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Introduction / User Guide

Not written as of yet. Topics to mention.

1. A better and more general integral.

a) Convergence Theorems

b) Integration over diverse collection of sets. (See probability theory.)

¢) Integration relative to different weights or densities including singular
weights.

d) Characterization of dual spaces.

e) Completeness.

2. Infinite dimensional Linear algebra.
3. ODE and PDE.

4. Harmonic and Fourier Analysis.

5. Probability Theory

1.1 Topology beginnings
Recall the notion of a topology by extrapolating from the open sets on R2.

Also recall what it means to be continuous, namely f : X — R is continuous
at x if for all € > 0 there exists V € 7, such that

fFV)cf(@)+(—ee).

1.2 A Better Integral and an Introduction to Measure
Theory

Let a,b € R with a < b and let

b
°(f) ::/ F(t)dt for all f € C ([a,b])
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denote the Riemann integral. Also let H denote the smallest linear subspace
of bounded functions on [a, b] which is closed under bounded convergence and
contains C' ([a, b]) . Such a space exists since we can take the intersection over
all such spaces of functions.

Theorem 1.1. There is an extension I of I° to H such that I is still linear
and limy, oo I (fn) = 1 (f) for all f,, € H with f, — f boundedly. Moreover
this extension is unique and is positive in the sense that I (f) >0 if f € H
and f > 0.

Proof. We will only prove the uniqueness here. Suppose that J and I are two
such extensions and let

K:={fer:J()=1()}

Then K is a linear subspace closed under bounded convergence which contains
C ([a,b]) and hence K = H.

The existence of I is the hard part. The positivity of I can be seen from
the existence construction. m

Example 1.2. Here are some examples of functions in H and their integrals:

1. Suppose [a, 3] C [a,b], then 1, 5 € H and I (1j4,4) = B — a.(Draw a
picture.)

2.1(1g0y) =0.

3. The space H is an algebra, i.e. if f,g € H then fg € H. To prove this,
first assume that f € C ([a,b]) and let

Hy={geH: fgeH}.

Then Hjy is closed under bounded convergence and contains C ([a, b]) and
hence H;y = 'H, i.e. the product of a continuous function and an element
in H is back in H.
Now suppose that f € H and again let H¢ be as above. By the same
reasoning we may show again that H; = H and this proves the assertion.
4.1f f € H and ¢ € C(R), then ¢ o f € H. This a consequence of the
Weierstrass approximation Theorem 22.34. In particular |f| € H and
fr=UE enif fen.
5.1f f, € H, fn > 0and f = > 77, fu is a bounded function, then f € H
and

()= T(fn). (1.1)

To prove Eq. (1.1) we have

I(fa) = Jim T (Z fn> =1(f).

n=1

oo

n=1
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6. As an example of item 4., 1gne,5) = > 1{a,y € Hand I (1Qm[a,b]) =0.
Here {a,,},>, is an enumeration of the rational numbers in the interval
[a, b].

7.Let M:={A Cla,b]: 14 € H} and for A € Mlet m(A) :=1(14). Then
M and m have the following properties:

a) 0,[a,b] € M and m (0) = 0 and m ([a, b]) = b—a. Moreover m (A4) >0
for all A € M.

b) If A € M then A° € M and m (A°) = b—a— m(A). This follows
from the fact that 14 =1 —14.

c)If A,B € M, then ANB € M since if 14np = 14 -1p and H is an
algebra.
Definition: a collection of sets M satisfying a) — c) is called an al-
gebra of subsets of [a,b].

d) More generally if A, € M then NA, € M since 1lna,
limpn_ 00 14, -+ 14, and the convergence is bounded.
Definition: a collection of sets M satisfying a) — d) is called an o —
algebra.

e) If A, € M, then UA,, € M. Indeed we know UA,, € M iff (UA,)" €
M. But

(UA,)  =NAS e M

by item d. above.
f) If A,, € M are pairwise disjoint, then

m(UAn) =Y m(Ay).
n=1

oo

To prove this it suffices to observe that 1y, =>,"; 14,-

g) M is not 2/* ie. M is not all subset of [a,b]. This is not obvious
and it is not possible to really write down an “explicit” subset [a, b]
which is not in M. We will prove the existence of such sets later.

8. Fact: M is the smallest o — algebra on [a,b] which contains all sub-
intervals of [a, b].
9. Fact: A bounded function f : [a,b] — R is in H iff {f > o} € M for all
aeR.
10. Fact: The integral I may be recovered from the measure m by the formula

o0

I(f)= lim Z a;m({z € [a,b]:ay < f(z) <au}).

mesh—0
O<a<az<as<...

We will prove items 8. — 10. later in the course. The proof if Items 9. and
10. is not so hard and the energetic reader may wish to give them a try.

Notation 1.3 The collection of sets M is called the Borel o — algebra on
[a,b] and the function m : M — R is called Lebesgue measure. We will usually
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write I (f) as f[a b fdm and I (f) will be called the Lebesgue integral of f. This

integral may be extended to all positive functions f such that f1)5 <y € H for
all M by

I(f)= Jim I(flipi<m)-

Again, we will come back to all of this again later.
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Set Operations

Let N denote the positive integers, Ny := NU{0} be the non-negative inte-
gers and Z = Ny U (—N) — the positive and negative integers including 0, Q
the rational numbers, R the real numbers (see Chapter 3 below), and C the
complex numbers. We will also use F to stand for either of the fields R or C.

Notation 2.1 Given two sets X and Y, let YX denote the collection of all
functions f : X — Y. If X = N, we will say that f € YN is a sequence
with values in' Y and often write f, for f(n) and express f as {fn}or; -

If X = {1,2,...,N}, we will write YV in place of Y{12N}t and denote
feYN by f=(f1,fa-..,fn) where f, = f(n).

Notation 2.2 More generally if {X, : a € A} is a collection of non-empty

sets, let X4 = [] Xa and mo, : Xa — X be the canonical projection map
acA
defined by o (x) = x4

Recall that an element x € X 4 is a “choice function,” i.e. an assignment
To = z(a) € X, for each @ € A. The axiom of choice (See Appendix B.)
states that X 4 # () provided that X, # 0 for each o € A. If X, = X for some

fixed space X, then [] X, = X4.
acA

Notation 2.3 Given a set X, let 2% denote the power set of X — the col-
lection of all subsets of X including the empty set.

The reason for writing the power set of X as 2% is that if we think of 2
meaning {0, 1}, then an element of @ € 2% = {0,1}" is completely determined
by the set

A={reX a(x)=1}C X.

In this way elements in {0, l}X are in one to one correspondence with subsets
of X.
For A € 2% let
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A =X\A={zeX: :x ¢ A}
and more generally if A, B C X let
B\A:={zxeB:x¢ A} = An B
We also define the symmetric difference of A and B by
AAB:=(B\A)U(A\ B).

As usual if {A},; is an indexed collection of subsets of X we define the
union and the intersection of this collection by

Uaerdo :={z€X:Jael 5 x e A,} and
NactAa i ={zeX :z e AuVaell}.

Notation 2.4 We will also write Hael Ay for UgerAqs in the case that
{Aa}aer are pairwise disjoint, i.e. Aq N Ag =0 if a # B.

Notice that U is closely related to 3 and N is closely related to V. For
example let {4, } 7 | be a sequence of subsets from X and define

{A,i0} ={zeX : #{n:xze€ A} =oc0} and
{4, aa.} :={x € X :z € A, for all n sufficiently large}.

(One should read {A,, i.0.} as A, infinitely often and {4,, a.a.} as A, almost
always.) Then z € {4,, i.0.} iff

VNeNdn>N>zcA,
and this may be expressed as

{A, 10} =Ny Un>n An.
Similarly, x € {4, a.a.} iff

dNeN>Vn>N, x€ A,
which may be written as

{4, a.a.} =UX_1 Np>n Ay,

Definition 2.5. A set X is said to be countable if is empty or there is an
injective function f: X — N, otherwise X is said to be uncountable.

Lemma 2.6 (Basic Properties of Countable Sets).

1. If A C X is a subset of a countable set X then A is countable.
2. Any infinite subset A C N is in one to one correspondence with N.
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3. A non-empty set X is countable iff there exists a surjective map, g : N —
X.

