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Metric Spaces

Definition 6.1. A function d: X x X — [0,00) is called a metric if

1. (Symmetry) d(z,y) = d(y,x) for all z,y € X
2. (Non-degenerate) d(x,y) =0 if and only if t =y € X
3. (Triangle inequality) d(x, z) < d(z,y) + d(y, z) for all z,y,z € X.

As primary examples, any normed space (X, ||-||) (see Definition 5.1) is a
metric space with d(z,y) := || — y||. Thus the space ’(p) (as in Theorem
5.2) is a metric space for all p € [1,00]. Also any subset of a metric space
is a metric space. For example a surface X in R3 is a metric space with the
distance between two points on X being the usual distance in R3.

Definition 6.2. Let (X,d) be a metric space. The open ball B(x,§) C X
centered at x € X with radius § > 0 is the set

B(z,8) :={y € X : d(z,y) < d}.

We will often also write B(x,6) as B.(d). We also define the closed ball
centered at x € X with radius 6 > 0 as the set Cy(0) :={y € X : d(z,y) < 6}

Definition 6.3. A sequence {z,},., in a metric space (X,d) is said to be
convergent if there exists a point x € X such that lim,, . d(z,z,) = 0. In
this case we write lim, .o x, = of T, — T as n — oo.

Exercise 6.1. Show that x in Definition 6.3 is necessarily unique.

Definition 6.4. A set E C X is bounded if E C B(x,R) for some z € X
and R < co. A set F C X is closed iff every convergent sequence {x,}, -,
which is contained in F' has its limit back in F. A set V C X is open iff V¢
1s closed. We will write F T X to indicate the F is a closed subset of X and
V Co, X to indicate the V is an open subset of X. We also let T4 denote the
collection of open subsets of X relative to the metric d.
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Definition 6.5. A subset A C X is a neighborhood of x if there exists an
open set V. C, X such that x € V C A. We will say that A C X is an open
neighborhood of x if A is open and x € A.

Exercise 6.2. Let F be a collection of closed subsets of X, show NF :=
NperF is closed. Also show that finite unions of closed sets are closed, i.e. if
{Fi}y_, are closed sets then U}_, F}, is closed. (By taking complements, this
shows that the collection of open sets, 74, is closed under finite intersections
and arbitrary unions.)

The following “continuity” facts of the metric d will be used frequently in
the remainder of this book.

Lemma 6.6. For any non empty subset A C X, let da(x) := inf{d(z,a)|a €
A}, then
|da(z) —da(y)| < d(z,y) Vo,y € X (6.1)

and in particular if x, — x in X then da (z,) — da () as n — oo. Moreover
the set F, :={x € X|da(x) > e} is closed in X.
Proof. Let a € A and =,y € X, then
d(z,a) < d(z,y) +d(y,a).
Take the inf over a in the above equation shows that

da(z) < d(z,y) +daly) Vo,yeX.

Therefore, da(x) —da(y) < d(z,y) and by interchanging x and y we also have
that da(y) — da(z) < d(z,y) which implies Eq. (6.1). If z,, — = € X, then by
Eq. (6.1),

|[da(z) — da(zy)| < d(z,z,) = 0asn — oo
so that lim, . da (z,) = da(z). Now suppose that {z,} -, C F. and

T, — x in X, then
da(z)= lim da(z,) > ¢

since d 4 (z,,) > ¢ for all n. This shows that € F. and hence F; is closed. m
Corollary 6.7. The function d satisfies,
|d(z,y) —d(2',y")| < d(y,y') + d(z,2").

In particular d : X x X — [0,00) is “continuous” in the sense that d(x,y)
is close to d(x',y') if « is close to ' and y is close to y'. (The notion of
continuity will be developed shortly.)
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Proof. By Lemma 6.6 for single point sets and the triangle inequality for the
absolute value of real numbers,

|d($,y) - d(xlay/” < \d(x,y) - d(x7yl>| + ‘d(.’E,y/) - d(x/’y/)‘
<d(y.y') +d(z,a').

Ezample 6.8. Let x € X and § > 0, then C, (§) and B, (6)° are closed subsets
of X. For example if {y,} —, C C; (0) and y, — y € X, then d (yn,z) < 6 for
all n and using Corollary 6.7 it follows d (y,z) < §, i.e. y € C, (§). A similar
proof shows B, (§)° is open, see Exercise 6.3.

Exercise 6.3. Show that V' C X is open iff for every x € V thereisa d > 0
such that B;(d) C V. In particular show B,(J) is open for all z € X and
6 > 0. Hint: by definition V' is not open iff V¢ is not closed.

Lemma 6.9 (Approximating open sets from the inside by closed
sets). Let A be a closed subset of X and F, := {z € X|da(z) > e} C X
be as in Lemma 6.6. Then F. T A€ ase | 0.

Proof. Tt is clear that d4(x) = 0 for € A so that F, C A€ for each € > 0 and
hence UgsoF. C A°. Now suppose that x € A° C, X. By Exercise 6.3 there
exists an € > 0 such that B,(e) C A°, i.e. d(z,y) > € for all y € A. Hence
x € F. and we have shown that A° C U.>oF%. Finally it is clear that F. C F.s
whenever ¢/ <e. &

Definition 6.10. Given a set A contained a metric space X, let A C X be
the closure of A defined by

A={reX:I{z,} CA > z= lim x,}.

That 1s to say A contains all limit points of A. We say A is dense in X if
A =X, i.e. every element x € X is a limit of a sequence of elements from A.

Exercise 6.4. Given A C X, show A is a closed set and in fact

A=n{F:ACF C X with F closed}. (6.2)

That is to say A is the smallest closed set containing A.

6.1 Continuity

Suppose that (X, p) and (Y,d) are two metric spaces and f : X — Y is a
function.
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Definition 6.11. A function f : X — Y is continuous at x € X if for all
g > 0 there is a § > 0 such that

d(f(z), f(z")) < & provided that p(z,z") < 6. (6.3)
The function f is said to be continuous if f is continuous at all points x € X.

The following lemma gives two other characterizations of continuity of a
function at a point.

Lemma 6.12 (Local Continuity Lemma). Suppose that (X, p) and (Y,d)
are two metric spaces and f: X — Y is a function defined in a neighborhood
of a point x € X. Then the following are equivalent:

1. f is continuous at x € X.

2. For all neighborhoods A C'Y of f(x), f~1(A) is a neighborhood of x € X.

3. For all sequences {x,},~, C X such that © = lim,_.oo T, {f(zn)} is
convergent in 'Y and

lim f(z,)=7f ( lim xn) .
n—oo n—oo

Proof. 1 = 2. If ACY is a neighborhood of f (x), there exists € > 0 such
that By, (¢) C A and because f is continuous there exists a ¢ > 0 such that
Eq. (6.3) holds. Therefore

B, (5) C fil (Bf(a:) (5)) C fil (A)

showing f~! (A) is a neighborhood of .

2 = 3. Suppose that {z,},-, C X and = = lim, o ,. Then for
any € > 0, By (€) is a neighborhood of f(z) and so f~! (By() (¢)) is a
neighborhood of x which must containing B, (4) for some ¢ > 0. Because
x, — w, it follows that z, € B, (§) C [~ (Bj) (€)) for a.a. n and this
implies f (2,) € By(s) () for a.a. n, i.e. d(f(z), f (zn)) < € for a.a. n. Since
e > 0 is arbitrary it follows that lim, .. f (z,) = f ().

3. = 1. We will show not 1. = not 3. If f is not continuous at =z,
there exists an £ > 0 such that for all n € N there exists a point x,, € X with
p(zn, ) < L yet d(f(xn),f(x)) > e. Hence ,, — x as n — oo yet f(z,)
does not converge to f (z). =

Here is a global version of the previous lemma.

Lemma 6.13 (Global Continuity Lemma). Suppose that (X, p) and (Y, d)
are two metric spaces and f : X — Y is a function defined on all of X. Then
the following are equivalent:

1. f is continuous.
2. f7Y V) e, for allV € 74, ice. f7H(V) is open in X if V is open in'Y.
3. f71(C) is closed in X if C is closed in Y.
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4. For all convergent sequences {zn} C X, {f(xn)} is convergent in' Y and
lim f(z,)=7f ( lim xn> .

Proof. Since f~1(A¢) = [f_l (A)]C, it is easily seen that 2. and 3. are equiv-
alent. So because of Lemma 6.12 it only remains to show 1. and 2. are equiv-
alent. If f is continuous and V C Y is open, then for every z € f=1(V),
V is a neighborhood of f(x) and so f=! (V) is a neighborhood of z. Hence
f~1 (V) is a neighborhood of all of its points and from this and Exercise 6.3
it follows that f~! (V) is open. Conversely if z € X and A C Y is a neigh-
borhood of f (x), then there exists V' C, X such that f (z) € V C A. Hence
ze f71(V)c f~1(A) and by assumption f~! (V) is open showing f~!(A)
is a neighborhood of z. Therefore f is continuous at x and since z € X was
arbitrary, f is continuous. ®

Ezxample 6.14. The function d4 defined in Lemma 6.6 is continuous for each
A C X. In particular, if A = {z}, it follows that y € X — d(y, x) is continuous
for each = € X.

Exercise 6.5. Use Example 6.14 and Lemma 6.13 to recover the results of
Example 6.8.

The next result shows that there are lots of continuous functions on a
metric space (X,d).

Lemma 6.15 (Urysohn’s Lemma for Metric Spaces). Let (X,d) be a

metric space and suppose that A and B are two disjoint closed subsets of X.
Then ()
BT

)= ——"-—"—

0= Lo + ds@

defines a continuous function, f : X — [0,1], such that f(z) =1 forx € A
and f(z) =0 ifz € B.

forze X (6.4)

Proof. By Lemma 6.6, d4 and dp are continuous functions on X. Since A and
B are closed, da(z) > 0if z ¢ A and dp(z) > 0 if z ¢ B. Since AN B =0,
da(z) + dp(z) > 0 for all z and (ds +dp) " is continuous as well. The
remaining assertions about f are all easy to verify. m

Sometimes Urysohn’s lemma will be use in the following form. Suppose
F CV C X with F being closed and V' being open, then there exists f €
C(X,]0,1])) such that f =1 on F while f =0 on V¢. This of course follows
from Lemma 6.15 by taking A = F and B = V°.

6.2 Completeness in Metric Spaces

Definition 6.16 (Cauchy sequences). A sequence {z,},., in a metric
space (X,d) is Cauchy provided that
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lim d(zp,2m) =0.
m,n— 00
Exercise 6.6. Show that convergent sequences are always Cauchy sequences.
The converse is not always true. For example, let X = Q be the set of rational
numbers and d(z,y) = |z — y|. Choose a sequence {z,},., C Q which con-
verges to v/2 € R, then {z,,}°_, is (Q, d) — Cauchy but not (Q, d) — convergent.
The sequence does converge in R however.

Definition 6.17. A metric space (X, d) is complete if all Cauchy sequences
are convergent sequences.

Exercise 6.7. Let (X, d) be a complete metric space. Let A C X be a subset
of X viewed as a metric space using d|4x 4. Show that (A, d|sx ) is complete
iff A is a closed subset of X.

Ezxample 6.18. Examples 2. — 4. of complete metric spaces will be verified in
Chapter 7 below.

1. X =R and d(z,y) = |z — y|, see Theorem 3.8 above.

2. X =R" and d(z,y) = ||z —ylly, = D iy (@i — vi)*.

3. X = P(p) for p € [1,00] and any weight function p: X — (0, 00).

4. X = C([0,1],R) — the space of continuous functions from [0, 1] to R and
d(f,9) := max |f(t) = g(t)].

teo

This is a special case of Lemma 7.3 below.
5. Let X = C([0,1],R) and

1
d(f.g) == / F(8) — a(t)] dt.

You are asked in Exercise 7.14 to verify that (X, d) is a metric space which
is not complete.

Exercise 6.8 (Completions of Metric Spaces). Suppose that (X,d) is
a (not necessarily complete) metric space. Using the following outline show
there exists a complete metric space (X , J) and an isometric map i : X — X
such that ¢ (X) is dense in X, see Definition 6.10.

1. Let C denote the collection of Cauchy sequences a = {a,,},—, C X. Given
two element a,b € C show

dc (a,b) := lim d(ap,by,) exists,

dc (a,b) > 0 for all a,b € C and d satisfies the triangle inequality,
de (a,c¢) < dc (a,b) + de (b,c) for all a,b,c € C.

Thus (C,dc) would be a metric space if it were true that de¢(a,b) = 0 iff
a = b. This however is false, for example if a,, = b,, for all n > 100, then
dc(a,b) = 0 while a need not equal b.
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2. Define two elements a,b € C to be equivalent (write a ~ b) whenever
de(a,b) = 0. Show “ ~ ” is an equivalence relation on C and that
de (a/,b') =dc (a,b) if a ~a' and b ~ . (Hint: see Corollary 6.7.)

3. Given a € Clet @ := {b € C:b~ a} denote the equivalence class contain-
ing a and let X := {@:a € C} denote the collection of such equivalence
classes. Show that d (a@,b) := d¢ (a,b) is well defined on X x X and verify
()_(, d) is a metric space.

4. For x € X let i (x) = a where a is the constant sequence, a,, = x for all n.
Verify that i : X — X is an isometric map and that i (X) is dense in X.

