dqg
Orkuhq} suryhg lq ^45` wkdw d orjdulwkplf Vrerohy lqhtxdolw| grhv krog rq Orrs
jurxsv/ zlwkrxw Jurvv* srwhqwldo1 Li Khdw Nhuqho dqg slqqhg Zlhqhu phdvxuhv zhuh
htxlydohqw zlwk Udgrq0Qlnrg|p ghulydwlyhv erxqghg deryh dqg ehorz wkhq wkh
Krooh|0Vwurrfn Ohppd +vhh ^4;`,zrxog whoo xv wkdw slqqhg Zlhqhu phdvxuh dgplwv
d fodvvlfdo +l1h1 _qrq0ghihfwlyh%, orjdulwkplf Vrerohy lqhtxdolw|1 Hyhq li wkh htxly0
dohqfh zhuh qrw vr qlfh/ lw pljkw vwloo eh srvvleoh wr xvh wkh Gulyhu0Orkuhq} uhvxow ri
^45` wr holplqdwh wkh Jurvv* srwhqwldo whup dqg wkhuhe| suryh d orjdulwkplf Vrerohy
lqhtxdolw| iru slqqhg Zlhqhu phdvxuh1

Lq Vhfwlrq 8 zh vkrz wkdw slqqhg Zlhqhu phdvxuh lv htxlydohqw wr Khdw Nhuqho
phdvxuh rq +v/ wkh �0dojheud ri ixqfwlrqv ghshqglqj rq wkh orrs xs wr wlph v ? 41
Zh ylhz wkh Orrs0Vsdfh0ydoxhg Eurzqldq prwlrq/ ghyhorshg e| Gulyhu dqg Orkuhq}
lq ^45`/ dv d jurxs0ydoxhg wzr0sdudphwhu surfhvv1 Ylhzlqj rqh ri wkh sdudphwhuv
�{hg/ wkh uhvxowlqj surfhvv kdv wkh vdph glvwulexwlrq dv Khdw Nhuqho phdvxuh1 Lq
Vhfwlrq 7/ xvlqj h{whqvlyho| wkh wzr0sdudphwhu fdofxoxv ghyhorshg e| Qruulv lq ^57`/
zh vkrz wkdw lq wkh rwkhu sdudphwhu wklv surfhvv lv d Eurzqldq vhplpduwlqjdoh rq
wkh sdwk vsdfh ri wkh Olh jurxs1 Wkh idfw wkdw zh fdq sxoo edfn wklv surfhvv wr
d Olh dojheud ydoxhg Eurzqldq Vhplpduwlqjdoh wrjhwkhu zlwk Jluvdqry*v Wkhruhp/
dqg wkh idfw wkdw Zlhqhu phdvxuh dqg slqqhg Zlhqhu phdvxuh duh htxlydohqw rq
+v> jlyhv xv rxu uhvxow wkdw rq +v Khdw Nhuqho phdvxuh dqg slqqhg Zlhqhu phdvxuh
duh htxlydohqw1 Lq rxu surri/ wkh dqdo|vlv lv grqh lq d eljjhu vsdfh +wkh Zlhqhu
vsdfh ri wkh frpsdfw Olh jurxs, zklfk lv zk| zh uhtxluh v wr eh vwulfwo| ohvv wkdq
rqh1

Khdw Nhuqho phdvxuh lv d wlph w glvwulexwlrq ri d surfhvv rq wkh sdwk vsdfh
ri d Orrs jurxs zklfk lv vwduwhg iurp wkh lghqwlw| orrs +l1h1 wkh frqvwdqw orrs,1
Wklv ghvfulehv d krprwrs| ehwzhhq wkh hqgsrlqw ri wklv surfhvv dqg wkh lghqwlw|
orrs1 Dv d frqvhtxhqfh/ Khdw Nhuqho phdvxuh frqfhqwudwhv doo lwv pdvv rq qxoo0
krprwrslf orrsv1 Rq wkh rwkhu kdqg slqqhg Zlhqhu phdvxuh lv txdvl0lqyduldqw
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xqghu wudqvodwlrqv e| �qlwh0hqhuj| orrsv1 Wkxv Slqqhg Zlhqhu phdvxuh pxvw dvvljq
qrq0}hur pdvv wr doo krprwrs| fodvvhv1 Wkhuhiruh li wkh Olh jurxs lv qrw vlpso|
frqqhfwhg/ slqqhg Zlhqhu phdvxuh lv qrw htxlydohqw wr Khdw Nhuqho phdvxuh1 Wkxv
rxu uhvxow vkrzlqj devroxwh frqwlqxlw| rq +v iru v ? 4 lv lq d vhqvh wkh ehvw uhvxow
wkdw fdq eh rewdlqhg lq wkh qrq0vlpso|0frqqhfwhg fdvh1

51 7|B|j6jA| Nu -jt�,|t

5141 Orrs jurxs Jhrphwu|1 OhwN eh d frqqhfwhg frpsdfw Olh jurxs/ 0 � WhN
eh wkh Olh dojheud ri N/ dqg k�> �l

L
eh dq DgN0lqyduldqw lqqhu surgxfw rq 01 Iru

� 5 0/ ohw m�m
L
� sk�> �l

L
1 Ohw cj dqg �j eh ohiw dqg uljkw wudqvodwlrqv rq N

uhvshfwlyho|1 +l1h1 cj dqg �j duh pdsv wdnlqj N wr N vr wkdw cj +{, @ j{ zkloh
�j +{, @ {j,1 Ohw

O +N, � i� 5 F +^3> 4`$ N, m� +3, @ � +4, @ hj
ghqrwh wkh edvhg orrs jurxs rq N frqvlvwlqj ri frqwlqxrxv sdwkv � = ^3> 4` $ N
vxfk wkdw � +3, @ � +4, @ h/ zkhuh h 5 N/ lv wkh lghqwlw| hohphqw1

Gh�qlwlrq 514 +Wdqjhqw Vsdfh ri O +N,,1 Zh zloo qhhg wkh iroorzlqj gh�qlwlrqv=0

� Jlyhq d ixqfwlrq k = ^3> 4`$ 0 vxfk wkdw k +3, @ 3/ gh�qh +k> k,K @4 li k lv

qrw devroxwho| frqwlqxrxv dqg vhw +k> k,K @
U 4
3
mk3 +v,m5 gv rwkhuzlvh1

� Gh�qh

K +0, � ik = ^3> 4`$ 0mk +3, @ 3 dqg +k> k, ?4j =
Wkhq K +0, lv d Kloehuw vsdfh xqghu +�> �,K 1

� Gh�qh

K3 +0, � ik 5 K +0, mk +4, @ 3j =
Wkhq +K3 +0, > +�> �,K, lv dovr d Kloehuw vsdfh1

Lq rughu wr gh�qh wkh wdqjhqw vsdfh WO +N, ri O +N, ohw � ghqrwh wkh Pdxuhu0
Fduwdq irup1 Wkdw lv � k�l � +cn�4,� � iru doo � 5 WnN/ dqg n 5 N1 Ohw � k[l +v, �
� k[ +v,l dqg s = WN $ N eh wkh fdqrqlfdo surmhfwlrq1 Zh qrz gh�qh

WO +N, � i[ = ^3> 4`$ WNm� k[l 5 K3 dqg s �[ 5 O +N,j =
E| dexvh ri qrwdwlrq/ xvh wkh vdph s wr ghqrwh wkh fdqrqlfdo surmhfwlrq iurp
WO +N, $ O +N,1 Dv xvxdo/ gh�qh wkh wdqjhqw vsdfh dw n 5 O +N, e| WnO +N, �
s�4 inj1 Xvlqj ohiw wudqvodwlrqv/ zh h{whqg wkh lqqhu surgxfw +�> �,K3

rq K3 wr d
Ulhpdqqldq phwulf rq WO +N,1 H{solflwo| vhw

+[>[,O+N, � +� k[l > � k[l,K3+L,
zkhuh [ 5 WO +N, 1

Lq wklv zd|/ O +N, lv wr eh wkrxjkw ri dv dq lq�qlwh0glphqvlrqdo Ulhpdqqldq pdq0
lirog1 Ylhzlqj wkh Olh dojheud +0> 3, dv d frppxwdwlyh Olh jurxs zlwk Olh dojheud
0/ zh rewdlq gh�qlwlrqv iru