4. If X and'Y are countable then X XY is countable.

5. Suppose for each m € N that A, is a countable subset of a set X, then
A =U_1 A is countable. In short, the countable union of countable sets
is still countable.

6. If X is an infinite set and Y is a set with at least two elements, then Y X
is uncountable. In particular 2% is uncountable for any infinite set X.

Proof. 1.1f f : X — N is an injective map then so is the restriction, f|a, of f
to the subset A.
2. Let f (1) = min A and define f inductively by

f(n+1)=min A\ {f(1),...,f(n)}.

Since A is infinite the process continues indefinitely. The function f: N — A
defined this way is a bijection.
3. If g : N — X is a surjective map, let

f(z) =ming™' ({z}) =min{n € N: f(n) =z}.

Then f: X — N is injective which combined with item 2. (taking A = f(X))
shows X is countable. Conversely if f : X — N is injective let zop € X be
a fixed point and define g : N — X by g(n) = f~!(n) for n € f(X) and
g(n) = xo otherwise.

4. Let us first construct a bijection, h, from N to N x N. To do this put
the elements of N x N into an array of the form

(1,1) (1,2) (1,3) ...
(2,1) (2,2) (2,3) ...
(3,1) (3,2) (3,3) ...

and then “count” these elements by counting the sets {(¢,j) : i + j = k} on
at a time. For example let h (1) = (1,1), h(2) = (2,1), h(3) = (1,2), h )
(3,1), h(5) = (2,2), h(6) = (1,3), etc. etc.

If f:N—=X and g : N—=Y are surjective functions, then the function
(f xg)oh:N—=X xY is surjective where (f x g) (m,n) := (f (m), g(n)) for
all (m,n) € NxN.

5. If A = () then A is countable by definition so we may assume A # (.
With out loss of generality we may assume A; # () and by replacing A, by
A; if necessary we may also assume A,, # 0 for all m. For each m € N let
am : N — A, be a surjective function and then define f : NxN — US°_; A, by
f(m,n) := amy(n). The function f is surjective and hence so is the composition,
foh:N— X xY, where h : N — N x N is the bijection defined above.

6. Let us begin by showing 2N = {0,1}N is uncountable. For sake of

}
(4

contradiction suppose f : N — {0,1}N is a surjection and write f(n) as



10 2 Set Operations

(fi(n), f2(n), fs(n),...). Now define a € {0,1}" by a, := 1 — f,(n). By
construction f, (n) # a, for all n and so a ¢ f(N). This contradicts the
assumption that f is surjective and shows 2 is uncountable.

For the general case, since YOX C YX for any subset Yy C Y, if YOX is
uncountable then so is Y. In this way we may assume Yy is a two point set
which may as well be ¥, = {0,1}. Moreover, since X is an infinite set we
may find an injective map x : N — X and use this to set up an injection,
i+ 28 — 2% by setting i(a) (z,) = a, for all n € N and i(a)(z) = 0
if v ¢ {x,:n€N}. If 2% were countable we could find a surjective map
f:2%X — Nin which case foi:2Y — N would be surjective as well. However
this is impossible since we have already seed that 2V is uncountable. m

We end this section with some notation which will be used frequently in
the sequel.

Notation 2.7 If f: X — Y is a function and €& C 2V let
fle=1E) = {f(B)E €&}

If G C 2X et
fG:={Ae2"|f1(4) eg}

Definition 2.8. Let £ C 2% be a collection of sets, A C X, is: A — X be
the inclusion map (ia(z) = x for all z € A) and

Ea=i"(E)={ANE:Ec¢&}.

2.1 Exercises

Let f: X — Y be a function and {A;};c; be an indexed family of subsets of
Y, verify the following assertions.

Exercise 2.1. (N;erA4;)¢ = U;er AS.

Exercise 2.2. Suppose that B C Y, show that B\ (U;ecr4;) = Nier(B\ 4).
Exercise 2.3. f~1(UjerA;) = Uier fH(A)).

Exercise 2.4. f~1(NierA;) = Nierf 1 (A;).

Exercise 2.5. Find a counter example which shows that f(C N D)= f(C)N
f(D) need not hold.
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The Real and Complex Numbers

Although it is assumed that the reader of this book is familiar with the prop-
erties of the real numbers, R, nevertheless I feel it is instructive to define them
here and sketch the development of their basic properties. It will most cer-
tainly be assumed that the reader is familiar with basic algebraic properties
of the natural numbers N and the ordered field of rational numbers,

@z{mzm,nEZ:n;&O}.
n
As usual, for ¢ € Q, we define

‘|_ q ifg>0
= —qif g <0.

Notice that if ¢ € Q and |g| < L for all n, then ¢ = 0. Indeed g # 0 then
lgl = 2 for some m,n € N and hence |¢| > 1. A similar argument shows
q>0iff g > —% for all n € N. These trivial remarks will be used in the future
without further reference.

Definition 3.1. A sequence {q,,},.., C Q con'verges toqeQif|lg—qn] — 0
asn — oo, i.e. if for al N €N, |¢g — qn| < & for a.a. n. As usual if {q, },~
converges to q we will write q,, — q as n — oo or q =1lim, . qn-

Definition 3.2. A sequence {gn},-, C Q is Cauchy if |¢, — gm| — 0 as
m,n — oo. More precisely we require for each N € N that |qm — gn| < % for
a.a. pairs (m,n).

Exercise 3.1. Show that all convergent sequences {g,} . ; C Q are Cauchy
and that all Cauchy sequences {g, },, are bounded — i.e. there exists M € N
such that

lgn| < M for all n € N.

Exercise 3.2. Suppose {¢, },.; and {r,}, -, are Cauchy sequences in Q.
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1. Show {gn 4+ 7n},oy and {gn - 75}, are Cauchy.
Now assume that {g, },- , and {r,} -, are convergent sequences in Q.
2. Show {q,, + mn}, 1 {qn - Tn},o, are convergent in Q and

lim (g, +7,) = nlinéo qn + nlLII;O r,, and

n—oo
lim (gnryn) = lim g, - lim 7.
n—oo n—oo n—oo
3. If we further assume ¢,, <, for all n, show lim,, o ¢, < lim,, o 7. (It
suffices to consider the case where g, = 0 for all n.)

The rational numbers Q suffer from the defect that they are not complete,
i.e. not all Cauchy sequences are convergent. In fact, according to Corollary
3.14 below, “most” Cauchy sequences of rational numbers do not converge to
a rational number.

Exercise 3.3. Use the following outline to construct a Cauchy sequence
{gn};~; C Q which is not convergent in Q.

1. Recall that there is no element ¢ € Q such that ¢ = 2'. To each n € N
let m,, € N be chosen so that

m2 (M, + 1)

n—; <2< — (3.1)

and let g, := D=,

n
2. Verify that g2 — 2 as n — oo and that {qn};’o:1 is a Cauchy sequence in

Q.

3. Show {gy},-; does not have a limit in Q.

3.1 The Real Numbers

Let C denote the collection of Cauchy sequences a = {a,} -, C Q and say
a,b € C are equivalent (write a ~ b) iff lim, . |an — bn| = 0. (The reader
should check that “ ~ ” is an equivalence relation.)

Definition 3.3. A real number is an equivalence class, @ :={b€C:b~a}
associated to some element a € C. The collection of real numbers will be
denoted by R. For q € Q, leti(q) = a where a is the constant sequence a, = q
for all n € N. We will simply write 0 for i (0) and 1 fori(1).

Exercise 3.4. Given a,b € R show that the definitions

—a=(-a), at+tb:=(a+b)anda-b:=a-b

! This fact also shows that the intermediate value theorem, (See Theorem 10.57
below.) fails when working with continuous functions defined over Q.
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are well defined. Here —a, a + b and a - b denote the sequences {—an}zo:l,

{an + by}, and {a, - b}, | respectively. Further verify that with these op-
erations, R becomes a field and the map 7 : Q — R is injective homomorphism
of fields. Hint: if a # 0 show that @ may be represented by a sequence a € C
with |a,| > % for all n and some N &€ N. For this representative show the

sequence a~ ! := {a,j 1}:;1 € C. The multiplicative inverse to @ may now be

constructed as: % =al:= {aﬁl}zo:l.
Definition 3.4. Let a,b € R. Then

1. a > 0 if there exists an N € N such that a, > % for a.a. n.

