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Math 280A Homework Problems Fall 2009

Problems are from Resnick, S. A Probability Path, Birkhauser, 1999 or from
the lecture notes. The problems from the lecture notes are hyperlinked to their
location.

-3.1 Homework 1. Due Wednesday, September 30, 2009

e Read over Chapter
e Hand in Exercises and

-3.2 Homework 2. Due Wednesday, October 7, 2009

e Look at Resnick, p. 20-27: 9, 12, 17, 19, 27, 30, 36, and Exercise [3.9] from
the lecture notes.

e Hand in Resnick, p. 20-27: 5, 18, 23, 40*, 41, and Exercise from the
lecture notes.

*Notes on Resnick’s #40: (i) B ((0,1]) should be B ([0,1)) in the statement
of this problem, (ii) k is an integer, (iii) r > 2.

-3.3 Homework 3. Due Wednesday, October 21, 2009

Look at Lecture note Exercises;
Hand in Resnick, p. 63-70; 7* and 13.

Hand in Lecture note Exercises: -

*Hint: For #7 you might label the coupons as {1,2,..., N} and let A; be
the event that the collector does not have the i*" — coupon after buying n -
boxes of cereal.
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Math 280B Homework Problems Winter 2010






-1

Math 280C Homework Problems Spring 2010
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Math 286 Homework Problems Spring 2008






Part 1

Background Material






1

Limsups, Liminfs and Extended Limits

Notation 1.1 The extended real numbers is the set R := RU{+o0}, i.e. it
is R with two new points called oo and —oo. We use the following conventions,
+00-0=0, £c0-a =t if a € R with a > 0, +00-a = Foo if a € R with
a<0,foo+a==x foranya € R, co+ o0 =00 and —oco — o0 = —o0 while
00 — 00 is not defined. A sequence a, € R is said to converge to oo (—oc) if for
all M € R there ezists m € N such that ap, > M (a, < M) for all n > m.

Lemma 1.2. Suppose {a,},—, and {b,},. | are convergent sequences in R,
then:

1. If a, < b, meI a.a. n, then lim,,_, . a,, <lim, _, o b,.
2. If c € R, then lim,, o (cay) = climy, o0 ap.
3. {an + bn},— is convergent and

lim (a, +b,)= lim a, + lim b, (1.1)

n—oo n—oo n—oo

provided the right side is not of the form oo — co.
4. {anby },2, is convergent and

lim (apb,) = lim a, - lim b, (1.2)

provided the right hand side is not of the for £00-0 of 0 - (£00).

Before going to the proof consider the simple example where a,, = n and
b, = —an with a > 0. Then

o ifa<l1
lim (ay, + by) = 0 fa=1
—ocoifa>1
while
lim a, + lim b,“="00 — o0.

n—oo n—oo

This shows that the requirement that the right side of Eq. (1.1)) is not of form
00— o0 is necessary in Lemmal[l.2] Similarly by considering the examples a,, = n

! Here we use “a.a. n” as an abreviation for almost all n. So an < b, a.a. n iff there
exists N < oo such that a, < b, for all n > N.

and b, = n~% with a > 0 shows the necessity for assuming right hand side of
Eq. is not of the form oo - 0.

Proof. The proofs of items 1. and 2. are left to the reader.
Proof of Eq. . Let a :=lim, . a, and b = lim,,_. o, b,. Case 1., suppose
b = oo in which case we must assume a > —oo. In this case, for every M > 0,
there exists N such that b, > M and a,, > a — 1 for all n > N and this implies

ap +by, > M+a—1foralln > N.

Since M is arbitrary it follows that a, + b, — 0o as n — co. The cases where
b = —oo or a = oo are handled similarly. Case 2. If a,b € R, then for every
€ > 0 there exists N € N such that

la —ay| <eand |b—b,| <eforalln>N.
Therefore,
la+b—(an+by)|=|a—an+b—by| <|a—a|+1|b—0,| <2

for all n > N. Since € > 0 is arbitrary, it follows that lim,, o (a, + b,) = a+b.

Proof of Eq. (1.2). It will be left to the reader to prove the case where lim a,,
and lim b,, exist in R. I will only consider the case where a = lim,, .o a, # 0
and lim,_ . b, = oo here. Let us also suppose that a > 0 (the case a < 0 is
handled similarly) and let o := min (%, 1). Given any M < oo, there exists
N € N such that a,, > o and b, > M for all n > N and for this choice of N,
anby, > Ma for all n > N. Since o > 0 is fixed and M is arbitrary it follows
that lim, o (anbyp) = 0o as desired. [

For any subset A C R, let sup A and inf A denote the least upper bound and
greatest lower bound of A respectively. The convention being that sup A = oo
if oo € A or A is not bounded from above and inf A = —oo0 if —co € A or A is
not bounded from below. We will also use the conventions that sup () = —co
and inf ) = +o0.

Notation 1.3 Suppose that {x,} -~ C R is a sequence of numbers. Then

liminf 2, = lim inf{zy : k > n} and (1.3)
n—oo n—oo
limsupz, = lim sup{xy: k > n}. (1.4)



14 1 Limsups, Liminfs and Extended Limits

We will also write lim for liminf, .o and lim for limsup .
n—oo
Remark 1.4. Notice that if ap := inf{zy : £k > n} and by := sup{zy : k >
n}, then {ax} is an increasing sequence while {b;} is a decreasing sequence.
Therefore the limits in Eq. (1.3) and Eq. (1.4) always exist in R and
liminf x,, = supinf{zy : k > n} and
n—oo n
lim sup x,, = inf sup{zy, : k > n}.
n

n—oo

The following proposition contains some basic properties of liminfs and lim-
sups.

Proposition 1.5. Let {a,}52, and {b,}52, be two sequences of real numbers.
Then

1. liminf, . a, < limsupa, and lim,_. a, ezxists in R iff
n—oo

liminf a,, = limsup a,, € R.

n—0oo n— o0

2. There is a subsequence {an, }52, of {an}S2, such that limg o an,
limsup a,,. Similarly, there is a subsequence {an, }32, of {an}52, such that

n—oo
limy o0 ap, = liminf, . ay.
3.
lim sup(a, + b,) < limsup a,, 4+ limsup b, (1.5)
n—oo n—oo n—oo

whenever the right side of this equation is not of the form oo — co.
4. If ap, >0 and b, > 0 for alln € N, then

lim sup(a,by,) < limsup a,, - limsup b, (1.6)

provided the right hand side of @ is not of the form 0 - oo or oo - 0.
Proof. 1. Since
inf{ag : k > n} <sup{ag : k > n} ¥n,
liminf a,, < limsup a,,.

n—00 n— oo

Now suppose that liminf,, .. a, = limsupa, = a € R. Then for all ¢ > 0,
n—oo
there is an integer N such that

a—¢e<inf{ag : k> N} <sup{arp:k >N} <a+e,

Page: 14 job: prob

ie.
a—ec<ap<a-+eforal k> N.

Hence by the definition of the limit, limg_ o ax = a. If liminf,, . a, = oo,
then we know for all M € (0,00) there is an integer N such that

M <inf{ay : k > N}

and hence lim,,_~, a, = co. The case where lim sup a,, = —oc0o is handled simi-
n—oo

larly.
Conversely, suppose that lim, ..o a, = A € R exists. If A € R, then for
every € > 0 there exists N(g) € N such that |A — a,| < ¢ for all n > N(e), i.e.

A—e<a, <A+ceforaln>N().
From this we learn that

A — e <liminfa, <limsupa, < A+e¢.

n—oo n—00

Since € > 0 is arbitrary, it follows that

A <liminfa, <limsupa, < A4,

n—oo N—00

i.e. that A = liminf, ., a, = limsupa,. If A = oo, then for all M > 0

n—oo

there exists N = N(M) such that a, > M for all n > N. This show that
liminf, .. a, > M and since M is arbitrary it follows that

oo < liminf a,, < limsup a,,.
n—oo n—00

The proof for the case A = —oo is analogous to the A = co case.
2. — 4. The remaining items are left as an exercise to the reader. It may

be useful to keep the following simple example in mind. Let a,, = (—1)" and
bp = —an = (—1)"*". Then a, + b, = 0 so that
0= lim (an + b,) = liminf (a, + b,) = limsup (a, + by)
n—oo n—oo n—oo
while
liminf a,, = liminfb,, = —1 and
n—oo n—oo
limsup a,, = limsup b,, = 1.
n—oo n—oo
Thus in this case we have
macro: svmonob.cls date/time: 7-0ct-2009/16:48



lim sup (a,, + b,) < limsup a,, + lim sup b,, and

n—oo n—oo n—oo
liminf (a,, + b,) > liminf a,, + liminf b,,.
n—oo n—oo n—oo

]
We will refer to the following basic proposition as the monotone convergence
theorem for sums (MCT for short).

Proposition 1.6 (MCT for sums). Suppose that for each n € N, {f, (i)};=,
is a sequence in [0,00] such that T limy, o fn (i) = f (i) by which we mean
fn (i) T f (i) as n — oco. Then

Jim, Z I

JKZM% i f ().
i=1 i=1

1=

f @), ie

)

=1

3

We allow for the possibility that these expression may equal to +oo.

Proof. Let M :=1 lim;, o0 Y 50y fn (2). As fi, (¢) < f (i) for all n it follows
that oo fr (i) < Yooy f (i) for all n and therefore passing to the limit shows
M <Y 2, f(i). If N € N we have,

N
2,50 th G —,}LH;Oan EECSWACE

=1

Letting N 1 oo in this equation then shows Y .o, f (i) < M which completes
the proof. -

Proposition 1.7 (Tonelli’s theorem for sums). If {axn};,—; C [0,00],

then
oo oo oo oo
Zzakn = Zzakn-

k=1n=1 n=1k=1
Here we allow for one and hence both sides to be infinite.

Proof. First Proof. Let Sy (k) := ij:l Akn, then by the MCT (Proposi-
tion ,
hm ZSN

On the other hand,

oo

)= Jim Sy (k)= ) ar.

k=1 k=1n=1

Page: 15 job: prob
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so that
N oo oo 00
Nlim ZSN lim ZZakn:ZZakn.
e N=oo i =1 n=1k=1

Second Proof. Let
K N N K

M = sup{ZZakn : K,NEN} ZSUP{ZZGML : K,NEN}
k=1n=1

and

Since

oo 0o K o K N
L:ZZ@M :Iggrloozz%n = hmooj\}gnooZZakn

k=1n=1 k=1n=1 k=1n=1
and Zk 1 Z _q Okn < M for all K and N, it follows that L < M. Conversely,
K N K oo 0o 00
PBP SIS 35 SIS 3) I’
k=1n=1 k=1n=1 k=1n=1

and therefore taking the supremum of the left side of this inequality over K
and N shows that M < L. Thus we have shown

oo 00
E E An — M
k=1n=1

By symmetry (or by a similar argument), we also have that > >~ | > 7° | ap, =
M and hence the proof is complete. [
You are asked to prove the next three results in the exercises.

Proposition 1.8 (Fubini for sums). Suppose {arn}y,,—; C R such that

E E lagn| = E E lagn| < 00
k=1n=1 n=1 k=1
Then
oo oo oo oo
DD k=) ) am
k=1n=1 n=1k=1

macro: svmonob.cls date/time: 7-0ct-2009/16:48
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Ezample 1.9 (Counter example). Let {Smn}:,nzl be any sequence of complex

numbers such that lim,, ..o Sy, = 1 for all n and lim,, .o Sy = 0 for all n.
For example, take Syp = Lm>n + +Lm<n. Then define {aij}fC;.:l so that

m n
i=1 j=1
Then
oo oo o0 oo
E E ai; = lim lim Sy, =0#1= lim lim Sy, = E E aij
m—00 N—00 n—od Mm—0o0
i=1j=1 j=1i=1

To find a;j, set Sy = 0if m =0 or n = 0, then

n
Smn — Sm—l,n = § Qmj
Jj=1

and

n — Smn - Smfl,n - (Sm,nfl - Smfl,nfl)
= Smn - Smfl,n - Sm,nfl + Smfl,nfl'

Proposition 1.10 (Fatou’s Lemma for sums). Suppose that for eachn € N,
{hn (i) };=, is any sequence in [0,00], then

- T
Zhnnigfhn(z)_hnn_{nghn(z)

i=1 =1

The next proposition is referred to as the dominated convergence theorem

(DCT for short) for sums.

Proposition 1.11 (DCT for sums). Suppose that for each n € N,

{fn (0)};2, C R is a sequence and {gy (i)};=, is a sequence in [0,00) such that;

1.5°% gn (i) < 00 for all n,

2. f(i) =limp— o0 fn (1) and g (i) := limy, 00 gn (i) exists for each i,
3. 1fu ()| < g (i) Jor all i andn,

4 lim o D77 gn (1) = 3072, 9 (i) < oo

Then -
Jim, > ) Z lin i i Zf
i=1

(Often this proposition is used in the special case where g, = g for all n.)

Page: 16 job: prob

Exercise 1.1. Prove Proposwlonu 1.8l Hint: Let o}, := max (ag,,0) and a,, =
max (—agn, 0) and observe that; ag, = a;n — al;n and ‘a,m| + ’akn’ = |agn| -

Now apply Proposition with ay, replaced by a,m and a,,.

Exercise 1.2. Prove Proposition [[.10} Hint: apply the MCT by applying the
monotone convergence theorem with f, (7) := inf,,>p A (7).

Exercise 1.3. Prove Proposition[I.11} Hint: Apply Fatou’s lemma twice. Once
with Ay, (1) = gn (1) + fn (1) and once with hy, (1) = gp, (1) — fn (7).

macro: svmonob.cls date/time: 7-0ct-2009/16:48



2

Basic Probabilistic Notions

Definition 2.1. A sample space {2 is a set which is to represents all possible
outcomes of an “experiment.”

Example 2.2. 1. The sample space for flipping a coin one time could be taken
to be, 2 ={0,1}.
2. The sample space for flipping a coin N -times could be taken to be, 2 =
{0, 1}N and for flipping an infinite number of times,

Q={w=(w1,ws,...) rw; € {0,1}} = {0,1}".
3. If we have a roulette wheel with 38 entries, then we might take
2 ={00,0,1,2,...,36}

for one spin,
2 =1{00,0,1,2,...,36}"

for N spins, and
2 ={00,0,1,2,...,36}"

for an infinite number of spins.
4. If we throw darts at a board of radius R, we may take

2 =Dp:={(z,y) eER*:2” +y* < R}

for one throw,
2 =D¥

for N throws, and
2 =D%

for an infinite number of throws.
5. Suppose we release a perfume particle at location € R? and follow its
motion for all time, 0 <t < oo. In this case, we might take,

2 ={weC(0,0),R*:w(0)=2a}.

Definition 2.3. An event, A, is a subset of 2. Given A C 2 we also define
the indicator function of A by

_JlifweAd
La (@) '_{Oifw¢A'

Ezample 2.4. Suppose that 2 = {0, 1}N is the sample space for flipping a coin
an infinite number of times. Here w,, = 1 represents the fact that a head was
thrown on the n*" — toss, while w,, = 0 represents a tail on the n'® — toss.

1. A={w € 2 : w3 =1} represents the event that the third toss was a head.

2.A=U2, {w € 2:w; =w;y1 = 1} represents the event that (at least) two
heads are tossed twice in a row at some time.

3.A=nNF_; Up>n {w e 2:w, =1} is the event where there are infinitely
many heads tossed in the sequence.

4. A =UF_; Np>n {w € 2:w, =1} is the event where heads occurs from
some time onwards, i.e. w € A iff there exists, N = N (w) such that w, =1
for all n > N.

Ideally we would like to assign a probability, P (A), to all events A C (2.
Given a physical experiment, we think of assigning this probability as follows.
Run the experiment many times to get sample points, w (n) € (2 for each n € N,
then try to “define” P (A) by

P(A) = Jim =314 (k) (2.1)
k=1
—Nliinm%#{lgng:w(k)eA}. (2.2)
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That is we think of P (A) as being the long term relative frequency that the
event A occurred for the sequence of experiments, {w (k)},—; .

Similarly supposed that A and B are two events and we wish to know how
likely the event A is given that we know that B has occurred. Thus we would
like to compute:

. #{k:1<EkE<Nandw, € ANB}
P(A|B)—ngr(1>o #{k:1<k<Nandw, € B} ’

which represents the frequency that A occurs given that we know that B has
occurred. This may be rewritten as

%#{k:lgkﬁNandwkeAﬂB}
%#{k:lgkﬁNandwkeB}

_ P(ANB)

~ P(B)

P(AID) = Jim,

Definition 2.5. If B is a non-null event, i.e. P(B) > 0, define the condi-
tional probability of A given B by,

P(ANB)

PAIB) = —F

There are of course a number of problems with this definition of P in Eq.
including the fact that it is not mathematical nor necessarily well defined.
For example the limit may not exist. But ignoring these technicalities for the
moment, let us point out three key properties that P should have.

1. P(A) €[0,1] for all A C (2.

2. P@)=0and P(2)=1

3. Additivity. If A and B are disjoint event, i.e. AN B = AB = (), then
laup =14 + 1p so that

N
PAUB) = Jim =3 Lus(w(k) = Jim 3" [1a(w (k) + 1s (@ (k)]
k_le 1 N k=1
= lim 2> s @ (k) + 5 D1 (@ (R))
k=1 k=1
= P(A)+P(B).

4. Countable Additivity. If {A; }Joil are pairwise disjoint events (i.e. 4; N
Ay =0 for all j # k), then again, lu= a, = > 51 1a, and therefore we
might hope that,

Page: 18 job: prob
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P = i &S 8 = i 35S0
k=1j5=1
oo 1 N
S0 L0 SN
Jj=1 k=1
) 00 1 N
:ZI\}llnooﬁzlAJ (w (k) (by a leap of faith)
j=1 k=1
:ZP(AJ)

Example 2.6. Let us consider the tossing of a coin N times with a fair coin. In
this case we would expect that every w € (2 is equally likely, i.e. P ({w}) = QLN
Assuming this we are then forced to define

P(A)= oo # (4).

Observe that this probability has the following property. Suppose that o €
{0,1}" is a given sequence, then

1 _ 1
P(fw: (wr,. @) = 0}) = g - 2¥F =

That is if we ignore the flips after time k, the resulting probabilities are the
same as if we only flipped the coin k times.

