22

Approximation Theorems and Convolutions

22.1 Density Theorems

In this section, (X, M, 1) will be a measure space A will be a subalgebra of
M.

Notation 22.1 Suppose (X, M, ) is a measure space and A C M is a sub-
algebra of M. Let S(A) denote those simple functions ¢ : X — C such that
L ({A}) € A for all X € C and let S§(A, 1) denote those ¢ € S(A) such that

(¢ # 0) < oo.

Remark 22.2. For ¢ € S¢(A,u) and p € [1,00), ¢’ = > .z0|21P1g=zy and
hence

J167 du=3" 12wl = 2) < o0 (22.1)

z#0

so that S¢(A, ) C LP(p). Conversely if ¢ € S(A)NLP(p), then from Eq. (22.1)
it follows that (¢ = z) < oo for all z # 0 and therefore p (¢ # 0) < co. Hence
we have shown, for any 1 < p < oo,

Sy(As p) = S(A) N LP(p).

Lemma 22.3 (Simple Functions are Dense). The simple functions,
Sf(M, p), form a dense subspace of LP(p) for all 1 < p < oo.

Proof. Let {gbn}zo:l be the simple functions in the approximation Theo-
rem 18.42. Since |¢,,| < | f| for all n, ¢, € S§(M, p) and

|f = dul? < (If +|6a)” <27 |f1" € LT ().

Therefore, by the dominated convergence theorem,

lim /\f—¢n|pdu:/ lim |f — ¢, |Pdu = 0.
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|
The goal of this section is to find a number of other dense subspaces of
LP () for p € [1,00). The next theorem is the key result of this section.

Theorem 22.4 (Density Theorem). Let p € [1,00), (X, M,u) be a mea-
sure space and M be an algebra of bounded F — valued (F=R or F = C)
measurable functions such that

1. M C LP (u,F) and o (M) = M.
2. There exists Y, € M such that ¥, — 1 boundedly.
3. If F = C we further assume that M is closed under complex conjugation.

Then to every function f € LP (u,F), there exists ¢, € M such that
lim, o || f — d’"”Ll’(u) =0, i.e. M is dense in LP (u,TF).

Proof. Fix k£ € N for the moment and let H denote those bounded M —
measurable functions, f : X — F, for which there exists {¢,},., C M such
that lim, e ||k f — ¢n||Lp(H) = 0. A routine check shows H is a subspace
of £ (M,F) such that 1 € H, M C H and H is closed under complex
conjugation if F = C. Moreover, H is closed under bounded convergence.
To see this suppose f, € H and f,, — f boundedly. Then, by the dominated
convergence theorem, limy, oo [t% (f = fu)ll 1oy = 0.! (Take the dominating
function to be g = [2C |1x|]’ where C is a constant bounding all of the
{Ifnl}o2; ) We may now choose ¢, € M such that ¢, — zbkfn”Lp(M) <4
then

tim sup [l f — Gl oy <1 sup [ (F — F)ll o

+ lim sup Hwkfn - QSnHLp(M) =0 (22'2)

which implies f € H. An application of Dynkin’s Multiplicative System The-
orem 18.51 if F = R or Theorem 18.52 if F = C now shows H contains all
bounded measurable functions on X.

Let f € LP(u) be given. The dominated convergence theorem implies
iMoo |[9r g p1<hy f — f||Lp(u) = 0. (Take the dominating function to be
g = [2C | f|]? where C is a bound on all of the |1, |.) Using this and what we
have just proved, there exists ¢ € M such that

k11203 f = 0l Loy <

| =

The same line of reasoning used in Eq. (22.2) now implies limy . || f — (kaLp(u) =
0. |

1 Tt is at this point that the proof would break down if p = co.
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Definition 22.5. Let (X,7) be a topological space and p be a measure on
Bx = o (7). A locally integrable function is a Borel measurable function
f X — C such that fK |fldp < 0o for all compact subsets K C X. We will
write L}, .(u) for the space of locally integrable functions. More generally we

say f e LY (u) iff 11k fll 1o () < 00 for all compact subsets K C X.

loc

Definition 22.6. Let (X, 7) be a topological space. A K -finite measure on
X is Borel measure p such that p(K) < oo for all compact subsets K C X.

Lebesgue measure on R is an example of a K-finite measure while counting
measure on R is not a K-finite measure.

Ezxample 22.7. Suppose that p is a K-finite measure on Bra. An application of
Theorem 22.4 shows C.. (R, C) is dense in LP(RY, Bga, i1; C). To apply Theorem
22.4, let M := C. (R%,C) and ¢y, (z) := ¢ (z/k) where ¢ € C. (R%, C) with
¥ (z) = 1 in a neighborhood of 0. The proof is completed by showing o (M) =
o (C’c (Rd, (C)) = Bpa, which follows directly from Lemma 18.57.

We may also give a more down to earth proof as follows. Let o € R?, R >
0, A := B(zo, R)" and f, (z) := d¥{" (z). Then f, € M and f, — 1B(x0,R)
as n — oo which shows 1p(,,,r) is 0 (M)-measurable, i.e. B (zg, R) € o (M).
Since zp € R? and R > 0 were arbitrary, o (M) = Bga.

More generally we have the following result.

Theorem 22.8. Let (X, 7) be a second countable locally compact Hausdorff
space and p : Bx — [0,00] be a K-finite measure. Then C.(X) (the space
of continuous functions with compact support) is dense in LP(u) for all p €
[1,00). (See also Proposition 25.23 below.)