5. Verify (X, d) is complete. Hint: if {a(m)},._, is a Cauchy sequence in X
choose b, € X such that d (i (b,,),a(m)) < 1/m. Then show a(m) — b
where b= {by,}_, .

6.3 Supplementary Remarks

6.3.1 Word of Caution

Ezample 6.19. Let (X,d) be a metric space. It is always true that B,(¢) C
C.(g) since C,(¢) is a closed set containing B, (g). However, it is not always
true that B,(e) = Cy(e). For example let X = {1,2} and d(1,2) = 1, then
Bi(1) = {1}, B1(1) = {1} while C1(1) = X. For another counter example,
take

X={(z,y) eR*>:z=00rz=1}

with the usually Euclidean metric coming from the plane. Then

Bo,0y(1) = {(0731) eR?: |y < 1},
B,0)(1) = {(0,y) € R*: [y| <1}, while

C0,0)(1) = B(o,0)(1) U {(0,1)}.

In spite of the above examples, Lemmas 6.20 and 6.21 below shows that
for certain metric spaces of interest it is true that B,(¢) = Cy(¢).

Lemma 6.20. Suppose that (X,||) is a normed vector space and d is the
metric on X defined by d(z,y) = |z —y|. Then

B.(e) = Cy(e) and
bd(B:(e)) = {y € X : d(x,y) = ¢}.
where the boundary operation, bd(+) is defined in Definition 10.30 below.

Proof. We must show that C := C,(¢) C B,(¢) =: B.Fory € C,let v =y—z,
then

vl =y — 2| =d(z,y) <e.
Let @, = 1 —1/n so that a, T 1 as n — oo. Let y, = = + a,v, then
d(z,yn) = and(z,y) < €, so that y,, € B,(e) and d(y,y,) =1 — o, — 0 as
n — oo. This shows that 1,, — y as n — oo and hence that y € B. m
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i

Fig. 6.1. An almost length minimizing curve joining = to y.

6.3.2 Riemannian Metrics

This subsection is not completely self contained and may safely be skipped.

Lemma 6.21. Suppose that X is a Riemannian (or sub-Riemannian) mani-
fold and d is the metric on X defined by

d(z,y) = inf {{(0) : 0(0) = = and o(1) = y}

where €(c) is the length of the curve o. We define {(c) = oo if o is not
piecewise smooth.
Then

B.(e) = C.(e) and
bd(B,(¢)) ={y € X : d(z,y) =€}

where the boundary operation, bd(+) is defined in Definition 10.30 below.

Proof. Let C := Cy(e) C B,(e) =: B. We will show that C' C B by showing
B¢ C C°. Suppose that y € B¢ and choose § > 0 such that B, (6) N B = (. In
particular this implies that

By(6) N By(e) = 0.

We will finish the proof by showing that d(z,y) > ¢ 4+ 6 > ¢ and hence
that y € C°. This will be accomplished by showing: if d(z,y) < € + 0 then
B,(6) 1 Ba(e) £ 0.

If d(z,y) < max(e,d) then either x € B, (d) or y € B,(e). In either case
By(0) N B,(e) # (. Hence we may assume that max(e,d) < d(z,y) < € + 0.
Let a > 0 be a number such that

max(e,d) < d(z,y) <a<e+0d

and choose a curve o from z to y such that £(0) < a. Also choose 0 < §' < ¢
such that 0 < a—0’ < & which can be done since a—3§ < €. Let k(t) = d(y, o(t))
a continuous function on [0,1] and therefore k([0,1]) C R is a connected



6.4 Exercises 57

set which contains 0 and d(z,y). Therefore there exists ¢y € [0, 1] such that
d(y,o(to)) = k(to) = ¢'. Let z = o(to) € By(J) then

A, 2) < U0l u)) = £(0) — o lon) < a — () = a— & < ¢
and therefore z € B,(¢) N B,(0) #0. m

Remark 6.22. Suppose again that X is a Riemannian (or sub-Riemannian)
manifold and

d(z,y) =inf {{(0) : 0(0) = = and o(1) = y}.
Let o be a curve from z to y and let € = (o) — d(z,y). Then for all 0 < u <

v <1,

d(o(u),0(v)) < (0][uw) + &
So if o is within € of a length minimizing curve from 2 to y that o], ] is
within & of a length minimizing curve from o(u) to o(v). In particular if
d(z,y) = (o) then d(o(u),0(v)) = £(0]jy) forall 0 <u < v <1, e if o
is a length minimizing curve from x to y that o, . is a length minimizing
curve from o(u) to o(v).

To prove these assertions notice that
d(z,y) + & = (o) = L(olj0,u)) + (0] uv]) + £(o]pw1])
2 d(.’E, O'(U)) + Z(Uhu,v]) + d(O’(’U), y)

and therefore

g(a‘[u,v]) < ( 7y) +e— d(ZE, O’(U)) - d(O’(’U), y)
< U

d
d(o(u),o(v)) + €.

X
g
6.4 Exercises

Exercise 6.9. Let (X,d) be a metric space. Suppose that {z,}52; C X is a
sequence and set &, := d(Zp, Tny1). Show that for m > n that

m—1 e’}

d($nax77z) < Z ek < Zsk-
k=n k

=n

Conclude from this that if

00 S
ng = Z d($nax7z+1) <00
k=1 n=1

then {z,}52, is Cauchy. Moreover, show that if {z,}32, is a convergent
sequence and x = lim,, ., x, then

d(z,x,) < Z Ek-
k=n
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Exercise 6.10. Show that (X, d) is a complete metric space iff every sequence
{z,}22, C X such that Y 7, d(@p,zn11) < 00 is a convergent sequence in
X. You may find it useful to prove the following statements in the course of
the proof.

L. If {z,,} is Cauchy sequence, then there is a subsequence y; := x,, such
that -7, d(y;+1,y;) < oc.

2. If {z,};2, is Cauchy and there exists a subsequence y; := x,,; of {z,}
such that = lim; ., y; exists, then lim, . x, also exists and is equal
to x.

Exercise 6.11. Suppose that f : [0,00) — [0,00) is a C? — function such
that f(0) =0, f/ > 0 and f” < 0 and (X, p) is a metric space. Show that
d(z,y) = f(p(z,y)) is a metric on X. In particular show that

 plz,y)
oY) = T ey

is a metric on X. (Hint: use calculus to verify that f(a +0b) < f(a) + f(b) for
all a,b € [0,00).)

Exercise 6.12. Let {(X,,d,)},-, be a sequence of metric spaces, X :=
[1,2, X,, and for z = (z(n)),—, and y = (y(n)),—, in X let

& dua(n).y(n)
A9) = 22" g ), g )

Show:

1. (X, d) is a metric space,

2. a sequence {xy},-, C X converges to z € X iff x;(n) — z(n) € X,, as
k — oo for each n € N and

3. X is complete if X,, is complete for all n.

Exercise 6.13. Suppose (X, p) and (Y, d) are metric spaces and A is a dense
subset of X.

1. Show that if F': X — Y and G : X — Y are two continuous functions
such that ' = G on A then I’ = G on X. Hint: consider the set C :=
{zxeX :F(x)=G(x)}.

2. Suppose f : A — Y is a function which is uniformly continuous, i.e. for
every € > () there exists a § > 0 such that

d(f(a),f(b)) <eforall a,be A with p(a,b) <.

Show there is a unique continuous function F' : X — Y such that ' = f on
A. Hint: each point « € X is a limit of a sequence consisting of elements
from A.

3.Let X =R =Y and A = Q C X, find a function f : Q — R which is
continuous on Q but does not extend to a continuous function on R.
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Banach Spaces

Let (X, ||]]) be a normed vector space and d (z,y) := ||z — y|| be the asso-
ciated metric on X. We say {z,} -, C X converges to z € X (and write
lim,, 00 &, = 2 OF T, — ) if

0= lim d(z,z,) = lim ||z — x| .
n—oo n—oo

Similarly {z,},-, C X is said to be a Cauchy sequence if

0= lim d(zm,zn)= |Tm — zn]| -

lim
m,n— o0 m,n— oo

Definition 7.1 (Banach space). A normed vector space (X, ||||) is a Ba-
nach space if the associated metric space (X,d) is complete, i.e. all Cauchy
sequences are convergent.

Remark 7.2. Since ||z|| = d(z,0), it follows from Lemma 6.6 that ||-|| is a
continuous function on X and that

izl = llylll < [l =yl for all z,y € X.

It is also easily seen that the vector addition and scalar multiplication are
continuos on any normed space as the reader is asked to verify in Exercise
7.7. These facts will often be used in the sequel without further mention.

7.1 Examples

Lemma 7.3. Suppose that X is a set then the bounded functions, £°(X), on
X is a Banach space with the norm

[FIF=1flloe = sup [f(2)].
reX

Moreover if X is a metric space (more generally a topological space, see Chap-
ter 10) the set BC(X) C ¢°(X) = B(X) is closed subspace of {>°(X) and
hence is also a Banach space.
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Proof. Let {f,},~, C £>°(X) be a Cauchy sequence. Since for any = € X, we
have

(@) = fn ()] < fn = Finll oo (7.1)

which shows that {f,(x)},—,; C F is a Cauchy sequence of numbers. Because F
(F =R or C) is complete, f(x) := lim,_ fn(x) exists for all z € X. Passing
to the limit n — oo in Eq. (7.1) implies

[f (@) = fm(2)] <Tim inf |[fn = finlloo
n—oo
and taking the supremum over & € X of this inequality implies
||f — fm”oo < lim inf an — meOO —0asm — oo
n—oo

showing f,, — f in £°(X).

For the second assertion, suppose that {f,},~, C BC(X) C £*(X) and
fn — [ € £°(X). We must show that f € BC(X), i.e. that f is continuous.
To this end let x,y € X, then

[f(@) = F)l < [f(@) = fu(@)| + [fu(2) = fu()] + [fn(y) = F(y)]
<2 = fallso + [fn(2) = fa(y)]-

Thus if ¢ > 0, we may choose n large so that 2| f — f,|., < /2 and
then for this n there exists an open neighborhood V, of z € X such that
|fr(z) — fuly)| < e/2 for y € V,.. Thus |f(z) — f(y)| < € for y € V, showing
the limiting function f is continuous. m

Here is an application of this theorem.

Theorem 7.4 (Metric Space Tietze Extension Theorem). Let (X,d)
be a metric space, D be a closed subset of X, —00o < a < b < o0 and f €
C(D,a,b]). (Here we are viewing D as a metric space with metric dp =
dpxp.) Then there exists F € C(X,[a,b]) such that F|p = f.

Proof. 1. By scaling and translation (i.e. by replacing f by (b — a)fl (f—a)),
it suffices to prove Theorem 7.4 with a =0 and b = 1.
2. Suppose a € (0,1] and f : D — [0,a] is continuous function. Let A :=
([0, 3a]) and B := f~!([3c, o). By Lemma 6.15 there exists a function
g € C(X,[0,a/3]) such that g =0 on A and § = 1 on B. Letting g := 5g,
we have g € C(X,[0,«/3]) such that ¢ = 0 on A and ¢ = «/3 on B.
Further notice that

2
0< f(z) —g(z) < 3 for all x € D.
3. Now suppose f : D — [0,1] is a continuous function as in step 1. Let

g1 € C(X,[0,1/3]) be as in step 2, see Figure 7.1. with a = 1 and let
fi=f—gilp € C(D,[0,2/3]). Apply step 2. with & = 2/3 and f = f; to
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find g2 € C(Xv [07 %%D such that f2 = f - (gl +g2) |D € C(Da [07 (%)2])
Continue this way inductively to find g, € C(X, |0, % (%)nfl]) such that

N N
F =S gulp = fx € C(D, 0, <§> . (7.2)

4. Define F':= "> | g,. Since

s 1 /2\"t 11
n < S \35 =3 :17
Slal<35(35) =370

n=1

the series defining F' is uniformly convergent so F' € C(X, [0, 1]). Passing
to the limit in Eq. (7.2) shows f = F|p.

Fig. 7.1. Reducing f by subtracting off a globally defined function g1 €
C (X,[0,3]).

Theorem 7.5 (Completeness of /7 (u1)). Let X be a set and p: X — (0, 00)
be a given function. Then for any p € [1,00], (¢*(p), ||-|l,,) is a Banach space.

Proof. We have already proved this for p = 0o in Lemma 7.3 so we now assume
that p € [1,00). Let {f,},—, C (1) be a Cauchy sequence. Since for any
r e X,

1
[fn(z) = fm(z)] < e [fn = fimll, = 0 as m,n — oo
it follows that {f,(z)},—; is a Cauchy sequence of numbers and f(z) :=

lim,, o fn(x) exists for all x € X. By Fatou’s Lemma,
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1o = fIE = p- lim inf[fy = ful? < lim inf) g |fo— finl?
X X
= lim inf | f, — fm|lh — 0 as n — oo.
m—0o0
This then shows that f = (f — fn) + fn € (1) (being the sum of two ¢F —
functions) and that f, “, f-om

Remark 7.6. Let X be a set, Y be a Banach space and £*°(X,Y") denote the
bounded functions f: X — Y equipped with the norm

Il = 11flloe = sup [1f (@)l -
zeX

If X is a metric space (or a general topological space, see Chapter 10), let
BC(X,Y) denote those f € ¢>°(X,Y) which are continuous. The same proof
used in Lemma, 7.3 shows that £*°(X,Y") is a Banach space and that BC(X,Y)
is a closed subspace of £°°(X,Y"). Similarly, if 1 < p < oo we may define

1/p
PXY)=f: X =Y |fll,= (Z |f(fﬂ)||§7/> <o

zeX

The same proof as in Theorem 7.5 would then show that (Kp (X,Y), HHp) is

a Banach space.