O +0, � i� 5 F +^3> 4`$ 0, m� +3, @ � +4, @ 3j
dv wkh _Olh jurxs% zlwk Olh dojheudK3 +0, wkrxjkw ri dv d frppxwdwlyh Olh dojheud1

Gh�qlwlrq 515 +Wkh Odsodfldq 7O+N, dqg 7O+L,,1 Wdnh dq ruwkrqrupdo edvlv ri
K3 +0,1 Wkhq gh�qh dq rshudwru 7O+N, rq ixqfwlrqv i rq O +N, e| vhwwlqj

7O+N,i �
[

C5ki> zkhuh +Cki, +�, � C%i +� h{s %k, m%@3=
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Gh�qh wkh Odsodfldq 7O+L, rq ixqfwlrqv i rq O +0, lq wkh vdph zd| deryh e|
vhwwlqj

7O+L,i �
[

C5ki> zkhuh +Cki, +�, � C%i +� . %k, m%@3=
Uhpdun 516 +Prwlydwlrq iru gh�qwlrq 515,1 Lq dqdorj| zlwk �qlwh0glphqvlrqdo Ulh0
pdqqldq jhrphwu|/ jlyhq d ixqfwlrq i rq O +N,/ zh vkrxog h{shfw wkh Odsodfldq
7O+N,i wr eh gly +ui, zkhuh wkh glyhujhqfh gly � wuu/ zlwk u ehlqj wkh Ohyl0
Flylwd fryduldqw ghulydwlyh1 Vr jlyhq dq ruwkrqrupdo edvlv ikj ri K3 +0,/ dqg
ohwwlqj Ck/ lq WO +N,/ eh wkh ohiw0lqyduldqw yhfwru �hog dvvrfldwhg wr k/ zh vkrxog
h{shfw

_7i @ gly +ui, @
[
k

Ck � uCk +ui, @
[
k

C5ki � +uCkCk, � ui 1%

Krzhyhu/ wkh vxp
S

k C
5
ki � +uCkCk, � ui lv qrw zhoo0gh�qhg lqghshqghqw ri ru0

wkrqrupdo edvlv1 Dv Gulyhu dqg Orkuhq} vkrzhg lq ^45`
S

k C
5
ki � +uCkCk, � ui

lv gh�qhg lqghshqghqw ri jrrg ruwkrqrupdo edvhv1 Khuh dq ruwkrqrupdo edvlv ikj
lv jrrg li wkh Olh eudfnhw ^k +v, > k3 +v,` @ 3 v0d1v1 Lq wkdw fdvh

S
k C

5
k � +uCkCk,

uhgxfhv wr
S

C5k +zklfk lv lqghshqghqw ri dq| ruwkrqrupdo edvlv,1

5151 Phdvxuhv rq wkh Orrs jurxs1

515141 Slqqhg Zlhqhu phdvxuh1 Ohw wkh Zlhqhu vsdfh Zh +N, ghqrwh wkh vsdfh ri
doo frqwlqxrxv sdwkv lq N vwduwlqj dw wkh lghqwlw|1 H{solflwo|

Zh +N, � i� 5 F +^3> 4`$ N, m� +3, @ hj =
Gh�qlwlrq 517 +Khdw Nhuqho phdvxuh rq N,1 Ohw w A 31 Wkh Khdw Nhuqhov SN

w

rq N duh wkh xqltxh ixqfwlrqv vr wkdw iru dq| vprrwk i rq N/ wkh ixqfwlrq x rq
^3>4,�N gh�qhg e| vhwwlqj x +w> {, � U

N i +|,SN
w

�
{�4|

�
g| lv d vroxwlrq wr wkh

Khdw htxdwlrq zlwk lqlwldo frqglwlrq i 1 H{solflwo|

Cwx @
4

5
7Nx

x +w> {, $ i +{, dv w$ 31

Lw lv zhoo nqrzq wkdw { $ SN
w duh vprrwk ixqfwlrq rq N dqg wkdw SN

w +{, @
SN
w

�
{�4

�
1

Gh�qlwlrq 518 +Zlhqhu Phdvxuh rq Zh +N,,1 Zlhqhu Phdvxuh/ �w/ rqZh +N, zlwk
sdudphwhu w/ lv wkh xqltxh phdvxuh vr wkdw iru dq| erxqghg f|olqghu ixqfwlrq i ri
wkh irup i +{, @ I +{v4 > � � � > {vq, zh kdyh

�w ^i ` �
]
Nq

I +{4> � � � > {q,
q\
l@4

SN
w+vl�vl�4,

�
{�4l�4{l

�
g{l>

zkhuh {3 @ h dqg v3 @ 31 ^Wkh phdvxuh �4 zloo dovr eh ghqrwhg e| � lq wkh vhtxho1`

Gh�qlwlrq 519 +Eurzqldq prwlrq rq N,1 Zh zloo vwdwh wzr htxlydohqw gh�qlwlrqv1
D surfhvv v$ � +v, lv d Eurzqldq prwlrq rq N vwduwlqj dw h zlwk sdudphwhu w l�=0

41 � lv d Zh +N,0ydoxhg udqgrp yduldeoh glvwulexwhg dffruglqj wr Zlhqhu phd0
vxuh �w1
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51 wkh surfhvv v $ � +v, lv d gl�xvlrq vwduwlqj dw h zlwk jhqhudwru w
57N 1 Wklv

phdqv wkdw wkh surfhvv v$ � +v, lv d pduwlqjdoh vr wkdw � +3, @ h d1v1 dqg

gv +! � �, @
�
!3 � � +v,� gv� . w

5
+7N!, � � +v,gv

iru dq| vprrwk ! rq N1 Khuh 7N lv wkh Odsodfldq rq N zlwk uhvshfw wr wkh
phwulf k�> �lN rqN zkloh gv� ghqrwhv wkh Lwr gl�huhqwldo ri � lq wkh v yduldeoh1

Wkh �uvw gh�qlwlrq lv hdvlhu lq vlpsohu fdvhv olnh Ug ru frpsdfw Olh jurxsv1 Wkh
vhfrqg gh�qlwlrq lv hdvlhu wr h{whqg wr wkh lq�qlwh0glphqvlrqdo fdvhv dqg pdqlirogv1
Vhh Gh�qlwlrq 51441

Gh�qlwlrq 51: +Slqqhg Zlhqhu Phdvxuh,1 SlqqhgZlhqhu Phdvxuh/ �3>w/ rq O +N,
zlwk sdudphwhu w lv wkh xqltxh phdvxuh rq O +N, vr wkdw iru dq| erxqghg f|olqghu
ixqfwlrqv i ri wkh irup i +{, @ I +{v4 > � � � > {vq, zkhuh I 5 F4 +N,/ wkhq

�3>w ^i ` �
]
Nq

I +{4> � � � > {q,
SN
w+4�vq,

�
{�4q

�
SN
w +h,

q\
l@4

SN
w+vl�vl�4,

�
{�4l�4{l

�
g{l>+514,

zkhuh {3 @ h dqg v3 @ 31^Zh zloo xvh wkh qrwdwlrq �3 wr ghqrwh �3>41`

Gh�qlwlrq 51; +Eurzqldq eulgjh rq N,1 v $ " +v, lv d Eurzqldq eulgjh rq N
zlwk sdudphwhu w li " lv dq O +N,0ydoxhg udqgrp yduldeoh glvwulexwhg dffruglqj wr
slqqhg Zlhqhu phdvxuh �3>w1

515151 Khdw Nhuqho phdvxuh1

Gh�qlwlrq 51< +Eurzqldq Eulgjh Vkhhw rq 0,1 D Jdxvvldq surfhvv i" +w,jw5^3>4`
lv d Eurzqldq eulgjh Vkhhw rq 0 li iru +w> v, lq ^3> 4`5/ " +w> v, lv d 00ydoxhg phdq0
}hur Jdxvvldq surfhvv zlwk fryduldqfh jlyhq e|