Proof. Let M := C.(X) and use Item 3. of Lemma 18.57 to find functions
Y € M such that ¥, — 1 to boundedly as k — oco. The result now follows
from an application of Theorem 22.4 along with the aid of item 4. of Lemma
18.57. [

Exercise 22.1. Show that BC (R, C) is not dense in L (R, Bg, m; C). Hence
the hypothesis that p < co in Theorem 22.4 can not be removed.

Corollary 22.9. Suppose X C R" is an open set, Bx is the Borel o — algebra
on X and p be a K-finite measure on (X, Bx). Then C.(X) is dense in LP(u)
for all p € [1,00).

Corollary 22.10. Suppose that X is a compact subset of R™ and u is a finite
measure on (X, Bx), then polynomials are dense in LP(X,pu) for all 1 < p <
0.

Proof. Consider X to be a metric space with usual metric induced
from R™. Then X is a locally compact separable metric space and therefore
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C.(X,C) = C(X,C) is dense in LP(u) for all p € [1,00). Since, by the domi-
nated convergence theorem, uniform convergence implies LP(u) — convergence,
it follows from the Weierstrass approximation theorem (see Theorem 8.34 and
Corollary 8.36 or Theorem 12.31 and Corollary 12.32) that polynomials are
also dense in LP(u). ]

Lemma 22.11. Let (X, 7) be a second countable locally compact Hausdorff
space and pi : Bx — [0,00] be a K-finite measure on X. If h € Lj, () is a
function such that

/ fhdp =0 for all f € C.(X) (22.3)
bl
then h(x) =0 for u — a.e. x. (See also Corollary 25.26 below.)

Proof. Let dv(x) = |h(z)| dz, then v is a K-finite measure on X and hence
C.(X) is dense in L'(v) by Theorem 22.8. Notice that

/ fsgn(h)dv = / fhdp =0 for all f € C.(X). (22.4)
X X
Let {Kx},o; be a sequence of compact sets such that K 1 X as in Lemma

11.23. Then 1k, sgn(h) € L*(v) and therefore there exists f,, € C.(X) such
that f., — 1, sgn(h) in L'(v). So by Eq. (22.4),

y(Kk):/ lg,dv = lim /fmsgn(h)dy:O.
X m—0o0 X

Since Kj, T X as k — o0, 0 =v(X) = [ |h|dp, ie. h(z) =0for p —ae. z. m
As an application of Lemma 22.11 and Example 12.34, we will show that
the Laplace transform is injective.

Theorem 22.12 (Injectivity of the Laplace Transform). For f €
L'([0,00),dx), the Laplace transform of f is defined by
LfA) = / e f(x)dx for all X > 0.
0

If Lf(A) := 0 then f(x) =0 for m -a.e. z.

Proof. Suppose that f € L!([0,0),dz) such that Lf(\) = 0. Let g €
Cy([0,0),R) and € > 0 be given. By Example 12.34 we may choose {ax}r>0
such that # ({A > 0:ax # 0}) < co and

lg(z) — ZaAe_’\””\ < ¢ forall x > 0.
A>0

Then



22.1 Density Theorems 423

| s@rwas| = [ <g<x> - Z) fla)de
0 0 A>0
< [ o) - S are |15 ds < el
0 A>0

Since & > 0 is arbitrary, it follows that [;°g(z)f(z)dz = 0 for all g €
Cy([0,0),R). The proof is finished by an application of Lemma 22.11. [
Here is another variant of Theorem 22.8.

Theorem 22.13. Let (X,d) be a metric space, T4 be the topology on X gen-
erated by d and Bx = o(14) be the Borel o — algebra. Suppose p : Bx — [0, 00]
is a measure which is o — finite on Tq and let BC§(X) denote the bounded
continuous functions on X such that p(f # 0) < co. Then BCy(X) is a dense
subspace of LP(u) for any p € [1,00).

Proof. Let X}, € 74 be open sets such that X T X and u(Xy) < oo and
let

¢k(x) = min(l, k- dxz (x)) = ¢k(ng (x)),
see Figure 22.1 below. It is easily verified that M := BC;(X) is an algebra,

Fig. 22.1. The plot of ¢, for n = 1, 2, and 4. Notice that ¢, — 1(0,c0)-

Y € M for all k and ¢, — 1 boundedly as k — oo. Given V € 7 and
k,n € N let

S () == min(1,n - diynx,)e(x)).
Then {fr, #0} =V N Xy so fin € BCy(X). Moreover

lim lim fkﬁl = lim 1VﬁXk. = 1\/
k—o0

k—o00 n—00

which shows V' € o (M) and hence o (M) = Bx. The proof is now completed
by an application of Theorem 22.4. [ |
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Exercise 22.2. (BRUCE: Should drop this exercise.) Suppose that (X, d) is
a metric space, p is a measure on By := o(74) which is finite on bounded
measurable subsets of X. Show BCy(X,R), defined in Eq. (19.26), is dense in
L? (u) . Hints: let ¢y, be as defined in Eq. (19.27) which incidentally may be
used to show o (BCy(X,R)) = o (BC(X,R)). Then use the argument in the
proof of Corollary 18.55 to show o (BC(X,R)) = Bx.

Theorem 22.14. Suppose p € [1,00), A C M is an algebra such that o(A) =
M and p is o — finite on A. Then S¢(A, 1) is dense in LP (). (See also Remark
25.7 below.)