7.2 Bounded Linear Operators Basics

Definition 7.7. Let X and Y be normed spaces and T : X — Y be a linear
map. Then T is said to be bounded provided there exists C' < oo such that
IT(z)|| < Cllz||x for all z € X. We denote the best constant by ||T||, i.e.

T ()|
T = sup ———= =sup {||T(x)|| : |=| = 1}.
z#0 ||z o#0

The number ||T|| is called the operator norm of T.

Proposition 7.8. Suppose that X and Y are normed spaces and T : X —Y
s a linear map. The the following are equivalent:

(a)T is continuous.
(b) T is continuous at 0.
(c)T is bounded.

Proof. (a) = (b) trivial. (b) = (c) If T' continuous at 0 then there exist § > 0
such that ||T(x)|| < 1if ||z|| < §. Therefore for any = € X, ||T (dz/]|z|]) || <1
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which implies that || T(z)|| < %/|z| and hence |T|| < 4 < cc. (c) = (a) Let
2 € X and € > 0 be given. Then

[Ty —Tx| =Ty -l < T lly —zll <e

provided ||y — z|| < &/||T|| :=0. m

For the next three exercises, let X = R"and Y =R™ and T : X — Y
be a linear transformation so that 7" is given by matrix multiplication by an
m X n matrix. Let us identify the linear transformation 7" with this matrix.

Exercise 7.1. Assume the norms on X and Y are the ¢! — norms, i.e. for
x € R™, |lz| = X7_, |z;] . Then the operator norm of T' is given by

m

7] = max > 171
=1

Exercise 7.2. Suppose that norms on X and Y are the £*° — norms, i.e. for

z € R", ||z|| = maxi<j<y, |z;|. Then the operator norm of T is given by

n

1Tl = max > |Ti1.
j=1
Exercise 7.3. Assume the norms on X and Y are the ¢ — norms, i.e. for
z e R, |z| = > iy 3. Show |T||? is the largest cigenvalue of the matrix
TtT : R® — R™. Hint: Use the spectral theorem for orthogonal matrices.

Notation 7.9 Let L(X,Y) denote the bounded linear operators from X to'Y
and L(X) = L(X,X). If Y = F we write X* for L(X,F) and call X* the
(continuous) dual space to X.

Lemma 7.10. Let X, Y be normed spaces, then the operator norm ||-| on
L(X,Y) is a norm. Moreover if Z is another normed space and T : X —Y
and S :Y — Z are linear maps, then ||ST|| < ||S|||T||, where ST := SoT.

Proof. As usual, the main point in checking the operator norm is a norm
is to verify the triangle inequality, the other axioms being easy to check. If
A,B € L(X,Y) then the triangle inequality is verified as follows:

| Az + B _ | As] + Bz

|A+ B| = sup <
z#£0 [l z#£0 [l
|| Az | B ||
< + su = |A| +||B| -
0 ||l 240 [Eal

For the second assertion, we have for x € X, that

[STz|| < IS Tz < STl
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From this inequality and the definition of [|ST||, it follows that || ST <
ST -

The reader is asked to prove the following continuity lemma in Exercise
7.12.

Lemma 7.11. Let X, Y and Z be normed spaces. Then the maps
(S,2) e L(X,)Y)x X — Sz eY

and
(S,7)e L(X,Y)x L(Y,Z) — ST € L(X, Z)

are continuous relative to the norms
1S 2) L vyxx = ISl px vy + 12l and
16, Dl Lxvyxeev,z) = ISix,yy + 1Tl v,z
on L(X,Y) x X and L(X,Y) x L(Y, Z) respectively.

Proposition 7.12. Suppose that X is a normed vector space and Y is a Ba-
nach space. Then (L(X,Y),|| - |lop) is @ Banach space. In particular the dual
space X* 1s always a Banach space.

Proof. Let {T,,},° , be a Cauchy sequence in L(X,Y"). Then for each z € X,
IThx — Tzl < ||Th — Tl ||z]] — 0 as myn — oo

showing {T,,x} -, is Cauchy in Y. Using the completeness of Y, there exists
an element Tz € Y such that

nlinéo | Tz — Tx|| = 0.

The map T : X — Y is linear map, since for z,z’ € X and A € F we have
T(x+ ') = nlingo T, (z+ ') = nlingo [Tz + \T,2'] = Tw + AT/,
wherein we have used the continuity of the vector space operations in the last

equality. Moreover,
[Tz — Thxl| < [Tz — Tzl + [ Tme — Tozl| < || Tz — Tz + [T — Tol| [|]]
and therefore
|72~ Toal| <lim_inf (|Tz — Tzl + [T — Talll2])
= ol i inf |70 — T,

Hence
IT —T,|| <lim inf ||T5, —T,| — 0 as n — oco.

Thus we have shown that T,, — T in L(X,Y") as desired. ®
The following characterization of a Banach space will sometimes be useful
in the sequel.
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Theorem 7.13. A normed space (X, | - ||) is a Banach space iff for every

00 N
sequence {xy, }oo | such that Y |lz,|| < co implies imy_oo > @p = § exists
n=1 n=1

in X (that is to say every absolutely convergent series is a convergent series

in X.) As usual we will denote s by > x,.

n=1
Proof. This is very similar to Exercise 6.10.
00 N
(=)If X is complete and > ||,| < oo then sequence sy := > x, for
n— n=1
N € N is Cauchy because (for N > M)

N
sy — sarl| < Z |zn]| — 0 as M, N — oo.
n=M+1

00 N
Therefore s = > x, :=limy_00 Y Ty exists in X.
n=1 n=1

(<=) Suppose that {z,} - is a Cauchy sequence and let {yx =y, }7°,

o0
be a subsequence of {z,,},~ | such that > ||ynt1 — yn|l < co. By assumption
n=1

N 00
YN+1 — Y1 = Z(yn-‘rl —Yn) 8= Z(yn-i-l —yn) € X as N — oo
n=1 n=1

This shows that limpy o, yn exists and is equal to = := y; + s. Since {:rn}io:l
is Cauchy,

|2 = 2ol <z —yill + llyx — @nll — 0 as k,n — oo
showing that lim,, ., x, exists and is equal to x. m

Ezxample 7.14. Here is another proof of Theorem 7.12 which makes use of
Proposition 7.12. Suppose that T;, € L(X,Y’) is a sequence of operators such

that " ||7,|| < oo. Then

n=1
[e'S) [e'S)
S Tzl < D ITll 2l < oo
n=1 n=1

o0
and therefore by the completeness of Y, Sz := > T,z = limy_ o, Sy exists
n=1

N
in Y, where Sy := >_ T,,. The reader should check that S : X — Y so defined
n=1

is linear. Since,
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N s}
= i < i <
Il = Jim 1Syl < Jim 32 [Tl < 3 Tl o]
S is bounded and -
IS <> Tl (7.3)
n=1

Similarly,

|Sz — Sy = A}im ISnz — Sarz||

N o)
< Jim STzl = > 1Tl 2|
n=M+1 n=M+1
and therefore,
IS = Sall < > [ Tull = 0 as M — oo.
n=M

7.3 General Sums in Banach Spaces

Definition 7.15. Suppose X is a normed space.

1. Suppose that {x,,},_, is a sequence in X, then we say > -, T, converges
in X and Y ;" xy = if

2. Suppose that {x, : « € A} is a given collection of vectors in X. We say
the sum ) . 4 To converges in X and write s =), To € X if for all
e > 0 there exists a finite set I. C A such that Hs — Y aca xaH < € for
any A CC A such that I'. C A.

Warning: As usual if ) 4 [lza|| < oo then ) .42, exists in X, see
Exercise 7.16. However, unlike the case of real valued sums the existence of
Y aca Ta does not imply D . 4 [[za| < oo. See Proposition 29.19 below, from
which one may manufacture counter-examples to this false premise.

Lemma 7.16. Suppose that {z, € X : a € A} is a given collection of vectors
in a normed space, X.

LIfs=73%  cata € X exists and T : X — Y is a bounded linear map

between normed spaces, then ) . o Txq evists in' Y and

Ts:TZxa:ZTxa.

acA acA
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2.If s = ) caTa evists in X then for every e > 0 there exists [. CC A
such that ||} cx@al| <& forall ACC A\ I

3. If s =3 caTa evists in X, the set I' := {a € A:x, # 0} is at most
countable. Moreover if I is infinite and {cy, }, | is an enumeration of I,
then

00 N
s= Z Ty, 1= J\}im Zman. (7.4)
n=1 - n=1

4. If we further assume that X is a Banach space and suppose for all € > 0
there exists I, CC A such that HZaeA xaH < € whenever A CC A\ I,
then Y ca Ta evists in X.

Proof.
1. Let I be as in Definition 7.15 and A CC A such that I, C A. Then

TszT:Ea S*Zl’a

acA acA

< |7 <|ITe

which shows that }°  _, Tz, exists and is equal to T's.
2. Suppose that s = ), 2, exists and ¢ > 0. Let I CC A be as in
Definition 7.15. Then for A CC A\ I,

DN I S

a€eN acl UA a€cl:
< E To — S|| + E To — S|| < 2¢.
acel-UA a€cl,

3. If s = ) ca®a exists in X, for each n € N there exists a finite subset
I, C A such that ||ZO¢€/1 xaH < % for all A cC A\ I,,. Without loss of
generality we may assume z, # 0 for all a € I},. Let I := U2 I}, — a

countable subset of A. Then for any 8 ¢ I, we have {3} NI, =0 and

therefore
lzgll = || Y 2a| <
ae{B}
Let {a, },, be an enumeration of I" and define vy := {a, : 1 <n < N}.

Since for any M € N, vy will eventually contain Iy, for N sufficiently
large, we have

— 0 asn — oo.

S|

N
1
lim]\?i[; S—Z:Ean §M—>OaSM—>oo.
n=1

Therefore Eq. (7.4) holds.
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4. For n € N, let I, CC A such that HZaeA xaH < % for all A CcC A\ I},.

Define v, :=Up_; I} C A and s, := Zae% ZTo. Then for m > n,

[[S$m — sl = Z Zol| <1/n— 0as m,n — oo.
a€Ym\Tn

Therefore {s,, } -, is Cauchy and hence convergent in X, because X is a
Banach space. Let s := lim,,_,o $,. Then for A CC A such that v, C 4,
we have

s—gxa

ac/

1
<ls=sall+| > a < lls = sall +—.
a€A\ v,

Since the right side of this equation goes to zero as n — oo, it follows that
Y acA Ta exists and is equal to s.

Exercise 7.4. Prove Theorem 8.4. BRUCE: Delete

7.4 Inverting Elements in L(X)

Definition 7.17. A linear map T : X — Y is an isometry if | Tz|y = ||z|x
for allz € X. T is said to be invertible if T is a bijection and T~ is bounded.

Notation 7.18 We will write GL(X,Y) for those T € L(X,Y) which are
invertible. If X =Y we simply write L(X) and GL(X) for L(X,X) and
GL(X, X) respectively.
Proposition 7.19. Suppose X is a Banach space and A € L(X) := L(X, X)
satisfies Y, ||A™|| < co. Then I — A is invertible and

n=0

1 oo o0
(I-A)" = = S oA and ||(1— )71 <47
n=0 n=0

In particular if ||A]| < 1 then the above formula holds and

1
(I =) < -
=270 =
Proof. Since L(X) is a Banach space and ) ||A"]| < oo, it follows from
n=0
Theorem 7.13 that
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N
S := lim Sy := Nlim ZA"

N—o00
exists in L(X). Moreover, by Lemma 7.11,

(I—4)S=(I-4) lim Sy= lim (I-4)Sy

= lim (I —A) A”: lim (I — ANt =171

N~>oo N~>oo

and similarly S (I — A) = I. This shows that (I — A)~! exists and is equal to
S. Moreover, (I — A)~! is bounded because

I =7 =1Isl < 1A"].
n=0
If we further assume ||A]| < 1, then |[|A"| < ||A]|" and

Z 4 < Z 41" = = <

Corollary 7.20. Let X and Y be Banach spaces. Then GL(X,Y) is an open
(possibly empty) subset of L(X,Y). More specifically, if A € GL(X,Y) and
B e L(X,Y) satisfies

IB—All < [[A~H7! (7.5)
then B € GL(X,Y)
B =Y [Ix - AT'B]" A7 € L(Y, X), (7.6)
n=0
1B < At ——— (7.7)
L= A= [|A = B
e J4~1 2 1A~ B|
B l'-Al< — . 7.8
| | = T (78)
In particular the map
AeGL(X,Y)— A~ e GL(Y, X) (7.9)

18 continuous.
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Proof. Let A and B be as above, then
B=A-(A-B)=A[lx — A" (A-DB))] = A(Ix — 4)
where A : X — X is given by
A=A A-B)=1Ix - A'B.
Now
4] = [[A"H A= B)[| < A A= Bl < [AH]ATY7F = 1.