H kD>" +w> v,l
L
kE>" +�> �,l

L
@ kD>El

L
+w a �,J3 +v> �, >

zkhuh " +w> v, � " +w, +v, 5 0> D>E 5 0> w> �> v> � 5 ^3> 4`> dqg J3 +v> �, � va�� v�1

Uhpdun 51431 Lw wxuqv rxw wkdw li " lv d Eurzqldq eulgjh vkhhw rq 0 wkhq "wv kdv d
yhuvlrq zklfk lv frqwlqxrxv lq erwk lwv sdudphwhuv/ w$ "wv lv d Eurzqldq prwlrq rq
0 zlwk sdudphwhu J3 +v> v, dqg v$ "wv lv d Eurzqldq eulgjh rq 0 zlwk sdudphwhu
w1 Zh zloo dozd|v fkrrvh vxfk d mrlqwo|0frqwlqxrxv yhuvlrq ri "1

Gh�qlwlrq 5144 +Eurzqldq prwlrq rq O +N,,1 D surfhvv w$ 	+w> �, lv dq O +N,0
ydoxhg Eurzqldq prwlrq li dqg rqo| li iru dq| vprrwk f|olqghu ixqfwlrq i = O +N,$
U/ wkhuh lv d uhdo0ydoxhg pduwlqjdoh Pw vr wkdw

gw ^i +	 +w> �,,` @ gwP .
4

5

�7O+N,i
�
+	 +w> �,,gw=

Vhh Wkhruhp 5147 iru wkh h{lvwhqfh ri wklv Eurzqldq prwlrq1 Vr w $ 	+w> �, lv d
gl�xvlrq rq O +N, zlwk jhqhudwru 4

57O+N,1 ^Gh�qh d Eurzqldq prwlrq rq O +0, e|
wklqnlqj ri 0 dv d Olh jurxs dqg dsso|lqj wkh deryh gh�qlwlrq`

Zh zloo qhhg wkh wkh iroorzlqj Wkhruhp=

Wkhruhp 5145 +Pdooldylq,1 Ohw
�

3>+

3>
�
+3wv

�
+w>v,5^3>4`5 > S3

�
eh d �owhuhg frp0

sohwh suredelolw| vsdfh zkhuh

+3wv � � k"�x = � 5 ^3> w` / x 5 ^3> v`l >
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+3 � b+w>v,5^3>4`5+3wv/ dqg " lv d 00ydoxhg Eurzqldq eulgjh vkhhw lq wkh vhqvh ri
Gh�qlwlrq 51<1 Ohw Cw ghqrwh Vwudwrqrzlf} gl�huhqwldwlrq lq wkh w yduldeoh1 Wkhq
jlyhq n3 5 O +N, wkhuh lv d mrlqwo| frqwlqxrxv vroxwlrq 	+w> v, wr wkh vwrfkdvwlf
gl�huhqwldo htxdwlrq

Cw	+w> v, @
[

D5RQE+L,

�
c	+w>v,�D

�
Cw"

D +w> v,+515,

zlwk 	+3> v, @ n3 +v, >;v 5 ^3> 4` >

zkhuh wkh D uxq wkurxjk dq ruwkrqrupdo edvlv ri 0 dqg "D +w> v, � k" +w> v, > Dl
L
1

Khqfhiruwk zh zulwh Ht1 +515, pruh frqflvho| dv

Cw	+w> v, @
�
c	+w>v,

�
� Cw" +w> v, zlwk 	+3> v, @ n3 +v, >;v 5 ^3> 4` =+516,

^vhh Pdooldylq ^56`> vhh dovr Wkhruhp 61; ri ^43` dqg Ed{hqgdoh ^9``

Uhpdun 5146 +H{solflw Pdwul{ Uhsuhvhqwdwlrq ri Ht1 ^516,1 ` OhwPp +U, eh doop�
p pdwulfhv rq U dqg JOp +U, eh doo lqyhuwleoh pdwulfhv lqPp +U,1 Zh zloo zrun
zlwk dq h{solflw pdwul{ uhsuhvhqwdwlrq ri rxu Olh jurxs N1 N zloo eh wkrxjkw ri dv
d vxejurxs ri JOp +U, � Pp +U, iru vrph p1 Vxfk d uhsuhvhqwdwlrq h{lvwv dv d
frqvhtxhqfh ri wkh Shwhu0Zh|o Wkhruhp� Khqfh Ht1 +516, fdq eh uhzulwwhq dv

Cw	+w> v, @ 	+w> v,Cw" +w> v,+517,

zlwk 	 +3> �, @ n3>;v 5 ^3> 4` >

zkhuh zh kdyh xvhg pdwul{ pxowlsolfdwlrq wr gh�qh 	 +w> v,Cw" +w> v,1 H{solflwo| li
zh ohw Elm ghqrwh wkh l> m hqwu| ri wkh pdwul{ E zh kdyh

Cw +	 +w> v,,lm @
[
n

+	 +w> v,,ln Cw +" +w> v,,nm =

Wkhruhp 5147 +Eurzqldq prwlrq rq O +N,,1 Ohw 	+w> v, eh wkh surfhvv iurp Wkh0
ruhp 5145 dqg Uhpdun 51461 Wkhruhp 5145 whoov xv wkdw v$ 	+w> v, lv d Orrs d1v1
Ohw 	w ghqrwh wklv orrs v$ 	+w> v,1 Wkhq w$ 	w lv d Eurzqldq prwlrq rq O +N,
lq wkh vhqvh ri Gh�qlwlrq 51441

Surri1 Vhh Wkhruhp 6143 ri Gulyhu ^43`1

Qrz wkdw zh nqrz wkdw Eurzqldq prwlrq rq O +N, h{lvwv/ zh fdq gh�qh Khdw
Nhuqho phdvxuh rq O +N,1

Gh�qlwlrq 5148 +Khdw Nhuqho phdvxuh rq O +N,,1 Ohw n3 5 O +N, eh d orrs dqg
ohw w A 31 Ohw 	 +w> �, eh dq O +N,0ydoxhg Eurzqldq prwlrq vr wkdw 	+3> �, @ n3 lq
O +N, d1v1 Wkhq/ dv lq wkh �qlwh0glphqvlrqdo pdqlirog fdvh/ Khdw Nhuqho phdvxuh
�w +n3> gn, lv gh�qhg wr eh wkh odz ri 	 +w> �,1 H{solflwo|]

O+N,

i +n, �w +n3> gn, @ Hi �	+w> �, =

Uhpdun 5149 +Khdw Nhuqho phdvxuh lv d Khdw Nhuqho,1 Gulyhu dqg Orkuhq} vkrzhg
iru dq| w A 3/ iru doo erxqghg f|olqghu ixqfwlrqv i rq O +N,> wkh ixqfwlrq x rq
+3>4,� O +N, gh�qhg e|

x +w> n3, �
]
O+N,

i +n, �w +n3> gn, >
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lv wkh xqltxh vroxwlrq wr wkh khdw htxdwlrq

Cx +w> �, @Cw @ 4

5
7O+N,x +w> �, zlwk olp

w&3
x +w> n, @ i +n3, =

Khuh 7O+N, ghqrwhv wkh rshudwru iurp Gh�qlwlrq 5151 Vhh Wkhruhp 414 ri ^45`1 Vhh
dovr Gh�qlwlrqv 6143 dqg 714: lq ^45`1 Lq ^45`/ uhvxowv rq Khdw nhuqho phdvxuhv duh
rewdlqhg iru jurxsv ri frpsdfw w|sh/ dqg qrw phuho| frpsdfw Olh jurxsv1

5161 Wkh vwrfkdvwlf iudphzrun1 Zh vkdoo xvh wkh uhvxowv ri Vhfwlrq 51515 wr
rewdlq rxu suredelolw| vsdfh1

Gh�qlwlrq 514: +Dpelhqw suredelolw| vsdfh,1
�

>+> i+wvj+w>v,5^3>4`5 > S

�
lv jrlqj

wr eh rxu elsdudphwulfdoo|0�owhuhg suredelolw| vsdfh zkhuh

� 
 � F +^3> 4`$ O +N,, htxlsshg zlwk +/ wkh frpsohwlrq ri wkh Eruho �0dojheud
xqghu S 1