2.a > 0 iff either a > 0 or a = 0. Equivalently (as the reader should verify),
a >0 iff for all N € N, a,, > —% for a.a. n.

3. Writea>borb<aifa—b>0

4. Writea>borb<a if&—BzO.

Exercise 3.5. Show “ > ” make R into a linearly ordered field and the map
i : Q — R preserves order. Namely if a,b € R then

1. exactly one of the following relations hold: @ < bora>bora=bh.
2.Ifa>0andb>0thena+b>0anda-b>0.
3. If ¢, € Q then ¢ < riff i (q) <i(r).

The absolute value of a real number a is defined analogously to that of
a rational number by
_ a ifa>0
lal =

—aifa<0’
Observe this definition is consistent with our previous definition of the ab-
solute value on Q, namely i (|g|) = |i(¢)|. Also notice that a = 0 (i.e. a ~ 0

where 0 denotes the constant sequence of all zeros) iff for all N € N, |a,| < %
for a.a. n. This is equivalent to saying |a| < i () for all N € Niff a = 0.

Exercise 3.6. Given a@,b € R show
|ab| = |al |b| and |a+b| < |a|+ [b].
The latter inequality being referred to as the triangle inequality.
By exercise 3.6,
la| = |a—b+b| <|a—b| + |p|

and hence ~ ~
la| — || < |a— b

and by reversing the roles of @ and b we also have

— (lal = [ol) = [b] — lal < [b—a| =|a—?|.
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Therefore ||a] — |b|| < |@ — b| and in particular if {a,},~; C R converges to
a € R then
[lan| —la|| < |@n —al — 0 as n — co.

Definition 3.5. A sequence {a,} -, C R converges toa € R if |a — a,| — 0

asm — oo, i.e. if for all N € N, |a — a,| < z(%) for a.a. n. As before if
{a,},2, converges to a we will write @, — @ as n — 0o or a = lim,_. G,

Remark 8.6. The field i (Q) is dense in R in the sense that if @ € R there
exists {gn},—, C Q such that i(g,) — @ as n — oo. Indeed, simply let
qn = G, Where a represents a. Since a is a Cauchy sequence, to any N € N
there exits M € N such that

1 1
—Ngam—angﬁforallm,nzM
and therefore
—q <i(am)—a<i ! forallm > M
) N <ilam)—a<i i or all m > M.
This shows
. _ . _ 1
|z(qm)a|—z(am)a|§1<ﬁ) for all m > M

and since N is arbitrary that ¢ (g,,) — @ as m — oo.

Definition 3.7. A sequence {a,},., C R is Cauchy if |a, — am| — 0 as
m,n — oo. More precisely we require for each N € N that |Gy, — ap| < i (%)
for a.a. pairs (m,n).

Exercise 3.7. The analogues of the results in Exercises 3.1 and 3.2 hold with
Q replaced by R. (We now say a subset A C R is bounded if there exists
M € N such that |A] <i(M) for all A € A.)

For the purposes of real analysis the most important property of R is that
it is “complete.”
Theorem 3.8. The ordered field R is complete, i.e. all Cauchy sequences in
R are convergent.
o0

Proof. Suppose that {a(m)}, _; is a Cauchy sequence in R. By Remark 3.6,
we may choose ¢, € Q such that

|a(m) —i(gm)| <1 (mil) for all m € N.

Given N € N, choose M € N such that |a(m)—a(n)| < i (N~!) for all
m,n > M. Then
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i (am) = i (gn)| < [P (gm) —a(m)| +a(m) —a(n)| +|a(n) —i(g.)|
<i(m™)+i(n ) +i(NT?

and therefore
lgm — qn] <m ™ 40"t + N7t for all m,n > M.

It now follows that ¢ = {gm },._, € C and therefore q represents a point g € R.
Using Remark 3.6 and the triangle inequality,

@ (m) — gl < |a(m) —i(gm)| + i (gm) —
<i(m™") +i(gm) —q — 0asm— oo

and therefore lim,, ,oc@(m)=7. m

Definition 3.9. A number M € R is an upper bound for a set A C R if
A< M for all A € A and a number m € R is an lower bound for a set
ACR i AN>m for all A € A. Upper and lower bounds need not exist. If A
has upper (lower) bound, A is said to be bounded from above (below).

Theorem 3.10. To each non-empty set A C R which is bounded from above
(below) there is a unique least upper bound denoted by sup A € R (respec-
tively greatest lower bound denoted by inf A € R).

Proof. Suppose A is bounded from above and for each n € N, let m,, € Z be

the smallest integer such that i (ZL,L) is an upper bound for A. The sequence

qn := % is Cauchy because ¢,, € [¢, —27",¢,] N Q for all m > n, i.e.

|Qm - QH‘ <27 min(m.n) _, () as m,n — oQ.

Passing to the limit, n — oo, in the inequality i (g,) > A, which is valid for
all A € A implies
d= lim i(g,) > Aforall A € A
n—oo

Thus g is an upper bound for A.

If there were another upper bound M € R for A such that M < g, it would
follow that M < i(g,) < ¢ for some n. But this is a contradiction because
{gn},2, is a decreasing sequence, i (q,) > i (gm) for all m > n and therefore
i(gn) > q for all n. Therefore g is the unique least upper bound for A. The
existence of lower bounds is proved analogously. m

Proposition 3.11. If {a,},.; C R is an increasing (decreasing) sequence
which is bounded from above (below), then {a,},—, is convergent and

lim a, =sup{a,:n €N} (lim a, = inf{a, : n € N}).

If A C R is a set bounded from above then there exists {\,} C A such that
An T M :=sup A, asn — oo, i.e. {\,} is increasing and limy,_, A\, = M.
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Proof. Let M := sup{a, :n € N}, then for each N € N there must exist
m € N such that M — ¢ (Nfl) < ay; < M. Since a,, is increasing, it follows
that

M—i(N_l) < a, < M for all n > m.

From this we conclude that lim a,, exists and lima,, = M.
If M = sup A, for each n € N we may choose \,, € A such that

M—i(n™") <A <M. (3.2)
By replacing A, by max {\,..., A\, }? if necessary we may assume that \,, is
increasing in n. It now follows easily from Eq. (3.2) that lim,; ..o A, = M. &
3.1.1 The Decimal Representation of a Real Number

Leta € Rora€eQ, mneZand S:=3, of Ifa=1then Y, o
m —n + 1 while for o # 1,

aS—8=amt —an

and solving for S gives the important geometric summation formula,

m
Z o' 1 1f a# 1. (3.3)
Taking o = 107! in Eq. (3.3) implies

L, 10D _q0n 1 1-10"(m=m)
1071 -1 10—t 9

and in particular, for all M > n,

,,}E%ozlo_ 9. 10n1—210k

k=n

Let D denote those sequences « € {0,1,2,... ,9}Z with the following prop-
erties:

1. there exists N € N such that av_,, = 0 for all n > N and
2. an # 0 for some n € Z.

2 The notation, max A, denotes sup A along with the assertion that supA € A.
Similarly, min A = inf A along with the assertion that inf A € A.
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Associated to each « € I is the sequence a = a («) defined by

Ay 1= i aklo_k.

k=—o0

Since for m > n,

_ E —k E —k _
|am_an‘— 10 <9 10 S9910" = 1o
k=n-+1 k=n-+1
it follows that
< L 0
|am—an\_W—> as m,n — oQ.

Therefore a = a () € C and we may define a map D : {£1} x D — R defined
by D (g,a) = ea(a). As is customary we will denote D (g, ) = ea () as

£ Q.. .00 ...0py ... (3.4)

where m is the largest integer in Z such that a, =0 for all kK < m. If m >0
the expression in Eq. (3.4) should be interpreted as

€-0.0...0amamy1 - ---

An element a € D has a tail of all 9’s starting at N € N if a,, = 9 and for
alln > N and ay_1 # 9. If a has a tail of 9’s starting at N € N, then for
n > N,

N-1 n
an (@) = Z a107F +9 Z 107"
k=—o0 k=N

N-1

9 1—10-(=N)
_ —k
= > oxl0 4 5
k=—o00
N-1
— Z ozkl()*’C +10" =D as n — oo.
k=—o00

If o is the digits in the decimal expansion of Zg;_loo apl0=F + 10~ (V=1
then
o' €D :={a € D: «a does not have a tail of all 9’s}.

and we have just shown that D (e,a) = D (g,¢’) . In particular this implies

D({£1} x I') = D ({£1} x D). (3.5)
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Theorem 3.12 (Decimal Representation). The map
D: {+1} x D'— R\ {0}
s a bijection.