Proof. Let M := S;(A, n). By assumption there exits Xj, € A such that
w(Xg) < ocand Xy T X as k — co. If A € A, then X; N A € A and
(X NA) <oosothat 1x,na € M. Therefore 14 = limy_,00 1x,n4 is 0 (M)
— measurable for every A € A. So we have shown that A C ¢ (M) C M
and therefore M = o(A) C o (M) C M, ie. 0(M) = M. The theorem
now follows from Theorem 22.4 after observing iy, := 1x, € M and ¢y, — 1
boundedly. [

Theorem 22.15 (Separability of L? — Spaces). Suppose, p € [1,00), A C
M is a countable algebra such that o(A) = M and p is o — finite on A. Then
LP(u) is separable and

D= {Zalej ta; € Q+1Q, Aj € A with p(Aj;) < oo}
is a countable dense subset.

Proof. It is left to reader to check D is dense in S;(A, 1) relative to the

LP(p) — norm. The proof is then complete since S¢(A, it) is a dense subspace
of L? (1) by Theorem 22.14. ]

Ezample 22.16. The collection of functions of the form ¢ = >7_; kL (ay bi]
with ag, by € Q and ay, < by, are dense in LP(R, Bg, m; C) and LP(R, Bg, m; C)
is separable for any p € [1, 00). To prove this simply apply Theorem 22.14 with
A being the algebra on R generated by the half open intervals (a,b] N R with
a<banda,be QU{too},ie. A consists of sets of the form [} _, (ax, bx] R,
where ay, by, € QU {00} .

Exercise 22.3. Show L*°([0, 1], Bg, m;C) is not separable. Hint: Suppose
I' is a dense subset of L*°([0,1],Bg,m;C) and for A € (0,1), let fy (x) :=
Lo, (z) . For each A € (0,1), choose gx € I' such that || fx — gall,, < 1/2 and
then show the map A € (0,1) — g, € I' is injective. Use this to conclude that
I" must be uncountable.

Corollary 22.17 (Riemann Lebesgue Lemma). Suppose that f € L*(R,m),
then

lim /Rf(x)emxdm(a?) =0.

A—+oo
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Proof. By Example 22.16, given € > 0 there exists ¢ = Y _, kL (ay bi]
with ay, br € R such that

/ If — gldm < e.
R
Notice that

AT _ = c T ei)\z m(x
/R B(2)e™ dm(z) = /R > el 2)e (o)

n b n
= g ck/ e”‘mdm(z) = g ck/\fleuwm’;
k=1 k

@ k=1

n
=t ch (e0r — k) — 0 as |A| — oo.
k=1

Combining these two equations with

AT — &z eiAw m(x T eiAx m(x
[ @ean)| <| [ (@) - o(e) *dma)| | [ oforeama)
— oldm z)edm(x
< [1r = olam+ | [ s am(z)
<e | [ oaeim(a)
we learn that
. iAx : iz _
hm|>\siipoo /Rf(:c)e dm(x) SEJrhmp\s\ipoo /Rgb(:r)e dm(x)| =e.

Since € > 0 is arbitrary, this completes the proof of the Riemann Lebesgue
lemma. [ |

Corollary 22.18. Suppose A C M is an algebra such that o(A) = M and p
is o — finite on A. Then for every B € M such that p(B) < oo and € > 0
there exists D € A such that u(BAD) < e. (See also Remark 25.7 below.)

Proof. By Theorem 22.14, there exists a collection, {A4;}._; , of pairwise
disjoint subsets of A and \; € R such that [, [1p — f|du < e where f =
Z?:l Aily,. Let Ay =X \ U?:1Ai € A then
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/Xlla—fIdu=§/AillB—f|du

/ |1B—)\i\du+/ |1B—)\i|dM]
A;,NB A;\B

ZH(AOWB)—FETL:

1=1

= (AN B)+ D (1= Xl p(BNA) + N (A \ B)]  (22.5)
=1

> p(AoNB)+) min{u(BNA), u(Ai\ B)} (22.6)

=1

where the last equality is a consequence of the fact that 1 < |A\;| + |1 — N\;].

Let
_ Joifp(BNA;) < p(4\B)

ai—{lifu(BmAi)Zu(Ai\B)

and g = > ;_; a;la, = 1p where
D:=U{4;:i>0& oy =1} € A

Equation (22.5) with A; replaced by «; and f by g implies

/X|1B—1D|du=u<AomB>+Zmin{u<BmAi>7u<Ai\B>}.

The latter expression, by Eq. (22.6), is bounded by [y [1p — f|dpu < € and
therefore,

w(BAD) :/ |l1g — 1p|ldu < e.
X
|

Remark 22.19. We have to assume that u(B) < oo as the following example
shows. Let X =R, M = B, u =m, A be the algebra generated by half open
intervals of the form (a, b}, and B = U2, (2n, 2n+ 1]. Tt is easily checked that
for every D € A, that m(BAD) = .

22.2 Convolution and Young’s Inequalities

Throughout this section we will be solely concerned with d — dimensional
Lebesgue measure, m, and we will simply write LP for LP (Rd, m) .