Ezample 2.7. The previous example suggests that if we flip a fair coin an infinite
number of times, so that now £2 = {0,1}", then we should define

P{we 2:(w,...,wx) =0}) = — (2.3)

for any k > 1 and o € {0, 1}k. Assuming there exists a probability, P : 27 —
[0,1] such that Eq. holds, we would like to compute, for example, the
probability of the event B where an infinite number of heads are tossed. To try
to compute this, let

Ap ={w e 2 :w, =1} = {heads at time n}
By :=U,>nA, = {at least one heads at time N or later}

and
B = ﬂ?voleN = {An 10} = m]ovo:1 Un>N A,,.

Since

date/time: 7-0ct-2009/16:48



B]c;]:ﬂnZNA;’;CﬂMZnZNA%:{wE.QZwN:wN+1:“-:wM:O},

we see that

Therefore, P (By) = 1 for all N. If we assume that P is continuous under taking
decreasing limits we may conclude, using By | B, that
P(B)= lim P(By)=1.

N—o0
Without this continuity assumption we would not be able to compute P (B).

The unfortunate fact is that we can not always assign a desired probability
function, P (A), for all A C 2. For example we have the following negative
theorem.

Theorem 2.8 (No-Go Theorem). Let S = {z € C: |z| = 1} be the unit cir-
cle. Then there is no probability function, P : 25 — [0,1] such that P (S) = 1,
P is invariant under rotations, and P is continuous under taking decreasing
limats.

Proof. We are going to use the fact proved below in Proposition that
the continuity condition on P is equivalent to the ¢ — additivity of P. For z € S
and N C S let

zN:={zneS:neN}, (2.4)

that is to say ¢’’N is the set N rotated counter clockwise by angle §. By
assumption, we are supposing that

P(zN) = P(N) (2.5)

for all z€ S and N C S.
Let A ‘
Ri={z=e?":tcQ}={z=¢?":1t€[0,1)NQ}

— a countable subgroup of S. As above R acts on S by rotations and divides S
up into equivalence classes, where z,w € S are equivalent if z = rw for some
r € R. Choose (using the axiom of choice) one representative point n from each
of these equivalence classes and let N C S be the set of these representative
points. Then every point z € S may be uniquely written as z = nr with n € N
and r € R. That is to say

S=Y (rN) (2.6)

rER

where ) A, is used to denote the union of pair-wise disjoint sets {A,}. By

Eqgs. and ,

Page: 19 job: prob
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1=P(S)=>_ P(rN)=>_ P(N). (2.7)

reR reR

We have thus arrived at a contradiction, since the right side of Eq. is either
equal to 0 or to co depending on whether P (N) =0 or P(N) > 0. |

To avoid this problem, we are going to have to relinquish the idea that P
should necessarily be defined on all of 2. So we are going to only define P on
particular subsets, B C 2. We will developed this below.
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Part 11

Formal Development






3

Preliminaries

3.1 Set Operations

Let N denote the positive integers, Ny := NU{0} be the non-negative integers
and Z = Ny U (—=N) — the positive and negative integers including 0, Q the
rational numbers, R the real numbers, and C the complex numbers. We will
also use F to stand for either of the fields R or C.

Notation 3.1 Given two sets X and Y, let YX denote the collection of all
functions f : X — Y. If X = N, we will say that f € YN is a sequence
with values in'Y and often write f, for f(n) and express f as {fn}rry. If
X ={1,2,..., N}, we will write YV in place of Y112N}t and denote f € YN
by f = (f1, f2,..., fn) where fr, = f(n).

Notation 3.2 More generally if {X, : « € A} is a collection of non-empty sets,

let X4 = [] Xa and 7o : Xa4 — X, be the canonical projection map defined
acA
by mo(z) = o If If Xo = X for some fized space X, then we will write || X,
acA
as X4 rather than X 4.

Recall that an element x € X4 is a “choice function,” i.e. an assignment
ZTo = z(a) € X, for each a € A. The axiom of choice states that X4 # 0
provided that X, # ) for each a € A.

Notation 3.3 Given a set X, let 2% denote the power set of X — the collection
of all subsets of X including the empty set.

The reason for writing the power set of X as 2% is that if we think of 2
meaning {0, 1}, then an element of a € 2% = {0, 1}X is completely determined
by the set

A={re X :a(zx)=1} C X.

In this way elements in {0,1}~ are in one to one correspondence with subsets
of X.
For A € 2% let
A =X\A={zeX:z ¢ A}

and more generally if A, B C X let
B\A:={zxeB:x¢ A} = Bn A°.

We also define the symmetric difference of A and B by
AAB:=(B\A)U(A\B).
As usual if {A4},,; is an indexed collection of subsets of X we define the union
and the intersection of this collection by
Uaerda ={z€X:F3ael 3 xe€ A,} and
NactAa ={zeX:z e A Vael}.

Notation 3.4 We will also write Zael A, for UserAs in the case that
{Aa} e are pairwise disjoint, i.e. Aq N Ag =0 if o # .

Notice that U is closely related to 3 and N is closely related to V. For example
let {A,},~, be a sequence of subsets from X and define

inf A, == Ni>nAgk,
k>n -

sup A, = UanAk,
k>n

limsup A, :={A, l0.} ={z e X :#{n:xe€ A} =}

and
liminf A, := {A, a.a.} :={z € X : 2 € A, for all n sufficiently large}.

n—oo

(One should read {A,, i.0.} as A, infinitely often and {A,, a.a.} as A,, almost
always.) Then = € {A, i.0.} iff

VNeNdn>N>ze€ A,
and this may be expressed as

{4, 1.0.} =NY¥y Up>n An.
Similarly, z € {4,, a.a.} iff

dNeN>3VYn>N, z€ A,
which may be written as

{An a.a.} = U?\?:l ngN An
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Definition 3.5. Given a set A C X, let

_JlifzecA
1A(x)‘{0zfa:¢A

be the indicator function of A.

Lemma 3.6. We have:

(UnAn)c = mnAfw

{A, i.0.}° = {A¢ a.a.},

limsup A, ={z € X :> 7~ 14, () =00},
n—oo

liminf, oo Ap = {z € X : > 0" 14e (x) <00},

SUPg>n La, (x) = ]‘UanAk = 1SUP1€2n Ak>

infk?Zn La, (m) = 1mk2nAk = 1infk2n Ag>

Liimsup 4,, = limsup 1,4, and

n— o0 n—oo

X NSO AE L=

Liimint,_ o A, = liminf, 14, .

Definition 3.7. A set X is said to be countable if is empty or there is an
injective function f: X — N, otherwise X is said to be uncountable.

Lemma 3.8 (Basic Properties of Countable Sets).

. If A C X is a subset of a countable set X then A is countable.

. Any infinite subset A C N is in one to one correspondence with N.

. A non-empty set X is countable iff there exists a surjective map, g : N — X.

Af X and Y are countable then X XY is countable.

. Suppose for each m € N that A,, is a countable subset of a set X, then
A =UX_1 Ay, is countable. In short, the countable union of countable sets
is still countable.

6. If X is an infinite set and Y is a set with at least two elements, then Y X

is uncountable. In particular 2% is uncountable for any infinite set X.

Grds Lo~

Proof. 1. If f : X — N is an injective map then so is the restriction, f|a4,
of f to the subset A. 2. Let f (1) = min A and define f inductively by

fn+1) = min (A\{f(1),..., f(n)}).

Since A is infinite the process continues indefinitely. The function f : N — A
defined this way is a bijection.
3. If g : N — X is a surjective map, let

f(z) =ming™' ({z}) = min{n e N: f(n) = z}.

Then f: X — N is injective which combined with item
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2. (taking A = f(X)) shows X is countable. Conversely if f : X — N is
injective let 29 € X be a fixed point and define g : N — X by g(n) = f~1(n)
for n € f(X) and g(n) = xg otherwise.

4. Let us first construct a bijection, h, from N to N x N. To do this put the
elements of N x N into an array of the form

and then “count” these elements by counting the sets {(i,5): 4+ j =k} one
at a time. For example let h (1) = (1,1), h(2) = (2,1), h(3) = (1,2), h(4) =
(3,1), h(5) = (2,2), h(6) = (1,3) and so on. If f : N—X and g : N =Y are
surjective functions, then the function (f x g) o h : N =X x Y is surjective
where (f x g) (m,n) := (f (m),g(n)) for all (m,n) € N x N.

5. If A = () then A is countable by definition so we may assume A # ().
With out loss of generality we may assume A; # () and by replacing A,, by
Ay if necessary we may also assume A,, # @ for all m. For each m € N let
am : N —A,, be a surjective function and then define f: NxN — U>®_, A, by
flm,n) := a,(n). The function f is surjective and hence so is the composition,
foh:N—UX_ A, where h : N — N x N is the bijection defined above.

6. Let us begin by showing 2N = {O,I}N is uncountable. For sake of
contradiction suppose f : N — {0,1}N is a surjection and write f(n) as
(fi(n), f2(n), fs(n),...). Now define a € {0,1}" by a, := 1 — f,(n). By
construction f, (n) # a, for all n and so a ¢ f(N). This contradicts the as-
sumption that f is surjective and shows 2V is uncountable. For the general
case, since Y;* C YX for any subset Yy C Y, if Y§¥ is uncountable then so
is YX. In this way we may assume Y is a two point set which may as well
be Yy = {0,1}. Moreover, since X is an infinite set we may find an injective
map z : N — X and use this to set up an injection, i : 2V — 2X by setting
i(A) := {z, :n €N} C X for all A C N. If 2% were countable we could find
a surjective map f : 2% — N in which case foi : 28 — N would be surjec-
tive as well. However this is impossible since we have already seed that 2V is
uncountable. ]

3.2 Exercises

Let f: X — Y be a function and {4;};cr be an indexed family of subsets of Y,
verify the following assertions.

Exercise 3.1. (N;jerA;)°¢ = U;er AS.
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Exercise 3.2. Suppose that B C Y, show that B\ (U;cr4;) = Nier(B\ A;).
Exercise 3.3. f =1 (UjerA;) = Uier fH(A).
Exercise 3.4. f 1 (NierA;) = NierfH(A).

Exercise 3.5. Find a counterexample which shows that f(C N D) = f(C) N
f(D) need not hold.

Ezample 3.9. Let X = {a,b,c} and Y = {1,2} and define f(a) = f(b) =1
and f (c) = 2. Then § = f ({a} N {b}) # f ({a}) N f({0}) = {1} and {1,2} =
f{a}?) # f({a})" ={2}.

3.3 Algebraic sub-structures of sets

Definition 3.10. A collection of subsets A of a set X is a m — system or
multiplicative system if A is closed under taking finite intersections.

Definition 3.11. A collection of subsets A of a set X is an algebra (Field)
if

1.0, Xec A

2. A € A implies that A° € A

3. A is closed under finite unions, i.e. if A1, ..., A, € A then A1U---UA,, € A.
In view of conditions 1. and 2., 3. is equivalent to

3. A is closed under finite intersections.

Definition 3.12. A collection of subsets B of X is a 0 — algebra (or some-
times called a o — field) if B is an algebra which also closed under countable
unions, i.e. if {A;};0, C B, then U2, A; € B. (Notice that since B is also
closed under taking complements, B is also closed under taking countable inter-
sections.)

Example 3.13. Here are some examples of algebras.

1. B = 2%, then Bis a o — algebra.

2. B={0,X} is a o — algebra called the trivial o — field.

3. Let X = {1,2,3}, then A = {0, X,{1},{2,3}} is an algebra while, § :=
{0, X,{2,3}} is a not an algebra but is a 7 — system.

Proposition 3.14. Let £ be any collection of subsets of X. Then there exists
a unique smallest algebra A(E) and o — algebra o(E) which contains E.
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Proof. Simply take

A(€) = n{A : A is an algebra such that & C A}

and

(&) = ﬂ{/\/l : M is a o — algebra such that £ C M}.

Ezample 3.15. Suppose X = {1,2,3} and £ = {0, X, {1,2},{1,3}}, see Figure
31l Then

(o

Fig. 3.1. A collection of subsets.

AE) =0o(E) =2%.
On the other hand if £ = {{1,2}}, then A(£) = {0, X, {1, 2}, {3}}.

Exercise 3.6. Suppose that & C 2% for i = 1,2. Show that A (&;) = A(&)
iff & C A(&) and & C A(&r). Similarly show, o (&) = 0 (&) iff & C o (&)
and & C o (&) . Give a simple example where A (1) = A (E3) while £ # &s.

In this course we will often be interested in the Borel ¢ — algebra on a
topological space.

Definition 3.16 (Borel o — field). The Borel ¢ — algebra, B = Br =
B(R), on R is the smallest o -field containing all of the open subsets of R.
More generally if (X, 7) is a topological space, the Borel o — algebra on X is

Bx :=o0(1) — i.e. the smallest o — algebra containing all open (closed) subsets
of X.
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Exercise 3.7. Verify the Borel o — algebra, Bg, is generated by any of the
following collection of sets:

1. {(a,00):a €R}, 2. {(a,0):a € Q} or 3. {[a,0):acQ}.
Hint: make use of Exercise [3.0]

We will postpone a more in depth study of ¢ — algebras until later. For now,
let us concentrate on understanding the the simpler notion of an algebra.

Definition 3.17. Let X be a set. We say that a family of sets F C 2% is a
partition of X if distinct members of F are disjoint and if X is the union of
the sets in F.

Ezample 8.18. Let X be a set and &€ = {A;,...,A,} where Ay,... A4, is a
partition of X. In this case

A(E) = 0(&) = {Uieadi - AC{1,2,...,n}}
where U;e 1 A; := 0 when A = (). Notice that
#(AE)) = #2012 = 2m,

Example 3.19. Suppose that X is a set and that A C 2% is a finite algebra, i.e.
# (A) < oo. For each z € X let

A, =n{AecA:zc A} € A,

wherein we have used A is finite to insure A, € A. Hence A, is the smallest set
in A which contains x.

Now suppose that y € X. If v € A, then A, C A, so that A, N A, = A,.
On the other hand, if ¢ A, then z € A, \ A, and therefore A, C A, \ 4,, i.e.
Ay N Ay = 0. Therefore we have shown, either A, N A, =0 or A, N A, = A,.
By reversing the roles of z and y it also follows that either A, N A, = 0 or
Ay N A, = A,. Therefore we may conclude, either A, = A, or A, N A, =0 for
all z,y € X.

Let us now define {Bi}le to be an enumeration of {4}, y . It is a straight-
forward to conclude that

A={UieaB;i : AC{1,2,... k}}.

For example observe that for any A € A, we have A = Uyzc s Ay = Ujea B; where
A:={i:B; C A}.
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Proposition 3.20. Suppose that B C 2% is a o — algebra and B is at most
a countable set. Then there erists a unique finite partition F of X such that
F C B and every element B € B is of the form

B=U{AeF:AcCB}. (3.1)
In particular B is actually a finite set and # (B) = 2" for some n € N.
Proof. We proceed as in Example [3.19] For each z € X let
A, =nN{AeB:x e A} € B,

wherein we have used B is a countable o — algebra to insure A, € B. Just as
above either A, N A, =0 or A, = A, and therefore F = {4, :x2 € X} C Bisa
(necessarily countable) partition of X for which Eq. holds for all B € B.

Enumerate the elements of F as F = {P,})_, where N € Nor N = co. If
N = oo, then the correspondence

ae{0,1}" 54, =U{P,:a,=1}€B

is bijective and therefore, by Lemma[3.8] B is uncountable. Thus any countable
o — algebra is necessarily finite. This finishes the proof modulo the uniqueness
assertion which is left as an exercise to the reader. [

Ezample 3.21 (Countable/Co-countable o — Field). Let X = R and & :=
{{z} : 2 € R}. Then o (€) consists of those subsets, A C R, such that A is
countable or A€ is countable. Similarly, A (€) consists of those subsets, A C R,
such that A is finite or A€ is finite. More generally we have the following exercise.

Exercise 3.8. Let X be a set, I be an infinite index set, and £ = {4;}ics be a
partition of X. Prove the algebra, A (£), and that o — algebra, o (£), generated
by & are given by

A(E) = {UseaA; : A C I with # (A) < oo or # (A°) < oo}

and
(&) = {Uicad; : A C I with A countable or A° countable}

respectively. Here we are using the convention that U;e4A; := 0 when A = 0.
In particular if I is countable, then

O'(g) :{UiEAAiZACI}.

Proposition 3.22. Let X be a set and £ C 2%, Let £¢ := {A°: A € £} and
E=EU{X,0}UEC Then

A(E) := {finite unions of finite intersections of elements from E.}.  (3.2)
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Proof. Let A denote the right member of Eq. . From the definition of
an algebra, it is clear that £ C A C A(£). Hence to finish that proof it suffices
to show A is an algebra. The proof of these assertions are routine except for
possibly showing that A is closed under complementation. To check A is closed
under complementation, let Z € A be expressed as

N K
Z=J( A
i=1j=1
where A;; € &. Therefore, writing B;; = Af; € &, we find that

N K K
ZC:mUBij: U, (Bijy N Baj, N---N Byjy) € A

wherein we have used the fact that B1;, NBaj,N- - -N By, is a finite intersection
of sets from &.. [ |

Remark 3.23. One might think that in general o(£) may be described as the
countable unions of countable intersections of sets in £¢. However this is in

general false, since if
oo o0
Z=J( A

i=1j=1
with Aij € gc, then

Z7° = U <ﬂ AZ]’@)
(=1

Ji=1,j2=1,..58v=1,...

which is now an uncountable union. Thus the above description is not correct.
In general it is complicated to explicitly describe o (&), see Proposition 1.23 on
page 39 of Folland for details. Also see Proposition [3.20

Exercise 3.9. Let 7 be a topology on a set X and A = A(7) be the algebra
generated by 7. Show A is the collection of subsets of X which may be written
as finite union of sets of the form F NV where F is closed and V is open.

Solution to Exercise . In this case 7. is the collection of sets which are
either open or closed. Now if V; C, X and F; C X for each j, then (N, Vi) N
(ﬂ;”:le) is simply a set of the form VNF where V C, X and F C X. Therefore
the result is an immediate consequence of Proposition [3.22

Definition 3.24. A set S C 2X is said to be an semialgebra or elementary
class provided that
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e 0es

o S is closed under finite intersections

o if E €S, then E€ is a finite disjoint union of sets from S. (In particular
X = 0° is a finite disjoint union of elements from S.)

Proposition 3.25. Suppose S C 2% is a semi-field, then A = A(S) consists of
sets which may be written as finite disjoint unions of sets from S.

Proof. (Although it is possible to give a proof using Proposition it is
just as simple to give a direct proof.) Let A denote the collection of sets which
may be written as finite disjoint unions of sets from S. Clearly S C A C A(S) so
it suffices to show A is an algebra since A(S) is the smallest algebra containing
S. By the properties of S, we know that #, X € A. The following two steps now
finish the proof.