Therefore I — A is invertible and hence so is B (being the product of invertible
elements) with

1

B l'=(Ix-A)"T"A""=[Ix-A(A4-B))] 4"
Taking norms of the previous equation gives
1
B < ||(Ix — )7 jATH < 1A |———
1B < I Tx = 7 1A < 1AM =

S |
= T [ATA-B]

which is the bound in Eq. (7.7). The bound in Eq. (7.8) holds because

3t = a7 = 37 (- 2 A7 < [ 4~ 4 - B
JA 2 A- B
L= [[A=H 1A= B

IN

|
For an application of these results to linear ordinary differential equations,
see Section 8.3.

7.5 Hahn Banach Theorem

Our next goal is to show that continuous dual X* of a Banach space X is
always large. This will be the content of the Hahn — Banach Theorem 7.24
below.

Proposition 7.21. Let X be a complex vector space over C and let Xg denote
X thought of as a real vector space. If f € X* and u= Ref € Xy then

f(z) = u(x) —du(iz). (7.10)
Conversely if u € X% and f is defined by Eq. (7.10), then f € X* and
lullx; = [ fllx+. More generally if p is a semi-norm on X, then

Ifl <piff u<p.
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Proof. Let v(z) =Im f(z), then

v(iz) =Im f(iz) =Im(if(z)) = Ref(x) = u(z).

Therefore

f(z) = u(x) +iv(x) = u(z) + iu(—iz) = u(x) — iu(iz).

Conversely for u € Xj let f(z) = u(x) —iu(iz). Then

f((a+ib)z) = ulax + ibx) — iu(iax — bx)
= au(x) + bu(iz) — i(au(iz) — bu(x))

while

(a+1b)f(x) = au(z) + bu(iz) + i(bu(z) — au(iz)).

So f is complex linear.

Because |u(z)| = [Ref(x)] < |f(x)], it follows that ||u|| < [|f||. For z € X

choose \ € S C C such that |f(z)| = Af(z) so

|f(@)] = f(Az) = u(Az) < lull [Az]| = [[ull]|z]].

Since z € X is arbitrary, this shows that || f|| < [Jul| so ||f]| = |Ju]|.!

For the last assertion, it is clear that | f| < p implies that u < |u| < |f| < p.

Conversely if u < p and z € X, choose A € S C C such that |f(z)] = A\ f(z).
Then

[f(@)] = Af(2) = f(Az) = u(Az) < p(A\z) = p(z)

holdsforallz € X. m

Definition 7.22 (Minkowski functional). A function p : X — R is a
Minkowski functional if

1

Proof. To understand better why ||f|| = ||u||, notice that

I£1I* = sup |f(x)]* = Sup (Ju(@)[* + [u(iz)[).

Iz =1 |2fl=1

Supppose that M = sup |u(x)| and this supremum is attained at zo € X with
[l=l|=1

|lzo|| = 1. Replacing xo by —zo if necessary, we may assume that wu(zo) = M.

Since u has a maximum at xo,

xo + ttxo
u| —
0 lzo + itzol|

{llletl (u(wo) +tu(ix0))} — u(izo)

4
dt
d
dt |,

0=

since 40|14 it| = & |ov/1 + ¢2 = 0.This explains why || f|| = |lul|. =
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1. p(x +y) < p(x) + p(y) for all z,y € X and
2. p(ex) = ep(x) for allc >0 and x € X.

Ezxample 7.23. Suppose that X = R and
plx) =inf{A >0:z € \[-1,2] = [-\,2)]}.

Notice that if > 0, then p(z) = /2 and if < 0 then p(z) = —xz, i.e.

_Jz/2if x>0
p(m)—{ |z| if z <O.

From this formula it is clear that p(cz) = ¢p(z) for all ¢ > 0 but not for ¢ < 0.
Moreover, p satisfies the triangle inequality, indeed if p(x) = A and p(y) = p,
then z € A[-1,2] and y € u[—1,2] so that

z+yeA-1,2]4+p[-1,2] C (A +p) [-1,2]

which shows that p(z+y) < A4p = p(z)+p(y). To check the last set inclusion
let a,b € [—1, 2], then

/\a—l-,ub:()\—l—,u)( a+Lb>e(>\+u)[—1,2]

A+ p At p
since [—1, 2] is a convex set and ﬁ + /\—J’iu =1.

BRUCE: Add in the relationship to convex sets and separation theorems,
see Reed and Simon Vol. 1. for example.

Theorem 7.24 (Hahn-Banach). Let X be a real vector space, M C X be a
subspace f : M — R be a linear functional such that f < p on M. Then there
exists a linear functional F: X — R such that F|p; = f and F < p.

Proof. Step (1) We show for all z € X \ M there exists and extension F' to
M @ Rz with the desired properties. If F' exists and @ = F(z), then for all
y € M and A € R we must have f(y) + \a = F(y + A\z) < p(y + \z) ie.
Aa < p(y+ Az) — f(y). Equivalently put we must find « € R such that

a<p(y+)\x)—f(y) forally e M and A >0

- A
o> pz = p2) = f(2) for all z € M and p > 0.
I
So if a € R is going to exist, we have to prove, for all y,z € M and A\, pu >
0 that
f(z) =p(z = pzx) _ ply + ) = f(y)
I - A

or equivalently
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FOz+ py) < pp(y + Az) + Ap(z — pa) (7.11)
= p(uy + pAz) + p(Az — Apz).

But by assumption and the triangle inequality for p,

fz 4+ py) < p(Az + py) = p(Az + pAz + Az — Auz)
<p(Az + pAiz) + p(Az — Auz)

which shows that Eq. (7.11) is true and by working backwards, there exist an
a € R such that f(y) + Aa < p(y + Ax). Therefore F(y + \x) := f(y) + A is
the desired extension.

Step (2) Let us now write F' : X — R to mean F is defined on a linear
subspace D(F') C X and F : D(F) — R is linear. For F,G : X — R we will
say F' < G if D(F') € D(G) and F = G|p(p), that is G is an extension of F.
Let

F={F:X—>R:f<Fand F<pon D(F)}.

Then (F, <) is a partially ordered set. If & C F is a chain (i.e. a linearly
ordered subset of F) then @ has an upper bound G € F defined by D(G) =
U D(F) and G(z) = F(z) for € D(F). Then it is easily checked that
FEd
D(QG) is a linear subspace, G € F, and F < G for all F € &. We may now
apply Zorn’s Lemma? (see Theorem B.7) to conclude there exists a maximal
element F' € F. Necessarily, D(F') = X for otherwise we could extend F' by
step (1), violating the maximality of F. Thus F is the desired extension of f.
]

Corollary 7.25. Suppose that X is a complex vector space, p : X — [0,00) is
a semi-norm, M C X is a linear subspace, and f : M — C is linear functional
such that |f(z)| < p(x) for all x € M. Then there exists F € X' (X' is the
algebraic dual of X) such that F|p = f and |F| < p.

Proof. Let u = Ref then u < p on M and hence by Theorem 7.24, there exists
U € X} such that Uly =u and U < p on M. Define F(z) = U(z) — iU (iz)
then as in Proposition 7.21, F = f on M and |F| <p. =

Theorem 7.26. Let X be a normed space M C X be a closed subspace and
x € X\ M. Then there exists f € X* such that ||f|| =1, f(x) =9 = d(x, M)
and f =0 on M.

2 The use of Zorn’s lemma in this step may be avoided in the case that p (z) is a
norm and X may be written as M @ span(8) where 3 := {z,},. | is a countable
subset of X. In this case, by step (1) and induction, f : M — R may be extended to
a linear functional F': M @span() — R with F'(z) < p(x) for x € M &span(p).
This function F' then extends by continuity to X and gives the desired extension

of f.
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Proof. Defineh : M @& Cx — Cby h(m + Az) = AJ for all m € M and X € C.
Then
|A| & ) )

Al == sup sup

—_— = - - —=1
meM and A#£0 ||m+ /\xH meM and A#£0 ||-7j + m/AH ]

and by the Hahn — Banach theorem there exists f € X* such that f|yece = h
and || f]] < 1. Since 1 = ||h]| < ||f|| < 1, it follows that ||f]| =1. =

Corollary 7.27. The linear map x € X — & € X** where &(f) = f(z) for
all x € X is an isometry.

Proof. Since |Z(f)| = |f(z)| < || fllx- |z|lx for all f € X*, it follows that
||| xox < ||zl x - Now applying Theorem 7.26 with M = {0}, there exists
f € X* such that ||f|| = 1 and |Z(f)] = f(x) = ||z||, which shows that
||| x«x = ||lz||x - This shows that + € X — & € X** is an isometry. Since
isometries are necessarily injective, we are done. m

Definition 7.28. A Banach space X is reflexive if the map x € X — & € X**
is surjective. (BRUCE: this is defined again in Definition 33.44 below.)

Exercise 7.5. Show all finite dimensional Banach spaces are reflexive.
Definition 7.29. For M C X and N C X* let

M°:={feX*: fl; =0} and
Nt :={zxecX: f(x)=0 foral f € N}.

Lemma 7.30. Let M C X and N C X*, then

1. M° and Nt are always closed subspace of X* and X respectively.
2. (M°)" = b1

Proof. The first item is an easy consequence of the assumed continuity off all
linear functionals involved. N
If z € M, then f(z) =0 for all f € M so that € (M°)™ . Therefore

M C (MO)J'. If # ¢ M, then there exists f € X* such that f|p; = 0 while
f(x) #0,ie f € M°yet f(z) # 0. This shows z ¢ (MO)J' and we have
shown (MO)J' CM. m

— N\ O
Proposition 7.31. Suppose X is a Banach space, then X*** = (X*) @ (X)
where 0
(X):{AEXW:MﬂzoﬁTMxGX}

In particular X is reflexive iff X* is reflexive.
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Proof. Let ¢ € X*** and define f, € X* by fy(z) :=¢(z) for all z € X and
set ' == — fy. For x € X (so & € X**) we have

V(&) = 0() ~ fu(@) = fule) = 2(f) = fu(z) = fu(z) =0.

This shows ' € X9 and we have shown X*** = X+ + X0, If (NS X* N XO,
then ¢ = f for some f € X* and 0 = f(&) = 2(f) = f(z) for all z € X, i.e.
f =0s0 1 =0. Therefore X*** = X* @ X0 as claimed.

If X is reflexive, then X = X** and so X° = {0} showing (X*)** =

—

X** = (X*), i.e. X* is reflexive. Conversely if X* is reflexive we conclude
0

that (X ) = {0} and therefore
ok 1 0 + %
X* = {0} :(X) = X,
which shows X is reflexive. Here we have used
A\ - —- N
(x0) =x=x

since X is a closed subspace of X**. m

For the remainder of this section let X be an infinite set, pu : X — (0, 00)
be a given function and p, ¢ € [1, c0] such that ¢ = p/ (p — 1). it will also be
convenient to define 6, : X — R for x € X by

_J1lify==
5I(y)_{()ify7éx.

Notation 7.32 Let co (X) denote those functions f € £>° (X) which “vanish
at 00,” i.e. for every € > 0 there exists a finite subset A. C X such that
|f (z)| < e whenever x ¢ A.. Also let ¢y (X) denote those functions f : X — F
with finite support, i.e.

e (X):={f et X):#({zxecX:[f(z)#0}) <oo}.

Exercise 7.6. Show c¢;(X) is a dense subspace of the Banach spaces
(E” (n), ||||p> for 1 < p < oo, while the closure of c¢f (X) inside the Ba-

nach space, (£>° (X),||-||.) is co (X). Note from this it follows that ¢o (X) is
a closed subspace of £ (X).

Theorem 7.33. Let X be an infinite set, pn : X — (0,00) be a function,
p € [l,00], g:=p/ (p—1) be the conjugate exponent and for f € €% (u) define
¢p P (n) — F by
ér(9) =Y f(@)g(z)p(x).
zeX
Then
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1. ¢¢ (g) is well defined and ¢ € P (p)" .
2. The map
feti(n)op e (u)* (7.12)
is a isometric linear map of Banach spaces.
3. If p € [1,00), then the map in Eq. (7.12) is also surjective and hence,
P ()™ is isometrically isomorphic to ¢4 (p). When p = oo, the map
fett(u) —orec
is an isometric and surjective, i.e. {* (u) is isometrically isomorphic to
cp-
4. 0P (1) is reflexive for p € (1,00).
5. The map ¢ : €+ (1) — £°° (X)™ is not surjective.
6. 01 () and £ (X) are not reflexive.
Proof.
1. By Holder’s inequality,
S @ g @) w (@) < £, lgl,
reX
which shows that ¢ is well defined. The ¢y : /7 (1) — F is linear by the
linearity of sums and since
67 (@) = |>_ f(2)g(x < I @]y @) @) < £, lgll,
zeX zeX
we learn that
165l < 1£1l,- (7.13)
Therefore ¢f € P (u)" .
2. The map ¢ in Eq. (7.12) is linear in f by the linearity properties of infinite

sums.

For p € (1,00), define g () = sgn(f (2)) |f (z)|*"" where

ﬁ lf z 7é0
sgn(z) := 0 if z=0.