Definition 22.20 (Convolution). Let f,g : R — C be measurable func-
tions. We define

fra@ = [ re=vatdy (22.7)
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whenever the integral is defined, i.e. either f(x—-)g(-) € L'(R% m) or
f(xz—-)g(-) > 0. Notice that the condition that f(x —-)g(-) € L'(R% m)
is equivalent to writing |f| * |g| (x) < oo. By convention, if the integral in Eq.
(22.7) is not defined, let f = g(x) := 0.

Notation 22.21 Given a multi-inder o € Zi, let |a] = a1 + -+ aq,

d 8 (e d 8 Qg
2= [ [ 277, and 07 = (%) =11 (3_56) '
j=1

j=1
Forz € R% and f :R? — C, let . f : R? — C be defined by 7. f(z) = f(z—z).
Remark 22.22 (The Significance of Convolution).

1. Suppose that f,g € L' (m) are positive functions and let 1 be the measure
on (Rd)2 defined by

du (z,y) := f () g (y) dm (x) dm (y) .

Then if h: R — [0, 00] is a measurable function we have
| hGrnduen = [ blat) [ @)@ dm (@) dn )
(R4)? (R4)?
= [ M@ @D g @) dm @) dm v

:/ h(z) f*g(x)dm(x).
Rd

In other words, this shows the measure (f * g) m is the same as S,y where
S (z,y) := z+y. In probability lingo, the distribution of a sum of two “in-
dependent” (i.e. product measure) random variables is the the convolution
of the individual distributions.

2. Suppose that L = Zlal <k a,,0% is a constant coefficient differential oper-
ator and suppose that we can solve (uniquely) the equation Lu = g in the
form

u(a) = Kgla) = [ Ko s)alu)dy
where k(z,y) is an “integral kernel.” (This is a natural sort of assumption
since, in view of the fundamental theorem of calculus, integration is the
inverse operation to differentiation.) Since 7,L = L7, for all z € R?, (this
is another way to characterize constant coefficient differential operators)
and L~! = K we should have 7, K = K7,. Writing out this equation then
says

[ K@ = =gy = (Ko) (@ = 2) = 7. Kgla) = (Kr.0) (@)

= /Rd k(z,y)g(y — 2)dy = / k(z,y + 2)g(y)dy.

Rd
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Since g is arbitrary we conclude that k(z — z,y) = k(x,y + z). Taking
y = 0 then gives

k(z,z) = k(z — 2,0) =: p(x — 2).
We thus find that Kg = p* g. Hence we expect the convolution operation

to appear naturally when solving constant coefficient partial differential
equations. More about this point later.

Proposition 22.23. Suppose p € [1,00], f € L* and g € LP, then f x g(z)
exists for almost every x, f*x g € LP and

1S gll, < I1£1y [1gll, -

Proof. This follows directly from Minkowski’s inequality for integrals,
Theorem 21.27. [ |

Proposition 22.24. Suppose that p € [1,00), then T, : LP — LP is an iso-
metric isomorphism and for f € LP, z € R* — 1, f € L is continuous.

Proof. The assertion that 7, : LP — LP is an isometric isomorphism
follows from translation invariance of Lebesgue measure and the fact that
T_, o T, = id. For the continuity assertion, observe that

Im=f =y fll, = 17—y (7= f = Pl = lI7ey f = [,

from which it follows that it is enough to show 7.f — f in LP as z — 0 € R
When f € Ce(R?), 7. f — f uniformly and since the K := U, <isupp(r. f) is
compact, it follows by the dominated convergence theorem that 7,f — f in
LP as z — 0 € R%. For general g € L? and f € C.(R?),

729 — g”p <79 — TZpr + 7o f — f”p +IIf - g”p
=|rf = fll, +21f —gll,
and thus

limsup |[7-g — gll,, <limsup |- f = fll, +2[1f = g, = 2]/ = gll, -
zZ— z—

Because C.(R?) is dense in LP, the term ||f — g|| , may be made as small as
we please. [ |

Exercise 22.4. Compute the operator norm, ||7, — IHL(L,,(m)) ,of 7, — I and
use this to show z € RY — 7, € L (LP (m)) is not continuous.
Definition 22.25. Suppose that (X, 1) is a topological space and p is a mea-

sure on Bx = o(r). For a measurable function f : X — C we define the
essential support of f by

supp, (f) ={z € X : p({y € V : f(y) # 0}}) > 0 V neighborhoods V' of x}.
(22.8)
Equivalently, x ¢ supp,,(f) iff there exists an open neighborhood V' of x such
that 1y f =0 a.e.
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It is not hard to show that if supp(u) = X (see Definition 21.41) and
f € C(X) then supp,,(f) = supp(f) := {f # 0}, see Exercise 22.7.

Lemma 22.26. Suppose (X, 1) is second countable and f : X — C is a mea-
surable function and p is a measure on Bx. Then X := U \ supp,(f) may
be described as the largest open set W such that fly (xz) =0 for p — a.e. z.
Equivalently put, C := suppu(f) 18 the smallest closed subset of X such that
f=flc ae

Proof. To verify that the two descriptions of suppu( f) are equivalent,
suppose supp,,(f) is defined as in Eq. (22.8) and W := X \ supp,,(f). Then

W={xeX:37>5V >zxsuchthat u({y €V : f(y) #0}}) =0}
=U{V Co X : pu(fly #0) =0}
=U{V C, X: fly =0for p—ae}.