Proof. Suppose D (g,a) = D (6,0) for some (g,a) and (4,5) in {£1} x D.
Since D (e,a) > 0ife =1 and D (g,) < 0if € = —1 it follows that € = 4. Let
a = a(a) and b = a(B) be the sequences associated to « and § respectively.
Suppose that @ # (8 and let j € Z be the position where a and g first
disagree, i.e. @, = B, for all n < j while a; # ;. For sake of definiteness
suppose 3; > a;. Then for n > j we have

n
bn — Ay = (ﬂ] — Oéj) 107j + Z (Bk - Oék) 1071C
k=j+1
. n . 1
>1077 — 107 > 1077 — - =
> 10 9 Z 07k > 10 9557 =0
k=j+1

Therefore b, —a,, > 0 for all n and lim (b, — a,) = 0iff ; = a;+1 and B =9
and ai = 0 for all £ > j. In summary, D (¢,«) = D (4, 8) with « # 8 implies
either « or 5 has an infinite tail of nines which shows that D is injective when
restricted to {£1} x IV.

To see that D is surjective it suffices to show any b € R with 0 < b < 1 is
in the range of D. For each n € N, let a,, = a3 ... o, with oy € {0,1,2,...,9}
such that

i(an) <b<i(ay) +i(107"). (3.6)

Since anq1 = @y + 11107+ for some v, 11 € {0,1,2,...,9}, we see that
Gpt1 = .Qq ...0p0n41, 1.e. the first n digits in the decimal expansion of a, 41
are the same as in the decimal expansion of a,,. Hence this defines «v,, uniquely
for all n > 1. By setting a,, = 0 when n < 0, we have constructed from b an
element o € . Because of Eq. (3.6), D(1,a) =b. m

Notation 3.13 From now on we will identify Q with i (Q) C R and elements
i R with their decimal expansions.

To summarize, we have constructed a complete ordered field R “contain-
ing” Q as a dense subset. Moreover every element in R (modulo those of the
form m10~" for some m € Z and n € N) has a unique decimal expansion.

Corollary 3.14. The set (0,1) := {a € R:0 < a < 1} is uncountable while
QnN(0,1) is countable.

Proof. By Theorem 3.12, the set {0, 1,2...,8}N can be mapped injectively
into (0,1) and therefore it follows from Lemma 2.6 that (0, 1) is uncountable.
For each m € N, let A,, := {2 :n e Nwithn<m}. Since QN (0,1) =
UX_1 A, and # (A,,) < oo for all m, another application of Lemma 2.6 shows
QnN(0,1) is countable. m
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3.2 The Complex Numbers

Definition 3.15 (Complex Numbers). Let C = R? equipped with multipli-
cation rule

(a,b)(c,d) := (ac — bd, be + ad) (3.7

and the usual rule for vector addition. As is standard we will write 0 = (0,0),
1 =(1,0) and i = (0,1) so that every element z of C may be written as
z = zl + yi which in the future will be written simply as z = x + 1y. If
z=x+1y, let Rez =z and Im z = y.

Writing z = a + ib and w = ¢ + id, the multiplication rule in Eq. (3.7)
becomes
(a+b)(c+id) := (ac — bd) + i(bc + ad) (3.8)

and in particular 12 = 1 and i® = —1.

Proposition 3.16. The complex numbers C with the above multiplication

rule satisfies the usual definitions of a field. For example wz = zw and

z (w1 +we) = zwy + zwe, etc. Moreover if z # 0, z has a multiplicative

inverse given by

1 a . b
T2t e

z (3.9)
Proof. The proof is a straightforward verification. Only the last assertion will
be verified here. Suppose z = a + ib # 0, we wish to find w = ¢+ id such that
zw =1 and this happens by Eq. (3.8) iff

ac —bd =1 and (3.10)
be+ ad = 0. (3.11)
Solving these equations for ¢ and d gives ¢ = 2757 and d = f(ﬁ—f’w as claimed.

Notation 3.17 (Conjugation and Modulus) If z = a + ib with a,b € R
let Z=a—1ib and

2| := V2Z = Va2 + b2 = \/|Re z|* + [Im 2.

See Exercise 3.8 for the existence of the square root as a positive real number.

Notice that

1 1
Rez:g(z+2) and Imz:g(z—é). (3.12)

Proposition 3.18. Complex conjugation and the modulus operators satisfy
the following properties.

1.

wl

:Z’
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2.70 =ZWw and Z+ W = z + w.

4. |zw] = |z| |w| and in particular |2"| = |z|" for all n € N.

5. [Rez| < |z| and [Imz| < |z|

6. |z 4+ w| < |z| + |w]|.

7.2=0iff |z] = 0. i

8. If 2 # 0 then 271 1= ik (also written as 1) is the inverse of z.
9. |z_1‘ = \z|_1 and more generally |2"| = |z|" for all n € Z.

Proof. All of these properties are direct computations except for possibly the
triangle inequality in item 6 which is verified by the following computation:

24w =(z+w) EFw) =|2* + [ + wz + vz
= 2> + |w|* + wz + Wz
= [2I* + [w]” + 2Re (w2) < [2” + [w]* + 22| [w]
= (|2] + |w])*.

o0

Definition 3.19. A sequence {z,},_; C C is Cauchy if |z, — zm| — 0 as
m,n — oo and is convergent to z € C if |z — z,| — 0 as n — oo. As usual
if {zn}zozl converges to z we will write z, — z as n — 00 or z = limy, o 2y

Theorem 3.20. The complex numbers are complete,i.e. all Cauchy sequences
are convergent.

Proof. This follows from the completeness of real numbers and the easily
proved observations that if z, = a,, + ib, € C, then

1. {z,},—, C Cis Cauchy iff {a,},-; C R and {b,} -, C R are Cauchy
and
2. z, —w2z=a+1ibasn— xiff a,, — a and b,, — b as n — oc.

3.3 Exercises

Exercise 3.8. Show to every a € R with a > 0 there exists a unique number
b € R such that b > 0 and b*> = a. Of course we will call b = \/a. Also show
that a — /a is an increasing function on [0, 00). Hint: To construct b = v/a
for a > 0, to each n € N let m,, € Ny be chosen so that

2 2 2 2
m (mp+1)° . (m | (my, +1)
n—;<a§Tl.e.z TL_;L <a<t T

and let g, := 2. Then show b = {¢,},, € R satisfies b > 0 and b* = a.

n=1
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Limits and Sums

4.1 Limsups, Liminfs and Extended Limits

Notation 4.1 The extended real numbers is the set R := RU {£o0}, i.e. it
is R with two new points called oo and —oco. We use the following conventions,
+00-0=0, £oo+a = =+o00 for any a € R, 0o+ 00 = 00 and —0o — 00 = —00
while 0o — oo is not defined. A sequence a, € R is said to converge to oo
(—o0) if for all M € R there exists m € N such that a, > M (a, < M) for
all n > m.

Lemma 4.2. Suppose {a,}or, and {b,} —, are convergent sequences in R,
then:

1. If ap < by for a.a. n then lim, . ay < limy, o0 by.
2. If c e R, limy, o (cayn) = climy, o0 G-
3. If {an + by}, is convergent and
lim (an +b,) = lim a, + lim b, (4.1)

n— oo n— oo n—00

provided the right side is not of the form oo — co.
4. {anby},2, is convergent and

lim (a,b,) = lim a, - lim b, (4.2)

n—oo n—oo n—oo
provided the right hand side is not of the for oo - 0.

Before going to the proof consider the simple example where a, = n and
b, = —an with a > 0. Then

o fa<l
lim (a, +by,) = 0 ifa=1
—oifa>1

while
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lim a, + lim b,“ ="00 — .
n—oo n—oo

This shows that the requirement that the right side of Eq. (4.1) is not of form
00 — o0 is necessary in Lemma 4.2. Similarly by considering the examples
an =n and b, = n~* with a > 0 shows the necessity for assuming right hand
side of Eq. (4.2) is not of the form oo - 0.