� Ohw 	 eh wkh surfhvv iurp Wkhruhp 5145 vr wkdw 	3 @ h/ zkhuh h ghqrwhv wkh
lghqwlw| orrs1

� S lv gh�qhg wr eh Zlhqhu Phdvxuh rq F +^3> 4`$ O +N,,1 H{solflwo|/ S � Odz
	1

� jw = F +^3> 4`$ O +N,,$ O +N, e| {$ { +w, iru dq| { 5 F +^3> 4`$ O +N,,
� E| Wkhruhp 5147 zh vhh wkdw gOdz jw @ g�w +h> �,1
� jwv +{, @ ^{ +w,` +v, lq N1
� +33 lv d �0dojheud frqwdlqlqj doo wkh qxoo vhwv ri +1
� +wv � � kj�� = � 5 ^3> w` dqg � 5 ^3> v`l b +331

Wkhruhp 514; +Vhplpduwlqjdoh surshuwlhv ri j�v,1 Wkh surfhvv j ri Gh�qlwlrq 514:
kdv wkh iroorzlqj surshuwlhv=0

41 Wkh surfhvv w$ jwv lv d vhplpduwlqjdoh1

51 Ohw [wv �
U w
3
j�4�v C�j�v1 Wkhq w $ [w� lv d Eurzqldq eulgjh vkhhw rq 0 zlwk

uhvshfw wr wkh phdvxuh S 1 Ixuwkhupruh/ [ fdq eh wdnhq wr eh frqwlqxrxv lq
erwk lwv sdudphwhuv1

Surri1 w $ 	wv d Eurzqldq prwlrq rq N , w $ jwv d Eurzqldq prwlrq rq N1

Lq sduwlfxodu/ j lv d vhplpduwlqjdoh dqg [wv �
U w
3 j

�4
�v C�j�v lv zhoo0gh�qhg1 E|

Sursrvlwlrq ;16 ri ^<` zh nqrz wkdw [wv � 	 @
U w
3 	

�4
�v C�	�v @ "wv1 Wkxv [ lv d

Eurzqldq eulgjh vkhhw zlwk uhvshfw wr wkh phdvxuh S 1

Uhpdun 514<1 Zh vkdoo qhyhu djdlq uhihu wr ">	 ru wkh xqghuo|lqj devwudfw sure0
delolw| vsdfh1 Dovr zh zloo dozd|v xvh wkh yhuvlrq ri [ wkdw lv frqwlqxrxv lq erwk
sdudphwhuv w dqg v1

Zh duh qrz lq d srvlwlrq wr vwdwh wkh pdlq uhvxow ri wklv sdshu1

Wkhruhp 5153 +Vhplpduwlqjdoh surshuwlhv ri jw�,1 Ohw j eh dq O +N,0ydoxhg Eurz0
qldq prwlrq dv lq Gh�qwlrq 514:1 Wkhq=0

41 v$ jwv lv d N0ydoxhg +wv0vhplpduwlqjdoh1
51 ] v

3

C�jw�j
�4
w� @Zwv �

] v

3

g�

4� �

] w

3

Dgj��g�[��>

zkhuh v$Zwv lv d Eurzqldq prwlrq rq 0 zlwk sdudphwhu w1
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Surri1 Wkhruhp 5153 lv d vshfldo fdvh ri Wkhruhp 714 suryhg lq Vhfwlrq 71

Wkhruhp 51541 Ohw } ? 4 dqg ohw ,} � � k{v = v 5 ^3> }`l zkhuh {v = O +N, $ N
lv wkh hydoxdwlrq pds dw wlph v1 Wkhq slqqhg Zlhqhu phdvxuh/ �3/ lv devroxwho|
frqwlqxrxv zlwk uhvshfw wr Khdw Nhuqho phdvxuh/ �4 +h> �,/ rq wkh �0dojheud ,}1

Surri1 Wklv Wkhruhp lv suryhg dv Wkhruhp 814 lq Vhfwlrq 8

61 �N|��B|�NA uNi C�jNij6 4�4h

Gh�qlwlrq 614 +Eurzqldq Vkhhw rq 0,1 D Jdxvvldq surfhvv i� +w,jw5^3>4` lv d 00
ydoxhg Eurzqldq vkhhw li iru +w> v, lq ^3> 4`5/ � +w> v, lv d 00ydoxhg phdq0}hur Jdxvvldq
surfhvv zlwk fryduldqfh jlyhq e|

H kD> � +w> v,l
L
kE> � +�> �,l

L
@ kD>El

L
+w a �,J +v> �, >

zkhuh � +w> v, � � +w, +v, 5 0> D>E 5 0> w> �> v> � 5 ^3> 4`> dqg J +v> �, � plq +v> �,1

Uhpdun 6151 +Wkhruhp 5153 lv uhdvrqdeoh,j vdwlv�hv

Cwjwv @ jwvCw[wv zlwk j3v @ h>+614,

zkhuh [�v lv wkh Eurzqldq eulgjh vkhhw iurp Wkhruhp 514;1 E| Wkhruhp 61:/ wkhuh
lv d Eurzqldq vkhhw e rq 0 vr wkdw

[wv @ ewv �
] v

3

ew�
+4� v,

+4� �,5
g�1+615,

Li zh uhsodfh [ e| e lq Ht1 +614,/ wkhq Ohppd 616 vkrzv wkdw v $ jwv zrxog
eh d N0ydoxhg Eurzqldq prwlrq zlwk yduldqfh w dqg khqfh

U �
3 Cvjwvj

�4
wv zrxog eh

d 00ydoxhg Eurzqldq prwlrq zlwk yduldqfh w1 Lq uhdolw|/ ehfdxvh [w� frqwdlqv dq
h{wud �qlwh0yduldwlrq whup/ lw wxuqv rxw wkdw wkh odz ri

U �
3 Cvjwvj

�4
wv lv htxlydohqw

+exw qrw htxdo, wr wkh odz ri d Eurzqldq prwlrq rq 01

Ohppd 616 +Vhplpduwlqjdoh surshuwlhv ri kw�,1 Ohw e eh d 00ydoxhg Eurzqldq Vkhhw
+vhh Gh�qlwlrq 614,Ohw kwv eh wkh vroxwlrq wr

Cwkwv @ kwvCwewv zlwk k3v @ h=+616,

Wkhq wkh surfhvv v :$ kwv lv d N0ydoxhg Eurzqldq prwlrq zlwk sdudphwhu w1 Ixu0
wkhupruh rqh fdq fkrrvh d yhuvlrq ri k zklfk lv mrlqwo| frqwlqxrxv lq erwk sdudph0
whuv v dqg w= Lq ixwxuh/ k zloo eh wdnhq wr eh wklv mrlqwo| frqwlqxrxv vroxwlrq1 Qrwh=0
Ht1 ^616` lv wr eh lqwhusuhwhg olnh Ht1 ^515`1
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Surri1 Ohw vl @ l@q1 Wkhq i3 @ v3 ? v4 ? � � � ? vq @ 4j lv d sduwlwlrq ri ^3> W `1 Iru
frqyhqlhqfh/ ohw 7le +w, � ewvl � ewvl�4 1 Zh frpsxwh

Cw
�
kwvlk

�4
wvl�4

�
@ kwvlCwewvlk

�4
wvl�4 � kwvlCwewvl�4k

�4
wvl�4

@ kwvlCw7le +w,k
�4
wvl�4

@
�
kwvlk

�4
wvl�4

�
Dgkwvl�4Cw7le +w,

@
�
kwvlk

�4
wvl�4

�
Dgkwvl�4gw7le +w, .

4

5
gw
�
kwvlk

�4
wvl�4

�
Dgkwvl�4gw7le +w,

.
4

5
Dgkwvl�4

�
gwewvl�4 > gw7le +w,

�
@
�
kwvlk

�4
wvl�4

�
Dgkwvl�4gw7le +w, .