So to finish the argument it suffices to show p (flw # 0) = 0. To to this let
U be a countable base for 7 and set

U ={V elU: fly =0ae}.
Then it is easily seen that W = Ul{; and since Uy is countable
p(flw #0)< Y p(fly #0) =0.
Veu;

Lemma 22.27. Suppose f,g,h : R* — C are measurable functions and as-
sume that = is a point in R? such that | f|*|g| (z) < oo and | f|*(|g] * |h]) (z) <
oo, then

1. fxg(x) =gx* f(z)
2. fx(g*h)(x) = (f*g)=*h(z)
3. If z € R and 7.(|f| * lg])(z) = | f| * |g| (x — 2) < o0, then

([ *9) (@) = 7= f x g(x) = [ * T29(2)

4. If © ¢ supp,,, (f) + supp,,,(g) then f x g(x) =0 and in particular,

supp,,,(f * g) C supp,,(f) + supp,,(9)

where in defining supp,, ([ *g) we will use the convention that “f x g(x) #
0”7 when |f| *|g| (x) = oc.

Proof. For item 1.,

|f]*|g] (x) = /Rd |f](z —y) gl (y)dy = /Rd |1 (W) 19l (y — z)dy = |g| * | f| ()
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where in the second equality we made use of the fact that Lebesgue measure
invariant under the transformation y — x — y. Similar computations prove
all of the remaining assertions of the first three items of the lemma. Item
4. Since f* g(x) = f*g(x)if f = f and g = § a.e. we may, by replacing
by flsupp,,(s) and g by glgupp, (o) if necessary, assume that {f # 0} C
supp,, (f) and {g # 0} C supp,,(g). So if z & (supp,,(f) + supp,,(g)) then

x ¢ ({f#0}+{g#0}) and for all y € RY, either z —y ¢ {f #0} or y ¢
{g #0}. That is to say either z —y € {f =0} or y € {g =0} and hence
f(z—1)g(y) = 0 for all y and therefore f*g(x) = 0. This shows that fxg =10

on R%\ (suppm( f) + supp,, (g)) and therefore

R*\ (Suppm(f) + Suppm(g)) C R%\ supp,,, (f * g),

i.e. supp,, (f * g) C supp,,(f) + supp,,(9). u

Remark 22.28. Let A, B be closed sets of R?, it is not necessarily true that
A+ B is still closed. For example, take

A={(z,y):x>0andy >1/z} and B={(z,y):z <0and y > 1/|z|},

then every point of A+ B has a positive y - component and hence is not zero.
On the other hand, for z > 0 we have (z,1/z) + (—z,1/z) = (0,2/z) € A+ B
for all z and hence 0 € A+ B showing A + B is not closed. Nevertheless if
one of the sets A or B is compact, then A + B is closed again. Indeed, if A is
compact and x, = a, +b, € A+ B and z, — = € R?%, then by passing to a
subsequence if necessary we may assume lim,_, ., a, = a € A exists. In this
case
lim b, = lim (z, —a,) =z —a€ B

n—oo n—oo

exists as well, showing t =a+b € A+ B.

Proposition 22.29. Suppose that p,q € [1,00] and p and q are conjugate
exponents, f € LP and g € L%, then f x g € BC(R?), | f * gl < ||f\|p Hqu
and if p,q € (1,00) then f x g € Co(RY).

Proof. The existence of fxg(z) and the estimate | f * g| (z) < | f[l, llgll, for

all z € R? is a simple consequence of Holders inequality and the translation in-
variance of Lebesgue measure. In particular this shows || f = g[|, < [|f], 4], -
By relabeling p and ¢ if necessary we may assume that p € [1,00). Since

I (F*x9) = F*gll, = 7= xg = f*gl,
<lm=f=fl,llglly, = 0as 2 —0
it follows that f * g is uniformly continuous. Finally if p, ¢ € (1, 00), we learn

from Lemma 22.27 and what we have just proved that f,, * g, € C.(R?)
where fr, = f1)f<m and gy, = gl,g/<m- Moreover,
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Hf *g— fm *gmHOO < ”f *g— fm *g”oo + Hfm *g— fm *gm”OO
<|Nf = Fmlly llglly + 11 fmll, g = gmll,
<|f = full, llgll, + 11, llg — gmll, — 0 as m — oo

showing, with the aid of Proposition 12.23, f * g € Co(R?). [

Theorem 22.30 (Young’s Inequality). Let p,q,r € [1,00] satisfy
142 (22.9)
= - .
If f € LP and g € L9 then |f| x |g| (z) < 0o for m — a.e. x and

1+ gl < W1l llgllg - (22.10)

In particular L is closed under convolution. (The space (L', ) is an example
of a “Banach algebra” without unit.)

Remark 22.31. Before going to the formal proof, let us first understand Eq.
(22.9) by the following scaling argument. For A > 0, let fy(x) := f(\x), then
after a few simple change of variables we find

113l = A" 1 fl] and (f % g)x = A"fx * g
Therefore if Eq. (22.10) holds for some p, g, € [1, 00|, we would also have
1 % gll, = A7 % 9)all, < AYTNAA, Ngall, = A =dp=arar| g gl
for all A > 0. This is only possible if Eq. (22.9) holds.

Proof. By the usual sorts of arguments, we may assume f and g are
positive functions. Let o, 8 € [0, 1] and py, pz € (0, 00] satisfy p; *+py +r—1 =
1. Then by Hoélder’s inequality, Corollary 21.3,

frole) = / =) * )] fa— ) g(u) dy
x (/Rd g(y)ﬁ’”dy)l/m

1/r
= ([ fa =gy} 113, ol

Taking the r*" power of this equation and integrating on x gives
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I1f = gllr < /Rd (/Rd flz— y)“"‘”g(y)“mrdy> da - ||f 112y, 91,

1—a)r 1-8)r
= A= gl e gl - (22.11)

Let us now suppose, (1 — a)r = ap; and (1 — 8)r = Bps, in which case Eq.