Then

g2 = 3" 1 @)@ @) = 31 @) T )

rzeX zeX

=> If(x = || 118

reX

and
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=Y f@)ysen(f @) f @) p@) =D 1f @ @) pe)

rzeX rzeX

l 1 q
= A1) = 11, 1£1F = 151, lgll, -
Hence [¢fllp(- = IIfll, which combined with Eq. (7.13) shows
H(beep(u)* = Hf”q

For p = oo, let g (x) = sgn(f (x)), then [|g||,, =1 and
|65 (9)] = Y f (x)sen(f (2))p (x)
zeX
=) If= = 1711 llgll oo
zeX

which shows Hﬁf)ngoo(u)* > || fll¢1 () - Combining this with Eq. (7.13) shows
651l goo iy~ = 1111 )

For p =1,
97 ()] = p () [f (@) = [f (@) |64

and therefore [[@7||,1(,)- = |f ()] for all z € X. Hence [[¢yl 1,0+ = 1 flloo
which combined with Eq. (7.13) shows [@¢llg1 )+ = 1l

. Suppose that p € [1,00) and A € ¢ (u)* or p = oo and X € . We wish
to find f € £9(u) such that A = ¢y. If such an f exists, then A (d,) =
f(z)p(x) and so we must define f (z) := A () /i (z). As a preliminary
estimate,

) = A0 [ Mller (= 102 1m0
TO=Sw = W
Al e v 1
- %ﬁb O Ml o

When p =1 and ¢ = oo, this implies || f[|, < [[Allp )~ < oo Ifp € (1, 00]
and A CC X, then

£ Wfa a0y = D 1f () = f(@)sen(f @) |f @) p(x)

€A zeA
= A(ax)n—x )|
—;M(x)sg (f @) If @) p(2)
= > A (&) sen(f (@) |f ()"

€A
_)\<Zbgn ()| 15)

€A
<N Mlew - || D sen(f @) 1f (@) 6
zeA

p
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Since
1/p
> sen(f (@) |f (2)]* 8, =<§]f ) <0
zeA p xeA

1/p
- (Zyerse) i,

zeA

which is also valid for p = oo provided || f Hzl/ Fj . := 1. Combining the last

two displayed equations shows

/
11 cny < Il 1147,

and solving this inequality for ||f ||3q( Ap) (using ¢ — g¢/p = 1) implies
[F1leaca,uy < IIAllgo(u)- Taking the supremum of this inequality on 4 cC X
shows | fllpagy < I Mllgp - -6 f € €4 (p) . Since A = ¢ agree on ¢y (X)
and ¢y (X) is a dense subspace of ¢ (u) for p < co and ¢y (X) is dense
subspace of ¢y when p = oo, it follows that A = ¢¢.

4. This basically follows from two applications of item 3. More precisely if
A€ P (u)*, let X € £9(u)" be defined by A(g) = A (¢,) for g € €9 (u).
Then by item 3., there exists f € P (1) such that, for all g € £7 (),

A(dg) = A(g) = d7 (9) = b (f) = f (¢) -

Since (2 (11)* = {¢g : g € £9(u)}, this implies that A = f and so £7 (1) is
reflexive.

5. Let 1€ £°(X) denote the constant function 1 on X. Notice that
[1—fll, > 1 for all f € ¢y and therefore there exists A € > (X)"
such that A (1) = 0 while A|,, = 0. Now if A = ¢, for some f € ¢} (u),
then p (z) f () = A(0) = 0 for all = and f would have to be zero. This
is absurd.

6. As we have seen ¢! (u)* = ¢ (X) while £>° (X)" = ¢ # (' (u). Let
A € £ (X)" be the linear functional as described above. We view this as
an element of ¢! (u)™* by using

A (¢g) == A(g) for all g € £ (X).
Suppose that A = f for some f € * (), then

A(g) = Mog) = f(dg) = &9 (f) = b5 (9).

But A\ was constructed in such a way that A\ # ¢ for any f € ¢! (p).
It now follows from Proposition 7.31 that ¢! (u)* =2 £>°(X) is also not
reflexive.
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7.6 Exercises

Exercise 7.7. Let (X, ||-||) be a normed space over F (R or C). Show the map
Nz, EFx X xX —sz+lyeX

is continuous relative to the norm on F x X x X defined by

H()‘ax7y)”]F><X><X = |)“ + H£L'|| + Hy” .

(See Exercise 10.21 for more on the metric associated to this norm.) Also show
that ||-|| : X — [0, 00) is continuous.

Exercise 7.8. Let X = N and for p,q € [1,00) let ||-[, denote the ¢*(N) —
norm. Show |-, and ||-|[, are inequivalent norms for p # ¢ by showing

|| I,
#0 171l

P = xifp<yq

Exercise 7.9. Suppose that (X, ||-||) is a normed space and S C X is a linear
subspace.

1. Show the closure S of S is also a linear subspace.
2. Now suppose that X is a Banach space. Show that S with the inherited
norm from X is a Banach space iff S is closed.

Exercise 7.10. Folland Problem 5.9. Showing C*([0, 1]) is a Banach space.

Exercise 7.11. (Do not use.) Folland Problem 5.11. Showing Holder spaces
are Banach spaces.

Exercise 7.12. Suppose that X, Y and Z are Banach spaces and Q) : X XY —
Z is a bilinear form, i.e. we are assuming z € X — Q (z,y) € Z is linear for
eachyeY andy € Y — Q(x,y) € Z is linear for each z € X. Show Q is
continuous relative to the product norm, ||(z,y)|ly.y = llzlx + l¥lly, on
X x Y iff there is a constant M < oo such that

1Q (z,y)ll 2 < M ||zl x - [lylly for all (z,y) e X xY. (7.14)
Then apply this result to prove Lemma 7.11.
Exercise 7.13. Let d : C(R) x C(R) — [0, 00) be defined by

-y T+ = ol

n=1

where [| f]ln := sup{|f(z)[ : [¢] < n} = max{|f(z)]: |z| < n}.
1. Show that d is a metric on C(R).
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2. Show that a sequence {f,}52; C C(R) converges to f € C(R) as n — oo
iff f,, converges to f uniformly on bounded subsets of R.
3. Show that (C'(R),d) is a complete metric space.

Exercise 7.14. Let X = C([0,1],R) and for f € X let

1
I7lly = / F(0)]dt.

Show that (X, ||-||;) is normed space and show by example that this space is
not complete. Hint: For the last assertion find a sequence of {f,} -, C X
which is “trying” to converge to the function f =1; 1) ¢ X.
Exercise 7.15. Let (X, ||-||;) be the normed space in Exercise 7.14. Compute
the closure of A when

1.LA={feX:f(1/2)=0}.

2. A= {f € X tsupyep f () < 5}.

3.A:{f€X:f01/2f(t)dt:0}.

Exercise 7.16. Suppose {z, € X : a € A} is a given collection of vectors in
a Banach space X. Show »_ ., 7, exists in X and

Sl < 3 el

acA acA

if > callzall < oo. That is to say “absolute convergence” implies con-
vergence in a Banach space.

Exercise 7.17 (Dominated Convergence Theorem Again). Let X be a
Banach space, A be a set and suppose f,, : A — X is a sequence of functions.
Further assume there exists a summable function g : A — [0,00) such that
[lfn (@)]| < g(c) for all & € A. Show ), f (a) exists in X and

lim 3 fu(e) = Y fla)

a€cA a€A

where f (a) :=lim,— oo fn (@) .

7.6.1 Hahn — Banach Theorem Problems
Exercise 7.18. Folland 5.20, p. 160.

Exercise 7.19. Folland 5.21, p. 160.



7.6 Exercises 81

Exercise 7.20. Let X be a Banach space such that X* is separable. Show
X is separable as well. (The converse is not true as can be seen by taking
X = (' (N).) Hint: use the greedy algorithm, i.e. suppose D C X*\ {0} is a
countable dense subset of X*, for £ € D choose xy € X such that ||z, =1
and |¢(z0)| > 4]

Exercise 7.21. Folland 5.26.
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The Riemann Integral

In this Chapter, the Riemann integral for Banach space valued functions is
defined and developed. Our exposition will be brief, since the Lebesgue integral
and the Bochner Lebesgue integral will subsume the content of this chapter.
In Definition 11.1 below, we will give a general notion of a compact subset of a
“topological” space. However, by Corollary 11.9 below, when we are working
with subsets of R? this definition is equivalent to the following definition.

Definition 8.1. A subset A C R? is said to be compact if A is closed and
bounded.

Theorem 8.2. Suppose that K C R? is a compact set and f € C (K, X).
Then

1. Every sequence {uy},-; C K has a convergent subsequence.

2. The function f is uniformly continuous on K, namely for every ¢ > 0
there exists a & > 0 only depending on e such that || f (u) — f (v)|| < €
whenever u,v € K and |[u—v| < § where || is the standard Fuclidean
norm on R

Proof.

1. (This is a special case of Theorem 11.7 and Corollary 11.9 below.) Since K
is bounded, K C [~ R, R]* for some sufficiently large d. Let ¢, be the first
component of u, so that ¢, € [-R, R] for all n. Let J; = [0, R] if t,, € J;
for infinitely many n otherwise let J; = [—R, 0]. Similarly split J; in half
and let Jo C Jp be one of the halves such that ¢,, € Js for infinitely many
n. Continue this way inductively to find a nested sequence of intervals
J1 D Jo D J3 D Jy D ... such that the length of Jj is 2=k~ R and for
each k, t,, € Ji for infinitely many n. We may now choose a subsequence,
{ni}re, of {n} ~, such that 7, := t,, € Jj for all k. The sequence
{7k} is Cauchy and hence convergent. Thus by replacing {u,} -, by a
subsequence if necessary we may assume the first component of {u, }, -, is
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convergent. Repeating this argument for the second, then the third and all
the way through the d'" — components of {u, } -, , we may, by passing to
further subsequences, assume all of the components of u,, are convergent.
But this implies lim u,, = v exists and since K is closed, u € K.

2. (This is a special case of Exercise 11.5 below.) If f were not uniformly
continuous on K, there would exists an € > 0 and sequences {un}zoz1 and
{vn}oo, in K such that

If (un) — f (vn)|| > & while lim |u, —v,| = 0.

By passing to subsequences if necessary we may assume that lim,, .o %,
and lim,, ., v, exists. Since lim,, .« |ty — v,| = 0, we must have

lim u, =u= lim v,
n—oo n—oo

for some u € K. Since f is continuous, vector addition is continuous and
the norm is continuous, we may now conclude that

e < lim I (un) = £ @)l = 1 (w) = f ()] = 0

which is a contradiction.

]

For the remainder of the chapter, let [a, b] be a fixed compact interval and
X be a Banach space. The collection S = S([a,b], X) of step functions,
f:[a,b] — X, consists of those functions f which may be written in the form

n—1
f(t) = xol[a,tﬂ(t) + Z xil(ti,t¢+1](t)7 (81)
=1

where 7 := {a =ty < t; < --- < t, = b} is a partition of [a,b] and z; € X.
For f as in Eq. (8.1), let

n—1

I(f) = Z(ti_H — ti).’Ei e X. (82)

=0

Exercise 8.1. Show that I(f) is well defined, independent of how f is repre-
sented as a step function. (Hint: show that adding a point to a partition 7 of
[a, b] does not change the right side of Eq. (8.2).) Also verify that I : § — X
is a linear operator.

Notation 8.3 Let S denote the closure of S inside the Banach space,
0°([a,b], X) as defined in Remark 7.6.

The following simple “Bounded Linear Transformation” theorem will often
be used in the sequel to define linear transformations.
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Theorem 8.4 (B. L. T. Theorem). Suppose that Z is a normed space, X
is a Banach space, and S C Z is a dense linear subspace of Z. If T : S — X
is a bounded linear transformation (i.e. there exists C' < oo such that | Tz| <
C ||z|| for all z € S), then T has a unique extension to an element T € L(Z, X)
and this extension still satisfies

|T=|| < C|z|| forall z € S.
Exercise 8.2. Prove Theorem 8.4.

Proposition 8.5 (Riemann Integral). The linear function I : § — X
extends uniquely to a continuous linear operator I from S to X and this
operator satisfies,

(I < (b= a) || flloc for all f € S. (8.3)

Furthermore, C([a,b],X) C S C °([a,b], X) and for f €, I(f) may be com-
puted as

lim Z fed) v — i) (8.4)

where m := {a = tg < t;1 < -+ < t, = b} denotes a partition of [a,b],
|7] = max {|tix1 — ;| : i =0,...,n— 1} is the mesh size of m and cf may be
chosen arbitrarily inside [t;,t;1]. See Figure 8.1.

™~
"\

[

Fig. 8.1. The usual picture associated to the Riemann integral.

Proof. Taking the norm of Eq. (8.2) and using the triangle inequality shows,

I1(f Z tipr — ti) [l < Z tivr = ti) | flloo < (0= a)[|flloc.  (8.5)

i=0 =0
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The existence of I satisfying Eq. (8.3) is a consequence of Theorem 8.4.
Given f € C([a,b],X), m:={a =1ty <t; <--- <, = b} a partition of
[a,b], and ¢ € [t;,ti+1] for i =0,1,2...,n— 1, let fr €S be defined by

Jr(t) := f(co)olrg,e(t +Zf Lt s (1)

Then by the uniform continuity of f on [a,b] (Theorem 8.2), lim|z o [|f —
frlloo = 0 and therefore f € S. Moreover,

TU) =t T(72) = T S F() (s — )

|7|—0

which proves Eq. (8.4). m
If f, € S and f € S such that lim,, .o ||f — fall,, =0, then for a < a <
B < b, then 1, 5 fn € S and lim,, Hl (@8 f — 1(a)5]anoo = 0. This shows
L(a,5f € S whenever f € S.