4

5
gw
�
kwvlk

�4
wvl�4

�
Dgkwvl�4gw7le +w,

@
�
kwvlk

�4
wvl�4

�
Cw

] w

3

Dgk�vl�47le +g�, >

zkhuh zh kdyh xvhg wkdw idfw wkdw ewvl�4 5 +4vl�4 dqg wkdw 7le +�, lv lqghshqghqw
ri +4vl�4 1 Wkxv

Cw

�
kwvlk

�4
wvl�4

�
@
�
kwvlk

�4
wvl�4

�
Cw

] w

3

Dgk�vl�4g�7le +�, zlwk k3vlk
�4
3vl�4

@ h=

Lw vx�fhv wr vkrz wkdw
qU �

3
Dgkwvl�4gw7le +w,

r
l5i4>��� >qj

lv d 0q0ydoxhg Eurzqldq

prwlrq zlwk sdudphwhu 4@q/ vlqfh wklv zloo lpso| wkdw w$
q
kwvlk

�4
wvl�4

r
l5i4>��� >qj

lv

d Nq0ydoxhg Eurzqldq prwlrq zlwk wkh vdph sdudphwhu1 Exw wklv lv wuxh e| Ohy|*v
fulwhulrq dqg wkh iroorzlqj frpsxwdwlrq ri txdgudwlf yduldwlrqv1

Ohw Mw ghqrwh wkh mrlqw txdgudwlf yduldwlrq] w

3

Dgk�vl�4g�7le +�,Dgk�vm�4g�7me +�, =

Wkhq

gMw @ Dgkwvl�4 +gw7le +w,,Dgkwvm�4 +gw7me +w,,

@
[
D>E

�
Dgkwvl�4D
Dgkwvm�4E

�
gw7le

D +w,gw7me
E +w,

@ �lm7lvgw
[
D

�
Dgkwvl�4D

�
5
@

�lm
q

[
D

�
Dgkwvl�4D

�
5
gw

@
�lm
q

[
D

D
5gw=

Zh vwloo kdyh wr vkrz wkdw kwv kdv d mrlqwo| frqwlqxrxv yhuvlrq1 Wkdw lv e|
Nroprjrury*v frqwlqxlw| fulwhulrq zh pxvw vkrz wkdw

S ^g +kwv> k��,
s` � F

k
+w� �,5 . +v� �,5

lp.�
5

>
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zkhuh g +{> |, ghqrwhv wkh glvwdqfh ehwzhhq srlqwv { dqg | lq N1 Wkh surri lv
hvvhqwldoo| wkh vdph dv wkdw grqh lq Wkhruhp 61; ri Gulyhu ^43` zlwk wkh prgl�fdwlrq
wkdw J +v> �, lv xvhg lq sodfh ri J3 +v> �,1 lq sduwlfxodu/ vhh Ht1 ^6145` ri ^43`1

6141 Vhplpduwlqjdoh Surshuwlhv ri [wv1 Ohw [wv eh dv lq Wkhruhp 514;1 Wkhq
[ lv d Eurzqldq eulgjh vkhhw rq 01 Eurzqldq Vkhhwv duh hdvlhu wr zrun zlwk
wkdq Eurzqldq eulgjh Vkhhwv +wkh| duh pduwlqjdohv lq erwk wkhlu sdudphwhuv iru
lqvwdqfh,1 Wkh jrdo ri wklv vhfwlrq lv wr zulwh [w� dv d olqhdu ixqfwlrqdo ri ew� /d
Eurzqldq vkhhw1

Wr prwlydwh wklv ghfrpsrvlwlrq zh uhfdoo wkh ghfrpsrvlwlrq ri d Eurzqldq eulgjhh[ +ehorz lq Uhpdun 617, lq whupv ri d Eurzqldq prwlrq dqg d �qlwh0yduldwlrq sduw1

Wkh Eurzqldq eulgjh h[� lv vxssrvhg wr sod| wkh uroh ri [w� exw zlwk rqh ihzhu
sdudphwhu1

Uhpdun 617 +Grre*v k wudqvirup,1 Ohw h[ eh d Eurzqldq eulgjh iurp 3 wr 3 rq U1

Wkhq wkhuh lv d Eurzqldq prwlrq he zklfk fdq eh zulwwhq dv d olqhdu ixqfwlrq ri h[
+l1h1 hev � h[v �

] v

3

�u oqSU4��
�
+ h[�,g� @ h[v .

] v

3

h[�

4� �
g�=,

Gh�qlwlrq 6181 Gh�qh frqwlqxrxv 00ydoxhg olqhdu pdsv rq sdwkv/

Wv> Vv = F +^3> 4`$ 0,$ 0/

e| vhwwlqj

Wv+|, @ |+v,�
] v

3

|+�,
+4� v,

+4� �,5
g� li v 5 ^3> 4, 1

Vv+{, � {+v, .

] v

3

{+�,

+4� �,
g� li v 5 ^3> 4, 1

Uhpdun 6191 Qrwlfh wkdw lq Uhpdun 617 zh zurwh wkh xqghuo|lqj Eurzqldq prwlrqhe� dv V � h[�
�
+�,1 Vlploduo| zh vkdoo suryh wkh surfhvv ew� � V +[w�, lv d Eurzqldq

Vkhhw dqg wkdw [w� fdq eh zulwwhq dv W +ew�,1

Wkhruhp 61: +Ghfrpsrvlwlrq ri wkh Eurzqldq eulgjh vkhhw,1 Ohw [ eh wkh Eurz0
qldq eulgjh vkhhw iurp Wkhruhp 514;1 Gh�qh e e| vhwwlqj

ewv � Vv+[w�, @ [wv .

] v

3

[w�g�

4� �
iru dq| w> v 5 ^3> 4` =

Wkhq e lv d Eurzqldq vkhhw rq 0 dqg [wv fdq eh uhfryhuhg iurp e dv=

[wv @ Wv+ew�, @ ewv �
] v

3

ew�
+4� v,

+4� �,5
g�=+617,

Zh vkdoo ghihu wkh surri ri Wkhruhp 61: xqwlo diwhu Ohppd 61; ehorz1

Ohppd 61; +Surshuwlhv ri wkh wudqvirupdwlrqv V dqg W ,1 Wkhuh h{lvw xqlwdu| pdsv
W = K +0, $ K3 +0, dqg V = K3 +0, $ K +0, vr wkdw W +|, +v, @ Wv +|, dqg
V +{, +v, @ Vv +{, iru dq| v 5 ^3> 4,1 Ixuwkhupruh V @ W�41

Surri1 Gh�qh d vxevhw ri K +0, e| vhwwlqj

X � i| = |3 5 F4f ++3> 4,$ 0,j =
F4f ++3> 4,$ 0, lv ghqvh lq O5 +^3> 4`$ 0, dqg wkhuhiruh/ e| wkh lvrphwu| ehwzhhq
O5 dqg K +0,/X lv ghqvh lq K +0,1
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Gh�qh { +v, @ Wv +|, iru | 5 X 1 Wkhq

{ +v, @

] v

3

+4� v,

4� �
|3+�,g�>

dqg

{3 +v, @ |3 +v,�
] v

3

|3+�,
4� �

g�=+618,

Vlqfh |3 lv }hur qhdu 4/ v $ |3+v,@ +4� v, lv erxqghg rq ^3> 4` dqg {3 lv frqvwdqw
qhdu v @ 41 Wkh erxqghgqhvv ri |3+v,@ +4� v, lpsolhv wkdw { +v,$ 3 dv v$ 41 Vr
zh fdq gh�qh d pds W = X $ K3 +0, =

Zh fodlp wkdw W lv d qrup0suhvhuylqj dqg vr fdq eh h{whqghg wr d pds iurp
K +0, rqwr d forvhg vxevsdfh ri K3 +0,1 Lqwhjudwlqj e| sduwv/

] 4

3

gv

�] v

3

|3+�,
4� �

g�

�5
� 5

] 4

3

|3 +v, �
] v

3

|3+�,
4� �

g�gv

@

�] 4

3

|3+�,
4� �

g�

�5
� 5

] 4

3

|3+v,
4� v

�
] v

3

|3+�,
4� �

g�gv

@

�] 4

3

|3+�,
4� �

g�

�5
� 5

] 4

3

�] v

3

|3+�,
4� �

g�

�
� gv

�] v

3

|3+�,
4� �

g�

�
@ 3>

dqg vr h{sdqglqj zlwk Ht1 ^618` zh vhh wkdw

] 4

3

m{3 +v,m5 gv @
] 4

3

m|3 +v,m5 gv=

Li { B LpW / wkhq iru dq| | 5 K +0,

3 @

] 4

3

{3 +v, �
�
|3 +v,�

] v

3

|3+�,
4� �

g�

�
gv

+,
] 4

3

{3 +v, � |3 +v,gv @
] 4

3

+{ +4,� { +�,, � |
3+�,

4� �
g�

+,
] 4

3

�
{3 +v, .