Proof. The proofs of items 1. and 2. are left to the reader.

Proof of Eq. (4.1). Let a := lim, . a, and b = lim,, o, b,. Case 1.,
suppose b = oo in which case we must assume a > —oo. In this case, for every
M > 0, there exists N such that b, > M and a,, > a — 1 for all n > N and
this implies

an+b, >M+a—1foralln> N.

Since M is arbitrary it follows that a, 4+ b, — 0o as n — b = co. The cases
where b = —o0o0 or a = +o0 are handled similarly.
Case 2. If a,b € R, then for every £ > 0 there exists N € N such that

la —a,| <eand |b—10,| <eforaln>N.
Therefore,
la+b—(an+by)|=la—an+b—0, <la—ay|+|b—0b,] <2

for all n > N. Since n is arbitrary, it follows that lim, . (a, +b,) = a +b.

Proof of Eq. (4.2). It will be left to the reader to prove the case
where lima, and limb, exist in R. I will only consider the case where
a = lim, . a, # 0 and lim, .., b, = oo here. Let us also suppose that
a > 0 (the case a < 0 is handled similarly) and let o := min (£, 1) . Given any
M < oo, there exists N € N such that a,, > o and b,, > M for all n > N and
for this choice of N, a,b,, > M« for all n > N. Since a > 0 is fixed and M is
arbitrary it follows that lim,_,c (anby) = 0o as desired. ®

For any subset A C R, let sup A and inf A denote the least upper bound and
greatest lower bound of A respectively. The convention being that sup A = oo
if oo € A or A is not bounded from above and inf A = —cc if —co € A or A is
not bounded from below. We will also use the conventions that sup ) = —oo
and inf ) = +oo0.

Notation 4.3 Suppose that {x,}, -, C R is a sequence of numbers. Then

lim inf z, = lim inf{z;: k >n} and (4.3)
lim sup z,, = lim sup{zy : k > n}. (4.4)
n—00 n—o0

We will also write lim for liminf and lim for limsup.
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Remark 4.4. Notice that if ay := inf{zy : &k > n} and by := sup{zy : k >
n}, then {a;} is an increasing sequence while {;} is a decreasing sequence.
Therefore the limits in Eq. (4.3) and Eq. (4.4) always exist in R and

lim inf x, =supinf{zy : k> n} and
n—oo n

lim sup x, = inf sup{zy : k > n}.
n—oo n
The following proposition contains some basic properties of liminfs and
limsups.

Proposition 4.5. Let {a, }52; and {b,}32 1 be two sequences of real numbers.
Then

1. liminf,, ., a, < limsup,,_, a, andlim, . a, exists in R iffliminf, . a, =
lim sup,,_, ., an € R.

2. There is a subsequence {an, }7°, of {an}re; such that limy o0 @y, =
limsup,,_, .~ Gn-

3.

lim sup (a, + by) < lim sup a, + lim sup b, (4.5)
n—oo n—oo n—oo

whenever the right side of this equation is not of the form oo — oo.

4. If ap, > 0 and b, > 0 for all n € N, then

lim sup (a,b,) <lim sup a, -lim sup by, (4.6)

provided the right hand side of (4.6) is not of the form 0-oco or co - 0.

Proof. Ttem 1. will be proved here leaving the remaining items as an exercise
to the reader. Since

inf{a, : k > n} <sup{ay : k > n} Vn,
lim inf a, <lim sup a,.

n—0oo n— o0

Now suppose that liminf,,_, a, = limsup,,_, ., a, = @ € R. Then for all
€ > 0, there is an integer N such that

a—c<inf{ap:k> N} <sup{ar: k> N} <a+e,

i.e.
a—ec<ap<a-+eforal k> N.

Hence by the definition of the limit, limg_.o ax = a.
If lim inf,,, o0 Gy, = 00, then we know for all M € (0, 00) there is an integer
N such that
M <inf{ax : k> N}
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and hence lim,,—,~ a, = 0o. The case where limsup,,_, ., a,, = —0o0 is handled
similarly. -

Conversely, suppose that lim,, .. a, = A € R exists. If A € R, then for
every € > 0 there exists N(g) € N such that |[A —a,| < ¢ for all n > N(e),
ie.

A—e<a, <A+ceforalln>N().

From this we learn that

A—e¢<lim inf a, <lim sup a, < A +¢.

n—00 n— oo
Since € > 0 is arbitrary, it follows that

A <lim inf a, <lim sup a, < A4,

n—0oo n— o0

i.e. that A = liminf, . a, = limsup,,_, ., an.

If A =00, then for all M > 0 there exists N (M) such that a,, > M for all
n > N(M). This show that liminf, . a, > M and since M is arbitrary it
follows that

oo < lim inf a, <lim sup a,.
n—oo n— 00

The proof for the case A = —o0 is analogous to the A = oo case. ®

4.2 Sums of positive functions

In this and the next few sections, let X and Y be two sets. We will write
a CC X to denote that « is a finite subset of X and write 2;( for those
a CC X.

Definition 4.6. Suppose that a : X — [0,00] is a function and F C X is a
subset, then

Za—z —sup{Za(x):aCCF}.
zeF reo
Remark 4.7. Suppose that X =N ={1,2,3,...} and a : X — [0, 0], then
0 N
Za ; = A}gnoo 2 a(n).

Indeed for all N, 22[21 a(n) < ) ya, and thus passing to the limit we learn

that -
Sat < Fa
n=1



4.2 Sums of positive functions 25

Conversely, if & CC N, then for all N large enough so that o C {1,2,..., N},
we have Y a < ZTJLI a(n) which upon passing to the limit implies that

Zag Za(n)

Taking the supremum over « in the previous equation shows

o0

Zag Za(n)
N

Remark 4.8. Suppose a : X — [0,00] and )y a < oo, then {z € X : a(x) > 0}
is at most countable. To see this first notice that for any € > 0, the set
{z : a(z) > €} must be finite for otherwise )y a = co. Thus

{reX:a(z)>0}= Uzozl{ac ca(x) > 1/k}

which shows that {x € X : a(z) > 0} is a countable union of finite sets and
thus countable by Lemma 2.6.

Lemma 4.9. Suppose that a,b: X — [0,00] are two functions, then

Z Za+Zb and
ZAQ—AZQ

for all A > 0.

I will only prove the first assertion, the second being easy. Let a CC X be

a finite set, then
da+b)y=>"a+d> b<> at+H b
a «@ X X

«

which after taking sups over a shows that
da+b) <D a+d b
X X X
Similarly, if a, 5 CC X, then

Za+2b<2a+2b—z a+b) <) (a+b

alUf aupg aup X

Taking sups over « and 8 then shows that

da+> <> (atb).
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Lemma 4.10. Let X and Y be sets, R C X xY and suppose that a : R — R
is a function. Let ;R :={y €Y : (z,y) € R} and R, :={z € X : (z,y) € R}.
Then

sup a(z,y) = sup sup a(x,y) = sup sup a(z,y) and
(z,y)ER rzeX yex R yeY z€R,

inf = inf inf = inf inf .
oen V) = Jek R0 (0) = Sl g o)
(Recall the conventions: sup () = —oo and inf ) = +oc.)

Proof. Let M = sup(, ,)er a(x,y), Nz = sup,c_pa(z,y). Then a(z,y) < M
for all (z,y) € R implies N, = sup,¢_ g a(x,y) < M and therefore that

sup sup a(z,y) = sup N, < M. (4.7)
zeX yez R reX

Similarly for any (x,y) € R,

a(z,y) < N, < sup N, = sup sup a(z,y)

zeX rzeX yex R
and therefore
sup a(z,y) < sup sup a(z,y) =M (4.8)
(z,y)ER zeX yEz R

Equations (4.7) and (4.8) show that
sup a(z,y) = sup sup a(z,y).

(z,y)ER rzeX yc. R

The assertions involving infimums are proved analogously or follow from what
we have just proved applied to the function —a. m

Y

Ry
g do— o

-
X

Fig. 4.1. The = and y — slices of a set R C X x Y.
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Theorem 4.11 (Monotone Convergence Theorem for Sums). Suppose
that fn, : X — [0,00] is an increasing sequence of functions and

f(z) = lim fy(z)= 5171Lpfn($)

n—oo

Then
X X
Proof. We will give two proves. For the first proof, let
2;( ={ACX:AcCcCX}.