1. (A is closed under finite intersections.) Suppose that 4; =3 p, F' € A
where, for i = 1,2,...,n, A; is a finite collection of disjoint sets from S. Then

(s, Y

(Fiyseeis Fp)EAL XX Ay,

(FLNFyn---NF,)

and this is a disjoint (you check) union of elements from S. Therefore A is
closed under finite intersections.

2. (Ais closed under complementation.) If A = 3" . | F with A being a finite
collection of disjoint sets from S, then A¢ = (., F°. Since, by assumption,
Fee Aforall Fe€ ACS and A is closed under finite intersections by step 1.,
it follows that A€ € A. ]

Ezxample 3.26. Let X = R, then

S:={(a,))NR:a,beR}
={(a,b] : a € [-00,0) and a < b < oo} U {0, R}

is a semi-field. The algebra, A(S), generated by S consists of finite disjoint
unions of sets from S. For example,

A= (0,7]U (27,7 U (11,00) € A(S).
Exercise 3.10. Let A C 2% and B € 2¥ be semi-fields. Show the collection
S:={AxB:Ac Aand B € B}

is also a semi-field.
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Solution to Exercise ((3.10). Clearly 0 =0 x 0 € E = Ax B. Let A; € A
and B; € B, then

ﬁ?zl(Ai X Bl) = ( ?:]A’L-) X (ﬂ?lel) cAxB

showing & is closed under finite intersections. For A x B € &,
(Ax B)"=(A°x B> (A°xB)Y (AxB°)

and by assumption A° = >""" | A; with 4; € Aand B¢ = ;.”:1 B; with B; € B.
Therefore

ACXBc:<iAZ’>X zm:Bl = %n AZ'XBi,
=1 j=1

i=1,j=1

ACxB:iAixB, andAch:iAxBi
j=1

i=1

showing (A x B) may be written as finite disjoint union of elements from S.
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Finitely Additive Measures / Integration

Definition 4.1. Suppose that £ C 2% is a collection of subsets of X and p :
& — [0,00] is a function. Then

1. p is additive or finitely additive on £ if
WE) =Y ul(E;) (4.1)

whenever E=Y"" | E; € E with E; € € fori=1,2,...,n < oo.

2. p is o — additive (or countable additive) on & if Fq. holds even
when n = 0.

3. p is sub-additive (finitely sub-additive) on & if

SZM(E)

whenever E =] E; € € withn € NU{oo} (n € N).

4. i is a finitely additive measure if € = A is an algebra, i (0) =0, and p
18 finitely additive on A.

5. 1 is a premeasure if p is a finitely additive measure which is o — additive
on A.

6. 1 is a measure if u is a premeasure on a o — algebra. Furthermore if
w(X) =1, we say u is a probability measure on X.

Proposition 4.2 (Basic properties of finitely additive measures). Sup-
pose i is a finitely additive measure on an algebra, A C 2%, A, B € A with
A C Band {A;}_, C A, then :

1. (1 is monotone) p(A) < u(B) if A C B.
2. For A, B € A, the following strong additivity formula holds;

W(AUB) + u(ANB) = p(A) + u(B). (4.2)

3. (u is finitely subbadditive) j((U7_; A;) < 771 u(A;).
4. p is sub-additive on A iff

p(A) < p(Ay) for A= ZA (4.3)

=1

where A € A and {A;};2, C A are pairwise disjoint sets.

5. (w is countably superadditive) If A =>"°, A; with A;, A € A, then

It (Z Ai) > Zu (4;). (4.4)

(See Remark for example where this inequality is strict.)
6. A finitely additive measure, i, is a premeasure iff p is subadditve.

Proof.

1. Since B is the disjoint union of A and (B\ A) and B\ A=BNA°e€ Ait

follows that
w(B) = p(A) + n(B\ A) = u(A).

2. Since

AUB=[A\(ANB)]Y [B\(ANB)]Y ANB,

p(AUB)=p(AUB\ (ANB))+un(ANB)
=n(A\N(ANB))+pu(B\(ANB))+pu(ANB).
Addlng 1 (AN B) to both sides of this equatlon proves Eq. .

3. Let E; = E; \ (B, U---UE;_) so that the E; ’s are pair-wise disjoint and

E=U7 1E Since E; C Ej it follows from the monotonicity of y that

E) =3 n(E;) < Zu(En

4. If A=J2, B; with A € Aand B; € A, then A = >, A; where A; :=

B;\ (B1U...B;_1) € A and By = (. Therefore using the monotonicity of

w and Eq.
<ZM <Z,u

5. Suppose that 4 = Y02, A, w1th A A e .A, then > 1" | A; C A for all n

and so by the monotonicity and finite additivity of p, >~ & | 1 (A;) < p(A).
Letting n — oo in this equation shows pu is superadditive.

6. This is a combination of items 5. and 6.
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4.1 Examples of Measures

Most o — algebras and ¢ -additive measures are somewhat difficult to describe
and define. However, there are a few special cases where we can describe ex-
plicitly what is going on.

Ezxample 4.3. Suppose that 2 is a finite set, B := 2% and p : 2 — [0,1] is a
function such that
> o pw) =1

wen

Then
P(A):= Zp(w) forall A C 2
w€eA

defines a measure on 2%.
Ezxample 4.4. Suppose that X is any set and x € X is a point. For A C X let

lif z€ A
5I(A)_{Oifx¢A.

Then p = 6, is a measure on X called the Dirac delta measure at x.

Example 4.5. Suppose B C 2% is a ¢ algebra, i is a measure on B, and A > 0,
then X -y is also a measure on B. Moreover, if {4, },e; are all measures on 5,

then p =377 py, ie.
p(A) = p;(A) for all A € B
j=1

defines another measure on B. To prove this we must show that p is countably
additive. Suppose that A = >"°, A; with A; € B, then (using Tonelli for sums,

Proposition ,

j=1 j=1i=1
= Z Z pi(Aq) = Z 1(A;)
=1 j=1 i=1

Ezample 4.6. Suppose that X is a set A : X — [0, 00] is a function. Then

wi= Z M),

rzeX
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is a measure, explicitly

plA) =) )

€A
for all A C X.

We will construct many more measure in Chapter [5] below. The starting
point of these constructions will be the construction of finitely additive measures
using the next proposition.

Proposition 4.7 (Construction of Finitely Additive Measures). Sup-
pose S C 2% is a semi-algebra (see Definition and A = A(S) is the
algebra generated by S. Then every additive function p : S — [0, 00| such that
(D) =0 extends uniquely to an additive measure (which we still denote by p)

on A.

Proof. Since (by Proposition [3.25) every element A € A is of the form
A = )", E; for a finite collection of E; € S, it is clear that if ;1 extends to a
measure then the extension is unique and must be given by

plA) = " u(E). (4.5)

To prove existence, the main point is to show that p(A) in Eq. (4.5) is well
defined; i.e. if we also have A =} . F; with F; € S, then we must show

D iE) = (). (4.6)

But E; = 3, (E; N Fj) and the additivity of o on S implies pu(E;) = >, p(E; N
F;) and hence

Don(E) =3 Y BN Fy) = (BN Fy).
Similarly,
Zu(Fj) = ZM(Ei N Fy)

which combined with the previous equation shows that Eq. (4.6) holds. It is
now easy to verify that pu extended to A as in Eq. (4.5)) is an additive measure
on A. ]

Proposition 4.8. Let X =R, S be the semi-algebra,

S={(a,b))NR: —00 <a<b< oo}, (4.7)
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and A = A(S) be the algebra formed by taking finite disjoint unions of elements
from S, see Proposition |3.25. To each finitely additive probability measures u :
A — [0,00], there is a unique increasing function F : R —1[0,1] such that
F(—00) =0, F(c0) =1 and

p((a,b] NR) = F(b) — F(a) Va<binR. (4.8)

Conversely, given an increasing function F : R — [0,1] such that F(—o0) = 0,
F(oo0) =1 there is a unique finitely additive measure p = pup on A such that
the relation in Fq. (@ holds. (Eventually we will only be interested in the case
where F (—00) = limg| _oo F' (@) and F (00) = limpyreo F' (D) .)

Proof. Given a finitely additive probability measure p, let
F(z) = p((—oo,z] NR) for all x € R.
Then F (00) =1, F (—o0) = 0 and for b > a,
F(b) = F(a) = p((=00,0] NR) — pp((—00,a]) = p((a,b] NR).

Conversely, suppose F : R —[0,1] as in the statement of the theorem is
given. Define p on S using the formula in Eq. . The argument will be
completed by showing p is additive on & and hence, by Proposition has a
unique extension to a finitely additive measure on A. Suppose that

n

(a,0] = (i, bi].

i=1
By reordering (a;, b;] if necessary, we may assume that
a=a1<by=ay<by=a3<---<bp_1=a,<b, =0

Therefore, by the telescoping series argument,

n n

pl(a, ) NR) = F(b) = F(a) = 3 [F() — Fla)] = 3 (e, b] N R)

i=1 i=1

]

Remark 4.9. Suppose that F' : R — R is any non-decreasing function such that
F (R) C R. Then the same methods used in the proof of Proposition [4.8| shows

that there exists a unique finitely additive measure, y = pp, on A = A(S) such
that Eq. (4.8) holds. If F'(00) > limpyee F' (b) and A; = (4,74 1] for ¢ € N, then

oo N

S e (A) =Y (F+1) = F(@) = Jim " (F(i+1) - F (@)
= Jim (F(N+1) = F(1)) < F(00) = F (1) = o (U, 4.
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This shows that strict inequality can hold in Eq. and that up is not
a premeasure. Similarly one shows pp is not a premeasure if F(—o0) <
lim,| o F'(a) or if F' is not right continuous at some point a € R. Indeed,
in the latter case consider

> 1 1
(a,a—&-l}:;(a—&-nJrra—i—*]

Working as above we find,

= 1 1
nz::l,uF ((a+m,a+n]) =F(a+1) —F(CH‘)

while pp ((a,a+ 1]) = F (a+ 1) — F (a) . We will eventually show in Chapter [j]

below that pp extends uniquely to a ¢ — additive measure on Bg whenever F’

is increasing, right continuous, and F (+o0) = lim, 4+ F (2) .

Before constructing ¢ — additive measures (see Chapter [5| below), we are
going to pause to discuss a preliminary notion of integration and develop some
of its properties. Hopefully this will help the reader to develop the necessary
intuition before heading to the general theory. First we need to describe the
functions we are allowed to integrate.

4.2 Simple Random Variables

Definition 4.10 (Simple random variables). A function, f : 2 — Y is said
to be simple if f (2) C Y is a finite set. If A C 2 is an algebra, we say that a
simple function f: 2 —Y is measurable if {f =y} = f~1 ({y}) € A for all
y € Y. A measurable simple function, f : 2 — C, is called a simple random
variable relative to A.

Notation 4.11 Given an algebra, A C 2%, let S(A) denote the collection of
simple random variables from 2 to C. For example if A € A, then 14 € S(A)
is a measurable simple function.

Lemma 4.12. Let A C 2 be an algebra, then;

1. S(A) is a sub-algebra of all functions from 2 to C.
2.f: 02 — C, is a A — simple random variable iff there exists a; € C and
A; € A for1 <i<n for somen €N such that

f=) aila,. (4.9)
=1
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32 4 Finitely Additive Measures / Integration

3. For any function, F : C — C, Fof € S(A) for all f € S(A). In particular,
|fl€S(A) if f€S(A).
Proof. 1. Let us observe that 1, =1 and 1y = 0arein S (A) . If f,g € S(A)
and ¢ € C\ {0}, then

{(freg=X= | {fr=an{g=thea (4.10)
a,beC:a+cb=A
and
{ro=x= U {f=an{g=theA (4.11)
a,beC:a-b=X\
from which it follows that f 4+ cg and f - g are back in S(A).

2. Since S(A) is an algebra, every f of the form in Eq. is in S(A).
Conversely if f € S(A) it follows by definition that f = Zaef(()) alif_ay
which is of the form in Eq. .

3.If F: C — C, then

Fof= Y F(a) l{j=a) €S(A).
acf(£2)
[ ]
Exercise 4.1 (A — measurable simple functions). As in Example let
A C 2% be a finite algebra and { B, ..., By} be the partition of X associated to

A. Show that a function, f: X — C, is an A — simple function iff f is constant
on B; for each . Thus any A — simple function is of the form,

k
f=> ailg, (4.12)
=1

for some «; € C.

Corollary 4.13. Suppose that A is a finite set and Z : X — A is a function.
Let

A=AZ)=2"2Y={Z(E):EC A}.
Then A is an algebra and f: X — C is an A - simple function iff f = F o Z
for some function F : A — C.

Proof. For A € A, let
Ay ={Z =N ={zeX:Z(zx)=A}.

The {Ax},c, is the partition of X determined by A. Therefore f is an A —
simple function iff f|4, is constant for each A € A. Let us denote this constant
value by F'(A\). As Z =X on Ay, F: A — C is a function such that f = F o Z.

Conversely if F': A — C is a function and f = Fo Z, then f = F (\) on Ay,
i.e. f is an A — simple function. ]
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4.2.1 The algebraic structure of simple functions*

Definition 4.14. A simple function algebra, S, is a subalgebrﬂ of the
bounded complex functions on X such that 1 € S and each function in S is
a simple function. If S is a simple function algebra, let

AS)={ACX:14€S}.
(It is easily checked that A (S) is a sub-algebra of 2%X.)

Lemma 4.15. Suppose that S is a simple function algebra, f € S and a € f (X)
— the range of f. Then {f = a} € A(S).

Proof. Let {\;},_, be an enumeration of f (X) with Ag = a. Then

g:= lH(Of—/\z‘)] H(f—&'l) €S.

i=1 i=1
Moreover, we see that g =0 on U, {f = \;} while g =1 on {f = a}. So we
have shown g = 17—,y € S and therefore that {f = a} € A(S). L]

Exercise 4.2. Continuing the notation introduced above:

1. Show A(S) is an algebra of sets.
2. Show S (A) is a simple function algebra.
3. Show that the map

A € {Algebras C 2¥} — S(A) € {simple function algebras on X}

is bijective and the map, S — A (S), is the inverse map.

Solution to Exercise (4.2).

1. Since 0 = 13,1 = 1x € S, it follows that () and X arein A(S).If A € A(S),
then 14c =1—14 € S and so A° € A(S). Finally, if A, B € A(S) then
lanp =1a-1p €S and thus ANB € A(S).

2. If f,g € S(A) and ¢ € F, then

{f+eg=2= |J {f=an{g=0theA
a,beEF:a+cb=\

and

{(f-9g=x= | {=an{g=bhecd

a,beF:a-b=X\
from which it follows that f + c¢g and f - g are back in S (A).

! To be more explicit we are assuming that S is a linear subspace of bounded functions

which is closed under pointwise multiplication.
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3. If f: 2 — Cis a simple function such that 1;;_5; € S for all A € C,
then f = >\ ccAl{s=ay € S. Conversely, by Lemma if f €S then
1iy=xy € S for all A € C. Therefore, a simple function, f: X — Cisin S
iff 1;7—x) € S for all A € C. With this preparation, we are now ready to
complete the verification.

First off,
Ac AS(A) — 1aeS(A) < Ac A

which shows that A (S (A)) = A. Similarly,

FES(A®S) «= {f=A € AS) YAeC
<~ 1{f:)\}€SV)\€C
<~ fesS

which shows S (A(S)) =S.

4.3 Simple Integration

Definition 4.16 (Simple Integral). Suppose now that P is a finitely additive
probability measure on an algebra A C 2%. For f € S(A) the integral or
expectation, E(f) = Ep(f), is defined by

Bo(f) = [ FiP =S uP( =), (4.13)

yeC

Ezample 4.17. Suppose that A € A, then
Ely =0-P(A°)+1-P(A)=P(A). (4.14)

Remark 4.18. Let us recall that our intuitive notion of P (A) was given as in

Eq. (2.1) by

where w (k) € 2 was the result of the k' “independent” experiment. If we use
this interpretation back in Eq. (4.13) we arrive at,
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1 N
E(f) =Y yP(F=y)=D y im > 1rwm—y
k=1

yeC yeC

N
1
Jdim = Ty -y
yeC k=1

Thus informally, Ef should represent the limiting average of the values of f
over many “independent” experiments. We will come back to this later when
we study the strong law of large numbers.

Proposition 4.19. The ezpectation operator, E = Ep : S (A) — C, satisfies:
1. If f € S(A) and X € C, then
E(\f) = AE(f). (4.15)
2.If f,g € S(A), then
E(f +9) = E(g9) + E(/). (4.16)

Items 1. and 2. say that E(-) is a linear functional on S (A).
3 If f= Zjvzl Ajla, for some \j € C and some A; € C, then

N

Ef =Y M\P(4;). (4.17)

j=1

4. E is positive, i.e. E(f) >0 for all0 < f € S(A).
5. For all f € S(A),
Ef|<Ef]. (118)

Proof.
1. If A #£ 0, then

EAN) =Y yPAf=y)=> yP(f=y/N

yeC yeC
= Xz P(f = z) = AE(f).
z€eC

The case A = 0 is trivial.
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34 4 Finitely Additive Measures / Integration
2. Writing {f = a,g = b} for f~1({a}) Ng=1({b}), then
E(f+9)=> 2 P(f+g="2)

zeC
zz,zP(Z{f:a,g:b})
zeC a+b=z

=> 2z Y P{f=ag=0}
zeC  a+b=z

=5 S @+t P{f=a g=b})
z€Ca+b=z

=St PUS o g,

But

Zb:aP({f =a, g="b}) = Za:a%:P({f =a, g="b})
| =P {f =a 9=}
Y aP((f =) = Bf
and similarly, “

> P ({f=a, g=0b}) =

a,b

Equation (4.16)) is now a consequence of the last three displayed equations.

3.1 f =301 Ajla,, then

N
Ef =FE > Ala,
j=1

N N
=Y NELy, =) NP (4))
j=1 Jj=1

4. If f > 0 then

= ZaP(f =a)>0.
a>0
5. By the triangle inequality,
Efl=[D_AP(f=N[< D INP(f=2=Elf],
AeC AeC

wherein the last equality we have used Eq. (4.17) and the fact that |f| =

Yonec A Tr=x
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Remark 4.20.If £2 is a finite set and A = 2*?, then

we

and hence

Epf =Y f(w)P{w}).

wes?