{ +v,

4� v

�
� |3 +v,gv @ 3=

Vlqfh |3 fdq eh dq| duelwudu| hohphqw ri O5 +^3> 4`$ 0,/ zh pxvw kdyh

{3 +v, @
�{ +v,
4� v

+, { +v, @ { +%,
4� v

4� %
=

Ohwwlqj % $ 3 dqg xvlqj { +3, @ 3/ zh vhh wkdw { lv lghqwlfdoo| 31 Wkxv W lv
vxumhfwlyh dqg vr surylghv dq lvrphwu| ehwzhhq K +0, dqg K3 +0,1
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Qrz zh �qg wkh lqyhuvh ri W 1 Ohw { lqK +0,/ | @ W +{, lqK3 +0, dqg }v @ Vv +|,
vr wkdw }v @ Vv � W +{,1 Vlqfh { +3, @ }3 @ 3 dqg

g

gv
}v @ |3 +v, .

| +v,

4� v

@ {3 +v,�
] v

3

{3 +�, g�
4� �

.
| +v,

4� v

@ {3 +v,� W +{, +v,

4� v
.

| +v,

4� v

@ {3 +v, >

zh frqfoxgh wkdw Vv � W +{, @ { +v, iru dq| { lq K +0,1
Gh�qh V = K3 +0,$ K +0, vr wkdw V +|, +v, @ Vv +|, iru dq| v ? 4 dqg V +|, +4, @

olpv$4 V +|, +v,1 Wkhq e| gh�qlwlrq/ V lv wkh lqyhuvh ri W=

Surri1 ri Wkhruhp 61:=
Iluvw zh vkrz wkdw

H kewv> DlL ke��> ElL @ +w a �,J +v> �, kE>Dl
L

Uhfdoo eDwv � kewv> DlL dqg [D
wv � k[wv> DlL 1 Ohw

ov +{, �
] 4

3

gx�v +x,{ +x, >

zkhuh

gx�v +x, @

�
� +x� v, . 4^3>v`

4

4� x

�
gx

lv d srvlwlyh phdvxuh rq ^3> 4`1 Khuh � ghqrwhv wkh Gludf ghowd phdvxuh1 Wkhq

ov +{, @ { +v, .

] 4

3

{ +x,
gx

4� x
@ Vv +{, =

Gh�qh ewv � Vv +[w�, dv lq Gh�qlwlrq 6181 Vr

HeDwve
E
�� @ H

]
gx�v +x,gy�� +�,[

D
wx[

E
�� =+619,

E| Wrqhool*v Wkhruhp dqg K�roghu*v lqhtxdolw|/ zh kdyh

H

]
gx�v +x,gy�� +�,

��[D
wx[

E
��

��
�
]
gx�v +x,gy�� +�,

t
H
�
[D
wx

�5
H +[E

��,
5

@

]
gx�v +x,gy�� +�,

s
w�J3 +x> x,J3 +�> �, ?4=

Wkxv dsso|lqj Ixelql wr Ht1 ^619` zh vhh wkdw

HeDwve
E
�� @

]
gx�v +x,gy�� +�,H[

D
wx[

E
��

@ +w a �, kD>El
L

]
gx�v +x,

]
gy�� +�,J3 +x> �, =+61:,
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Vlqfh J3 +x> �, lv wkh uhsurgxflqj nhuqho iru K3 +0,/ zh kdyh iru dq| ruwkrqrupdo
edvlv k ri K3 +0, >

J3 +x> �, @
[

k +x,k +�, =

Uhwxuqlqj wr Ht1 ^61:` zh jhw

H kewv> DlL ke��> ElL @ +w a �, kD>El
L

[]
k +x,gx�v +x,

]
k +�,gy�� +�,

@ +w a �, kD>El
L

[
Vv +k,V� +k,

@ +w a �, kD>El
L

[
V +k, +v,V +k, +�, =

E| Ohppd 61;/ V +k, uxqv wkurxjk dq ruwkrqrupdo edvlv ri K +0, = Wklv/ wrjhwkhu
zlwk wkh idfw wkdw J +v> �, lv wkh uhsurgxflqj nhuqho iru K +0, |lhogv/[

V +k, +v,V +k, +�, @ J +v> �, @ v a �=

Wkxv

H kewv> DlL ke��> ElL @ +w a �, kD>El
L
+v a �, =

Wkxv e lv d 00ydoxhg Eurzqldq vkhhw1
Lw uhpdlqv wr vkrz wkdw Wv +ew�, @ [wv1 Ohw { 5 O +0,1 Wkhq iru dq| % A 3/ fdq

fkrrvh d � vr wkdw vxs^3>�`^^4��>4` m{m ? %= Wkhuh lv dq h{ rq F4 ++�> 4� �,$ 0, vr

wkdw
��h{� { &+�>4��,

��
4 ? %1 Gh�qh { e| vhwwlqj

{ +v, @
v

�
h{ +�, 4^3>�` . h{ +v, 4+�>4��, . 4� v

�
h{ +4� �, 4^4��>4`=

Wkhq

n{� {n4 ?

#
5 vxs
^3>�`^^4��>4`

m{m. %

$
b % ? 6%=

Ixuwkhupruh/ { 5 K3 +0,1
Vr qrz wdnh { 5 K3 +0, vr wkdw n{�[w�n4 ? %1 Wkhq Wv +ew�, @ Wv +ew� � V +{,,.

{ +v,1

mWv+ew� � V +{,,m � vxs
^3>v`

mew� � V +{,m
#
4 .

] v

3

+4� v,

+4� �,5
g�

$
=

vxs
^3>v`

mew� � V +{,m � vxs
x5^3>v`

����[wx � { +x, .

] x

3

[w� � { +�,

+4� �,
g�

����
� vxs

x5^3>v`
m[wx � { +x,m

�
4 .

] v

3

g�

+4� �,

�
=

Wkxv dv %$ 3 zh kdyh Wv +ew�, @ [wv dqg zh duh grqh1



47 VULPXUWK\

71 7j6���Bi|�A}B,j �iNVji|�jt Nu jW>�

Ohw [ eh wkh Eurzqldq eulgjh vkhhw iurp vxevhfwlrq 6141 Lq wklv vhfwlrq zh vkdoo
vkrz wkdw[ lv d vhplpduwlqjdoh lq wkh vhqvh ri Qruulv +vhh ^57`, dqg wkhq surfhhg wr
�qg

U �
3 CvjWvj

�4
Wv xvlqj klv srzhuixo wzr0sdudphwhu fdofxoxv phwkrgv1 Wkurxjkrxw

wklv vhfwlrq zh vkdoo xvh wkh whup _vhplpduwlqjdoh% wr phdq _vhplpduwlqjdoh lq
wkh vhqvh ri Qruulv%1 Zh vkdoo dovr vwlfn wr Qruulv* qrwdwlrq dv idu dv srvvleoh lq
wklv vhfwlrq1

Wkhruhp 714 +vhplpduwlqjdoh surshuwlhv ri jW �,1 Ohw j eh rxu O +N,0ydoxhg Eurz0
qldq prwlrq1 Wkhq=0