Then

lim Y fu=sup ) fo=sup sup an = sup Supz fn
X "X

n aeQX aEQX

= sup lim an = sup Z hm fn

ag2f Ty
sup »_f = Zf.

ac2f 74

(Second Proof.) Let S,, =3y fn and S = )" f. Since f,, < f, < f for
all n < m, it follows that
Spn <8n <8

which shows that lim,,_, . 5,, exists and is less that .S, i.e.
A= lim Y fa <> f. (4.9)
Noting that Y fn <>y fn =Sn < A for all « CC X and in particular,

anSAforallnandozCCX.

Letting n tend to infinity in this equation shows that

ngAforallaCCX

and then taking the sup over all @« CC X gives
Y f<A= nli_)rr;oz fn (4.10)
X X

which combined with Eq. (4.9) proves the theorem. m
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Lemma 4.12 (Fatou’s Lemma for Sums). Suppose that f, : X — [0, 0]
s a sequence of functions, then

Zlim inf f,, <lim inf an.
X n—oo n—oo X

Proof. Define g := 1I;fk fn so that gx T liminf, . f, as k& — oo. Since
nz
gr < fn for all k <n,

ZQkSanforallnzk
X X

and therefore
E gr < lim inf E frn for all k.
X n—oo X

We may now use the monotone convergence theorem to let & — oo to find
E lim inf f, = E lim gg MET i E gr < lim inf E fn-
n—oo k—o00 k—o0 - n— oo
X X X X
|

Remark 4.13.1f A = %y a < oo, then for all ¢ > 0 there exists a. CC X
such that
A> Za >A—c¢

for all @« CC X containing a. or equivalently,
A— Z a
(0%

for all @« CC X containing .. Indeed, choose a. so that Zae a>A—e.

<e (4.11)

4.3 Sums of complex functions

Definition 4.14. Suppose that a : X — C is a function, we say that
o= a
X zeX

exists and is equal to A € C, if for all € > 0 there is a finite subset a. C X
such that for all o« CC X containing ae we have

A—Za

<e.
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The following lemma is left as an exercise to the reader.

Lemma 4.15. Suppose that a,b : X — C are two functions such that ) a
and )" b exist, then )y (a + \b) exists for all X € C and

da+ )= a+A) b
X X X
Definition 4.16 (Summable). We call a function a : X — C summable
if

Z la] < oo.

X

Proposition 4.17. Let a : X — C be a function, then )y a exists iff
Yox lal < oo, i.e. iff a is summable. Moreover if a is summable, then

Za §Z|a|.

Proof. If 3"y |a| < oo, then >y (Rea)® < oo and dox (Ima)* < oo and
hence by Remark 4.13 these sums exists in the sense of Definition 4.14. There-
fore by Lemma 4.15, >y a exists and

Y a=> (Rea)" =) (Rea)” +i (Z (Ima)™ — Z(Ima)) .
X

X X X X

Conversely, if >~ |a| = oo then, because |a| < |[Rea|+ [Ima|, we must

have
Z [Rea| = oo or Z Ima| = co.
X X

Thus it suffices to consider the case where a : X — R is a real function. Write

a =at —a~ where

at(z) = max(a(z),0) and a~ (z) = max(—a(x),0). (4.12)

Then |a| = a* +a~ and
oo=Z|a| :Za++2a_
X X X

which shows that either Y at =00 or ) a™ = co. Suppose, with out loss
of generality, that > a* = co. Let X’ := {z € X : a(z) > 0}, then we know
that )"y, a = oo which means there are finite subsets o, C X’ C X such
that Zan a > n for all n. Thus if « CC X is any finite set, it follows that
limy, 00 )00, U @ = 00, and therefore )y a can not exist as a number in R.
Finally if a is summable, write )"y a = pe’? with p > 0 and 6 € R, then
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= Za = ge_wa
—ZRe ~a Z(Re[ “a])”
< Z |Re —ig | < Z |e_19a| < Z |a .

Alternatively, this may be proved by approximating ) y a by a finite sum and
then using the triangle inequality of |-|. m

Remark 4.18. Suppose that X = N and a : N — C is a sequence, then it is
not necessarily true that

> an) =" a(n). (4.13)

n=1 neN
This is because
[e%s) N
Z a(n) = lim a(n)
N—oo
n=1 n=1

depends on the ordering of the sequence a where as ) _ya(n) does not. For

example, take a(n) = (—1)"/n then }° _yla(n)| = oo ie. Y ya(n) does
not exist while >~ ; a(n) does exist. On the other hand, if

> la(n |—Z|a )| < oo

neN
then Eq. (4.13) is valid.

Theorem 4.19 (Dominated Convergence Theorem for Sums). Sup-
pose that f, : X — C is a sequence of functions on X such that f(x) =
lim,, o fn(x) € C exists for all x € X. Further assume there is a dominat-
ing function g: X — [0,00) such that

|fn(z)| < g(z) for allz € X andn € N (4.14)

and that g is summable. Then

Jim 3 fu@) = 3 fo) (1.15)

zeX reX

Proof. Notice that |f| = lim|f,| < g so that f is summable. By considering
the real and imaginary parts of f separately, it suffices to prove the theorem
in the case where f is real. By Fatou’s Lemma,
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Y (g )= lim inf (9= f,) <lim inf > (g fo)
X X

X
=Y g+lim inf (ian> :
X

X
Since liminf,,_,(—a,) = —limsup,,_, ., an, we have shown,
liminf, .o >y fn
+ < + : <
IOTED DED DR (s s

and therefore

lim sup  fo < f <lim inf D fo.
X X

n—oo
X

This shows that lim )", fpexists and is equal to > f. =

31

Proof. (Second Proof.) Passing to the limit in Eq. (4.14) shows that |f| < ¢

and in particular that f is summable. Given € > 0, let @« CC X such that

Zgﬁe.

Then for 8 CC X such that o C £,

SNF=> fa =D =)
B B

B
YN = Fal =DM = fal + D 1f = ful
B o B\a
<Y =fal+2) 9
@ B\a
<D U= fal 422
[0
and hence that
SF=> Fal <IN = fal + 2
B B a
Since this last equation is true for all such  CC X, we learn that

=Yt

which then implies that

Sz‘f_fn‘—’—zg
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Zf an<hmsup2|f ful + 2

lim sup
n—oo

= 2¢.

Because € > 0 is arbitrary we conclude that

Zf an

which is the same as Eq. (4.15). m

lim sup

n—oo

Remark 4.20. Theorem 4.19 may easily be generalized as follows. Suppose
fns> 9n, g are summable functions on X such that f,, — f and g,, — g pointwise,
[fn]l < gnand }” gn — > g asn — oco. Then f is summable and Eq. (4.15)
still holds. For the proof we use Fatou’s Lemma to again conclude

Z(gif)=zlimniggo(gnifn)Slimniggozmnifn)
X X

X
= E g+ lim inf (:I: E fn>
X n—oo X

and then proceed exactly as in the first proof of Theorem 4.19.

4.4 Tterated sums and the Fubini and Tonelli Theorems

Let X and Y be two sets. The proof of the following lemma is left to the
reader.