Remark 4.21. All of the results in Proposition [£.19] and Remark [£.20] remain
valid when P is replaced by a finite measure, y : A — [0,00), i.e. it is enough
to assume p (X) < 0.

Exercise 4.3. Let P is a finitely additive probability measure on an algebra
A C 2% and for A,B € Alet p(A,B) := P(AAB) where AAB = (A\ B) U
(B\ A). Show;

1. p(A,B) =E|14 — 15| and then use this (or not) to show
2.p(A,C)<p(AB)+p(B,C) forall A,B,C € A.

Remark: it is now easy to see that p : A x A — [0, 1] satisfies the axioms of
a metric except for the condition that p (A, B) = 0 does not imply that A = B
but only that A = B modulo a set of probability zero.

Remark 4.22 (Chebyshev’s Inequality). Suppose that f € S(A), e > 0, and
p > 0, then

p

P{|fl =e}) =E [y <E ['Qhﬂze} <ePE|f|P. (4.19)

Observe that

7= I 1oy

AeC
is a simple random variable and {|f[=¢e} = >\ {f =A} € A as well.
Therefore, E%hflzs is still a simple random variable.

Lemma 4.23 (Inclusion Exclusion Formula). If A, € A for n =
1,2,..., M such that p (UM, A,) < oo, then

M
p(UAL AL) =) (-1 > p(An, N NAL).  (4.20)
k=1 1<ni<ne<---<nip<M
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Proof. This may be proved inductively from Eq. (4.2). We will give a dif-
ferent and perhaps more illuminating proof here. Let A := UM | A,,.
Since A° = (UM, A4,)" =N A, we have

M M
1—1g=1a = [[1a: =[]0 -14,)
n=1 n=1
M
k
=14> (-1) > lagla,
k=1 1<ni<ng<---<np <M
M
k
=14> (-1) > lagnena,
k=1 1<ni<ne<--<npg<M
from which it follows that
M
k+1
o a4, =la =) (-1) > LA, nenAn, - (4.21)
k=1 1<ni<no<--<np<M
Integrating this identity with respect to p gives Eq. (4.20)). ]

Remark 4.24. The following identity holds even when u (U,AleAn) = 00,

M
p(Unlidn) + > p(Any NN A,

k=2 & k even 1<n; <ns<--<n, <M
M
= > > (A, N NAL).  (4.22)
k=1 & k odd 1<n;<no<--<np <M

This can be proved by moving every term with a negative sign on the right
side of Eq. (4.21) to the left side and then integrate the resulting identity.

Alternatively, Eq. lb follows directly from Eq. dj if p (U,]‘f[:lAn < o0
and when g (UﬁleAn = oo one easily verifies that both sides of Eq. 1l are
infinite.

To better understand Eq. (4.21)), consider the case M = 3 where,

T=1a=(1-14) 1 —14,) (1= 14,)
=1- (1A1 +14, + lAB)
+ 1A1 1A2 + 1A1 1A3 + 1A21A3 - 1A1 1A21A3

so that

la,uasua; =1a, +1a, +1a;, — (La;na, + 14,04y + 1ayna,) + 1anasna,
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Here is an alternate proof of Eq. . Let w € 2 and by relabeling the
sets {A,} if necessary, we may assume that w € A1N---NA, andw ¢ A1 U
---U Ay for some 0 < m < M. (When m = 0, both sides of Eq. are zero
and so we will only consider the case where 1 < m < M.) With this notation
we have

M
Z (_1)k+1 Z

k=1 1<ni<ng<---<nip <M

SNEI DS

k=1 1<ni<n2<---<nr<m

()

la,, nna,, (W)

1a,, nena,, W)

This verifies Eq. (4.21)) since 1ym 4, (w) = 1.

Ezample 4.25 (Coincidences). Let 2 be the set of permutations (think of card
shuffling), w: {1,2,...,n} — {1,2,...,n}, and define P (4) := % to be the
uniform distribution (Haar measure) on {2. We wish to compute the probability
of the event, B, that a random permutation fixes some index 7. To do this, let
A; = {w e R:w(i) =i} and observe that B = U" | A;. So by the Inclusion
Exclusion Formula, we have

P (B) :i(_nk“ > P(A;, N NA;).

k=1 1<i1<io<ig<-<ixg<n
Since
P(AyNn---NA4;,)=P{H{we R :w(i)=t1,...,w(ix) =ir})
_ (n—k)!
N n!
and
#{1<iy<ip<iz< - <ip<n}= (Z)
we find
- n k+1 n (n—k)'_ " k+11
P(B)=) (-1 (k> = > (-1 e (4.23)
k=1 k=1
macro: svmonob.cls date/time: 7-0ct-2009/16:48



36 4 Finitely Additive Measures / Integration

For large n this gives,

“ 1
P(B) = — Zk' Py
k=1

moved on average. To this end, let

and observe that

N @)=Y Xi(w)

denote the number of fixed points of w. Hence we have

IEN:i]EXi:iP(Ai):i (n—

i=1

:le(i):i:#{i:w(i):i}.

Let us check the above formulas when n = 3. In this case we have

w N
123
132
213
231
312
321

w)

—_ 0O =~ W

and so

4 2
P (3 a fixed point) = 63 >~ (.67 = 0.632

while

and .
EN:6(3+1+1+0+0+1):1'

The next three problems generalize the results above. The following notation

will be used throughout these exercises.
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> 1
(- =1-e1>~0632.

Ezample 4.26 (Expected number of coincidences). Continue the notation in Ex-
ample We now wish to compute the expected number of fixed points of
a random permutation, w, i.e. how many cards in the shuffled stack have not

(2, A, P) is a finitely additive probability space, so P (§2) =
A;e Afori=1,2,...,n,

N(w):=>" 14, (w)=#{i:we A}, and

{Sk},_, are given by

Sy 1= Z

1<iy<-<ip<n

- ¥

AC{1,2,...,n}3|A|=k

Ll e

P(A;,N-NA;)

P (Nicadi) .

Exercise 4.4. For 1 < k < n, show;
1. (as functions on {2) that
N
(k‘) = Z Lnieadss
AC{1,2,...,n}3|A|=k
where by definition

0 if k>m

(7]’;): T 1<k <m .
1 if k=0

2. Concluded from Eq. (4.24)) that for all z € C,

n

(1—|—z)N=1—|—sz Z

k=1 1<i1<i2< < <n

for all z € C provided (1 + 2)? =1 even when z = —1.
3. Concluded from Eq. (4 24. to conclude that S, = Ep (JZ)

Exercise 4.5. Taking expectations of Eq. (4.26]) implies,

]E{(l—l—z :|_1+ZS]¢Z

L

La; nena,,

(4.24)

(4.25)

(4.26)

(4.27)

Show that setting z = —1 in Eq. (4.27) gives another proof of the inclusion
exclusion formula. Hint: use the definition of the expectation to write out

E {(1 + z)N] explicitly.

Exercise 4.6. Let 1 < m < n. In this problem you are asked to compute the
probability that there are exactly m — coincidences. Namely you should show,
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n

>

k=

P (N =m) f: (—1)km (Z) S
k=m
o (M) 8 plwnnay

1<iri<--<ip<n

3

Hint: differentiate Eq. (4.27) m times with respect to z and then evaluate the

result at z = —1. In order to do this you will find it useful to derive formulas
for;
e () and Sk
z2=— z an 2=—1%2 .
dzm * = dzm* =7

Ezample 4.27. Let us again go back to Example where we computed,

S = (Z) = ;!k)! - %

Therefore it follows from Exercise [£.6] that

P (3 exactly m fixed points) = P (N = m)

So if n is much bigger than m we may conclude that
. 1
P (3 exactly m fixed points) = —e .
m!

Let us check our results are consistent with Eq. (4.23));
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P (3 a fixed point) = Z P(N =m)

I
(]
3

T
=
ol

|

3
VRS
3 >
N———
=~

I
]~
i
—
i

3
I~
3 >
| =

k=1m=1
n k
B k—m (KN k| 1
RO
" 1
:_kzl(_l)km

wherein we have used,

k

Py (-1 (Z) =(1-1"=0.

4.3.1 Appendix: Bonferroni Inequalities

In this appendix (see Feller Volume 1., p. 106-111 for more) we want to dis-
cuss what happens if we truncate the sums in the inclusion exclusion formula
of Lemma In order to do this we will need the following lemma whose
combinatorial meaning was explained to me by Jeff Remmel.

Lemma 4.28. Let n € Ng and 0 < k < n, then

i (-1 (7) =(-1* (n; 1>1n>0 + ln=o. (4.28)

1=0

Proof. The case n = 0 is trivial. We give two proofs for when n € N.
First proof. Just use induction on k. When k = 0, Eq. (4.28) holds since
1 = 1. The induction step is as follows,
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38 4 Finitely Additive Measures / Integration

S (5= () ()

(-
:W[n(”—l)m(ﬂ—k)—(k+1)(n—1)...(n—k)}
= _1)k+1 _ n—1
= Gl =D =R = (b ) = (D) <k+1>'

Second proof. Let X ={1,2,...,n} and observe that

k

k
my = Z (-1)" (7;) = Z (—1) - # (Ae2X: #(A)=1)
=0 =0
= >

(—1)#* (4.29)
A€2X: #(A)<k

Define T : 2% — 2% by

Su{1lif1¢s
T(S):{S\{{l}}if1§3'

Observe that T is a bijection of 2% such that T takes even cardinality sets to
odd cardinality sets and visa versa. Moreover, if we let

Iy={A€2¥ :#(A) <kand 1 € Aif #(A) =k},

then T (I;) = I, for all 1 < k < n. Since

S (O = 3 (CpFTO) 3

A€Ty A€Ty A€},

B (71)#(/1)

we see that ) - (—1)#(A) = 0. Using this observation with Eq. 1' implies

mp= > (-D*V 4 N ()W =04 (-1 <” . 1).

AeTy, #(A)=k & 1¢A

Corollary 4.29 (Bonferroni Inequalitites). Let p : A — [0,u(X)] be a
finitely additive finite measure on A C 2%, A, € A forn =1,2,...,M, N :=
Zﬁil la,, and

S = Z

1<iy < <ip, <M

i
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Then for 1 <k < M,
M i I+1 k N -1
p(Uia) =3 0 s cnte (YN A
=1

This leads to the Bonferroni inequalities;

k
p(UMLAL) < ST ()8 if k s odd

k
p(UAL Ay) > Z (=)L S, if ks even.
=1

Proof. By Lemma |4.28
k
Z (-1 (7) = (-1)" (Nk_ 1) Inso+ In=0-
1=0
Therefore integrating this equation with respect to p gives,
k
WX+ 30 0 s = v =0+ 0*E (V)
I=1

and therefore,

p(UpliAn) = p(N >0) = p(X) — p (N =0)
k

— _;(_1)1& +(-1)"E, (Nk_ 1).

The Bonferroni inequalities are a simple consequence of Eq. (4.30)) and the fact

that N1 N1
) > E ) >o.
(" )z = m(" )2

4.3.2 Appendix: Riemann Stieljtes integral

In this subsection, let X be a set, A C 2% be an algebra of sets, and P := p :
A — [0,00) be a finitely additive measure with p (X) < co. As above let

]E#f::/xfdu::Z)\u(f:)\)erS(A). (4.31)

xeC
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Notation 4.30 For any function, f : X — C let | f|l,, = sup,ex |f ().
Further, let S := S (A) denote those functions, f : X — C such that there exists
fn € S(A) such that lim,_. ||f — full, = 0.

Exercise 4.7. Prove the following statements.

1. For all f € S(A),
B f < (X) 1]l - (4.32)

2.If f € Sand f, € S := S(A) such that lim, o ||f — fall, = 0, show
lim,, o E, f, exists. Also show that defining E, f := lim,, .o E, f, is well
defined, i.e. you must show that lim, .o E,f, = lim,_o E,g, if g, € S
such that lim, o ||f — gnll,, = 0.

3. Show E,, : S — C is still linear and still satisfies Eq. .

4. Show |f| € S'if f € S and that Eq. is still valid, i.e. [E,f| < E,|f|
for all f €S.

Let us now specialize the above results to the case where X = [0,T]] for
some T' < 00. Let S := {(a,b] : 0 < a <b<T}U{0} which is easily seen to be
a semi-algebra. The following proposition is fairly straightforward and will be
left to the reader.

Proposition 4.31 (Riemann Stieljtes integral). Let F': [0,7] — R be an
increasing function, then;

1. there exists a unique finitely additive measure, pp, on A := A(S) such that
pr ((a,b)) = F (b) — F(a) for all0<a <b<T and pr ({0}) =0. (In fact
on could allow for pr ({0}) = X for any A > 0, but we would then have to
write (g Tather than pp.)

2. Show C([0,1],C) < S(A). More precisely, suppose T =
{0=ty <ty < <tn,=T} is a partition of [0,T] and ¢ = (c1,...,¢cpn) €
[0, T)" with t;_1 < c¢; <t; for each i. Then for f € C ([0,1],C), let

Jre = f(0) 150y + Z JFe) L, - (4.33)

i=1

Show that || f — fx.cll,, is small provided, |r| := max {[t; —t;_1|:4=1,2,...,n}

s small.
3. Using the above results, show

[, e = S (P00~ F (1)
T =

where the ¢; may be chosen arbitrarily subject to the constraint that t;—1 <
C; S ti-
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It is customary to write fOT fdF for f[o ) fdup. This integral satisfies the
estimates,

| / fdpr
[0,T]

When F (t) =t,

s/ \Fldur <[]l (F (T) = F(0)) ¥ f € S(A).
[0,T]

/Odeszon@)dt,

is the usual Riemann integral.

Exercise 4.8. Let a € (0,7), A > 0, and

Nifz>a

G(x):A'le“:{Oifxm'

1. Explicitly compute f[o,T] fdug for all f € C([0,1],C).

2.If F(z) = 2+ A+ Luzq describe [i 1 fdup for all f € C'([0,1],C). Hint:
if F(z) = G(z)+ H (z) where G and H are two increasing functions on
[0,T], show

fdpr = fdpe + fdpr.
[0,7] [0,7] (0,77

Exercise 4.9. Suppose that F, G : [0,7] — R are two increasing functions such
that F'(0) = G(0), F(T) = G(T), and F (z) # G (z) for at most countably
many points, z € (0,7) . Show

fdup = / fdug for all f € C([0,1],C). (4.34)
[0,7] [0,7]

Note well, given F (0) = G (0), pp = pug on Aiff FF =G.

One of the points of the previous exercise is to show that Eq. holds
when G (z) := F (z+) — the right continuous version of F. The exercise applies
since and increasing function can have at most countably many jumps. So if
we only want to integrate continuous functions, we may always assume that
F :[0,7] — R is right continuous.

4.4 Simple Independence and the Weak Law of Large
Numbers

To motivate the exercises in this section, let us imagine that we are following
the outcomes of two “independent” experiments with values {ay},o; C A; and
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40 4 Finitely Additive Measures / Integration

{5k:}zo:1 C As where Ay and A, are two finite set of outcomes. Here we are
using term independent in an intuitive form to mean that knowing the outcome
of one of the experiments gives us no information about outcome of the other.

As an example of independent scenario, suppose that one experiment my be
the results of spinning a roulette wheel and the second is the outcome of rolling
a dice. We expect these two experiments will be independent.

As an example of dependent experiments, suppose that dice roller now has
two dice — one red and one black. The person rolling dice throws his black or
red dice after the roulette ball has stopped and landed on either black or red
respectively. If the black and the red dice are weighted differently, we expect
that these two experiments are no longer independent.

Lemma 4.32 (Heuristic). Suppose that {ax}ro; C Ay and {Bx}re, C Az are
the outcomes of repeatedly running two experiments independent of each other
and for x € Ay and y € As,
1
p(z,y) = Nlim N#{l <k<N:ap=x and Br =y},
1
= lim — <k<N: =
p1 () ngrlooN#{l_k‘_N a =z}, and
. 1
p2(y) == lim —#{1<k<N:p =y}. (4.35)
N—oo N

Then p (z,y) = p1 (x) p2 (y). In particular this then implies for any h : Ay X
Ay — R we have,

Eh = lim —Zh ag, Br) = Z h(z,y)p1 (z)p2 (y) -

N—oco N
(z,y)EAL X Ag

Proof. (Heuristic.) Let us imagine running the first experiment repeatedly
with the results being recorded as, {O‘i}:; , where ¢ € N indicates the /P —
run of the experiment. Then we have postulated that, independent of ¢,

N
(.’E y - lgnooﬁzl{a =z and 5k:y} ]\}E»nooﬁz Zzz} . 1{ﬁk:y}

So for any L € N we must also have,

L 1 N
Z Jim = oy s
(=1 k=1

I
2
8E
2= =
Mz =
—
M“ b«\

{at=z} " L{BL=y}-
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Taking the limit of this equation as . — oo and interchanging the order of the
limits (this is faith based) implies,

L
plz,y) = hm —Zl{ﬁk —y} - Z {of=a} (4.36)

Since for fixed k, {ai}zl is just another run of the first experiment, by our
postulate, we conclude that

L
lim — > (ot o} =11 (2) (4.37)

independent of the choice of k. Therefore combining Eqs. (4.35)), (4.36)), and
[37) implies,

| X
p(r,y) = J\}Ego N ; ]-{ﬁk:y} “p1(z) =p2 (y) p1 ().
[ ]
To understand this “Lemma” in another but equivalent way, let X; : A; X
Ay — Ay and X5 : Ay X Ay — As be the projection maps, X; (x,y) = = and
X (z,y) = y respectively. Further suppose that f : A3 - Rand g : 45 — R
are functions, then using the heuristics Lemma [£.32] implies,

Ef(X)g(X)]l= >, [f@g@p(@)p)

(z,y)€AL X A2

=Y f@pi@) > gW)pa(y) =Ef (X1)-Eg(Xa).

rEA; yEA2

Hopefully these heuristic computations will convince you that the mathe-
matical notion of independence developed below is relevant. In what follows,
we will use the obvious generalization of our “results” above to the setting of n
— independent experiments. For notational simplicity we will now assume that
A=Ay =---=4,=A

Let A be a finite set, n € N, 2 = A" and X; : 2 — A be defined by
X (w) =w; forwe 2 and i =1,2,...,n. We further suppose p : 2 — [0,1] is
a function such that

Y plw) =

wes?
and P : 2% — [0,1] is the probability measure defined by

)= p(w) forall Ae2 (4.38)
w€eA
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Exercise 4.10 (Simple Independence 1.). Suppose ¢; : A — [0,1] are
functions such that >, ,¢;(A) = 1 for i = 1,2,...,n and now define
p(w) =TI ¢ (w;). Show for any functions, f; : A — R that

Hfi (Xi)‘| = H]EP [fi (X4)] = H]EQifz'

where @); is the measure on A defined by, Q; (v) = >_ ¢, ¢ () for all v C A.