(22.11) becomes,
1F gl < W16, N9l
which is Eq. (22.10) with

p:=(1—a)r=ap; and ¢ := (1 — 8)r = Bpa. (22.12)

So to finish the proof, it suffices to show p and ¢ are arbitrary indices in
[1, 00] satisfying p~t +¢~ !t = 1+7r~1. If a, B, p1, p2 satisfy the relations above,

then , ,
o= and 8 =
T+ D1 T+ P2
and
1 1 1 1 1r+ 1r+
ST T E . S p1+_ D2
p q ap1 ap2 P T p2 T

1 1 2 1
=—+—+ +
b1 p2 T
Conversely, if p, g, r satisfy Eq. (22.9), then let o and 3 satisfy p = (1 — a)r
and g = (1 — B)r, ie.

a=""P 1 Poqandpg=""2 19
T T T T

Using Eq. (22.9) we may also express a and 3 as
1 1
a:p(le)ZOandB:q(lf];)ZO

and in particular we have shown «, 8 € [0, 1]. If we now define p; := p/a €
(0, 00] and py := ¢q/B € (0, 00], then

— 4+ — - =f-+a-+-
1 p2 T T
1 1
— (1) (1= 2)+
q
1 1
=2 1+—) —=1
r r

as desired. [ ]

Theorem 22.32 (Approximate 6 — functions). Let p € [1,00], ¢ €
LY(RY), a:= [pu f(z)dz, and for t > 0 let ¢y(x) = t~¢(x/t). Then
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1. If f € LP withp < oo then ¢¢x f — af in LP ast | 0.

2. If f € BC(RY) and f is uniformly continuous then |¢¢ x f —af|| ., — 0
ast | 0.

3. If f € L™ and f is continuous on U C, R? then ¢ * f — af uniformly
on compact subsets of U ast | 0.

Proof. Making the change of variables y = tz implies

b x f(z) = / fa— oy = [ fle - t2)é(z)dz
R4 R4
so that

ov % f(x) — af (z) = / (@ —t2) — f(2)] d(=)d=

Rd
= /Rd [Tt f(z) — f(2)] Pp(2)dz. (22.13)

Hence by Minkowski’s inequality for integrals (Theorem 21.27), Proposition
22.24 and the dominated convergence theorem,

606 F = afll, < [ et = fl, 162 dz 0 as Lo

Item 2. is proved similarly. Indeed, form Eq. (22.13)

o0+ 1 =afle < [ Imed = Sl o) d

which again tends to zero by the dominated convergence theorem because
limy|o || 72 f — f|.. = 0 uniformly in z by the uniform continuity of f.
Item 3. Let B = B(0, R) be a large ball in R and K CC U, then

sup |és * f(x) — af(x)]
rzeK

<

+

/B o —t2) — f(2)] $(2)dz

/B o —t2) — f(2)] d(2)dz

c
R

<[ o@lds s ife—t2) - @1+ 200 [ 161

rz€K,2z€BRr BR

<|¢ll,-  sup If(w—ﬁ»’r)—f(ﬂc)+2||f|oo/| |6(2)] d=

z€K,z€Br Z|>R
so that using the uniform continuity of f on compact subsets of U,
lim sup sup |¢: * f(z) —af(x)] <2 Hf||oo/ |p(2)]dz — 0 as R — oo.
t10 zeK |z|>R

|
See Theorem 8.15 if Folland for a statement about almost everywhere
convergence.
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Exercise 22.5. Let
£t) = {el/t ift>0

0 ift<o.
Show f € C*=(R, [0, 1]).

Lemma 22.33. There erists ¢ € C=(R%,[0,00)) such that ¢(0) > 0,
supp(¢) C B(0,1) and [;, ¢(x)dz = 1.

Proof. Define h(t) = f(1 —t)f(t + 1) where f is as in Exercise 22.5.
Then h € C(R,[0,1]), supp(h) C [-1,1] and h(0) = e~ > 0. Define ¢ =
Jga B(|z]?)dz. Then ¢(z) = ¢ h(|z|?) is the desired function. ]

The reader asked to prove the following proposition in Exercise 22.9 below.
Proposition 22.34. Suppose that f € L} (RY m) and ¢ € CLR?), then
f*xo € CHRY) and Oi(f * ¢) = f * ip. Moreover if ¢ € CZ(R?) then
fx¢ e CeRY.

Corollary 22.35 (C* — Uryhson’s Lemma). Given K CC U C, R?, there
exists f € C*(R%,[0,1]) such that supp(f) CU and f =1 on K.

Proof. Let ¢ be as in Lemma 22.33, ¢;(z) = t~%¢(x/t) be as in Theorem
22.32, d be the standard metric on R? and ¢ = d(K,U¢). Since K is compact
and U® is closed, € > 0. Let V5 = {z € R? : d(z, K) <} and f = ber3* v 5,
then

supp(f) C supp(¢e/3) + Veys C Voeys C U.
Since Va3 is closed and bounded, f € C2°(U) and for = € K,

flz) = /Rd Lagy,K)<e/3 * Ge/3(x —y)dy = /Rd bey3(r —y)dy = 1.