41 j lv d vhplpduwlqjdoh1

51 Wkhuh lv d 00ydoxhg Eurzqldq vkhhw he zlwk wkh vdph odz dv e vr wkdw] v

3

C�jW�j
�4
W� @ heWv � ] v

3

g�

4� �

] W

3

Dgjw�gw[w�=

Zh ghihu wkh surri ri wklv Wkhruhp wr wkh hqg ri wkh vhfwlrq1

Wkhruhp 715 +[ lv d vhplpduwlqjdoh,1 Rq wkh grpdlq) � i+w> v, 5 ^3>4,� ^3> 4,j/
[ lv d xqlirup vhplpduwlqjdoh vdwlvi|lqj wkh htxdwlrq

CwCv[ @ CwCve� 4

4� v
Cw[Cv zlwk [3v @ [w3 @ 3=+714,

Surri1 Iluvw zh vkrz [ lv d xqlirup +v> w,0vhplpduwlqjdoh lq wkh vhqvh ri Qruulv1
E| Wkhruhp 61: zh kdyh

[wv @ ewv �
] v

3

ew�
+4� v,

+4� �,5
g�=

Vlqfh e lv fohduo| d vhplpduwlqjdoh/ lw zloo vx�fh wr vkrz wkdw wkh h{suhvvlrq

Fwv @

] v

3

ew�
+4� v,

+4� �,5
g�

lv dq +v> w,0vhplpduwlqjdoh1 Gl�huhqwldwlqj/ zh vhh wkdw

Fwv @

] v

3

g�

�
ew�

+4� �,
�
] �

3

ewx
4

+4� x,5
gx

�
=+715,

E| Lwr

ew�
4

+4� �,
@

] �

3

ewx
4

+4� x,5
gx.

] �

3

gxewx
4

+4� x,
>

dqg vr

Fwv @

] v

3

g�

] �

3

4

+4� x,
gxewx

@

] w

�4

] v

3

�] w

3

] v

�4

4

+4� x3,
4^3>x` +x

3, 4^�4>3` +u3, gugx3eux3
�
gu3gx=

Zh vwloo qhhg wr fkhfn Ht1 +5148, ri Qruulv> wkdw iru dq| s 5 ^4>4,/ wkh h{suhvvlrq] w

�4

] v

3

%] w

3

] v

�4

���� 4

+4� x3,
4^3>x` +x

3, 4^�4>3` +u
3,
����5
Os

gugx3
&4@5

gu3gx

lv �qlwh1 D gluhfw frpsxwdwlrq hvwdeolvkhv wkdw wklv lv vr iru dq| +w> v, 5 )1 Wkxv
[ lv d xqlirup +v> w,0vhplpduwlqjdoh1 E| Qruulv +vhh Sj 5;5 ri ^57`, zh nqrz
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wkdw d xqlirup +v> w,0vhplpduwlqjdoh zklfk lv frqvwdqw rq erwk wkh w dqg v d{hv
lv erwk d xqlirup w0vhplpduwlqjdoh dv zhoo dv d xqlirup v0vhplpduwlqjdoh1 Vlqfh
[3v @ [w3 @ 3> zh frqfoxgh wkdw [ lv d xqlirup vhplpduwlqjdoh1

Qrz wkdw zh kdyh vkrzq [ lv d vhplpduwlqjdoh/ zh fdq yhuli| e| gluhfw frpsx0
wdwlrq wkdw [ vdwlv�hv Ht1 ^714`1

CwCv[ � CwCve.
4

4� v
Cw[Cv

@ Cw[Cv� CwCvFwv=

AIurp Ht1 ^715` zh vhh wkdw

CwCv[ � CwCve.
4

4� v
Cw[Cv

@
Cw[Cv

4� v
�
�
Cwewv �

] v

3

Cwew�
4� v

+4� �,5
g�

�
Cv

4� v

@ 3=

Khqfh zh duh grqh1

Ohppd 716 +j lv d vhplpduwlqjdoh,1 Ohw j eh rxu O +N,0ydoxhg Eurzqldq prwlrq
iurp Gh�qlwlrq 514:1 Wkhq rq )/ j lv d vhplpduwlqjdoh vdwlvi|lqj

GvCw# @ #CwCve� 4

4� v
Cw#Cv zlwk j3v @ jw3 @ h=

Surri1 Gh�qh # wr eh wkh vroxwlrq ri

GvCw# @ #CwCve� 4

4� v
Cw#Cv>+716,

zkhuh G ghqrwhv fryduldqw gl�huhqwldwlrq zlwk uhvshfw wr wkh ohiw frqqhfwlrq rq

N1 Dsso| Wkhruhp 61519 ri ^57` wr wkh U �N0ydoxhg surfhvv h#wv � +v> #wv,1 Wr
idflolwdwh wklv gh�qh frruglqdwh surmhfwlrqv �4 = +v> {, $ v dqg �5 = +v> {, $ {1
Wkhq zh kdyh

hGvCwh# @
�
3> �5

�h#�CwCve�� 4

4� v
Cwh#Cv>

zkhuh hG ghqrwhv fryduldqw gl�huhqwldwlrq zlwk uhvshfw wr wkh ohiw frqqhfwlrq rq
U�N1 Lq Qruulv qrwdwlrq/ zh zrxog kdyh

hGvCwh# @ � kCwCvel. �34

G
Cwh#CvH >

zlwk

� k$l @ +3> �5 +{,$, ;$ 5 0>
dqg

�34 k$l @
� �4
4� �4 +{,

�
$ ;$ 5 W{ +U�N, =

Wkxv h# lv d vhplpduwlqjdoh/ dqg khqfh vr lv #1
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Gh�qh

"�v @

] �

3

#�4wv Cw#wv

@

] �

3

#�4wv gw#wv �
4

5

] �

3

�
#�4wv gw#wv

� �
#�4wv gw#wv

�
@ L � M=

Wkh �uvw whup L lv d vhplpduwlqjdoh e| Wkhruhp 51614 ri ^57`/ zkloh wkh vhfrqg
whup M lv d vhplpduwlqjdoh e| Wkhruhp 51615 ri ^57`1 Wkxv " lv d vhplpduwlqjdoh1
Zh zloo qrz vkrz wkdw " vdwlv�hv Ht1 ^714`1 Frpsxwlqj gluhfwo|/ zh vhh wkdw

CwCv".
4

4� v
Cw"Cv

@ Cv
�
#�4Cw#

�
.

4

4� v
#�4Cw#Cv

@ #�4GvCw# .
4

4� v
#�4Cw#Cv=

Dsso|lqj Ht1 ^716`/ zh vhh wkdw

CwCv".
4

4� v
Cw"Cv @ CwCve=

Wkxv " @ [ dqg # @ j1 Wkxv j lv d vhplpduwlqjdoh vdwlvi|lqj wkh htxdwlrq

GvCwj @ jCwCve� 4

4� v
CwjCv=

Zh duh qrz deoh wr uhwxuq wr wkh surri ri Wkhruhp 7141

Surri ri Wkhruhp 7141 Zh kdyh douhdg| vkrzq wkdw j lv d vhplpduwlqjdoh1 Ohw G
dqg eG ghqrwh fryduldqw gl�huhqwldwlrq zlwk uhvshfw wr wkh ohiw dqg uljkw frqqhfwlrqv
rq N uhvshfwlyho|1 WkxveGwCvj @

�
Cw
�
+Cvj, j

�4�� j
@ CwCvj � +Cvj, j

�4 +Cwj,

@ jCv
�
j�4Cwj

�
@ GvCwj

@ jCwCve� 4

4� v
CwjCv=

Qrz gh�qh d surfhvv he e| vhwwlqj

CwCvhe @ Dgj kCwCvel zlwk he3v @ hew3 @ 3=

Dgj lv suhylvleoh dqg suhvhuyhv wkh lqqhu surgxfw rq 0 dqg vr e| Wkhruhp 51714 ri

^57`/ zh vhh wkdw he lv d Eurzqldq vkhhw rq 0 +l1h1 he dqg e kdyh wkh vdph glvwulexwlrq,1
Wkhuhiruh/ �

Cw
�
+Cvj, j

�4�� j @ eGwCvj @
�
CwCvhe� j � Cwj

gv

4� v
>

zklfk lpsolhv wkdw

Cw
�
+Cvj, j

�4� @ �
CwCvhe��Dgj kCw[l gv

4� v
=
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Wklv phdqv wkdw ]
3

+Cvj, j
�4 @ he� ]