Ep

Exercise 4.11 (Simple Independence 2.). Prove the converse of the previ-
ous exercise. Namely, if

Ep lH fi (Xi)] =[1Er £ (X)) (4.39)
i=1 i=1

for any functions, f; : A — R, then there exists functions ¢; : A — [0,1] with
> aea i (A) =1, such that p(w) = []i2; ¢ (wi).

Definition 4.33 (Independence). We say simple random wvariables,
X1,..., X with values in A on some probability space, (2, A, P) are indepen-
dent (more precisely P — independent) if Eq. holds for all functions,
fi: A—=R.

Exercise 4.12 (Simple Independence 3.). Let X;,..., X, : 2 — A and
P : 22 — [0,1] be as described before Exercise Show Xji,...,X, are
independent iff

P(X1€A,...,.Xpn€A,)=P(X1€A)...P(X, €A, (4.40)

for all choices of A; C A. Also explain why it is enough to restrict the A; to
single point subsets of A.

Exercise 4.13 (A Weak Law of Large Numbers). Suppose that A C R
is a finite set, n € N, 2 = A", p(w) = [, ¢(w;) where ¢ : A — [0,1]
such that >°,.,¢(A) = 1, and let P : 2 — [0,1] be the probability measure
defined as in Eq. (4.38)). Further let X; (w) = w; for i = 1,2,...,n, £ := EX|,
o2 :=E(X; —¢)?, and

1
Sp=—X14++Xn).
n
1. Show, £ = > \c4 A ¢(\) and

?=> (A=) =D Mg\ ¢ (4.41)

A€EA AeA
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2. Show, ES,, = €.
3. Let 6;; =1if i = j and §;; = 0 if 7 # j. Show

E [(Xz - 5) (Xj - 5)] = 5ij0'2«

4. Using S,, — & may be expressed as, % S (X =€), show
E (S, — &) = ~o> (4.42)
5. Conclude using Eq. (4.42)) and Remark that
L 5
P(S, ¢l >2¢) < ez’ (4.43)

So for large n, S, is concentrated near £ = EX; with probability approach-
ing 1 for n large. This is a version of the weak law of large numbers.

Definition 4.34 (Covariance). Let ({2, B, P) is a finitely additive probability.
The covariance, Cov (X,Y), of X, Y € S(B) is defined by

Cov (X,¥) = E[(X — &) (Y — &)] = E[XY] — EX - EY
where £x = EX and £ = EY. The variance of X,
Var (X) := Cov (X, X) = E [X?] — (EX)”

We say that X andY are uncorrelated if Cov (X,Y) =0, i.e. E[XY] =EX -
EY. More generally we say {Xy},_, C S (B) are uncorrelated iff Cov (X;, X;) =
0 for all i # j.

Remark 4.35. 1. Observe that X and Y are independent iff f (X) and g (V') are
uncorrelated for all functions, f and g on the range of X and Y respectively. In
particular if X and Y are independent then Cov (X,Y) = 0.

2. If you look at your proof of the weak law of large numbers in Exercise
you will see that it suffices to assume that {X;};_, are uncorrelated rather
than the stronger condition of being independent.

Exercise 4.14 (Bernoulli Random Variables). Let A = {0,1}, X : 4 - R
be defined by X (0) = 0 and X (1) = 1, = € [0,1], and define Q@ = zd; +
(1—=x)dp, ie. Q({0}) =1—z and Q ({1}) = z. Verify,
&(z) =EgX =z and
o (x)=FEo (X —2)’=(1—-z)z<1/4
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42 4 Finitely Additive Measures / Integration

Theorem 4.36 (Weierstrass Approximation Theorem via Bernstein’s
Polynomials.). Suppose that f € C([0,1],C) and

pn () = Z (Z)f <1Iz) zk (1— x)n—k:.
k=0
Then
lim sup |f(z)—pn ()] =0.
n—=0 2¢[0,1]

(See Theorem ?? for a multi-dimensional generalization of this theorem.)

Proof. Let x € [0,1], A={0,1},¢(0) =1—2, ¢(1) =x, 2 = A", and
Pr({wh) =g (@) q(wn) =aZi e (1—g) mme

As above, let S,, = % (X1 4+ X,), where X; (w) = w; and observe that

P, <Sn — fL> = <Z)xk (1-2)"".

Therefore, writing E, for Ep,, we have

s =2 () ()00 =me.

k

Hence we find

Ipn (2) = f (@) = [Eof (Sn) — £ (2)] = [Ez [f (Sn) — f (2)]]
< Es|f(Sn) — f (2)]
=E: [|f (Sn) — f(@)]: |Sh — ] > €]
+Eo [[f (Sn) = f ()] |Sn — 2] <¢]
<2M - P (|Sp —z| >e)+d(e)

where

=
i

d
max |f (y)| an

6 (e) :=sup{|f(y) — f(x)] : z,y € [0,1] and [y — 2| < &}

is the modulus of continuity of f. Now by the above exercises,

1
P, (S, —z| >¢) <
(‘ x‘ 78) — 4n€2

(see Figure

and hence we may conclude that
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M
— <
e Ipn () — f ()| < 52

+0(¢)

and therefore, that

limsup max |p, () — f (z)| < 0 (e).

n—oo z€[0,1] -

This completes the proof, since by uniform continuity of f, 6 (¢) | 0 as ¢ | 0.

P_x{s=k'n)
oIt
0075 ot
05T o .
00251 .
0 |'+ ...-I-\;. : L . 3
0 0.25 05 0.75 1
k'n

Fig. 4.1. Plots of P, (S, = k/n) versus k/n for n = 100 with = 1/4 (black), z = 1/2
(red), and = 5/6 (green).

4.4.1 Product Measures and Fubini’s Theorem

In the last part of this section we will extend some of the above ideas to
more general “finitely additive measure spaces.” A finitely additive mea-
sure space is a triple, (X, A, 1), where X is a set, A C 2% is an algebra, and
i A — [0,00] is a finitely additive measure. Let (Y, B,v) be another finitely
additive measure space.

Definition 4.37. Let A® B be the smallest sub-algebra of 2X*Y containing all
sets of the form S := {Ax B: A€ A and B € B}. As we have seen in Ezercise
S is a semi-algebra and therefore A ® B consists of subsets, C C X x Y,
which may be written as;
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C= ZAZ x B; with A; x B; € S. (444)
i=1

Theorem 4.38 (Product Measure and Fubini’s Theorem). Assume that
1w(X) < oo and v(Y) < oo for simplicity. Then there is a unique finitely
additive measure, p @ v, on A® B such that p®v (A x B) = u(A)v (B) for all
A€ A and B € B. Moreover if f € S(A® B) then;

1.y — f(x,y) is in S(B) for all x € X and x — f(x,y) is in S(A) for all
yevY.

2.x— [y f(z,y)dv(y) isin S(A) and y — [y f(z,y)dp(x) is in S (B).

3. we have,

L] e m] e

:/ f(2,) d(pov) (y)
XxXY

[ renae]aw.

We will refer to p ® v as the product measure of pn and v.

Proof. According to Eq. (4.44),

ZleB z,y) ZlA

from which it follows that 1¢ (z,-) € S (B) for each z € X and

/1C(wydu ZlA
Y

It now follows from this equation that  — [, 1¢ (z,y) dv (y) € S(A) and that

J,

Similarly one shows that

J

In particular this shows that we may define

[ temar | dut) = Y uan v s,

/X Lo (z,y) dp (m)] dv (y) = Zu(Ai) v(B;).
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=Y u(A)v(B)
i=1
and with this definition we have,
| 1o @] ane
=(nov)(C)

/YUX1C(:c,y)du(m)} dv (y) -

From either of these representations it is easily seen that pu ©® v is a finitely
additive measure on A ® B with the desired properties. Moreover, we have
already verified the Theorem in the special case where f = 1o with C € A ®
B. Since the general element, f € S(A® B), is a linear combination of such
functions, it is easy to verify using the linearity of the integral and the fact that
S (A) and S (B) are vector spaces that the theorem is true in general. ]

Ezample 4.39. Suppose that f € S(A) and g € S(B). Let f ® g(z,y) =
f(xz)g(y). Since we have,

feg(z,y) (Zalf a > <Zblg b )
= Zabl{f:a}x{g:b} (xay)
a,b

it follows that f ® g € S(A ® B). Moreover, using Fubini’s Theorem it

follows that
foo roaten= [ s o] [[aa]

4.5 Simple Conditional Expectation

In this section, B is a sub-algebra of 2, P : B — [0,1] is a finitely additive
probability measure, and A C B is a finite sub-algebra. As in Example for
eachw € 2, let A, :=N{A € A:w e A} and recall that either A, = A, of
A,NA, =0 for all w,w’ € 2. In particular there is a partition, {B1,..., By},
of 2 such that A, € {B1,...,B,} for all w € 2.

Definition 4.40 (Conditional expectation). Let X : {2 — R be a B — simple
random variable, i.e. X € S(B), and
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- 1

X (w):= WE [1a,X] forallw € £2, (4.45)

where by convention, X (w) = 0 if P(A,) = 0. We will denote X by E[X|A]
for EaX and call it the conditional expectation of X given A. Alternatively we
may write X as

E|l
= Z B X 1317 (4.46)

again with the convention that E[1p,X] /P (B;) =0 if P(B;) = 0.

It should be noted, from Exercise that X = E4X € S(A). Heuristi-
cally, if (w(1),w (2),w(3),...) is the sequence of outcomes of “independently”
running our “experiment” repeatedly, then

_E[pX], e & 30y La (@ (1) X (@ (0)
BT TP (B limy—oo = S0 15, (w(n))
iy 2one 1 (@ (m) X (w(n))
Noeo s (@ ()
So to compute X|p, “empirically,” we remove all experimental outcomes from
the list, (w(1),w(2),w(3),...) € 2% which are not in B; to form a new

list, (@(1),@(2),@(3),...) € BY. We then compute X|p, using the empirical
formula for the expectation of X relative to the “bar” list, i.e.

X

N
1
X|p, = lim — X (&
.= Jim 5 DX @)
Exercise 4.15 (Simple conditional expectation). Let X € S(B) and, for

simplicity, assume all functions are real valued. Prove the following assertions;

1. (Orthogonal Projection Property 1.) If Z € S(A), then
E[XZ]=E[XZ] =E[EAX - Z] (4.47)

and
Bt - {7 IR >

In particular, E4 [E4Z] = E4Z.
This basically says that E 4 is orthogonal projection from S (B) onto S (\A)
relative to the inner product

(f,9) =E[fg] for all f,g € S(B).

0
0 (4.48)

Page: 44 job: prob

2. (Orthogonal Projection Property 2.) If Y € S(A) satisfies, E[X Z] =
E[YZ] for all Z € S(A), then Y (w) = X (w) whenever P(4,) > 0. In
particular, P (Y #* X) = 0. Hint: use item 1. to compute E [(X' — Y)2} .

3. (Best Approximation Property.) For any Y € S(A),

E [(X - X)z} <E [(X - Y)2] (4.49)

with equality iff X = Y almost surely (a.s. for short), where X =Y a.s. iff
P(X #Y) =0. In words, X = E4X is the best (“L?”) approximation to
X by an A — measurable random variable.

4. (Contraction Property.) E|X| < E|X|. (It is typically not true that
|X (w)| < |X (w)] for all w.)

5. (Pull Out Property.) If Z € S(A), then

E4[ZX] = ZE4X.

Ezxample 4.41 (Heuristics of independence and conditional expectations). Let us
suppose that we have an experiment consisting of spinning a spinner with values
in Ay ={1,2,...,10} and rolling a die with values in Ay = {1,2,3,4,5,6}. So
the outcome of an experiment is represented by a point, w = (z,y) € 2 =
Ay x Ay Let X (z,y) =2, Y (z,y) =y, B=2%, and

A=X"102")={X"1(4):Ac A} CB,

so that A is the smallest algebra of subsets of 2 such that {X =z} € A for all
x € Aq. Notice that the partition associated to A is precisely

(X =1} {X =2},....{X =10}}.

Let us now suppose that the spins of the spinner are “empirically independent”
of the throws of the dice. As usual let us run the experiment repeatedly to
produce a sequence of results, w, = (zn,yn) foralln e N.If g: 45 — Ris a
function, we have (heuristically) that

N
Y 1 _
Elg (V)] (2,9) = lim 2=t () Ix ()=
N —oo N
Zn:l lX(w(n)):w
N
— hm anlg(yn) 1xn=x.

N
N=oo Zn=1 Lo, =

As {yn} sequence of results is independent of the {z,} we should expect by the
usual mantra (i.e. it does not matter which sequence of independent experiments
are used to compute the time averages) that
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M(N)

: ZnNzl g(yn) 1xn:m _ . 1 _ .
N SN Lo RS v ay) > 9@) =Elg(Y)],

n=1

where M (N) = SN 1, —, and (71,%2,---) = {91 : loy=s}. (We are also
assuming here that P (X = z) > 0 so that we expect, M (N) ~ P(X =z) N
for N large, in particular M (N) — 00.) Thus under the assumption that X
and Y are describing “independent” experiments we have heuristically deduced

that E4 [g (Y)] : 2 — R is the constant function;
Ealg (V)] (z,y) =E[g (V)] for all (z,y) € £2. (4.50)

Let us further observe that if f : A; — R is any other function, then f (X) is
an A — simple function and therefore by Eq. (4.50) and Exercise m

E[f (XOIE[gV)]=E[f(X)-ElgWV]I=E[f(X)-Ealg(V)]]=E[f(X)-g(Y)].
This observation along with Exercise[£.12) gives another “proof” of Lemma[4.32]

Lemma 4.42 (Conditional Expectation and Independence). Let 2 =
Ay x Ay, X, Y, B =29 and A=X"1 (2A1), be as in Example above.
Assume that P : B — [0,1] is a probability measure. If X and Y are P —
independent, then Fq. holds.

Proof. From the definitions of conditional expectation and of independence
we have,

Ellx=s-g(Y)] _Ef[lx=.]-E[g(V)]
P(X =2) P(X =)

Ealg(Y)](z,y) = =E[g(Y)].

]
The following theorem summarizes much of what we (i.e. you) have shown
regarding the underlying notion of independence of a pair of simple functions.

Theorem 4.43 (Independence result summary). Let (2,B,P) be a
finitely additive probability space, A be a finite set, and X,Y : 2 — A be two
B — measurable simple functions, i.e. {X =x} € B and {Y =y} € B for all
x,y € A. Further let A= A(X) := A{X =z} :2 € A). Then the following

are equivalent;

1.P(X=2,Y=y)=P(X=2)-PY =y) forallz € A and y € A,

2E[f(X)g(Y)] = E[f (X)]E[g(Y)] for all functions, f : A — R and g :
A— R,

3. Eqx)lg(Y)] =Elg(Y)] forallg: A — R, and

4. Eqony [f (X)] =E[f (X)] for all f: A—R.

We say that X andY are P — independent if any one (and hence all) of the
above conditions holds.






5

Countably Additive Measures

Proposition 5.1. Suppose that P is a finitely additive probability measure on
an algebra, A C 2. Then the following are equivalent:

1. P is o — additive on A.

2. For all A, € A such that A, 1 A€ A, P(A,) T P(A).
3. For all A, € A such that A, | A€ A, P(A,) | P(A)
4. For all A,, € A such that A, T 2, P(A,) T L

5. For all A,, € A such that A, | 0, P(A,) | 0.

Proof. We will start by showing 1 <— 2 < 3.

1 = 2. Suppose A,, € A such that A, 1 A€ A. Let A/, := A, \ 4,1
with A := (. Then {4} } 7, are disjoint, 4, = Uy_; A} and A = U2 A].
Therefore,

A) =Y "P(4}) :JH&ZP(A;) = lim P (Ui_;4}) = lim P (4,).

n—oo

2 = 1.1If {A4,},2, C A are disjoint and A4 :=
UN_ A, T A. Therefore,

Us2 A, € A, then

[e.e]

P(A)= lim P(U)_ A,) = hm ZP n) ZP(An)
° n=1

N —o0

2 = 3.1If A,, € Asuch that A,, | A € A, then A T A¢ and therefore,
lim (1 —P(A,)) = lim P(AS) =P (A°) =1-P(A).

3 = 2.1f A, € Asuch that A, T A € A, then AS | A° and therefore we
again have,
lim (1 —P(A,)) = lim P(AS) =P (A°) =1-P(A).
It is clear that 2 = 4 and that 3 = 5. To finish the proof we will show

5 = 2and 5 = 3.
5 = 2.If A, € Asuch that A,, T A€ A, then A\ A, | 0 and therefore

lim [P(A) = P(A,)] = lim P(A\A,)=

n—oo n—oo

5 = 3.1f A, € Asuch that A, | A € A, then A, \ A | 0. Therefore,
lim [P(A,) — P (A)] = lim P (A, \ A) = 0.
n

Remark 5.2. Observe that the equivalence of items 1. and 2. in the above propo-
sition hold without the restriction that P (£2) =1 and in fact P (£2) = co may
be allowed for this equivalence.

Definition 5.3. Let (£2,B) be a measurable space, i.e. B C 2 is a 0 -
algebra. A probability measure on (£2,B) is a finitely additive probability
measure, P : B — [0, 1] such that any and hence all of the continuity properties
in Proposition hold. We will call (£2,B, P) a probability space.

Lemma 5.4. Suppose that (2, B, P) is a probability space, then P is countably
sub-additive.

Proof. Suppose that A,, € B and let A/1 := Ay and for n > 2, let A/ :=
A\ (A1 U... A,,_1) € B. Then

oo

P (U2, A4,) =P (U A) Z giP(A)

Ezample 5.5 (Outline of Construction of Measures on R). Suppose that 2 = R,
S = {(a,b))NR: =0 <a<b< oo}, and A = A(S) consists of those sets,
A C R which may be written as finite disjoint unions of sets from S as in

Example Recall that Bg = 0 (A) =0 (S).

1. We have seen in Proposition that to every increasing function, F :
R — [0, 1] such that

F(—o00):= lim F(z)=0and

r——00

F (400) := lim F (z) =

r—00

there exists a finitely additive probability measure, P = Pg on A such that
P((a,b)NR) = F (b) — F(a) for all —oco <a<b< .
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2. We then show in Lemma[5.8] and Proposition [5.12] that P is o — additive on
A iff F'is right continuous.