The proof will be finished after the reader (easily) verifies 0 < f < 1. ]
Here is an application of this corollary whose proof is left to the reader,
Exercise 22.10.

Lemma 22.36 (Integration by Parts). Suppose f and g are measur-
able functions on R such that t — f(x1,...,0i_1,t,Tis1,...,2q) and t —
g(x1, ..., Ti—1,t,Tig1,...,xq) are continuously differentiable functions on R
for each fivred x = (z1,...,24) € R% Moreover assume f - g, aa—gi - g and

f- 867211 are in L' (RY, m). Then

With this result we may give another proof of the Riemann Lebesgue
Lemma.
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Lemma 22.37 (Riemann Lebesgue Lemma). For f € LY(R% m) let
7€) = @m 1 [ f(@)e S dmia)
Rd

be the Fourier transform of f. Then f € Co(R?) and Hf” @m)~2 | £, -

/2

(The choice of the normalization factor, (27)~%2, in f is for later conve-

nience.)

Proof. The fact that f is continuous is a simple application of the domi-
nated convergence theorem. Moreover,

< /R 1f(@)]dm(z) < (2m)~ 2| £1

so it only remains to see that f(£) — 0 as |¢| — oo. First suppose that
f € C*(R?) and let A = Z;l:l % be the Laplacian on R?. Notice that
J

BI] e T = —zfje_’f'z and Ae %7 = — |£|26_i5"5. Using Lemma 22.36 re-
peatedly,

AR f(@)e™ T dm(x / fla)Ake= 2 dm(x 2’“/ f(@)e™dm(z)
Rd

= —(2m)? ¢ f()

for any k € N. Hence
(22| ()| < IeI** || 2% 1], — 0

as |€] — oo and f € Cy(RY). Suppose that f € L'(m) and fr € C°(R?) is

a sequence such that limy_ ||f — fxl|; = 0, then lim;_ Hf — fk = 0.

o0

Hence f € Co(R?) by an application of Proposition 12.23. [

Corollary 22.38. Let X C R? be an open set and pn be a Radon measure on
Bx.

1 Then C°(X) is dense in LP(u) for all 1 < p < oo.
2.If h € L}, (1) satisfies

/ fhdp =0 for all f € C°(X) (22.14)
p's

then h(z) =0 for p — a.e. x.

Proof. Let f € C.(X), ¢ be as in Lemma 22.33, ¢; be as in Theorem
22.32 and set ¢y := ¢ * (flx). Then by Proposition 22.34 ¢, € C*°(X) and
by Lemma 22.27 there exists a compact set K C X such that supp(¢y) C K
for all ¢ sufficiently small. By Theorem 22.32, 1)y — f uniformly on X ast¢ | 0
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1. The dominated convergence theorem (with dominating function being
| fllo 1x), shows 1, — f in LP(p) as t | 0. This proves Item 1., since
Theorem 22.8 guarantees that C.(X) is dense in LP(u).

2. Keeping the same notation as above, the dominated convergence theorem
(with dominating function being || f|| |k| 1x) implies

0=l hdp = [ limhdp = hdp.
tllrg/xzbtu /}(gfgwtu /Xfu

The proof is now finished by an application of Lemma 22.11.

22.2.1 Smooth Partitions of Unity

We have the following smooth variants of Proposition 12.16, Theorem 12.18
and Corollary 12.20. The proofs of these results are the same as their contin-
uous counterparts. One simply uses the smooth version of Urysohn’s Lemma
of Corollary 22.35 in place of Lemma 12.8.

Proposition 22.39 (Smooth Partitions of Unity for Compacts). Sup-
pose that X is an open subset of RY, K C X is a compact set and U = {U; }?:1
is an open cover of K. Then there exists a smooth (i.e. hj € C*(X,]0,1]))
partition of unity {hj};”:l of K such that h; < U; for all j =1,2,...,n.

Theorem 22.40 (Locally Compact Partitions of Unity). Suppose that
X is an open subset of R and U is an open cover of X. Then there exists a
smooth partition of unity of {h;}Y, (N = oo is allowed here) subordinate to
the cover U such that supp(h;) is compact for all i.

Corollary 22.41. Suppose that X is an open subset of R? and U =
{Ua}peca C 7 is an open cover of X. Then there exists a smooth partition
of unity of {ha}aca subordinate to the cover U such that supp(ha) C Uy for
all o € A. Moreover if U, is compact for each o € A we may choose hy, so
that ho < U,.

22.3 Exercises

Exercise 22.6. Let (X,7) be a topological space, u a measure on By =
o(r) and f : X — C be a measurable function. Letting v be the measure,
dv = |f|dp, show supp(v) = supp,,(f), where supp(v) is defined in Definition
21.41).

Exercise 22.7. Let (X, 7) be a topological space, y a measure on Bx = o(7)
such that supp(u) = X (see Definition 21.41). Show supp,,(f) = supp(f) =

{f #£0} for all f e C(X).
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Exercise 22.8. Prove the following strong version of item 3. of Proposition
10.52, namely to every pair of points, zg, x1, in a connected open subset V'
of R? there exists 0 € C*(R, V) such that 0(0) = 2o and o(1) = x;. Hint:
First choose a continuous path « : [0, 1] — V such that v (t) = ¢ for ¢ near 0
and 7 (t) = x; for t near 1 and then use a convolution argument to smooth ~.