Notation 8.6 For f € S and a < a < 3 < b we will write denote I(1(q,5f)
by fﬁ )dt or f(a g f(®)dt. Also following the usual convention, if a < 8 <

a < b, we will let
B
| #®dt = 1005 - / 0

The next Lemma, whose proof is left to the reader contains some of the
many familiar properties of the Riemann integral.

Lemma 8.7. For f € S([a,b], X) and o, 3,7 € |a,b], the Riemann integral
satisfies:

dﬂ —aﬁwﬂV®WaStSM-
2. [7f = [P fyde+ [] f(
3. The functzon G(t f flr dT is continuous on [a, b].

4. IfY is (mother Banach space and T € L(X,Y), then Tf € S([a,b],Y)

and
T ( [ s dt> = [(rs)

5. The function t — ||f(t)||x is in S([a,b],R) and

b
bt < [ Ify d
Lol < Lo
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6. If f,g € S([a,b],R) and f < g, then

/a " o) a < / o)

Exercise 8.3. Prove Lemma 8.7.

8.1 The Fundamental Theorem of Calculus

Our next goal is to show that our Riemann integral interacts well with dif-
ferentiation, namely the fundamental theorem of calculus holds. Before doing
this we will need a couple of basic definitions and results of differential calcu-
lus, more details and the next few results below will be done in greater detail
in Chapter 16.

Definition 8.8. Let (a,b) C R. A function f : (a,b) — X is differentiable at
t € (a,b) iff

o SR - ),
L= Jim [f(t+h) = fO)h" = Jim LT

exists in X. The limit L, if it exists, will be denoted by f(t) or %(t). We also
say that f € C*((a,b) — X) if f is differentiable at all points t € (a,b) and
fe€C((a,b) — X).

As for the case of real valued functions, the derivative operator % is easily
seen to be linear. The next two results have proves very similar to their real
valued function analogues.

Lemma 8.9 (Product Rules). Suppose thatt — U (t) € L(X),t — V (¢) €
L(X) andt — x(t) € X are differentiable at t = to, then

1.4, [U )z (t)] € X exists and

D10 @2 (0] = [0 ()2 (t0) + U (1) ()]

and
2. L1, [U®#)V (t)] € L(X) exists and

d . .
e U @OV (0] = [0 (1) V (to) + U (t0) V (t0)] -
3. If U (to) is invertible, then t — U (t)" is differentiable at t =ty and

L1U (07 = U () U () U ()" (3.6)
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Proof. The reader is asked to supply the proof of the first two items in Exercise
8.10. Before proving item 3., let us assume that U (£) " is differentiable, then
using the product rule we would learn

= %L&()I = i|to U(t)fl U(t)} = |:%tOU(t)1:| U(to) + U(to)il U(ﬁo) .

0 dt

Solving this equation for %|tOU(t)_1 gives the formula in Eq. (8.6). The
problem with this argument is that we have not yet shown ¢t — U(t)_1 is
invertible at ty. Here is the formal proof.

Since U (t) is differentiable at to, U (t) — U (to) as t — to and by Corollary

7.20, U (to + h) is invertible for h near 0 and
Uto+h)"" = U(ty)™" as h— 0.

Therefore, using Lemma 7.11, we may let h — 0 in the identity,

U (to + h)—h ~Ut) (0 + 1) (U(to) — fllf (to + h)> U (to) ",
to learn
—1 -1
i U (to + h) - Ulto) " _ U (t)" U (to) U (1)~
| ]

Proposition 8.10 (Chain Rule). Suppose s — x(s) € X is differentiable
at s = sg and t — T (t) € R is differentiable at t =ty and T (to) = so, then
t — x (T (t)) is differentiable at ty and

Sl (T (0) = ' (T (1)) T (1)

The proof of the chain rule is essentially the same as the real valued func-
tion case, see Exercise 8.11.

Proposition 8.11. Suppose that f : [a,b] — X is a continuous function such
that f(t) exists and is equal to zero for t € (a,b). Then f is constant.

Proof. Let € > 0 and « € (a,b) be given. (We will later let € | 0.) By the
definition of the derivative, for all 7 € (a,b) there exists d, > 0 such that

1F@) = S = || £@&) = 1) = )t = )| < 2l =7l i Je— o < 6.
(8.7)
Let
A={telab): () - fla)] <elt—a)} (8.8)
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and ty be the least upper bound for A. We will now use a standard argument
which is referred to as continuous induction to show ¢y = b.

Eq. (8.7) with 7 = a shows tp > « and a simple continuity argument shows
to € A, ie.

[f(to) = fla)]| < elto — ). (8.9)
For the sake of contradiction, suppose that to < b. By Egs. (8.7) and (8.9),

1£(#) = (@ < [1f () = f(Eo)ll + [[f (t0) — f(a)]
<e(tp—a)+e(t—ty) =e(t—a)

for 0 <t —ty < &, which violates the definition of ¢y being an upper bound.
Thus we have shown b € A and hence

1(0) = F(@)] < e(b—a).

Since € > 0 was arbitrary we may let € | 0 in the last equation to conclude
f(b) = f (). Since « € (a,b) was arbitrary it follows that f(b) = f («) for all
a € (a,b] and then by continuity for all « € [a, b], i.e. f is constant. ®

Remark 8.12. The usual real variable proof of Proposition 8.11 makes use
Rolle’s theorem which in turn uses the extreme value theorem. This latter
theorem is not available to vector valued functions. However with the aid
of the Hahn Banach Theorem 7.24 and Lemma 8.7, it is possible to reduce
the proof of Proposition 8.11 and the proof of the Fundamental Theorem of
Calculus 8.13 to the real valued case, see Exercise 8.24.

Theorem 8.13 (Fundamental Theorem of Calculus). Suppose that f €
C([a,b],X), Then

1.4 fat f(r)ydr = f(t) for allt € (a,b).
2. Now assume that F € C([a,b],X), F is continuously differentiable on

(a,b) (i.e. F(t) exists and is continuous for t € (a,b)) and F extends to
a continuous function on [a,b] which is still denoted by F. Then

/ "Bl dt = F(b) — Fla).

Proof. Let h > 0 be a small number and consider

t+h
< / I(f(r) — F&)] dr < he(h),

t+h t t+h
f(rydr - / f(r)ydr — f(B)h / (F(r) - () dr

a

where e(h) := max,cp 1) [|(f(7) — f(2))]|. Combining this with a similar
computation when i < 0 shows, for all h € R sufficiently small, that
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t+h t
u / f(r)dr - / F(r)dr — F()h] < [hle(h).

where now e(h) := max,cj¢_|n|,t+n)) [|(f(7) — f(2))]|. By continuity of f at ¢,
g(h) — 0 and hence % ft flr dT exists and is equal to f(¢).
For the second item, set G f F(7)dr — F(t). Then G is continuous

by Lemma 8.7 and G(t) = 0 for all t e (a, b) by item 1. An application of
Proposition 8.11 shows G is a constant and in particular G(b) = G(a), i.e.

[P E(r)dr — F(b) = —F(a). m
Corollary 8.14 (Mean Value Inequality). Suppose that f : [a,b] — X is

a continuous function such that f(t) exists for t € (a,b) and f extends to a
continuous function on [a,b]. Then

I110) - @l < [ Ol < (b-a)- HfHOO- (8.10)

Proof. By the fundamental theorem of calculus, f(b) f f t)dt and
then by Lemma 8.7,
< [niwna

\fHoodt: b= |7].

1£(b) = f(a)l —|

Corollary 8.15 (Change of Variable Formula). Suppose that f €
C([a,b],X) and T : [¢,d] — (a,b) is a continuous function such that T (s)
is continuously differentiable for s € (c,d) and T' (s) extends to a continuous
function on [c,d]. Then

T(d)
/ @ )ds—/ f(t)dt.
T(c)
Proof. For s € (a,b) define F (t) := fT 7)dr. Then F € C! ((a,b),X)
and by the fundamental theorem of calculus and the chain rule,

jSF(T( ) =F' (T ()T (s) = (T (s))T"(s).

Integrating this equation on s € [¢, d] and using the chain rule again gives

T(d)

/f (s)ds = F (T(d))—F(T(c»:/ £ () dt.

T(c)
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8.2 Integral Operators as Examples of Bounded
Operators

In the examples to follow all integrals are the standard Riemann integrals and
we will make use of the following notation.

Notation 8.16 Given an open set U C R?, let C..(U) denote the collection
of real valued continuous functions f on U such that

supp(f) :={x €U : f(z) # 0}

is a compact subset of U.

Ezample 8.17. Suppose that K : [0,1] x [0,1] — C is a continuous function.
For f € C([0,1]), let

Tf(z) = / K(2,9)f (4)dy.

Since

1
[Tf@) =T < [ 1K) = Kl 1) dy
0
< 1]l max | ) = K (z,) (8.11)
and the latter expression tends to 0 as x — z by uniform continuity of K.

Therefore Tf € C([0,1]) and by the linearity of the Riemann integral, T :
C(]0,1]) — C(]0,1]) is a linear map. Moreover,

Tf ()l S/O IK(w,y)l\f(y)ldyS/o K (z,y)ldy - | fllc < Allfll

where

1
A:= sup / | K (x,y)| dy < 0. (8.12)
z€[0,1] JO

This shows |T]| < A < oo and therefore T' is bounded. We may in fact
show ||T'|| = A. To do this let xy € [0, 1] be such that

1 1
sup [ K@l dy = [ 1K(wo.0)ldy
ze[0,1] Jo 0

Such an z( can be found since, using a similar argument to that in Eq. (8.11),
T — fol |K(x,y)|dy is continuous. Given & > 0, let

K(l’o, y)

fa(y> =
e+ | K (wo,y)|?
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and notice that lim. o || f-]|, = 1 and

|K Zo,Y

\/E—|-|K xo,Y

ITSelle > ITS2(0)] = Tfe(zo) = /

Therefore,
1 K(
2 g [ G0
10 Tell e Jo \/HK—
1
= lim [ (0. 1) dy=A
10 \/a+|K—xo
since
K(xog, 2
0 < |K(zo,y)| — Ho.y) 2
e+ |K(zo0,y)|
K
_ | K (z0,y)] 2[ g+|K(mo,y)|2—|K($0’y)]
e+ |K(z0,y)|

e+ | K (wo,y)I* — K (z0,y)]

and the latter expression tends to zero uniformly in y as € | 0.

We may also consider other norms on C([0,1]). Let (for now) L*

denote C([0,1]) with the norm

1
1£1, = / (@) de,

([0,1])

then T : L' ([0,1],dm) — C([0,1]) is bounded as well. Indeed, let M =

sup {|K(z,y)| : #,y € [0,1]}, then

[(Tf) ()] S/O K (2, 9) f(y)| dy < M| f]y

which shows ||Tf||., < M || f||, and hence,

T 1o < max{|K(z,y)|:z,y€[0,1]} <oo.

We can in fact show that ||T|| = M as follows. Let (zq,y0) € [0, 1]? satisfying
| K (20,90)] = M. Then given € > 0, there exists a neighborhood U = I x J
of (zo,y0) such that |K(z,y) — K(xo,y0)| < € for all (z,y) € U. Let f €
C.(I,]0,00)) such that fol f(z)dz = 1. Choose a € C such that |a] = 1 and

aK(zo,y0) = M, then
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(el = | 1 K(ao.n)af iy = [ Kt paso)ay
> Re [ oK a0,y
> [ =2 fydy = 01 =) o
and hence

ITaflle = (M —é)llafl

showing that ||T'|| > M — e. Since € > 0 is arbitrary, we learn that ||T|| > M
and hence ||T']| = M.