3. We will then appeal to Theorem [5.25] to see that P extends to a probability
measure on Bg iff F' is right continuous.

5.1 Distribution Function for Probability Measures on
(R’ BR)

Definition 5.6. Given a probability measure, P on Bg, the cumulative dis-
tribution function (CDF) of P is defined as the function, F = Fp : R — [0, 1]
given as

F(z):=P((—o0,x]). (5.1)
Example 5.7. Suppose that

P =pd_1+qd1 +rix
with p,q,r > 0 and p+ ¢+ r = 1. In this case,

0 for xz<-1

p for—-1<z<1
ptgfor 1<zx<m’

1 formr<z<o

F(z)=

Lemma 5.8. If F = Fp : R —[0,1] is a distribution function for a probability
measure, P, on Bg, then:

1. F(—00) :=lim,_,_o F' () =0,

2. F(00) :i=1limy_,o0 F' (z) =1,

3. F' is non-decreasing, and

4. F is right continuous.

Proof. The monotonicity of P shows that F(z) in Eq. (5.1) is non-
decreasing. For a € R, we

Fa+1/n)— F(a) = P((—o0,a+ 1/n]) = P ((~0,d])
=P((a,a+1/n]) |0

by the continuity of P from above. Therefore, F' (a+) := limy |, F' (z) = F (a)
for all @ € R and hence F' is right continuous. Similar arguments show that
F(oc0)=1and F(—oc0) =0. [

Theorem 5.9. To each function F : R — [0, 1] satisfying properties 1. — 4. in
Lemmal[5.8 there exists a unique probability measure, Pg, on Br such that

Pr ((a,b]) = F (b) — F (a) for all —oo<a<b< 0.
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Proof. The uniqueness assertion in the theorem is covered in Exercise [5.1
below. The existence portion of the Theorem follows from Proposition and
Theorem [5.25] below. n

Ezxample 5.10 (Uniform Distribution). The function,

Ofor x<0
F(z):=quafor 0<z<1,
lforl<z< o0

is the distribution function for a measure, m on Br which is concentrated on
(0, 1]. The measure, m is called the uniform distribution or Lebesgue mea-
sure on (0, 1]. min (1, max (0, z))

I

Fig. 5.1. The cumulative distribution function for the uniform distribution.

Recall from Definition that B ¢ 2% is a 0 — algebra on X if B is an
algebra which is closed under countable unions and intersections.

5.2 Construction of Premeasures

Proposition 5.11. Suppose that S C 2% is a semi-algebra, A = A(S) and
wi: A—[0,00] is a finitely additive measure. Then p is a premeasure on A iff
1 is sub-additive on S.
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Proof. Clearly if p is a premeasure on A then p is o - additive and hence
sub-additive on S. Because of Proposition to prove the converse it suffices
to show that the sub-additivity of y on & implies the sub-additivity of x on A.

So suppose A = > >° | A, with A € A and each A,, € A which we express
as A=Y " | E; with E; € § and A, = Y\, E,,; with E,,; € S. Then

0o oo Ny
EBj=AnE;j=)» A => Y E.iNE;
n=1 n=1 =1

which is a countable union and hence by assumption,

oo Ny
<33 (BN

Summing this equation on j and using the finite additivity of p shows

F

k

k oo
n(A) =3 e ZZ # (B O E;)
j=1 1 n=1i=1
0o k oo Np [
=YD (BN E) =YY i(Ba) = Y n(An)
n=1i=1 n=1

n=1i=1 j=1

<.

Nn

which proves (using Proposition the sub-additivity of p on A. [

Now suppose that F' : R — R is an increasing function, F (+oo) :=
lim, 400 F (2), and g = pp is the finitely additive measure on (R,.A4) de-
scribed in Proposition [.8] If y happens to be a premeasure on A4, then we have
seen that F' must be right continuousﬂ The next proposition shows the converse
is true as well. Hence premeasures on A which are finite on bounded sets are
in one to one correspondences with right continuous increasing functions mod-
ulo translation by constants. The latter ambiguity may be fixed by requiring
F(0) =0.

Proposition 5.12. To each right continuous increasing function F : R — R
there exists a unique premeasure j = pp on A such that

pr((a,b]) = F(b) — F(a) V —oc0o < a <b< 0.

! For sake of completeness here is the argument again. Letting A, = (a,by,] with
bn | b as n — oo, implies

F(bn) — F(a) = p((a,bn]) | p((a,b]) = F(b) — F(a).

Since {bn},., was an arbitrary sequence such that b, | b, we have shown
limylb F(y) = F(b)
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Proof. As above, let F(£00) :=lim;_, 1+ F(x) and 4 = pp be as in Remark
Because of Proposition to finish the proof it suffices to show p is sub-
additive on S. Thus we must show

<> nl). (52)

where J = Y07 J, with J = (a,b) "R and J, = (ay,,b,] NR. Let us recall
from Proposition [£.2] that the finite additivity of p implies

D> () < (). (5.3)
n=1

We begin with the special case where —oco < a < b < 0o. Our proof will be
by “continuous induction.” The strategy is to show a € A where

A::{ae[a,b] w(J N (e, b)) ZuJﬂab} (5.4)

As b € J, there exists an k such that b € J;, and hence (ag, bx] = (ax, b] for this
k. It now easily follows that J, C A so that A is not empty. To finish the proof
we are going to show a :=inf A € A and that a = a.

o Ifaé¢ A there would exist o, € A such that a,, | a, i.e.

NE

w(J N (am, b)) < w(Jn N (am, b]). (5.5)

Il
N

n

Since fu(JpN(am, b)) < p(Jy) and 32771 1 (Jn) < p(J) < 0o by Eq. (5.3), we
may use the right continuity of F' and the dominated convergence theorem
for sums in order to pass to the limit as m — oo in Eq. (5.5)) to learn,

M8

u(J N (@, b)) < ) p(Jnn(a,bl).

b~
Il
-

This shows @ € A which is a contradiction to the original assumption that
ad¢ A
e Ifa > a,then a e J, = (aj, ] for some . Letting o = a; < @, we have,
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50 5 Countably Additive Measures
(01 (@) = (T 0 (s a]) + (I 0 (@,5)
< :U’(Jl N (ava]) + Z ;U'(Jn N (dv bD

n=1

= p(Ji 0 (,al) + p (S0 (@) + Y plJn N (@, b))
n#l

= u(Ji0 (e, b)) + > u(Jn N (a,b])
n#l

i (Jn N (a, b))

This shows o € A and « < a which violates the definition of a. Thus we
must conclude that a = a.

The hard work is now done but we still have to check the cases where
a = —oo or b = co. For example, suppose that b = co so that

J = (a,00) = i In,
n=1
with J, = (ap, b,] NR. Then
I o= (a,M] = J NIy = ZJ NI
and so by what we have already proved,

FOI) ~ F(a) = (I gfj (o) <3

n=1

Now let M — oo in this last inequality to find that

pl(a,00)) = F(oo) = Fla) < Y u(Jn)
n=1

The other cases where a = —oo and b € R and @ = —oco and b = oo are handled
similarly. ]

Before continuing our development of the existence of measures, we will
pause to show that measures are often uniquely determined by their values
on a generating sub-algebra. This detour will also have the added benefit of
motivating Carathoedory’s existence proof to be given below.
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5.3 Regularity and Uniqueness Results*

Technically we only need Definition and Lemma from this section.

Definition 5.13. Given a collection of subsets, £, of X, let &, denote the col-
lection of subsets of X which are finite or countable unions of sets from E.
Similarly let E5 denote the collection of subsets of X which are finite or count-
able intersections of sets from €. We also write E,5 = (E5)5 and Eso = (Es), ,
etc.

Lemma 5.14. Suppose that A C 2% is an algebra. Then:

1. A, is closed under taking countable unions and finite intersections.
2. As is closed under taking countable intersections and finite unions.

3. {A: Ae A} = As and {A°: A€ As} = A,.

Proof. By construction A4, is closed under countable unions. Moreover if
A=U721A; and B =Uj2, B; with A;, B; € A, then

ANB=U’_1A,NB; € A,,

1,7=1

which shows that A, is also closed under finite intersections. Item 3. is straight
forward and item 2. follows from items 1. and 3. ]

Theorem 5.15 (Finite Regularity Result). Suppose A C 2% is an algebra,
B=0c(A) and pp : B — [0,00) is a finite measure, i.e. p(X) < co. Then for
every € > 0 and B € B there exists A € As and C € A, such that AC BcC C
and p(C\ A) < e.

Proof. Let By denote the collection of B € B such that for every ¢ > 0
there here exists A € As and C € A, such that AC B C C and u(C'\ A4) < e.
It is now clear that A C By and that By is closed under complementation. Now
suppose that B; € By for i = 1,2,... and € > 0 is given. By assumption there
exists A; € As and C; € A, such that A; C B; C C; and u (C; \ 4;) < 27 %.

Let A := U A;, AN .= UN A, € As, B := U2, B;, and C = UX,C; €
Agy. Then AN C AC Bc C and

C\NA=[UZ,CGI\NA=UZ, [C\ A] C U, [Ci\ A
Therefore,
H(OVA) = (U O ) < (O ) <3 m(EA)
Since C'\ AN | C'\ A, it also follows that p (C'\ AY) < ¢ for sufficiently large

N and this shows B = U2, B; € By. Hence By is a sub-o-algebra of B = o (A)
which contains A which shows By = B. [ |
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Many theorems in the sequel will require some control on the size of a
measure p. The relevant notion for our purposes (and most purposes) is that
of a ¢ — finite measure defined next.

Definition 5.16. Suppose X is a set, E CB C 2% and p : B — [0,00] is a
function. The function p is o — finite on & if there exists E,, € £ such that
WEy) < oo and X =SS E,. If B is a 0 — algebra and p is a measure on B
which is o — finite on B we will say (X, B, 1) is a o — finite measure space.

The reader should check that if 4 is a finitely additive measure on an algebra,
B, then p is o — finite on B iff there exists X,, € B such that X, T X and
w(Xy) < oo.

Corollary 5.17 (¢ — Finite Regularity Result). Theorem continues
to hold under the weaker assumption that u : B — [0,00] is a measure which is
o — finite on A.

Proof. Let X,, € A such that U2, X,, = X and pu(X,) < oo for all n.Since
A€ B—pu,(A) = p(X,NA) is a finite measure on A € B for each n, by
Theorem for every B € B there exists C,, € A, such that B C C,, and
w (X, N[Cy\ B]) = pn (C, \ B) < 27"e. Now let C' := U2, [X,,NC,] € A,
and observe that B C C' and

p(C\B) = p (Ui, ([Xn N Ca] \ B))

oo

p(
gi (X, NC,] \B:Z N[C, \ B]) <

Applying this result to B¢ shows there exists D € A, such that B¢ C D and
p(B\D®) =p(D\B%) <e
So if we let A := D¢ € A, then A C B C C and
p(CNA) =p(BNAJUC\B)\A]) <pu(B\A)+p(C\B) <2
and the result is proved. [

Exercise 5.1. Suppose A C 2% is an algebra and p and v are two measures on

B=oc(A).

a. Suppose that g and v are finite measures such that 4 = v on A. Show
=r.

b. Generalize the previous assertion to the case where you only assume that
i and v are o — finite on A.
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Corollary 5.18. Suppose A C 2% is an algebra and pu: B = o (A) — [0, 00] is
a measure which is o — finite on A. Then for all B € B, there exists A € As,
and C € Ays such that AC B C C and n(C\ A) =0.

Proof. By Theorem [5.15] given B € B, we may choose A, € As; and
C, € A, such that A, C B C C), and pu(C,, \B) <1/n and pu(B\ A,) < 1/n.
By replacing Ay by UY_; A, and Cy by N_,C,,, we may assume that A, 1
and C, | as n increases. Let A = UA, € ./450 and C = NC,, € A,s, then
AC BcCC and

w(C\A) =p(C\B)+pu(B\A) < u(Cp\ B) +pu(B\ An)
<2/n—0asn— .

Exercise 5.2. Let B = Br» = o ({open subsets of R™}) be the Borel o — alge-
bra on R™ and p be a probability measure on B. Further, let By denote those
sets B € B such that for every € > 0 there exists ' C B C V such that F' is
closed, V is open, and p (V' \ F) < e. Show:

1. By contains all closed subsets of B. Hint: given a closed subset, F' C R™ and
keN,let Vi :=UgzerB (x,1/k), where B (x,0) :={y € R" : |y — x| < §}.
Show, Vi, | F as k — .

2. Show By is a o — algebra and use this along with the first part of this
exercise to conclude B = By. Hint: follow closely the method used in the
first step of the proof of Theorem [5.15

3. Show for every ¢ > 0 and B € B, there exist a compact subset, X' C R, such
that K C B and pu(B\ K) < e. Hint: take K := FN{zx € R": |z| < n}
for some sufficiently large n.

5.4 Construction of Measures

Remark 5.19. Let us recall from Proposition 5.1 and Remark [5.2] that a finitely
additive measure p : A — [0, 00] is a premeasure on A iff 11 (A,) T p(A) for all
{A,},", C Asuch that A, T A € A. Furthermore if p (X) < oo, then 4 is a
premeasure on A iff u(A,) | 0 for all {A4,} 7, C A such that A4, l 0.

Proposition 5.20. Given a premeasure, u : A — [0,00], we extend p to A,
by defining
w(B):=sup{u(4): A>AC B}. (5.6)

This function p: A, — [0,00] then satisfies;
1. (Monotonicity) If A,B € A, with A C B then u(A) < p(B).
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52 5 Countably Additive Measures

2. (Continuity) If A, € Aand A, 1 A € Ay, then u(Ay) T 1 (4) asn — .
3. (Strong Additivity) If A, B € A,, then

W(AUB) +u(ANB) = u(A) + u(B). (5.7)

4. (Sub-Additivity on A,) The function p is sub-additive on A,, i.e. if
{A,},2, C A, then

5. (o - Additivity on A,) The function p is countably additive on A, .

Proof. 1. and 2. Monotonicity follows directly from Eq. which then
implies u (A,) < p(B) for all n. Therefore M := lim,,_,o p (4,) < p(B). To
prove the reverse inequality, let A 5 A C B. Then by the continuity of x on
A and the fact that 4, N A T A we have p(4,NA) T u(4). As p(A,) >
w(A, NA) for all n it then follows that M := lim, oo (4,) > p(A). As
A € A with A C B was arbitrary we may conclude,

w(B)=sup{n(4): A>ACB}<M.

3. Suppose that A, B € A, and {A,} -, and {B,}.-, are sequences in A
such that A, T A and B,, T B as n — oco. Then passing to the limit as n — oo
in the identity,

14 (An U Bn) +p (An N Bn) =pn (An) + (Bn)
proves Eq. (5.7). In particular, it follows that g is finitely additive on A, .

4 and 5. Let {A,},”; be any sequence in A, and choose {A,;};-, C A
such that A, ; T A, as i — co. Then we have,

N N 0o
H’(UrjyzlAn,N) § ZN(ATL,N) § ZN(ATL) S Zﬂ(An) (59)
n=1 n=1 n=1
Since A > Uﬁ[:lAmN TUX A, € Ay, we may let N — oo in Eq. (5.9) to
conclude Eq. (5.8)) holds. If we further assume that {A4,} ~, C A, are pairwise
disjoint, by the finite additivity and monotonicity of u on A, we have

oo N
le‘ (An) = J\;Enoo Zlﬂ (An) = A}Enooﬂ (Ur]yzlAn) < pu(UpliAn).

This inequality along with Eq. shows that y is o — additive on A,. n

Suppose p is a finite premeasure on an algebra, A C 2%, and A € AsN A,.
Since A, A° € A, and X = AU A®, it follows that 4 (X) = pu (A) 4+ (A°) . From
this observation we may extend u to a function on As U A, by defining

w(A) :=p(X)—p(A°) for all A € As. (5.10)
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Lemma 5.21. Suppose i is a finite premeasure on an algebra, A C 2%, and p
has been extended to As U Ay as described in Proposition and Eq.
above.

IfAe As then p(A) =inf{u(B): AC Be A}.

If Ae As and A, € A such that A, | A, then p(A) =] limy, oo 8 (An) .
. b is strongly additive when restricted to As.

AfAe As and C € A, such that A C C, then u(C\ A) = p(C) — u(4).

B WD M~

Proof.
1. Since p (B) = u(X) — p(B°) and A C B iff B¢ C A¢, it follows that
inf{u(B):ACBe A} =inf {u(X) — pn(B°): A> B°C A°}
=u(X)—sup{u(B): A> B C A%}
= p(X) = p(A%) = pn(A).

2. Similarly, since AS 1 A° € A,, by the definition of y(A) and Proposition

1

(201 it follows that
p(A) = p(X) = p(A9) = p(X) =1 lim p(A7)
=1 lim [p (X) = p (A7) =] Tim p(An).

3. Suppose A, B € As and A, B, € A such that A,, | A and B,, | B, then
A,UB, | AUB and A, N B, | AN B and therefore,

w(AUB)+ p(ANB) = lim [p(A4,UB,)+ u(A, N B,)]

— tim [ (An) + 1 (Ba)] = 1 (A) + 1 (B).

n—oo

4. Since A¢,C € A, we may use the strong additivity of u on A, to conclude,
p(AUC) +p(A°NC) = p(A%) 4+ p(C).

Because X = A°UC, and pu (A¢) = u(X) — pu(A4), the above equation may
be written as

p(X)+p(C\A) = p(X) —p(A) +p(C)

which finishes the proof.
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Notation 5.22 (Inner and outer measures) Let i : A — [0,00) be a finite
premeasure extended to A, U As as above. The for any B C X let

px (B) :=sup{u(4): A5 > AC B} and
p' (B) :=inf{u(C): BCCeA,}.

We refer to p. (B) and p* (B) as the inner and outer content of B respec-
tively.

If B C X has the same inner and outer content it is reasonable to define the
measure of B as this common value. As we will see in Theorem below, this
extension becomes a o — additive measure on a o — algebra of subsets of X.