Exercise 22.9. Prove Proposition 22.34 by appealing to Corollary 19.43.

Exercise 22.10 (Integration by Parts). Suppose that (z,y) € R x R9™1 —
f(z,y) € Cand (z,y) € R xR — g(z,9) € C are measurable functions
such that for each fixed y € R%, x — f(z,y) and  — g(z,y) are continuously
differentiable. Also assume f - g, d,f - g and f - 0,g are integrable relative to
Lebesgue measure on R x R*™| where 9, f(z,y) := 4 f(z+t,y)|t=0. Show

[ ot ey =~ [ fow): dugleg)dody. (22,19
RxRd-1

RxRd-1

(Note: this result and Fubini’s theorem proves Lemma 22.36.)

Hints: Let ¢ € C°(R) be a function which is 1 in a neighborhood of
0 € R and set ¢ (z) = ¢(ex). First verify Eq. (22.15) with f(z,y) replaced
by ¥.(z)f(x,y) by doing the x — integral first. Then use the dominated con-
vergence theorem to prove Eq. (22.15) by passing to the limit, ¢ | 0.
Exercise 22.11. Let p be a finite measure on Bga, then D := span{e’*? :
A € R4} is a dense subspace of LP(u) for all 1 < p < oo. Hints: By Theorem
22.8, C.(RY) is a dense subspace of LP(u). For f € C.(R?) and N € N, let

fn(x) = Z f(z + 27 Nn).

nezd

Show fy € BC(R?) and x — fy(Nz) is 27 — periodic, so by Exercise 12.13,
r — fn(Nz) can be approximated uniformly by trigonometric polynomials.
Use this fact to conclude that fy € D" ("), After this show fx — f in LP(p).

Exercise 22.12. Suppose that ; and v are two finite measures on R% such
that

/Rd e dp(x) = /Rd e dy (x) (22.16)

for all A € R%. Show u = v.

Hint: Perhaps the easiest way to do this is to use Exercise 22.11 with the
measure 4 being replaced by p + v. Alternatively, use the method of proof
of Exercise 22.11 to show Eq. (22.16) implies [,, fdu(z) = [zq fdv(z) for all
f € C.(R?%) and then apply Corollary 18.58.

Exercise 22.13. Again let u be a finite measure on Bga. Further assume that
Cu = JpaeM®ldpu(z) < oo for all M € (0,00). Let P(R?) be the space of
polynomials, p(x) = Z\aISN pax® with p, € C, on RY. (Notice that |p(z)| <
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CeMlel for some constant C' = C(p,p, M), so that P(R?) C LP(u) for all
1 < p < 00.) Show P(R?) is dense in LP(u) for all 1 < p < oo. Here is a
possible outline.

Outline: Fix a A € R? and let f,,(z) = (A-z)" /n! for all n € N.

1. Use calculus to verify sup,qt*e™ ™" = (a/M)" e for all & > 0 where
(0/M)° := 1. Use this estimate along with the identity

A-af™ < AP [l = (Jaf?" e MIel) AP M

to find an estimate on || f,|[,, -
2. Use your estimate on || f, ||, to show > [ fnll, < oo and conclude

. N
ezA-(‘) _ E ann
n=0

3. Now finish by appealing to Exercise 22.11.

lim
N—oc0

=0.
P

Exercise 22.14. Again let p be a finite measure on Bre« but now assume
there exists an € > 0 such that C' := [p, efl*ldp(z) < oo. Also let ¢ > 1 and
h € L%(u) be a function such that [;, h(z)z*du(z) = 0 for all o € Nf. (As
mentioned in Exercise 22.14, P(R?) C LP(u) forall 1 < p < oo, s0 & — h(x)z®
is in L'(u).) Show h(z) = 0 for p— a.e. z using the following outline.

Outline: Fix a A € R?, let f,(x) = (A-2)" /n! for all n € N, and let
p=q/(q — 1) be the conjugate exponent to g.

1. Use calculus to verify sup;sot®e™*" = (a/e)® e for all a > 0 where
(0/¢)° := 1. Use this estimate along with the identity

A < AP [l = (Jaf? eelel) AP et
to find an estimate on || f,|[, -
2. Use your estimate on [ f,[|, to show there exists § > 0 such that

> meo llfall, < oo when [A| < d and conclude for [A] < 4§ that eNT =
LP(p)-Y"02 53" fn(z). Conclude from this that

/ h(x)e™*du(z) = 0 when |)\| < 4.
Rd

3. Let A € R? (|A| not necessarily small) and set g(t) := [p, € h(z)dp(z)
for ¢t € R. Show g € C*°(R) and

g™ (t) = / (X - )" T h(x)dp(x) for all n € N.
R4
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. Let T = sup{T > 0: g|jo,,) = 0}. By Step 2., T'> 6. If T < oo, then
0=g"(T) = /Rd (X - z)"eTA T h(x)dpu(z) for all n € N.
Use Step 3. with h replaced by T ®h(x) to conclude
o(T +1) = /R CTHONT () d(2) = 0 for all £ < 5/ ||

This violates the definition of T' and therefore T' = oo and in particular
we may take T'= 1 to learn

/ h(z)e™®du(z) = 0 for all A € R%
RA
. Use Exercise 22.11 to conclude that
[ @g(@)dntz) =0
Rd

for all g € LP(u). Now choose g judiciously to finish the proof.