Lemma 4.21. Suppose that a : X — C is function and F C X is a subset
such that a(z) =0 for all x ¢ F. Then Y a exists iff > y a exists and when

the sums exists,
Sa-Ye
X F

Theorem 4.22 (Tonelli’s Theorem for Sums). Suppose that a : X xY —

[0, 0], then
2 a=2.2 a=2. ) ¢

XxXY
Proof. Tt suffices to show, by symmetry, that
2 =)0
XXY

Let A CC X x Y. The for any « CC X and 5 CC Y such that A C a x 3, we
have
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LIS DR DL

axf

ie. Y a <) >y a. Taking the sup over A in this last equation shows
Y acy Y
XxY X Y

For the reverse inequality, for each z € X choose 57 CC X such that 57 T

asn | and
Z a(z,y) = nILH;O Z a(x,y).

yey yEBE

If o CC X is a given finite subset of X, then

Z a(z,y) = lim Z a(z,y) for all z € &

yey YEBn

where ), := Ugzeafr CC X. Hence

2 alwy)=) lm ) a(zy)=lm > a(ry)

reayeyY reQ YELBn rEa yeS,
= lim g a(z,y) < E a.
n—oo
(zy)eaxpn XxY

Since « is arbitrary, it follows that

ZZa(x,y) 5up ZZ a(z,y) Za

rzeX yey :cea yey XxY
which completes the proof. m

Theorem 4.23 (Fubini’s Theorem for Sums). Now suppose that a : X x
Y — C is a summable function, i.e. by Theorem 4.22 any one of the following
equivalent conditions hold:

1Y xxy lal < oo,
2.3 v >y lal < oo or
3.3y > x lal < .
Then
> G—ZZG—ZZG

XxXY

Proof. If a : X — R is real valued the theorem follows by applying Theorem
4.22 to a* — the positive and negative parts of a. The general result holds for
complex valued functions a by applying the real version just proved to the
real and imaginary parts of a.
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4.5 Exercises

Exercise 4.1. Now suppose for each n € N:={1,2,...} that f, : X —» R is
a function. Let
D:={reX: lim f,(x)=+o0}
n—oo

show that
D =N%21 UNey Mpsn{z € X @ fi(z) > M}, (4.16)

Exercise 4.2. Let f,, : X — R be as in the last problem. Let

C:={zxeX: lim f,(z) exists in R}.

Find an expression for C' similar to the expression for D in (4.16). (Hint: use
the Cauchy criteria for convergence.)

4.5.1 Limit Problems
Exercise 4.3. Prove Lemma 4.15. BRUCE: Move 4.3 and 4.4 after 4.8.
Exercise 4.4. Prove Lemma 4.21.

Let {a,}52; and {b,,}22; be two sequences of real numbers.
Exercise 4.5. Show liminf,, . (—ay,) = —limsup,,_, ., an.

Exercise 4.6. Suppose that limsup,, .. a, = M € R, show that there is a
subsequence {a,, }7 of {a,}32, such that limy_.o an, = M.

Exercise 4.7. Show that

lim sup(a,, + b,) < limsup a,, + limsup b, (4.17)

n—oo n—oo n—oo

provided that the right side of Eq. (4.17) is well defined, i.e. no oo — oo or
—00 + 00 type expressions. (It is OK to have oo+ 00 = 00 or —00 — 00 = —00,
etc.)

Exercise 4.8. Suppose that a,, > 0 and b,, > 0 for all n € N. Show

lim sup(anby) < limsup ay, - limsup by, (4.18)

n—oo n—oo n—oo

provided the right hand side of (4.18) is not of the form 0 - co or oo - 0.
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4.5.2 Dominated Convergence Theorem Problems

Notation 4.24 Forug € R™ and § > 0, let By, () := {z € R" : |z — up| < 6}
be the ball in R™ centered at uog with radius 0.

Exercise 4.9. Suppose U C R” is a set and ug € U is a point such that
U N (By(0)\{uo}) # 0 for all § > 0. Let G : U \ {ug} — C be a function
on U \ {ug}. Show that lim,_.,, G(u) exists and is equal to A € C,! iff for all
sequences {u,},-; C U\ {up} which converge to ug (i.e. limy,_ o0 up = ug)
we have lim,, o G(upn) = A

Exercise 4.10. Suppose that YVisaset, U CR"isaset,and f:UxY — C
is a function satisfying:

1. For each y € Y, the function u € U — f(u,y) is continuous on U.?
2. There is a summable function g : Y — [0, 00) such that

|f(u,y)| < g(y) forally € Y and u € U.

Show that

P(u) =Y f(u,y) (4.19)

yey

is a continuous function for v € U.

Exercise 4.11. Suppose that Y is a set, J = (a,b) C R is an interval, and
f:J xY — Cis a function satisfying:

1. For each y € Y, the function u — f(u,y) is differentiable on .J,
2. There is a summable function g : ¥ — [0, 00) such that

'%f(u,y)' <g(y) forally €Y and u € J.

3. There is a ug € J such that Zyey |.f (w0, y)| < oo.
Show:
a) forall u € J that - .y |f(u,y)| < oo.

! More explicitly, lim,—., G(u) = A means for every every ¢ > 0 there exists a
6 > 0 such that

|G(u) — A] < € whenerver u € U N (Buyy(0) \ {uo}).

2 To say g := f(-,¥) is continuous on U means that g : U — C is continuous relative
to the metric on R™ restricted to U.
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b) Let F(u) :=3_ oy f(u,y), show I is differentiable on J and that
F(w)= 3 ()
du”
yey
(Hint: Use the mean value theorem.)

Exercise 4.12 (Differentiation of Power Series). Suppose R > 0 and
{an},”, is a sequence of complex numbers such that > |an|r™ < oo for
all 7 € (0, R). Show, using Exercise 4.11, f(z) := >~ a,z™ is continuously
differentiable for € (—R, R) and

oo oo
f(x) = Znanxn_l = Znanxn_l.
n=0 n=1

Exercise 4.13. Show the functions

v = i ”;L—T (4.20)
no:OO $2n+1
sinz = Z (-1)" Tl and (4.21)
o on
cosx = 2} (1" (:;n)| (4.22)

are infinitely differentiable and they satisfy

d
— e =¢c" withe? =1

dx

d
e sinx = cosz with sin (0) =0

— cosx = —sinz with cos(0) = 1.

dx

Exercise 4.14. Continue the notation of Exercise 4.13.

1. Use the product and the chain rule to show,

d

— [ef:ve(wy)} —0
and conclude from this, that e %e(*t¥) = e¥ for all z,y € R. In particular
taking y = 0 this implies that e=* = 1/e® and hence that e(*+¥) = e%e¥.
Use this result to show e* Tooasx Tooand e | 0as x | —oo.

2. Use the product rule to show

% (cos2 z + sin? :10) =0

and use this to conclude that cos? z + sin®z = 1 for all = € R.
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Exercise 4.15. Let {an}zo:_oo be a summable sequence of complex numbers,
Le. Y07 lan| < oco. For t >0 and x € R, define

(o)
F(t,z) = Z aneft"Qeim",

n—=——oo

where as usual €' = cos(z) + i sin(z), this is motivated by replacing z in Eq.
(4.20) by iz and comparing the result to Egs. (4.21) and (4.22).

1. F(t, x) is continuous for (¢,x) € [0, 00) xR. Hint: Let Y = Z and u = (¢, x)
and use Exercise 4.10.

2. OF (t,z)/0t, OF (t,z)/0z and 9*F(t,x)/0x? exist for ¢ > 0 and = € R.
Hint: Let Y = Z and u = ¢ for computing 0F(¢,2)/0t and v = x for
computing OF(t,z)/0x and 0?F(t,r)/0x>. See Exercise 4.11.

3. F satisfies the heat equation, namely

OF(t,z)/0t = 0*°F(t,z)/0x* for t > 0 and z € R.
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P — spaces, Minkowski and Holder Inequalities

In this chapter, let u: X — (0,00) be a given function. Let F denote either
Ror C. For p € (0,00) and f: X — F, let

1fllp == (Z |f () |P () /P

reX

and for p = oo let

[[flloc = sup{[f(x)

cxe X},
Also, for p > 0, let
() ={f: X = F:|[|fll, <oo}.
In the case where p(z) =1 for all x € X we will simply write ¢P(X) for ¢P(u).

Definition 5.1. A norm on a vector space Z is a function ||-|| : Z — [0, 00)
such that

1. (Homogeneity) || Af]| = |A[||f]| for all X € F and f € Z.
2. (Triangle inequality) || f + g|l < | £l + llgl| for all f,g € Z.
3. (Positive definite) ||f|| = 0 implies f = 0.

A pair (Z,||-||) where Z is a vector space and ||-|| is a norm on Z is called
a normed vector space.

The rest of this section is devoted to the proof of the following theorem.
Theorem 5.2. For p € [1,00], (P(p), | - ||p) s a normed vector space.