Definition 5.23 (Measurable Sets). Suppose p is a finite premeasure on an
algebra A C 2X. We say that B C X is measurable if y, (B) = u* (B). We
will denote the collection of measurable subsets of X by B = B () and define
i B— [0,1(X)] by

i (B) := s (B) = p* (B) for all B € B. (5.11)

Remark 5.24. Observe that . (B) = p* (B) iff for all € > 0 there exists A € A
and C € A, such that A ¢ B C C such that

p(C\A)=p(C)—p(4) <e,

wherein we have used Lemma for the first equality. Moreover we will use
below for any A5 > A C B C C € A, that

1 (A) < pu (B) = i (B) = p* (B) < pu(C), (5.12)
0<a(B)—p(A) <p(C)—p(d)=(C\A4), and (5.13)
0<u(C)=pB)<u(C)—pn(A)=p(C\A). (5.14)

Theorem 5.25 (Finite Premeasure Extension Theorem). Suppose i is a
finite premeasure on an algebra A C 2% and i : B := B(p) — [0, 1 (X)] be as
in Definition[5.25 Then B is a 0 — algebra on X which contains A and i is a
o — additive measure on B. Moreover, [i is the unique measure on B such that

fla = p.

Proof. It is clear that A C B and that B is closed under complementation.
Now suppose that B; € B for ¢ = 1,2 and € > 0 is given. We may then
choose A; C B; C C; such that A; € As, C; € Ay, and pu(C;\ 4;) < ¢ for
i, = 1,2 Then with A = A1 UAQ, B = Bl UB2 and C = Ol UCQ7 we have
As > AcCc Bc C e A,. Since

C\A=(C1\A)U(Ca\ A) C(Cr\ A1) U(C2\ Az),
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it follows from the sub-additivity of u that with
p(C\NA) <p(Cr\ Ar) +p(Co\ Az) < 2e.

Since € > 0 was arbitrary, we have shown that B € B. Hence we now know that
B is an algebra.

Because B is an algebra, to verify that B is a o — algebra it suffices to show
that B =Y ", B, € Bwhenever {B,} ~, is a disjoint sequence in B. To prove
B € B, let ¢ > 0 be given and choose A; C B; C C; such that A; € As, C; € A,,
and p (C; \ A;) < 27" for all 7. Since the {A;};°, are pairwise disjoint we may
use Lemma [5.21] to show,

n

ST u(C) =3 (1 (A + 1 (Ci\ A)

i=1 i=1
= (U +ZuC’\A <p(X JrZeZ’
=1

Passing to the limit, n — oo, in this equation then shows
D u(C) < p(X)+e < oo (5.15)
i=1

Let B =U2,B;, C:=U2,C; € Ay and forn € Nlet A" := 3"  A; € As.
Then As 5 A" CBCcCeA,,C\A" € A, and
C\A" = U2y (G \ A") C UL,y (Ci\ AU U, 1G] € A,
Therefore, using the sub-additivity of u on A, and the estimate (5.15)),

o0

p(C\ A™) gz (Ci\NA)+ Y n(Cy)

1=n—+1

o0
<e+ Z w(C;) — € as n — oc.
i=n+1

Since € > 0 is arbitrary, it follows that B € B. Moreover by repeated use of
Remark we find

8 (B) = (A" < p(C\A") <e+ Y p(Ci) and
i=n+1

=1 =1
n n n
<Y 1B = p(A) <Y u(Ci\A) <edy 27 <.
i=1 i=1 i=1
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54 5 Countably Additive Measures

Combining these estimates shows

i(B) =Y (B <2+ Y p(C)
i=1 i=n+1
which upon letting n — oo gives
oo
i(B) =Y A(Bi)| < 2.

Since € > 0 is arbitrary, we have shown fi (B) = Y ;- i (B;) . This completes
the proof that B is a ¢ - algebra and that p is a measure on 5.
You are asked to prove the uniqueness assertion in Exercise below. m

Exercise 5.3. Let p, i, A, and B := B(u) be as in Theorem Further
suppose that By C 2X is a o — algebra such that A C By C B and v : By —
[0, (X)] is a 0 — additive measure on By such that v = p on A. Show that
v = [ on By as well.

Corollary 5.26. Suppose that A C 2% is an algebra and u : By := o (A) —
[0, (X)] is a 0 — additive measure. Then for every B € o (A) and e > 0;

1. there exists As > AC B C C € Ayand € > 0 such that 1 (C'\ A) < e and
2. there exists A € A such that u (AAB) < e.

Exercise 5.4. Prove corollary by considering 7 where v := pl4. Hint:
you may find Exercise [£.3] useful here.

Theorem 5.27. Suppose that pu is a o — finite premeasure on an algebra A.
Then
p(B) :=inf{u(C):BCcCeA,} YBeo(A (5.16)

defines a measure on o (A) and this measure is the unique extension of u on A
to a measure on o (A).

Proof. Let {X, },-, C A be chosen so that u (X,) < co for all n and X, 1
X as n — oo and let

tn (A) ==y, (AN X,) for all A € A.

Each p, is a premeasure (as is easily verified) on A and hence by Theorem
each p, has an extension, fi,, to a measure on o (A) . Since the measure fi,, are
increasing, i := lim,, . [, is @ measure which extends p.

The proof will be completed by verifying that Eq. (5.16)) holds. Let B €
o(A), B, = X,, N B and € > 0 be given. By Theorem [5.25] there exists
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Cm € Ay such that B, C Cy,, C X, and (C \ Br) =
Then C := U_,Cy, € A, and

Fim(Cm \ B) < €27

ﬁ(O\B)§ﬁ<U(cm\B>>§Zﬁ(cm\B > A(Com \ Bm)

Thus
fi(B) < i(C) = i(B) + i(C\ B) < fi (B) +<
which, since € > 0 is arbitrary, shows [ satisfies Eq. (5.16]). The uniqueness of

the extension p is proved in Exercise ]
The following slight reformulation of Theorem can be useful.

Corollary 5.28. Let A be an algebra of sets, { X, }o_, C A is a given sequence
of sets such that X,, T X as m — oco. Let

Ap:={Ae A: AC X, for some m € N}.

Notice that Ay is a ring, i.e. closed under differences, intersections and unions
and contains the empty set. Further suppose that v : Ay — [0,00) is an additive
set function such that pn(Ay,) | 0 for any sequence, {A,} C Ay such that A, | 0
as n — oo. Then u extends uniquely to a o — finite measure on A.

Proof. Existence. By assumption, pn, = pla, : Ax, — [0,00) is a
premeasure on (X,,, Ay, ) and hence by Theorem extends to a measure
oy on (X, 0 (Ax, ) = Bx,,). Let i, (B) = pul, (BNX,,) for all B € B.
Then {fin, },._; is an increasing sequence of measure on (X, B) and hence i :=
lim,;, o0 i defines a measure on (X, B) such that fi| 4, = p.

Uniqueness. If u and po are two such extensions, then py (X, N B) =
p2 (X N B) for all B € A and therefore by Exercise or Dynkin’s m — A
theorem below we know that p; (X, N B) = pa (X, N B) for all B € B. We
may now let m — oo to see that in fact p; (B) = pe (B) for all B € B, i.e.

B = p2. u

5.5 Two Important Examples

5.5.1 Lebesgue Measure

If F (x) =« for all x € R, we denote pr by m and call m Lebesgue measure on
(Ra BR) .

Theorem 5.29. Lebesgue measure m is invariant under translations, i.e. for
B e Bg and r € R,
m(z + B) = m(B). (5.17)
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Lebesgue measure, m, is the unique measure on Bgr such that m((0,1]) =1 and
Eq. holds for B € Br and x € R. Moreover, m has the scaling property

m(AB) = |A\|m(B) (5.18)
where A € R, B € Br and AB :={A\z :z € B}.

Proof. Let m,(B) := m(xz+ B), then one easily shows that m, is a measure
on Bg such that my((a,b]) = b — a for all a < b. Therefore, m, = m by
the uniqueness assertion in Exercise For the converse, suppose that m is
translation invariant and m((0,1]) = 1. Given n € N, we have

Lok—1k . (k-1 1
(0,1] = Up_4( ;=] = Up—1 (n + (0, ]> .

n n n

Therefore,

That is to say
1
0,—])=1/n.
m((0, ) = 1/n
1

Similarly, m((0,;]) = I/n for all [,n € N and therefore by the translation
invariance of m,

m((a,b]) =b—a for all a,b € Q with a < b.

Finally for a,b € R such that a < b, choose a,,b, € Q such that b, | b and
an T a, then (an,by,] | (a,b] and thus

m((a,b]) = lim m((an,by)) = lim (b, —a,) =b—aq,

n—oo n—oo
i.e. m is Lebesgue measure. To prove Eq. (5.18) we may assume that A # 0
since this case is trivial to prove. Now let my(B) := |A|”' m(AB). It is easily

checked that my is again a measure on Br which satisfies
mx((a, b)) = A m (Aa, \b])) = A1 (Ab— Xa) = b —a
if A >0 and
ma((a,b]) = A" m (A, Aa)) = — [\ (Ab—Xa) =b—a

if A < 0. Hence my = m. [
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5.5.2 A Baby Version of Kolmogorov’s Extension Theorem

For this section, let A be a finite set, 2 := A® := AN, and let A denote the
collection of cylinder subsets of (2, where A C (2 is a cylinder set iff there
exists n € N and B C A™ such that

A=BxA® :={we NR: (w,...,w,) € B}.

Observe that we may also write A as A = B’ x A® where B’ = B x AF C A"
for any k£ > 0.

Exercise 5.5. Show A is an algebra.

Lemma 5.30. Suppose {A,},—, C A is a decreasing sequence of non-empty
cylinder sets, then NS, A, # .

Proof. Since A, € A, we may find N,, € N and B,, C AN» such that
A,, = B, x A°. Using the observation just prior to this Lemma, we may assume
that {N,,} ~, is a strictly increasing sequence.

By assumption, there exists w(n) = (wi (n),w2(n),...) € 2 such that
w(n) € A, for all n. Moreover, since w(n) € A,, C Ay, for all k < n, it follows
that

(w1 (n), w2 (n),...,wn, (n)) € By for all k < n. (5.19)

Since A is a finite set, we may find a A\; € A and an infinite subset, I1 C N
such that wy (n) = Ay for all n € I3 Similarly, there exists A2 € A and an
infinite set, Iy C I7, such that ws (n) = Ay for all n € I'. Continuing this
procedure inductively, there exists (for all j € N) infinite subsets, I; C N and
points \; € A such that I1 DI, D I3 D ... and w; (n) = A, for all n € Ij.

We are now going to complete the proof by showing A := (A1, Ag,...) €
N2, A,,. By the construction above, for all N € N we have

(w1 (n),...,won () =(A\1,...,An) foralln € I'y.
Taking N = Nj, and n € I'y, with n > k, we learn from Eq. (5.19) that
My An,) = (w1 (n),...,wnN, (n)) € Bg.

But this is equivalent to showing A € Aj. Since k € N was arbitrary it follows
that A € N2, A,,. m

Theorem 5.31 (Kolmogorov’s Extension Theorem 1.). Continuing the
notation above, every finitely additive probability measure, P : A — [0,1], has
a unique extension to a probability measure on o (A).
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Proof. From Theorem it suffices to show lim,, o, P (A,) = 0 whenever
{A,},2, € Awith 4, | 0. However, by Lemma if A, € Aand A, | 0,
we must have that A, = () for a.a. n and in particular P (A,) = 0 for a.a. n.
This certainly implies lim,,_,, P (A,) = 0. [

Given a probability measure, P : o(A) — [0,1] and n € N and
(A, ..y An) € A7, let

Prn (A, An) = PHweENiw =A1,...,wn = A }) . (5.20)

Exercise 5.6 (Consistency Conditions). If p, is defined as above, show:

LY year1 () =1and
2. for all n € Nand (Aq,...,A,) € A™,

Po A An) =D Past (M, An, ).
AeA

Exercise 5.7 (Converse to . Suppose for each n € N we are given func-
tions, p, : A™ — [0, 1] such that the consistency conditions in Exercise hold.
Then there exists a unique probability measure, P on o (A) such that Eq.
holds for all n € N and (A1,...,A,) € A™.

Ezample 5.32 (Existence of iid simple R.V.s). Suppose now that ¢ : A — [0, 1]
is a function such that }7,_, ¢ (\) = 1. Then there exists a unique probability
measure P on o (A) such that, for all n € N and (\y,..., ;) € A", we have

PAwe R :wi=X,...c;wn=M})=qA\1)...q¢(\y).

This is a special case of Exercise with p, (A1, -, ) = q(A1)...q(\pn) -

5.6 Completions of Measure Spaces*

Definition 5.33. A set E C X is a null set if E € B and u(E) = 0. If P is
some “property” which is either true or false for each x € X, we will use the
terminology P a.e. (to be read P almost everywhere) to mean

E:={x € X : P is false for x}

is a null set. For example if f and g are two measurable functions on (X, B, u),
f =g a.e. means that p(f # g) = 0.

Definition 5.34. A measure space (X, B, u) is complete if every subset of a
null set is in B, i.e. for all F C X such that F C E € B with u(E) = 0 implies
that F € B.
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Proposition 5.35 (Completion of a Measure). Let (X, B, u) be a measure
space. Set

N =NF:={N C X :3F € Bsuch that N C F and u(F) =0},
B=B":={AUN:Ae€Band N € N} and
G(AUN) = u(A) for Ae Band N e NV,

see Fig. . Then B_is a o - algebra, i is a well defined measure on B, [i is the
unique measure on B which extends y on B, and (X, B, ) is complete measure

space. The o-algebra, B, is called the completion of B relative to u and [i, is
called the completion of .

Proof. Clearly X,0) € B. Let A € Band N € N and choose F € B such

Fig. 5.2. Completing a o — algebra.

that N C F and u(F) = 0. Since N¢ = (F\ N) U F°,

(AUN)® = A°NN°® = A°N (F\ N UF°)
= [A°N (F\ N)] U[A° N F*]

where [A° N (F\ N)] € N and [A° N F¢] € B. Thus B is closed under
complements. If A; € B and N; C F; € B such that u(F;) = 0 then
U(A; UN;) = (UA;) U (UN;) € B since UA; € B and UN; C UF; and
w(UE;) <3 u(F;) = 0. Therefore, B is a o — algebra. Suppose AUN; = BU N,
with A,B € B and N17N2,€./\/. Then AC AUN; C AUN,UF, = BUF,
which shows that

1(A) < u(B) + u(Fz) = u(B).
Similarly, we show that u(B) < u(A) so that u(A) = p(B) and hence (A U

N) := p(A) is well defined. It is left as an exercise to show [ is a measure, i.e.
that it is countable additive. ]
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6

Random Variables

Notation 6.1 If f: X — Y is a function and € C 2Y let
frle=f1E) ={f(B)IE &)

IfG C 2%, let
fG:={Ac2Y|f1(A) eg}.

Definition 6.2. Let £ C 2% be a collection of sets, A C X, is: A — X be the
inclusion map (ia(z) =z for allz € A) and

Ea=i"()={ANE:E€&}.

The following results will be used frequently (often without further refer-
ence) in the sequel.

Exercise 6.1. Suppose f : X — Y is a function, F C 2¥ and B C 2¥. Show
f71F and f.B (see Notation are algebras (o — algebras) provided F and
B are algebras (o — algebras).

Lemma 6.3. Suppose that f : X — Y is a function and € C 2¥ and AC Y
then

o (f7HE) = fH(a()) and (6.1)
(@(&))a=0(a ), (6.2)

where B4 :={BNA: B e B}. (Similar assertion hold with o (-) being replaced
by A().)

Proof. By Exercise f~YHo(€)) is a o — algebra and since £ C F,
F7HE) C f~Ho(€)). It now follows that

a(f1(&) C fH(a(€)):
For the reverse inclusion, notice that
fo (FFUE) ={BcY: f (B ea(f 1)}

is a o — algebra which contains & and thus (&) C f.o (f7'(£)). Hence for
every B € o(€) we know that f~1(B) € o (f71(£)), i.e.

fHo(E) co (7).

Applying Eq. (6.1)) with X = A and f = i4 being the inclusion map implies

(0(€)) 4 =15 (0(€)) = a(ix'(€)) = a(Ea).

Ezample 6.4. Let £ = {(a,b] : —0o < a < b < oo} and B = o (£) be the Borel o
— field on R. Then
Loy ={(a,b]:0<a<b<1}

and we have
Bio) =0 (£o) -
In particular, if A € B such that A C (0,1], then A € o (5(0,1]) .

6.1 Measurable Functions

Definition 6.5. A measurable space is a pair (X, M), where X is a set and
M is a 0 — algebra on X.

To motivate the notion of a measurable function, suppose (X, M, u) is a
measure space and f: X — R, is a function. Roughly speaking, we are going
to define [ fdu as a certain limit of sums of the form,

X

oo

> aip(f~H(ai, aiva])-

0<ai<az<az<...

For this to make sense we will need to require f~*((a,b]) € M for all a < b.
Because of Corollary [6.11]below, this last condition is equivalent to the condition
fﬁl(BR) Cc M.

Definition 6.6. Let (X, M) and (Y,F) be measurable spaces. A function f :
X — Y is measurable of more precisely, M/F — measurable or (M, F) —
measurable, if f~1(F) C M, i.e. if f~1(A) € M for all A€ F.
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Remark 6.7. Let f: X — Y be a function. Given a o — algebra F C 2Y, the o
— algebra M := f~!(F) is the smallest o — algebra on X such that f is (M, F)
- measurable . Similarly, if M is a o - algebra on X then

F=fM={Ac2V|f1(A) e M}
is the largest o — algebra on Y such that f is (M, F) - measurable.

Ezample 6.8 (Characteristic Functions). Let (X, M) be a measurable space and
A C X. Then 14 is (M, Bg) — measurable iff A € M. Indeed, 1;,* (W) is either
0, X, A or A¢ for any W C R with 1, ({1}) = A.

Ezample 6.9. Suppose f : X — Y with Y being a finite set and F = 2. Then
f is measurable iff f~1 ({y}) € M for ally € Y.

Proposition 6.10. Suppose that (X, M) and (Y, F) are measurable spaces and
further assume € C F generates F, i.e. F = 0o (E). Then a map, f: X - Y is
measurable iff f~1 () C M.

Proof. If f is M/F measurable, then f~1(€) C f~1(F) c M. Conversely
if f71(€) c M then o (f~*(£)) C M and so making use of Lemma
FFRE) = o @) =a(f71(€) cM.
[

Corollary 6.11. Suppose that (X, M) is a measurable space. Then the follow-
ing conditions on a function f: X — R are equivalent:

1. f is (M, Bgr) — measurable,

2. f*((a,00)) € M for all a € R,

3. f~Y((a,00)) € M for all a € Q,

4. fH(~o0,a]) € M for all a € R.