3

]
3

Dgj kCw[l gv

4� v
=

Qrz xvlqj wkh idfw wkdw gwj @ jgw[ . 4
5jgw[gw[/ zh vhh wkdw

DgjCw[ @ Dgjgw[

.
4

5
+gwjgw[, j�4 � 4

5
j +gw[, j�4 +gwj, j�4wv

@ Dgjgw[=

Wkxv zh kdyh vkrzq wkdw]
3

+Cvj, j
�4 @ he� ]

3

gv

4� v

]
3

Dgj kgw[l =

81 KNP &.}
y SZP &.}

Ohw 
> S> dqg jw eh dv lq Gh�qlwlrq 514: dqg ohw ,} eh dv lq Wkhruhp 51541
Wkhq w $ jw lv dq O +N,0ydoxhg Eurzqldq prwlrq dqg wkxv Odz jw htxdov Khdw
Nhuqho phdvxuh �w +h> �,1 Iurp Vhfwlrq 7 zh nqrz wkdw

U v
3 C�jw�j

�4
w� lv d Eurzqldq

vhplpduwlqjdoh1 Lq wklv Vhfwlrq zh zloo vkrz wkdw
U v
3
C�jw�j

�4
w� kdv d odz htxlydohqw

wr wkdw ri d Eurzqldq prwlrq1 Zh zloo wkhq nqrz wkdw Slqqhg Zlhqhu phdvxuh
lv htxlydohqw wr Khdw Nhuqho phdvxuh rq ,} iru dq| } ? 4/ e| wkh htxlydohqfh ri
Zlhqhu phdvxuh dqg Slqqhg Zlhqhu phdvxuh1

Wkhruhp 8141 �4 +h> �,^Khdw Nhuqho phdvxuh rq O +N,` lv htxlydohqw wr �3^Slqqhg
Zlhqhu Phdvxuh rq O +N,` dv phdvxuhv rq +O +N, >,}, zkhuh ,} � � k{w = w 5 ^3> }`l/
iru dq| } ? 41

Zh vxsso| wkh surri ri wklv uhvxow diwhu wkh vwdwhphqw ri Ohppd 8171

Gh�qlwlrq 8151 OhwEwv eh gh�qhg wr vroyh wkh Ilvn0Vwudwrqrzlf} htxdwlrq CvEwv @
CvewvEwv zlwk Ew3 @ h zkhuh e lv wkh Eurzqldq vkhhw iurp Wkhruhp 61:1

Wkhruhp 8161 Ohw w :$ jw� eh rxu O +N,0ydoxhg Eurzqldq prwlrq iurp Gh�ql0
wlrq 514: dqg ohw v $ Ewv eh wkh N0ydoxhg Eurzqldq prwlrq ri Gh�qlwlrq 8151
Wkhq jW � dqg EW � kdyh htxlydohqw odzv dv phdvxuhv rq F +^3> v`$ N, iru dq|

v ?
s
4.7W�4
5W 1

Zh suryh wklv uhvxow lq vhfwlrq 8141

Ohppd 8171 Li �4 y �5 wkhq �4 
 � y �5 
 �/ zkhuh �4> �> � duh suredelolw|
phdvxuhv1

Zh suryh wklv Ohppd diwhu wkh surri ri Wkhruhp 814 ehorz1

Ohppd 8181 Ohw 3 ? w4 ? � � � ? wn= Wkhq E�4wl�4�Ewl� duh lqghshqghqw 00ydoxhg
Eurzqldq prwlrqv zlwk sdudphwhuv wl � wl�4=

Wkh surri ri wklv Ohppd lv vxssolhg diwhu wkh surri ri Ohppd 817

Surri ri Wkhruhp 8141 Ohw �3 eh Slqqhg Zlhqhu phdvxuh rq O +N, dqg ohw � eh
Zlhqhu phdvxuh rq F +^3> 4`$ N, dv lq Gh�qlwlrqv 518 dqg 51:1 Wkhq � @ Odz ^E4�`
vlqfh E4� lv d vwdqgdug N0ydoxhg Eurzqldq prwlrq e| Gh�qlwlrq 8151 D nh| idfw
wkdw zh vkdoo h{sorlw lq wklv surri lv �3 lv htxlydohqw wr � rq ,} iru dq| } ? 41
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Il{ } ? 41Qrz

olp
W$3

s
4 . 7W � 4

5W
@ 4

vr wkhuh h{lvwv dq Q 5 Q odujh vr wkdw

} ?

s
4 . 7@Q � 4

5@Q
=

Ohw W � 4@Q 1 Zh nqrz wkdw w $ jw� lv dq O +N,0ydoxhg Eurzqldq prwlrq dqg
vr kdv lqghshqghqw lqfuhphqwv1 Vxssrvh zh fdq vkrz iru w5 A w4 wkdw E

�4
w4vEw5v lv

lqghshqghqw ri +w441 Wkhq ohwwlqj D3 @ i+n4> � � � > nq, = n4 � � �nQ 5 Dj zh kdyh
�4 +h>D, @ S ij4� 5 Dj

@ S
q
j+4@Q,�

�
j�4+4@Q,�j+5@Q,�

�
� � �

�
j�4+Q�4@Q,�j4�

�
5 D

r
@

�
Q
l@4OdzjW �

�
+D3, >

zkloh

� +D, @ S iE4� 5 Dj
@ S

q
E+4@Q,�

�
E�4+4@Q,�E+5@Q,�

�
� � �

�
E�4+Q�4@Q,�E4�

�
5 D

r
@

�
Q
l@4OdzEW �

�
+D3, =

Qrz e| Wkhruhp 816 jW � kdv d odz htxlydohqw wr wkdw ri EW �/ rq wkh uhvwulfwhg �0
dojheud,} 1 Lqyrnlqj Ohppd 817 uhshdwhgo|/ zh vhh wkdw
Q

l@4OdzjW � y 
Q
l@4OdzEW �

/
rq wkh uhvwulfwhg �0dojheud ,}1 Wkxv li D lv ,}0phdvxudeoh/ D3 5 ,
Q} dqg

�4 +h>D, @
�
Q

l@4OdzjW �

�
+D3, = @ 3

+, � +D, @
�
Q

l@4OdzEW �

�
+D3, @ 3=

Khqfh zh duh grqh li zh vkrz wkdw E�4
w4vEw5v lv lqghshqghqw ri +w441

E| Ohppd 818/ li � � w4 ? w5 wkhq E� � dqg E�4w4�Ew5� duh lqghshqghqw Eurzqldq
prwlrqv dqg vr E�4

w4�Ew5� lv lqghshqghqw ri � kEwv = w � w4 dqg v � 4l = Krzhyhu vlqfh
ewv @

U v
3
Ew�xE

�4
wx / zh vhh wkdw

+w44 @ � kewv = w � w4 dqg v � 4l
� � kEwv = w � w4 dqg v � 4l =

Wkhuhiruh E�4w4�Ew5� lv lqghshqghqw ri +w44 dqg zh duh �qlvkhg1

Surri ri Ohppd 8171 Lw zloo vx�fh wr vkrz wkdw li �4 � �5 wkhq �4
� � �5
�1 Iru
uhfwdqjohv/ lw lv fohdu wkdw +�4 
 �, +4D +{, 4E +|,, @ +�5 
 �, +4D +{, i +{, 4E +|,,1
Wklv h{whqgv wr olqhdu frpelqdwlrqv ri uhfwdqjohv e| olqhdulw| dqg doo erxqghg phd0
vxudeoh ixqfwlrqv e| grplqdwhg frqyhujhqfh1 Wkxv g +�4 
 �, @g +�5 
 �, +{> |, @
g�4@g +�5, +{,1 Wkxv �4 
 � � �5 
 �1

Surri ri Ohppd 8181 AIurp Gh�qlwlrq 815 zh vhh wkdw

Cv
�
E�4wl�4vEwlv

�
@

�
DgE�4

wl�4v
Cv
�
ewlv � ewl�4v

��
E�4wl�4vEwlv1+814,
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Ohw hel � U �
3
DgE�4

wl�4v
Cv
�
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