One may also view T as a map from T : C([0,1]) — L*([0,1]) in which
case one may show

1
Tl o < [ max (e de < oo,

8.3 Linear Ordinary Differential Equations

Let X be a Banach space, J = (a,b) C R be an open interval with 0 € J,
heClJ— X)and A € C(J — L(X)). In this section we are going to
consider the ordinary differential equation,

y(t) = A(t)y(t) + h (t) where y(0) =z € X, (8.13)

where y is an unknown function in C*(J — X). This equation may be written
in its equivalent (as the reader should verify) integral form, namely we are
looking for y € C(J, X) such that

t t
y(t) =z + / h(r)dr + / A(r)y(r)dr. (8.14)

0 0
In what follows, we will abuse notation and use |-|| to denote the opera-
tor norm on L (X) associated to then norm, |-, on X and let [|¢| . =

max;e g ||¢(t)]| for ¢ € BC(J, X) or BC(J, L (X)).
Notation 8.18 Fort € R andn € N, let

An(t) = {(r,..csm) ER":0< 7y <--- <7, <t} ift >0
() ER LS T, <4 <1 <0} fE <0

and also write dr = dry ...dr, and

t Tn T2
/ flr,...m)dr = (—1)”'1“0/ ClTn/ dTn_1 / drif(r1,... 7).
An(t) 0 0 0
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Lemma 8.19. Suppose that ¢ € C (R,R), then

(1) le<o /An(t)w(n) ()T = % (/Ot¢<r)d7)n. (8.15)

Proof. Let ¥(t) := fot (7)dr. The proof will go by induction on n. The case
n = 1 is easily verified since

(1)t teso Y(r1)dm :/ Y(7)dr = W(t).
Aq(t) 0

Now assume the truth of Eq. (8.15) for n — 1 for some n > 2, then

(—1)"teso / B(r) . ()i

t Tn T2
:/ dTn/ dTp_1.. / drip(my) ... ()
0 0 0

B t . gpn—l(Tn) Sy t ) Wn_l(Tn) . -
_/Odn(n—l)!w(n)_/odn n— W(n)

() n—1 gn
_ / SR AU}
o

n—1)! n!

wherein we made the change of variables, v = ¥(7,), in the second to last
equality. m

Remark 8.20. Eq. (8.15) is equivalent to

1 n
/. ) vy = ( /. " wmm)

and another way to understand this equality is to view [ An(t) W(ry) ... Y(mn)dT
as a multiple integral (see Section 20 below) rather than an iterated integral.
Indeed, taking ¢t > 0 for simplicity and letting S,, be the permutation group
on {1,2,...,n} we have

[Ovt]n:UUGSn{(T17"-aTn) GRH:OSTal S STa'n St}

with the union being “essentially” disjoint. Therefore, making a change of vari-
ables and using the fact that (7). ..4¢(7,) is invariant under permutations,
we find
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(/Otw(r)df)n = () ... Y(m)dr

[O,t] n

cE€S, /{(Tl ----- Tn)ERM:0< 751 << 7o <t}

- Z / P(8g-11) ...

oces, J{(s1,0,8n)ER™:0<851 <+ <5, <t}

(1) .. p(rn)dr

¢(8071n)ds

-3/ Uls1). - Ulsn)ds

ces, J{(s1,0,8n)ER™:0<851 <+ <5, <t}

has a unique solution given by

t —1)le<o A1) ... A(m)d(m)dT
EDNE /A,m (1) ... A(r)b(m)

and this solution satisfies the bound
Iylloo < @]l efs 1A,

Proof. Define A: BC(J,X) — BC(J,X) b

(Ay)(t) = / A(r)y(r)dr.

(8.16)

(8.17)

Then y solves Eq. (8.14) iff y = ¢ + Ay or equivalently iff (I — A)y = ¢.

An induction argument shows

(Am)(t) = / dr A(r) (A7) ()

_ / Cdr / " 1 Ar) A1) (A"20) (1 1)

/ dr / s | S dnA(r,) . Aln)é(n)

e [ A A)gmi
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Taking norms of this equation and using the triangle inequality along with
Lemma 8.19 gives,

1(A"9) ()] < H¢>||oo-/ [AG) - - | A(T) ldr

lloo - — (n 1A(7) IdT>n
a ()

<ol = ([ a6 ||dr) .

147y < & ([ halar) (519

oo
Z A" |op < el 1AMIAT < o
n=0

Therefore,

and

where |[|-[|,,, denotes the operator norm on L (BC(J, X)). An application of
Proposition 7.19 now shows (I — A)~t = Y A" exists and
n=0

N

It is now only a matter of working through the notation to see that these
assertions prove the theorem. m

Corollary 8.22. Suppose h € C(J — X) and © € X, then there exils a
unique solution, y € C* (J, X), to the linear ordinary differential Eq. (8.13).

Proof. Let \
= h(7)dr.
o) =a+ [ h(r

By applying Theorem 8.21 with and J replaced by any open interval Jy such
that 0 € Jy and .Jy is a compact subintervall of J, there exists a unique
solution y s, to Eq. (8.13) which is valid for ¢ € Jy. By uniqueness of solutions,
if J; is a subinterval of J such that Jy C J; and J; is a compact subinterval
of J, we have y;, =y, on Jy. Because of this observation, we may construct
a solution y to Eq. (8.13) which is defined on the full interval J by setting
y (t) =y, (¢) for any Jy as above which also contains ¢t € J. m

Corollary 8.23. Suppose that A € L(X) is independent of time, then the
solution to

y(t) = Ay(t) with y(0) =
! We do this so that ¢|j, will be bounded.
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is given by y(t) = e!Ax where

oo n

eth = A (8.19)
n=0

Moreover,
e A — et 4e5A for all st € R. (8:20)

Proof. The first assertion is a simple consequence of Eq. 8.17 and Lemma 8.19
with ¢ = 1. The assertion in Eq. (8.20) may be proved by explicit computation
but the following proof is more instructive.

Given z € X, let y (t) := e#*+5)4z. By the chain rule,

d d
ar’ () = E‘T:Hsemx = Ae™ x| r—ips

= Ae9)45 = Ay (1) with y (0) = e*z.
The unique solution to this equation is given by
y (t) = etz (0) = ettes Az,

This completes the proof since, by definition, y (t) = e***)4z. m
We also have the following converse to this corollary whose proof is outlined
in Exercise 8.21 below.

Theorem 8.24. Suppose that Ty € L(X) fort > 0 satisfies

1. (Semi-group property.) Ty = Idx and TyTs = Tiys for all s,t > 0.
2. (Norm Continuity) t — Ty is continuous at 0, i.e. | Ty — Il x) — 0 as
t]o0.

Then there exists A € L(X) such that Ty = et where et is defined in Eq.
(8.19).

8.4 Classical Weierstrass Approximation Theorem

Definition 8.25 (Support). Let f : X — Y be a function from a topological
space (X, 7x) to a vector space Y. Then we define the support of f by

supp(f) := {z € X : f(x) # 0},

a closed subset of X.

Ezample 8.26. For example if f : R — Ris defined by f(z) = sin(z)1 4+ (2) €
R, then
{f # O} = (Ov477) \ {777 2m, 371'}

and therefore supp(f) = [0, 47].
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Definition 8.27 (Convolution). For f,g € C (R) with either f or g having
compact support, we define the convolution of f and g by

fgla) = /R f(z — y)g(y)dy = /R FW)alz - y)dy.

Lemma 8.28 (Approximate § — sequences). Suppose that {q,},., is a
sequence non-negative continuous real valued functions on R with compact
support that satisfy

/qn(x) dx =1 and (8.21)
R

lim qn(x)dz =0 for all € > 0. (8.22)

n—o0o
|z|>e

If W is a compact subset of R? and f € BC(RxW), then
@n * [ (2, 0) = / an () f(z =y, w)dy
R

converges to f uniformly on compact subsets of RxW C R+,

Proof. Let (z,w) € R x W, then because of Eq. (8.21),

|Qn*f($aw) —f(a:,w)| =

/R 4n(¥) (f(z — yow) — fz,w)) dy
< / 0 () | £ (& — y,w) — F(a,w)| dy.

Let M = sup{|f(z,w)|: (x,w) € R x W}. Then for any ¢ > 0, using Eq.
(8.21),

g * f () — f(,w)] < / 4n®) | (& — y,w) — f(z,w)| dy

ly|<e

4 /lylan(y) o — yow) — (o, w)|dy

< sup |f($+sz)_f(xaw)| +2M Qn(y)dy

|z|<e lyl>e

So if K is a compact subset of R (for example a large interval) we have

sup |%l*f($vw)_f($vw)‘
(z,w)eKxW

< sup [f (@ + 2, w) — f(z,w)| +2M an(y)dy
|z|<e,(z,w)EKXW ly|>e
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and hence by Eq. (8.22),
lim sup sup |gn * flz,w) — f(z,w)]
n—0o0 (z,w)EKXW
< sup |f(z+ 2z, w) — f(z,w)].
|z|<e,(w,w)EK xW

This finishes the proof since the right member of this equation tends to 0 as
¢ | 0 by uniform continuity of f on compact subsets of R x . m
Let gy, : R —[0,00) be defined by

1 1
gn(z) := —(1 — 2*)"1},<1 where ¢, := / (1 —2%)"da. (8.23)

Cn -1

Figure 8.2 displays the key features of the functions ¢,.

Fig. 8.2. A plot of ¢1, gs0, and g100. The most peaked curve is gioo and the least is
q1. The total area under each of these curves is one.

Lemma 8.29. The sequence {gn},., is an approzimate § — sequence, i.e.
they satisfy Egs. (8.21) and (8.22).

Proof. By construction, ¢, € C.(R,[0,00)) for each n and Eq. 8.21 holds.
Since
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1
2 [((1—2*)"dx
/ qn(.’E)dLU _ . fs ( )1
|z|>e 2 [f(1—a?)nde+2 [ (1—a?)"dx

1 T n n
o 21 —a?)"dx _ (1 —a?)n il
BT (e
(1 _62)n+1
T 1 (1-e2)ntt

— 0 asn — oo,

the proof is complete. m

Notation 8.30 Let Zy := NU {0} and for x € R? and o € Z4 let z™ =
ngl " and o = Z?:l a;. A polynomial on R? is a function p : R — C of

7

the form
p(z) = Z Pax® with po € C and N € Z.
a:|la|<N

If po # 0 for some « such that || = N, then we define deg(p) := N to be
the degree of p. The function p has a natural extension to z € C?%, namely
p(Z) = Za:|a\§Npaza where 2% = H?Zl Z?l
Theorem 8.31 (Weierstrass Approximation Theorem). Suppose that
K c R is a compact subset and f € C(K,C)>. Then there exists polynomials
pn on R such that p, — f uniformly on K.

Proof. Choose A > 0 and b € R such that
Ky:=MK—-b:={\—b:ze€ K} C By

where By := (0,1)*. The function F(y) := f (At (y+0b)) for y € Ko is in
C (Ko, C) and if p, (y) are polynomials on R? such that p,, — F uniformly
on Ky then p, (z) := p, (Ax — b) are polynomials on R? such that p, — f
uniformly on K. Hence we may now assume that K is a compact subset of
By.

Let g € C (K U Bj) be defined by

[ f»ifzeK
g(x)—{ 0 ifze Bj

and then use the Tietze extension Theorem 7.4 to find a continuous function
F € CO(R?,C) such that F = 9lkups. If p, are polynomials on R4 such

2 Note that f is automatically bounded because if not there would exist u, € K
such that lim,— o |f (ur)| = oco. Using Theorem 8.2 we may, by passing to a
subsequence if necessary, assume u, — u € K as n — oo . Now the continuity of
f would then imply

co = Tim |f (un)| = | (u)]

which is absurd since f takes values in C.
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that p, — F uniformly on [0, 1]d then p,, also converges to f uniformly on
K. Hence, by replacing f by F, we may now assume that f € C(R%,C),
K=By=10,1%, and f =0 on Bj.

With ¢,, defined as in Eq. (8.23), x € [0,1] and w € R?~! let

Fulz,w) = (gu % f)(@,w) = / 4z — ) f(y, w)dy

- ci fyw) [(1= (@ = 9)*) " Laey<1] dy
n J10,1]
1 2n
e 1— _ )2 Ny = AP k
- [071]f(y,w)( (z —y)*)"dy kZ:O P (w)
where
Ay (w) = o f (y,w) pi; (y) dy

and py is a polynomial function in y for each k. Then A} (w) = 0 if w ¢
(0, 1)d_1 and using the uniform continuity of f on [0, 1]d, one easily shows
A € C (R**,C) . Moreover by Lemmas 8.28 and 8.29, f,(z,w) — f(z,w)
uniformly for (z,w) € [0,1]% as n — oo. This completes the proof of d = 1
since then A} are constants and p,, (z) := f, (z) is a polynomial in z.

The case of general d now follows by induction. Indeed, by the inductive
hypothesis there exists polynomial functions a on R4~! such that

1
sup |AY (w) —a} (w)] < ————.
we[o,l]d71 | k ( ) k ( )‘ 2 (n + 1) n

Then )
P (T, w) = Z al (w) z*
k=0

is a polynomial function on R¢ such that

|f($vw) —Pn (.’IZ,’LU)| < |f(:L',U)) _fn (:L',w>| + ‘fn (ac,w) — Pn (wi)|

2n
<ent Y AR (w) - aft (w)| 2"
k=0

1
S E'n, + -
n
where
En 1= sup |f($aw)—fn($,w)|—>0a5n—>oo
(z,w)€[0,1]¢
This shows
sup | f (z,w) —pn (@, w)| — 0 asn — oo
(z,w)€[0,1]¢

which completes the proof. m
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Remark 8.32. The mapping (z,y) € R x R? — 2z = z +iy € C? is an
isomorphism of vector spaces. Letting Z = x — iy as usual, we have z = #
and y = z;f . Therefore under this identification any polynomial p(z,y) on
R? x R? may be written as a polynomial ¢ in (2, Z), namely

z24+z z2—2Z2
2 72

).

q(z,2) = p(

Conversely a polynomial ¢ in (z,Z) may be thought of as a polynomial p in
(x,y), namely p(z,y) = q(z + iy, x — iy).
Corollary 8.33 (Complex Weierstrass Approximation Theorem). Sup-

pose that K C C¢ is a compact set and f € C(K,C). Then there exists poly-
nomials p, (2, 2) for z € C¢ such that sup,¢ i |pn(2,2) — f(2)] = 0 asn — .