Proof. The only difficulty is the proof of the triangle inequality which is the
content of Minkowski’s Inequality proved in Theorem 5.8 below. ®
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Proposition 5.3. Let f : [0,00) — [0,00) be a continuous strictly increasing
function such that f(0) =0 (for simplicity) and lim f(s) =oo. Let g = f~!
and for s,t > 0 let

s t
F(s) :/ f(s)ds' and G(t) :/ g(t')dt'.
0 0
Then for all s,t > 0,
st < F(s)+ G(t)
and equality holds iff t = f(s).
Proof. Let
As :={(0,7):0< 7 < f(o) for 0 <o < s} and
B :={(0,7):0< 0 <g(r) for 0 <7 <t}
then as one sees from Figure 5.1, [0, s] x [0,¢] C A5 U B;. (In the figure: s = 3,
t =1, As is the region under ¢ = f(s) for 0 < s < 3 and B is the region to

the left of the curve s = g(¢) for 0 < ¢ < 1.) Hence if m denotes the area of a
region in the plane, then

st =m([0,s] x [0,t]) < m(As) +m(B:) = F(s) + G(¢).

As it stands, this proof is a bit on the intuitive side. However, it will
become rigorous if one takes m to be Lebesgue measure on the plane which
will be introduced later.

We can also give a calculus proof of this theorem under the additional
assumption that f is C. (This restricted version of the theorem is all we need
in this section.) To do this fix ¢ > 0 and let

h(s) = st — F(s) = /0 (L= f(o))do.

If 0 > g(t) = f~1(t), then t — f(0) < 0 and hence if s > g(t), we have

s g(t) s
h(s) = / (t - [(0))do = / (t— f(0))do + / (=S

g9(t)
< [ = sodo = nigte)
0
Combining this with h(0) = 0 we see that h(s) takes its maximum at some

point s € (0,¢] and hence at a point where 0 = h/(s) =t — f(s). The only
solution to this equation is s = g(t) and we have thus shown

g(t)
st— F(s) = h(s) < / (t - f(0))do = h(g(t))
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with equality when s = g(¢). To finish the proof we must show f(f(t) (t —

f(o))do = G(t). This is verified by making the change of variables o = g(7
and then integrating by parts as follows:

g(t) t t
/0 (t - f(0))do = / (t — F(g(r))g ()dr = / (t —7)g(r)dr

t t i
0 1 2 3 4

S

Fig. 5.1. A picture proof of Proposition 5.3.

Definition 5.4. The conjugate exponent q € [1,00] to p € [1,00] is q := ﬁ

with the conventions that ¢ = 0o if p =1 and ¢ = 1 if p = co. Notice that q is
characterized by any of the following identities:

1 1
=i+ p- Pt andgp-1) =p. (5.1)
p q p q

Lemma 5.5. Letp € (1,00) and q := ﬁ € (1,00) be the conjugate exponent.

Then
sP 1
st<—+ — forall s,t >0
p q

with equality if and only if t9 = sP.

Proof. Let F(s) = % for p > 1. Then f(s) = s?~! =t and g(t) = 7T = a1
wherein we have used ¢—1 =p/(p —1)—1 =1/ (p — 1) . Therefore G(t) = t?/q
and hence by Proposition 5.3,
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with equality iff ¢t = sP~ 1, i.e. t4 = s94(P—1) = gP,
For those who do not want to use Proposition 5.3, here is a direct calculus
proof. Fix ¢ > 0 and let

Then h (0) = 0, lims_. h(s) = —co and A’ (s) =t — sP~! which equals zero
iff s = ¢77. Since

2
== == q
h(tﬁ)ztﬁt—” Lo =t‘1<1—1>=t—7

it follows from the first derivative test that
1 t4 td
max h = max{h(o) Jh (tﬁ)} = max{ ,_} =

q

So we have shown

sP 7 .. -1
st — — < — with equality iff t = sP7".
p q

Theorem 5.6 (Holder’s inequality). Let p,q € [1,00] be conjugate expo-
nents. For all f,g: X — T,

gl < 1£1lp - llglla- (5.2)

If pe (1,00) and f and g are not identically zero, then equality holds in Eq.

(5.2) iff o o
(nm) :<||gg||q> ' (5.3)

Proof. The proof of Eq. (5.2) for p € {1,00} is easy and will be left to the
reader. The cases where ||f||; = 0 or oo or ||g|l, = 0 or co are easily dealt
with and are also left to the reader. So we will assume that p € (1,00) and
0 < [ fllg lglly < 0. Letting s = | (2)] /£l and £ = |g|/llgll, in Lemma 5.5

implies
[f@g@] _1|f @) L1 lg ()|

I llpllglls =2 Wfll> @ gl

with equality iff
F@F o le@l" -
1f1lp lglle

Multiplying this equation by u (z) and then summing on x gives
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|l fall1 < 1 1

(AL R
Ifllpllglle — P aq
with equality iff Eq. (5.4) holds for all x € X i.e. iff Eq. (5.3) holds. m

Definition 5.7. For a complex number \ € C, let

o ={ 7170

For A\, p € C we will write sgn(\) = sgn(u) if either Au =0 or Ap # 0 and
sgn(\) = sgn(z).

Theorem 5.8 (Minkowski’s Inequality). If 1 < p < oo and f,g € P(u)
then

1f+gllo < I1fllp + llgllp- (5.5)

Moreover, assuming f and g are not identically zero, equality holds in Eq.

(5.5) iff

sgn(f) = sgn(g) whenp =1 and
f =cg for some ¢ > 0 when p € (1,0).

Proof. For p=1,
IF gl =D 1f +aln <D (fln+lgle) =D 1fln+ " lglu
X X X X
with equality iff
[fl+1gl=1f +9| <= sen(f) = sgn(g).
For p = o0,
If + glloc = sup [f + g| < sup (|| + |g])
X X

<sup |f|+suplg] = [| flloo + ll9llco-
X X

Now assume that p € (1,00). Since

If + 9" < (2max (|f],19))" = 2" max (|f[", |g]") < 2° (|f]" + |g]")

it follows that
1f +gllp < 27 (I1£115 + llglly) < oo
Eq. (5.5) is easily verified if || f + g||,, = 0, so we may assume || f + g||, > 0.
Multiplying the inequality,

\f+gl” =1 +allf + 9P < (fI+ gDl f + g/~ (5.6)
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by u, then summing on = and applying Holder’s inequality two times gives

SUF+alPu < 1A F+gP " w+ Y 1ol If + 9 'n
X X X

< (£ s+ Ngllp) 1 + 91" g (5.7)

Since ¢q(p — 1) = p, as in Eq. (5.1),

I+ g~ e =D (1 +alP )= _If +glPu=1f+glh (58
X

X

Combining Egs. (5.7) and (5.8) shows

1F + g1y < (1l + llgllp) 11 + g/ (5.9)

and solving this equation for || f + g||, (making use of Eq. (5.1)) implies Eq.
(5.5).

Now suppose that f and g are not identically zero and p € (1, 00) . Equality
holds in Eq. (5.5) iff equality holds in Eq. (5.9) iff equality holds in Eq. (5.7)
and Eq. (5.6). The latter happens iff

sen(f) = sgn(g) and

/] )p: |f +gl” :< 9] >,, 10
<|f||p el \Tol) (5.10)

wherein we have used
< f gl ) i tal
ILf+glP~ g If+9lp

Finally Eq. (5.10) is equivalent |f| = ¢|g| with ¢ = (|| f]|,/llgllp) > 0 and this
equality along with sgn(f) = sgn(g) implies f = cg. ®

5.1 Exercises

Exercise 5.1. Generalize Proposition 5.3 as follows. Let a € [—o00,0] and

f:RNJ[a,o0) — [0,00) be a continuous strictly increasing function such that

lim f(s) = o0, f(a) =0if a > —oo or lim,_, o f(s) = 0if a = —oo. Also let
>

g=[f"' b= f(0) >0,

s t
F(s) = / F(s')ds’ and G(t) = / o()dt".
0 0
Then for all s,t > 0,

st < F(s)+GEVD) < F(s)+ G(t)
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t 5T
375 T
257
1.25 T,
-2 -1 0 1 2
S

Fig. 5.2. Comparing areas when ¢ > b goes the same way as in the text.

375 T

257

1.25 T

t t t {
-2 -1 0 1 2

s

Fig. 5.3. When ¢t < b, notice that g(t) < 0 but G(¢t) > 0. Also notice that G(t) is
no longer needed to estimate st.

and equality holds iff t = f(s). In particular, taking f(s) = e®, prove Young’s
inequality stating

st<e’+({tv1)In(tvl) —(tv1) <e’+tlnt—t.

Hint: Refer to the following pictures.