Exercise 6.2. Prove Corollary [6.11] Hint: See Exercise [3.7}

Exercise 6.3. If M is the ¢ — algebra generated by & C 2%, then M is the
union of the o — algebras generated by countable subsets F C &.

Exercise 6.4. Let (X, M) be a measure space and f, : X — R be a sequence
of measurable functions on X. Show that {x : lim, .o fn(z) exists in R} € M.

Exercise 6.5. Show that every monotone function f : R — R is (Bg,Bgr) —
measurable.

Definition 6.12. Given measurable spaces (X, M) and (Y,F) and a subset
A C X. We say a function f: A —Y is measurable iff [ is Ma/F — measur-
able.
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Proposition 6.13 (Localizing Measurability). Let (X, M) and (Y,F) be
measurable spaces and f: X —Y be a function.

1. If f is measurable and A C X then f|a: A —Y is measurable.
2. Suppose there exist A, € M such that X = U2 A, and f|A, is Ma,
measurable for all n, then f is M — measurable.

Proof. 1. If f : X — Y is measurable, f~*(B) € M for all B € F and
therefore
FIR(B)=An f~Y(B) € My for all B € F.

2. If B € F, then
F7HB) = Uy (F7H(B) N AR) = Une, fl4(B).

Since each A4, € M, M4, C M and so the previous displayed equation shows
fYB) e M. [

The proof of the following exercise is routine and will be left to the reader.

Proposition 6.14. Let (X, M, u) be a measure space, (Y,F) be a measurable
space and [ : X — Y be a measurable map. Define a function v : F — [0, 00]
by v(A) == p(f~1(A)) for all A € F. Then v is a measure on (Y, F). (In the
future we will denote v by fopu or o f~1 and call f.p the push-forward of i
by f or the law of f under pu.

Theorem 6.15. Given a distribution function, F: R —[0,1] let G : (0,1) = R
be defined (see Figure[6.1)) by,

G(y):=inf{x: F(z) > y}.

Then G : (0,1) — R is Borel measurable and G.m = pp where i is the unique
measure on (R, Br) such that pup ((a,b]) = F (b) — F (a) for all —co <a <b <
00.

Proof. Since G : (0,1) — R is a non-decreasing function, G is measurable.
We also claim that, for all zg € R, that

G7H((0,20]) = {y : G (y) < wo} = (0, F (wo)] NR, (6.3)

see Figure [6.2]

To give a formal proof of Eq. (6.3), G (y) = inf {z : F (z) > y} < o, there
exists x,, > xo with x,, | z¢ such that F' (x,) > y. By the right continuity of F,
it follows that F'(z¢) > y. Thus we have shown

{G <o} € (0, F (20)] N (0,1).
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Fig. 6.2. As can be seen from this picture, G (y) < xo iff y < F (x0) and similarly,
G(y) <z iff y <.

For the converse, if y < F(xg) then G (y) = inf{z: F(x) >y} < x, ie.
y € {G <z} Indeed, y € G~ ((—o00, z0]) iff G (y) < xo. Observe that

G (F (z9)) =inf{z: F(z) > F(x0)} < o
and hence G (y) < xg whenever y < F (zg) . This shows that
(0, F (20)] N (0,1) € G~ ((0,20)) -
As a consequence we have G.m = pp. Indeed,

(Gm) (=00, a]) = m (G ((=o0,a]) =m ({y € (0.1) : G (y) < x})
= m((0,F ()] N (0,1) = F (x).

See section 2.5.2 on p. 61 of Resnick for more details. ]
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Theorem 6.16 (Durret’s Version). Given a distribution function, F
R —1[0,1] let Y : (0,1) — R be defined (see Figure[6.3) by,

Y (z) :=sup{y: F(y) <ax}.

ThenY : (0,1) — R is Borel measurable and Yom = up where up is the unique
measure on (R, Br) such that pp ((a,b]) = F (b) — F (a) for all —oo < a < b <
00.

N X
_ e — _ _:L_ _!’—/—-_:_:—
J

eV

AT

Fig. 6.3. A pictorial definition of Y (z).

Proof. Since Y : (0,1) — R is a non-decreasing function, Y is measurable.
Also observe, if y < Y (2), then F (y) < = and hence,

F(Y()-)= lim F()<a.

For y > Y (x), we have F (y) > = and therefore,

F(Y @)= F(Y@+) = lm F()>a

and so we have shown
F(Y(2)-) <o < F(Y (1))
We will now show

{z€(0,1):Y (z) <yo} = (0,F (y0)] N (0,1). (6.4)
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For the inclusion “C,” if z € (0,1) and Y (x) < yo, then z < F (Y (z)) < F (o),
ie. x € (0,F (yo)] N (0,1). Conversely if € (0,1) and = < F (yo) then (by
definition of Y (2)) yo > Y (x).

From the identity in Eq. , it follows that Y is measurable and

(Yam) ((=00,90)) = m (Y (=00, 10)) = m ((0, F (y0)] N (0,1)) = F (yo) -
Therefore, Law (Y') = up as desired. ]

Lemma 6.17 (Composing Measurable Functions). Suppose that
(X, M), (Y,F) and (Z,G) are measurable spaces. If f : (X, M) — (Y, F) and
g: (Y, F) — (Z,G) are measurable functions then go [ : (X, M) — (Z,G) is
measurable as well.

Proof. By assumption g~1(G) C F and f~! (F) C M so that

(gof)" (G =F1(g71(9) C FHF) M.
| |

Definition 6.18 (0 — Algebras Generated by Functions). Let X be a set
and suppose there is a collection of measurable spaces {(Yo, Fo) : o € A} and
functions fo, : X — Y, for alla € A. Let o(f, : a € A) denote the smallest o
— algebra on X such that each f, is measurable, i.e.

o(fora € A) = o(Uafs (Fa)).

Example 6.19. Suppose that Y is a finite set, F = 2¥, and X = YV for some
N € N. Let m; : YV — Y be the projection maps, m; (y1,...,yn) = y;. Then,
as the reader should check,

o(m,...,mn) = {Ax AN AC A"},

Proposition 6.20. Assuming the notation in Definition [6.18 and additionally
let (Z, M) be a measurable space and g : Z — X be a function. Then g is
(M,o(fa : a € A)) — measurable iff fo 0 g is (M,F,)-measurable for all
a € A

Proof. (=) If g is (M, 0(fs : « € A)) — measurable, then the composition
fa0ogis (M, F,) — measurable by Lemma (<) Let

G=o0(fo:a€A)=0 (uaeAfgl(]-'a)) .
If fo 0gis (M,F,) — measurable for all a, then

g TN FL) C MYacg A
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and therefore
97" (Vaealfs ' (Fa)) = Uaeag™ [ (Fo) C M.
Hence
97 (G) = 97" (0 (Vaeafa (Fa))) = 097" (Vaealfa ' (Fa)) C M
which shows that g is (M, G) — measurable. ]

Definition 6.21. A function f : X — Y between two topological spaces is
Borel measurable if f~1(By) C Bx.

Proposition 6.22. Let X and Y be two topological spaces and f : X — Y be
a continuous function. Then f is Borel measurable.

Proof. Using Lemma [6.3| and By = o(71y),
7 By) = fHo(ry)) = o(f 7 (1v)) C o(7x) = Bx.
[

Ezample 6.23. For i = 1,2,...,n, let m; : R® — R be defined by m; (z) = x;.
Then each 7; is continuous and therefore Bgn /Br — measurable.

Lemma 6.24. Let £ denote the collection of open rectangle in R™, then Brn =
o (€). We also have that Bgn = o (11, ...,7y,) and in particular, Ay X---X A, €
Brn whenever A; € Br fori =1,2,...,n. Therefore Brn may be described as
the o algebra generated by {A; X --- x A, : A; € Br}.

Proof. Assertion 1. Since £ C Bgn, it follows that ¢ (£) C Brn. Let
& = {(a,b):a,b € Q" 5 a < b},
where, for a,b € R”, we write a < b iff a; < b; for i =1,2,...,n and let
(a,b) = (a1,b1) X -+ X (an,by) . (6.5)

Since every open set, V' C R™, may be written as a (necessarily) countable
union of elements from &y, we have

Veo(&) col(€),

ie. 0(&) and hence o (€) contains all open subsets of R™. Hence we may
conclude that

Brn = o (open sets) C 0 (&) C o (€) C Bgrn.
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Assertion 2. Since each m; is Bre/Bgr — measurable, it follows that
o (m1,...,7n) C Brn. Moreover, if (a,b) is as in Eq. (6.5)), then

(a’b) - m;(L:lriri_1 ((azva)) € O—(Wla s 77Tn) .

Therefore, £ C o (71,...,7,) and Brr =0 () C o (71,..., 7).
Assertion 3. If A; € Bg fori=1,2,...,n, then

Ay x Ay = Oyt (Ag) €0 (mu, - ) = B,

Corollary 6.25. If (X, M) is a measurable space, then

f:(f17f27"'7fn):X4’Rn

is (M, Bgn) — measurable iff f; : X — R is (M, Bgr) — measurable for each i.
In particular, a function f: X — C is (M, Bc) — measurable iff Re f and Im f
are (M, Br) — measurable.

Proof. This is an application of Lemma and Proposition [6.20 [ |

Corollary 6.26. Let (X, M) be a measurable space and f,g : X — C be
(M, Bc) — measurable functions. Then f + g and f - g are also (M,Bg) -
measurable.

Proof. Define F : X - CxC, AL :CxC—-Cand M :CxC — C
by F(z) = (f(z),9(z)), Ax(w,2) = w £+ z and M(w,z) = wz. Then Ay and
M are continuous and hence (Bcz,Bc) — measurable. Also F' is (M, Bez) —
measurable since o F = f and myoF = g are (M, Bg) — measurable. Therefore
AyroF = f+gand MoF = f-g, being the composition of measurable functions,
are also measurable. ]

Lemma 6.27. Let a € C, (X, M) be a measurable space and f : X — C be a
(M, Bc) — measurable function. Then

18 measurable.

Proof. Define i : C — C by

, Lif 240
Z(Z){Oif 2=0.

For any open set V' C C we have
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iTH(V) =i (VA {0} ui (VN {0})

Because i is continuous except at z =0, i~*(V \ {0}) is an open set and hence
in Be. Moreover, i~ 1(V N {0}) € Be since i~ 1(V N {0}) is either the empty
set or the one point set {0} . Therefore i~!(7¢) C B¢ and hence i~1(B¢) =
i~Y(o(mc)) = o(i~1(7¢)) C Bc which shows that i is Borel measurable. Since
F =io f is the composition of measurable functions, F' is also measurable. m

Remark 6.28. For the real case of Lemma define 7 as above but now take
z to real. From the plot of i, Figure the reader may easily verify that

i~ ((—o0, a]) is an infinite half interval for all a and therefore i is measurable.

¥ 50

o\

o 15 5
I

=507

We will often deal with functions f : X — R = RU{+oco}. When talking
about measurability in this context we will refer to the ¢ — algebra on R defined
by

Bg := o0 ({[a,0] : a € R}). (6.6)
Proposition 6.29 (The Structure of By). Let Br and Bi be as above, then
Bg={ACR:ANR €Br}. (6.7)

In particular {oo},{—o0} € Bg and Br C Bg.
Proof. Let us first observe that
{—o0} = MiZi[—00, —n) = ML, [-n, 00]® € By,

{00} =N22[n, 0] € Bg and R = R\ {£+o0} € Bg.

Letting i : R — R be the inclusion map,
i (B) = o (7 ({[a 0] s a € B})) = o ({i (fax]) s a € B))

=0 ({la,0]NR:a €R}) =0 ({[a,) : a € R}) = Br.

Thus we have shown

Br =t (BR) = {AﬂR A€ B@}.
This implies:
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1. Ae Bg = ANR eBg and

2. if A C Ris such that ANR €Bg there exists B € Bg such that ANR = BNR.
Because AAB C {+oo} and {oco},{—o0} € Bz we may conclude that
A € Bz as well.

This proves Eq. (6.7). ]
The proofs of the next two corollaries are left to the reader, see Exercises

[6-6] and [6.71

Corollary 6.30. Let (X, M) be a measurable space and f : X — R be a func-
tion. Then the following are equivalent

1. f is (M, Bg) - measurable,

2. f~*((a,00]) € M for all a € R,

3. fH((—o00 ])EMforallaeR,

4. fH{~ oo}) eM, f71({oc}) € M and f°: X — R defined by

e o= {94, 405,
is measurable.

Corollary 6.31. Let (X, M) be a measurable space, f,g: X — R be functions
and define f-g: X — R and (f + g) : X — R using the conventions, 0 - oo = 0

and (f+g)(z) =0 if f(x) =00 and g(x) = —o0 or f(z) = —oc0 and g (z) =
oo. Then f-g and f + g are measurable functions on X if both f and g are
measurable.

Exercise 6.6. Prove Corollary noting that the equivalence of items 1. — 3.
is a direct analogue of Corollary Use Proposition to handle item 4.

Exercise 6.7. Prove Corollary

Proposition 6.32 (Closure under sups, infs ‘and limits). Suppose that
(X, M) is a measurable space and f; : (X, M) — R for j € N is a sequence of
M /By — measurable functions. Then

sup, fj, inf;f;, limsup f; and hmmf £

J—)OO

are all M /By — measurable functions. (Note that this result is in generally false
when (X, M) is a topological space and measurable is replaced by continuous in
the statement.)

Proof. Define g, (z) := sup ; fj(x), then

Page: 62 job: prob

{z:g4(x) <a} ={z: f;(z) <aVj}
=iz : f;(z) <aj e M

so that g1 is measurable. Similarly if g_(z) = inf; f;(z) then

{rig-() > a} =ny{a: fy(a) > a} e M,

Since
limsup f; =infsup{f; :j > n} and
Jj—o0 n
liminf f; =supinf{f;:j > n}
j—o0 n
we are done by what we have already proved. ]

Definition 6.33. Given a function f : X — R let fi(z) := max {f(x),0} and
f- (z) == max (—f(x),0) = —min (f(x),0). Notice that f = f+ — f_.

Corollary 6.34. Suppose (X, M) is a measurable space and f : X — R is a
function. Then f is measurable iff f+ are measurable.

Proof. If f is measurable, then Proposition implies fi are measurable.
Conversely if fi are measurable then sois f = f. — f_. ]

Definition 6.35. Let (X, M) be a measurable space. A function ¢ : X — F
(F denotes either R, C or [0,00] C R) is a simple function if ¢ is M — By
measurable and p(X) contains only finitely many elements.

Any such simple functions can be written as

= XNla, with A; € M and ); € F. (6.8)
i=1
Indeed, take A1, Aa,..., A, to be an enumeration of the range of ¢ and A; =
@ 1({\i}). Note that this argument shows that any simple function may be
written intrinsically as
o= Yl (6.9)
yeF

The next theorem shows that simple functions are “pointwise dense” in the
space of measurable functions.

Theorem 6.36 (Approximation Theorem). Let f : X — [0, 00] be measur-
able and define, see Figure[6.),
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27

then w, < f for all n, p,(z) T f(x) for allx € X and v, T f uniformly on the
sets Xpy:={x € X : f(z) < M} with M < co.

Moreover, if f : X — C is a measurable function, then there exists simple
functions @, such that lim, . on(z) = f(x) for allxz and |on| T |f] asn — oc.

Fig. 6.4. Constructing simple functions approximating a function, f : X — [0, oc].

Proof. Since

k k+1 2k 2k +1 2k+1 2k +2
(277 on ]: (2n+1’ on+1 ]U( on+l 7 9n+l ]’
if z € ((zfﬁl,g’iﬂ]) then ¢n(z) = pppi(x) = 23% and if x €
2

(3 kil 2’21'12}) then ¢, (z) = 2%% < g’iﬂl = ¢p+1(x). Similarly

(2", 00] = (2", 2" U (2", o0,

and so for z € f71((2""! oq]), pn(z) = 2" < 2" = @, 1(z) and for z €
FH2™, 27, oy (x) > 2" = ¢, (x). Therefore ¢, < p,11 for all n. It is
clear by construction that ¢, (x) < f(z) for all z and that 0 < f(z) — pn(x) <
27" if © € Xon. Hence we have shown that ¢, (x) 1 f(z) for all x € X and
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¢n T f uniformly on bounded sets. For the second assertion, first assume that
f: X — R is a measurable function and choose ;= to be simple functions such
that @ 1 f+ as n — oo and define ¢,, = ¢} — ¢. Then

lonl = @ + 0 < @©Fq +Pnir = lontl

and clearly |on| = ¢+, 1 fr+f-=[fland v, =) —pp, = fr—f-=F
as n — oo. Now suppose that f : X — C is measurable. We may now choose
simple function w,, and v, such that |u,| T |[Re f|, |vn] T |Im f|, un, — Re f and
v, — Im f as n — oco. Let ¢,, = uy + iv,, then

lonl® = u2 +02 1 |Re fI> + |Im f|* = | f[?

and ¢, = up +1v, = Ref+iIlmf = f asn — oo. n

6.2 Factoring Random Variables

Lemma 6.37. Suppose that (Y,F) is a measurable space and 'Y 2 —>Yisa
map. Then to every (o(Y),Bg) — measurable function, H : {2 — R, there is a
(F,Bg) — measurable function h: Y — R such that H =hoY.

Proof. First suppose that H = 14 where A € o(Y) =Y " 1(F). Let B € F
such that A = Y~!(B) then 14 = 1y-1(p) = 1 oY and hence the lemma
is valid in this case with h = 1. More generally if H = > a;14, is a simple
function, then there exists B; € F such that 14, = 1p,0Y and hence H = hoY
with h := Y a;1p, — a simple function on R.

For a general (F, Bg) — measurable function, H, from {2 — R, choose simple
functions H,, converging to H. Let h,, : Y — R be simple functions such that
H,, = h,, oY. Then it follows that

H = lim H, =limsup H,, =limsuph, oY =hoY

n—oo n—oo n—oo
where h := limsup h,, — a measurable function from Y to R. ]

n—oo
The following is an immediate corollary of Proposition and Lemma

6.37

Corollary 6.38. Let X and A be sets, and suppose for a € A we are give a
measurable space (Yo, Fo) and a function fo : X — Yo. Let Y := [[ e Yas
F := QaecaFa be the product o — algebra on'Y and M := o(f, : o € A) be the
smallest o — algebra on X such that each f, is measurable. Then the function
F: X =Y defined by [F(z)], = fa(x) for each a € A is (M, F) — measurable
and a function H : X — R is (M, Bg) — measurable iff there exists a (F,Bg) —
measurable function h from'Y to R such that H = ho F.
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