Proof. This is an immediate consequence of Theorem 8.31 and Remark 8.32.
|

Example 8.34. Let K = S' = {2 € C: |z|] = 1} and A be the set of polynomi-
als in (z, 2) restricted to St. Then A is dense in C(S').? Since z = 27! on 1,
we have shown polynomials in z and z~! are dense in C(S'). This example

generalizes in an obvious way to K = (S 1)d c C.

Exercise 8.4. Suppose —00 < a < b < 0o and f € C ([a,b], C) satisfies
b
/ F)tdt =0forn=0,1,2....

Show f = 0.

Exercise 8.5. Suppose f € C(R,C) is a 2r — periodic function (i.e.
f(x+2m) = f(z) for all z € R) and

27
(z) e dx =0 for all n € Z,
0

show again that f = 0. Hint: Use Example 8.34 to shows that any 27 —
periodic continuous function g on R is the uniform limit of trigonometric
polynomials of the form

p(x) = Z pre*® with p, € C for all k.

k=—n

% Note that it is easy to extend f € C(S') to a function F € C(C) by setting
F(z) = zf(ﬁ) for z # 0 and F'(0) = 0. So this special case does not require the
Tietze extension theorem.
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8.5 Iterated Integrals

Theorem 8.35 (Baby Fubini Theorem). Let a,b,c,d € R and f(s,t) € X
be a continuous function of (s,t) for s between a and b and t between ¢ and d.

Then the maps t — f:f(s,t)ds € X and s — fcdf(s,t)dt are continuous and

/Cd Vabf(s,t)ds] dt = /ab Vcdf(s,t)dt] ds. (8.24)

Proof. See Exercise 8.7 for a sketch of another, more instructive, proof of this
result. (BRUCE: Drop the following proof and leave it as an exercise.) With
out loss of generality we may assume a < b and ¢ < d. By uniform continuity
of f (Theorem 8.2),

sup ||f(s,t) — f(s0,t)]| = 0as s— so
e<t<d

and so by Lemma 8.7
d d
/ f(s, t)dt — / f(so,t)dt as s — sg

showing the continuity of s — fcd f(s,t)dt. The other continuity assertion is
proved similarly.
Now let
T={a<sp<s1<-<sp=byand ' ={c<ty<t;<---<t,=d}
be partitions of [a,b] and [c,d] respectively. For s € [a,b] let s, = s; if s €

(8iy8i+1) and ¢ > 1 and s, = sp = a if s € [sg, $1]. Define ¢,/ for t € [c,d]
analogously. Then

/ab [/Cdf(s,t)dt] ds = /ab [/Cdf(s,tﬂ/)dt
:/ab [/cdf(smtﬂf)dt

enr(s) = /Cdf(s,t)dt - /Cdf(s,twl)dt

S = /ab [/cd{f(s,t,r/) - f(s,r,t,r/)}dt] ds.

The uniform continuity of f and the estimates

b
ds—i—/ eq(8)ds

b
ds+ 6r +/ en(s)ds

a

where

and
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sup e ()] < s / 1£(s.) — F(s. )| dt

s€la,b] s€la,b]

< (d—c)sup{[|f(s,t) — f(s,tx )| : (s,2) € Q}

b d
Haﬂ,ﬂ/Hs/ V ||f(s,tﬂf)—f(sﬂ,tﬂl)|dt] ds

< (b—a)(d—c)sup{[|f(s,t) — f(s,tx )l : (s,8) € Q}

allow us to conclude that

/ab '/Cdf(s,t)dt] ds — /ab '/Cd f(snat”')dt] ds — 0 as |r|+ || — 0.

By symmetry (or an analogous argument),

/cd '/abf(s,t)ds] dt_/cd -/abf(smﬁ/)ds] dt — 0 as |7|+ |7'| = 0.

This completes the proof since

/[/ f(smtw')dt] ds= 3 flsut) (s — i)ty — )

0<i<m,0<j<n
d b
:/ [/ f(s,r,t,r/)ds] dt
| ]

Proposition 8.36 (Equality of Mixed Partial Derivatives). Let Q =
(a b) x (e, d) be an open rectangle in R? and f € C(Q,X). Assume that
atf(s t), 5:f(s5:t) and 2 5 as (s,t) exists and are continuous for (s,t) € @,
then 2 5 8tf(s t) exists for (s,t) € Q and

0 0 g 0
oy (51 = 520 (s.) for (s,1) € Q. (8.25)

Proof. Fix (sp,tp) € Q. By two applications of Theorem 8.13,

£5.0) = S50 00+ [ 5 f(o.0)do

50

and

= f(s0,t) + /—fatoda+/ da/ dro——=f(o,7)  (8.26)

and then by Fubini’s Theorem 8.35 we learn

f(s,t) zf(so,t)—l—/s ((%f(a,to)da—l—/t dT/SdaaﬁTﬁiof(a’T)'

S0
Differentiating this equation in ¢ and then in s (again using two more appli-
cations of Theorem 8.13) shows Eq. (8.25) holds. m
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8.6 Exercises

Throughout these problems, (X, ||-||) is a Banach space.

Exercise 8.6. Show f = (f1,...,fn) € S([a,b],R") iff f; € S([a,b],R) for
1=1,2,...,n and

/abf(t)dt = (/abfl(t)dt,...,/ab fn(t)dt> .

Here R™ is to be equipped with the usual Euclidean norm. Hint: Use Lemma
8.7 to prove the forward implication.

Exercise 8.7. Prove Theorem 8.35 using the following strategy.

1. Use the results from the proof in the text of Theorem 8.35 that

d b
s —>/ f(s,t)dt and ¢ —>/ f(s,t)ds

are continuous maps.

2. For the moment take X = R and prove Eq. (8.24) holds by first proving it
holds when f (s,t) = s™t"™ with m,n € Ny. Then use this result along with
Theorem 8.31 to show Eq. (8.24) holds for all f € C ([a,b] X [¢,d],R).

3. For the general case, use the special case proved in item 2. along with
Hahn - Banach theorem.

Exercise 8.8. Give another proof of Proposition 8.36 which does not use
Fubini’s Theorem 8.35 as follows.

1. By a simple translation argument we may assume (0,0) € @ and we are
trying to prove Eq. (8.25) holds at (s,t) = (0,0).
2. Let h(s,t) :== 2 -2 f(s,t) and

— 9t ds
s t
G(s,t) ::/ dcr/ drh(o,T)
0 0

so that Eq. (8.26) states

f(s,t) = f(0,t) + /Os %f(a, to)do + G(s,1)

and differentiating this equation at ¢t = 0 shows

0 0 0

Now show using the definition of the derivative that
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%G(s 0) = /0 doh(o,0). (8.28)

Hint: Consider

Gls,t) —t /0 " doh(o,0) = /0 o /O " dr [h(o7) — h(o,0)].

3. Now differentiate Eq. (8.27) in s using Theorem 8.13 to finish the proof.

Exercise 8.9. Give another proof of Eq. (8.24) in Theorem 8.35 based on
Proposition 8.36. To do this let ¢y € (¢,d) and sg € (a,b) and define

G(s,t) == /t: dT/S:dO'f(O',T)

Show G satisfies the hypothesis of Proposition 8.36 which combined with two
applications of the fundamental theorem of calculus implies

0 0 0 0
E&G(&t)—&EG( t) = f(s,1).

Use two more applications of the fundamental theorem of calculus along with
the observation that G =0 if t =ty or s = s¢ to conclude

G(s,t) / da/ T——G (o,7) / do/ dT— f(o,7) (8.29)
t, 0T 0o t

Finally let s = b and ¢t = d in Eq. (8.29) and then let sy | a and ¢y | ¢ to
prove Eq. (8.24).

Exercise 8.10 (Product Rule). Prove items 1. and 2. of Lemma 8.9. This
can be modeled on the standard proof for real valued functions.

Exercise 8.11 (Chain Rule). Prove the chain rule in Proposition 8.10.
Again this may be modeled on the on the standard proof for real valued
functions.

Exercise 8.12. To each A € L(X), we may define L4, R4 : L (X) — L(X)
by
LaB = AB and RyB = BA for all B € L (X).

Show L4,R4 € L(L (X)) and that

ILallnixy = 1Al = IRallpipix)) -

Exercise 8.13. Suppose that A : R — L(X) is a continuous function and
U,V :R — L(X) are the unique solution to the linear differential equations

V(t) = AtV (t) with V(0) =T (8.30)
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and
U(t) = —U(t)A(t) with U(0) = I. (8.31)

Prove that V(t) is invertible and that V~1(t) = U(t)*, where by abuse of
notation I am writing V=1 () for [V (¢)] " . Hints: 1) show LUV )] =0
(which is sufficient if dim(X) < oo) and 2) show compute y(t) := V(£)U(t)
solves a linear differential ordinary differential equation that has y = Id as an
obvious solution. (The results of Exercise 8.12 may be useful here.) Then use
the uniqueness of solutions to linear ODEs.

Exercise 8.14. Suppose that (X,|-]|) is a Banach space, J = (a,b) with
—00<a<b<ooand f, : R — X are continuously differentiable functions
such that there exists a summable sequence {a,},. | satisfying

FAGIEY

fn (t)H <a,forallt e Jand neN.

Show:

l'SuP{HMH:“’h)EJXR E) t—I—heJandh#O} < a,.
2. The function F': R — X defined by

F(t):= if" (t) forallt e J

n=1

is differentiable and for ¢t € .J,

P)=3f.0).

n=1
Exercise 8.15. Suppose that A € L(X). Show directly that:

1. et define in Eq. (8.19) is convergent in L(X) when equipped with the
operator norm.
2. et is differentiable in ¢ and that Let4 = Aet4.

Exercise 8.16. Suppose that A € L(X) and v € X is an eigenvector of A
with eigenvalue ), i.e. that Av = Av. Show e!“v = e*v. Also show that if
X =R" and A is a diagonalizable n x n matrix with

A= 8DS™! with D = diag(A1,..., )

then et = Se!P? S~ where e = diag(e*?1, ..., et*n). Here diag(\q, ..., \n)
denotes the diagonal matrix A such that A; = \; for i =1,2,...,n.

Exercise 8.17. Suppose that A,B € L(X) and [A,B] := AB — BA = 0.
Show that e(A+5) = eAeB,

* The fact that U(t) must be defined as in Eq. (8.31) follows from Lemma 8.9.
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Exercise 8.18. Suppose A € C(R, L(X)) satisfies [A(t), A(s)] = 0 for all
s,t € R. Show

y(t) == s Al)dr)

is the unique solution to y(t) = A(¢)y(t) with y(0) = «.

Exercise 8.19. Compute ‘4 when

=)

and use the result to prove the formula

Hint: Sum the series and use e

cos(s +t) = cosscost — sin ssin .

tAgsA e(t—&-s)A.

Exercise 8.20. Compute ¢4 when

Oab
A=|00c
000

with a,b,c¢ € R. Use your result to compute e!+4) where A € R and I is
the 3 x 3 identity matrix. Hint: Sum the series.

Exercise 8.21. Prove Theorem 8.24 using the following outline.

1.

Using the right continuity at 0 and the semi-group property for 73, show
there are constants M and C such that [T,y < MC* for all t > 0.

. Show t € [0,00) — T} € L(X) is continuous.
.For e > 0, let S. := 1 [ T:dr € L(X). Show S. — I as ¢ | 0 and

conclude from this that S is invertible when € > 0 is sufficiently small.
For the remainder of the proof fix such a small € > 0.

1 t+8
7,5, = = / T.dr
€ Jt

and conclude from this that

. T, -1 1
ltll%l( ; )Ss—g(Ts_IdX>'

. Show

. Using the fact that S. is invertible, conclude A = limy ot ~! (T} — I) exists

in L(X) and that

A:E(TE—I)S:‘.

. Now show, using the semigroup property and step 4., that %Tt = AT; for

all t > 0.
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7. Using step 5, show %eftATt = 0 for all ¢ > 0 and therefore e AT}, =
EioATO =1.

Exercise 8.22 (Duhamel’ s Principle I). Suppose that A : R — L(X) is
a continuous function and V' : R — L(X) is the unique solution to the linear
differential equation in Eq. (8.30). Let © € X and h € C(R, X) be given. Show
that the unique solution to the differential equation:

y(t) = At)y(t) + h(t) with y(0) = (8.32)
is given by .
() = V(B)z + V(D) / V(r) ' h(r) dr. (8.33)
0
Hint: compute %[Vﬁl(t)y(t)] (see Exercise 8.13) when y solves Eq. (8.32).

Exercise 8.23 (Duhamel’ s Principle II). Suppose that A: R — L(X) is
a continuous function and V' : R — L(X) is the unique solution to the linear
differential equation in Eq. (8.30). Let Wy € L(X) and H € C(R, L(X)) be
given. Show that the unique solution to the differential equation:

W(t) = A(t)W (t) + H(t) with W (0) = W, (8.34)

is given by ,
W(t) = V(O Wo + V(1) / V(r)VH(r) dr. (8.35)

0

Exercise 8.24. Give another proof Corollary 8.14 based on Remark 8.12.
Hint: the Hahn Banach theorem implies

A (B) = Af(a))]
sup .
AEX ™, A£0 [[A

1(0) = fla)l| =





